Introduction

Linear recurring sequences have a wide range of application from the field of
solving diophantine equations, through rational approximation and random number
generation to cryptology. The present work deals with the different aspects of linear
recurring sequences and related topics. However the mainstream of our studies is
the examination of uniform distribution of sequences and application of the obtained
results in constructing efficient pseudo-random number generators and sequences
with general distribution.

The periodicity of recurring sequences reduced modulo m was studied in the
thirties by Ward. He in [49] could prove that if u is a third-order linear recurring
sequence and mq,mo are relatively prime positive integers both greater than 1,
then the period length of the sequence reduced modulo mims is the least common
multiple of the period lengths of the same sequence reduced modulo m; and ms.
He also proved that u is purely periodic modulo mims if and only if it is purely
periodic both modulo m; and ms. Furthermore, he proved some properties of the
period length, too.

Bundschuh and Shiue in [5] generalized the result of Bundschuh [4] and gave
a sufficient condition on the uniform distribution of general second-order linear
recurring sequences reduced modulo prime powers.

Niederreiter in [29] proved that the Fibonacci sequence is uniformly distributed
modulo m if and only if m = 5.

Niederreiter and Shiue in [31] and [32] gave necessary and sufficient condition for
a linear recurring sequence of order less than 5 to be uniformly distributed over finite
fields. Here they proved that a general linear recurring sequence could be uniformly
distributed over a finite field only if its characteristic polynomial had a multiple root
over the same field. This leads to the observation, that over the integers, a linear
recurring sequence can be uniformly distributed modulo p (and thus modulo p®)
only if p divides the discriminant of its characteristic polynomial. They also gave
here a sufficient condition for the characteristic polynomial of recurrence sequences
over prime fields, such that if this simple condition holds, then the corresponding
sequence is uniformly distributed. This result lets us construct pseudo random
sequences with good distribution properties and a large period length.

Turnwald in [46] and [47] gave a complete characterization of second and third-
order linear recurring sequences defined over Dedekind domains to be uniformly
distributed in residue class systems with finite norm.

Tichy and Turnwald [45] applied the previous result and gave a criterion for
uniform distribution of third-order linear recurring sequences over the integers.

The main result of my thesis is Theorem 3.36, which is a solution of a problem
proposed by Robert Tichy.
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The structure of the present thesis is the following:

In Chapter 1 we give the most general definitions and results we use in the
later parts.

In Chapter 2 we prove some general properties of Dedekind-domains paying
particular attention to residue systems generated by ideals with finite norm. We
should mention, that the results here and in Chapter 3 are the generalization of
Herendi [19], where the case of rational integers were investigated.

Chapter 3 is built around the problem of uniform distribution of linear recur-

ring sequences. Here we study among others the periodicity and the hereditary of
periodicity of sequences in residue class systems modulo powers of prime ideals.
The observations lead to the main result Theorem 3.36 of the chapter:
For every linear recurring sequence in a Dedekind-domain we can find an integer S
depending only on the degree of the recurrence relation, such that if the sequence is
uniformly distributed modulo P°, where P is a prime ideal with finite norm, then
the sequence is uniformly distributed modulo every power of the ideal P.

In Chapter 4 we give a method for constructing linear recurring sequences of
integers, such that the sequence is uniformly distributed modulo every power of 2.
With the use of these sequences we can develop pseudo-random number generators
with very good properties. In Appendix A we give an example of such a linear
recurring sequence of order 1281.

In Chapter 5 we provide a method to create pseudo-random number sequences
with Gaussian distribution using linear transformations of uniformly distributed
sequences. The method we present is based on the Berry-Esséen Theorem and on
the existence of very well uniformly distributed sequences. In Appendix A we
give some experimental results related to this chapter, where we analyze different
pseudo-random number sequences after linear transformations. The results here
are mainly from the paper of Herendi, Siegl and Tichy [20].

Finally in Chapter 6 we use linear recurring sequences for proving a kind of
finiteness of trinomials having quadratic divisors. The chapter covers the results of
Herendi and Pethé [21].



Chapter 1

Basic definitions and results

Dedekind-domains are defined in several ways in the literature. We will give the
one which is the most suitable for our purposes.

Definition 1.1. Let R be an integral domain. We call R a Dedekind-domain,
if for every ideal I of R we can find prime ideals Py, ..., P, unique up to ordering,
such that I = Py -...- Py.

For general properties of Dedekind-domains see [7], [15], [16], [26], [35] and [48].

Definition 1.2. Let R be a Dedekind-domain and let I C R be an ideal. We will
call the cardinality of the ring R/I the norm of I and we will denote it by N(I).

Definition 1.4. Let R be a Dedekind-domain and let ag, ...,aq_1 € R and

oo
U = {Un}nzo
be a sequence in R satisfying the recurrence relation
Untd = Qg—1Untd—1 + -+ agun for n=0,1,...

Then wu is called a linear recurring sequence (for short l.r.s.) with defining
coefficients ay,...,a4_1 and initial values ug,...,uq_1.
The integer d is called the order of the recurrence and the polynomaial

P(z)=z% —aq_1z¥ 1 — .. —ag

is called a characteristic polynomial of u.

Remark 1.5. It is easy to see that a linear recurring sequence satisfies several
recurrence relations. In particular, if P(x) € R[z] is a characteristic polynomial
of a recurring sequence, then P(z) - Q(x) is also a characteristic polynomial of the
sequence for all Q(x) € R[z]. (See e.g. [46].)

Remark 1.6. By the previous remark, the order of a linear recurring sequence is
not definite. However, since the different values of the orders of a sequence are
positive numbers, there exists a unique smallest.

Definition 1.7. Let d(u) be the smallest integer for which there erists a recurrence
relation of order d(u) for the sequence w. This number is said to be the minimal
order of the recurring sequence and a corresponding characteristic polynomial is
said to be a minimal characteristic polynomial of u.
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Remark 1.8. As we will see in Lemma 3.7, the minimal characteristic polynomial
of a linear recurring sequence is also unique.

Definition 1.10. Let u be a sequence in the Dedekind-domain R and let I C R be
an ideal. We say that u is periodic modulo I with period length o € N, if there
ezrists oo € N, such that

Uptp = Uy, mod I forall n> pg.

The smallest po = 00,r(u) and o = pr(u) with the previous property will be called
the preperiod and minimal period length of u modulo I respectively.
If po,1(u) = 0 then u is said to be purely periodic modulo m.

Remark 1.11. Let R be a Dedekind-domain, let u be a linear recurring sequence
in R and let I C R be an ideal with finite norm. A simple observation shows that
u is periodic modulo I.

Definition 1.12. Let u be a sequence in the Dedekind-domain R and let I C R be

an ideal with finite norm. We will say that u is uniformly distributed (for short
u.d.) modulo I if

1 1

for all a € R.

Remark 1.13. Let R be a Dedekind-domain, let u be a linear recurring sequence
in R and let I,J C R be two ideals with finite norm, such that I C .J. One can
prove that if u is u.d. modulo I, then it is u.d. modulo .J. The proof is based on the
fact that if a1, ..., an(r) s a complete residue system modulo I, then the cardinality
of the set

{a’ |d' € {a1,...,an@} and o' =a mod J}
with some a € R, is independent of the value of a.

Definition 1.14. Let u be a l.r.s. in the Dedekind-domain R, defined by the coef-
ficients ag, . ..,aq_1 with initial values ug, ..., uqg_1 and let P C R be a prime ideal.
Let

an(k) - (Un—{—k—lv Un4k—25-- -, un)tr

denote the nth k-dimensional state vector and

ag—1 Qdq—2 a1 ao

1 0 0 O

M(u) = 0 1 0 O
0 0 1 0

the companion matrix of u.



Remark 1.15. With the above notations we have
Uiy, (d) = M (u)"to(d) ,

which will be used frequently in this dissertation.

Remark 1.16. We mention that if we reduce a linear recurring sequence modulo
some ideal in a Dedekind-domain, then we get a linear recurring sequence in the
restdue class system, which may have different properties than the original sequence
(e.g. the minimal order of the reduced sequence may became smaller).

By Remark 1.16 it has sense to introduce the following notations:

Definition 1.17. Let s be a positive integer. With the notation of Definition 1.1}
dp(u,s) will denote the minimal order, op(u, s) the minimal period length,
Mp(u, s) the companion matrix and as,...,0s dp(u,s)—1 the defining coeffi-
cients corresponding to the minimal recurrence relation of u modulo P?*.

Remark 1.18. As far as there is no confusion, we will sitmplify our notation by

omitting unnecessary parameters, for instance, by cancelling the sign of the ideal
P.

For further properties of linear recurring sequences we refer to [24].



Chapter 2

Dedekind-domains and modules

For the discussions of the later chapters we will need some special properties of
Dedekind-domains. In this chapter we state all the results we will use. The material
of this and the 3rd chapter is a generalization of Herendi [19].

Throughout the chapter let R be a Dedekind-domain, and let P be a prime
ideal of R. Suppose that R/P has N(P) elements, and N(P) < oo. Since R is a
Dedekind-domain, P is maximal and R/P is a (finite) field (see e.g. [16]). Hence,
we know that N(P) = ! with some rational prime m and an integer [ > 1 (see e.g.
[24]).

In general Dedekind-domains we cannot ensure that if some elements are in the
same ideal of the ring, they have common non-unit divisor. Fortunately, since we
will work in residue class systems, some more general results will be enough for the
cancellation of ’common factors’.

Theorem 2.3. Let k,s € N, P C R be a prime ideal and let p € P*\ P**1. Then
for every q € P* there exists r € R, such that p-r = q mod P*. In particular, if
q € P*\ P**! thenr e R\ P.

Corollary 2.4. Let s € N, P C R be a prime ideal and let p € R\ P. Then there
exists r € R\ P, such that p-r =1 mod P*.

Corollary 2.5. Letr,k,s € N and A\q,..., A\ € R, such that
Pk+1+()\1)+"'+()\q~) :Pk

(e.g. k will be the highest exponent of P, such that P* is a divisor of all the
ideals Ai,...,\.) and let p € P¥\ Pt Then there exist \j,...,\. € R and
ie{l,...,r}, such that

Aj =pX; mod P*

/
j
forj=1...r and X, ¢ P.

Corollary 2.6. Let r,k,s € N and A\q,..., A\ € R, such that

(A1) + -+ (\) C P

and let p € P*\ P**1. Then there exist N|,...,\. € R and i € {1,...,r}, such
that
Aj =pA; mod P*

forg=1...r.



Definition 2.7.

Let R be a Dedekind-domain and let d be a positive integer. V (R, d) will denote
the free module of rank d over R, which can be regarded as the Cartesian product R®
with the natural extension of addition and componentwise multiplication by elements
of R. If there are no confusion, we will omit R and d.

We will say, that two vectors a,b € V(R,d) are congruent mod I, if they are
congruent component-wise mod I.

Let s,r € N. The set of vectors {by,...,b,} = B C V(R,d) is called semi-
independent mod P? if

)\1b1+"'—|—)\rb,~50 mod P?

implies that \; = 0 mod P fort=1,...,r. Otherwise it is called strongly de-
pendent.

Let by,...,b.,b € V(R,d). The vector b is called a linear semi-combination
of the elements by,...,b, mod P*® if b = 0 mod P?® or there exist k € N, p €
PF\ P**1 and M\y,...,\. € R, such that

0% pb=Ab +---+ b, mod P

and A\; Z0 mod P for somei € {1,...,r} provided that k > 0.

If {b1,...,b.} = B C V(R,d) is semi-independent and for allb € V(R,d), b is a
semi-combination of by, ..., b, mod P?%, then B is called a semi-basis of V(R,d)
mod P?.

We keep the notion of independence, combination and basis for the usual defi-
nition.

For arbitrary modules we usually cannot generalize all the results of linear alge-
bra, however in our special case we can prove some important ones:

Theorem 2.8. For every d,s € N there exists a basis (in the usual sense) of
V(R,d) mod P? and it has exactly d elements.

Proof. See e.g. Th. 7.12. (pl04) of [2]. O

Further in this chapter we fix R and d, and we will use the notation V instead
of V(R,d).

Theorem 2.9. Let by,...,b. € V be linearly dependent over R, then they are
strongly dependent mod P?*, for any s.

Theorem 2.10. Let by,...,bg € V be linearly independent over R, then for any
(2.2) s > vp(det(by,...,bq))

the vectors by, ...,bg are semi-independent mod P?.

Corollary 2.12. Let by,...,bg € V and t = vp(det(by,...,bq)). If by,..., by is
not a semi-basis mod P'tY, then it is not a semi-basis mod P*® for any s € N,
either.
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Theorem 2.13. Ifby,...,b. € V are semi-independent mod P?, then r < d.

Theorem 2.14. If by,...,bg € V(R,d) are semi-independent mod P*, then the
set by,...,bg is a semi-basis mod P?.

Remark 2.15. Let s < s and suppose that by,...,bgy € V is a semi-basis
mod P?®. This by,...,bg is also a semi-basis mod Ps’, otherwise it would be
strongly dependent mod P? , which would yield

AMby 4+ Agbg =0 mod P*

for some \1,..., A\q not all in P. But then the same holds mod P* which would
contradict the semi-independence of by, ..., by.

However, more can be proved:

Theorem 2.16. Let s < s’ and suppose that bi,...,bgy € V is a semi-basis
mod P*. Ifb €V, then there exist A\,..., g € R and p € P*~! such that

pb = A\by + -+ Agbg mod P¥ .



Chapter 8

Results on recurring sequences

In this chapter we collected results on linear recurring sequences. We focused
on the uniform distribution of the sequences in residue class systems. For this we
examined the change of periodicity and other related properties when we change
the residue class system by extension.

Lemma 3.5. Let R be a Dedekind-domain and Q1,Q2 € R[x] be monic polynomi-
als. Then there exist ged(Q1,Q2) and lem(Q1, Q2).

Lemma 3.6. Let F' be a field and u be a l.r.s. over F. Then there exists a
unique minimal characteristic polynomial of w. Further, this minimal characteristic
polynomial is a divisor of all the characteristic polynomials of the sequence.

Lemma 3.7. Let R be a Dedekind-domain and let u be a l.r.s. over R. Then there
exists a unique minimal characteristic polynomial of u.

Lemma 3.8. Let a,b € R and let u and v be two linear recurring sequences over
R with characteristic polynomials QQ,, and Q, respectively. Then au + bv is also a
linear recurring sequence with characteristic polynomial lem(Qy, Qy).

Remark 3.10. Throughout the chapter if we don’t state otherwise, we suppose,
that the linear recurring sequences are purely periodic in the considered residue
class systems, 1i.e.

Upto(u,s) = Un mod P° forall n=0,1,2,...
and the sequence has no preperiod.

In the following lemmas we prove some properties of the minimal order of the
mod P? reduced linear recurring sequences. We will also see that the minimal order
of the sequence is the best bound for the minimal order of the reduced sequences.

Lemma 3.12. Let F be a finite field and let u be a l.r.s. in F with characteristic
polynomial Q) € Flz]. Then Q is the minimal characteristic polynomial of u if and

only if the state vectors ug,...,ug—1 € V(F,d) are linearly independent over F,
where d s the degree of ().

Proof. See e.g. Th. 6.51 of [24]. O

Lemma 3.13. Let R be a Dedekind-domain, P C R be a prime ideal with finite
norm, s € N and let u be a l.r.s. over R. Using the notation d = d(u,s), the d

dimensional state vectors uo(d),...,ug—1(d) € V(R,d) form a semi-basis modulo
P®.
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Lemma 3.14. Let R be a Dedekind-domain, P C R be a prime ideal with finite
norm, let u be a l.r.s. over R and let r,q,s € N, such that 0 < r <gq.

If
uo(q), - -, ur—1(q) € V(R,q)

are semi-independent modulo P?, then

r <d(u,s) .

Remark 3.15. Since the minimal recurrence relation of the original sequence is
also a recurrence relation for the reduced sequence, we have

d(u,s) < d(u)

and since the minimal recurrence relation of the sequence reduced modulo P31 is
also a recurrence relation for the same sequence reduced modulo P*, we have

d(u,s) < d(u,s+1) forall seN.
Thus there exists an integer T, such that
d(u,T)=d(u,s) forall s>T.

The smallest such a T will be denoted by T (u).
Lemma 3.17. Let R be a Dedekind-domain, P C R be a prime ideal with finite
norm and let u be a l.r.s. over R. Then
d(u) = d(u, T(u)) .
The following lemma shows that every linear recurring sequence can be split into
two parts: a dominating and a less important recurring sequence.

Lemma 3.18. Let R be a Dedekind-domain, P C R be a prime ideal with finite
norm, let u be a l.r.s. over R and let t,s € N.
Then there exist linear recurring sequences vV and u?, such that
w=uM +u® mod P,
uw? =0 mod P! ,
TV)<t,
d(uM) = d(u,t)
and

d(u®) < 2d(u) .

In the next lemmas we prove some properties of the period length and the lifting
of the differences of elements of the recurring sequences to the expanded residue
class systems.
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Lemma 3.21. Let R be a Dedekind-domain, P C R be a prime ideal, let 7 € N be
the prime, such that 7| N(P), let u be a l.r.s. over R and let s € N,
If s > T(u), then either

o(u, s +1) = o(u, )
or

o(u,s+ 1) =mo(u,s) .

The following theorem is fundamental:

Theorem 3.24. Let R be a Dedekind-domain, u be a l.r.s., P be a prime ideal
with finite norm in R and m € N be the prime, such that © | N(P).
If u is uniformly distributed modulo P?® for all s € N, then N(P) = .

We can formulate here an important result related to the period length and
lifting properties.

Lemma 3.25. Lett,k,m € N, where 7 is a prime, R be a Dedekind-domain, P C R
be a prime ideal with finite norm, such that = | N(P) and let u and v be two linear
recurring sequences over R, such that

vp, =0 mod P' forall neN.
Suppose that there exists Ty > T(u), such that
Ur(o(v,t +k+1+1)) <vg(o(u,To+ 1)) forall i>0
and set
A = o(v, T(v))/ged(o(u, Ty), o(v, T(v)) and A= A//’/TV"(A’) :
Let s > Ty + k, such that
o(u,s +1) =mo(u,s)

and suppose that t > Tj.
Then the congruence

(1 4 V) ntmo(u,s)+atde(u,s+1) — (U + V)ntmo(u,s)

3.5
(3:5) = TA(Uptqp(u,s) — Un) mod psthtl

holds for all n,m,l,q > 0.

Corollary 3.26. With the assumptions of Lemma 3.25, we have

(U + V) ntigrpu,s+1) — (U+v)n =1 ((U + V) ntqhp(ust1) — (U + U)n)

= IA(Untqo(u,s+1) — Un) mod PStF+L

As a consequence of the above results, if s is greater than a given bound, then
the period length of the sequence modulo P? is strictly increasing with s.
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Theorem 3.27. Let m € N be a prime, R be a Dedekind-domain, P C R be a
prime ideal with finite norm, such that w | N(P), let u be a l.r.s. over R and
s > T(u) be an integer.
If
o, 5+ 1) = mo(uy )
then
o(u,s+2)=mo(u,s+1) .

In the following corollary we prove that the required existence of Tj in Lemma
3.25 is not a real restriction.

Corollary 3.28. Let R be a Dedekin-domain, m € N be a prime, P C R be a prime
ideal, such that | N(P), let u and v be linear recurring sequences over R, such
that u is non-periodic and v,, = 0 mod P! with some t € N for all n € N and let
ke N

Then there exists Ty € N, such that

ve(o(v,t +k+i+1)) <ve(o(u,To+1i)) forall i>0.

In the following remark we give some estimation for Ty in the most important
cases.

In the lemma below we give a lower bound on the distance of the elements
corresponding to the same residue class of a uniformly distributed linear recurring
sequence.

Lemma 3.31. Let R be a Dedekin-domain, m € N be a prime, P C R be a prime
ideal, such that w | N(P), u be a l.r.s. over R, letl,s € N, such that
s>T(u)+d(u) and =1l
and suppose that
o(u,s) =mo(u,s —1) .
If

Up = Upyig(u,s) MOd pstdw) for some 0<mn,
then u cannot be u.d. modulo Ps+a(w)

The following fundamental theorem gives the very important lifting property of
the uniform distribution.

Theorem 3.32. Let R be a Dedekind-domain, m € N be a prime, let u and v be
two linear recurring sequences over R, P C R a prime ideal with N(P) = 7, let Ty,
t and A as in Lemma 3.25 and let

If u and u+ v are uniformly distributed modulo P?, then the sequence u+ v is also
uniformly distributed modulo P5+1.

Applying the above theorem, we can prove a similar result, which will be useful
when we split the linear recurring sequences into dominant and less dominant parts:
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Corollary 3.33. Let R be a Dedekind-domain, m € N be a prime, u and v be two
linear recurring sequences over R, P C R be a prime ideal with N(P) =7, Ty and
A as in Lemma 3.25 and s,t € N, such that

s>To+2d(u) and t>T(u)+ 2d(u) .

If
v=0 mod P' and u+v isu.d. mod P*,

then
w+v s u.d. mod P51 .

The following lemma proves the existence of splitting the sequences into domi-
nant and less dominant parts:

Lemma 3.34. Let R be a Dedekind-domain, 1 € N be a prime, let u be a linear
recurring sequence in R, such that d(u) > 2 and let P C R be a prime ideal with
N(P)=m.

Then there exist an integer t > 0 and two linear recurring sequences u" and
u® over R, such that

w=u +u®  w® =0 mod P, duM)<d(u)

3d(uM)? + d(u)

T(uM) <
(u'”) < 5

+ 2+ d(u)

and
max {T(u<1>) +3d(u®) — 1,4d(u®) + d(u)} <t.

Remark 3.35. The following theorem is a solution of a problem proposed by R.
Tichy. This problem is contained in a list of related questions in the paper of Tichy
[44].

Theorem 3.36. Let m1 € N be a prime, R be a Dedekind-domain, P € R be a
prime ideal, such that N(P) = =, let d > 2 be an integer, u be a dth-order linear
recurring sequence over R and let S = ngd + 1.

If w is uniformly distributed modulo PS, then it is also uniformly distributed
modulo P? for any s € N.

Remark 3.37. As we will see in Chapter 4, by a detailed analysis of the results
in special cases we can obtain much better bounds than in the general case.

For instance, if T(u) = 1, which is rather often the case for the uniform distri-
bution property stated in Theorem 3.36, it is enough if

s> 3d(u)+1.
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Chapter 4

Construction of uniformly
distributed linear recurring sequences

In this chapter, we will provide construction of uniformly distributed linear re-
curring sequences with arbitrary large period length. The fundamental application
of such sequences is the construction of pseudo-random number generators.

Remark 4.1. One can find criteria for the uniform distribution of linear recurring
sequences of order < 4 over finite fields in [31] and [32].

Among other general results, criteria for the uniform distribution of linear re-
curring sequences of order < 3 over Dedekind-domains can be find in [46] and [47].

As a starting point we have to construct uniformly distributed recurring se-
quences over simpler structures. Niederreiter and Shiue in [31] give a necessary
condition on uniform distribution of linear recurring sequences over finite fields:

Proposition 4.2. Let F be a finite field and let uw be a lLr.s. over F. If u is
uniformly distributed, the characteristic polynomial of u contains a multiple factor.

Proof. See e.g. [31]. O

Now we turn to the known and the new results which we will use for finding
linear recurring sequences with uniform distribution modulo some - in particular
2F _ integer. The idea behind the construction is that first we try to find a linear
recurring sequence with a characteristic polynomial having the property

P(z) = (v +1)?Q(z) mod 2,

where @Q(z) is irreducible modulo 2 and has a particular degree. In this way we
can find a linear recurring sequence with a large period length, which has some
advantages for the later steps.

Definition 4.5. Let F' be a finite field and P € F|x|, such that P(0) # 0. We will
call ord(P) = e the order of P, where e is the smallest positive integer, such that
P(x) | ¢ — 1 over F[z].

Remark 4.6. The integer e in the above definition always ezists. See e.g. in [24]

We can determine the order of polynomials in the demanded form.
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Corollary 4.9. Let P(z) € Z[x] be such that
P(z) = (z +1)’Q(z) mod 2,

where Q(z) is irreducible modulo 2.
Then for the orders of the polynomials over Fy we have

ord(P) = 20rd(Q) .

Definition 4.10. Let u be a l.r.s. of order d over a Dedekind-domain R. We say
that u is an impulse response sequence if

Ug=---—=Ug_oa =0 and wug_1=1.

The following proposition shows the distinguished role of the impulse response
sequence corresponding to a given recurrence relation.

Proposition 4.11. Let F' be a finite field and let u be the impulse response sequence
over F with characteristic polynomial P(x). Then the minimal period length of u
is equal to ord(P).

Proof. See e.g. Theorem 6.27. of [24]. O

Definition 4.12. Let m > 1 be an integer, let u,, be a sequence of integers and let
uy, €{0,...,m — 1} be such that

u, =u, modm .

The sequence u' is called the reduced sequence of u mod m.

Lemma 4.18. Let Q(z) € Z[x] be irreducible modulo 2 of degree k and let
P(z) = (x +1)’Q(r) mod 2 .

Let u be a sequence having characteristic polynomial P and minimal period length
modulo 2 equal to ord(P). Then u is uniformly distributed modulo 2.

Remark 4.19. The statement of the lemma is proven in more general settings in
[31].

Theorem 4.20. Let Q € Z[z] be monic and irreducible modulo 2 with degree k
and let P € Z[x] be monic and such that

P(z) = (2> = 1)Q(r) mod 2 .
Let us define

Py(xz) = P(x) ,
Py(z)=P(x)—2,
PB(x):P('T)_2x7

Py(x) = P(x) — 22 — 2

and let u® be linear recurring sequences corresponding to P;, such that the mini-
mal period length of u®) modulo 2 is 20rd(Q), where ord(Q) is the order in Fy[z].
Then at least one of the u® ’s is uniformly distributed modulo 2° with period length
2%0rd(Q) for any s € N.
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Remark 4.21. FExperience shows that the previous theorem may be changed by
replacing the words “at least” to “exactly”.

Construction 4.22. Now we have everything for the construction of a modulo 2°
uniformly distributed linear recurring sequence with large period length.

1. Choose a suitable integer k and find a polynomial Q(z) which is irreducible
modulo 2 and deg(Q(x)) = k. It is better if approximately half of the coefficients
are not divisible by 2.

2. Calculate the monic polynomials P(x) = pgyo2¥t2 + pryr2¥tt + -+ + po and
P'(x) such that
P(z) = (2> —1)Q(x) mod 2

and po,...,pg+1 € {0,—1} and
P'(z)=(x —1)Q(x) mod 2

with similar condition on its coefficients. Determine Py (z) = P(x), Py(z) = P1(z)—
2, P3s(x) = Py(x) — 2z and Py(z) = Py(z) — 22 — 2.

3. Calculate the companion matrices M(;) corresponding to the characteristic poly-
nomials P;(z). Check M;1 =1 mod 4. Keep the two matrices which satisfy the
congruence and denote them by M; and Ms.

4. Compute ¢ = ord(Q) modulo 2 and M2 modulo 4. If M?¢ # E mod 4 then
M = M else M = M,.

5. Choose initial values of the sequence. This can be done by the following: choose
random wug,uq,...,us. Set these values as initial values of the linear recurring
sequence with characteristic polynomial P’(z). Compute the next element of the
sequence uy,_ ;. Find a random number uy; satisfying ugq1 # vy, mod 2. The
set ug,u1,...,u, ug4+1 are suitable initial values for the sequence.

Remark 4.23. If k is such that 28 —1 is a — so called Mersenne — prime, then by
Proposition 4.7, ord(Q) = 2¥ — 1, i.e. mazimal as a function of k.

If we choose P such that its coefficient are 0 and —1, except the leading coefficient
which is 1, then the computation of the elements of the recurring sequence is very
fast, since there are no need for multiplication, only addition. Further, because of
the inner representation of the numbers in computers, also the reduction modulo 2°
can be easily performed. (By a simple logical bit operation.)

Since we can obtain not only 1 digit, but arbitrary length random numbers, thus
we have a very effective method for construct large pseudo-primes. (In the opposite
case if we would need large numbers, we have to compose from bits, but then it is
more difficult to prove uniform distribution.)

In Appendiz B we give an example for a high order linear recurring sequence.
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Chapter 5

Sequences with non-uniform distribution

In the previous chapters we gave the background to construct uniformly dis-
tributed linear recurring sequences. However in practice, it is very often required
to have a random sequence with a specific non uniform distribution. There are
several way to do this. Well known for instance, that if we know the inverse of the
distribution function F' of the required distribution, then simply use a uniformly
distributed sequence u with the transformation F'~1(u) to have the required prop-
erty. In this chapter we will provide another method to construct non-uniformly
distributed pseudo-random sequences from uniformly distributed sequences. In
particular, we will generate sequences with Gaussian distribution. To reach our
goal, we use the central limit distribution theorem. Furthermore, we determine the
"goodness” of the obtained Gaussian sequence, calculating its discrepancy. Finally,
our method is suitable also for testing randomness of sequences. We should mention
here, that the results of this chapter are contained in Herendi, Siegl and Tichy [20].

Definitions 5.1. Let (X,§, 1) be a probability space, let 4 C § be a family of
measurable sets of X and let & be a sequence in X.
Then we say that € is v distributed with respect to U if

(5.1) i A B:6)

i N =u(B) forall Bey,

where
A(N,B,§) = #{&uln < N,&, € B} .

The discrepancy of & with respect to p and L is defined by

(5.2) Dy (&, p, U) = sup AW, B,¢)

Bel N B

The family of measurable sets, 3 is called a discrepancy system (cf. [10]). Im-
portant cases for 4 in the Euclidean space are for instance the axis-parallel intervals
or the family of all balls or of all convex sets etc.

Define the following vector sequence:

é_"'(lk) = (é-ny--',é-n-i-k—l) fO?" all neN.

A sequence § in X is called completely p-distributed ( for short: p-c.d.), if
B s ) _distributed in X* with respect to UF for every k € N where u%) is the
k-fold product measure of i and U¥ is — as usual — the cartesian product of i1.
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If X C C then & is called pseudo-random number sequence.

Let X C R be a bounded interval, § = B be the Borel measurable sets of X,
= X be the normalized Lebesque measure (i.e. A(X) = 1) and let J be the family
of all intervals of B. If & is X distributed with respect to J, then we will call it
uniformly distributed (for short u.d.). We should remark, that this sense of
uniform distribution is the generalization of Definition 1.12.

If € is A-c.d. we will call it completely uniformly distributed and abbreviate
it by c.u.d.

Note that completely uniform distribution is suitable for expressing ”strong”
randomness.

In the followings, let & be a u.d. sequence in the interval [—%, %] and let
k
11
. Fy:|—=, = R
(5 3) k |: 9 2] —

be a measurable mapping with k£ € N.
Consider the induced measure y of the k-dimensional Lebesgue measure A(¥) on

[~5.3]" by
(54) u(B) = XD (EN(B) (B e D).

Furthermore, we set

(5.5) M = Fr(EF) .

Lemma 5.2. Let ¢ be a sequence in RE, J be the family of all axis-parallel intervals
and let € be the family of all convex sets in R¥ and let N € N. Then

DN(§7 )‘7 3) < DN(é_a )‘7 Q:) < (4k3/2 + 1)DN(§7 )‘7 3)1/k

Proof. See e.g. Theorem 1.6 in [23]. O
Remark 5.4. Using the general inequality of Niederreiter and Wills [33], we obtain

p(m) ,(m) ~(m)
(5.8) Dn(" S )

1
kE+m—1

< (@lk+m—1)+1) (Dn <€_(k+m—1)’ )\(k-}—m—l)’j(k—i-m—l)))

To construct pseudo-random number sequences with different distributions we
just have to find a transformation which converts the Lebesgue measure into the
required probability measure by u(B) = A*) (F,C_I(B)) and if £ is a c.u.d. sequence,
then the sequence 7 = Fj,(€()) will have the desired distribution.

The main problem is that finding such an F} is usually not evident. As we will
see, for practical applications it is sufficient to find approximations of the required
distribution. For example, if we would like to have a pseudo-random number se-
quence close to Gaussian distribution, then using the Central Limit Theorem or
one of its quantified versions, the Berry-Esséen Theorem, we can prove that there
is a possibility to get the expected sequence.



19
Theorem 5.5 (Berry-Esséen Theorem). Let k > 1 be an integer, &1, ...,& be

independent random variables in R, each with zero mean, let a2 be the variance and
0; be the absolute third moment of & for 1 < i <k and let

1< 1<
O'ZZEZO'? and Q:EZQi
i=1 1=1

be the average variance and the average absolute third moment of &1, ..., &, Tespec-
tively. Define the random variable

1 k
77:%;&-

Let p be the probability measure corresponding to n and let v be the probability
measure corresponding to the standard Gaussian distribution.

If none of o01,..., 0k,0 is vanishing, then
11 o
sup |u(B) —v(B)| < —— ,
sup |u(B) ~1(B) < | =%

where £ is the family of all intervals | — oo, x|.
Proof. See e.g. Theorem 12.4 in [1] O

Lemma 5.6. Let & be a c.u.d. sequence in [—%, %], let k be a positive integer, let
0<e<1 and let
F,:RF 5 R

be a linear transformation, such that
k
F(z) =) fimi
i=1

where T = (x1,...,xx) and f1,..., fr € R, such that

2v/3
5.9 il >e—— forall 1<i:<k.
(5.9) |fil > NG f <i<

If

then the sequence n, defined by
Nm = Fg (é,g’f)) for all méeN
has discrepancy

. ¥ 33V3 2
Dy (1,7,3) < (4k% +1) D, (€000, 30) 4 Tf (1-e?)+—,
where 3 and 3% are the families of all the intervals and azis-parallel intervals
in R and in RF, respectively, v is the probability measure corresponding to the

standardized Gaussian distribution and %) is the Lebesque measure in R .
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Corollary 5.7. With the conditions of Lemma 5.6, if F}, is such that the corre-

sponding
2v/3
|fil == 1fil = i

then

33v/3
svVk

E

Dy, (n,7,3) < (4k% + 1) D, (gk), )\(k),j(k)> I

In [12] the following result is proved:
Theorem 5.9. Let 0 < © < % be fixed, k,, be a sequence of positive integers with
kn < (logn)®

if n € N s sufficiently large, let p, be a sequence of distinct positive integers and
let € be an arbitrary positive real number.

Then for almost all real s x s matriz M with dominating eigenvalue bigger than
1 there exists a constant ¢ depending on M, ¢, and the given integral sequences p
and k, such that

Dy (€80 A&*Ee) 36K0)) < =3+ forall meN,

where
m = MP™ mod 1,

furthermore, A&k gnd 3"kn) gre qs given above.

Lemma 5.11. Let 0 < © < 1 be fized, k,, be an increasing sequence with limk,, =
oo, such that

let & be a sequence of numbers in the interval [—%, %] , such that

with ¢ > 0 and0<5<% and let
F,: R 5 R
be an arbitrary sequence of linear functionals, satisfying

2
_ 23 Vie{l,.. .kn}.

Vkn

kn
Fn (i') - Z fn,ixi with |fn,i
=1

Then the sequence
M = Fy (gy(Lkn)>

1s a completely Gaussian distributed sequence.

Remark 5.13. If we want to use a pseudo-random number sequence in practice, it
is required to be a 'good’ random sequence. Only the first approrimation of goodness
is that the sequence has the expected distribution. The 'randomness’ is higher, if the
sequence passes more statistical tests. (Of course, the different tests have different
weights in the classification at a particular use of the pseudo-random sequence.)
In Appendiz C we make some experimental examinations of several sequences of
numbers. Remark 5.12 also gives an idea to test u.d. sequences by transforming
them into another distribution and testing the new sequence by the usual tests.
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Chapter 6

Application of linear
recurring sequences

Let us consider the trinomial 2" — Bax* — A € Z[z]. Ribenboim [38] has shown
that if £ = 1, then for a fixed n and B there exist only finitely many A’s for which
the trinomial is divisible by a quadratic polynomial and similarly if n and A are
fixed, then there exist only finitely many B’s for which the trinomial has a quadratic
factor. He used only elementary steps in the proof.

Schinzel in [40] presented a much more general result, in which he proved among
others that for a fixed A there exist only finitely many n’s,k’s and B’s for which
the trinomial is divisible by any polynomial. He could prove a similar result for a
fixed B, too. His proof is however not an elementary one.

We are also able to generalize Ribenboim’s result by extending his proof but
keeping its elementariness. Our result is less general than Schinzel’s one. The
results of this chapter are basically identical to the results of Herendi and Petho6
[21].

During this chapter we will use the notation yx(n) for the parity function of
n €N, ie.

()_ 0 if n=0 mod?2
XZ11 if n=1 mod?2

Let R be a commutative ring, and let u,, € R be a second-order linear recurring
sequence with recurrence relation

Up = Up_1 + QUp_o for n >2
with a € R and initial values u; = ug = 1. Let us define as in Chapter 1 the state

vector
_ Uu 1
Uy, = nt
Un

and let M be the companion matrix of the sequence, i.e.

M:(} g).

With these definitions we have %, 1 = Mu,. We remark that the sequence can be
extended with the value u_; = 0.
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Lemma 6.1. Let 0 < k < n. With the previous definitions

k _k
UnUk—1 = Up—1UE — (_1) a Up_f—1 -

Lemma 6.2. Let 0 < k < n and u,, as before. Then

Up = Up—gUg + QUp_p—1Uk—1 -

Corollary 6.3. Letn > 1. Then

2
Un+2 = UzUp — A& Up—2 .

Lemma 6.4. Let R be a unique factorization domain, n € N and let u be as above.
Then
ged(a,up) =1 .

Lemma 6.6. Let R be a unique factorization domain, n,k > 1 and u is a linear
recurring sequence, defined as above, and suppose that m = ged(n, k). Then

ng (Un—l,uk—l) = Ump—1 -

Further on, let F),(z) be the sequence of polynomials over Z satisfying the re-
currence relation

Fo.(x)=F,_1(z)+x-F, o(x) for n>2

with initial values Fy(z) = Fi(z) = 1.

Remark 6.9. Some of the first few elements of the sequence are:

Fy(z)=z+1 F5(z) =2z +1
Fy(z) =22 +3z+1 Fs(z) =322+ 4z + 1
Fo(z) = 2% + 622 + 52 + 1 Fr(z) = 423 + 1022 + 62 + 1

Fg(z) =2+ 1023 + 1522 + Tox +1  Fo(x) = 5ot + 2023 + 2122 + 8z + 1
Lemma 6.10. Let n € N. With the previous definition of F,,(x) we have

deg (Fu(@) = |3] -

Lemma 6.11. The leading coefficient of F,(x) is

1ifn =2k

lo(F,) =
o(Fn) {k+1ifn:2k+1

with some k € N.
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Lemma 6.12. The roots of F,,(x) are
gy
i 27
(ho 1)
where 1 < 5 < [%] and &n41 15 an n + 1-th primitive root of unity.

Remark 6.13. The complex conjugate of the numbers EZH are EZii_j, whence by
j
the proof of Lemma 6.2 we find that the complex conjugate of —(f"i*;ly is itself.
n+1
This yields that all the roots of F,(x) are real.

Remark 6.14. It is clear from the proof of Lemma 6.12, that all the roots of F,(x)
are different.

Remark 6.15. We ca prove that all the roots of F,(x) are less than —%. Conse-
quently, since the leading coefficients of F,(x) are positive, thus

1 1
0<F, <_Z> < F,(x1) < Fy (x2)  for all 1 <z <39 .

Remark 6.16. Let u,, be the sequence defined by the recurrence relation

1
Up = Un—-1 — Z’U/n—2 fOT’ n =2 ’
with starting values ug = u; = 1.
Then
1
F, <_Z> =u, forall neN
and

1 n
up, = (c1n + c2) <§> forall neN

with some c1,co € Q. (See e.g. Chapter C in [43].)
Solving the system of equations

we obtain that

F, (—i) =u, =(n+1) <%>” forall neN.
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Lemma 6.18. Let n € N. With the previous definitions, F,(x) has a rational
root if and only if gcd(n + 1,12) > 3 and the rational roots of F,(x) are in the set

(-L-1-1).

We will define the polynomial sequence f,, (z,y) by the following relation:

yBl F(®) ifneN

f"(x’y):{o ifn<0.

Remark 6.20. With the previous definition

(67) 50n : fn($,y) = yx(n—l) : fn—l(l',y) +x- fn—2(33',y) fO’f’ n € Z 3
where
{0, ifn=20
50n — .
1, ifn#0.

Remark 6.21. Replacing y by y? in the definition of f,(x,y) it is easy to prove
that

n n T
v fo(z,y%) = y" Fy <?> :
Lemma 6.23. Let n,k € N and suppose that ged(n, k) = m. Then

yXm= s f (2, y?) |y Y s (2,97)

(By symmetry, obviously the same holds, if we replace n by k.)
Lemma 6.24. Letn > 1. Then

fn+2($7y) = (2£E+ y) : fn(l',y) - 1'2 : fn—2($7y) .

Lemma 6.27. Let A, B € Z, such that A% # iB where i = 1,2,3,4 and let o and
B the roots of the polynomial x> — Ax — B. Then o/ is not a root of unity.

Proof. See the Remarks on page 7 in [34].

Lemma 6.28. Let u,, be a second-order linear recurring sequence, with two differ-
ent roots of its characteristic polynomial, o and (3. Suppose that || > |B|, a/F is
not a root of unity and u, has no first-order recurrence relation. Then, there exists
an effectively computable constant c1 depending on u,,, such that

|Un| > |a|n—cl logn .

Proof. The lemma is a simplified form of Theorem 3.1. of [43].

The following lemma generalizes a result of Ribenboim [38] and is basic for the
proofs of the theorems.
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Lemma 6.30. Letn > 2,1 <k <n and a,b,A,B € Z. If 22 — bx — a divides
2" — Bx* — A, then

B. bx(k—l) . fk—l (a,b2) — bx(n—l) . fn—l (CL, b2) :

and
A=a- (KO f s (0,67) = B0 fi s (a,07)

Lemma 6.32. Let k,n € N and A € Z\ {0} be fized. Then there exist only finitely
many, effectively computable a,b, B € Z, such that

22 —bxr—al|2™ - Bab — A .

Lemma 6.33. Let k,n € N, such that
ged(n, k,12) =1

and a,b, A, B € Z, such that A- B # 0.
If

22 —bxr—al|2™ - Bab - A,
then
XU iy (a,0%) #0 .

Theorem 6.34. Let k € N, A € Z\ {0}. Then there exist only finitely many
effectively computable polynomials in the form z™ — Bx* — A, where n € N, such

that ged(n, k,12) =1, B € Z\ {0} and
22 —bxr—a|2™ - Baxb — A

for some a,b € Z, supposing that either a # —1 or |b| # 1.

Theorem 6.35. Let n,k € N, such that ged(n,k,12) =1 and n — k > 4 and let
B € Z\ {0} are fized. Then there exist only finitely many A € Z \ {0}, such that

22 —bxr—a|2™ - Baxb — A

for some a,b € Z.

Theorem 6.36. Let n,k € N, such that ged(n, k,12) > 2 and n — k > 4 and let
B € Z\ {0} are fized. Then there exists an explicitly given sequence of integers A;
(1=1,...), such that

(6.24) 22 —br —a | 2" — Bx® — A;

for some a,b € 7 and there are no other A’s satisfying (6.24).
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Remark 6.37. Schinzel showed that there exist a constant ¢ such that every tri-
nomial with integer coefficients having the property n/ged(n, k) > ¢ is reducible if
and only if it has a linear or quadratic divisor. (See Consequence 1. of [40].) He
also proved some results similar to our Theorems 6.34, 6.35 and 6.36 in Theorem
9 of [40].
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