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Abstract: In this paper, we study the usual coin tossing experiment. We call a run at most
T-contaminated, if it contains at most T tails. We approximate the distribution of the length
of the longest at most T-contaminated runs. We offer a more precise approximation than
the previous one.
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1. Introduction
Consider the usual coin tossing experiment. Let p be the probability of heads and

q = 1 − p be the probability of tails. Here, p is a fixed number with 0 < p < 1. We toss a
coin N times independently. We write 1 for heads and 0 for tails. Therefore, we consider
independent identically distributed random variables X1, X2, . . . , XN with distribution
P(Xi = 1) = p and P(Xi = 0) = q = 1 − p, i = 1, 2, . . . , N.

Let T be a fixed non-negative integer. We shall study the length of at most T-
contaminated (in other words, at most T-interrupted) runs of heads. It means that there are
at most T zeros in an m-length sequence of ones and zeros.

There are several well-known results on the length of the pure head runs. Fair coins
were studied in the paper of Erdős and Rényi [1]. Almost sure limit results for the length
of the longest runs containing at most T tails were obtained in [2]. Földes [3] presented
asymptotic results for the distribution of the number of T-contaminated head runs, the
first hitting time of a T-contaminated head run having a fixed length, and the length of the
longest T-contaminated head run. Móri [4] proved an almost sure limit theorem for the
longest T-contaminated head run.

Gordon, Schilling, and Waterman [5] applied extreme value theory to obtain the
asymptotic behaviour of the expectation and the variance of the length of the longest
T-contaminated head run. Then, accompanying distributions were obtained for the length
of the longest T-contaminated head run. Ref. [6] proved results on the accuracy of the
approximation to the distribution of the length of the longest head run in a Markov chain.

In this paper, we follow the lines of Arratia, Gordon, and Waterman [7], where Poisson
approximation was used to find the asymptotic behaviour of the length of the longest
at most T-contaminated head run. We shall use the basic results presented in [7], and
give a new approximation for the distribution of the length of the longest at most T-
contaminated head run. We show that for T > 0 the rate of the approximation in our new
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result is O
(
1/(log(n))2), where log denotes the logarithm to base 1/p. Here and in what

follows, f (n) = O(h(n)) means that f (n)/h(n) is bounded as n → ∞. We shall see that for
T > 0 the rate of the approximation offered by [7] is O(log(log(n))/ log(n)), so our result
considerably improves the former result. In our opinion the much better rate O(log(n)/n)
presented without detailed proof in [7] is just a misprint, that is true only for T = 0. The
main result is Theorem 1. For completeness, we give a proof of the former result, see
Proposition 1. In Section 4, we present some simulation results supporting our theorem.

For T = 1 and T = 2, our result is the same as our former result in [8], where a
powerful lemma by Csáki, Földes and Komlós [9] was used in the proof.

2. The Approximation of Arratia, Gordon, and Waterman
Using the notation of [7], let Si = X1 + · · ·+ Xi, and let Sn,t be the largest increment

in the sequence Si in t steps; more precisely, Sn,t is the maximal number of heads in a
window of length t starting in the first n tosses. Let Rn(T) be the length of the longest at
most T-interrupted runs of heads starting in the first n tosses. (One can see that Rn(T)
is the length of the longest precisely T-interrupted runs of heads starting in the first n
tosses.) Then,

{Rn(T) < t} = {Sn,t < t − T}.

According to Theorem 1 of [7], for the distribution of Sn,t, we have the following
approximation. For positive integers n, s, and t with s ≤ t and s/t > p,

|P(Sn,t < s)− e−EW | ≤ 7tP(X1 + · · ·+ Xt = s) + P(X1 + · · ·+ Xt > s), (1)

e−n( s
t −p)P(X1+···+Xt=s) · e−2n(1− s

t )P(X1+···+Xt=s)P(X1+···+Xt>s)

≤ e−EW ≤ e−n( s
t −p)P(X1+···+Xt=s). (2)

In the above inequalities EW is the expectation of the random variable W defined in [7].
We shall use inequalities (1) and (2) with s = t − T. Using notation α = n

( s
t − p

)
P(X1 +

· · · + Xt = s) and β = 2n
(
1 − s

t
)

P(X1 + · · · + Xt = s)P(X1 + · · · + Xt > s), the above
inequality is of the form

e−αe−β ≤ e−EW ≤ e−α. (3)

In this paper, the approximation of e−α will serve as the main term.
Now, we shall analyse that approximation of Rn(T) which was proposed in [7]. The

centering constant in [7] is

cn(T) = log n + T log log n − log(T!) + log(qT+1 p−T). (4)

Let x be a fixed number so that cn(T) + x = t is an integer. We want to estimate
P(Rn(T)− cn(T) < x) = P(Sn,t < t − T). In the following we shall use both exp(x) and ex

for the usual exponential function.

Proposition 1. Let [cn(T)] be the integer part of cn(T) and {cn(T)} = cn(T)− [cn(T)] be its
fractional part.

If T = 0, then for any integer l,

P(Rn(T)− [cn(0)] < l) = exp
(
−pl−{cn(0)}

)(
1 + O

(
log n

n

))
. (5)
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If T > 0, then for any integer l,

P(Rn(T)− [cn(T)] < l) = exp
(
−pl−{cn(T)}

)(
1 + O

(
log log n

log n

))
. (6)

Remark 1. In Corollary 3 of [7], the same remainder term O
(

log n
n

)
is given for the case T > 0,

too. However, in our opinion, it contains only a part of the remainder terms.

Proof of Proposition 1. As our remainder term and the remainder term offered by [7] are
different, we give the details of the more or less simple calculation. First, we calculate the
right hand side of inequality (1) for s = t − T and t = cn(T) + x, where x is chosen so that
t is an integer.

P(X1 + · · ·+ Xt = t − T) =
(

t
T

)
pt(q/p)T ≤ κ

(log n)T

(1/p)log n+T log log n = O
(

1
n

)
.

Here and in what follows, κ is an appropriate finite positive constant. Therefore,

7tP(X1 + · · ·+ Xt = t − T) = O
(

log n
n

)
.

For T > 0, we have

P(X1 + · · ·+ Xt > t − T) ≤ T
(

t
t − T + 1

)
pt−T+1 ≤ κtT−1 pt

≤ κ
(log n)T−1

n(log n)T = O
(

1
n log n

)
.

So we obtain

|P(Sn,t < t − T)− e−EW | = O
(

log n
n

)
. (7)

This last formula is valid for T = 0, too.
Now, we turn to the other parts of the approximation. First, consider T = 0. Then, the

main term of the approximation, i.e., e−α in Formula (3) is

e−α = e−n( t
t −p)P(X1+···+Xt=t) = e−p− log(nq)+t

.

We have to approximate P(Rn(0)− [cn(0)] < l), where l is an integer, cn(0) = log n +

log q, and [.] denotes the integer part. So, we should apply the previous equality with
t = [cn(0)] + l, so we obtain

e−α = e−pl−{cn(0)} ,

where {.} denotes the fractional part. We see that, if T = 0, then β = 0, so in inequality (3),
we have equality. So, for T = 0, this part of the approximation is precise, i.e., the main term
does not contain a remainder part.

Now, we consider the approximation of the main term for T > 0.

e−α = e−n( t−T
t −p)P(X1+···+Xt=t−T) = e−n(q− T

t )(
t
T)q

T pt−T
.

Now, denote by L the base 1/p logarithm of the negative of the exponent, that is,
L = log α. So,

L = log n + log(q − T/t) + log(t(t − 1) · · · ((t − T + 1))− log T! + T log q + T − t.
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We shall use t = cn(T) + x. Applying Taylor’s expansion of the logarithm function,

log(x0 + y) = log x0 +
y

cx0
− y2

2cx̃2
0
, where x̃0 is between x0 and x0 + y, and where c =

ln(1/p), we obtain

L = log n + log q − T
cqt

− O
(

1
t2

)
+ log tT −

tT−1(T
2)

ctT + O
(

1
t2

)
− log T! + T log q + T − t

= log n + T log t − 1
ct

(
T
q
+

(
T
2

))
+ O

(
1
t2

)
− log T! + (T + 1) log q + T − t.

We insert t = cn(T) + x = log n + T log log n + E, where E is defined by the equation
at hand so it does not depend on n. Using again Taylor’s expansions of the logarithm

function as log(x0 + y) = log x0 +
y

cx0
− y2

2cx2
0
+ y3

3cx̃3
0
, where x̃0 is between x0 and x0 + y, and

for the 1/t function, as 1
x0+y = 1

x0
− y

x2
0
+ y2

x̃3
0
, where x̃0 is between x0 and x0 + y, we obtain

L

= log n + T
(

log log n +
T log log n + E

c log n
− (T log log n + E)2

2c(log n)2 + O
(
(log log n)3

(log n)3

))
− 1

c

(
T
q
+

(
T
2

))(
1

log n
− T log log n + E

(log n)2 O
(
(log log n)2

(log n)3

))
+

+ O
(

1
t2

)
− log T! + (T + 1) log q + T − t.

Now, using t = cn(T) + x and inserting the value of cn(T), we obtain

L = −x +
T2 log log n

c log n
+ O

(
1

log n

)
,

which implies that

L = −x + O
(

log log n
log n

)
,

and this rate is not improvable. We remark that this relation is valid for T = 1, too.

Therefore, by applying the Taylor series expansion ey = 1 + y + eỹ y2

2 twice, where ỹ is
between 0 and y, we obtain

e−α = e−(1/p)L
= e−px

(
1 − ln

(
1
p

)
T2 log log n

c log n
+ O

(
1

log n

))
(8)

= e−pl−{cn(T)}
(

1 + O
(

log log n
log n

))
, (9)

and this rate is not improvable.
Now, we consider the e−β part. Here,

β = 2
T
t

t

∑
i=t−T+1

(
t
i

)
piqt−in

(
t
T

)
pt−TqT

with t = cn(T) + x = log n + T log log n + E. The largest term in the above sum is the first
one, and it is (

t
T − 1

)
pt
(

q
p

)T−1
= O

(
1

n log n

)
.

Then, (
t
T

)
pt−TqT = O

(
1
n

)
.
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Using Taylor’s expansion,
T
t
= O

(
1

log n

)
.

So, β = O(1/n(log n)2), and

e−β = 1 − O
(

1
n(log n)2

)
.

Therefore,

e−αe−β = e−pl−{cn(T)}
(

1 + O
(

log log n
log n

))(
1 − O

(
1

n(log n)2

))
= e−pl−{cn(T)}

(
1 + O

(
log log n

log n

))
. (10)

3. A New Approximation
Theorem 1. Let T ≥ 1 be an integer. Let

c̃n(T) = log(qn) + T log(log(qn)) (11)

+ T2 log(log(qn))
c log(qn)

− T
cq0 log(qn)

− T3

2c

(
log(log(qn))

log(qn)

)2

+ T2 log(log(qn))
cq0(log(qn))2 + T3 log(log(qn))

(c log(qn))2

+

(
T log

(
q
p

)
− log(T!)

)(
1 +

T
c log(qn)

− T2 log(log(qn))
c(log(qn))2

)
,

where log denotes the logarithm to base 1/p, c = ln(1/p), ln denotes the natural logarithm to
base e, and q0 = 2q

2+Tq−q . Let [c̃n(T)] denote the integer part of c̃n(T), while {c̃n(T)} denotes the
fractional part of c̃n(T), i.e. {c̃n(T)} = c̃n(T)− [c̃n(T)].

Then,

P(Rn(T)− [c̃n(T)] < l) (12)

= exp

−p
(l−{c̃n(T)})

(
1− T

c log(qn)+T2 log(log(qn))
c(log(qn))2

)(1 + O
(

1
(log n)2

))

for any integer l, where f (n) = O(h(n)) means that f (n)/h(n) is bounded as n → ∞.

Proof. We use the same approach as in the previous section. First, we calculate the right
hand side of inequality (1) for s = t − T and t = c̃n(T) + x, where x is chosen so that t is an
integer. As

c̃n(T) = log(n) + T log(log(n)) + O(1),

we obtain

P(X1 + · · ·+ Xt = t − T) =
(

t
T

)
pt(q/p)T ≤ κ

(log n)T

(1/p)log n+T log log n = O
(

1
n

)
.

Therefore,

7tP(X1 + · · ·+ Xt = t − T) = O
(

log n
n

)
.
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Similarly,

P(X1 + · · ·+ Xt > t − T) ≤ κtT−1 pt = O
(

1
n log n

)
.

So,

|P(Sn,t < t − T)− e−EW | = O
(

log n
n

)
. (13)

Now, we turn to the approximation of the main term e−α. Denote by L again the base
1/p logarithm of the negative of the exponent, so

L = log α

= log n + log(q − T/t) + log(t(t − 1) . . . ((t − T + 1))− log T! + T log q + T − t.

We shall apply it for t = c̃n(T) + x. Therefore,

L

= log
(

q − T
t

)
+ log n + log

(
tT − T(T − 1)

2
tT−1 + O(tT−2)

)
− t

+ log((q/p)T)− log(T!)

= log
(

q − T
t

)
+ log n + log(tT)−

T(T−1)
2 tT−1

ctT + O
(

1
t2

)
− t

+ log((q/p)T)− log(T!)

= log q − T
cqt

+ log n + T log t −
T(T−1)

2
ct

− t

+ log((q/p)T)− log(T!) + O
(

1
(log n)2

)
= log(qn)− T

cq0t
+ T log t − t + log((q/p)T)− log(T!) + O

(
1

(log n)2

)
,

where we applied Taylor’s expansion of the log function up to the second order and used
the notation q0 = 2q

2+Tq−q .
Introduce notation

D = −T3

2c

(
log(log(qn))

log(qn)

)2

+ T2 log(log(qn))
cq0(log(qn))2 + T3 log(log(qn))

(c log(qn))2

+

(
T log

(
q
p

)
− log(T!)

)(
T

c log(qn)
− T2 log(log(qn))

c(log(qn))2

)
, (14)

B = T2 log(log(qn))
c log(qn)

− T
cq0 log(qn)

+ D (15)

and
A = T log(log(qn)) + B.

Then, t = c̃n(T) + x = c̃n(T) + l − {c̃n(T)}, where l is an integer, so

t = T log
(

q
p

)
− log(T!) + log(qn) + A + l − {c̃n(T)}.

Inserting this value of t into the term −t of L, we obtain

L = − T
cq0t

+ T log t − A − l + {c̃n(T)}+ O
(

1
(log n)2

)
.
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Then, use Taylor’s expansion for the function 1/t to obtain

L = − T
cq0 log(qn)

+ T2 log(log(qn))
cq0(log(qn))2

+ T log
(

log(qn) + T log(log(qn)) + B + log((q/p)T)− log(T!) + l − {c̃n(T)}
)

− A − l + {c̃n(T)}+ O
(

1
(log n)2

)
.

Now, by Taylor’s expansion for the log(x) function, we obtain

L = − T
cq0 log(qn)

+ T2 log(log(qn))
cq0(log(qn))2 + T log(log(qn))

+
T
(
T log(log(qn)) + B + log((q/p)T)− log(T!) + l − {c̃n(T)}

)
c log(qn)

− 1
2

T
(
T log(log(qn)) + B + log((q/p)T)− log(T!) + l − {c̃n(T)}

)2

c(log(qn))2

− A − l + {c̃n(T)}+ O
(

1
(log n)2

)
.

Now, we can omit B from the quadratic term. Then, we apply A = T log(log(qn)) + B,
so we obtain

L = − T
cq0 log(qn)

+
T2 log(log(qn))
cq0(log(qn))2 +

T2 log(log(qn))
c log(qn)

+
T(log((q/p)T)− log(T!))

c log(qn)
+

T3 log(log(qn))
(c log(qn))2 − T2

q0(c log(qn))2 +
TD

c log(qn)

+
T(l − {c̃n(T))})

c log(qn)
− 1

2
T3(log(log(qn)))2

c(log(qn))2

− 1
2

T
(
log((q/p)T)− log(T!) + l − {c̃n(T)}

)2

c(log(qn))2

− 2T
2

T log(log(qn))
(
log((q/p)T)− log(T!) + l − {c̃n(T)}

)
c(log(qn))2

− B − l + {c̃n(T)}+ O
(

1
(log n)2

)
= (l − {c̃n(T)})

(
T

c log(qn)
− T2 log(log(qn))

c(log(qn))2 − 1
)
+ O

(
1

(log n)2

)
.

So,

e−α = e−p
(l−{c̃n(T)})

(
1− T

c log(qn) +
T2 log(log(qn))

c(log(qn))2

)
+O

(
1

(log n)2

)
.

Using Taylor’s expansion again,

e−α = e−p
(l−{c̃n(T)})

(
1− T

c log(qn) +
T2 log(log(qn))

c(log(qn))2

)(
1 + O

(
1

(log n)2

))
.

Now, turn to the e−β part, where

β = 2
T
t

t

∑
i=t−T+1

(
t
i

)
piqt−in

(
t
T

)
pt−TqT

and t = c̃n(T) + x. Simple calculations shows that β ≤ κ(1/n(log n)2), and so
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e−β = 1 + O
(

1
n(log n)2

)
.

Therefore,

e−αe−β = e−p
(l−{c̃n(T)})

(
1− T

c log(qn) +
T2 log(log(qn))

c(log(qn))2

)(
1 + O

(
1

(log n)2

))
.

4. Simulation Results
We performed several computer simulation studies for certain fixed values of p and T.

Here, we present the results of three simulations. The length of each simulated sequence
was N = 106, and s = 2000 was the number of repetitions of the N-length sequences in
each case. In each case, the number of contaminations was T = 3.

Figures 1–3 present the results of the simulations. The left hand side of each figure
shows the empirical distribution function of the longest at most T-contaminated run and
its approximation suggested by our Theorem 1. The asterisk (i.e., ∗) denotes the result of
the simulation, i.e., the empirical distribution of the longest at most T-contaminated run,
and the circle (◦) denotes the approximation offered by Theorem 1. The right hand side of
each figure shows the approximation by the former result. The asterisk denotes the result
of the simulation again, and the circle (◦) denotes the approximation offered by Proposition
1. The simulation results support that our new theorem offers a better approximation than
the previous one.
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(a) New theorem

-15 -10 -5 0 5 10 15 20

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
Old, T=3, p=0.4
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Figure 1. Longest at most T = 3 contaminated run when p = 0.4.
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Figure 2. Longest at most T = 3 contaminated run when p = 0.5.
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(a) New theorem
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Figure 3. Longest at most T = 3 contaminated run when p = 0.6.

5. Discussion
We were able to obtain a practically applicable approximation for the distribution of

the longest at most T-contaminated head-run. We presented both detailed mathematical
proof and simulation evidence.
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