Cusp relation for the Pauli potential
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In orbital-free density functional theory only a Schrédinger-like equation has to be solved for the
square root of the electron density. In this equation, however, there is an extra potential in addition
to the Kohn-Sham potential, the so called Pauli potential. Cusp relations are now presented for this
Pauli potential for spherically symmetric systems.

INTRODUCTION

The electron density is the key quantity in the den-
sity functional theory. According to the Hohenberg-Kohn
theorems [1] the external potential v(r) is determined
within a trivial additive constant by the electron density
n(r) and there exists a variational principle that leads to
the Euler equation:
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As the kinetic energy functional is unknown, one can turn
to the Kohn-Sham scheme [2], that is, a non-interacting
system. There the electrons move independently in a
common, local external potential and the density
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is the same as the true interacting electron density. The
orbitals ¢; satisfy the Kohn-Sham equations
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N, ¢;, and vgg are the number of electrons, the one-
electron energies and the Kohn-Sham potential, respec-
tively. (Atomic units are used in the paper.)

The non-interacting kinetic energy

N
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can be partitioned as Ty = T3, +T),. T, is the Weizsacker
kinetic energy [3]
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The Pauli energy is defined as T, = Ts — T, [4-19].
The Euler equation (1) can be rewritten as
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where
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is the Pauli potential, the functional derivative of the
Pauli energy 7,.

Recently, there is a growing interest in the orbital-free
density functional theory. It has the great advantage
that only one equation, the Euler equation (Eq. (1) or
Eq. (6)) should be solved instead of several Kohn-Sham
equations. It is very important in case the system con-
sidered has a lot of electrons. The disadvantage is the
lack of knowledge of the exact form of the kinetic en-
ergy (or the Pauli energy) functional. There exist several
approximations [20-33] that can be applied in orbital-
free calculations. Recently a novel approach [34-36] that
avoids using approximate kinetic energy functionals has
been proposed for spherically symmetric systems.

The Pauli potential has a very important role in
orbital-free density functional theory. Therefore it is es-
sential to know its properties. Exact relations are valu-
able from several points of view, e. g. helpful in con-
structing approximate functionals. Several fundamental
characteristics have already been presented [7, 37—41]. In
this paper, the cusp relation is explored. It is very useful
in numerical calculations. The present study is restricted
to spherically symmetric densities. The cusp condition is
derived in the following section. The last section presents
some numerical demonstration.

CUSP RELATION FOR THE PAULI POTENTIAL

We derived ground- and excited-state cusp conditions
for the electron density [42—44] that can be utilized in the
derivation. Further important results on cusp relations
for the density can be found in [45-52]. Consider the
Kohn-Sham potential
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where Z, vy and v, are the atomic number, the Coulomb
and exchange-correlation potentials, respectively. The
expansion of the potential w around r = 0 leads to [42—-
44, 50, 52|
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where A, B, C ... are constants. The solution of the
Kohn-Sham equations [2] can then be written as
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Here Y}, are the spherical harmonics. The relationship
between the coefficients in Eqgs. (10) and (11) can be
written as [42-44]
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Then the density has the form [44, 52]
1
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From Eq. (6) follows that
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It can also be written as
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Applying the density (15), we arrive at
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for the last term of Eq. (19). Therefore, the expansion
of the Pauli potential takes the form
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It means that the Pauli potential at the nucleus is
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while its derivative is
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One can immediatelly notice that the quantity ¢ (Eq
(18)) can be expressed with the spherically averaged p-
electron density 7,
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These expressions can be transformed into more useful
relations if we express £ and ¢ with the density and its
derivatives at the nucleus. From Eq. (15) we immedi-
atelly obtain that

n(0) = 202°n(0) + ¢ + €] (27)

and
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Therefore
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Note that we can really obtain the sum of the poten-
tials v, and w from Egs. (20), (29) and (30). How-
ever, while the Pauli potential is completely of kinetic
origin, the potential w is the sum of the classical Coulomb
and the exchange-correlation potentials. w is calculated
and/or approximated independently from v,. Moreover,
there exists cusp relation for w [42-44, 50, 52]. There-
fore, Egs. (29) and (30) can be useful in checking the
accuracy of orbital-free calculations.



ILLUSTRATIVE EXAMPLES AND DISCUSSION

To illustrate the results presented in the previous sec-
tion we performed calculations for the Be, Ne, Ar, Kr
and Xe atoms. A recently published robust and general
solver for the radial Kohn-Sham equations [53] was ap-
plied. Fig. 1. presents the Pauli potential and its radial
derivative for the Be and Xe atoms. The plot was ob-
tained from converged densities and Kohn-Sham poten-
tials by inverting the Euler equation (6) for v,(r). The
Pauli potential ensures the fulfillness of the Pauli princi-
ple. If bosons were treated instead of fermions, all parti-
cles would occupy the lowest energy state (in the ground
state) and no extra term would be added to the one-
particle potential in the Schrédinger-like equation for the
square root of the density. In case of fermions, however,
the particles fill levels starting with the lowest energy up
to p and the Pauli potential is different from zero if the
system has more than two electrons. It is well known
that the radial density reflects the shell structure. The
shell structure can be clearly seen in the Pauli potential,
too (Fig. 1.). This behaviour of the Pauli potential was
demonstrated earlier in [11].

Table I presents the values of v,(r) and vy, (r) at the
nucleus for Be, Ne, Ar, Kr and Xe atoms. Egs. (29)
and (30) were applied using self-consistently determined
densities and Kohn-Sham potentials. For comparison,
vp(r) and vy, (r) are also determined from Fig. 1., (that
is, inverting Eq. (6) that leads to Eq (19)). A third-order
polynomial was applied to extract these values. There is
a good agreement between the values obtained by the
two methods.

The cusp relations for the density are well known and
can be easily computed, therefore Egs. (29) and (30) can
be easily applied. Note that the the sum v,(0) + w(0)
and v;,(0) +w’(0) can be expressed with only the density
and its derivatives at the nucleus. It is worth mentioning
that u determines the large r behaviour of the density.
That is, both the atomic number and p can be obtained
from the density.

The results presented in this article might be useful
not only in spherically symmetric systems. For example,
they can be applied for muffin-tin orbitals of solid-state
calculations [54].

In summary, cusp relations are derived for the Pauli
potential in spherically symmetric systems. It is shown
that the expressions for the sum of Pauli and the classi-
cal Coulomb and exchange correlation potentials and its
derivative at the nucleus contain only the density and its
derivatives at the nucleus.

ACKNOWLEDGMENTS

This work was supported by the TAMOP 4.2.2.A-
11/1/KONV-2012-0036 project. ~ The project is co-

TABLE I. Numerically determined values of v,(r) and v, (r)
at the nucleus for Be, Ne, Ar, Kr and Xe atoms (in atomic
units) supplying Egs. (29) and (30) and applying Eq. (19)

Be Ne Ar Kr Xe

vp(0) [Egs. (29)- (30)] 3.5 29.2 111.8 505.5 1201
vp(0) [Eq. (19)] 3.5 292 1119 505.5 1202
U;,(O) [Egs. (29)- (30)] 0.0 12,9 165.0 2079 8422
v, (0) [Eq. (19)] 0.0 128 172.0 2064 8415
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FIG. 1. Pauli potentials v,(r) and their radial derivatives

vy, (r) (in atomic units) for Be and Xe atoms near the nucleus.
They have been obtained from converged densities and Kohn-
Sham potentials by inverting the Euler equation (6) for v,(r),
that is, using Eq. (19). Values near the nucleus are seen to
agree with those (Egs. (29)- (30)) given in Table I.
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