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1 | Introduction

The history of linear recursive sequences goes back several centuries. One
of the first mentions was made by Leonardo Pisano (more commonly
known as Fibonacci). The Fibonacci numbers 1,2,3,5, 8,13,... were
employed in 1202 in a problem on the number of offspring of a pair of
rabbits. We shall write F,, for the nth term of 0,1,1,2,3,5,... derived
by prefixing 0,1 to the former sequence. Albert Girard in 1634 writed
down the law F,, 1o = F,, 41 + F, for the Fibonacci numbers (see sequence
A000045 in OEIS [35]). These types of sequences are called recursive.
Robert Simson observed in 1753 that this sequence is given by the suc-
cessive convergents to the continued fraction for @ J. P. M. Binet
published in 1843 the formula named after him:
F,=—

5[ -(5)

E. Lucas in 1876 stated theorems on the sequence of Fibonacci. He was
the first to publish about the laws found among the elements of the Fi-
bonacci sequence. The sum of the first n terms equals F}, 5 — 2, the sum
of those terms taken with alternate signs equals (—1)" - F,,_;. It is here
that we first encounter the concept of a characteristic equation and the
proof of the relationship between the roots and the members of the se-
quence. The interesting facts about the sequence are still researched by
mathematicians with unbroken enthusiasm.

1

In the second chapter of this work, when discussing linear recursive se-
quences, many results can be read about Fibonacci numbers. We discuss
theorems about recursive sequences, where the quotient of adjacent terms
of the sequences approaches the golden ratio. Later, integer sequences
are constructed as linear combinations of Fibonacci numbers and rational
polynomials. In the last part of the chapter, we deal with the convolution
of second order linear recursive sequences, where Fibonacci numbers and
other famous sequences also appear.
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By the previously mentioned Binet’s formula for n > 0, we can use the
following explicit form for the nth term of the Fibonacci numbers

Vs
where ¢ and 1 are the roots of the characteristic polynomial of {F},}52,

that is, p(x) = 2 — 2 — 1, p(¢) = p(¥)) =0, p = 22 and ¢ = 1528 ¢
is also known as the golden ratio, and

Fy

lim Fn+1 =
F,

n—oo

n
We investigate linear recursive sequences {G,, }22 | of real numbers, where

the sequences {Gg—:l} converge quicker to the golden ratio than {ngl }

Several problems of combinatorics have solution in the form
W, = u(n)F, +v(n)F,_1 + ¢(n), (1.1)

where u(x), v(z) and ¢(x) are rational polynomials of the variable z. It
is not obvious, at least ab ovo, that the terms of {W,}>°, in (1.1) are
integer since the coefficient polynomials are rational. For example, if
{A,}22, gives the number of parts in all compositions of n + 1 with no
1’s, then

_ 2n+3 n

A, = EF,— —F, |, 1.2
L (12)

see sequence A010049 in OEIS [35]|. Here u(z) = (2z + 3)/5 and v(z) =
—x/5 are linear polynomials with non-integer rational coefficients (and
c¢(x) vanishes), but {A,,}°°, is an integer sequence. There are polynomials
with higher degree appearing in (1.1). For instance, look at sequence
{B,}22, (see A129707 of [35]) which describes the number of inversions
in all Fibonacci binary words of length n. The formula

5n% — 37n + 50 dn — 4
B,,_3 = F, F,_ 1.
n—3 50 n + 50 n—1 ( 3)




given in the encyclopedia leads to

Bn:5n2—n—4Fn+5n2+n

anl
25 50

via the identity z3F, 13 + 22Fn10 = (323 + 222) Fy, + (223 + 29)F,,—1. The
last identity comes immediately as one applies the Fibonacci recurrence
thrice. We study the general problem, how to give conditions for the
rational functions p;(x) to guarantee sequence {W,,}5°

W, = pl(n)Fn—h + pQ(R)Fn—JQ +oeot pS(n)Fn—js

to be integer.

The convolution of two linear recursive sequences {G,}22, and {H,}32,
is the sequence

Co = zn: GioHor.
k=0

W. Zhang in [47] gave formula for the convolution of the second order
linear recursive sequences {U,}>° , with themself

Z Uy, Usy -+ - U,

al+az+---+ap=n

and wrote down some new convolution properties. We work with Lucas
sequences of the first and second kind G, (Gg, Gy, A1, By) and
H,(Hy, Hy, Ay, Bs), where the initial terms are Gy = 0,G; = 1 and
Hy = 2, Hi = Ay, respectively. At first, we consider the convolution
of those sequences where the characteristic polynomials have no common
root, then exactly one common root, after that, we deal that case when
the characteristic polynomials have two common roots, that is, the char-
acteristic polynomials are the same ones. There are some results in the
last case from W. Zhang ([|47]), and from Z. Zhang and P. He (|48]) for
which we get different formulas, but using some well known identities they
could be convertible to each other.
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In the third chapter, we discuss the question of finding all products of
factorials yielding a factorial, which is a long standing problem, studied
by many authors. Here we only mention a few related results, for a survey
of the topic see e.g. R. K. Guy: Unsolved Problems in Number Theory
[19], section B23. Consider the equation

T

n! = H a;!,

=1

which has trivial solutions, for example 6! = 5!3! or 12! = 11!3!2!. On
the other hand, according to a conjecture of Suranyi, the only non-trivial
solution with » = 2 is 10! = 7!6!, while a conjecture of Hickerson predicts
that the only non-trivial solutions for arbitrary r are given by 9! = 71313121
10! = 716! = 71513, 16! = 14!512! (see e.g. Erdss [10], pp. 27-28). These
conjectures have been checked for n < 10° by Caldwell [7]. We consider
the equation as
AlB! = (!

with positive integers A, B, C satisfying C' > B > A > 1. Our purpose is
to show the finiteness of the solutions to this equation with & := B — A
bounded. Our main result provides an explicit upper bound for C' in
terms of k. Certainly, this immediately implies that for any fixed k, it
has only finitely many solutions. Further, we show that the only non-
trivial solution with & < 10° is the well-known 10! = 7!6!.

Later, we study the so-called multiplying balancing numbers n which
satisfy the equation

1-2.--(n=1)=Mn+1)(n+2)---(n+r)

for some positive integer r. If we multiply the equation by n!, we get
(n — 1)!n! = (n + r)! which is an equation of the type A!B! = C!, with
k= B — A = 1. This means that 6! = 8-9 - 10 is the only solution of the
equation. We will show an alternative proof of this statement.



2 | Linear recursive sequences

The second order linear recursive sequence {G,}22 is defined by the
recurrence relation

Gp=AGy 1+ BGyy (n>2),

where the initial terms Gy, G; and the weights A, B are fixed real numbers
with |Go| + |G1] # 0 and AB # 0. Sometimes the following notation
Gn(Go, G1, A, B) is used, too. The polynomial

p(z) =2 - Az - B

is known as the characteristic polynomial of the sequence {G,,}5°,. If its
discriminant D = A? 4+ 4B # 0 then the Binet’s formula of {G,,}°°, is

Gl_ﬁGoan_ Gl—aGoﬁn
a—p a—p "

where «, 5 are distinct roots of p(z).

If Go =0 and G; = 1 then {G,,}°, is known as Lucas sequence of the
first kind {R, }5°, with its Binet’s formula

Rn = — 6 )
a—p
while if Gy = 2 and G; = A then the sequence is known as Lucas sequence
of the second kind {V},}°°, with its Binet’s formula

V, =a" + 8" (2.2)

G, =

(2.1)

It’s known that the generating function of {G,}72 is

g(CL’) _ G() + (Gl — AG())IE

1— Ax — Bx?
There are some well-known Lucas sequences, such as Fibonacci, Pell, Ja-
cobsthal, Mersenne, and their associate sequences. The following table
contains the initial terms, characteristic polynomials and generating func-
tions of these sequences.

(2.3)
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] Name \ Gn(Go,G1, A, B) \ Charact. polynom. \ Gen. function
Fibonacci | F,(0,1,1,1) pa)=a—z—1 | g(w) = ==
Pl [ R0LZ1 o)== g) =
Jacobsthal | J,(0,1,1,2) | pla) =a* =2 =2 | g(@) = 15
Mersenne | My (0,1,3, —2) plx) =a®—3c+2 | g(z) = 352
Duas [ L@ LLD | pl) =@ —o—1 | gla) = 2=
PlLuas | (22,21 | ple) =%~ 20— 1| ga) = 25,
J-Lucas jn(2, 1’ 1’ 2) p(:L‘) = xQ —r—2 g(x) = 171_:;12
M-Lucas | m,(2,3,3,—2) [ p(x) =27 —3x+2 [ g(z) = 50>

Table 2.1: Named sequences

A positive integer n is called by Finkelstein [16] a numerical center, and
independently from him, Behera and Panda [3| called a balancing number
if

I+---+(n-1)=n+1)+---+(n+r)

holds for some positive integer . The sequence of balancing numbers
is denoted by {B,,}2°_,. As one can easily check, we have B; = 6 and
By = 35. Note that by a result of Behera and Panda [3], we have

Berl = 6Bm - Bm,1 (m > 1)

In that paper they proved that, there are infinitely many balancing num-
bers. Liptai [23| searched for those balancing numbers which are Fi-
bonacci numbers, too. Using the results of A. Baker and G. Wiistholz
[2] he proved that there are no Fibonacci balancing numbers. Similarly
in [24] he proved that there are no Lucas balancing numbers. Using an
other method L. Szalay [45] got the same result. Liptai, Luca, Pintér and
Szalay [25] generalized the concept of balancing numbers in the following
way. Let y, k, [ be fixed positive integers with y > 4. A positive integer x
with x <y — 2 is called a (k,[)-power numerical center for y if

Pt (@—Df =@+ D+ +(y— 1)



They proved (several effective and ineffective finiteness results in their pa-
per) that for any fixed positive integer k > 1, there are only finitely many
positive pairs of integers (y, [) such that y possesses a (k, [)-power numer-
ical center. Later G.K. Panda and P.K. Ray [37] slightly modified the
definition of balancing number and introduced the notion of cobalancing
number. A positive integer n is called a cobalancing number if

1+24---+n—-1)+n=n+1)+n+2)+ -+ (n+ K)

for some K € N. In this case K is called the cobalancer of n. They
also proved that the cobalancing numbers fulfill the following recurrence
relation

BS = 6B, — Bl +2 (n>1),

where Bf = 2 and B§ = 14. Moreover they found that every balancer is
a cobalancing number and every cobalancer is a balancing number. As a
generalization of the notion of a balancing number A. Bérczes, K. Liptai
and I. Pink [4] call a binary recurrence R = R(A, B, Ry, R1) a balancing

sequence if
R1+R2+...+Rn_1 :Rn+1+Rn+2+...+Rn+k

holds for some £ > 1 and n > 2. They proved that any sequence R =
R(A, B,0, Ry) with the condition D = A?+4B > 0, (4, B) # (0, 1) is not
a balancing sequence. T. Kovacs, K. Liptai and P. Olajos [22] extended
the concept of balancing numbers to arithmetic progressions. Let a > 0
and b > 0 be coprime integers. If for some positive integers n and r we
have

(a+b)+- -+ (aln—1)+b)=(aln+1)+b)+---+ (a(n+7)+0b)

then we say that an + b is an (a,b)-balancing number. They proved
several effective finiteness and explicit results about them. In the proofs
they combined the Baker’s method, the modular method developed by
Wiles and others, the Chabauty method and the theory of elliptic curves.

Let us consider now the definition of recursive sequences with arbitrary
order k. Let Ag, Ay, ..., Ax_1 be given real numbers with A;_; # 0, where
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k > 2 fixed integer. A linear recursive sequence {G,}°, of order k is
defined by the recurrence

Gn=AGr1 + AGpo+ -+ A 1Gri (n > k),

where the initial terms G, G1, . . ., Gx_ are fixed real numbers with |Go|+
|G1| + - - - + |Gk_1] # 0. The polynomial

plx) = 2 — Aga™t — Ayah? — o — Ay g — Ay

is said to be the characteristic polynomial of the sequence {G,,}>°,, the
roots of the equation p(z) = 0 are denoted by a;’s (1 < i < k). In the
sequel, we suppose that the root «; is of the largest absolute value, that
is, || > |ag| > -+ > |ag| > 0 and the multiplicity of o is 1. According
to the literature [31] and [32], a4 is called as the dominant root, and if we

I
denote by m; the multiplicity of the distinct a;’s (1 <@ <1,> m; = k)
=1

then the Binet’s formula for the term G,, is as follows
G = aal + pa(n)ay + ps(n)ag + - + p(n)ay,

where the degree of the polynomial p; (2 < i <) is less than m;. The
constant a and the polynomials p; belong to the ring Q(ay, as, .. ., a;)[z],
and we suppose that the initial terms are chosen such that a # 0.

2.1 | The golden ratio

In mathematics, two quantities are in the golden ratio if their ratio is
the same as the ratio of their sum to the larger of the two quantities.
Expressed algebraically, for quantities a and b with a > b > 0, a is in a

golden ratio to b if
at+b a
- b _90’

where the Greek letter phi () denotes the golden ratio. The constant
¢ satisfies the quadratic equation ¢? = ¢ + 1 and is an irrational num-
ber with a value of p = %5 = 1.618033988749.... The golden ratio was
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called the extreme and mean ratio by Euclid and the divine proportion
by Luca Pacioli and also goes by several other names. Mathematicians
have studied the golden ratio’s properties since antiquity. It is the ratio
of a regular pentagon’s diagonal to its side and thus appears in the con-
struction of the dodecahedron and icosahedron. A golden rectangle, that
is, a rectangle with an aspect ratio of ¢ may be cut into a square and a
smaller rectangle with the same aspect ratio. The golden ratio has been
used to analyze the proportions of natural objects and artificial systems
such as financial markets, in some cases based on dubious fits to data.
The golden ratio appears in some patterns in nature, including the spiral
arrangement of leaves and other parts of vegetation.

The Fibonacci numbers were obtained when solving a 13th-century prob-
lem, which can be given as follows. Let n > 2, Fy =0, F} = 1, and

Fn:Fn—1+Fn—27

which is the well known Fibonacci sequence. The dominant root of the
characteristic polynomial is ¢, the golden ratio. We also know that

1. Fn+1
1m

n—oo [,

It can be read in [17] that the authors, Gatta and D’Amico gave infinitely
many sequences, where the quotient of adjacent terms approaches the
golden ratio. If

H():(l—b, H] =b and Hn:Hn—1+Hn—2;

then for a,b € R, b# 0

H,
H,=aF, 1+bF, 5 and lim 1

n—oo H,,

The sequence {H,}°° , differs from the sequence {F,,}°°, only in the ini-
tial terms, the characteristic polynomial is the same. In [21] T. Komatsu
obtained similar results not only for the golden ratio. The question then
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arises, does the limit give a quicker convergence to ¢? According to the
literature [31] and [32]: Let {x,}22, and {y,}>2, be convergent sequences

of real numbers with lim z, = y, = z, we say that {y,}>>, converges
n—oo

quicker than {z,} if

n— 2
limy

n—o00 Ty — 2

= 0. (2.4)

We investigate linear recursive sequences {G,, }22 ; of real numbers, where

the sequences {Gg—:l} converge quicker to the golden ratio than {ngl }

Naturally, we suppose that division by zero never occurs.
Binary linear recursive sequences and the golden ratio

By the known Binet’s formula for {H,}5°, (n > 0)

cp — dym
\/5 )

where ¢ = (b —¢(a — b)) # 0 and d = (b — p(a — b)), so one can easily
verify that

H, =

Hn+1

. H, - d

lim ——— = —,

n—oo Int1 _ C
P, ¥

which implies the following statement. If d # 0, then the sequence

{Hﬁ—:l}n:l does not converge quicker to ¢ than the sequence {F;_:l}n:l‘

If d =0, then {H,}5°, is a simple geometric sequence, where H}’}Il = .

Let us consider now the second order linear recursive sequence {G,}>2,
of real numbers,

Gn - AGn—l + BGTL—2

with its characteristic polynomial

p(r)=2"— Az — B = (v — ay) (7 — ap),
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where o = ¢ is the dominant root, that is, |as| < ¢ and ay € R. Using
A =1+ ay, B=—ajay, we get that

Gn = (1 + a2)Gpo1 — 1a2Gy_o,

where n > 2 and Gy, G; € R. By the Binet’s formula this sequence has
an explicit form for n > 0,

G, = ap" + bagy,

where a,b are computable constants depending only on the initial terms
and the roots, and we suppose that ab # 0. In this case, it can be easily
verified that

Gn+1 n
1; Gn+1 G: - P b(Oég — (p) (O_/g)
im - —_ ,

¥

= and i = 1li

which implies the following theorem.

Theorem 1 (T. Szakacs [44], 2017). The sequence {%}m converges
n=1

n

quicker to ¢ than {%} if and only if |as| < |1].
n n=1

Ternary linear recursive sequences and the golden ratio

In [17] F. Gatta and A. D’Amico investigated the following ternary se-
quence
Hn+1 = 2Hn - Hn_g, (TZ Z 3) (25)

with the real initial terms Hy, Hy, Hs, (Hsp* — Hyp — Hy # 0) and they
proved that

lim Hn+1 =

n—oo H, ’

that is, they proved that there exist infinitely many third order linear
recursive sequences, where the ratio of the consecutive terms tends to the
golden ratio. Let us use the explicit form

H, =ap" +bY" + ¢, (2.6)
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for n > 1, where a(= Hsp? — Hip — Hy # 0),b,c are computable real
constants depending only on the initial terms and the roots of its charac-
teristic polynomial

pr)=2"-22+1=(@*—2—-1D)(x-1)=(z — )z —Y)(x —1).

Investigating the following limit we can obtain:

o 1-— 1
lim FHn—QD: lim <_b+M> 2
n—>oo;f‘_+1_gp n—00 \/gw” a

which implies the following result for the sequence {H,}5° .

Theorem 2 (T. Szakacs [44], 2017). Let us use the notation of (2.6).

(o9}
o [fc # 0, then the sequence {Hﬁ_:l}n:1 does not converge quicker

(o]
to ¢ than the sequence {%} . More precisely the sequence
n Jp=1

F o H. *
{1’;—“} converges quicker than the sequence { I}“} .
n Jn=1 " Jn=1

o [fc=0 and b# 0, then the sequence {Hg—:l}n:l does not converge

quicker to ¢ than the sequence {F—“}

n n:l.
e [fc=0and b =0, then H, = ay™, which is a simple geometric
sequence.
The previous theorem dealt with the sequence (2.5) investigated by F.

Gatta and A. D’Amico in [17], but — omitting the details — similar results
can be obtained in the following case, too:

Hn—l—l = 2Hn—1 + Hn—27

where n > 3 and Hi, Hy, H3 are the initial terms. The characteristic
polynomial is p(z) = 23—22—1 = (2?—z—1)(2+1) = (z—¢)(z—v)(z+1).

Let us consider now the third order linear recursive sequence {G,}> of
real numbers

Gp = AGpo1 + A1Ghg + A3G s,



2.1. The golden ratio 13

with its characteristic polynomial
p(x) =2 — Aga® — Ayr — Ay = (x — o) (x — on) (2 — a),

where Ay, A1, Ay € R, (Ay # 0), a1, ay are non zero complex numbers,
and |aq| < @, |as] < @.

Theorem 3 (T. Szakacs [44], 2017). The sequence {%} converges
noJn=1

quicker to ¢ than {Fg—f}il if and only if |o| < |[¢], || < |
Proof. We use the limit in (2.4) and examine three different cases.
(i) aq,aq are distinct real numbers. By the Binet’s formula
G = ap" + bay + cay,

we can obtain the following:

Gn+1 Gn+1 _‘PGn

lim—G_”_sp = 1i __Gn lim —Gn+1—chn -&—
n—)ooF;;_Il_(p oo F"L;“’F” n—o00 n+1—(,DFn Gn N

_a™ b 4 cadtt — p(ap™ + bal 4 cad)

hm n—+1 n+1 n n ’
n—>00 L — gt — p(pn — )

oyt
ap™ + bal + cal

ligg 20 (1 — ¢) + cag(az — ¢) et =y

im . =
are orlp— ) ag" + baf + ca}

b (%)n (=) +c (%)n (2 — )
Jm /5 ‘

(ii) o,y are real numbers and a; = as. By the Binet’s formula
G = ap" + (bn +c)af,

we can obtain the following:
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lim —Gg_:l LA lim —G"%;“’G” = lim —GnH — ¢Gn & =
n—»00 Fn_zl — oo —Fn+};9"Fn  nooo nt1 — @F, Gy B
o @ 4 (b(n 4 1) + )™ — plag” + (bn+ c)at)
n—00 @l — Pl — p(pn — )
QDn o wn _

ap™ + (bn + c)af
oy G at(en =) £0ai™ =gt
n—00 V(e — ) ag™ + (bn + c)of

n

- (bn+o) (%)n (o — @) + bay (%)
m a5

(iii) ay = 2, ay = Z are non real, complex numbers and by the Binet’s
formula

G, =ap" +bz" + cz",

we can obtain the following:

lim@: lim %: lim M&:
nooo Bt oo Futi=Fe T nseo Fry — @F,  Ga
. ag™ ! 4+ b2 4 Z — p(ap” + b2 + &)
n—o0 @t — Yt — p(pn —Ym)

SOn - wn

ap™ + bz" 4 czZ" -
L Gl ) I e it ) I i A
n—00 @/Jn((p — 1/)) agp” + bz + cz"
0(3) coore(i) E-9
n—oo al\/g )

These limits imply that in all the above cases the limits are equal to zero
if and only if in (i) and in (ii) |aq| < |9, || < |¢], while in (iii) |z| < |,
that is, our theorem has been proved. ]
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k-order linear recursive sequences and the golden ratio

Let us consider now the k-order linear recursive sequence {G,,}22, of real
numbers,

G, =A0Gp1 +A1Gyo+ -+ A 1Gry,
with its characteristic polynomial
p(z) = 2% — Agz 1 — Apah 2 — o — A or — Ay
The Binet’s formula for the term G,, is the following:
Gn = ac + pa(n)ay + ps(n)ag + -+ pi(n)af,

where oy = ¢ is the dominant root, and is equal to the golden ratio.

Theorem 4 (T. Szakécs [44], 2017). The sequence {Gg“} converges
" Jn=1

quicker to the golden ratio than {%} Cif |ag| < Jl,i=2,3... 1.
n n=1
Proof.

Gn+l _ Gn+1_§0Gn
. Gn ' R T Gn . Gn+1 - @Gn Fn
n—00 ;_4'1 —p n—oo Zntl”Pln n—oo Fpi1 — (pFn G,

n n

ap™ 1 + 370 pi(n + Dol — pap” + pa(n)ol + - - + pi(n)ay)

s @l — pntl — p(pn —on)

. ¢n — 77Z)n =

a7+t pmay
lim po(n+ Day™ + -+ p(n+ )™ — ppa(n)al — -+ — ppi(n)a)
n—00 ¢nﬁ
Pt — " _
ey
r2(n) m(n)

7z ~ 7 ~N

lim 2 (p2(n+ 1)z — pa(n)o) +--- + af (p(n + Doy —pi(n)p)

e ) Yrav/s )
(i (8 e (3
) a5 '
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Investigating different cases of the limit above, one can see that the limit

is equal to zero if <%) tends to zero for all + = 2,3...,1. ]
2.2 | On certain Fibonacci representations

Terms with negative subscripts —n (n € N) can be introduced via the
equality

an = _an+1 + an+27 (27)

and it turns out that F_, = (—1)""'F,. An extension having similar
flavour is based on the well-known Fibonacci identity F,,_; = F,F_; +
Fo_1F_jiy with n € Z, j € N. Combining it with (2.7), we have

Foj=((=1/F;_1) F, + (=1)"'F}) F,-y. (2.8)

Let 0 < j; < jo < -+ < js be nonnegative integers, and p;(z), p2(x),. ..,
ps(x) € Q[x] such that deg(p;(x)) = d;. Put d* = max;{d;}, which is a

nonnegative integer. Define the sequence {W,,}22 by
Wi = p1(n) Fojy 4 pa(n) Fujy + -+ ps(n) Foj (2.9)

We give conditions for the rational functions p;(z) to guarantee sequence
{W,}52, to be integer. Multiple application of (2.8) transforms (2.9) into
the form

Wn = P[)(?’L)Fn + P1<TL)Fn_1, (210)

where Py(z) and Pj(z) are suitable rational polynomials depend on the
subscripts ji, ja2, - - ., js and on the polynomials py(x), pa(z), .. ., ps(z).
Hence, essentially, it is sufficient to consider only (2.10). But, sometimes
the form (2.9) promises a more advantageous starting point in the inves-
tigations.
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2.2.1 | General approach

In the foregoing, we have seen the idea how to simplify (2.9) to get (2.10),
here we choose a slightly different way. At the beginning, we assume that
p;(z) € Clz] for j =1,2,...,s. The Binet’s formula implies that

Wn - pl(”)Fn—j& +p2(n)Fn—j2 + o +ps(n>F’ﬂ—js (211)
> &
== n e —
r Dt \/5

_ - pt(”)a_n _ pi(n) ﬁ)

B Z(a V5 BB
Then there exist polynomials g,(z), ¢s(z) € Clz] (if p;(x) € Q|z], then
¢o(x) and gp(x) are from Q(«)[z]) such that

W, = ga(n)a™ — qz(n)s".

Clearly,

_ - pe(n)
Z\/_aﬂt 6 >_2::\/55jt'

Let do, = deg(qa(z)) and ds = deg(qs(x)). Put d = d, + dg + 2, which
gives the order of the recursive sequence {W,}>°,. The characteristic
polynomial of {W,,}>° is

w(z) = (z—a)® M (@—F)" " = (2% —x—1)% T (g—a)e 0 (1) 0,

where d,s = min{d,, dz}. Note that at least one of d, —d,s and dg—d,s is
zero. Before investigating the principal problem we analyse the question
of equality of degrees d, and dg. In the case s = 2, j; = 0, jo = 1, the
example

Wy=mn+1)EF,+(—an+2)F,_4,

where p1(n) = n+ 1, pa(n) = —an + 2 admits g,(n) = 1 and gg(n) =
an — 1, so it might happen that d,, differs from dg. In the example above,
the coefficients are not from Q but from @(\/3), and this is the reason why
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d. # dg may happen. The situation differs when we assume p;(z) € Q[z]
for all possible j. In this case, one can show easily that d, = dg. Here we
skip the proof because it is rather technical, but we point on the crucial
point. The leading coefficient of g,(z) and gg(z) are conjugates in Q(v/5),
so they can vanish only together.

2.2.2 | Specific cases with equal degrees

In the sequel, suppose that the coefficient polynomials are from Q, i.e.
do = dg. Consequently d,s = d, = dg, and then d = 2(dap + 1) holds,
moreover

w(z) = (2% —x — 1)%stt

We note in advance that the method we use in the following cases can be
applied for other given coefficient polynomials p;(x). We always obtain
a system of parametric linear equations, where the unknowns are the
coeflicients of the polynomials p;(z) and their multipliers come from the
initial values of {W,,}. The evaluation of the solution leads to the desired
conditions.

Case s=2,j1=0,50=1,dy=dy=1
Assume that a # 0, b, ¢ # 0, d are rational numbers and

W, = (an+b)F, + (ecn+ d)F,_1. (2.12)
Following the list of equivalent transformations in (2.11) it leads to

(ace + c)n + (b + d)a" (@B +co)n+ (b8 +d)

W= av/5 BV5

g,

the initial values are

Wy = d,

Wi = a+b,

Wy = 2a+b+2c+d,
W5 = 6a+2b+ 3c+d.



2.2. On certain Fibonacci representations 19

The characteristic polynomial of {W,,} is
wx)=(z—-a)(z -2 =@ —rv—-1)> =2"—22° -2+ 22 +1,
hence the recurrence relation
Wy, =2W, 1+ Wyo —2W, 5 — W,y (2.13)

holds for n > 4.

Now we investigate what rational coefficients a, b, ¢ and d guarantee the
integrity of {W,}. Clearly, the initial values Wy, Wi, W5 and W3 must
be integer. Consequently, d = W, must be integer, further solving the
system

z1 = a+b,
zo = 2a+ b+ 2c,
z3 = ba+2b+ 3¢

in a,b,c with arbitrary integer parameters z; = Wy, 20 = Wy — d, 23 =
W3 — d we obtain

—2z1 — 329 + 223 b 621 + 329 — 223 —221 + 429 — 23
a= = )

Y ) &
) 5 )

This result, together with (2.13) guarantees that {W,,} is an integer se-
quence. Hence we proved

Theorem 5 (K. Liptai, L. Németh, T. Szakacs and L. Szalay [26], 2024).
The terms

W, = (an+b)F, + (en + d)F,—1
form an integer sequence {W,} if and only if d is integer and

—21 —322 +223
a= : , b

621+ 320 — 223 . —221 + 429 — 23
- 5 9 - 5 9

where z1, 2o, 23 are integers, too.
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Note that once we have d € Z and a,b,c € Q are so as given in the
theorem above, then the initial values of the recursive sequence {W,}
of order four are Wy = d, Wy = 2z, Wy = 20 +d, and W3 = 23 + d.
Thus the integer sequence (2.13) with suitable initial values has also an
other interpretation given by (2.12). For example, let d = 0, moreover
21 = 2o = 1, z3 = 3. In this case, we get the integer sequence

2n 4+ 3 n

Fn__Fn—l7

W, =
) 5

which is the sequence (1.2) in the introduction.

Case5:2,j1:0,j2:1, d1:d2:2

This part is devoted to study the case when the coefficient polynomials
are quadratic. The treatment is analogous to the previous subsection,
hence we notify only the results of computations.

Assume that a # 0, b, ¢, d # 0, e, f are rational numbers, and

W, = (an® +bn +c)F, + (dn* + en + f)F,_1. (2.14)

Now sequence {W,,} satisfies

(ac + d)n? + (ba + e)n + (ca + f)a”—

a5
_(aB+d)n* + (b8 +e)n + (cB + f)ﬁn
BV5 ’

W, =

with initial values

Wo =1,

Wi=a+b+c,

Wy =4a+2b+ c+4d + 2e + f,

W3 = 18a + 6b + 2¢ + 9d + 3e + f,

Wy = 48a + 12b + 3¢ + 32d 4 8e + 2f,
W5 = 125a + 25b 4 5c + 75d + 15e + 3 f.

(2.15)
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The characteristic polynomial of {W,,} is
w(x) = (r—a))(x—pB)>*= (" —2—-1)=2° 32"+ 52° — 32 — 1,
hence
W, =3W,_1 — bW, 4+ 3W,_5 + W, 6. (2.16)

Clearly, f must be integer, further eliminating f from system (2.15) and
solving it in a, b, ¢, d, e we obtain

—Z1 +322 + 23 —3Z4+Z5

a =
10 ’

- —d2z1 — TDzg + 1523 + 4524 — 1725

B 50 ’
= 3021 + 302’2 - 1023 - 1524 + 6257 (217)

25

J 321 — 429 — 323+ 424 — 25

B 10 ’

—4521 + 8022 + 152’3 — 402’4 + 112’5
e =
20 ’

where 21 = Wi, 2o = Wao — f, 23 = W3 — f, 24 = Wy — 2f, 25 = W5 — 3f
arbitrary integer parameters. A summary of the result of this subsection
is

Theorem 6 (K. Liptai, L. Németh, T. Szakacs and L. Szalay [26], 2024).
The rational coefficients a,b,c,d,e and f determine integer sequences in
the form

W, = (an®* +bn+c)F, + (dn* + en + f)F, 4

if and only if f € Z and a,b,c,d, e are given in (2.17).

Thus the integer sequence (2.16) with suitable initial values has also an
other interpretation given by (2.14). For example, let f = 0, z; = 0,
29 =1, 23 =4, z4 = 12, and z5 = 31. In this particular case, we get the
integer sequence

5n?—n—4 5n?+n
Wn: Fn Fn—7
25 50 !

which is equivalent to the result (1.3) given in OEIS [35].
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Case: s=2,75,=0,500=1,d,=2,dy =1
Now a # 0, b, ¢, d # 0, e all are in QQ, and
W, = (an® +bn +c)F, + (dn +e)F,_;.
Using the usual technique we obtain that sequence {W, } satisfies

aan?® + (ba + d)n + (ca + €)

a5
B apn®+ (b3 +d)n + (cB +e)

n

W, =

NG ’
with initial values
Wy =e,
Wi=a+b+c,
Wy=4a+2b+c+2d+e, (2.18)

W3 = 18a + 6b + 2¢ + 3d + e,
Wy = 48a + 12b + 3¢ + 8d + 2e.

The characteristic polynomial of {W,,} is
w(z) = (r—a)* (- pB)>= (2 —2—1) =2° - 32° + 52° — 32 — 1,
hence
Wn = 3Wn—1 - 5Wn—3 + 3Wn—5 + Wn—ﬁ‘

Clearly, e must be integer, further eliminating e from (2.18) and solving
it in a, b, ¢, d we obtain

_221—22—223+Z4

a =
10 ’

b —5621 — Tz9 + 6623 — 2324

B 50 ’
CcC =

25 ’

d— —621 + 1822 — 923 + 224

B 25 ’

where z1 = Wy, 29 = Wy —e, 23 = W3 —e, z4 = Wy — 2¢e arbitrary integer
parameters. A summary of the result of this subsection is
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Theorem 7 (K. Liptai, L. Németh, T. Szakacs and L. Szalay [26], 2024).
The rational coefficients a, b, c,d and e determine integer sequence in the
form

W, = (an® +bn +c)F, + (dn + e)F,_;
if and only if e and z; (i = 1,...,4) are integers and a,b,c and d given

in (2.19).

For example, let e = z; = 29 = z3 = 1 and 24 = 2. In this particular case,
we get the integer sequence

5n? — 43n + 88 14n + 50
W, = F,+—""p
50 T 50 !

This sequence {W,}>°, = (1,1,2,2,4,7,15,32,69, 146, 303, .. .) does not
appear in OEIS.

2.2.3 | A modified problem

In the introduction, (1.1) offers a further polynomial ¢(z). Németh [34]
investigated a related question, namely the problem of walks on tiled
square boards, and proved, among others, that the tiling-walking sequence
{rn} of the (2 x n)-board with only dominoes is recursively given by a
sixth order recurrence having explicit form

4 3 3 1 1
Tn = EnFrH»l + %Fn + 5+ (=D (2.20)

This is sequence A054454 in OEIS [35].

Our purpose now is to examine the sequence
W, =(an+b)F,+ (cn+d)F,—1 +e+ f(—1)", (2.21)

where the coefficients a, b, ..., f are rational numbers again in order to
have integrity condition for {I¥,}. Since the method is detailed in the
previous parts, here we record the statement, and compare it to Németh’s
equality (2.20).
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Theorem 8 (K. Liptai, L. Németh, T. Szakacs and L. Szalay [26], 2024).
Let the initial values Wy, W1, ..., Wy be integers. If

a_3W0+2W1—7W2—W3+4W4—W5

5
y _ —3Wo — 2W1 — 35 + 6Ws + 61y — 4115
N 5
—AWo — Wi + 11Wy — 2W5 — TW,4 — 3Ws
C:
5

d=2W;+ Wy +2W3; - W,

6_W0+3W1+W2—3W3—W4+W5
N 2

§_ Wot Wi = 31 — Wy o+ 3W, — W5
- - 7

then W,, = (an+b)F, + (ecn+d)F,,_1 + e+ f(—1)" is an integer sequence.
The reversal of the statement is also true.

As an example, let Wy =0, Wy =1, Wy =2, W3 =6, W, = 12, W5 = 26.
Now a=4/5,b=—-4/5,¢=3/5,d=0,e=1/2, f = —1/2. Then

dn — 4 1 1
_ Fn+3—nFn,1+———(—1)".

W 5 5 2 2

This coincides with (2.20) via 7, = W,41.

Finally, we give a well-known sequence for f = 0 in (2.21). The sequence
of Leonardo numbers is defined by L, = L, 1 + L, o + 1, with initial
terms Ly = 1, Ly = 1 (cited as A001595 in OEIS [35]). It is easy to see
that

L, =2F,+2F, 1 —1.
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2.3 | Convolution

We consider the sequence {C), }>°, given by the convolution of two second
order linear recursive sequences {G,,}>°, and {H, }5°

= Z Gan—ku
k=0

where {G,,} and {H,} are Lucas sequences of the first or second kind,
see the Binet’s formulas (2.1) and (2.2). The applied methods for proofs
require the separation of the cases when the characteristic polynomials
have or dont’t have common root. We give convolution formulas in dif-
ferent cases, where the formulas depend only on the initial terms and on
the roots of the characteristic polynomial. After each theorem, we show
some special cases in corollaries using the named sequences, listed in Ta-
ble 2.1 (Fibonacci, Pell, Jacobsthal, Mersenne, Lucas, P-Lucas, J-Lucas,
M-Lucas). In the following, we will use the notations:

CL:<A1— 2)0(+B1_BQ,
= (A — Ay)B + By — Bo,
= (Ay — Ay)y+ By — By,
( )

d= AQ—Al 6+BQ_BI,

(2.22)

where bd # 0, «, f and +, § are the roots of the characteristic polynomials
p(x) = :CQ - Alx - Bl and q<l') = '%2 - AQ:K - BQ of GH(G07G17A1731)
and H, (Hy, Hy, Aa, By), respectively.

In the proofs, we use the method of partial-fraction decomposition, the
generating functions of second order linear recursive sequences, the idea
that C,, is the coefficient of 2™ in

[o@) o o

n n n

= E Gpx™ - E H,xz" = 5 Cpx",
n=0 n=0 n=0

where g(z), h(x) are the generating functions of sequences {G,}°°,
{H,}>2, respectively and the following well-known identities.
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1 = .
— = > (ax)", (0 < |ax| <1).
n=0
1 1 1 '
(1 — ax)? a <a(1 — ozx)) a (5 ;(ax) )
_ l o] nanxnfl — li(n"i‘ 1)an+1xn
« o
n=1 n=0
= (n+ 1D(ax)”, (0<|azx|<1).
n=0

The characteristic polynomials have no common root

At first, we suppose that all the roots are real numbers and the charac-
teristic polynomials have no common roots. The following theorem deals
with the convolution of two different Lucas sequences of the first kind.

Theorem 9 (T. Szakacs [42], 2016). The convolution of G, (0,1, Ay, By)
and H, (0,1, Ay, Bs) can be written as

0én-&-l ﬁ”+1 ,Y'n,+1 5n+1

Cn = Z Ganfk = = + —= ‘
k=0

b
a—pf )

Proof of Theorem 9. Using (2.3), the generating functions of the sequen-
ces

Gn(0,1, Ay, By) and H,(0,1, Ay, By) are

i T

T 1- Az — B2 (1 —ax)(1— px)

g9(z)

and
T T

T 1— Az — Box? (1 —~x)(1—dz)’

h(z)
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where «, 8 and 7,0 are the roots of the characteristic polynomials of
{Gn}22, and {H,}>°,, respectively. The generating functions can be
written as (by the method of partial-fraction decomposition)

B 1 1
g(x)_a—ﬁ(l—aa:_l—ﬁx>

and

From this it follows that

g(@)h(z)(a = B)(y = 0) =

11 11 B
l—axr 1-—px l—yz 1-6z)

1 1 1

I—ar)l—72) (d-—an)(l-02) (-pa)d—a)
1
(1= Ba)(1—oa)
_a - _a_ o Bi ﬁL %
a—y ey _a=b a=bd - - -0 _
l—ar 1—~z 1—ax+1—5x 1—5:c+1—’ya:+1—ﬁ:c
5
B _
1—9x
a(y—4) B(y—9) y(a=8) S(a—p)
(A1—Az)a+B1—Bs  (A1—A2)B+B1—B2 (A2—A1)y+Ba—B1  (A2—A1)d+B2—B
1—ax 1—px 1=z 1—dx

Now using that C,, is the coefficient of 2™ in g(z)h(x) and e.g.

1 o
= Z(aw)”,
1—ax o
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we get
1 n+1 n+1
C, = ( a - 8 ) N
a— B\ (A —A)a+ By —By (A —Ay)B+ By — By
1 ,.yn-l-l (Sn—i—l
+ - .
7_5<(A2_A1)’Y+B2—Bl (Az—A1)5+B2—Bl)

]

Let us see now the convolution formulas of some famous, named Lucas
sequences. In the remarks, the reader can check which one is already
known and which is a new formula in the OEIS [35].

Corollary 1. The convolution of Fibonacci and Pell numbers is:

Cn = z’"‘: kP, =P, —F,.

k=0

Remark 1. In [35], (A106515) it can be found that

Cn:ZFn—k—lpk—f—l:Pn_Fn+Pn+17
k=0

where because of the different indices the term P,y occures, as well.

Corollary 2. The convolution of Fibonacci and Jacobsthal numbers is:

Cn = ZFkJn—k = Jn—l—l - Fn+1-

k=0

Remark 2. In [35], (A094687) the formula

On = Z FkJn—k = C’n—l + 20n—2 + Fn—l

k=0

can be found. After a short calculation one can easily verify that the two
formulas for C,, are the same ones.
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Corollary 3. The convolution of Fibonacci and Mersenne numbers is:

Cn = Z Fan—k = Mp41 — Fn+4-
k=0

Corollary 4. The convolution of Pell and Jacobsthal numbers is:

Pn+1+Pn_Jn+2
5 .

Cn = iPkJn—k =

k=0

Corollary 5. The convolution of Pell and Mersenne numbers is:

Pn+2 + Pn+1 - Mn+2
5 .

Cn - iPan—k -

k=0

In the following theorem, we deal with the convolution of a Lucas sequence
of the first and second kind.

Theorem 10 (T. Szakécs [42], 2016). The convolution of G, (0,1, Ay, By)
and H, (2, A, As, By) can be written as

On = i Gan—k =
k=0

a"t1(2a—Ay)  BrTL(28—A)) YT (2y—Ag)  6nTH(26—Ap)
_ a b + c d

a—pf v —9

Corollary 6. The convolution of Fibonacci and P-Lucas numbers is:

Cn = Zkan—k: =Pn — Lp-1-

k=0

Corollary 7. The convolution of Fibonacci and J-Lucas numbers is:

Cn = Z Fk]nfk = jnJrl - Ln+1-
k=0
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Remark 3. This our convolution has the same form as of Griffiths and
Bramham in [18].

Corollary 8. The convolution of Fibonacci and M-Lucas numbers is:
Cn = Z kan—k = Mn+1 - Fn+1-
k=0

Remark 4. The sequence A228078 in [35] defined by a(n) = 2"—F,—1 =
M, — F,, and our formula have the same terms (apart from the shifting
indices).

Corollary 9. The convolution of Pell and Lucas numbers is:

k=0

Corollary 10. The convolution of Pell and J-Lucas numbers is:

u 8P, i1 — 2in
o Zpkjnfk _ +1 +p4+1 J +2
k=0

Corollary 11. The convolution of Pell and M-Lucas numbers is:

anzpkmnfk: +2+pil m+2.
k=0

Corollary 12. The convolution of Jacobsthal and Lucas numbers is:
Cn = Z JkLnfk = jn+1 - Ln+1-
k=0

Remark 5. The convolution of Lucas and Jacobsthal numbers was also
investigated by Griffiths and Bramham in [18], the two formulas are the
same ones.



2.3. Convolution 31

Corollary 13. The convolution of Jacobsthal and P-Lucas numbers is:

Cn - Z Jkpnfk = 2(Pn+1 - Jn+1)-
k=0

Corollary 14. The convolution of Mersenne and Lucas numbers is:
Cn = Z MLy, = 3Tnn—&-l - Ln+4 —2.
k=0

In the following theorem, we deal with the convolution of two Lucas
sequences of the second kind.

Theorem 11 (T. Szakacs [42], 2016). The convolution of the sequences
Gn(2,A1, A1, By) and H,(2, A, Ay, Bs) can be written as

Cn = i Ganfk =
k=0

a1 (20—A41)(2a—A2) B T1(28—A41)(28—A2)

a b
= -
a—pf
AL (2y—A1)(2y—A2)  §"T1(26—A1)(20—As)
+ E d
)

Corollary 15. The convolution of Lucas and P-Lucas numbers is:

Co = Lipnk = 2Fnp1 — 6F, + 2P0 + 6P,
k=0

Corollary 16. The convolution of Lucas and J-Lucas numbers is:

Cn = Z Lk:]n—k = 9Jn+1 - 5Fn+1-
k=0

Corollary 17. The convolution of Lucas and M-Lucas numbers is:

Cn = Z Lkmnfk = 3Mn+1 - Ln+1 + 2.
k=0
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Corollary 18. The convolution of P-Lucas and J-Lucas numbers is:
Cn = Zpk]n—k = 2Pn+2 + Pn+1 — 2jn+1-
k=0
Corollary 19. The convolution of P-Lucas and M-Lucas numbers is:

On = Zpkmn—k - 2Pn+2 + 4Pn+1 - Mn+2 — 1.
k=0

The characteristic polynomials have one common root

We suppose that p(a) = g(a) = 0, p(8) = 0, ¢(8) # 0, while ¢(6) = 0,
p(d) # 0, that is, § and § are distinct roots, while « is the common root.
In the following theorem, we deal with the convolution of two different
Lucas sequences of the first kind, that is, when the initial terms are 0, 1.

Theorem 12 (T. Szakacs [43|, 2017). The convolution of G, (0,1, Ay, By)
and H, (0,1, Ay, Bs) is

o iG . B Oén(’I'L+ 1) _i_an](itirlgz(;zgj _6n+laT—§ _5n+laf;5
= (a — B)(a—0)

Corollary 20. The convolution of Jacobsthal and Mersenne numbers is:

- on+ (2n —3)M,, — J,
ca:}thﬁk: ( 6) .
k=0

If we use the values of Ay, By, As, By and the Binet’s formula (2.1), then
the result of the corollary can be reached from Table 2.1, e.g. in this spe-
cial case the sequences are G,, = J,,(0,1,1,2) and H, = M,(0,1,3,—-2).

a=283=-1, a=273=1.
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By (2.22), we get that

b=6,
d=—2.

Applying Theorem 12 and (2.1), we get the result

2"(n+1)—2"- % — <—135"“ 3
C, =
3
2 2n— (20— (D)™ 5) — (273 -3)
B 6
~2n(My +1) = J, —3M,,  2n+ (2n—3)M, — J,
B 6 B 6 ‘

In the following theorem, we deal with the convolution of a Lucas sequence
of the first and second kind, that is, when the initial terms are 0,1 and
2, A,.

Theorem 13 (T. Szakécs [43], 2017). The convolution of G, (0,1, Ay, By)
and Hn(2, AQ, AQ, B2) 18

C, = i GrH,_ =
k=0

an(n + 1)(20& _ A2) + o Bl:gz _ 6n+1 (a*‘s)(iﬁ*fb) _ gntl (a—ﬁ)(jé—AQ)

(a = B)(a =9)

Corollary 21. The convolution of Jacobsthal and M-Lucas numbers is:

- 2 2n + 3)M,, + 5.J,
Com S g = 2t M 5,

k=0 6

Corollary 22. The convolution of Mersenne and J-Lucas numbers is:

- , 2n+ (2n — V)M, + J,
k=0
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In the following theorem, we deal with the convolution of two different
Lucas sequences of the second kind, that is, when the initial terms are
2, Ay and 2, As.

Theorem 14 (T. Szakacs [43|, 2017). The convolution of the sequences
Gn<2, Al, Al, Bl) and Hn(2, Ag, AQ, BQ) 18

. B1 + By + 2a°

C, = ZGan,k =a"(n+1)+«
k=0

(@ B){a—0)
o 28— A 20— A
A A T e - A

Corollary 23. The convolution of J-Lucas and M-Lucas numbers is:

- 1 2)M,, 5J,
Cn:ijmnfk:n—i_ + (n +2)Mpyq1 + 1

2
k=0

The characteristic polynomials have two common roots

That is, p(z) = ¢q(z) and so p(a) = ¢(a) = 0, p(B) = ¢(B) = 0. In the
following theorem, we deal with the convolution of a Lucas sequence of
the first kind with itself, that is, the initial terms are 0,1. Zhang W. in
[47] has generalized this type of problem, now we give different formulas.

Theorem 15 (T. Szakacs [43], 2017). The convolution of R, (0,1, Ay, By)
with itself is

k=0

where V,, is the associate sequence of R,,.

Corollary 24. The convolution of Fibonacci numbers with themself:

= 1
Co=Y FiFoi=: <(n + 1)L, — 2Fn+1>.
k=0
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Remark 6. The formula given by Zhang W. in [47] was the following.

1
> Ry = ((n 1)E, + 2nFn,1), n>1.

It can be easily verifyed that the two formulas are the same ones using
some well known identities between the Fibonacci and Lucas numbers:
2Fn+1 = Fn —+ Ln and Ln = r,_1+ Fn+1-

o 0028 = H(r 4 0 £ £) = Lot 1)

1 1
:g( n(Fpy_1 + Foin) — F) 5<nFn1—|—n(F YR, ) - F)

1
—- ((n C1)E, + 2nFn,1).
S. Vajda in [46] on page 183 gave the same formula for the convolution

of Fibonacci numbers like us in Corollary 2.

In the following theorem, we deal with the convolution of a Lucas sequence
of the first and second kind, that is, the initial terms are 0,1 and 2, A;.

Theorem 16 (T. Szakacs [43], 2017). The convolution of R, (0,1, Ay, By)
and Vn(2, Al, Al, Bl) 18
k=0

Corollary 25. The convolution of Fibonacci and Lucas numbers is:

Co=Y FiLnpi=(n+1)F,.
k=0

Remark 7. The OFIS [35] contains the sequence with id: A099920.

Corollary 26. The convolution of Pell and P-Lucas numbers is:
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Corollary 27. The convolution of Jacobsthal and J-Lucas numbers is:
k=0
Corollary 28. The convolution of Mersenne and M-Lucas numbers is:
k=0

Remark 8. The OFEIS [35] contains this sequence as number of labeled
acyclic digraphs with n nodes containing exactly n — 1 points of in-degree
zero. (id: A058877)

In the following theorem, we deal with the convolution of a Lucas sequence
of the second kind with itself, that is, the initial terms are 2, A;.

Theorem 17 (T. Szakécs [43], 2017). The convolution of the sequence
Vo(2, Ay, Ay, By) with itself is

Con=> ViVak = (n+ 1)V, + 2R,

k=0
where V,, 1s the associate sequence of R,,.

Corollary 29. The convolution of Lucas numbers with themself is:
Co = LiLy_ = (n+ 1)Ly +2F, .
k=0

Remark 9. In the paper of Zhang Z. and He P. [48] Corollary 1 contains
another formula for the convolution of Lucas numbers with themself:
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It can be easily verifyed that the two formulas are the same ones using
some well known identities between the Fibonacci and Lucas numbers:
Ln+2 + Ln = 5Fn+1 and L7L+2 = Ln+1 -+ Ln

1 1
= (anH + (5n + 9)Ln> == (anH +2L, +5nL, + 7Ln)

1 1
= <2Ln+2 4 2Ly 4 50l + 5Ln> o (10Fn+1 4 5nL, + 5Ln>
—(n+ 1)Ly, + 2Fp,1.

S. Vajda in [46] on page 183 gave the same formula for the convolution
of Lucas numbers like us in Corollary 29. The OFEIS [35] contains the
sequence with the following id: A099924.
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3 | Factorials

Consider the equation
.,

n! = H a;! (3.1)
i=1
with » > 2 in positive integers n,aq,...,a,, with a; > --- > a, > 1.
Observe that this equation has infinitely many solutions given by

n=as!...a.!, ap =n—1, with as, ..., a, arbitrary.

For example, we have 6! = 5!3! or 12! = 11!3!2!. Such solutions are called
trivial. Obviously, equation (3.1) has infinitely many trivial solutions.
On the other hand, according to a conjecture of Suranyi, the only non-
trivial solution to (3.1) with » = 2 is 10! = 7!6!, while a conjecture of
Hickerson predicts that the only non-trivial solutions to (3.1) are given
by 9! = 71313121, 10! = 716! = 715!13!, 16! = 14!512! (see e.g. Erdds [10],
pp. 27-28). These conjectures have been checked for n < 10° by Caldwell
[7]. Erdds [10] (see Theorem 2) proved that writing P(m) for the largest
prime factor of the positive integer m (with the convention P(1) = 1),
the assertion

P(n(n+1)) > 4logn (3.2)

would imply that equation (3.1) has only finitely many non-trivial solu-
tions - however, (3.2) is far from being established. (See also [13], p. 70.)
Luca [28] proved that assuming the abc-conjecture, (3.1) has only finitely
many solutions. This result (beside obtaining other related theorems) has
been made more explicit by Luca, Saradha and Shorey [29].

We also mention that after multiplying both sides of (3.1) by n!, we get
an equation of the form

n!Hai! =2 (3.3)
i=1

This equation also attracted a lot of attention. For related results, here we
only mention a classical paper of Erdds and Graham [12]| together with
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the recent paper of Luca, Saradha and Shorey [29], and the references
there.

3.1 | On the equation A!B!=C!

We consider the case r = 2, and rewrite equation (3.1) as
AlB! = (! (3.4)

with positive integers A, B, C satisfying C' > B > A > 1. As we noted
already, the problem of finding all solutions to equation (3.4) is still open.
Beside the results mentioned so far, we recall a theorem of Erdés [11]
saying that in all solutions of (3.4) with C' large enough, we have C' —
B < 5loglog C. This result has been recently sharpened by Bath and
Ramachandra [5] to C' — B < ((1 +¢)/log2)loglog C for C' > C., with
arbitrary € > 0. Recalling the result of Luca, under the abc-conjecture
we have C'— B = 1 for C large enough. Note that, however, if we would
assume that say C' — B = 2, equation (3.4) would still remain very hard
to solve. In this direction, we only refer to a paper of Luca [27] and the
references there.

Our purpose is to show the finiteness of the solutions to (3.4) with k =
B — A bounded. Our main result provides an explicit upper bound for
C in terms of k. Certainly, this immediately implies that for any fixed
k, (3.4) has only finitely many solutions. Further, we show that the only
non-trivial solution to (3.4) with & < 10° is the well-known 10! = 7!6!,
mentioned earlier.

Theorem 18 (L. Hajdu, A. Papp and T. Szakacs [20], 2018). Writing
k = B — A for all non-trivial solutions of equation (3.4) different from
(A, B,C) = (6,7,10) we have C < 5k. Further, if k < 10°, then the only
non-trivial solution to (3.4) is given by (A, B,C) = (6,7, 10).

To prove the theorem, we need some lemmas. The first one provides
explicit lower- and upper bounds for the prime counting function 7(x).

Lemma 1. We have
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(i) ooz (1 + @) < 7(z) for x > 59,

(it) m(z) < os <1 + ﬁ) forxz > 1.

Proof. Parts (i) and (ii) are formulas (3.1) and (3.2), respectively in Ap-
prozimate formulas for some functions of prime numbers from Rosser and

Schoenfeld [39]. O

We shall also need an explicit estimate for the number of primes in an
interval.

Lemma 2. Let M >0 and N > 1. Then we have
7(M+ N) —n(M) < 2n(N).

Proof. The statement is formula (1.12) in The large sieve from Mont-
gomery and Vaughan [33]. ]

We shall also need bounds for the n-th prime p,,.
Lemma 3. We have
(i) n(logn + loglogn — 3/2) < p, forn > 2,
(ii) pn < n(logn +loglogn — 1/2) for n > 20.

Proof. Parts (i) and (ii) are formulas (3.10) and (3.11) in [39], respectively.
]

We need a simple variant of the Stirling-formula, too.

Lemma 4. For alln > 1 we have
/271' . 7,Ln+1/2 et < pl <e. nn+1/2 ce ™

Proof. For n = 1 the assertion can be readily checked. For n > 2 the
statement immediately follows from the more refined bounds

\/ﬁ . nn+1/2 . 6—n+1/(12n+1) <nl < \/% . nn+1/2 . e—n+1/12n

given by Robbins [38]. O
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Now, we have all the tools to prove our theorem.

Proof of Theorem 18. In view of C' > B, the equation A!B! = C! can be
rewritten as

Al=(B+1)---C. (3.5)

Observe that no prime p with C'/2 < p < C can appear on either side of
the above equation. That is, all such primes must belong to the interval
(A, B]. So for all solutions A, B, C' we have

m(C) —w(C/2) < 7(B) — w(A).

Using parts (i) and (ii) of Lemma 1 to bound the left hand side and
Lemma 2 to bound the right hand side of the above inequality, recalling
the notation k = B — A we obtain

C 1 C/2 3 2%k
1 — 1+ ——7— —_— .
log C' ( + QIOgC) log C'/2 ( + QIOgC’/Q) = log k (36)

(Note that here we tacitly assumed that C' > 59, whence k£ > 2. However,
C < 59 would be a much better bound for C' than the one we get by the

general argument.) If contrary to what we want to prove, C' > 5k would
hold, then (3.6) would imply

C (1, L y_ C2 (3 _ 205
log C 2log C log C'/2 2log C'/2 log2C/5

It is obvious that for large C, the above inequality cannot hold. A simple
calculation with Magma [6] shows that this is the case whenever C' > 10°.
However, by Caldwell’s result |7] mentioned earlier, we know that the only
solution to (3.4) with C' < 10° is given by (A, B,C) = (6,7,10). Hence
we get that apart from this solution we always have C' < 5k, and the first
part of the theorem follows.

Now we consider the second statement. Assume first that & < 850000.
Observe that in (3.5), none of B+ 1,B + 2,...,C can be a prime. Let
Pni1 be the first prime greater than C'. By Bertrand’s postulate we have
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that p, > C/2. This shows that A < p, < B must be valid. Thus by
(3.4), we obtain that

(on+1) - (pp1 —1) 2 (B+1)(B+2)---C=A>(p,— k). (3.7)

Now using Lemmas 3, 4 and £ < 850000, a simple Magma calculation
gives n+1 < 78200, whence C' < 10°. So in this case the theorem follows
from the result of Caldwell [7].

Assume now that 850000 < k& < 10°. Then by what we have proved
already, we get C' < 5k < 5-10°5 By Caldwell’s result we may also
assume that 10° < C. By a simple Magma program we get that the
length of the longest prime-free interval inside (10°,5 - 10°) is 153. If
C' > 1000507 (which is a prime), then A > 507. However, then

10153 < 507 < Al = (B+1)(B+2)---C < (5-10%)' < 10107

yields a contradiction. So we are left with the cases 1000000 < C' <
1000507. Writing p, < C < pn1, based upon (3.7) we must have

(Pn+ 1) (Papr — 1) = (pn — 10°)! .

Checking the few possibilities corresponding to the remaining values of C'
by Magma, we obtain that C' must belong to one of the intervals

(999983, 1000003),  (1000003,1000033), (1000039, 1000081).

Note that the endpoints of each of the above intervals are certainly con-
secutive primes. To exclude these cases, observe that if a prime p divides
the product (B+1)(B+2)...C, then (3.4) implies that all primes ¢ with
q < p must also divide this product. However, a simple check by Magma
assures that it is impossible to find such products with terms in any of
the above intervals. Hence the theorem follows. ]

3.2 | Multiplying balancing numbers

In this section, we study a further approach of balancing numbers. A
positive integer n is called a multiplying balancing number if

1-2---(n=1)=Mn+1)n+2)---(n+r) (3.8)
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for some positive integer . The number r is called the balancer corre-
sponding to the multiplying balancing number n.

We will show that the only multiplying balancing number is n = 7 with
the balancer » = 3. This means that 6! = 8 -9 - 10 is the only solution
of the equation (3.8). Notice that this is the same solution as before we
have in Theorem 18. If we multiply the equation (3.8) by n!, we get
(n — 1)In! = (n + r)! which is an equation of the type A!B! = C!, with
k=B—-—A=1.

Let us use the function ay: N — N, ag(z) = S1%%7] (%], where z > 2
and az(x) calculates the exponent of 2 in the canonical form of z!.
Lemma 5 (T. Szakécs [41], 2011). z —logyx — 2 < aa(z) < x

Proof.

az(z) = [%}+[;—2}+[£]++[£ < 4=

1 1 1 1
T

X X
o> (Go1) ¢ G 1) o+ (o)
llogy 2]

1 x
:x(l—?) —[long]:x—@—[long] > x —logyx — 2

]

Lemma 6 (T. Szakacs [41], 2011). Let n be a multiplying balancing num-
ber and r be the balancer. If n > 64, then

3(n+1)
2
Proof. The equation (3.8) could be rewritten as (n — 1)!- (n)! = (n+1r)!.

Now using the function as(n) and Lemma 5 for both sides of the equation,
we get

<n-+r.

ag(n — 1) + as(n) = ag(n +r)

2n —2logoan —5<n+r
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We can replace logy, n with £ if n > 64, that is

3(n+1) 3(n+1) 2n 2n
5 < 5 —|—8 6.5 n- d<n+r

O

Using a results of M. El Bachraoui [9] we get that, if n > 2 then there
exists a p prime satisfying the inequality

3(n+1)

n<p< 5 <n+r.

Hence the right side of the equation (3.8) contains a prime factor if n > 64.
This is impossible, so the equation cannot be true. It can be checked
easily by any computer algebra system (CAS), for example Magma, that
for n = 2,...,64 there is only one number satisfying the equation (3.8).
So we get that n = 7, is the only multiplying balancing number.

Multiplying cobalancing number could be defined similarly, but let’s first
see if they exist at all. Using the concept of multiplying balancing num-
bers, we get the following equation.

1-2---(n=Ln=mn+1)n+2)---(n+r) (3.9)

Multiplying both sides of the equation by n!, we get a familiar one (3.3),
mentioned earlier. This is the case when a factorial equals a perfect
square. This problem has been solved in 1975 by P. Erdés and J.L.
Selfridge (see paper [14]). So the multiplying cobalancing numbers don’t
exist, but let us show an alternative proof for this statement.

Let p be the greatest odd prime, which is less than n, where n > 4. Using
our notation, we show that the following inequalities are true

p<n<2p<n+r<3p.

Suppose that n > 2p. The interval [p, 2p| always contains a prime, so there
is a prime greater than p and lower than n which is impossible because
of the definition of p. Hence n < 2p. On both sides of the equation (3.9)
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the exponent of p is 1 in the prime decomposition. So we can write the
following inequalities 2p < n +r < 3p.

Using a result of Chebyshev we get that there is a prime 2z between p and
2p. Three cases have to be analyzed now: z =n, z > n, and z < n. If
z > n, then the prime decomposition of the left and right sides is not
the same. Now let z < n. This situation contradicts the fact that p
is the greatest odd prime which is less than n. The last case is z = n.
Hence n +r > 2z because of the prime factor z. Thus the left side of the
equation (3.9) has at most as many factors as the right side has which is
impossible. First and last there are no multiplying cobalancing numbers.

Using the concept of K. Liptai, F. Luca, A. Pintér and L. Szalay [25]
we can get another approach to balancing numbers. Let m, k, [ be fixed
positive integers with m > 4. A positive integer n with n < m — 2 is
called a (k,[)-power multiplying balancing number for m if

Foootn=1DfF=m+1)"(m—-1)"
Using the previous ideas, it could be easily seen that if n > 4, then there
is only one (k,l)-power multiplying balancing number, which is n = 7
with m =11 and k = 1[.
Remark 10. If p =2 and n = 3 we get the equation
1728 =41,

In this case n = 3 is (k,1)-power numerical center for m =5 and there
are infinitely many (k,l) pairs with k = 21.
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4 | Summary

The thesis presents own results in the field of linear recursive sequences
and factorials, embedded among the already known results and open ques-
tions of the given topics.

In the second chapter, we discuss the results of linear recursive sequences,
so let’s first review the important definitions related to the topic.

Let Ag, Ay, ..., Ax_1 be given real numbers with A;_; # 0, where k > 2
fixed integer. A linear recursive sequence {G,}>°, of order k is defined
by the recurrence

Gn = A)Gno1 + AiGro+ -+ A1 G (n > k),

where the initial terms G, G1, . . ., Gx_1 are fixed real numbers with |G|+
|G1| + - - - + |Gk_1] # 0. The polynomial

p(r) =% — Aga® ™t — A" — = Ay on — Ay

is said to be the characteristic polynomial of the sequence {G,,};2,, the

roots of the equation p(z) = 0 are denoted by «a;’s (1 < i < k). The root

oy is of the largest absolute value, that is, |ay| > |ag| > -+ > |ag| > 0

and the multiplicity of a;y is 1. According to the literature, «; is called as

the dominant root, and if we denote by m,; the multiplicity of the distinct
!

a;’s (1 <i <1, m; =k) then the Binet’s formula for the term G, is as

i=1
follows

G = aa + pa(n)ahy + ps(n)ag + -+ + p(n)ag,
where the degree of the polynomial p; (2 < i <) is less than m;. The con-
stant a # 0 and the polynomials p; belong to the ring Q(ay, as, . .., a;)[z].

In the special case k = 2, we get the second order linear recursive sequence
{G,}22, defined by the recurrence relation

Gp = AGy 1+ BGy (n>2),
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where the initial terms G, G; and the weights A, B are fixed real num-
bers with |Go| + |G1| # 0 and AB # 0. Sometimes the following notation
Gn(Go, G1, A, B) is used, too. Using the roots of the characteristic poly-
nomial p(x) = 22 — Az — B, the Binet’s formula could be given as
G, - pGy ,, Gi—aGy,,

o — 6"

a—f a—f

If Ry =0 and Ry = 1 then {R,}>, is known as Lucas sequence of the
first kind with its Binet’s formula

G, =

a — ﬂn

a—p3"
while if V; = 2 and V; = A then the sequence is known as Lucas sequence
of the second kind {V,,}>°, with its Binet’s formula

V, = a" + "

R, =

The generating function of {G,} is

o) = Go + (G1 — AGy)x
1— Az — Bx?2

There are some well-known Lucas sequences of the first kind, such as

Fibonacci, Pell, Jacobsthal, Mersenne, and their associate sequences. The

following table contains the initial terms, characteristic polynomials and

generating functions of these sequences.

] Name \ G.(Go,G1, A, B) \ Charact. polynom. \ Gen. function ‘
Fibonacci | F,(0,1,1,1) ple)=2"—z—1 | g(z)= 2=
Pell P,(0,1,2,1 plr) =2 —-2x—1 | g(z) = T

— 2 _ z
Jacobsthal | J,,(0,1,1,2) plr)=2"—2—-2 | g(2) = =52
Mersenne | M,(0,1,3,—2) plr) =2 =3r+2 | g(z) = e
Lucas L,(2,1,1,1) plr)=z—z—-1 | g(z) = =%

— __ _ 22z
P-Lucas Pn(2,2,2,1) plx) =2 —20 -1 g(z) = =525
J-Lucas Jn(2,1,1,2) pl)=2*—z2—-2 |g(x)= l—i_—$212
M-Lucas | m,(2,3,3,—-2) | pla) =2"=3c+2 | g(x) = 5=

Table 4.1: Named sequences
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One of the most famous of these second order linear recursive sequences is
the Fibonacci sequence which was obtained when solving a 13th-century
problem. Let Fy = 0, F} = 1, and the recurrence relation is

Fn:anl_'_anZa

furthermore the dominant root of the characteristic polynomial is ¢ =

HZ*/E, the golden ratio and the other root is ¥ = %‘F’ We also know
that

lim Fn+1 =

n—oo F,

We investigate linear recursive sequences {G, }°°; of real numbers, where
the sequences {%} converge quicker to the golden ratio than {%}

According to the literature, let {z,}>°, and {y,}>2, be convergent se-

quences of real numbers with lim z,, = y, = 2, we say that {y,} con-
n—oo

verges quicker to z than {z,} if

n — 2
limy

n—o0 Ty — 2

=0.

oo
In general, we obtain that a sequence {%} will converge faster than
n n

=1
the quotient sequence of adjacent terms of the Fibonacci numbers if the
absolute value of all roots of the characteristic polynomial of {G,} are
less than ¢ = %5

Theorem 1 (T. Szakacs [44], 2017). Let {G,}22, be a linear recursive
sequence of order k, the dominant root of the characteristic polynomial be

@, and the other roots be ;. The sequence {Gg“ converges quicker to

n

the golden ratio than {F"“ }, if lag| < ], i =2,3...,1

Fr

Next, sequences are studied whose terms are product of rational polyno-
mials and Fibonacci numbers. Let 0 < 71 < jo < --- < js be nonnegative
integers, and p;(z),p2(x),...,ps(x) € Q[z| such that deg(p;(x)) = d;.
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Put d* = max;{d;}, which is a nonnegative integer. Define the sequence
{Wn}zozo by

Wn == pl(n)Fn—jl + p2<n)Fn—j2 + - +p8(n)Fn—js‘

We give conditions for the rational functions p;(z) to guarantee sequence
{W,} to be integer. Only the first case is discussed here, the interested
reader will find the rest in the section 2.2.2.

Case 1: s=2,751=0,50=1,di=dy =1
Assume that a # 0, b, ¢ # 0, d are rational numbers and

W, = (an+b)F,, + (en + d) F,_1.
Equivalent transformations lead to

(aa + c)n + (ba + d) o (aB 4+ c)n+ (b8 + d)
a5 BvV5

Wn - 6n7

the initial values are

Wy = d,

Wi = a+b,

Wy = 2a+b+2c+d,
W3 = 6a+ 2b+ 3c+d.

The characteristic polynomial of {W,,} is
wx)=(z—-a)(z -2 =@’ —rv—-1)> =2"—22% -2+ 22 +1,
hence the recurrence relation
Wy, =2W, 1+ Wyo—2W, 5 —W,_4
holds for n > 4.

Theorem 2 (K. Liptai, L. Németh, T. Szakacs and L. Szalay [26], 2024).
The terms
W, = (an+b)F, + (ecn+d)F, 1
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form an integer sequence {W,} if and only if d is integer and

—2Z21 —32’2 +223
a= , b

5

- 621 + 32’2 - 22’3 o —221 + 422 — Z3

7 c )
> 5

where 21, 2o, z3 are integers, too.

Remark 1. For example, let d = 0, moreover z1 = zo = 1, 23 = 3. In
this case, we get the integer sequence

2
= n+3Fn_2Fn—la
5 5

which is the sequence A010049 in the OEIS [35].

W

Later, we discuss the convolution of two second order linear recursive
sequences {G,,}5°, and {H,}2°, which could be denoted by the sequence

Co = zn: GroHor.
k=0

We work with Lucas sequences of the first and second kind G, (0, 1, Ay, By)
and H,(2, A, Az, By), respectively. (See some named sequences in Table
4.1.) There are several different cases depending on how many common
roots the characteristic polynomials have and which types of sequences is
being used for the convolution. The only case mentioned here is when the
polynomials do not have a common root, and both sequences are Lucas
sequences of the first kind. For other cases, see section 2.3.

Theorem 3 (T. Szakics [42], 2016). Let p(z) = 2*— Ajx— By and q(z) =
22 — Ayx — By be the characteristic polynomials of G,,(Gy, Gy, A1, By) and
H,(Hoy, Hy, Ay, By), and let o, B and 7y, be the roots of these polynomials,
respectively. The convolution of G, (0,1, Ay, By) and H,(0,1, As, By) can
be written as

Oé"+1 6n+1 ,yn+1 5"+1

Cn: GHn,Ia b+c d’
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where bd # 0, and

(A1 — Ay)a + By — By,
(A; — As)B + By — By,
( )
( )6

Ay — Ay 74’32—317
AQ—Al +BQ

QL o o
Il

As a consequence of the above theorem, let’s look at two convolutions,
one of which was already included in the OEIS before the publication of
the result, and the other was not.

Corollary 1. The convolution of Fibonacci and Pell numbers is:
Co=> FiPoy=P,—F,
k=0
Remark 2. In the OFEIS, (A106515) it can be found that
Cn:ZFn—k—IPk—i—l :Pn_Fn+Pn+17
k=0
where because of the different indices the term P, occures, as well.

Corollary 2. The convolution of Pell and Mersenne numbers is:

- P, P..1— M,
Co=> PiM, )= 2t 2+1 =
k=0

Remark 3. In the OFIS, (A307572), the sequence has been included since

2019, but it is defined not as a convolution.

In the third chapter, factorials were investigated. Consider the equation

|
I«
i=1
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with » > 2 in positive integers n,ay,...,a,, with a; > -+ > a, > 1.
According to a conjecture of Suranyi, the only non-trivial solution with
r = 2 1is 10! = 76!, while a conjecture of Hickerson predicts that the
only non-trivial solutions are given by 9! = 7!3!3!2!, 10! = 7!6! = 7!5!3!,
16! = 14!1512! (see e.g. Erdés [10], pp. 27-28). These conjectures have
been checked for n < 10° by Caldwell [7]. Rewrite the original equation
into the following form, where A, B, C' are positive integers:

AlB! = (!

Here we deal with the case r = 2, especially when £k = B — A is fixed.
Our main result provides an explicit upper bound for C in terms of k.
Certainly, this immediately implies that for any fixed &, the equation has
only finitely many solutions. Further, we show that the only non-trivial
solution with k£ < 10° is the well-known 10! = 7!6!.

Theorem 4 (L. Hajdu, A. Papp and T. Szakacs [20], 2018). Let A, B, C
be integers and k = B — A. For all non-trivial solutions of the equa-
tion A'B! = C" different from (A, B,C) = (6,7,10), it is true that
C < bk. Further, if k < 10°, then the only non-trivial solution is given
by (A, B,C) = (6,7,10).

A positive integer n is called a multiplying balancing number if
1:2---(n=1D=Mn+1)(n+2)---(n+r)

for some positive integer r. The number r is called the balancer corre-
sponding to the multiplying balancing number n. We will show in section
3.2, that the only multiplying balancing number is n = 7 with the bal-
ancer r = 3. This means that 6! = 8 -9 - 10 is the only solution of the
equation. If we multiply the equation by n!, we get (n — 1)In! = (n + r)!
which is an equation of the type A!B! = C!, with k=B — A= 1.
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5 | Osszefoglalo

A dolgozatban a linearis rekurziv sorozatok és faktorialisok témakorében
sziiletett sajat eredmények szerepelnek, bedgyazva az adott teriilet mar
ismert eredményei, illetve nyitott kérdései kozé.

A masodik fejezetben linearis rekurziv sorozatokkal kapcsolatos eredmé-
nyeket targyalunk, igy el6szor tekintsiik at az ezzel kapcsolatos fontosabb
definiciokat.

Legyenek Ag, Ay, ..., Ax_1 adott valos szamok, A;_1 # 0, ahol k > 2 el6re
rogzitett egész szam. Az alabbi rekurzioval definialt {G,, }2°, sorozatot
k-ad rendd linearis rekurziv sorozatnak nevezziik

G, =AGh1+AGh o+ + A 1Grge (n>k),

ahol Gg, G1,...,Gy_q rogzitett valos szamok lesznek a kezdGelemek, és
Gol + |G| + -+ + |Gra| #0. A

pl) = a* — Aga"t — Ayah " — o — Ay o — Ay

polinomot a sorozat karakterisztikus polinomjanak nevezziik, a gyokeit

pedig a;-vel jeloljik (1 < ¢ < k). Legyen a legnagyobb abszolut értéki

gyok aq, azaz |aq| > |ag] > -+ > |ag| > 0, és legyen a multiplicitasa 1.

Az ilyen gyokot a szakirodalom dominéns gyoknek nevezi. Ha a kiilonb6z6
l

a; gyokok multiplicitasat mg-vel jeloljik (1 < i <1,Y m; = k), akkor a

i=1
sorozathoz tartozo Binet-formulat a kovetkezs egyenlGség adja meg

Gn = aaf + pa(n)ay + ps(n)og + - - - + pu(n)af,
ahol a p; polinomok foka (2 < i < [) kisebb, mint m;. Az a (a # 0)
konstans és a p; polinomok a Q(aq, as, ..., q)[z] gytrd elemei.

A k = 2 esetben méasodrendii lineéris rekurziv sorozatot kapunk

Gn = Aanl + BGn72 (n > 2)7
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Go, G1 kezdGelemekkel, és A, B sulyokkal, ahol |Go| + |G1| # 0 és AB #
0. Hasznélatos a G, (G, Gy, A, B) jelolés is. A p(z) = 22 — Ax — B
karakterisztikus polinom gyokeinek segitségével felirhato a sorozat Binet-
formuléja

G, — pG G1 —aG
Gn:—l 5 Oan——l @ O/BTL.
a—p a—pf
Ha a kezdGelemek Ry = 0 és Ry = 1, akkor az {R,,}>, sorozatot els6faji
Lucas-sorozatnak nevezziik, és Binet-formuléja

a” — 611

a—pf "
Ezen sorozat asszocidltja a masodfaju Lucas-sorozat {V,}>°,, melynek
kezdétagjai Vo = 2 és V) = A, ekkor a Binet-formula a kovetkezd

V, = a" + 8"

R, =

A sorozat generator fliggvényének szokas nevezni a kovetkezd fiiggvényt

o) = Go + (G1 — AGy)x
1 — Ax — Ba?
A kovetkezs tablazatban attekintjiilk néhany nevezetes elséfaju Lucas-
sorozat (Fibonacci, Pell, Jacobsthal, Mersenne, és asszociélt sorozataik)
alapadatait, mint a kezd&tagok, stlyok, karakterisztikus polinom és gen-
erator fliggvény.

’ Név ‘ G.(Go,G1, A, B) ‘ Karakterisztikus p. ‘ Generator fv. ‘
Fibonacci | F,(0,1,1,1) ple)y=2—z—1 |gx) ===
Pell P,(0,1,2,1 plx)=a*—2x—1 | g(x) = —=

1-2z—ax2
T

Jacobsthal | J,(0,1,1,2) p(x
Mersenne | M,(0,1,3,—2) p(x Ty

(z) = a? (z)

(z) =2’ (z)

(z) = a? (z)
Lucas L,(2,1,1,1) pr)=2-z-1 |[g(z)=-22

(z) = a? (z)

(z) =2’ (z)

(z) = 2° (z)

1—x—2x2

2—x
1—a—2z2

2—3z
1—3242x2

1—ax—22
P-Lucas pn(2,2,2,1 o
J-Lucas ]n( 1, L,

M-Lucas mn(2,3,3,

Table 5.1: Nevezetes sorozatok
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Az egyik leghiresebb ilyen mésodrendii sorozat a Fibonacci-sorozat, amely
Leonardo Pisano nevéhez ftizédik és mar tobb, mint 800 éve izgalommal
tolti el a kutatoit. A sorozat kezdGtagjai Fy =0, F} =1, és

F,=F,_ 1+ F, .

A karakterisztikus polinom dominans gyoke ¢ = 1+2\/5’ ami a jol ismert

aranyarany, a masik gyok pedig ¢ = %5 Tovabbé, ha megvizsgéljuk a
szomszédos tagok hanyadosanak sorozatat, akkor azt tapasztaljuk, hogy

1. Fn+1
1m

n—oo [,

Legel6szor azt a kérdést jarjuk korbe, hogy milyen feltételek mellett kon-

vergal gyorsabban egy ilyen hanyados-sorozat az aranyardnyhoz, mint

o
a Fibonacci-szamokbol allo {F—“} . A konvergenciagyorsasdghoz a
n n—=

1
kovetkezd definiciot vessziik alapul: Legyenek {x,}22 és {y, }5°, konver-

gens valos szamsorozatok lim z,, = y, = z, azt mondjuk, hogy {v,}2,
n—oo

gyorsabban konvergal z-hez, mint {z,}>°,, ha

lim In = 2

n—o0 ‘ITL —Z

=0.

A 4 2 s Gn+1 *
Altalanos esetben azt az erédményt kapquk, hogy egy {_Gn }n=1 sorozat
gyorsabban fog konvergalni, mint a Fibonacci-sorozat szomszédos tag-

jainak hanyados-sorozata, ha {G,, } karakterisztikus polinomjanak minden
gyoke abszoltt értékben kisebb, mint a ¢ = %‘F’

Tétel 1 (T. Szakacs [44], 2017). Legyen {G,}>2, k-ad rendd linedris
rekurziv sorozat, karakterisztikus polinomgjdnak domindns gyoke ¢, tobbi
n+1

gyoke pedig o;. A {GGn
mint {F"“}, ha |o;| < [),i=2,3,...,1L.

Fy

} sorozat gyorsabban konvergdl az aranyardnyhoz,

Ezt kévetSen olyan sorozatokat vizsgalunk, amelyek tagjai racionalis poli-
nomok és a Fibonacci-szamok szorzataként allithatok els. Legyenek 0 <
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J1 < jo < -+ < js nemnegativ egészek, és p;(z),p2(x),. ..,ps(:v) €
Q[z] racionalis polinomok. Legyen tovabba deg(p;(x)) = d;, és d* =
max;{d;}, amely szintén nemnegativ egész. Definialjuk a {W,,}>2, soroza-
tot a kovetkezSképpen

Wn - pl(n>Fn—j1 +p2(n)Fn_j2 T +p8(n>Fn—js'

Megadunk néhany speciélis esetben feltételeket a p;(z) polinomokra vo-
natkozoan tugy, hogy {W,,} sorozat egész tagu legyen. Itt most csak az elsé
esetet taglaljuk, az érdekl6dd olvasd megtalélja a tobbit a 2.2.2 fejezetben.

1. eset: 822,j1:0,j2:1, dlzdgzl
Az els6 esetben tegyiik fel, hogy a # 0, b, ¢ # 0, d racionalis szamok, és

W, = (an+b)F, + (en + d)F,—1

Ekvivalens atalakitasokkal a sorozatunk a kovetkezd alakra hozhato

_(aa+on+(ba+d) , (aB+cn+(0B+d) ,
W= av/5 ) BV5 o

ahol a kezd&tagok az alabbiak

Wy = d,

Wi = a+b,

Wy = 2a+b+2c+d,
W3 = 6a+2b+ 3c+d.

A karakterisztikus polinom ebbdl
w)=(z—a)(z -2 =@’ —r—-1)> =2 —22% -2 + 22 +1,
valamint a rekurziv Osszefiiggés n > 4 esetén
Wy =2W,_ 1+ Wy o —2W, 35— W,_4.
Tétel 2 (K. Liptai, L. Németh, T. Szakacs és L. Szalay [26], 2024). A

W, = (an+b)F, + (cn +d)F, 1
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sorozat tagjai akkor és csakis akkor egész szamok, ha d egész €s

o= —Z1 — 322 + 223 b— 621 + 322 - 223 . —221 + 422 — 23

5 ) 5 ¢ 5 ’

ahol z1, 2o, 23 szintén egészek.

Megjegyzés 1. Ha az eldzd sorozathoz ugy vdlasztjuk meg a kezddérté-
keket, hogy d = 0, 21 = 2o = 1, z3 = 3, akkor a kovetkezd egész tagi
sorozatot kapjuk

2n+3 n
Wn: Fn__Fn—a
5 5 "1

amely megtaldlhatd az OFIS-ben [35] a kovetkezd koddal: A010049.

Ezt kovetGen két masodrendi lineéris rekurziv sorozat konvoliciojaval
foglalkozunk

On = zn: Gan—k‘7
k=0

ahol {G,,} és {H,,} els6faju-, és masodfaji Lucas-sorozatok (lasd a néhény
felsorolt nevezetes sorozatot a fenti tablazatban, Fibonacci, Pell, Jacob-
sthal, Mersenne, Lucas, P-Lucas, J-Lucas, M-Lucas). Szamos kiilonb6z6
eset adodik attol fiiggden, hogy a karakterisztikus polinomnak hany k6zos
azt az esetet emlitjiik meg, amikor a polinomoknak nincs kozos gyoke,
illetve mindkét sorozat elséfaju Lucas-sorozat. A tobbi esetet lasd a 2.3
fejezetben.

Tétel 3 (T Szakécs [42], 2016). Ha Gn(Gg,Gl,Al, Bl) €s

H,(Hy, Hy, Ay, By) karakterisztikus polinomjai rendre p(x) = 2* — Ajw —
By és q(x) = x* — Ayx — By, akkor legyenek o, 8 és v,d ezen polinomok
gyokei. A Gn(0,1, A1, By) és H,(0,1,As, By) sorozatok konvolicidja a
kévetkezd alakban irhato.

04"+l ﬁn+1 ,yn+1 6n+1

Cn: GHn,Ia b+c d,
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ahol bd # 0, és

A fenti tétel kovetkezményeként nézziink meg két olyan konvoliciot, ame-
lyek koziil az egyik mar szerepelt az OEIS-ben az eredmény publikalasa
el6tt, a mésik pedig nem.

Kovetkezmény 1. A Fibonacci- és Pell-szamok konvolicidja:

Cn:ikank:Pn_Fn

k=0

Megjegyzés 2. Az OFIS-ben, A106515 koddal megtaldlhato a sorozat,
ahol csak a kiilonbozd indexelés miatt van némi eltérés a miénkhez képest:

Cn:ZFn—k—IPk+l:Pn_Fn+Pn+1
k=0

Ko6vetkezmény 2. A Pell- és Mersenne-szamok konvolicidja:

Poio+ Popr — Myyo
5 )

Cn = i Py M,y =
k=0

Megjegyzés 3. Az OFEIS-ben, A307572 koddal 2019-6ta megtalalhato a
sorozat, de nem mint konvolicid van definidlva. A konvolicioval kapcso-
latos eredményt [42] jelen dolgozat szerzdje 2016-ban publikdlta.

A dolgozat harmadik fejezetében faktorialisokkal foglalkozunk. Tekintsiik
a kdvetkezd egyenletet r > 2 esetén.

T

n! = Hai!,

=1
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ahol n,ay,...,a, pozitiv egészek a kovetkezd feltétellel aq > --- > a, >
1. Hickerson sejtése szerint az egyenlet nem-trividlis megoldasai 9! =
71313121, 10! = 7I6! = 715131, 16! = 14!512!) Caldwell |7] igazolta a sejtést
n < 10% esetben. A dolgozatban r = 2 esettel foglalkozunk, azon beliil
is azzal, amikor k = B — A rogzitett. Irjuk at az eredeti egyenletet a
kovetkezs alakba, ahol A, B, C' pozitiv egészek:

AlB! = (!

Adott k érték mellett explicit fels§ korlatot adunk C-re, ami azt is jelenti,
hogy véges sok megoldas lesz csak.

Tétel 4 (L. Hajdu, A. Papp és T. Szakics [20], 2018). Tekintsiik az
Al'B! = C" egyenletet, és legyen k = B — A. Minden olyan nem-trividlis
megolddsra, amely kilonbozik (A, B,C) = (6,7,10)-tdl igaz, hogy C < bk.
Tovdbbd, ha k < 10°, akkor az egyenlet egyetlen nem-trividlis megolddsa
az (A, B,C) = (6,7,10).

Az el6z6 egyenlet egy speciélis eseteként tekintsiik a kovetkezd Gsszefiig-
gést:

1-2---(n=D=Mn+1)(n+2)---(n+r)
Ezen egyenlettel definialt szamokat multiplikativ balansz szamoknak ne-

vezziik. Ez az egyenlet az el6z6 probléma & = 1 esete, és egyetlen
megoldasa az n = 7.
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