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The blocked composite operators are defined in the one-component Euclidean scalar field theory, and shown
to generate a linear transformation of the operators, the operator mixing. This transformation allows us to
introduce the parallel transport of the operators along the renormalization group trajectory. The connection on
this one-dimensional manifold governs the scale evolution of the operator mixing. It is shown that the solution
of the eigenvalue problem of the connection gives the various scaling regimes and the relevant operators there.
The relation to perturbative renormalization is also discussed in the framework ¢f ttheeory in dimensions
d=6.
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[. INTRODUCTION constants are ignored. In fact, the derivation of the renormal-
ization group equations in renormalizable-quantum-field
The renormalization groufRG) strategy is to follow the theory is based on the compensation of the change of the
evolution of the coupling constants in the observational scalscale by the adjusting of the relevaer marginal coupling
in order to identify the important interactions at different constants. This procedure is made insensitive to the irrel-
scales. This is achieved by blocking, the successive loweringvant terms by considering the asymptotic scaling regime
of the UV cutoff, and tracing the resulting blocked, renor-only and by ignoring the vanishing contributions as the cut-
malized actior{1,2]. There is an alternative method, implicit off is removed. It cannot help us to understand crossovers or
in this procedure, where the original cutoff and action arethe competition of different fixed points, in general. One
kept but the operators are modified to cover less modes whilmight object that irrelevant operators do appear in the renor-
keeping the expectation values fixed. This paper outlines thimalization of composite operators within the traditional mul-
latter method in a more systematic manner and compares fiplicative renormalization scheme. But their evolution is de-
with the traditional one. termined by the requirement that the Feynman graphs
A similar question arises in the renormalization of com-considered remain finite. This prescription misses the finite,
posite operators where the goal is to render the Green’s funghysical part of the renormalization. The blocking procedure,
tions containing the insertion of some local operators that aréollowed in the present paper provides a renormalization
not in the action finite as the cutoff is removed. The pertur-scheme where the evolution of all coupling constants is well
bative treatment of this problem proceeds by the introductiordefined and we are not confined into the asymptotic scaling
of additional counterterms in the action in such a manner thategimes.
the original Green’s functions remain unchanged but those The nonperturbative renormalization due to blocking has
with the insertion of the composite operators turn out to beproven to be effective in establishing renormalizability as
finite [3-6]. well. The old-fashioned perturbative proof of renormalizabil-
This rather complicated procedure attempts to perform aity that is made involved by the tracing of overlapping diver-
amazing project: the renormalization of an otherwise nongenceg6] is simplified enormously by considering a nonper-
renormalizable model. This happens because the insertion afirbative renormalization schem¢7,8]. In fact, the
the nonrenormalizable composite operators in the Green'senormalizability turns out to be the absence of the UV Lan-
functions can be achieved by introducing them in the actiordau pole. This pole can easily be avoided in the framework
with a source term and taking the derivative of the logarithmof the loop expansion for asymptotically free models.
of the partition function with respect to their source. As long  Our technique to follow the mixing of composite opera-
as the Green'’s functions are finite so is the partition functiortors by adding them to the action has already been used in
containing the nonrenormalizable operators. The resolutiothe framework of the perturbative, multiplicative renormal-
of this apparent paradox is that the rendering of mordzation group scheme. In the perturbative studies of the
Green'’s functions with the composite operator insertion fi-renormalizability of Green’s functions one or more compos-
nite requires more counterterms. At the end we should neeitie operators were inserted by coupling them to spacetime-
infinitely many counterterms to complete the project, just aslependent external sources and adding the resulting expres-
when we would attempt to remove the cutoff in a nonrenor-sions to the action. Then, the functional differentiation of the
malizable model. generating functional of the connected Green’s functions was
In the traditional multiplicative renormalization of quan- performed with respect to these sour¢8s1Q]. It was also
tum field theory the irrelevant, nonrenormalizable couplingshown that taking the identity operator into account explic-
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itly in the action has a particular importance for the renor-independent mode approximatidiiMA) in two different

malization of multilocal composite operatdrki]. ways in Secs. VIIA 1 and VII A 2. The agreement of these
Recently, there have been made attempts to give a covaesults with the one-loop perturbative ones is shown in Sec.

riant geometric interpretation to the RG flddi2—14. The VI B. Finally, the main results of the paper are summarized

space of coupling constants is considered as a differentiabi@ Sec. VIII.

manifold and the RG flow, expressed by means of Lie trans-

port, is interpreted as a particular mapping on it. It has been Il. TOY MODEL FOR OPERATOR MIXING

established by introducing a metric in the coupling constant

space that the RG flow is not geodesic in gengidl,15.

Also the definition of the connection appears problematic%

[12], although recently a non-metric-compatible definition

was given[16]. 1 1 o

~ Our geometric interpretation is less _ambltlous. We try to S(X,Y) = =S X2+ —syy2+ > gn(x+y)" (2.1

implement differential geometric notions along a one- 2 2 n=0

dimensional manifold only, the RG trajectory. It is based on . )

parallel transport along the RG trajectory, introduced differ-With the bare couplingg,. We are looking for the blocked

ently as generally used in the literature. Namely, the space giction S(x) obtained by integrating out the degree of free-

operatorgsymbol3 is considered as a tangent space at eacHOmY;

point of the RG trajectory. This has the advantage that no

metric is needed and the connection on the RG trajectory e—S(x):J dye Sy, 2.2

arises in a rather straightforward way, cf. £4.5) below. It

is the geometry for the RG trajectory only that is covered in ) ,

this manner, ignoring the geometrical aspects of the mord N€ Cfn’mPOS”e operators of the bare theory are defined as

complicated space parametrized by the coupling constants (*+¥)" with n=0,1,2...... . According to relation2.2), the
Nevertheless, our method reveals some advantageous félocked actionS(x) as the function of the bare coupling

tures. The local properties of the RG trajectories, given b);:onstantsgn can be considered as the generator function for

the connection, are determined in a unique manner at anij)® COmposite operators for a given vakje

point in the coupling constant space. It will be shown that the

connection can directly be obtained from the beta functions J dy(x+y)"e™ Sx)

in terms of the blocked coupling constants. The usual block- IS(x) _

ing is based on local quantities of the RG flow, such as the d9n _Sxy)

beta functions that are sufficient for the local studies in the j dye ="

vicinity of a given fixed point. But the RG flow of more

realistic models visits several scaling regimes between thie., the partial derivative of the blocked action with respect

UV and the IR regimes and the determination of the set ofo one of the bare couplingg, is equal to the “high-

important parameters may require global methods that cafrequency” average of the corresponding bare composite op-

take into account the interplay between different scaling reerator k+y)". As a consequence the relation

gimes[17]. The operator renormalization includes in a natu-

ral manner a global quantity, called sensitivity matrix, dS(X)

needed for such analysis. A flow equation will be derived for f dx a9,

the sensitivity matrix, expressing that the evolution is gov-

erned by the connection. This flow equation enables us to j dxe S f dxdye Sx)

perform the renormalization of composite operators beyond

the perturbation expansion. In this manner the operatolr1

renormalization is better suited for the studies of models Withrgsle’C;'?s EEE [:t))aarr'[(laalcgﬁr|;i/at|ve(::; tg: ﬁ:?{;kergt:gugg twhgh
nontrivial IR scaling law than the traditional blocking. P PG, P

In Sec. Il a toy model is presented explaining the origin ofbIocked operator that provides the same expectation value in

the blocked theory as the bare operatot-f/)" does in the

operator mixing. Then, the idea of blocking is extended to : LU
operators in one-component scalar field theory in Sec. llI an{fare theory. Let us introduce the notatiptf’} = 9S(x)/9g,

in Sec. IV the differential geometric meaning of blocking the or it. The actionS(x) can be expanded in terms of the base
operators is clarified. The possibility of finding the scaling operators as

operators at an arbitrary scale by means of solving the eigen- o

value problem of_ the sensitivity matrix is discussed in Sec. S(x)= Esxx2+ E gl x™ (2.5

V. The construction of the blocked operator and the renor- 2 m=0

malized perturbation expansi¢dRPE are compared in Sec.

VI. The resolution of the paradoxon of renormalizing irrel- with the blocked couplingsy/),=9,,(90,91,92, -..) (M
evant composite operators in a renormalizable theory is alse0,1,2 . ..) being functions of the bare couplings. Using
discussed. The operator mixing matrix is determinedddr  this expansion, the blocked operators can be rewritten in the
theory in dimensiom= 6 in a restricted operator basis in the form

Let us consider a zero-dimensional model with two de-
rees of freedomx (“the low-frequency one’y andy (“the
igh-frequency onej, and the bare action

: (2.3

e S J dxdy(x+y)"e™SC)

(2.9
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IS(x) - —S(x,Y) f i~ S(x - —
m _— — m e Y= | dze ,y,z), e S(X) = dve S(XvY)'
{x"} a0, X Siin (2.6) y
(2.12

with the help of the matrix .
and operator mixing

agn

@7 X, = %Q’y’z)#xwﬂ)n,

Siin

Equation(2.6) has the simple interpretation that the blocked

_operato_r{x”} obtained from the bare_ ope_ratox{y)“ by i f dze Sx3.2
integrating out the degree of freedgnis a linear combina- 3S(X,y) a9,

tion of the base operatosd” with the coefficients given by X"y = P
the operator-mixing matrixS,,,. Thus, the operator with Gn fdzefs(x,yYZ)
which one can reproduce the vacuum expectation value of a

bare-base operator in the blocked theory is the linear combi-

nation of all the base operators with arguments projected into ij dvdze Sxv.2)
the subspace of the degree of freedeteft over. N dS(X) a9 y
Above we chose base operators in the bare theory and {X"h= g =
searched for operators in the blocked theory that reproduce A J dydze Sxv:2)
their vacuum expectation values. Also the opposite question 213

can be formulated: we choose a basis of operators in the
blocked theoryx" with n=0,1,2 ... andsearch for the op- These relations yield
erators (x+Y)"] of the bare theory that reproduce their ex-

pectation values, i.e., for which
f dz{xn}zefs(x,y,z) f dy{xn}yefS(x,y)
f dxdy (x+y)"e” ¥ f dxxe ™S Xy= X ,
= (2.8 J'dzefs(xvy'z) deefs(x,y)
J'dxdyefs(x'y) jdxefs(x) (2.19

. . indicating that the evolution of the operators comes from the
assuming the}t the bare theory underlylng the blocked one 'Slimination of the field variable in their definition. One can
known. Looking for the bare operators in the general formCompute the expectation value pf} at any level
[(x+y)"=25_0aM(x+y)™, and using Egs.2.4 and ’
(2.6), Eq. (2.8) leads to the relation

J’ dxdydZx"},e”Sx¥:2) f dxdy{x"},e~Se)

[

X" Sy ey = x" 2.9
mE:O Sv/mttm @29 dedydze‘s(x'y'z) fdxdye‘s(x'y)

and one finds that the matrad™” = (S™%) ., is the inverse of

the operator-mixing matrix given by E¢.6). Thus, the bare f dx{x"} e~ 5

operators looked for are given by =
f dxe S®

In other words, the cutoff dependence of the renormalized
) ) operators is introduced in such a manner that the expectation
We see again, that the bare operators reproducing the expagsjyes can be recovered for an arbitrary value of the cutoff.
tation values of given base operators of the blocked theory in e |earned from the toy model discussed above that op-

(2.19

[<x+y>“]=mE=0<x+y>m<s*1)mn. (2.10

tors. ) ) _ expectation values unchanged under integrating out degrees
It is instructive to generalize the toy model for three vari- 5f freedom.
ables,
o Ill. OPERATOR MIXING
S(X,Y,2)= = SX°+ ls y2+ Es 224+ D, ga(x+y+2)" , . ,
e 27 27 27 &=, ' Here we define blocked operators in quantum-field theory

(2.12) following the line illustrated by the zero-dimensional toy
model of the previous section.
The blocking gives rise the chain of effective theories, Let us consider the theory given by the bare action
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and Eq.(3.8 rewritten in the form of a coupled set of dif-
SA[(ﬁ]:J’ dX; Gn(X,A)Op[¢(X)], (3.D)  ferential equations

whereO,[ ¢(x)] represents a complete set of local operators kokGr(k) = Br(k.G) (3.10

[function of ¢(x) and its space-time derivativesoupled to
the external sourcesG,(x,A). The scalar field ¢(x)
= ¢ (X) + xk(X) is decomposed into a low-frequency part

for the blocked external sourc&s,(k). The right-hand sides
of these equations represent explicit expressions for the beta
functions as functions of the blocked sources.

Let us now turn to the definition of blocked operators.

@k(x):‘%k ¢peipx (3.2 From Eq.(3.7), one gets following functional differentiation
. ~ —Salextxu
and a high-frequency part 5Sd 1] f DxOn( @t xi)e “ALekT Xk
5Gr(A) B
Xk(x):| ‘E ¢peipx (3.3 n(A) J'kae*SAth*Xk]
plelk,A]

with the UV cutoff A and the sharp-moving cutok Here i.e., the functional derivative of the blocked action with re-
inhomogeneous external sources have been introduced fSPECt t0 any of the bare sourcBg(A) is equal to the high-
later convenience and assumed that their zero mggles) ~ reduency average of the corresponding bare operator

are separated, Or(ext xi)- Thus the functiona_l derivative
0S ¢l/ 6G(A) reproduces the expectation value of the

Gn(X,A)=gn(X,A)+gn(A). (3.4  bare operatoOy (¢t xi),

Notice that the variables and x of the operatoiO,[ ¢(X)] 0S| okl ~sded

identify a member of the complete set. One can simplify the J (Pk56~(A) e :

expressions by introducing a single indexfor the pair -

(n,x) and X7 for the integral and sux ,fdx, e.g., J' Do e~ Sdedd
Sa[¢]=2 Gi(A)Oi(¢). (35 f DDy O (gt xi)e- Sleicxd

It is required that the partition function of the blocked f Do Dy e~ Salewtxd
theoryZ, and that of the bare ong, are identical:

(3.12

—Salekt+xu =Sl el
f DeDxie f Dee As a result the functional derivative of the blocked action

S - with respect to one of the bare external sour€eg,A) can
J Do Dyye Srlectad J’ Doye e be interpreted as the operator obtained by blocking from the
gn(x,A)=0 gn(xk'%:é; base operato®;(¢@+ xi). Let us introduce the notation
that leads to the definition of the blocked acti®§fi ¢, ] up to O~ = OSd el 3.1
{Or( e}« (3.13
a constant, 6GH(A)
_ _ for the corresponding blocked operator. Making use of ex-
_ Salex+ . . L.
e Sk[q)k]_j Dy~ S, (37 pansion(3.9 of the blocked action, the operator mixing

As shown in[2] the blocked action satisfies the Wegner- G (K) 8S ¢x]

: O @)= =3 On(e0Sin(k,A

Houghton equation {On(er) tk % 5G(A) 56(K) % m( @) Sin(K,A)

Sled 1 &S (319

=— lim ==-TrIn——r—, (3.9 o o .
ak sk-020K T Serdpy can be given in terms of the sensitivity matrix
where the trace is taken on the functional space with Fourier 6Gr(k)
modesk— sk< p<k. The blocked action can be expanded in Sin(k,A) = o)’ (3.19
n

the base operators as

which shows the dependence of the blocked coupling con-
Sk[(Pk]:E Gr(K)Or( @y) (3.9 stants on the initial values of the RG flow. As such it is a
n global feature of the RG trajectory.
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Conversely, if one chooses the base operaiyp,) at  passes through. The matix;,(k) is a local feature of the
the scalek then one can search for the bare operatoRRG trajectory on the contrary to the sensitivity matrix.
[On(ext xk) 1k that reproduces the vacuum expectation
value of O;(¢). An argument similar to that for the toy IV. PARALLEL TRANSPORT

model in the previous section leads to . i
Now we show that the operator mixing due to blocking

can be interpreted as the parallel transport of operators along
[Or( ekt X Tk= 2 Om( @kt x[S 1k, A) Trm- the RG trajectory with the connectidryy(K).
m (3.16 It is the main idea behind operator renormalization that

' those operators are searched for that reproduce the same
Now we pass the RG trajectory in the opposite directionvacuum expectation value at different scales,
(from small k to largek values when asking for the bare
operator that reproduces the same vacuum expectation value f Depr Dxir O @ + xir )@~ Sl +xiel
as a given operator at the scale of smallTherefore, the
answer is given in terms of the inverse of the matrix
Sqn(K,A) describing the mixing of operators if the RG tra-
jectory is passed from largevalues toward the small ones
as it happened when defining the blocked operators _ —Sd e+l
{O5(¢W }k - Notice that the relation3.14) and(3.16) repre- B f D DxkOn( @it xi)e ek
sent operator equations since E§.12 remains valid after -
the insertion of any other operator in the path integral of the J Dy Dyye™ et
numerator at both sides.

It turns out to be useful to derive partial differential equa-This relation follows from observing that the right-hand side
tions for thek dependence of the operator-mixing matrix. of Eq. (3.12, the expectation value of a given bare operator
Using of the complete cutoff theory, is independent of the choice of
k, the way the modes are split into the UV and IR classes.
Equation(4.1) allows us to identify the effect of the chang-
ing of the cutoff in the renormalized operator,

fD¢k,D)(k,e‘Sk’[‘Pk’+Xk’]

4.1

Gﬁ(k—5k)=Gﬁ(k)—%kBﬁ(k.G) (3.17

for an arbitrary infinitesimal changék of the scalek, one

~ =Sy +€]
can write fpg{on(@k’+§)}ke k

{On( k) b= , (42
6Gr(k—6k) J’ Dee Sow+él
Sin(k— o) =—————
n(A) for k' <k. The integratioriD¢ extends over the modes with
8Gr(k— k) 8Gi(K) k' <|p|<k. The operatof O;(¢y/)}i is a linear superposi-
= Z tion of the base operatof3;,( ¢,/) as indicated in Eq(3.14).
|

5Gi(k)  8G=(A)

=; {é?nT

This result suggests a differential geometric interpretation
of the operator mixing, its identification with a certain par-
Sa(K). allel transport. In particular, k-dependent operatd@d, will
be said to be parallel transported in the sdale

0k 5Bq(k,G)
kK 5Gj(k)

(318) Ok/:PkﬁkrOk (43)

Subtracting Eq(3.19), dividing by &k, and taking the limit it jts insertion into any expectation value yields a
ok—0, we find the set of coupled differential equations for i_jndependent result(O,)=0. The mappind® . of the

the elements of the operator-mixing matrix: operators is obviously linear.
o Since the operator mixing is linear according to Eq.
. _ opm(k) _ (3.14), the parallel transport of an operator in the scale, i.e.,
KinSmn(k,A) = ET: 8Gi(K) Sia(k.A). (319 the parallel-transported operafOy,, can be characterized by

introducing the covariant derivative of the operators,

The scale dependence of the operator-mixing matrix is gov-

erned by the matrix DOx=(dx—T")Ox (4.9

in such a manner thdd,O,=0 for the parallel transport.
KT~ (k)= 5pa(k) (3.20 Equation(3.19 suggests the identification of the connection
85Gr (k) with the matrixI" of Eq. (3.20.
The formal definition of the covariant derivative is the
determining the change of the slope of the RG trajectory duéollowing. The scale dependence in the expectation value
to the variation of the actual point of the parameter space i€O,) comes from two different sources: the explicidepen-
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dence of the operator and the impli&itdependence gener- 4 5S, 58S,

ated by the path integration by taking the expectation value—- —

The operator mixing balances them. We introduce the covaZK| 8Gr(k—8k) 8GR (K)

riant derivative by the relation
1 Sy > 58Sy Gy (k— 8k)
Sk ~(k— = ~(k— ~

70 =(D O, 4.5 SGr(k—38k) 7 O6Gr(k—38k) 8GR (k)
. . 1 0Sy Gy (k— 8k)

requiring that the operator mixing generated by the connec- =—_— 2 ——— | S - ——————

tion amounts to the implick dependence of the expectation oK T 5GH(k— k) 0Gx(k)

value. Once the covariant derivative is known the parallel ~

transport can be reconstructed as _ 1 E 6Sy  OBa(k) (4.12

K % 5Gq(k) Gq(K)’

k’ 1" "
P =PexplkdKTE), (4.6)  in the limit sk—0. According to(3.19), the last line agrees

with the right-hand sidéRHS) of Eq. (4.11).

where P stands for the ordering according to the paramete[e

K"

It is obvious that the connectioh is vanishing in the

basis{Or},
ak< > ca(k){Oa}k> =2 aca(k{Omh)

=<ak2 ca(k){o;}k>. (4.7)

The connection can in principle be found in any other basis

by simple computation. As far as the ba€ig(¢y) is con-

cerned it is simpler to check directly that E@..4) satisfies

Eq. (4.5. For this end we insert the arbitrary operator

Ok=2 cak)Oi(g1) =c(k)O (4.8
into Eq. (4.5,
ae(k)(0)]=(Dic(k)O), (4.9
and write, with Eq.(4.4),
ae(k)(0)+c(k) 7 0) = die(k)(0) —(O) e (k).
- (410
In order to prove Eq(4.5), we need the relation
~{0)=(O)T. (4.1

Using Sc-o(Gj(k)) as the generator function fdOy,), the
left-hand sideg(LHS) of Eq. (4.11) can be written as

Let us turn now to the usual quantum-field theory prob-
m without inhomogeneous external sources, that have only
been introduced as technical tools, i.e., take the lgp(k)

—0. Then the operator-mixing matrix and the connection
reduce to

Sin(K,A) = 6(Xm—Xn) Smn(K, A),

Fin(k) = 6(Xm—Xn) Ymn(K), (4.13

respectively, with the coordinate-independent matrices

dgm(k) _ IBm(K)

Smn(kvA)ZMv Yorl )—m. (4.14

and the RG equations for the operator-mixing matrix take the
form

aksmn<l<,A>=2I Yi(K)Sin(K,A). (4.19

V. RG FLOW AND UNIVERSALITY

It has been found that the operator mixing, the problem of
keeping the expectation values cutoff independent can be
handled by a linear transformation, the parallel transport of
the operators. We shall show in this section that the salient
features of the RG flow can be recovered from this parallel
transport alone.

The scaling combinations of the coupling constants are
introduced traditionally in the vicinity of a fixed poimﬁ] in
the space of the coupling constants that have been made
dimensionless by the help of the cut&ffThe basic assump-
tion of the RG strategy is that the evolution equations can be
linearized around the fixed points,

Bi~> T2 (G;—G%). (5.0

m

The relevant, marginal, and irrelevant coupling constants are
the superpositions

105006-6
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G’=2 Cin(Grn—GE) (5.2
m
made by the left eigenvectors bf,
2 Gl 5= oGy, (5.3
m

with a;<0, a;=0 anda;>0, respectively. The scale de-

pendence of the scaling coupling consta(f_-’;ﬁsC is

sc oy,
Gy ~kn, (5.4
Let us consider a local operator of the form
OL$(x)]=2 b0 $(x)], (5.5
where O,[#(x)] is the product of the terms

PRE -&Mlgﬁm(x). It will be necessary to separate for the pos-

PHYSICAL REVIEW B3 105006

written at scalek in this basis yields the parallel transport
trajectory

k' %
{Oho =2 br{{OF =2 bﬁ(r) {0
' ' (5.12

in the vicinity of the fixed point.

The question we explore now is what information does
the flow{O}, contain about the importance of certain inter-
actions as the function of the observational sdaléet us
start with the remark that according to E®.13 the fixed
point of the blocking relation, where the action, expressed in
terms of the dimensionless coupling constants, is scale inde-
pendent agrees with the fixed point of the operator blocking.
The linearization around the fixed points renders the critical
exponents of the coupling constants and the scaling operators
equivalent since the left and the right spectruni'éf agree.

The operators whose structure converges and changes by an
overall factor only are the scaling operators. The correspond-
ing critical exponents can be read off from the evolution of

sible scale-dependent rescaling factors. For this end we ifyeir norm.

troduce the norm

loll= /S b3

and adopt the convention that the coupling const&wis\)

(5.9

The concept of universality stands for the independence
of the dimensionless quantities of the long-distance physics
from the initial value of the irrelevant coupling constants in
the UV scaling regime. The operatf®; (¢}« constructed
from the local terms of the bare action by parallel transport
represents the influence of the bare coupling constants on the

of the bare action always multiply local operators with unit physics of the scalk. Since the action is dimensionless only
norm, [|O7(A)||=1. As long as we consider local operators relevant operators have nonvanishing parallel transport flow
the norm defined above is sufficient and no index with con=t finite scale according to E¢3.13, the parallel transport
tinuous range is needed in its definition. It will be useful toof the irrelevant operators that are made dimensionless by

consider the normalized operator flow,

— O
= ol 57
in addition to the original oneD.
The scaling operators
0= cnOn (5.9

m

are obtained by means of the right eigenvector§ of

> T cin=a5Crm, (5.9

m

satisfying the conditions of completeness’f: 1 and ortho-
normality c-c=1. The coupling constants of the action

Se=2 Gr(K)OF () (5.10
n
obviously follow Eq.(5.4). The operator
0=2 bi{O3%,, (5.11)

the running scald vanishes. Naturally, this does not mean
that the effective theories are renormalizable since a renor-
malizable(relevan} operator parallel transported down from
the cutoff mixes with nonrenormalizablgrelevani ones, as
well.

The operator flow is particularly well suited for the stud-
ies of models whose RG flow visits different scaling re-
gimes. In general, any renormalizable theory without mani-
fest scale invariance possesses at least two scaling regimes,
one around the UV and another one at the IR fixed points
that are separated by a crossover at the intrinsic scale of the
theory, k=k.,. For models with mass gap the IR scaling
regime is trivial, i.e., the relevant operators are Gaussian.
Imagine a model with dynamically generated intrinsic scale,
e.g., with spontaneous symmetry breaking or condensation
or dimensional transmutation, where the IR instability gen-
erates nontrivial scaling laws and non-Gaussian relevant cou-
pling constants appear in the IR scaling. Let us suppose that
there is a nonrenormalizable operatorthat becomes rel-
evant in the IR regime and consider its parallel transport
globally, from the UV to the IR fixed poirtl7]. SinceO is
nonrenormalizable|{O},|| decreases dsis lowered in the
UV reflecting the diminishing importance of a nonrenormal-
izable operator well below the cutoff. But after having
crossed the crossover the flow reflects the properties of a
relevant operator, i.e|[|{O}|| increases ak is further low-
ered in the IR scaling regime. Now it becomes a competition
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between the UV suppression and the IR enhancement tmero modes of the sources, i.e., the bare coupling constants
form the final sensitivity on the cutoff scale parameter. Sincey,, G;=g,+0r. Furthermore, specify Oyl d(X)]

the IR increase of the norm is usually fed by IR or collinear= — 3 ¢(x)d p(x), O1[ d(X)]= d(x), g11y=Zg, 91=0.
divergences, the length of the scaling regimes are determinethen, G;=gj= —j(X) is the external current coupled to the
by A/k., andLk., whereL is the size of the system, an IR bare field.

cutoff. If the coherence is not lost for sufficiently large dis-  The corresponding quantum-field theory is defined by the
tances then the conditigf{O},||=1 can be reached at low generating functional

enoughk for any value of the UV cutoff, i.e., the IR insta-

bility can make the otherwise weak sensitivity on the short- ~
distance physics strong. f Depe SL9:Cnl
Finally, a few words are in order about the possibility of Z[G;]l= . (6.2
determining the sensitivity matrix. There isd&rect method f DepeS4i0l
by solving the se(3.19. Namely, the right-hand sides of Eq.

(3.10 are analytic expressions for the beta functions that can
be differentiated analytically, and the numerical values of theThen, we obtain the generating functiona®/[Gr]
connection matrix then easily computed and used as input for In Z[G;] and I'[ ¢,G7, - 1]= —W[G5]+ [dXj(X) ¢(x) of

Eq. (3.19. There is also aimdirect method according to the the connected and one-particle irreducililePl) Green'’s
definition (3.15. One has to solve the Wegner-Houghton functions, respectively, witlp(x) = 6W/ 8j(X).

equations(3.10 for the blocked sources as functionals of The insertion of the operatdd;(¢) in the 1Pl Green's
their initial values at the scal&, and differentiate the solu- functions is obtained via functional derivation with respect to
tion with respect to these initial conditions. This latter the corresponding sourdg;,, and the identities

method was used in Ref17] to show that thep* model in

the phase with spontaneously broken symmetry does in fact 1 87
possess a nonrenormalizable relevant operator in the IR scal- (On(d))1pi=— 5
ing regime. oGy,

W
oGy,

or 63
= O .
o 9Ghn

0

VI. RG AND RENORMALIZED PERTURBATION hold for n#1. The subscript, stands forg;=0 (and ¢
EXPANSION =0 for I'). Owing to its definition via the bare action, this

The comparison of the renormalization of the compositevaﬁgﬁ%:)(pedanon value is expressed in terms of the bare

: g ole}
operators presented above with the usual operator m|xm8 ) . .

obtained in the framework of the renormalized perturbatio :-srahties;;(iar?fmit%?ﬂrr]r?;natig\rgirlri;]Ii()zr;rtiegﬁrcrgr?gizt?obrﬁ.ir?gredgras
expansion serves two goals. First, it shows that the usu%? Y y

operator mixing represents the evolution of the composit ° J'X”r:hec rﬁgfrma“.f_ﬁ?s i\/a(Luegi\r}gl or:tiheslnfl?ltierlly magg{i u-
operators toward the UV direction. Second, it helps to undersOUPING constants. S equivalentto specifying a partic

stand an apparent paradox, namely that nonrenormalizab!%:]c?ﬁ]gl?zjzg:g%éttklli?] RSoﬁgfz;r?ticZ.o-gzerfgfc;)l/o\\jvvlt?hgope--
operators can be “renormalized” within a renormalizable piing

theory. The composite operator renormalization stands foP“OV&' of the cutoff, i.e., the extrapolation toward short

- : istances is problematic. But as long as the properties far
the program of finding the counterterms which renders théjway from the cutoff toward the IR direction are concerned

Green’s functions even with the given composite operatof”1 ) L . .
insertions finite as the cutoff is removed. Since the finitenes 1”% g;g r?gslst’altc)ﬁ dn(:EtGrlv;ill deo(]ittshgfntgﬁréiosrﬁ]agpgag?g'ége_
of the Green'’s functions implies the finiteness of the partitio lin constgnts at,the Z tgff offect the overall sclazle of thg
functions where the composite operators are introduced wit N9 utor . > oV " .
a source term in the action, as in E8.9), the completion of eory only. When considering dlmenS|c_)nIess quantities this
this program would amount to the renormalization of theo—zf;rifs i?fieoZtetagtdtﬁzecSt%?fr?:(g?ZIrﬁsgre (r:r?;r?rl:grg X(;nz-a
ries where the composite operators appear in the action. ) y o
result, there is no problem to construct the operator mixing
below a sufficiently high cutoff. One should bear in mind

A. Renormalized perturbation expansion that even the renormalizable theories contain nonrenormaliz-

Let us start with the bare actigB.2), able operators, the regulator. In fact, the comparison of a
theory with different regularizations shows that the regula-
tors amount to a set of irrelevant operators when written in

= 70n( ). ) , . .
S ¢.Gl % GrOn(4) 6. the action. These regulator terms have tree-level fine-tuning

which, according to the universality, is sufficient to keep the
For the sake of simplicity, we neglected the subschigtere,  cutoff independent dynamics fixed. In what follows we take
but the dependence on the external souBgss made ex- the usual point of view and the regulators will not be repre-
plicit; O;( @) is a complete set of normalized bare operatorssented in the action.
The UV and IR momentum cutoffgy andk are assumed to The renormalization conditions enable one to rewrite the
be introduced for the field variablg(x) in order to achieve bare action as the sum of the renormalized terms and that of
a better comparison with the RG method. Let us separate thafinitely many counterterms
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Now we find the following relations:

S $,Grl=2 (Gir+Cil Girl) On( ) =Skl 6,Gigl

(6.4 STRLe,Grsigl| _ OTLe,Grsil
| | 5Gig 5Gin |
in the framework of the RPE. Here we introduced the renor- 0 0
malized sources viadG,=Girt c;[_G;nR]. As mentioned Pler 5I‘[<p,Ga;1]‘
above, all but finite counterterms influence an overall scale = )
factor only of the theory according to the universality. The T#1 OGhr| oGy ‘0
cutoff will be kept arbitrarily large but finite and fixed. Be- 6.9
low, the notationc,|1)[ Gir]l=2Z,—1 and the renormaliza- ’
tion conditionG;j;)r=1 are used. The coefficients of the pmaking use of the derivative
countertermsy; are functionals of the renormalized sources

~r- Without loss of generality we can assume that all ex- 5Gr,

ternal sources are cutoff at some momentdgA. Then, —| =(Z"Hmnd(x—y) (6.10
the counterterms remain local similarly to the case with con- 8Garl
stant external sourcd$] and the coefficientg;, are only . . ]
affected by the zero modes of the sources, i.e., they are ifVith the operator-mixing maitrix
dependent of the spacetime coordinatnd are functions of
the coupling constants,g and the UV and IR cutoffs\ and (Z Y=+ 9Cm(9rr) 6.11)

k, respectively. Then, the relatiorgg,g+ c,(9mr) =9, and 99nR
Orr=0p hold. Forn=1 these yield—gi=j(x)=jr(x) and _
g,=c, for the renormalization conditiog,z=0. We see (for n,m#1), one finds
thatg;,=0 impliesg;r=0 and vice versa.
The renormalized generating functiorig} considered as

the functional of the renormalized sources,

ZR[Grrl=

is the generating functional of the Green’s functions withZ

f De(x)e” RL¢Chrl

f D (x)e” RI¢ionrl

=Z[Gy]

(6.9

[Or(¢)]r= m% On(A)(Z™ Y mn (6.12

for n#1. This can be extended to,m=1 by defining
(ZY1m=6m1s (Z7Y)p1= 61 It is worthwhile mentioning
that the operator-mixing matrix turned out local in space-
time coordinates, i.e., it is independent of the momentum at
which the composite-operator insertion is taken. The matrix
am IS just the transposed one of that used in RRéf.

renormalized-composite-operator insertions. The following

equations hold:

WR[Grr]=InZg[ Grr] =W G7],

and

IRl ¢,Gh41rl= —WRIGrrl+ f dxjr(X) @(X)

(n#1) is obtained by functional derivation with respect to

— WG+ [ axite 0

:F[QD!Gﬁsﬁi]!

where ¢(X) = SWR/ 8] r(X) = SW/ 5j (X).
The renormalized-composite-operator inserfi@y( @) |r

the renormalized external sourGg:

([Or(D) ) 1p1=—

B OWR[GRr]

i OZg[ Girl
ZrR  6Gig

0

_ Ol'rl ¢,Gr+1R]

(6.6)

(6.7

OGrRr

0

OGrRr

o
6.9

B. Comparison of the two schemes

We compare now the notion of renormalized operator in
the perturbative approach with the notion of blocked opera-
tor in the RG framework. Table | summarizes the formal
similarities between the two approaches.

The RG approach keeps the UV cutdfffixed and uses a
decreasing IR cutoff, so that the RG trajectories are passed
toward the IR limitk— 0. On the contrary, the couplings are
defined at some low-energy sc&le <A and the UV cut-
off is shifted toward infinity in the RPE, and the RG trajec-
tories are followed just in the opposite direction, toward
large momenta. The RG approach reproduces the perturba-
tive results for the ordinary Green’s functions in the UV
scaling regime6,7] up to powers and logarithms oqf/A
that are vanishing in the asymptotic limft—oo.

It is easy to see that

) o S
; Gn<A){on}k—§ Gn<A>—5Gﬁ o (6.13

gives the blocked action with cutoffin the orderO[ G(A)],

the blocking of the action and the operators agree at the
linearized level, i.e., they share the fixed points and the criti-
cal exponents. The Legendre-transformed effective action
with the IR cutoffk+ 0 [18,21] describes the effective theory
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TABLE |. Comparison of various notions in the renormalization perturbative answer can be obtained with its help on operator
group (RG) method and the renormalized perturbation expansiommixing, whereas also the UV finite pieces of the operator-
(RPB. mixing matrix are automatically determined. Furthermore,
the RG approach enables one to get a deeper insight into the
reason of operator mixing as a natural consequence of repro-
RG RPE ducing the same vacuum expectation values in the bare
theory and in the blocked one, or in other words as a direct
consequence of integrating out degrees of freedom.

Coupling at UV scaleg,(A) Bare couplingg,
Blocked coupling:g,(k Renormalized couplin
Piingga (k) PNk VII. OPERATOR MIXING IN ¢ THEORY
The relation between the composite-operator renormaliza-
Operator-mixing matrix: Operator-mixing matrix:  tion in the RG scheme and the operator mixing of the RPE is
Snm(K,A) Zym demonstrated in this section in the case of a simple scalar
Defined as Defined via model.
o — 99K 21y, =
M 9gm(A) M 99nr A. RG method
We start with the determination of the blocked operators
Operator at UV scaled;(¢) Bare operatorO;(¢) in the framework of thep® theory in dimensiord=6 in the
independent mode approximation of the next-to-leading or-
der of the derivative expansion and show that both the direct
Blocked operator: Not used and the indirect methods lead to the same results.
55, Let us include as base operatdds(¢,) the derivative
{Oﬁ(ﬁok)}k:—aG~ A operators
R )g;](A)=o 1
Operator mixing: Dony(e) = —Uex, Dajyle)=— E‘PkD @i
{Oﬁ((Pk)}k:Emoﬁ](‘Pk)Smn(k)
1 2
D (0j2)( ) =~ 5 i (7.9
Operator obtained by Renormalized operator:
inverse blocking and the local potential
(if exists):
o |
[OH( A= ZnOH( S HmikA) [Or(#)]r=ZnOm( ) Pk
T Y Vigw =2, ai(k) 7 (7.2
mn = .

into the ansatz for the blocked action:

after the high-frequency modes have been eliminated, simi- B d

larly to the blocked action for the low-frequency modes. Sc= | dX[Zoj1)(K)Doj2)(0r) + Z(21)(K)D a1y ( k)
The RPE deals with the effective action in the linkit

—0, A—o. Since the bare couplingg, and the renormal- +Z0j2)(K)D 02y (@) + V(i) ]- (7.3

ized couplingg g are the analogs af,,(A) at the UV cutoff
scale and of the blocked couplingg(k), respectively, the
operator-mixing matridxs, = d9,(k)/dgm(A) defined in the
RG approach is just the analog of the ma#jy,, defined via

(Z 1)'““:&.9"‘/'99“ in the RPE. Th.'s analogy will be dem- dependence of the wave-function renormalization is not
onstrated_ in Sec. VIl on the eqw_valence of the one-loo_p[aken into account. Terms with higher-order derivatives of
perturbative results with those obtained by _the RG f_“?thOd "Bhe field are also neglected, but the extension of the operator
IMA for a few elements of the operator-mixing matrix in the basis is straightforward. Other operators of the discussed

particular case ofs® theory in dimensiord=6. t b d l binati f th o
The analogs of the blocked operatdi3;(¢,)} are not c%SgcsadCi%nth: ;;Sﬁ;esesz as finear combinafions of those in

used in the RPE. In the latter one seeks the operator at the

scale of the UV putoﬁ that reproducgs the expectation value — 3,0k 9,,0= D (0)2)( ¢k) — 2D (11)(@x).- (7.4)

of an operator given at the renormalization scale. The renor-

malized operatofOr(¢) |r satisfying this requirement is the Having derived the explicit forms of the right-hand sides

analog of the operatdrO;](¢) introduced in the RG ap- of Egs.(3.8) and(3.19, the limit g;(k)—0 can already be

proach by means of inverse blocking. taken at the beginning of the calculation except for the cou-
It is the basic advantage of the RG approach that a normplings multiplying the operatorSl ¢, (x) andDgoﬁ(x). The

The bare ¢® theory is specified by the bare couplings

02(A)=rm?,  Go(A)=N, ~ G1=a(A)=0, Z(3(A)=0,

Zujy(A)=1, andZp)(A)=—3. _
The choice of operators in E47.3) means that the field
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TABLE Il. Orders of magnitude of the operator-mixing coefficiests, in IMA for \ ¢ theory fork
=0, A’>m? E(A) indicates a constant plus logarithmically divergent one-loop contributibms;
=¢"/n!; d,, d, stand for the momentum dimensions of the operaf@rg, O;,, respectively.

dm 0 2 4 6 8
d, {Os} \ Op My M M, Do) M3 D)2 D)y My
0 {Mg} 1 0 A4 0 0 0 AS 0
2 {My} 0 1 A2 0 A? 0 Al 0
4 {M,} 0 0 E(A) 0 A? 0 A? A4
{D (o)} 0 0 InA 1 A? A? A? 0
6 {M3} 0 0 A° 0 E(A) 0 InA A?
{D o)} 0 0 A° 0 InA E(A) InA A?
{Dapyt 0 0 A° 0 InA 0 E(A) 0
8 {M,} 0 0 A° 0 A° 0 A° E(A)

corresponding terms in the action would yield pure surfacecompare the coefficients of the corresponding operators
terms and therefore, their effects on operator mixing can only0;,( 7). Since only operators with second derivatives are
be kept track of if the corresponding inhomogeneous sourcesonsidered, it is sufficient to terminate the expansion at the
are replaced by constants only at the end of the calculatiorquadratic terms. In Appendix A, the set of coupled first-order
A further remark is in order here. Namely, we have for- differential equationgA11), (A15), (A16), and(A24) is ob-
mulated the whole procedure in the Wegner-Houghtortained for the blocked couplings. These equations are then
framework with a sharp cutoff and used derivative expansolved in independent-mode approximation analytically in
sion. It is, however, well known that the sharp cutoff intro- Appendix B.
duces undesirable singularities due to the derivatives of the (2) Determination of the operator-mixing matrix in IMA
steplike cutoff function[20]. This may also cause our through differentiating the solutions for the blocked
method in its present form with sharp cutoff to fail in cor- couplings with respect to the initial values of the various
rectly describing the renormalization of the derivative opera-couplings at the scald. This step is discussed in detail in
tors. We do not see, however, any objections to reformulatéppendix B. The orders of magnitude of the elements of the
our method of treating composite-operator renormalizatioroperator-mixing matrix with respect to the UV cutoff are
using a smooth cutoff on the base of Polchinski’s equatiornindicated in Table II.

[7].
2. Direct method
1. Indirect method As byproducts, the right-hand sides of E¢&11), (A15),
For the indirect determination of the operator-mixing ma-(A16), and (A24) provide us the exact analytic expressions
trix the following steps should be performed. for the beta functionss, (k) (see the beginning of Appendix

(1) Determination of the blocked coupling®ur method C). Thus, analytic expressions can be obtained for the ele-
to establish the coupled set of differential equatiéB40  ments of the connectiom,,, by differentiating the appropri-
for the couplings from Eq(3.8) is similar to that used in ate beta functions with respect to the appropriate coupling
[19]. Namely, we substitute,(x) = ¢o+ 7(X) Wheregq is  constants without any approximation. The results are sum-
an arbitrary constant, expand both sides of &) in Tay-  marized in Appendix C and the nontrivial matrix elements
lor series with respect to the inhomogeneous pigg, and indicated in Table Ill. This matrix is the input for Eq8.19

TABLE Ill. Elements of the connection matriy,,(k) for a theory with polynomial potential; the
nontrivial matrix elements are indicated by, d,, d,, denote the momentum dimensions of the base
operatorsO;(¢), On(¢), respectively.

din 0 2 4 6 8

d, n\ m 0 1 2 (01) 3 (02) (1]1) 4
0 0 0 0 X 0 0 0 X 0
2 1 0 0 X 0 X 0 X 0
4 2 0 0 X 0 X 0 X X
(0]1) 0 0 X 0 X X X 0

6 3 0 0 X 0 X 0 X X
(0]2) 0 0 X 0 X X X X

(1]1) 0 0 X 0 X 0 X 0

8 4 0 0 X 0 X 0 X X
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to the direct determination of the operator mixing matrix. tesimal momentum shells sequentially using a sharp-moving
Equations(3.19 can be rewritten as integral equations in cutoff.

a rather compact form introducing the coloumn vectsys It is shown that the blocking of operators introduced in
with the elements,,, (with the row indexm) and the con- this paper satisfies thésemjgroup property. Differential
nection matrixy (with the elementsy,,): equations are derived for the elements of the operator-mixing

matrix that should be solved simultaneously with the

A Wegner-Houghton equations. It is found that the blocking of
fn(k)zfn(/\)_ fk dKZ(K)fn(K)- (7.9 operators corresponds to parallel transporting them along the

n RG trajectory—a flat, one-dimensional manifold. The scale

This means that all the coloumn vectag(k) satisfy the —dependence of the operator-mixing matrix is governed by the
same ordinary first-order linear differential equation; Onlyponr_]ect_lon, showing the changes .Of the beta fun_ct|ons due to

the initial conditionss,(A) are different for them. The ana- Mfinitesimal changes of the couplings at a certain skale

lytic expressions for the elements of the connection matri S also shown.that the eigenoperators Of the connection are
(see Appendix Cshould be used as input. he _Iocal sca!lng operators in any scaling regimes. Thus,
Here we determine the operator-mixing matrix analyti-SOIV'T1g the _elgenvalue pro_blem of the conne_:ctlon enat_)les
cally in IMA. For this approximation, all the coupling con- one in principle to detect different scaling regimes and find

stants in the explicit expressions for the elements aind the corresponding relevant operators.

h | ; hould b laced by their b The limitations are, of course, the validity region of the
& coloumn vectos,(«) should be replaced by their bare Wegner-Houghton equation due to the occurrence of a non-

values on the RHS of Eq7.5). For thex qb?’ltheory one r21as trivial saddle point, and the usage of the sharp cutoff together
Zap(A)=1, Z(O\l)(A):(_)' Z(O\Z)(A,): ~ 2 92(1\):.”,1 ' with the gradient expansion. As to the latter technical prob-
g3(A)=N\, g;=4(A)=0. Since there is no operator mixing at |em, a generalization of operator blocking to a smooth cutoff
the scaleA, the initial conditions areyn(A)=dma. Then,  approach seems to be possible by including the appropriate

Egs. (7.5 take the forms cutoff terms into the action. The reformulation of the whole
N issue in the framework of renormalization in the internal
S%MnA(k)zamn_J demA(K), (7.6) space[21] would solve both <_)f the above-mentlone;d prob-

k lems and do also for generalization to gauge theories.

The differential RG approach and the perturbative ap-
and their solutions can be expressed in terms of the integralsroach for operator renormalization are compared in detail. It
in Appendix E. Using the results of Appendix C, it has beenis explained that the renormalized operatesed in pertur-
checked that the solutions are just the operator-mixing coefative term$ corresponds to choosing an operator at the
ficients found in Appendix B by the indirect method previ- renormalization scale and looking for an operator at the UV
ously. scale(tending to infinity that reproduces the vacuum expec-

tation value of the chosen operator. On the particular ex-
B. Perturbative approach ample of¢° theory in dimensioni=6 the agreement of the
results of the RG approach in IMA with the one-loop pertur-
bative ones has been illustrated for the elements of the
operator-mixing matrix in a truncated basis of operators.
The main advantage of the flow equations for the sensi-

directly be compared with the results obtained for the mamxtivity matrix presented is that by their help the renormaliza-

?ﬁvne?giaespihzftthtﬁfrZFs)Elrtzai?]htir?ell\gr’?ai:giegf :Qé':i;:%ftion of composite operators can be performed beyond the
the terms ofo(%) of the matrix elements. Expressing the perturbative regime. The method has the power to go beyond

; . . . - the independent mode approximation by solving the flow
perturbative results in terms of the loop integrals given in P PP y 9

A dix E. it i ¢ e t B K=0) i equations numerically. A comparison of the nonperturbative
thppeg X E 1 Its' eazy 0 recqgn|tz_e hz‘fr”k“_ Snm(k=0) '?.” results with the perturbative ones, e.g., for the well-known
€ above-mentioned approximations. This agreement 1fiusys theory would certainly be interesting. Various models

trates how the perturbative approach is related to the R ith nontrivial IR scaling could be analyzed down to the

approach, that was discussed in Sec. VIB. scale where the IR instabilities responsible for the nontrivial
scaling occur.

In Appendix D we determine perturbatively the operator-
mixing coefficients £~ 1), for ¢ theory in dimensiord
=6 in one-loop approximation. The inverse & (%), can

VIlIl. SUMMARY

In the toy model of a zero-dimensional-field theory the
operator mixing has been explained as the natural conse-
guence of integrating out degrees of freedom. Then, the no- One of the authorgkK.S. expresses his gratitude to the
tion of blocked operators is defined in one-component scalarlumboldt Foundation for the follow-up grant, to W. Greiner
field theory through the requirement of reproducing the samand G. Soff for their kind hospitality, and thanks I. Lovas, Z.
vacuum expectation value in the bare theory and in théNagy, G. Plunien, and R. Sctahold for the useful discus-
blocked(effective one. The blocking procedure proposed by sions. Valuable discussions with N. Sadooghi are also appre-
Wegner and Houghton has been used, i.e., the higheiated. This work has been supported by Grant Nos.
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9757235066, DFG-MTA 436UNG113/140/0, and M ; don,
DAAD 27 (323-PPP-Ungan kdyoo=—kay f Q—d(ln A)kn,—kn>» (A7)

APPENDIX A: RG EQUATIONS FOR THE BLOCKED de
COUPLINGS Kdo,= —kdadf Q “(AT'B)kn —kn» (A8)

d

The RG equations for the blocked couplings figuring in
the blocked actior(7.3) are derived by separating the zero do,
mode ¢ of the field ¢, (X), @ (X)= ¢+ 7(X) and expand- Kdgoo= —kdadf Q
ing both sides of Eq(3.8) in Taylor series with respect to d

7n(X) terminated at the quadratic terms. The zeroth-, first-, . 1
and second-order terms are X|ATC— EA BA™'B : (A9)
kn,—kn
go= | d¥%V(¢y) i
0 ®o)s Here, the matrix products of the form M(N),q

=2pM, _pNp 4 should be understood over a restricted

g phase space, i.e., the sum o®eshould be restricted to the
01:f d%{—[Z(0)1)(X,k) thin momentum shelk<|P|<k+ sk. Such sums are per-
formed in the continuum limit as integrals over the interval
+ ®0Z(02)(X,K)]0 7 [k—e,k+ dk] with €>0 infinitesimal and the limitss—0
Ly Al anddk—0 are taken at the end. It has been checked that this
(¢0) 7(X)}, (A1) procedure provides a result for field-independent wave func-
1 tion renormalizatiorZ ,|;y in IMA that is in agreement with
Uzzf ddx —Zuy (K5 707 the perturbative one-loop result obtained, e.g[@hfor ¢>
2 theory ind=6 dimension.
1 oo In order to find the explicit form of Eq(A7), we
~Zopp)(x,K)5 00 7’ write
o) 2 InA = HIA2+iA_1)
t5V (®0) 77| (INA)p, - p=constt In A(p?) Vd( X)p,~p
Furthermore, we need the second derivative of the blocked 1 A-TyA-t oy
action, S{?’=A+ B+ C+0(7°) with the matricesA, B, and 2\/5( XA X)p,—pF0(X7)-
C of zeroth, first, and second order ef and having the
following forms: (A10)
qu:A(pz)Vd5p+q+qu (A2) Since y contains second powers qf the momenta, its first,
. ] second, etc. powers generate gradient terms of the éfder
with the diagonal part #*, etc., respectively. In the second order of the gradient
20\ (2) 9 expansion we only have to include the term lineayinbut
AP =V (@o) + 210", (A3) its diagonal matrix element vanishes, so that we obtain
and the off-diagonal piece (InA), _p=In A(p?) and the integro-differential equation
A
Xpa= f d%2Z02)(2) (p+q) %€ P+ 2, (A4) V(@) =V (@o) +hay fk de «97HnA(k%) (A11)
furthermore, for the blocked potentiaV,(¢o). Here ag=Q4(27) 92,
' Qqg=27YT(d/2) is the entire solid angle in the
qu=8f dzy(z)e'(PTa? (A5)  d-dimensional momentum space.
o,: For the evaluation of the RHS of E¢A8) we need
with B=VE)(¢,), and the inverse of the nondiagonal matey,,. Expanding it in
powers of the off-diagonal matrix,q, one finds
1 _
CquEV(‘”(cpo)J dizy?e/ (P2, (A6)

1 1
(Ail)pq:V_-Ail(pz) 5p+q_ W-Ail( pz)quAil(qz)
Rewriting the logarithm on the RHS of E¢3.8) as In@A d d

+B+C+---)=InA+In[1+A }B+C+---)] and expanding +0(x?). (A12)
the second logarithmic term in Taylor seriés,*B+A~1C
—3A"1BA1B..., one finds the equations The trace of the matrix product
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hkday [ dip; B2
2 ) @2m)® AKY)A((kn+py)?)

(A_lB) 1./4_1([32)8 12./4_1([32)
pq Vd pq Vd 77p1777p1
(A20)

'VydwpPd™tdP -
XJ ———3  Xp-pA 1(P2)BPq

(2m)9 after performing=y . Expanding the integrand in powers of

p%, we find for the contributiof{A20)

(A13)
can be evaluated by performing the integral over the infini- P Ef % BS f d427%(2)
tesimal momentum shell as discussed above. Substituting the 92) Q4 A2(k?) g
result in the RHS of EqLA8) and comparing the correspond-
ing terms on both of its sides, one gets
=G, | d%29(2)0°37n(2) ¢, (A21)
ka V(@) = —fikdagBA ~1(k?), (A14)
_ where
k5kz(0\l)(k) = ﬁkdadBvo 22(o|2)(k), (A15)
2
v (0) 282 _BoZan®| 4 d (N n,—g,.|-
KahZ(oj2)(K) = fikag ———— | Z(oj2)(K). AR Ay T S
Ag Ag (A22)

(A16)
) ) o Adding all the contributions on the RHS of E@\9), we can
Here Eq. (A14) is the first derivative of Eq(A1l), Ay  jdentify the coefficients of the various composite operators
= A(K)[gy=0, Bo=Blgy=0- on both of its sides. Removing now the inhomogeneity of the
o5 The trace of the first matrix on the RHS of E&9)  couplings, we find
can be evaluated analogously to thatAof!B:

ka VP (o) =— hkdad&iolnA( k?), (A23)
ﬁ d f dwn V(4)( (PO)
B d T2y 1
fha AGS) KiZjn(K) =klarg 5G4(0), (n24)
X f ddzl[nz(ZHZ 02(207%(2)]. (A17)
KdZoj2)(K) =fik"agy >—— —3 | Z02)(K)
Up to the first order ofy,q, one can write Ab Ab
(A25)
1
- E(AleAle)pq with G4,(0)=G 4, -0 Equation(A23) can also be obtained
by differentiating both sides of EA11) with respect topg
1 . Bp-pBpyg two times. Equation(A25) is equivalent with Eq.(A16),

-— — whereas Eq(A24) is an independent equation.

APPENDIX B: SOLUTION OF RG EQUATIONS
FOR THE BLOCKED COUPLINGS IN IMA

We rewrite Eqs(Al11), (A15), (A16), and(A24) in inte-
1 y < Xp-oBo,-pBpq gral form and substitute the bare valugg(A) for the

1 Er » Bp—pXxp,-qBqq
tous 2 2 2
2Vg P 9 A(p9)A(PY)AQY)

+— > . blocked coupli k) i i
3 2 2 2 plinggy,,(k) in the integrands. In terms of the
2Va P9 ARDHAPHAQY) integralsl, andl,,s given in Appendix E, we have
(A18)
Vieo) =Va(@o) +Tiagly, (B1)
The second and third terms give identical contributions to the
RHS of Eq.(A9), Z(O\Z)(k):Z(O\Z)(A)_ﬁad(g4(A)|002_2|023)Z(0|2)(A21 .
B
¢ 1(do, B2 g )
ik “dij Q_dA3(k2)J 4220220 7(2), Z(o1)(K)=Z00)(A) ~Freral 012 (0j2)(A), (B3)
(A19)
Z (K = Za(A)| 1 g AN |
where only the terms of second order in the gradient are~ (%) ) %d d 124 7023) |-
retained. The first term leads to the contribution (B4)
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TABLE IV. The mixing matrix elementsiA(k).

m,n Integral form After integration
0,2 hagdmel o(0)= 1 agl g1 hagf,(A)12
1,2 hagdmel D(0)=—fagl o fiaghfo(A)
2,2 1+ A agdmal P(0)=1+ 2k agl s 1+hagh?fo(A)
3,2 hagdmel $(0)= — 6f agl gza —hagh3/m?
4,2 hagdne! {(0)= 24k agl gas hagh*/m?
1,3 hagay P(0)=1agl oo hagta(A)/2
2,3 hagoy P(0)=—2hagl o1, 2haghf,(A)
33 1+ agay 1 $(0)=1+ 6% agl o 1+3hagh?fo(A)
43 hagoy {(0)=— 24 agl gza —4fiagh®Im?
2,4 fagdgl P(0) =t al oo hagfa(A)/2
3,4 fragdgl $(0)= — 3h argl o1 3haghfy(A)
4.4 1+hagigl$(0)=1+12haglgys  1+6hagh®fo(A)

Let us evaluate the elemerss,, of the operator-mixing

matrix for the ¢° theory.

and, for the mixing coefficients of the monomial operators,

1. From monomials to monomials
We have from Eq(B1)

91(K)=g)(A) +hagl §(0),

S“r: = ||r+ Ay
a9, (A)

(B5)

(0)
ag; (A

: (B6)
)

The partial derivatives on the RHS of E&®5) can be evalu-
ated by taking the partial derivatives bf (given in Appen-
dix E) with respect topg at ¢o=0 and then differentiating
them with respect to the appropriadg (A), before the inte-
gration overx is performed. Finally, the initial values of the
couplings specifying the?> theory should be inserted.

PHYSICAL REVIEW B3 105006
1 1
fo(A)=—5 A+ 5 Am?2—AZm*

3
A2
E-l—l)

+m®In (B7)

The theory is renormalizable and we see that monomial

operatorap" of dimension not greater than the dimension of
the monomial ¢' are the only ones admixing with the
blocked operatof ¢'}, .o with UV-divergent coefficients.
Were the theory nonrenormalizable, e.g. @4 term with
nonvanishing coupling,(A) # 0 included, then also the ad-
mixture of higher-dimensional operators would occur with
UV-divergent coefficients.

These results can be compared with the one-loop pertur-
bative result given i [6] p. 145,(6.2.11)] for the renormal-
ized operators[ ¢?]r, replacing 2/—6) by —In(A?%n?)
and usingag=1/(12872) (in our notationk

1
§[¢2]R: M1(A)(Z1) 1o+ M) (Z7 1) 20+ Doj)( )

X(Z Moyt (B8)
where - - - stands for higher-order terms and
z-Y . Am? I A?
= — —_— n—,
2 T 1280% m?
N2 A2
-1 -1 _ -
(Z79) =1 ﬁ128a-r3|nm2’
. A A?
& oma g aar e =

As far as the mixing of monomials is considered, this illus-
trates that the operator mixing matisy,, in the IMA in the
limit k—0 and A?>m? satisfies the relatiors, =2/,
whereZ,,,, is the one-loop perturbative operator-mixing ma-

In Table IV we summarize the nontrivial operator mixing trix

coefficients in terms of the integrals given in Appendix E

and their limiting values fok=0, A?>m? after carrying out
the loop integral in IMA. The function$,, a=0,2,4 in the
last column are defined as

fo(A)=|In

fo(A)=| mal Az—i—l 1A2 L 2
2( )—_m n e > oM
[ A2 1
fa(A)= m“In(—anl)Jr—A“—Azm2 ,
m 2

2. From monomials to derivative operators

Equation(B5) obtained from Eq(B1) can also be used to
determine the admixture of monomials with the blocked de-
rivative operators in the IMA. Sincé)“)(O) depends only on
z=Zy)1)(A) and not on the couplings of the other derivative
operators, one obtairs |5 (k)=0 for (r[s)#(1]1), and

a5 (0)
Jz

Si1n(K)=rfiay (B10)

The first few nonvanishing operator-mixing coefficients and
their limiting values folkk=0, A2>m? are collected in Table
V. Thus, we can write for the blocked operatevith con-
stant  argument  {D11)(®0) }k=2n=0Sn(1j1)(K) po/n!.
Again, the contributions of the derivative operators to the
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TABLE V. The mixing matrix elements;fui, (K)/% asg.

I(m|n) Integral form After integration
0(1]1) 101 —fe(A)/2

1(11) —l112 —A\[3f4(A)— A%+ A?m?—m*]/6
2(1)1) 20153 —N[6f,(A)+A%—2m?]
3(1/1) —6l134 —\3[3fo(A)—1]

4(1/1) 24 145 A\Ym?

blocked derivative operatdD (11)( @) Jik can only be seen if
the latter is considered in the general argumgg(ix).

3. From derivative operators to monomials
and derivative operators

Differentiating the solutiongB4), (B2), and (B3) with

respect to the various bare couplings, the following addisides of Eqgs.(A11), (A15), (A16), and (A24). The beta
tional (nonvanishing operator-mixing coefficients and their functions for the couplings of the monomials are given by

limiting values fork=0, A%>m?

are shown in Table VI.

The result obtained foZq)1y(k=0) in the IMA is in
agreement with the one-loop perturbative resultZgr.

2
Z =14+ —
¢ 12- 6473

B

(B11)

m2 6

A% 5
m2

our perturbative one-loop result in Appendix D, so that both
results contradict to EB8), there ought to be a misprint in

[6].

APPENDIX C: CONNECTION MATRIX

First, we read off the beta functions from the right-hand

ﬁ,(k)=ha6k6(9'¢oln,4(k2)|%:0, whereas the other beta

functions can be read off directly. With the notations
m?(k)=V®(0), A(K)=V®(0), g(k)=V*(0), g(k)
=V(=9(0), and G=[Z1y(k)k?+m?(k)] 7%, the explicit
forms of the beta functions are given in Table VII.

The elements of the connection matrix, shown in Table
VIII are obtained by differentiation according to the second

(see [6], p. 589 as expected, since the correspondencequation of Eq(4.14).
Z1)1)(k=0)=2Z, should hold due to

ddXEZ (9,4)°= ddeZ (2D¢1/1y— Dyo/2))
2%l %u 244l ePanT P of2)

_ d
—f d"xZ1j1)D -

Using Zg2)(A)=—3 [owing to

(B12)

Eq. (7.4)] and Zg1)(A)

=0, a comparison adg|1), with the corresponding one-loop
perturbative resulfsee relation(B8) taken from[6]] gives
S(oj1)2=3Z(0j1)2- Sinces(g|1), obtained above agrees with the interaction part

TABLE VI. The mixing matrix elements;, .

APPENDIX D: PERTURBATIVE ONE-LOOP RESULTS
FOR OPERATOR MIXING

Here we determine the operator-mixing matrix at one-
loop order perturbatively fon ¢ theory in dimensiond
=6. Let us decompose the acti&into the free part

1 1
So=fddx —5Zr¢0g+smeg?, (DD

IMA

{K).-

Index Integral form After integration
(1]1)2 hag(8Zfy 1)l 125~ 9Z(1)1)l 020/3 —fagh?/6m?

(1]1)3 ,ha6(4z(21|1)|114, 6Z11)l 019/3 fhagh[3fo(A)+2]/9
(11)(1)1) 1—ha6(132(1‘1)l124—3I023—82(21‘1)I225)/3 1—ha6)\2[6f0(A)+1]/18
(0]2)2 —6fiaZo2)(A)l 024 —hagh?Z o2y (A)/m?
(0|2)3 4ﬁa’sz(o\2)(/\)|013 2ﬁf’ls)\z(o\z)(/\)fo(/\)
(0]12)4 —hagZ0)2)(A) 002 fiagZ g2)(A)F2(A)
(0]2)(0]2) 1+ 2% agl go3 1+hagh?fo(A)
(0|2)(1|1) *Gha62(0|2)(/\)|124 *371“6)\22(0\2)(/\)[31:0(/\)+2]/3
(0|1)2 Zﬁasz(o\z)(A)low has)\z(op)(A)fo(A)
(0|1)3 _haaz(mz)(/\)'ooz ha5Z(O|2)(A)f2(A)
(0]1)(0]1) 1 1

(O|1)(0|2) —fiagloro fiaghf,(A)
(0]1)(1]2) 2h agZoj2)(A) 113 —haghZp2)(A)[6f2(A)+A%—2m?]/2
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TABLE VII. The beta functionsBingedK)/# agk®.

PHYSICAL REVIEW B3 105006

TABLE IX. The counterterms expressed in terms of the inte-

grals withA =gsg.

Index Beta function

S s Index Cindex/ T g

1 G\ 02 G

2 G(g—G\?) 1 —lon

(0[1) GA\Z(op2) 2 l 022~ 9arl 001

3 G(gs—3gGA+2G2\?) (0]1) Zo)2)rl 012
(0[2) G?Z0)2(3—2G\) 3 39arl 012~ 2l 033
(1]1) G3)\22(1|1)(2k2GZ(1|1)—3)/3 (0/2) (94rl 002= 21029 Z(0)2)r
4 G(gs—4gsGA—3g2G+129G\2—6GY)  (1]1) 473

g 1247 Zrlozs

S|:J ddX

+n¢§m Gnr(X)O [ $(¥)]1|,

1 1 )
- 59(1|1)R(X) P+ EQZR(X) ¢

and the counterterms

4 395r! 002~ 1294rl 0231 61 0aa

Ser= J d“x; Cn(GmROnl #(X)]. (D3)

(D2)

Here the same base operators are taken into account as in the
blocked action(7.3). The one-loop effective action is given

by

TABLE VIII. The nonvanishing connection matrix elements

K K) /% argk®. h

YindexK)/frag F1:§Tr|n[1pq+GR(DZ)(sz))fp q]
Index Connection matrix
02 G i * (_1)1}
0(1/1) k%G =—3 > f f Gr(p3)
12 ~G2\ v=1 U e v
13 | S X(SI?) -, p, - GRIP(SP) —p, p, (DA
1(1]1) —k2G2\
22 G*(—g+2G\?) , 2 2, 2\-1 i
23 —2G2\ with Gg(p“) =(Zrp~+mg) ~ and the second functional de-
2(1]1) K2G%(—g+2G\?) rivative of the interaction piece of the action:
24 G
(0[1)2 —2G3\Z o)) . 1
(0]1)3 G?Z o) (S1)pg= | dxe®" D gop(x) +gyur(X) 5 (P*+07)
(0[2) G2\
(0]1)(1/1) —2k2G3\Z g - 1 L,
32 —G%(gs— 6gG\ +6G2A\%) +|§3 [9|R+9|R(X)](|_2)! ¢ (x)
33 —G2?(3g—6G\?)
3(11) —k?G?(gs—6gGN +6G2\3) )
34 —3G2\ +[Z(0)2)r T 9(o2)r(X) 1(P+ )7 |- (D5)
(0]2)3 —4G3\Z ) - .
(02)(0/2) G2(g—2G\?) In the second order of the derivative expansion, the counter-
(02)(1/1) — 2k2G®Z gy (g — 3GM?) terms are defined through the relations

(0]2)4 o 622(0‘2)2 -

(l|l)2 G\ Z(l‘l)(9—8k GZ(1|1))/3 1 2 4

— < |e.q.—0=[Ci1tC +0

(1|1)3 . 2G37\§(1‘1)(4KZGZ(1|1)—62)/23 5¢(p)|¢’gnR 0 [ 1 (0|1)p (p )]
(1]1)(1]2) G\ (12K*GZy)1)—3—8K*G?Z{y)1))/3 d
42 G2(— go+ 85O\ + 6g°G— 36gGPA2+ 24G)%) x(2m)"8(p),
43 —4G?(gs— 6gGN +6G2\3)
4(1)1) —k?G?(gg— 8NgsGA\ — 692G + 369G\ ?— 24G3\ %) 5T, ) 4 4
44 —6G2(g—2G\?) " Se(p1)de(py) | 4.0-5=0=(C2+ C(aj2)P1+0(P1))(27)

X 8(p1tP2), (D6)
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TABLE X. The operator-mixing matrixZ ™Y ingex

Index Mixing matrix

10, 11 1

12 fraglorn

1(0[1) 0

13 —haglgor

1(0J2) 0

1(1]1) fhiagl gy

14 0

20, 21 0

22 1+ 7 ag(9arl 002~ 21022
2(0J1) 0

23 2 agl g12

2(0]2) 0

2(1]1) fiaq(9arl 102~ 21129

24 —haglgor

(0[1)0, (91)1 0

(0]1)2 —2haglo1Zo)2)r
(0[1)(0]1) 1

(0]1)3 fiagl 0o (02)r
(0[1)(0|2) fiagl 012
(0|1)(1|1) *Zﬁadlnaz(op)R
(0|1)4 0

30, 31 0

32 6fi ag(l 034— 9arl 012
3(0|1) 0

33 1+ 3% ayg(9arl 002~ 21 0229
3(0|2) 0

3(1/1) 67 arg(1 134~ 9arl 119

34 3hagloro

(0[2)0, (42)1 0

(0[2)2 fia (6l g24— 294rl 009 Z(0J2)R
(02)(0]1) 0

(0[2)3 — 4 agl nZ 02)r
(0[2)(0|2) 1+7 ag(9arl 0o2— 21 029
(012)(1]1) fiag(61124= 294rl 109 Z(0)2)R
(0]2)4 fiagl 00 (02)r
(111)0, (Y1)1 0

(111)2 hag(3dZgl gpa— 16231 109/d
(1]1)(0[1) 0

(1)1)3 hay(8Z3l 114~ 2dZgl 019)/d
(1]1)(0]2) 0

(1]1)(22) 1+ A ag — 16Z3 o5+ (8+ 3d) Zgl 104— dlgpal/d
(11)4 0

40, 41 0

42 6% arg(— 3Rl 003t 69arl 024~ 41 049
4(0|1) 0

43 24 ay(l 034~ 9arl 019
4(0|2) 0

4(1/2) 6fi cra( — G4rl 105+ 6Yarl 124 41149
44 1+ 6% ag(9arl 002— 21 029
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5T, |
— _ 2_
S¢(p1) - - - Sg(pg) ' InR=0PI=0

=c(2m)98(py+ ... +ps), (s=3),

8%y |
5¢(P1) 5¢(P2) 89 oj2)r(X) ' #IR=°

—Z(0)2)r

=Coj2)(P1T py)2e!(PrtP2)X,

A straightforward evaluation results in the expressions for

the counterterms given in Table IX.

For the elements of the operator mixing mati®x11) we
Obtain, with ZREZ(1|1)R:1, Z(O|2)R:_%u gnRIO for n
#+2,(1]1),(0]2),3, theexpressions shown in Table X.

APPENDIX E: PARTICULAR INTEGRALS

In order to obtain the explicit forms of the solutions of
Egs. (B1), (B4), (B3), and (B2) the following integrals are
needed:

A
o= | " dpp iz VDo),
k

A rtnel iin—1
| =>Uf dpp®~! pGi=—n . )
nrs A K pp p A 225 |§0 i
2\ j+n—1-i 2\i-s
m A2 m
X ——A) f dul u+ — (E1)
V4 K2 4

for even dimensionsl=2j, whereG,=[zp’*+ mi]‘l. For
dimensionsd=6 we obtain

1 3
lo=5 un[zu+ VP (o) 1- §(u+c)3+ EC(U+C)2

u=A2

—3c?u+cdn(u+c) (E2

u=k2

with c=V{?)(¢o)/z. The evaluation of the integrals, is
straightforward.
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