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Abstract: Problem-posing is an essential component of mathematics education because, among other
reasons, when students are given the opportunity to pose their problems, they can take ownership
of their learning and become more engaged in the given subject. Thus, problem-posing can lead to
a deeper understanding of the studied mathematical concepts. In a collaborative action research
study, the authors explored whether well-structured problem-posing activities could be incorporated
into classes with students of mixed ability in mathematics. This question is addressed by examining
the correlation between students” mathematics grades and problem-posing success. The problem-
posing approach used in this paper relies on problem solving as a parallel activity. Hence, the
study also focuses on the relationship between problem posing and problem solving. The paper
presents the results of a classroom experiment with 86 sixth-grade students and their teachers from
Hungary and Romania. After evaluating the students’ problem-posing products and problem-solving
performances, the results show that problem posing, based on a worked-out model problem, is a
feasible challenge for most students. Moreover, this experiment identified a direct relationship
between successful problem posing and problem solving.

Keywords: lower secondary education; teaching through problem posing; mathematical problem
posing; mathematical problem solving; active learning framework

1. Introduction

Problem-posing is an important aspect of mathematics education because, when
students are given the opportunity to pose their problems, they can take ownership of
their learning and become more engaged in the material, with a deeper understanding of
the concepts they are learning. Additionally, problem posing allows students to see the
relevance of mathematics in the real world, as they can apply the concepts they have learned
to real-life situations. Experiencing the connection between mathematics and everyday life
can increase their motivation to learn and help them see the value of mathematics beyond
only being a subject they are required to study in school. Overall, problem posing seems to
be an effective teaching strategy that can help primary school students develop essential
skills and a deeper understanding of mathematics.

The relationship between mathematical skills and problem posing has long been a
research focus. English writes, “We know comparatively little about children’s abilities
to create their own problems in both numerical and non-numerical contexts, and the
extent to which these abilities are linked to their competence in other domains such as
number sense or novel problem-solving” [1] (p. 184). Although Cai et al. [2] assert that
considerable progress has been made in this area, research on the subject is far from
complete. By analyzing problem-posing products and comparing the results of high and
low mathematical achievers, the authors intend to expand on previous research findings.
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The authors approached the introduction of problem posing in the classroom based on
Ellerton’s active learning framework [3]. This approach seemed successful when introduced
in classrooms with no problem-posing practice, as the method included even traditional
elements and relied on problem solving. Moreover, it seemed feasible to implement it in an
online learning environment. Ellerton argues that the paradigm is simple and basic, yet
stresses that further study is needed to extend and apply this framework to mathematics
lessons for all ages. Nonetheless, the authors found limited results with the active learning
framework’s application and efficiency in the age range they analyzed. A few publications
focus on mathematics teacher education [4,5]. The present research contributes to filling a
gap in the literature by investigating the framework’s applicability in sixth-grade mixed-
ability classrooms.

The action research reported here involves two mathematics teacher—researchers from
Hungary and Romania teaching sixth graders, and two university experts in mathematics
education. The primary concerns of the researchers were integrating problem posing based
on research findings in a typical classroom for 11- to 12-year-olds, and determining if stu-
dents could perform this activity without prior experience. Thus, the first research question
in this article is informed by two interrelated factors: the characteristics of the students’
problem-posing products and the relationship of the activity with mathematical ability.

RQL1. Is there a relationship between students” mathematical ability and the quality of
the problems they pose?

To answer RQ1, the authors use a code system to assess the quality of the problems
that students formulate and compare the result to their mathematics grades. The problem-
posing quality can be investigated by assessing the mathematical validity of the posed
problem, i.e., the clarity of the problem formulation and its solvability [6]. In this study, the
authors complement this perspective by determining whether the learner correctly inter-
prets the problem-posing task. This facet is part of the poser’s aptness, as considerations
of aptness include the poser’s comprehension of explicit and implicit requirements of the
problem-posing task.

Problem posing and problem solving are deeply connected; problem posing can be
viewed as a particular type of problem solving [7]. Perhaps the most widely cited reason
for curricular and educational involvement in problem posing is its perceived value in
motivating students to become better problem solvers [8]. As the problem-posing approach
in this research relies primarily on problem solving as a parallel activity, the second re-
search question narrows the relationship between problem posing and the problem-solving
performance in the same mathematical topic.

RQ2: Is there any connection between the quality of the problem posing and the
success in the problem solving?

To answer this question, the authors explore problem-solving efficacy concerning the
students” and their classmates’ problems.

In summary, the paper investigates the quality of the students’ problem-posing prod-
ucts and the effect of problem posing on problem solving.

Crucially, although the initial study design assumed a stable school environment, the
experiment was conducted in 2020 in an online environment, triggered by the COVID-
19 pandemic.

2. Theoretical Background
2.1. Problem-Posing

For several decades, there has been an increased interest in problem posing [9,10]. Var-
ious definitions of problem-posing have appeared in the literature [11]. Silver’s traditional
approach [8] has been widely cited. It includes the invention of new problems based on indi-
vidual situations and the reformulation of existing problems. Papadopoulos et al. enhanced
the problem-posing concept by categorizing it into five categories: exclusively produc-
ing new issues, exclusively reformulating existing or provided problems, simultaneously
generating and reformulating problems, raising questions, and modeling [12].
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Identifying these approaches, while also considering the circumstances of the class-
room environment, in this paper, the authors share the view of Cai and Hwang [13] (p. 2).

By problem posing in mathematics education, we refer to several related types of
activity that entail or support teachers and students formulating (or reformulating) and
expressing a problem or task based on a particular context (which we refer to as the problem
context or problem situation).

An early systematic analysis by Kilpatrick outlined some directions for research, i.e.,
problem structuring, problem formulating, and problem-formulating instructions [14].
Since then, a primary focus of educational studies in problem posing has been on prospec-
tive teachers [13,15]. Simultaneously, the field of school applications continues to be an
essential component. Hence, a critical mass of activities for teachers and students was de-
vised and termed “problem-posing tasks” [9]. However, while official curriculum materials
make vague reference to the importance of problem posing in school mathematics, problem
posing is rarely included in implemented or assessed programs [3]; thus, classroom research
is becoming increasingly important.

2.2. The Active Learning Framework for Problem-Posing

Problem posing is a learnable activity [16,17], and conceptualizing it improves the
process [18]. Problem-posing can be implemented in the classroom in a variety of ways.
For example, Cai and Brook directly connect problem posing with Polya’s four-phase
problem-solving model, emphasizing the “looking back” phase [19,20]. Ellerton proposes
a phased model called the active learning framework (ALF) for incorporating problem
posing into mathematics classes [3]. This approach also combines problem posing and
problem solving.

Ellerton’s framework distinguishes between classroom and student actions. With the
shift in the teacher’s position, the learner’s involvement in the learning process becomes
more active. The teacher introduces the session by presenting a worked-out model problem.
At this level, the learner remains receptive, and the primary activities of the learners are
listening, memorizing, and observing. Following the model problem, the learner’s activity
level increases as they recognize solution patterns and recreate the experience of compre-
hending the model problem through practice exercises. The teacher’s role diminishes in
the last phase, while the learner’s activity increases. The student takes the initiative with
problem posing; the teacher’s responsibility is to supervise and organize the classroom
activity that closes the process, for example, by selecting the problems to be discussed
in the final phase (Table 1). Note that Ellerton’s original work lists classroom actions in
six steps. The authors adapted the model for the present research by dividing Ellerton’s
sequence into four key phases. In particular, the first two stages (teacher models examples,
teacher draws attention to the textbook) and the third and fourth stages (students locate
examples, students solve problems based on model problems) of the original model were
combined into one phase each.

Table 1. Classroom actions in the ALF framework.

Model

Practice Problem-Posing Problem-Solving

Processing the new content,
the teacher models examples
and draws attention to the
textbook

Students locate examples and  Students pose problems with
solve problems based on the the same structure as the
model model

The class discusses and solves
problems posed by students

According to Cai et al. [2], the ALF paradigm treats problem posing in the classroom
as a capstone activity that allows students to consolidate and think critically about what
they have learned. Analyzing the different phases of the ALF approach, the first two phases
are very similar to the traditional teaching approach. The main difference is the third
phase, which is novel; the fourth phase is also novel because the source of the mathematical
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problem is not the textbook, but a student. This characteristic of the ALF approach makes
it suitable for introducing problem posing into classrooms where problem-posing was not
part of the classroom practice; this is because this method does not include many new
features. Furthermore, no extra training is required for students because the model problem
and practicing activities structure the problem-posing process. At the same time, creating a
mathematical problem reinforces active learning. Furthermore, solving “my classmate’s
problem” may increase engagement in the task, as it may stimulate the learner’s natural
aspiration to create a problem that pleases not only themselves, but also the teacher and
their classmates.

Since the authors expect students to ask questions based on a known model problem,
the result may not necessarily be interpreted as a mathematical problem, at least in thesense
used in the problem-solving literature. However, in this article, the authors refer to the
mathematical questions asked by the students following the ALF activity as “problem-
posing products”.

2.3. Problem-Posing and Problem-Solving

Investigating the links between problem posing and problem solving is essential
for problem-posing research [2]. Pélya highlights that problem posing is a natural part
of problem solving, as problem solving often means the successive reformulation of the
original problem [19]. Kilpatrick claimed that the nature of the problems people can pose
could indicate how well they solve a problem [14]. Some empirical studies have explored
possible relations between problem posing and problem solving [21]. However, based on
research until the nineties, Silver claims no clear, direct connection has been identified
between the competence to pose and solve problems [8]. In a later study, Cai and Hwang
found a good connection between seventh-grade students’” problem-solving skills and
their ability to formulate new problems [22]. However, the researchers did not obtain this
relationship in earlier research. Moreover, cross-national studies obtained different results
in the US and China [23].

The disparities in results could be attributed to different problem-posing circumstances.
Zhang et al. emphasize the significance of the task format [24]. In their research, students
performed better during the problem-posing stages when numerical information was
placed in context. The task format with context allowed them to express problems more
clearly. In addition to investigating the direct impact of problem posing on the success of
problem solving (and vice versa), research has introduced a new paradigm, namely, the
study of the cognitive process of problem posing. Cai and Hwang envisioned that students
engage in problem-solving activities while thinking about posing a problem [25].

2.4. A Framework for Interpreting the Problem-Posing Process and Product

Kontorovich et al. proposed a framework for interpreting the problem-posing pro-
cess [6]. The framework is given as a modular structure that can be used in various contexts
and with various subjects to understand the main factors involved in mathematical problem
posing. Although the conditions of problem posing in the present article vary from those
in the cited study, the authors believe that most of its components are applicable in general.

The problem-posing situation involves interactions between several complex subsys-
tems. The framework deduces the following subsystems for studying problem-posing
processes: (1) task organization; (2) knowledge base, including mathematical schemes;
(3) problem-posing heuristics and schemes; (4) group dynamics, and (5) individual consid-
erations of aptness. The subsystems are briefly described below.

The task organizing facet accounts for all didactical considerations when constructing
a problem-posing activity. The teacher should plan the lesson ahead of time, deciding on
the educational objectives, oral or written instructions, and lesson structure.

Based on Schoenfeld’s problem-solving model, the knowledge base encompasses
mathematical facts, definitions, algorithmic procedures, routine operations, a system of
archetypal problems, and the related mathematical discourse and writing skills needed for
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composing a new problem [26]. The knowledge base of the poser(s) can be determined by
assessing the mathematical validity of the posed problem, i.e., the clarity of the problem
formulation and its solvability. In addition, these evaluations can illuminate the existing
aspects of the posers’ knowledge bases and those aspects that are lacking.

Heuristics are helpful problem-solving organizational units and are typically treated
analogously in the problem posing. However, sometimes, they are interpreted as schemas
or “cosmetic changes” [27], rather than heuristics. Examples of problem-posing heuristics
and schemas are numerical variation, goal manipulation, generalization, and the what-if-
not strategy [28].

Group members have different functional roles in organized problem posing in a
learning group; these include, for example, idea generation, combining and enriching the
ideas offered, and mediation.

The poser’s interpretation of the problem statement and the assumption of the require-
ments are aptitude factors. Aptness considerations in problem posing include aptness to
themselves, i.e., the degree to which a poser feels satisfied with the quality of the presented
problem, aptness to possible evaluators, and aptness to possible solvers of a posed problem.

The involvement of all of these subsystems demonstrates the complexity of problem
posing, although the role and weight of some subsystems may vary depending on the
problem-posing settings and conditions. In fact, not all subsystems are always present; for
example, in the present research, group dynamics do not play a relevant role.

3. The ALF Research Project
3.1. Subjects

Two schools from Hungary and Romania took part in the experiment, with two sixth-
grade classes from each school. The teacher of the two classes in Hungary was the same
person. Similarly, the two classes in Romania were taught by the same mathematics teacher.

Although the two countries’ educational systems differ, the 11- to 12-year-old students
in our experiment, in grade 6, are both at ISCED level 2 [29]. In Hungary, primary and
lower secondary education (ISCED 1, 2) is arranged as a unified structure in eight-grade
schools, typically for children aged 6-14, and covering grades 1-8. However, secondary
schools are also permitted to provide lengthier programs that begin from grade 5 or 7.
In Romania, the fifth through eighth grades are included in secondary lower education
(ISCED 2).

The authors judged the overall mathematics performance of the students by the
mathematics grades they received at the end of the semester preceding the experiment.
It was considered possible to accurately assess the pupils’ mathematical abilities based
on their mathematical grades due to their summative nature. The Hungarian education
system employs a five-point scale, with five being the best. The Romanian classification is
a ten-degree system. For comparability, this paper assigns mathematics grades with the
Hungarian equivalent. The grades were converted according to the official table of the
Hungarian government; see Table 2.

Table 2. Conversion of grades.

Romanian grades 1,2,3,4 5 6,7 8 9,10

Hungarian grades 1 2 3 4 5

In the Hungarian school (from now on, School 1), the students” mathematics grades
were 4 or 5, and only one student received a 2 in mathematics. The other school (from now
on, School 2) is a Hungarian language school in Romania. The students’” mathematical
abilities were average in the Romanian school, and the mathematics grades were scattered;
see Table 3.
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Table 3. Math grades in School 1 and School 2.

The Number of the Students The Number of the Students

The Number of Students Who Received a4 or 5 Who Received a2 or 3

School 1
School 2
Sum

44 43 1
42 29 13
86 72 14

In what follows, students who received grades of 4 and 5 are referred to as high
achievers, while students who received grades of 2 and 3 are referred to as low achievers.

3.2. The Impact of the COVID-19 Pandemic on the Experiment

The authors designed the experiment before the COVID pandemic, and the interven-
tion was planned to be conducted in classroom lessons. However, both countries switched
to online education shortly before the experiment started. Thus, the authors conducted
the experiment during the online education period in 2020. The distribution of lessons
to pupils took the form of online presentations, which included audio recordings of the
teachers’ explanations. This method allowed students to progress at their own pace, as they
could stop, resume, and repeat the presentations several times. In addition, the students
sent their work to the teachers, either photographed or scanned. What we call a lesson in
this online context consists of an action by the teacher (giving an audio online presentation
or assignment), and an action by the student in response.

The unanticipated event caused by the pandemic was that the experiment was initially
planned for 3-3 teaching units, but that only 2-2 units could be fully implemented, so the
authors excluded the experience of the incomplete unit from the analysis. Furthermore, not
all students in the classes completed the whole experiment. Therefore, the authors used
only data from students who submitted all the problem-posing assignments.

This environment also made it infeasible to study group dynamics.

3.3. Task Organization

The experiment included six lessons in both schools. The curricula and syllabi are
different in the two countries, so the two schools” curricula were not the same in the
experiment. However, although the course material was not the same across the two sets of
schools, all the tasks were based on the premise that the arithmetic level of thinking was
sufficient to solve them.

The authors applied the ALF method to two teaching units of the teachers’ syllabi in
both schools. Following the ALF approach, the planned structure was the same (Table 4, and
for the wording of problems, see Appendix A). The introduction of the model problem (M)
and practicing based on the usual textbook exercises (P) was followed by problem-posing
tasks, including solving the proposed problems (see the “PP + PS” labels in Table 4).

Table 4. The structure of the experiment.

Lesson

The Topic of the Teaching Unit in The Topic of the Teaching Unit in

Activity School 1 School 2

M, P, PP + PS Proportional division Addition and subtraction of fractions
M, P, PP+ PS
PS

Ul W

M, P, PP + PS Direct and inverse proportionality Multiplication and division of fractions
M, P, PP + PS
PS

Each teaching unit ends with “my classmate’s problem” (PS), organized as follows.
First, the teachers selected one or two “capstone” problems from problems previously
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posed by the students. The selection criteria were that the chosen problem’s mathematical
background should be similar to the model problem, but that the text should be as intriguing
as possible and specific to the student who formulated the problem. Second, the teachers
asked students to solve one of the proposed problems independently.

In the following, we refer to the students’” activities by specifying the activity type (PS
or PP) and the lesson number. For example, PS2 means that the activity is the solution to
the second problem-posing task. If necessary, the authors also indicate the school.

4. Data Collection and Analysis

The research material consists of students” written work, i.e., submissions of problem-
posing and problem-solving tasks sent to teachers via email.

In action research, the research’s validity is always questioned [30]. Triangulation is a
way of improving the consistency and validity of action research. The authors collected and
compared data from the two sets of schools using the same method, i.e., they triangulated
the sources. Analyst triangulation means that all research group members code the sources
and analyze the results. Additionally, triangulation can open up multiple perspectives to
interpret the data [31].

The two-tailed Fisher exact test [32] was performed for the quantitative analysis.
The significance level in this study was set at the 0.05 level. The null hypothesis was
that there was no difference in performance between the two groups of students. The
null hypothesis was rejected if p < 0.05, and the fact that the groups differ is considered
statistically significant.

The authors processed the students’ related documents through a qualitative content
analysis. First, the authors developed a coding frame for evaluating the students’ outcomes,
including two main dimensions: the quality of problem-posing and the quality of problem-
solving (Table 5). A complementary analysis of the personalization of problem-posing
products was reported in the paper [33].

Table 5. Coding of students” work.

Main Dimension

Corpus Includes Codes Definition

Quality of problem
posing

Quality of problem
solving

The student submitted their work
following the teacher’s instructions. The
student understood the model problem; the

Problem-posing tasks Competent (C) mathematical background is appropriate.

Decision rule: If the student provided
redundant but not contradictory data, their
work is still classified in this category.
The student submitted an uninterpretable
task or a meaningful math task, but not as
instructed by the teacher.
Decision rule: If the student included
contradictory data, their work is classified
as incompetent.

The student solved the problem correctly.

Incompetent (IC)

The solution to the student’s This category also includes work where the
“competent” tasks and Correct solution (CT) student applied the mathematical model
classmates’ tasks correctly but made a calculation or
scaling error.
False solution (F) The learner misapplied the new material.
No solution The student did not submit a solution.

Example 1 (School 1, Topic 1, proportional division, lesson 2).

Model problem (M2). Rita and Eva bought 18 dragon fruits. Rita gave € 8, and Eve € 28 for the
fruit. How many dragon fruits did a girl get if the fruit was distributed in proportion to the money
paid?
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Problem-posing assignment with problem solving (PP2 + PS2). Create a word problem for
proportional division. Additionally, write the text of the task and the detailed solution.

Two answers to this assignment demonstrate the use of the code table. The problem
proposed by Student 50 from School 1 is presented (Figure 1): The total mass of two cars is
480 kg. Their ratio is 4:2. How many kilograms are each of the two cars?

The total mass of two cars is 480 kg.

»
Sy \
s - o A WM ez 480/ ”’7{; Tl Their ratio is 4:2. How many kilograms
> - ol d

; > Aan Vg 420 e vy bl are the two cars each?
PV e
1 2 9
: ; "70: 4 14 53 NS ¥
: a4 ’1 [ 4+ 2=6.

- G £0 6 units are 480

Laz 1 unit is 480:6 =80.

4/\.0/" = %¢0.6 =340
sn A 12amn + 4160 = 220
\)‘{‘0(/75‘wj “to/ N :Q .gC) g /{ eo
Qv v=s) . Y20 1 A6 0 - 4%0
%20 deo= A" 2
,, o Mg, )
jl “97 /{/ Quug j %POJ{(? "k One car weighs 320 kg and the other 160 kg.

The smaller number is 4 - 80 =320
The bigger number is 2 + 80 =160.

Check: 320 + 160 = 480,
320:160 = 4:2.

b“““““““““‘“ﬂ;u

Figure 1. PP2 + PS2 by Student 50 from School 1.

The coding of the former work according to the code system is shown in Table 6.

Table 6. Coding PP2 + PS2 by Student 50 from School 1.

Dimension Code Explanation

. . The task corresponds to the
Quality of problem posing c mathematical description.

Quality of problem solving CT The solution is correct.

The problem proposed by Student 26 from School 1 (Figure 2).
The coding of the former work according to the code system is shown in Table 7.

Table 7. Coding PP2 + PS2 by Student 26 from School 1.

Dimension Code Explanation

The task does not correspond to the requirement. Moreover, it contains
contradictory data: 80 # 11 + 5 + 4. The student probably wanted to split the
80 km distance in the ratio of 11 : 5 : 4. The student drew accordingly; the
80 : 20 division in his work also indicates this. However, the student’s question
is not about proportional division.

The student answered his question correctly (11 + 5 + 4 = 20). The coder does
not code the solution because the problem posing was assigned the
“incompetent” code.

Quality of problem posing IC

Quality of problem solving -




Educ. Sci. 2023, 13, 151

9of22

S e S N \ The ‘FRO Racing’ team traveled 80 km in
: R KU — &K Anagiie
TSy o S»«mﬁ,}:ﬁ‘ ﬁ\i o) M Semmering. Gabor Palotai achieved 11 km,
Pobdin G (=B "*‘\ S it s |Déavid Zambo 5 and Boldizsir Szabo 4.
§(S® Xy Sty Podirgn Py L. Howx How much did they travel that day?
Mo AN X "‘\’N\\F\g‘

R i e
2 P Gabika [nickname] David Boldi [nickname]

¥

R -0 3ol 1145+4=20  80:20
: [ 39120 =4 D wqu . 80:20=4
Ki & "‘\9/\\)(\;1/ 3 ‘ The guys went 20 km this day alltogether.

|

Figure 2. PP2 + PS2 by Student 26 from School 1.

In the first phase of the coding process, two raters coded the corpus independently.
Next, the authors measured the interrater’s agreement with Cohen'’s kappa [34]. Table 8
contains the result. Cohen’s kappa values indicate a strong interrater agreement. Later, the
raters reached a consensus on the open points used in the remainder of this paper.

Table 8. Interrater agreement.

Cohen’s Kappa

Quality of problem posing 0.89
Quality of problem solving 0.88

5. Results and Discussion
The authors discuss the findings in two subsections related to the two research questions.

5.1. The Problem-Posing Performance

The students were asked to solve four problem-posing tasks (PP1, PP2, PP4, PP5).
These tasks were assessed as either competent or incompetent. The results are shown in
Tables 9 and 10.

Table 9. Problem-posing performance of students in School 1.

Competent (C) Incompetent (IC) Sum (N) C/N
PP1 38 6 44 0.86
PP2 37 7 44 0.84
PP4 41 3 44 0.93
PP5 32 12 44 0.73
Sum 148 28 176 0.84

Table 10. Problem-posing performance of students in School 2.

Competent (C) Incompetent (IC) Sum (N) C/N
PP1 37 5 42 0.88
PP2 35 7 42 0.83
PP4 25 17 42 0.60
PP5 22 20 42 0.52
Sum 119 49 168 0.71

The results of the assessment show the following.
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(1) The two schools perform differently. The percentage of competent tasks is 84% in
School 1 and 71% in School 2. The difference between the two schools is significant,
according to Fisher’s exact test at the p = 0.04 level; see contingency Table A3 of
Appendix B.

(2) Students from School 2 are less successful in the second teaching unit (i.e., in PP4 and
PP5) than in the first (i.e., in PP1 and PP2). Moreover, the difference is significant with
p < 0.01; see contingency Table A4 in Appendix B.

(3) Students from School 1 are less successful in PP5 than in the other tasks, and the
difference is significant with p = 0.03; see contingency Table A5 in Appendix B.

This fine structure of results is discussed below, based on Kontorovich et al.’s frame-
work.

Ad. 1. The analysis reveals that the students” mathematical knowledge base, measured
by their school mathematics grades, influences their problem-posing success. Comparing
the students’ performance from School 1, where all but one of the students are regarded as
high achievers, to that of School 2's high achievers, our measure indicates that the difference
is marginal (84% vs. 81%). See Table 11.

Table 11. Problem-posing performance in School 2, only high achievers.

Competent (C) Incompetent (IC) Sum (N) C/N
pPP1 29 0 29 1.00
pPP2 26 3 29 0.90
pr4 19 10 29 0.65
pPP5 20 9 29 0.69
Sum 94 22 116 0.81

In other words, although the curricula were different in the two schools, high achievers
had nearly equal success with problem posing.

The disparity between high and low mathematical achievers is apparent in School 2
(Table 12); Fisher’s exact test shows a high correlation between problem-posing success and
general mathematical performance with p < 0.01. Math grades, indicating mathematical
knowledge and ability, were strong predictors of problem-posing success in our study.

Table 12. Problem-posing performance of high achievers and low achievers in School 2.

Competent (C) Incompetent (IC) Sum (N) C/N

High achievers 94 22 116 0.81
Low achievers 25 27 52 0.48
Sum 119 49 168 0.71

Ad 2. The mathematical knowledge base also played a role in other aspects of the
experiment. The first topic is the addition and subtraction of fractions in School 2, while the
second is the multiplication and division of fractions (Table 4; for the wording of problems,
see Appendix A). The contrast between the two sets of curriculum materials is also reflected
in the problem-posing success rate, which means that the multiplicative structure was
significantly more difficult for students, particularly those with lower mathematical abilities.
On the other hand, low achievers were also more often successful in tasks requiring additive
thinking than not: they scored 65% in PP1 + PP2 (17 competent and 9 incompetent), but
only 30% in PP4 + PP5 (8 competent and 18 incompetent products).

Ad 3. Students in School 1 are less successful in PP5 than in the other tasks, and the
authors attribute this difference to inadequate task organization.

Example. (School 1, PP5. The lesson topic is direct and inverse proportionality).
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Previously, the model problem required students to classify the connection between two variable
quantities as direct proportionality, inverse proportionality, or neither. For the nonproportional
relationship, the following model problem was provided:

Model problem. A 5-year-old boy weighs 18 kg. How many kg will he weigh at the age of 65?
Assignment. Create a word problem. There should be no proportionality in this task. Provide a
solution to this problem as well.

In the case of students who inappropriately solved the problem, the two variables
were not apparent in their problem suggestion, as the following example shows.

The problem posed by Student 53 from School 1 is presented: Béla is three years old,
and Feri is ten years old. How much older is Feri?

The objective of the assignment was to emphasize the limitations and critical appli-
cation of various mathematical models. Many incompetent answers may be attributed
to students” misinterpretation of the task. The phrasing did not explicitly refer to the
model problem. A more explicit wording of the assignment may have specified the two
variables to be included. However, because of the lack of a solid function concept in this
age group, the reference to two variables may not positively influence the understanding.
Thus, inappropriate task organization may have contributed to a weaker performance.

Since problem posing is seen as a specific problem-solving activity, the difference
in problem-posing performance between high and low achievers may be due to a more
conscious use of heuristic strategies and schemas. The ALF approach is conducive to such
schemas, as changing the context, the numerical data, or both, was a typical pattern in
the experiment. Additionally, some common problem-solving strategies also appeared.
For example, the appearance of the backward thinking strategy was prevalent in PP1 in
School 1.

Example. (School 1, Topic 1, proportional division, lesson 1).

Problem-posing assignment with problem solving (PP1 + PS1). Laci and Robi received a large
box of jam Linzer cookies from their grandmother. All 60 Linzers should be distributed between the
two boys to ensure they do not receive the same number of cookies. Guess on what basis and in what
ratio they should distribute the cookies. How many cookies did each of the boys receive? Write a
word problem, and describe a detailed solution as well.

The activity is moderately structured: the teacher prescribed that 60 pieces of Linzers
should be divided into two parts. The students” guessed principle had to be invented,
and the learned mathematical procedure had to be applied. When choosing the data, the
teacher tried to be realistic (60 Linzer cookies means approximately two oven pans), but
at the same time, the number given has many divisors. It is assumed that the fact that
the distribution principle had to be invented contradicts the obvious solution: the sum of
the numbers in the ratio pair was already 60. Indeed, only four students stopped at the
decomposition of 60 into a sum of two numbers, saying that these numbers define the ratio
in question (e.g., 20 + 40 = 60, and the ratio is 20:40, as S10 submitted in their solution to
the task). Others started from the sum but set the task after simplification. Some students
documented their reasoning accurately; see, for example, the work of Student 19 (Figure 3).

The submission by Student 19 in School 1 is presented (Figure 3): Laci and Robi
received 60 Linzers from their grandmother. The cookies should be divided 2:3 so that Laci
gets less because he is on a diet.

The problem formulation is preceded by describing how they arrived at the problem
and the numbers in the text. The student

1.  decomposes 60 by the sum of two numbers: 24 + 36 = 60;

2. simplifies the fraction: 24:36 =12:18 =6:9=2:3;

3. checks who obtains 24 and 36 pieces if dividing the Linzers in the ratio of 2 : 3:
243=5,60:5=12, 122 =24, 12.3 = 36;

4. sets the task: Laci and Robi got 60 Linzers from their grandmother. It should be divided 2:3
so that Laci gets less because he is on a diet.
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Figure 3. PP1 by Student 19 from School 1.

In the practicing exercises, the teacher always used a straightforward way of solving
the problem, so the student used thinking backward as a conscious strategy.

5.2. Problem-Solving Performance and its Relationship with the Quality of Problem-Posing

During the experiment, the students had to solve six problems. They solved four
problems of their construction and two problems chosen by the teacher from a classmate.
The proportion of correct solutions to their task was 95% in School 1 and 87% in School
2 (Tables 13 and 14). In classes with good mathematical results (School 1), the success of
the two exercises on one topic was close; however, in classes with mixed-ability students
(School 2), the result of the second exercise was always better than the first. Moreover, the
success rate for the second exercise in the topics matched that of the first school. Note that
the correctness of solving one’s own problem was examined if the related problem posing
was competent. The proportion of correct solutions was lower for the classmate’s problem.
However, this percentage did not differ significantly between the two schools, i.e., 78% in
School 1 and 79% in School 2.

Table 13. Solutions to problem-solving tasks in School 1. (* indicates the “classmate’s problem.”).

Task CT F No Solution N CT/N
PS1 35 3 0 38 0.92
PS2 35 2 0 37 0.95

PS3 (*) 33 8 3 44 0.75
PS4 40 0 1 41 0.98
PS5 31 1 0 32 0.97

PS6 (*) 36 4 4 44 0.81
Sum 210 18 8 236 0.89
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Table 14. Solutions to problem-solving tasks in School 2. (* indicates the “classmate’s problem.”).

Task CT F No solution N CT/N
PS1 29 8 0 37 0.78
PS2 34 0 1 35 0.97

PS3 (*) 34 6 2 42 0.81
PS4 19 5 1 25 0.76
PS5 21 1 0 22 0.95

PS6 (*) 32 7 3 42 0.76
Sum 169 27 7 203 0.83

According to [26], problem solving is influenced by five main factors: (1) knowledge
base, (2) problem-solving strategies, (3) monitoring and control, (4) beliefs and affect, and
(5) practices. In this experiment, the increased role of monitoring and control was noticeable.
The following task illustrates this finding:

Example. (School 2, Topic 1, adding and subtracting fractions, lesson 1).

Model problem (M1). Kati and Laci are sixth graders, and they start their school day. In their
math class, they need to solve a number pyramid. Help them: add up two adjacent numbers and
write the result in the cell above them. Continue until the pyramid is complete. Tip: You can also
use the reverse operation of addition.

Wl N

The problem-posing assignment with problem solving (PP1 + PS1). Make a new pyramid for
Kati and Laci with the following three numbers: % ;= % ; % Your task is to draw a pyramid in your
notebook with three levels and put the given numbers in it. Write the given numbers in red and the
calculated numbers in blue. After solving the first pyramid, draw another pyramid, put the given
number into it differently, and solve the pyramid again.

This problem-posing task also represents a problem situation, and the learner needs
some monitoring to solve the problem. For example, it is possible that the student creates a
contradictory pyramid from the numbers or that the student’s knowledge is not sufficient
to find a solution. Thus, students need some control to complete the task. For example,
Student 34 created a “blind pyramid” (Figure 4). The given numbers are in the top, leftmost
and rightmost positions.

Figure 4. PP1 and PS1 by Student 34 from School 2.
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Most likely, the student first divided 4/5 (top position) into the sum of two fractions,
2/5+2/5, and determined the missing number by subtraction: 2/5 —1/3 = 1/15. Some
strategy devising process is present, but the monitoring is lacking: 1/15 + (—1/2) is not
equal to 2/5. The authors used the phrase “blind problem” because the student did not
realize the problem’s difficulty. The student needed to form an equation for the right
solution and was not ready for this level of difficulty. If we denote the middle element in
the bottom row by x, then 1/3 + 2x —1/2 = 4/5, and we obtain x = 29/60. In other words,
the combination of the missing look-back phase and the lack of mathematical resources led
to the erroneous solution.

The problem-solving indicators show many similarities between the two schools, as
well as differences. Even though the ALF approach provides a conceptual structure for task
organization, the setting of individual tasks impacted problem-solving effectiveness. The
problem-solving success in School 1 was influenced by whether the problem was unknown
(i.e., a classmate’s problem had to be solved) or not (i.e., the student solved his or her own
problem). Fisher’s exact test for the contingency table in Table 15 is p = 0.01. In contrast, in
School 2, problem-solving success depends on whether the problem contains operations
embedded in the text or without text (Table 16, p = 0.046). For example, deciding on
addition or subtraction in the number pyramid was more difficult than in the text problems.
There was no significant difference between solving one’s own and a classmate’s problem
in the second school. These observations show that a combination of factors determines
problem-solving success.

Table 15. Problem-solving performance in School 1.

Correct Solution (CT) False Solution (F) Sum
Solving own problem 141 6 147
Solving classmate’s problem 69 12 81
Sum 210 18 228
Table 16. Problem-solving performance in School 2.
Correct Solution (CT) False Solution (F) Sum
Only numerical information
(PS1, PS4) 48 13 61
Numerical information
placed in context (PS2, PS5, 121 14 135
PS3, PS6)
Sum 169 27 196

Finally, the authors also examined the relationship between the success of problem
solving and problem posing. The authors measured a student’s success in problem-posing
by the ratio of the number of competent solutions and all four problem-posing tasks. That is,
the success ratio for a student is pp = n./4, where n. is the number of competent proposals.
Similarly, the authors measured a student’s success in problem solving by the ratio of the
number of correct solutions and all six problem-solving tasks. That is, the success ratio for
a student is ps = ncr/6, where ncr is the number of correct solutions to problem-posing
tasks provided by the student. The median scores for the different groups of students are
shown in Table 17.

The problem-solving results of the more successful problem posers were better in
both schools. The results are provided in contingency tables, which compare students
to the school medians for problem posing and problem solving (Tables 18 and 19). We
implemented the same for high math performers in the second school (Table 20). According
to the contingency tables, successful problem solvers are also successful problem posers,
and vice versa. Fisher’s exact test confirms the significant correlation in the second school
(p < 0.01). Because of the small number of elements in the first column, the Fisher test
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was not performed on contingency tables Tables 18 and 20, but the pattern is instructive.
In students with good mathematical performance, successful problem solving was not
associated with poor problem-posing performance.

Table 17. The relationship between the success of problem solving and problem posing.

Median for pp Median for ps
School 1 0.75 0.83
School 2 (all students) 0.75 0.67
School 2 (high achievers) 0.75 0.83
School 2 (low achievers) 0.50 0.50

Table 18. Comparison of PP and PS performance in School 1.

pp<0.75 pp=>0.75 Sum
ps < 0.83 3 11 14
ps > 0.83 0 30 30
Sum 3 41 44

Table 19. Comparison of PP and PS performance in School 2.

pp<0.75 pp>0.75 Sum
ps < 0.67 13 3 16
ps > 0.67 2 24 26
Sum 15 27 42

Table 20. Comparison of PP and PS performance in School 2, only high achievers in mathematics.

pp<0.75 pp=>0.75 Sum
ps < 0.83 6 4 10
ps > 0.83 0 19 19
Sum 6 23 29

6. Conclusions

The authors investigated how sixth graders cope with problem posing when it is
introduced using the active learning framework. They were interested in the quality of the
problems students created, the relationship between problem-posing performance and the
students’ mathematics grades, and the connection between problem posing and problem
solving during the activity.

The action research involved schools from Hungary and Romania with two different
curricula, which allowed the authors to consider the students” age (11-12 years) as a
common factor. At the same time, however, the study of ALF-based problem formulation
at this age is where the authors found a gap in the literature.

The authors hypothesized that the ALF problem-posing model provides a sufficient
structure for problem posing to be implemented in mixed-ability classrooms where problem
posing is not part of everyday mathematics teaching practice. In addition, through the
embedded problem-solving stages, the ALF activity contributes to learning outcomes.

The authors conclude their research by summarizing the answers to the research ques-
tions.

RQ1. Is there a relationship between students” mathematical ability and the quality of the
problems they pose?

In the experiment presented here, three main factors influenced the quality of problem
posing, namely, (1) the students” mathematical abilities, (2) the mathematical background
of the task, and (3) task organization, i.e., the way the task was formulated.
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Ad 1. The results indicate a correlation between the success of problem posing and
mathematics grades. The success rate of the students with a lower math performance
was considerably weaker, while high achievers performed at nearly the same level in
both schools. Thus, the mathematics grades, which express mathematical knowledge and
ability, were good predictors of problem-posing success in the research. The data reinforce
and complement Ellerton’s earlier findings (for the same age group), which suggest that
high-ability learners can develop more complex problems [21].

Ad 2. The importance of the mathematical background of the tasks was apparent
because problem-posing based on the multiplicative structure of rational numbers was
more difficult for students than that based on the additive structure.

Ad 3. The ALF approach builds on the model problem. However, if the task was ill-
defined and the model problem was not clearly identifiable, students were less successful,
including those with above-average mathematics abilities. This observation confirms the
importance of work organization in the process [6].

RQ2: Is there any connection between the quality of the problem-posing and the success in the
problem-solving?

The results confirmed that problem posing could be seen as an open problem-solving
activity [7]. When creating a problem, students often use heuristic strategies, such as
thinking backward; furthermore, Pélya’s look-back phase and other control processes are
also observed.

Concerning the success of problem solving, three phenomena were revealed in the
experiment. First, in high-ability classrooms, the factor influencing problem-solving success
was whether the student solved their own problem or a classmate’s problem set by the
teacher. The authors argue that this result was natural because of the students” problem-
posing strategies and schemas, including minimal changes to the model problem. In
contrast, in the case of the unknown problem (classmate’s problem), the teacher tried to
select a more original setting. The second phenomenon was that the problems embedded
in the text were solved more successfully than the problems containing only numbers. This
phenomenon is also known from the literature [24].

Finally, in this experiment, the problem-posing quality predicted the problem-solving
success; better problem posers were more successful in problem solving.

The pedagogical implication of this research is that problem-posing based on the ALF
model can be implemented for 11- to 12-year-old students, albeit with care. The teacher
should specify the expectation when constructing the assignment and precisely which
model problem the posed problem should be similar to. Differentiation in the mathematical
background is also recommended. For students with weaker mathematical abilities, given
that they are already poorer problem solvers, the mathematical complexity of the work
should be adjusted to their level of ability. Nonetheless, problem posing by differentiation
could be a future research topic.

The research also indicates that the ALF approach was feasible during the closure
period, as the authors were able to perform all the process steps online.

7. Limitations

Action research, as a research method, has known limitations. Using the triangulation
method, the authors tried to increase the reliability of the research findings. Moreover,
the pandemic situation constrained the research in several respects. Missing data were a
factor, which the authors addressed in the study by excluding students with missing data.
Unfortunately, this treatment of missing data reduced the number of children participating
in the experiment. Additionally, students worked from home in uncontrolled settings.

Another constraint in this study was the time limit, the half-year duration of the ex-
periment, and the four problem-posing tasks that were too few to determine the method’s
effectiveness. However, the authors believe that they gained experience in the method’s ap-
plicability.
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Appendix A

This appendix contains all the tasks used in the experimental lessons, grouped accord-
ing to Table 4 of the paper.

The Topics of Experimental Lessons in School 1
Topic 1. Proportional Division, Lesson 1

Model Problem (M1)

We make a refreshment from syrup and water. We made 2 L of soft drinks at the
recommended ratio of 1:7 on the label of the syrup bottle. Calculate the amount of syrup
and water used.

Practice Exercise (P1)
The ratio of two numbers is 5:8. If one number is 120, what is the other?
Problem-Posing Assignment with Problem-Solving (PP1 + PS1)

Laci and Robi received a large box of jam Linzer cookies from their grandmother. All
60 Linzers should be distributed between the two boys not to get the same number of
cookies. Guess on what basis and in what ratio they should distribute the cookies. How
many cookies did each of the boys get? Write a word problem and describe the detailed
solution as well.

Topic 1. Proportional Division, Lesson 2
Model Problem (M2)

Rita and Eva bought 18 dragon fruits. Rita gave € 8 and Eve € 28 for the fruit. How
many dragon fruits did a girl get if the fruit was distributed in proportion to the money
paid?

Practice Exercises (P2)

(a) The difference between two numbers is 18, and their ratio is 3:5. Which are these?

(b) Two numbers add up to 108, and the ratio is 4:5. What are these two numbers?

(c) A family planned a three-day, 90-km bicycle tour to the Matra Mountains, with a 5:6:4
daily distance ratio. How many kilometers were traveled each day?

Problem-Posing Assignment with Problem-Solving (PP2 + PS2)

Create a word problem for the proportional division. Additionally, write the text of
the task and the detailed solution.

Classmate’s Problem (PS3)
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Emma bought black and white paint at a paint shop. On a color scale, she looked at
the ratio of the two inks to achieve the desired shade of gray. The ratio is 4:7, and black
should be less. She bought 20 mL of black. How much white did Emma buy?

Topic 2. Direct and Inverse Proportionality, Lesson 4
Model Problem (M4)

A train travels 11.2 km in 8 min. How many kilometers will it travel in 1 h if moving
uniformly?

Practice Exercises (P4)

Decide whether it is direct or inverse proportionality! Maybe the problem is not a
proportionality problem.

e  The strudels cost 150 HUF each. How many forints do seven strudels cost?

e A 5-year-old boy weighs 18 kg. How many kilograms will he weigh at 65?

e  Ifsix cows graze in the field, there is enough grass for ten days. How many days will
the grass last if only two cows graze and grass growth is ignored?

Problem-Posing Assignment with Problem-Solving (PP4 + PS4)

Create a word problem. There should be no proportionality in this task. Make a
solution to this problem as well.

Topic 2. Direct and Inverse Proportionality, Lesson 5
Model Problem (M5)

The distance between two cities is 30 km. How long would it take to make this trip if
we traveled 2, 3, 5, 6, 14, 15, 30, and 60 km per hour? Fill in the table (Table A1) and create
a graph.

Table A1. Table to record the calculations.

Velocity (km/h)

2 3 5 6 10 14 15 30 60

Time (h)

Practice Exercises (P5)

(@) A piece of land requires 46 days of labor for 15 trucks. How long will it take
23 identically-powered trucks to complete the same task?

(b) If 640 kg of coal is used daily, there is enough coal to heat a hospital for 45 days.
However, 720 kg of coal daily is consumed due to the extreme cold. How long will
the hospital’s stock last?

Problem-Posing Assignment with Problem-Solving (PP5 + PS5)

Create a word problem with direct or inverse proportionality by your choice. Addi-
tionally, describe the detailed solution.

Classmate’s Problem (PS6)

In the riding school, the boxings of 22 horses will be cleaned by two people in 3 h and
15 min. How long do 1, 3, 4, 5, and 6 people take to do this if they work at the same pace?

The Topic of Experimental Lessons in School 2
Topic 1. Adding and Subtracting Rational Numbers, Lesson1
Model Problem (M1)

Kati and Laci are sixth-graders and start their day in school. In their math class, they
need to solve a number pyramid. Help them: add the adjacent numbers together and write
their sum in the block above them. Continue until you have completed the pyramid.
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Tip: You may use the inverse operation of addition to help you find the numbers in
the pyramid.

Practice Exercise (P1)

There was no dedicated practice exercise in this lesson because solving the model
problem involved many procedural activities with fractions.

Problem-Posing Assignment with Problem-Solving (PP1 + PS1)

Make a new pyramid for Kati and Laci. Given three numbers: % ;= % ; % Your task is to
draw a pyramid in your notebook with three levels and put the given numbers in it. Write
the given numbers in red, the calculated numbers in blue. After solving the first pyramid,
draw another pyramid, put the given number in it differently, and solve it.

Topic 1. Adding and Subtracting Rational Numbers, Lesson2
Model Problem (M2)

Kati and Laci went to the market after school. Kati bought 1% kg of apples, 0.5 kg

of grapes, 1.25 kg of potatoes, while Laci bought 0.35 kg of cheese, }Ikg of nuts and 3 kg
of onion.

e  How many kg has Kati bought?
e How many kg has Laci bought?
e  Who bought more, and by how much?

Practice Exercise (P2)

Kati asked Laci to help her water the flowers after shopping. The tank from which the
flowers were watered had 140 L of water. Kati used 27% liters of water, Laci 41.45 L. How
much water is left in the tank?

Problem-Posing Assignment with Problem-Solving (PP2 + PS2)

What could Kati and Laci do afterward? Make a story about Kati and Laci and pose a
problem that is similar to the previous problems. The problem must contain the following
numbers: 3;2.27; 43!

Classmate’s Problem (PS3)

(a) Katiand Laci went shopping. Kati has 3% Ron and Laci has 2.27 Ron. They want to
buy a toy that costs 4% Ron. How much money do they have together? Are they able
to buy the toy? If they could buy the toy, how much money would be left? If they
could not buy the toy, how much money would they miss?

(b) Kati and Laci went to school. Laci walked 3% km and Kati walked 2,27 km. The school

is 4% km away from their home. Who is closer to the school? How much do they need
to walk separately?

Topic 2. Multiplying and Dividing Rational Numbers, Lesson 4
Model Problem (M4)

Piroska’s mother is sly. When she goes to work, she leaves a riddle (Table A2) for
her daughter with the following note: “Please, go to your grandma and buy the products
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from the Szuper Horizont shop on your way. Thanks and ... ” Help Piroska by solving
the riddle.

Table A2. Table to record the calculations.
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Practice Exercise (P4)

There was no dedicated practice exercise in this lesson because solving the model
problem involved many procedural activities with fractions.

Problem-Posing Assignment with Problem-Solving (PP4 + PS4)

Think about a four-letter word and send a note to Piroska’s mother as she did.
Topic 2. Multiplying and Dividing Rational Numbers, Lesson 5
Model Problem (M5)

Piroska arrived at the Szuper Horizont shop, where she needed to buy the products.
She bought 2 kg of flour, 1.5 kg of tomatoes, three yeast pieces, and 0.8 kg of onions. How
much money did she spend in total if 1 kg of flour costs 2.8 Ron, 1 kg of tomato is 8.3 Ron,
one piece of yeast is 1.25 Ron, and 1 kg of onion costs 3.5 Ron?

Practice Exercises (P5)

Piroska looked on Google Maps to see how far she lived from her grandmother. In
reality, the 1 cm line on the map is equivalent to 37.5 m. How many meters does Piroska
live from her grandmother if the line marked on the map is 16 cm long?

We now know that Piroska lives 600 m from her grandmother. Her step length is 0.4
m. How many steps does she take to reach her grandmother’s house?

Problem-Posing Assignment with Problem-Solving (PP5 + PS5)

Piroska, arriving at her grandmother, noticed that her help was needed. It would be
good to do the dishes, cook, and clean up, so she decided to stay for 3.5 h to help. It is your
job to figure out how she helps her grandma. Pose a problem in which you use arbitrary
rational numbers, and multiplication or division is needed in the solving process.

Classmate’s Problem (PS6)

(a) Piroska is doing the dishes. She needs to wash 7 plates, 3 glasses, 5 spoons, 4 forks,
and 2 knives. How much time does she spend doing the dishes if she needs 2 min to
wash 1 plate, 1.5 min to wash a glass, 0.9 min to wash a spoon, and 0.6 min to wash a
knife?

(b) Piroska and her grandma collect mallow from the garden. They enjoyed the activity,
so they spent 3.5 h collecting the herb. They collected % kg in one hour. How many
kg did they collect in 3.5 h?

Appendix B

This appendix contains the contingency tables for the Fisher exact test not included in
the text (Tables A3-A5).
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Table A3. Comparison of students’ problem-posing performances in Schools 1 and 2.

Competent Incompetent Sum

School 1 148 28 176
School 2 119 49 168
Sum 267 77 344

Table A4. Students” performances in problem-posing tasks in School 2.

Competent Incompetent Sum
PP1 and PP2 72 12 84
PP4 and PP5 47 37 84
Sum 119 49 168

Table A5. Students” performances in problem-posing tasks in School 1.

Competent Incompetent Sum
PP1, PP2 and PP4 116 16 132
PP5 32 12 44
Sum 148 28 176
References
1. English, L.D. The development of fifth-grade children’s problem-posing abilities. Educ. Stud. Math. 1997, 34, 183-217. [CrossRef]
2. Cai,J.; Hwang, S.; Jiang, C.; Silber, S. Problem-Posing Research in Mathematics Education: Some Answered and Unanswered
Questions. In Mathematical Problem Posing; Singer, EM., Ellerton, N.F,, Cai, J., Eds.; Springer: New York, NY, USA, 2015; pp. 3-34.
[CrossRef]
3. Ellerton, N.E. Engaging pre-service middle-school teacher-education students in mathematical problem posing: Development of
an active learning framework. Educ. Stud. Math. 2013, 83, 87-101. [CrossRef]
4. Xie, ].; Masingila, ].O. Examining Interactions between Problem Posing and Problem Solving with Prospective Primary Teachers:
A Case of Using Fractions. Educ. Stud. Math. 2017, 96, 101-118. [CrossRef]
5.  Erkan, B,; Kar, T. Pre-service mathematics teachers’ problem-formulation processes: Development of the revised active learning
framework. J. Math. Behav. 2022, 65, 100918. [CrossRef]
6. Kontorovich, I.; Koichu, B.; Leikin, R.; Berman, A. An exploratory framework for handling the complexity of mathematical
problem posing in small groups. J. Math. Behav. 2012, 31, 149-161. [CrossRef]
7.  Pehkonen, E. Introduction to the concept “open-ended problem.” In Use of Open-Ended Problems in Mathematics Classroom; Pehkonen, E.,
Ed.; Department of Teacher Education, University of Helsinki: Helsinki, Finland, 1997; pp. 7-11.
8.  Silver, E.A. On Mathematical Problem Posing. Learn. Math. 1994, 14, 19-28.
9.  Koichu, B. Problem posing in the context of teaching for advanced problem solving. Int. J. Educ. Res. 2020, 102, 101428. [CrossRef]
10. English, L.D. Teaching and learning through mathematical problem posing: Commentary. Int. ]. Educ. Res. 2020, 102, 101451.
[CrossRef]
11. Baumanns, L.; Rott, B. Rethinking Problem-Posing Situations: A Review. Investig. Math. Learn. 2021, 13, 59-76. [CrossRef]
12.  Papadopoulos, I.; Patsiala, N.; Baumanns, L.; Rott, B. Multiple Approaches to Problem Posing: Theoretical Considerations
Regarding its Definition, Conceptualisation, and Implementation. Cent. Educ. Policy Stud. ]. 2021, 12, 13-34. [CrossRef]
13. Cai, J.; Hwang, S. Learning to teach through mathematical problem posing: Theoretical considerations, methodology, and
directions for future research. Int. |. Educ. Res. 2020, 102, 101391. [CrossRef]
14. Kilpatrick, J. Problem formulating: Where do good problems come from? In Cognitive Science and Mathematics Education;
Schoenfeld, A.H., Ed.; Routledge: New York, NY, USA, 1987; pp. 123-147. [CrossRef]
15. Osana, H.P; Pelczer, I. A Review on Problem Posing in Teacher Education. In Mathematical Problem Posing; Singer, EM., Ellerton,
N.E, Cai, J., Eds.; Springer: New York, NY, USA, 2015; pp. 469-492. [CrossRef]
16. Crespo, S. Learning to pose mathematical problems: Exploring changes in preservice teachers’ practices. Educ. Stud. Math. 2003,
52,243-270. [CrossRef]
17.  Tabach, M,; Friedlander, A. Problem Posing as a Learnable Activity. Didact. Math. 2015, 37, 93-110. [CrossRef]
18.  Ornek, T.; Soyly, Y. A model design to be used in teaching problem posing to develop problem-posing skills. Think. Ski. Creat.
2021, 41, 100905. [CrossRef]
19. Cai, J.; Brook, M. Looking Back in Problem Solving. Math. Teach. Inc. Micromath 2006, 196, 42-45.
20. Polya, G. How to Solve It: A New Aspect of Mathematical Method, 1st ed.; Princeton University Press: Princeton, NJ, USA, 1945.
21. Ellerton, N.F. Children’s made-up mathematics problems? A new perspective on talented mathematicians. Educ. Stud. Math.

1986, 17, 261-271. [CrossRef]


http://doi.org/10.1023/A:1002963618035
http://doi.org/10.1007/978-1-4614-6258-3_1
http://doi.org/10.1007/s10649-012-9449-z
http://doi.org/10.1007/s10649-017-9760-9
http://doi.org/10.1016/j.jmathb.2021.100918
http://doi.org/10.1016/j.jmathb.2011.11.002
http://doi.org/10.1016/j.ijer.2019.05.001
http://doi.org/10.1016/j.ijer.2019.06.014
http://doi.org/10.1080/19477503.2020.1841501
http://doi.org/10.26529/cepsj.878
http://doi.org/10.1016/j.ijer.2019.01.001
http://doi.org/10.4324/9780203062685
http://doi.org/10.1007/978-1-4614-6258-3_23
http://doi.org/10.1023/A:1024364304664
http://doi.org/10.14708/dm.v37i0.844
http://doi.org/10.1016/j.tsc.2021.100905
http://doi.org/10.1007/BF00305073

Educ. Sci. 2023, 13, 151 22 of 22

22.

23.

24.

25.

26.
27.

28.
29.

30.
31.

32.

33.

34.

Cai, J.; Hwang, S. A perspective for examining the link between problem posing and problem solving. In Proceedings of the
2003 Joint Meeting of PME and PMENA, Honolulu, HI, USA, 13-18 July 2003; Pateman, N.A., Dougherty, B.J., Zilliox, ].T., Eds.;
College of Education, University of Hawaii: Honolulu, HI, USA, 2003; Volume 1-3, pp. 103-110.

Xu, B.; Cai, J.; Liu, Q.; Hwang, S. Teachers’ predictions of students’ mathematical thinking related to problem posing. Int. J. Educ.
Res. 2020, 102, 101427. [CrossRef]

Zhang, L.; Cai, ].; Song, N.; Zhang, H.; Chen, T.; Zhang, Z.; Guo, F. Mathematical problem posing of elementary school students:
The impact of task format and its relationship to problem solving. ZDM Math. Educ. 2022, 54, 497-512. [CrossRef]

Cai, J.; Hwang, S. Generalized and generative thinking in US and Chinese students” mathematical problem solving and problem
posing. |. Math. Behavior 2002, 21, 401-421. [CrossRef]

Schoenfeld, A.H. Mathematical Problem Solving; Academic Press: San Diego, CA, USA, 1985.

Lavy, I; Bershadsky, I. Problem posing via “what if not?” strategy in solid geometry—A case study. J. Math. Behav. 2003, 22,
369-387. [CrossRef]

Brown, S.I.; Walter, M.I. The Art of Problem Posing, 2nd ed.; Routledge: New York, NJ, USA, 2012.

OECD; Eurostat; UNESCO Institute for Statistics. ISCED 2011 Operational Manual: Guidelines for Classifying National Education
Programmes and Related Qualifications; OECD: Paris, France, 2011. [CrossRef]

Feldman, A. Validity and quality in action research. Educ. Action Res. 2007, 15, 21-32. [CrossRef]

Feldman, A.; Altrichter, H.; Posch, P.; Somekh, B. Teachers Investigate Their Work: An Introduction to Action Research across the
Professions, 3rd ed.; Routledge: London, UK, 2018. [CrossRef]

Sprent, P. Fisher Exact Test. In International Encyclopedia of Statistical Science, Lovric, M., Ed.; Springer: Berlin/Heidelberg, Germany,
2011; pp. 524-525. [CrossRef]

Baro, E. Positive changes in affective variables: Two-round action research in Hungary and Romania. In Proceedings of the
Twelfth Congress of the European Society for Research in Mathematics Education (CERME12), Bozen-Bolzano, Italy, 2-5 February
2022.

Cohen, ]. A Coefficient of Agreement for Nominal Scales. Educ. Psychol. Meas. 1960, 20, 37-46. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://doi.org/10.1016/j.ijer.2019.04.005
http://doi.org/10.1007/s11858-021-01324-4
http://doi.org/10.1016/S0732-3123(02)00142-6
http://doi.org/10.1016/j.jmathb.2003.09.007
http://doi.org/10.1787/9789264228368-en
http://doi.org/10.1080/09650790601150766
http://doi.org/10.4324/9781315398822
http://doi.org/10.1007/978-3-642-04898-2_253
http://doi.org/10.1177/001316446002000104

	Introduction 
	Theoretical Background 
	Problem-Posing 
	The Active Learning Framework for Problem-Posing 
	Problem-Posing and Problem-Solving 
	A Framework for Interpreting the Problem-Posing Process and Product 

	The ALF Research Project 
	Subjects 
	The Impact of the COVID-19 Pandemic on the Experiment 
	Task Organization 

	Data Collection and Analysis 
	Results and Discussion 
	The Problem-Posing Performance 
	Problem-Solving Performance and its Relationship with the Quality of Problem-Posing 

	Conclusions 
	Limitations 
	Appendix A
	Appendix B
	References

