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Renormalization of composite operators
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The blocked composite operators are defined in the one-component Euclidean scalar field theory, and shown
to generate a linear transformation of the operators, the operator mixing. This transformation allows us to
introduce the parallel transport of the operators along the renormalization group trajectory. The connection on
this one-dimensional manifold governs the scale evolution of the operator mixing. It is shown that the solution
of the eigenvalue problem of the connection gives the various scaling regimes and the relevant operators there.
The relation to perturbative renormalization is also discussed in the framework of thef3 theory in dimensions
d56.
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I. INTRODUCTION

The renormalization group~RG! strategy is to follow the
evolution of the coupling constants in the observational sc
in order to identify the important interactions at differe
scales. This is achieved by blocking, the successive lowe
of the UV cutoff, and tracing the resulting blocked, reno
malized action@1,2#. There is an alternative method, implic
in this procedure, where the original cutoff and action a
kept but the operators are modified to cover less modes w
keeping the expectation values fixed. This paper outlines
latter method in a more systematic manner and compar
with the traditional one.

A similar question arises in the renormalization of co
posite operators where the goal is to render the Green’s f
tions containing the insertion of some local operators that
not in the action finite as the cutoff is removed. The pert
bative treatment of this problem proceeds by the introduc
of additional counterterms in the action in such a manner
the original Green’s functions remain unchanged but th
with the insertion of the composite operators turn out to
finite @3–6#.

This rather complicated procedure attempts to perform
amazing project: the renormalization of an otherwise n
renormalizable model. This happens because the insertio
the nonrenormalizable composite operators in the Gre
functions can be achieved by introducing them in the act
with a source term and taking the derivative of the logarit
of the partition function with respect to their source. As lo
as the Green’s functions are finite so is the partition funct
containing the nonrenormalizable operators. The resolu
of this apparent paradox is that the rendering of m
Green’s functions with the composite operator insertion
nite requires more counterterms. At the end we should n
infinitely many counterterms to complete the project, just
when we would attempt to remove the cutoff in a nonren
malizable model.

In the traditional multiplicative renormalization of quan
tum field theory the irrelevant, nonrenormalizable coupli
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constants are ignored. In fact, the derivation of the renorm
ization group equations in renormalizable-quantum-fi
theory is based on the compensation of the change of
scale by the adjusting of the relevant~or marginal! coupling
constants. This procedure is made insensitive to the ir
evant terms by considering the asymptotic scaling reg
only and by ignoring the vanishing contributions as the c
off is removed. It cannot help us to understand crossover
the competition of different fixed points, in general. O
might object that irrelevant operators do appear in the ren
malization of composite operators within the traditional m
tiplicative renormalization scheme. But their evolution is d
termined by the requirement that the Feynman gra
considered remain finite. This prescription misses the fin
physical part of the renormalization. The blocking procedu
followed in the present paper provides a renormalizat
scheme where the evolution of all coupling constants is w
defined and we are not confined into the asymptotic sca
regimes.

The nonperturbative renormalization due to blocking h
proven to be effective in establishing renormalizability
well. The old-fashioned perturbative proof of renormalizab
ity that is made involved by the tracing of overlapping dive
gences@6# is simplified enormously by considering a nonpe
turbative renormalization scheme@7,8#. In fact, the
renormalizability turns out to be the absence of the UV La
dau pole. This pole can easily be avoided in the framew
of the loop expansion for asymptotically free models.

Our technique to follow the mixing of composite oper
tors by adding them to the action has already been use
the framework of the perturbative, multiplicative renorma
ization group scheme. In the perturbative studies of
renormalizability of Green’s functions one or more compo
ite operators were inserted by coupling them to spaceti
dependent external sources and adding the resulting exp
sions to the action. Then, the functional differentiation of t
generating functional of the connected Green’s functions w
performed with respect to these sources@8–10#. It was also
shown that taking the identity operator into account exp
©2001 The American Physical Society06-1
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itly in the action has a particular importance for the ren
malization of multilocal composite operators@11#.

Recently, there have been made attempts to give a c
riant geometric interpretation to the RG flow@12–16#. The
space of coupling constants is considered as a differenti
manifold and the RG flow, expressed by means of Lie tra
port, is interpreted as a particular mapping on it. It has b
established by introducing a metric in the coupling const
space that the RG flow is not geodesic in general@14,15#.
Also the definition of the connection appears problema
@12#, although recently a non-metric-compatible definiti
was given@16#.

Our geometric interpretation is less ambitious. We try
implement differential geometric notions along a on
dimensional manifold only, the RG trajectory. It is based
parallel transport along the RG trajectory, introduced diff
ently as generally used in the literature. Namely, the spac
operators~symbols! is considered as a tangent space at e
point of the RG trajectory. This has the advantage that
metric is needed and the connection on the RG trajec
arises in a rather straightforward way, cf. Eq.~4.5! below. It
is the geometry for the RG trajectory only that is covered
this manner, ignoring the geometrical aspects of the m
complicated space parametrized by the coupling constan

Nevertheless, our method reveals some advantageous
tures. The local properties of the RG trajectories, given
the connection, are determined in a unique manner at
point in the coupling constant space. It will be shown that
connection can directly be obtained from the beta functi
in terms of the blocked coupling constants. The usual blo
ing is based on local quantities of the RG flow, such as
beta functions that are sufficient for the local studies in
vicinity of a given fixed point. But the RG flow of more
realistic models visits several scaling regimes between
UV and the IR regimes and the determination of the se
important parameters may require global methods that
take into account the interplay between different scaling
gimes@17#. The operator renormalization includes in a na
ral manner a global quantity, called sensitivity matr
needed for such analysis. A flow equation will be derived
the sensitivity matrix, expressing that the evolution is go
erned by the connection. This flow equation enables u
perform the renormalization of composite operators bey
the perturbation expansion. In this manner the opera
renormalization is better suited for the studies of models w
nontrivial IR scaling law than the traditional blocking.

In Sec. II a toy model is presented explaining the origin
operator mixing. Then, the idea of blocking is extended
operators in one-component scalar field theory in Sec. III
in Sec. IV the differential geometric meaning of blocking t
operators is clarified. The possibility of finding the scali
operators at an arbitrary scale by means of solving the eig
value problem of the sensitivity matrix is discussed in S
V. The construction of the blocked operator and the ren
malized perturbation expansion~RPE! are compared in Sec
VI. The resolution of the paradoxon of renormalizing irre
evant composite operators in a renormalizable theory is
discussed. The operator mixing matrix is determined forf3

theory in dimensiond56 in a restricted operator basis in th
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independent mode approximation~IMA ! in two different
ways in Secs. VII A 1 and VII A 2. The agreement of the
results with the one-loop perturbative ones is shown in S
VII B. Finally, the main results of the paper are summariz
in Sec. VIII.

II. TOY MODEL FOR OPERATOR MIXING

Let us consider a zero-dimensional model with two d
grees of freedom,x ~‘‘the low-frequency one’’! andy ~‘‘the
high-frequency one’’!, and the bare action

S~x,y!5
1

2
sxx

21
1

2
syy

21 (
n50

`

gn~x1y!n ~2.1!

with the bare couplingsgn . We are looking for the blocked
action S(x) obtained by integrating out the degree of fre
dom y,

e2S(x)5E dye2S(x,y). ~2.2!

The composite operators of the bare theory are defined
(x1y)n with n50,1,2, . . . . According to relation~2.2!, the
blocked actionS(x) as the function of the bare couplin
constantsgn can be considered as the generator function
the composite operators for a given valuex,

]S~x!

]gn
5

E dy~x1y!ne2S(x,y)

E dye2S(x,y)

, ~2.3!

i.e., the partial derivative of the blocked action with respe
to one of the bare couplingsgn is equal to the ‘‘high-
frequency’’ average of the corresponding bare composite
erator (x1y)n. As a consequence the relation

E dx
]S~x!

]gn
e2S(x)

E dxe2S(x)

5

E dxdy~x1y!ne2S(x,y)

E dxdye2S(x,y)

~2.4!

holds, i.e., the partial derivative of the blocked action w
respect to the bare couplinggn can be interpreted as th
blocked operator that provides the same expectation valu
the blocked theory as the bare operator (x1y)n does in the
bare theory. Let us introduce the notation$xn%5]S(x)/]gn
for it. The actionS(x) can be expanded in terms of the ba
operators as

S~x!5
1

2
sxx

21 (
m50

`

gm8 xm ~2.5!

with the blocked couplingsgm8 5gm8 (g0 ,g1 ,g2 , . . . ) (m
50,1,2, . . . ) being functions of the bare couplings. Usin
this expansion, the blocked operators can be rewritten in
form
6-2
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RENORMALIZATION OF COMPOSITE OPERATORS PHYSICAL REVIEW D63 105006
$xn%5
]S~x!

]gn
5 (

m50

`

xmSmn ~2.6!

with the help of the matrix

Smn5
]gm8

]gn
. ~2.7!

Equation~2.6! has the simple interpretation that the block
operator$xn% obtained from the bare operator (x1y)n by
integrating out the degree of freedomy is a linear combina-
tion of the base operatorsxm with the coefficients given by
the operator-mixing matrixSmn . Thus, the operator with
which one can reproduce the vacuum expectation value
bare-base operator in the blocked theory is the linear com
nation of all the base operators with arguments projected
the subspace of the degree of freedomx left over.

Above we chose base operators in the bare theory
searched for operators in the blocked theory that reprod
their vacuum expectation values. Also the opposite ques
can be formulated: we choose a basis of operators in
blocked theory,xn with n50,1,2, . . . andsearch for the op-
erators@(x1y)n# of the bare theory that reproduce their e
pectation values, i.e., for which

E dxdy@~x1y!n#e2S(x,y)

E dxdye2S(x,y)

5

E dxxne2S(x)

E dxe2S(x)

~2.8!

assuming that the bare theory underlying the blocked on
known. Looking for the bare operators in the general fo
@(x1y)n#5(m50

` am
(n)(x1y)m, and using Eqs.~2.4! and

~2.6!, Eq. ~2.8! leads to the relation

(
m50

`

xn8Sn8mam
(n)5xn ~2.9!

and one finds that the matrixam
(n)5(S21)mn is the inverse of

the operator-mixing matrix given by Eq.~2.6!. Thus, the bare
operators looked for are given by

@~x1y!n#5 (
m50

`

~x1y!m~S21!mn . ~2.10!

We see again, that the bare operators reproducing the ex
tation values of given base operators of the blocked theor
the bare one are the linear combinations of the base op
tors.

It is instructive to generalize the toy model for three va
ables,

S~x,y,z!5
1

2
sxx

21
1

2
syy

21
1

2
szz

21 (
n50

`

gn~x1y1z!n.

~2.11!

The blocking gives rise the chain of effective theories,
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e2S(x,y)5E dze2S(x,y,z), e2S(x)5E dye2S(x,y),

~2.12!

and operator mixing

$xn%z5
]S~x,y,z!

]gn
5~x1y1z!n,

$xn%y5
]S~x,y!

]gn
52

]

]gn
E dze2S(x,y,z)

E dze2S(x,y,z)

,

$xn%x5
]S~x!

]gn
52

]

]gn
E dydze2S(x,y,z)

E dydze2S(x,y,z)

.

~2.13!

These relations yield

$xn%y5

E dz$xn%ze
2S(x,y,z)

E dze2S(x,y,z)

, $xn%x5

E dy$xn%ye
2S(x,y)

E dye2S(x,y)

,

~2.14!

indicating that the evolution of the operators comes from
elimination of the field variable in their definition. One ca
compute the expectation value of$xn% at any level,

E dxdydz$xn%ze
2S(x,y,z)

E dxdydze2S(x,y,z)

5

E dxdy$xn%ye
2S(x,y)

E dxdye2S(x,y)

5

E dx$xn%xe
2S(x)

E dxe2S(x)

. ~2.15!

In other words, the cutoff dependence of the renormaliz
operators is introduced in such a manner that the expecta
values can be recovered for an arbitrary value of the cut

We learned from the toy model discussed above that
erator mixing is an immediate consequence of keeping
expectation values unchanged under integrating out deg
of freedom.

III. OPERATOR MIXING

Here we define blocked operators in quantum-field the
following the line illustrated by the zero-dimensional to
model of the previous section.

Let us consider the theory given by the bare action
6-3
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J. POLONYI AND K. SAILER PHYSICAL REVIEW D63 105006
SL@f#5E dx(
n

Gn~x,L!On@f~x!#, ~3.1!

whereOn@f(x)# represents a complete set of local operat
@function of f(x) and its space-time derivatives# coupled to
the external sourcesGn(x,L). The scalar field f(x)
5wk(x)1xk(x) is decomposed into a low-frequency part

wk~x!5 (
upu<k

fpeipx ~3.2!

and a high-frequency part

xk~x!5 (
upuP[k,L]

fpeipx ~3.3!

with the UV cutoff L and the sharp-moving cutoffk. Here
inhomogeneous external sources have been introduced
later convenience and assumed that their zero modesgn(L)
are separated,

Gn~x,L!5gn~x,L!1gn~L!. ~3.4!

Notice that the variablesn and x of the operatorOn@f(x)#
identify a member of the complete set. One can simplify
expressions by introducing a single indexñ for the pair
(n,x) and( ñ for the integral and sum(n*dx, e.g.,

SL@f#5(
ñ

Gñ~L!Oñ~f!. ~3.5!

It is required that the partition function of the blocke
theoryZk and that of the bare oneZL are identical:

E DwkDxke
2SL[wk1xk]

E DwkDxke
2SL[wk1xk]U

gn(x,L)50

5

E Dwke
2Sk[wk]

E Dwke
2Sk[wk]U

gn(x,k)50

~3.6!

that leads to the definition of the blocked actionSk@wk# up to
a constant,

e2Sk[wk]5E Dxke
2SL[wk1xk] . ~3.7!

As shown in@2# the blocked action satisfies the Wegne
Houghton equation

]Sk@wk#

]k
52 lim

dk→0

1

2dk
Tr ln

d2Sk

dwkdwk
, ~3.8!

where the trace is taken on the functional space with Fou
modesk2dk,p,k. The blocked action can be expanded
the base operators as

Sk@wk#5(
ñ

Gñ~k!Oñ~wk! ~3.9!
10500
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and Eq.~3.8! rewritten in the form of a coupled set of dif
ferential equations

k]kGñ~k!5b ñ~k,G! ~3.10!

for the blocked external sourcesGñ(k). The right-hand sides
of these equations represent explicit expressions for the
functions as functions of the blocked sources.

Let us now turn to the definition of blocked operator
From Eq.~3.7!, one gets following functional differentiation

dSk@wk#

dGñ~L!
5

E DxkOñ~wk1xk!e
2SL[wk1xk]

E Dxke
2SL[wk1xk]

, ~3.11!

i.e., the functional derivative of the blocked action with r
spect to any of the bare sourcesGñ(L) is equal to the high-
frequency average of the corresponding bare oper
Oñ(wk1xk). Thus the functional derivative
dSk@wk#/dGñ(L) reproduces the expectation value of t
bare operatorOñ(wk1xk),

E Dwk

dSk@wk#

dGñ~L!
e2Sk[wk]

E Dwke
2Sk[wk]

5

E DwkDxkOñ~wk1xk!e
2SL[wk1xk]

E DwkDxke
2SL[wk1xk]

.

~3.12!

As a result the functional derivative of the blocked acti
with respect to one of the bare external sources,Gñ(L) can
be interpreted as the operator obtained by blocking from
base operatorOñ(wk1xk). Let us introduce the notation

$Oñ~wk!%k5
dSk@wk#

dGñ~L!
~3.13!

for the corresponding blocked operator. Making use of
pansion~3.9! of the blocked action, the operator mixing

$Oñ~wk!%k5(
m̃

dGm̃~k!

dGñ~L!

dSk@wk#

dGm̃~k!
5(

m̃

Om̃~wk!Sm̃ñ~k,L!

~3.14!

can be given in terms of the sensitivity matrix

Sm̃ñ~k,L!5
dGm̃~k!

dGñ~L!
, ~3.15!

which shows the dependence of the blocked coupling c
stants on the initial values of the RG flow. As such it is
global feature of the RG trajectory.
6-4
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RENORMALIZATION OF COMPOSITE OPERATORS PHYSICAL REVIEW D63 105006
Conversely, if one chooses the base operatorsOñ(wk) at
the scalek then one can search for the bare opera
@Oñ(wk1xk)#k that reproduces the vacuum expectati
value of Oñ(wk). An argument similar to that for the to
model in the previous section leads to

@Oñ~wk1xk!#k5(
m̃

Om̃~wk1xk!@S21~k,L!#m̃ñ .

~3.16!

Now we pass the RG trajectory in the opposite direct
~from small k to large k values! when asking for the bare
operator that reproduces the same vacuum expectation v
as a given operator at the scale of smallk. Therefore, the
answer is given in terms of the inverse of the mat
Sm̃ñ(k,L) describing the mixing of operators if the RG tr
jectory is passed from largek values toward the small one
as it happened when defining the blocked opera
$Oñ(wk)%k . Notice that the relations~3.14! and~3.16! repre-
sent operator equations since Eq.~3.12! remains valid after
the insertion of any other operator in the path integral of
numerator at both sides.

It turns out to be useful to derive partial differential equ
tions for thek dependence of the operator-mixing matr
Using

Gñ~k2dk!5Gñ~k!2
dk

k
b ñ~k,G! ~3.17!

for an arbitrary infinitesimal changedk of the scalek, one
can write

Sm̃ñ~k2dk!5
dGm̃~k2dk!

dGñ~L!

5(
l̃

dGm̃~k2dk!

dGl̃ ~k!

dGl̃ ~k!

dGñ~L!

5(
l̃

Fdm̃l̃ 2
dk

k

dbm̃~k,G!

dGl̃ ~k!
GSl̃ ñ~k!.

~3.18!

Subtracting Eq.~3.15!, dividing by dk, and taking the limit
dk→0, we find the set of coupled differential equations f
the elements of the operator-mixing matrix:

k]kSm̃ñ~k,L!5(
l̃

dbm̃~k!

dGl̃ ~k!
Sl̃ ñ~k,L!. ~3.19!

The scale dependence of the operator-mixing matrix is g
erned by the matrix

kG ñm̃~k!5
db ñ~k!

dGm̃~k!
~3.20!

determining the change of the slope of the RG trajectory
to the variation of the actual point of the parameter spac
10500
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passes through. The matrixG ñm̃(k) is a local feature of the
RG trajectory on the contrary to the sensitivity matrix.

IV. PARALLEL TRANSPORT

Now we show that the operator mixing due to blockin
can be interpreted as the parallel transport of operators a
the RG trajectory with the connectionG ñm̃(k).

It is the main idea behind operator renormalization th
those operators are searched for that reproduce the s
vacuum expectation value at different scales,

E Dfk8Dxk8Oñ~wk81xk8!e
2Sk8[wk81xk8]

E Dfk8Dxk8e
2Sk8[wk81xk8]

5

E DfkDxkOñ~wk1xk!e
2Sk[wk1xk]

E DfkDxke
2Sk[wk1xk]

. ~4.1!

This relation follows from observing that the right-hand si
of Eq. ~3.12!, the expectation value of a given bare opera
of the complete cutoff theory, is independent of the choice
k, the way the modes are split into the UV and IR class
Equation~4.1! allows us to identify the effect of the chang
ing of the cutoff in the renormalized operator,

$Oñ~wk8!%k85

E Dj$Oñ~wk81j!%ke
2Sk[wk81j]

E Dje2Sk[wk81j]

, ~4.2!

for k8,k. The integrationDj extends over the modes wit
k8,upu,k. The operator$Oñ(wk8)%k8 is a linear superposi-
tion of the base operatorsOñ(wk8) as indicated in Eq.~3.14!.

This result suggests a differential geometric interpretat
of the operator mixing, its identification with a certain pa
allel transport. In particular, ak-dependent operatorOk will
be said to be parallel transported in the scalek,

Ok85Pk→k8Ok ~4.3!

if its insertion into any expectation value yields
k-independent result,]k^Ok&50. The mappingPk→k8 of the
operators is obviously linear.

Since the operator mixing is linear according to E
~3.14!, the parallel transport of an operator in the scale, i
the parallel-transported operatorOk , can be characterized b
introducing the covariant derivative of the operators,

DkOk5~]k2G!Ok ~4.4!

in such a manner thatDkOk50 for the parallel transport
Equation~3.19! suggests the identification of the connecti
with the matrixG of Eq. ~3.20!.

The formal definition of the covariant derivative is th
following. The scale dependence in the expectation va
^Ok& comes from two different sources: the explicitk depen-
6-5
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J. POLONYI AND K. SAILER PHYSICAL REVIEW D63 105006
dence of the operator and the implicitk dependence gener
ated by the path integration by taking the expectation va
The operator mixing balances them. We introduce the co
riant derivative by the relation

]k^Ok&5^DkOk&, ~4.5!

requiring that the operator mixing generated by the conn
tion amounts to the implicitk dependence of the expectatio
value. Once the covariant derivative is known the para
transport can be reconstructed as

Pk→k85P exp*k
k8dk9G(k9), ~4.6!

whereP stands for the ordering according to the parame
k9.

It is obvious that the connectionG is vanishing in the
basis$Oñ%k ,

]kK (
ñ

cñ~k!$Oñ%kL 5(
ñ

]kcñ~k!^$Oñ%k&

5K ]k(
ñ

cñ~k!$Oñ%kL . ~4.7!

The connection can in principle be found in any other ba
by simple computation. As far as the basisOñ(wk) is con-
cerned it is simpler to check directly that Eq.~4.4! satisfies
Eq. ~4.5!. For this end we insert the arbitrary operator

Ok5(
m̃

cm̃~k!Om̃~wk!5c~k!O ~4.8!

into Eq. ~4.5!,

]k@c~k!^O&#5^Dkc~k!O&, ~4.9!

and write, with Eq.~4.4!,

]kc~k!^O&1c~k!]k^O&5]kc~k!^O&2^O&kGc~k!.

~4.10!

In order to prove Eq.~4.5!, we need the relation

2]k^O&5^O&G. ~4.11!

Using Sk50(Gñ(k)) as the generator function for^Oñ&, the
left-hand side~LHS! of Eq. ~4.11! can be written as
10500
e.
a-

c-

l

r

is

1

dk F dS0

dGm̃~k2dk!
2

dS0

dGm̃~k!
G

5
1

dk F dS0

dGm̃~k2dk!
2(

ñ

dS0

dGñ~k2dk!

dGñ~k2dk!

dGm̃~k!
G

5
1

dk (
ñ

dS0

dGñ~k2dk!
Fd ñm̃2

dGñ~k2dk!

dGm̃~k!
G

5
1

k (
ñ

dS0

dGñ~k!

db ñ~k!

dGm̃~k!
, ~4.12!

in the limit dk→0. According to~3.19!, the last line agrees
with the right-hand side~RHS! of Eq. ~4.11!.

Let us turn now to the usual quantum-field theory pro
lem without inhomogeneous external sources, that have o
been introduced as technical tools, i.e., take the limitgñ(k)
→0. Then the operator-mixing matrix and the connecti
reduce to

Sm̃ñ~k,L!5d~xm2xn!smn~k,L!,

Gm̃ñ~k!5d~xm2xn!gmn~k!, ~4.13!

respectively, with the coordinate-independent matrices

smn~k,L!5
]gm~k!

]gn~L!
, kgmn~k!5

]bm~k!

]gn~k!
, ~4.14!

and the RG equations for the operator-mixing matrix take
form

]ksmn~k,L!5(
l

gml~k!sln~k,L!. ~4.15!

V. RG FLOW AND UNIVERSALITY

It has been found that the operator mixing, the problem
keeping the expectation values cutoff independent can
handled by a linear transformation, the parallel transpor
the operators. We shall show in this section that the sal
features of the RG flow can be recovered from this para
transport alone.

The scaling combinations of the coupling constants
introduced traditionally in the vicinity of a fixed pointGm̃

* in
the space of the coupling constants that have been m
dimensionless by the help of the cutoffk. The basic assump
tion of the RG strategy is that the evolution equations can
linearized around the fixed points,

b ñ'(
m̃

G ñm̃
* ~Gm̃2Gm̃

* !. ~5.1!

The relevant, marginal, and irrelevant coupling constants
the superpositions
6-6
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Gñ
sc

5(
m̃

c̄ñm̃~Gm̃2Gm̃
* ! ~5.2!

made by the left eigenvectors ofG,

(
m̃

c̄ñm̃Gm̃r̃
* 5a ñc̄ñr̃ , ~5.3!

with a ñ,0, a ñ50 anda ñ.0, respectively. The scale de
pendence of the scaling coupling constantsGñ

sc is

Gñ
sc

;ka ñ. ~5.4!

Let us consider a local operator of the form

O@f~x!#5(
n

bnOn@f~x!#, ~5.5!

where On@f(x)# is the product of the terms
]m1

•••]m l
fm(x). It will be necessary to separate for the po

sible scale-dependent rescaling factors. For this end we
troduce the norm

uuOuu5A(
n

bn
2 ~5.6!

and adopt the convention that the coupling constantsGñ(L)
of the bare action always multiply local operators with u
norm, uuOñ(L)uu51. As long as we consider local operato
the norm defined above is sufficient and no index with c
tinuous range is needed in its definition. It will be useful
consider the normalized operator flow,

Ō5
O

uuOuu
, ~5.7!

in addition to the original one,O.
The scaling operators

Oñ
sc

5(
m̃

cñm̃Om̃ ~5.8!

are obtained by means of the right eigenvectors ofG* ,

(
m̃

G r̃ m̃
* cm̃ñ5a r̃ cr̃ ñ , ~5.9!

satisfying the conditions of completenessc• c̄51 and ortho-
normality c̄•c51. The coupling constants of the action

Sk5(
ñ

Gñ~k!Oñ
sc

~fk! ~5.10!

obviously follow Eq.~5.4!. The operator

O5(
ñ

bñ$Oñ
sc

%k, ~5.11!
10500
-
n-

t

-

written at scalek in this basis yields the parallel transpo
trajectory

$O%k85(
ñ

bñ$$Oñ
sc

%k%k85(
ñ

bñS k8

k D a ñ

$Oñ
sc

%k

~5.12!

in the vicinity of the fixed point.
The question we explore now is what information do

the flow $O%k contain about the importance of certain inte
actions as the function of the observational scalek. Let us
start with the remark that according to Eq.~3.13! the fixed
point of the blocking relation, where the action, expressed
terms of the dimensionless coupling constants, is scale in
pendent agrees with the fixed point of the operator blocki
The linearization around the fixed points renders the criti
exponents of the coupling constants and the scaling opera
equivalent since the left and the right spectrum ofG* agree.
The operators whose structure converges and changes b
overall factor only are the scaling operators. The correspo
ing critical exponents can be read off from the evolution
their norm.

The concept of universality stands for the independe
of the dimensionless quantities of the long-distance phy
from the initial value of the irrelevant coupling constants
the UV scaling regime. The operator$Oñ(wk)%k constructed
from the local terms of the bare action by parallel transp
represents the influence of the bare coupling constants on
physics of the scalek. Since the action is dimensionless on
relevant operators have nonvanishing parallel transport fl
at finite scale according to Eq.~3.13!, the parallel transport
of the irrelevant operators that are made dimensionless
the running scalek vanishes. Naturally, this does not mea
that the effective theories are renormalizable since a re
malizable~relevant! operator parallel transported down fro
the cutoff mixes with nonrenormalizable~irrelevant! ones, as
well.

The operator flow is particularly well suited for the stu
ies of models whose RG flow visits different scaling r
gimes. In general, any renormalizable theory without ma
fest scale invariance possesses at least two scaling regi
one around the UV and another one at the IR fixed po
that are separated by a crossover at the intrinsic scale o
theory, k5kcr . For models with mass gap the IR scalin
regime is trivial, i.e., the relevant operators are Gauss
Imagine a model with dynamically generated intrinsic sca
e.g., with spontaneous symmetry breaking or condensa
or dimensional transmutation, where the IR instability ge
erates nontrivial scaling laws and non-Gaussian relevant c
pling constants appear in the IR scaling. Let us suppose
there is a nonrenormalizable operatorO that becomes rel-
evant in the IR regime and consider its parallel transp
globally, from the UV to the IR fixed point@17#. SinceO is
nonrenormalizable,uu$O%kuu decreases ask is lowered in the
UV reflecting the diminishing importance of a nonrenorm
izable operator well below the cutoff. But after havin
crossed the crossover the flow reflects the properties o
relevant operator, i.e.,uu$O%kuu increases ask is further low-
ered in the IR scaling regime. Now it becomes a competit
6-7
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J. POLONYI AND K. SAILER PHYSICAL REVIEW D63 105006
between the UV suppression and the IR enhancemen
form the final sensitivity on the cutoff scale parameter. Sin
the IR increase of the norm is usually fed by IR or colline
divergences, the length of the scaling regimes are determ
by L/kcr andLkcr whereL is the size of the system, an IR
cutoff. If the coherence is not lost for sufficiently large di
tances then the conditionuu$O%kuu51 can be reached at low
enoughk for any value of the UV cutoff, i.e., the IR insta
bility can make the otherwise weak sensitivity on the sho
distance physics strong.

Finally, a few words are in order about the possibility
determining the sensitivity matrix. There is adirect method
by solving the set~3.19!. Namely, the right-hand sides of Eq
~3.10! are analytic expressions for the beta functions that
be differentiated analytically, and the numerical values of
connection matrix then easily computed and used as inpu
Eq. ~3.19!. There is also anindirect method according to the
definition ~3.15!. One has to solve the Wegner-Hought
equations~3.10! for the blocked sources as functionals
their initial values at the scaleL, and differentiate the solu
tion with respect to these initial conditions. This latt
method was used in Ref.@17# to show that thef4 model in
the phase with spontaneously broken symmetry does in
possess a nonrenormalizable relevant operator in the IR
ing regime.

VI. RG AND RENORMALIZED PERTURBATION
EXPANSION

The comparison of the renormalization of the compos
operators presented above with the usual operator mi
obtained in the framework of the renormalized perturbat
expansion serves two goals. First, it shows that the u
operator mixing represents the evolution of the compo
operators toward the UV direction. Second, it helps to und
stand an apparent paradox, namely that nonrenormaliz
operators can be ‘‘renormalized’’ within a renormalizab
theory. The composite operator renormalization stands
the program of finding the counterterms which renders
Green’s functions even with the given composite opera
insertions finite as the cutoff is removed. Since the finiten
of the Green’s functions implies the finiteness of the partit
functions where the composite operators are introduced
a source term in the action, as in Eq.~3.9!, the completion of
this program would amount to the renormalization of the
ries where the composite operators appear in the action

A. Renormalized perturbation expansion

Let us start with the bare action~3.1!,

S@f,Gñ#5(
ñ

GñOñ~f!. ~6.1!

For the sake of simplicity, we neglected the subscriptL here,
but the dependence on the external sourcesGñ is made ex-
plicit; Oñ(f) is a complete set of normalized bare operato
The UV and IR momentum cutoffs,L andk are assumed to
be introduced for the field variablef(x) in order to achieve
a better comparison with the RG method. Let us separate
10500
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zero modes of the sources, i.e., the bare coupling const
gn , Gñ5gn1gñ . Furthermore, specify O(1u1)@f(x)#
52 1

2 f(x)hf(x), O1@f(x)#5f(x), g(1u1)5Zf , g150.
Then,G1̃5g1̃52 j (x) is the external current coupled to th
bare field.

The corresponding quantum-field theory is defined by
generating functional

Z@Gñ#5

E Dfe2S[f,Gñ]

E Dfe2S[f;gn]

. ~6.2!

Then, we obtain the generating functionalsW@Gñ#
5 ln Z@Gñ# and G@w,Gñ,nÞ1#52W@Gñ#1*dx j(x)w(x) of
the connected and one-particle irreducible~1PI! Green’s
functions, respectively, withw(x)5dW/d j (x).

The insertion of the operatorOñ(f) in the 1PI Green’s
functions is obtained via functional derivation with respect
the corresponding sourceGñ , and the identities

^Oñ~f!&1PI52
1

Z

dZ

dGñ
U

0

52
dW

dGñ
U

0

5
dG

dGñ
0 ~6.3!

hold for nÞ1. The subscriptu0 stands forgñ[0 ~and w
50 for G). Owing to its definition via the bare action, th
vacuum expectation value is expressed in terms of the b
couplings.

The theory defined above is nonrenormalizable. One
to satisfy infinitely many renormalization conditions in ord
to fix the renormalized valuesgnR of the infinitely many
coupling constants. This is equivalent to specifying a parti
lar RG trajectory in the RG approach. The theory with no
renormalizable coupling constants does not allow the
moval of the cutoff, i.e., the extrapolation toward sho
distances is problematic. But as long as the properties
away from the cutoff toward the IR direction are concern
and the possible nontrivial effects of the IR scaling regim
@17# are neglected, the values of the nonrenormalizable c
pling constants at the cutoff effect the overall scale of
theory only. When considering dimensionless quantities
scale drops out and the nonrenormalizable coupling c
stants can be set at the cutoff in an arbitrary manner. A
result, there is no problem to construct the operator mix
below a sufficiently high cutoff. One should bear in min
that even the renormalizable theories contain nonrenorma
able operators, the regulator. In fact, the comparison o
theory with different regularizations shows that the regu
tors amount to a set of irrelevant operators when written
the action. These regulator terms have tree-level fine-tun
which, according to the universality, is sufficient to keep t
cutoff independent dynamics fixed. In what follows we ta
the usual point of view and the regulators will not be rep
sented in the action.

The renormalization conditions enable one to rewrite
bare action as the sum of the renormalized terms and tha
infinitely many counterterms
6-8
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RENORMALIZATION OF COMPOSITE OPERATORS PHYSICAL REVIEW D63 105006
S@f,Gñ#5(
ñ

~GñR1cñ@Gm̃R# !Oñ~f![SR@f,GñR#

~6.4!

in the framework of the RPE. Here we introduced the ren
malized sources viaGñ5GñR1cñ@Gm̃R#. As mentioned
above, all but finite counterterms influence an overall sc
factor only of the theory according to the universality. T
cutoff will be kept arbitrarily large but finite and fixed. Be
low, the notationc(1u1)@Gm̃R#5Zf21 and the renormaliza
tion condition G(1u1)R[1 are used. The coefficients of th
countertermscñ are functionals of the renormalized sourc
Gm̃R . Without loss of generality we can assume that all e
ternal sources are cutoff at some momentumLs!L. Then,
the counterterms remain local similarly to the case with c
stant external sources@6# and the coefficientscñ are only
affected by the zero modes of the sources, i.e., they are
dependent of the spacetime coordinatex and are functions of
the coupling constantsgnR and the UV and IR cutoffs,L and
k, respectively. Then, the relationsgnR1cn(gmR)5gn and
gñR[gñ hold. Forn51 these yield2g1̃[ j (x)5 j R(x) and
g15c1 for the renormalization conditiong1R50. We see
that gñ[0 impliesgñR[0 and vice versa.

The renormalized generating functionalZR considered as
the functional of the renormalized sources,

ZR@GñR#5

E Df~x!e2SR[f,GñR]

E Df~x!e2SR[f;gnR]

5Z@Gñ# ~6.5!

is the generating functional of the Green’s functions w
renormalized-composite-operator insertions. The follow
equations hold:

WR@GñR#5 ln ZR@GñR#5W@Gñ#, ~6.6!

and

GR@w,GñÞ1̃,R#52WR@GñR#1E dx jR~x!w~x!

52W@Gñ#1E dx j~x!w~x!

5G@w,GñÞ1̃#, ~6.7!

wherew(x)5dWR /d j R(x)5dW/d j (x).
The renormalized-composite-operator insertion@Oñ(f)#R

(nÞ1) is obtained by functional derivation with respect
the renormalized external sourceGñR :

^@Oñ~f!#R&1PI52
1

ZR

dZR@Gm̃R#

dGñR
U

0

52
dWR@Gm̃R#

dGñR
U

0

5
dGR@w,Gm̃Þ1̃,R#

dGñR
U

0

.

~6.8!
10500
r-

le

-

-

n-

g

Now we find the following relations:

dGR@w,Gm̃Þ1̃,R#

dGñR
U

0

5
dG@w,Gm̃Þ1̃#

dGñR
U

0

5(
r̃Þ1̃

dGr̃

dGñR
U

0

dG@w,Gm̃Þ1̃#

dGr̃
U

0

.

~6.9!

Making use of the derivative

dGm̃

dGñR
U

0

5~Z21!mnd~x2y! ~6.10!

with the operator-mixing matrix

~Z21!mn5dmn1
]cm~grR!

]gnR
~6.11!

~for n,mÞ1), one finds

@Oñ~f!#R5 (
mÞ1

Om̃~f!~Z21!mn ~6.12!

for nÞ1. This can be extended ton,m51 by defining
(Z21)1m5dm1 , (Z21)n15d1n . It is worthwhile mentioning
that the operator-mixing matrix turned out local in spac
time coordinates, i.e., it is independent of the momentum
which the composite-operator insertion is taken. The ma
Znm is just the transposed one of that used in Ref.@6#.

B. Comparison of the two schemes

We compare now the notion of renormalized operator
the perturbative approach with the notion of blocked ope
tor in the RG framework. Table I summarizes the form
similarities between the two approaches.

The RG approach keeps the UV cutoffL fixed and uses a
decreasing IR cutoffk, so that the RG trajectories are pass
toward the IR limitk→0. On the contrary, the couplings ar
defined at some low-energy scalek5m!L and the UV cut-
off is shifted toward infinity in the RPE, and the RG traje
tories are followed just in the opposite direction, towa
large momenta. The RG approach reproduces the pertu
tive results for the ordinary Green’s functions in the U
scaling regime@6,7# up to powers and logarithms ofm/L
that are vanishing in the asymptotic limitL→`.

It is easy to see that

(
ñ

Gñ~L!$Oñ%k5(
ñ

Gñ~L!
dSk@fk#

dGñ~k!
~6.13!

gives the blocked action with cutoffk in the orderO@G(L)#,
the blocking of the action and the operators agree at
linearized level, i.e., they share the fixed points and the c
cal exponents. The Legendre-transformed effective ac
with the IR cutoffkÞ0 @18,21# describes the effective theor
6-9



im

-
o

d
e

t t
lu
o

e
-

o

ator
or-
re,

the
pro-
are
ect

iza-
is

alar

ors

or-
rect

s

not
of
ator
sed

in-

es

ou-

n
io

J. POLONYI AND K. SAILER PHYSICAL REVIEW D63 105006
after the high-frequency modes have been eliminated, s
larly to the blocked action for the low-frequency modes.

The RPE deals with the effective action in the limitk
→0, L→`. Since the bare couplingsgn and the renormal-
ized couplingsgnR are the analogs ofgn(L) at the UV cutoff
scale and of the blocked couplingsgn(k), respectively, the
operator-mixing matrixsnm5]gn(k)/]gm(L) defined in the
RG approach is just the analog of the matrixZnm defined via
(Z21)mn5]gm /]gnR in the RPE. This analogy will be dem
onstrated in Sec. VII on the equivalence of the one-lo
perturbative results with those obtained by the RG metho
IMA for a few elements of the operator-mixing matrix in th
particular case off3 theory in dimensiond56.

The analogs of the blocked operators$Oñ(wk)%k are not
used in the RPE. In the latter one seeks the operator a
scale of the UV cutoff that reproduces the expectation va
of an operator given at the renormalization scale. The ren
malized operator@Oñ(f)#R satisfying this requirement is th
analog of the operator@Oñ#k(f) introduced in the RG ap
proach by means of inverse blocking.

It is the basic advantage of the RG approach that a n

TABLE I. Comparison of various notions in the renormalizatio
group ~RG! method and the renormalized perturbation expans
~RPE!.

RG RPE

Coupling at UV scale:gn(L) Bare coupling:gn

Blocked coupling:gn(k) Renormalized coupling:gnR

Operator-mixing matrix: Operator-mixing matrix:
snm(k,L) Znm

Defined as Defined via

snm5
]gn(k)
]gm(L)

(Z21)mn5
]gm

]gnR

Operator at UV scale:Oñ(f) Bare operator:Oñ(f)

Blocked operator: Not used

$Oñ~wk!%k5
dSk

dGñ~L!
U
gm̃(L)50

Operator mixing:
$Oñ(wk)%k5(mOm̃(wk)smn(k)

Operator obtained by Renormalized operator:
inverse blocking
~if exists!:

@Oñ~f!#k5(mOm̃~f!~s21!mn~k,L! @Oñ~f!#R5(mOm̃~f!

3~Z21!mn
10500
i-

p
in

he
e
r-

n-

perturbative answer can be obtained with its help on oper
mixing, whereas also the UV finite pieces of the operat
mixing matrix are automatically determined. Furthermo
the RG approach enables one to get a deeper insight into
reason of operator mixing as a natural consequence of re
ducing the same vacuum expectation values in the b
theory and in the blocked one, or in other words as a dir
consequence of integrating out degrees of freedom.

VII. OPERATOR MIXING IN f6
3 THEORY

The relation between the composite-operator renormal
tion in the RG scheme and the operator mixing of the RPE
demonstrated in this section in the case of a simple sc
model.

A. RG method

We start with the determination of the blocked operat
in the framework of thef3 theory in dimensiond56 in the
independent mode approximation of the next-to-leading
der of the derivative expansion and show that both the di
and the indirect methods lead to the same results.

Let us include as base operatorsOñ(wk) the derivative
operators

D (0u1)~wk!52hwk , D (1u1)~wk!52
1

2
wkhwk ,

D (0u2)~wk!52
1

2
hwk

2 ~7.1!

and the local potential

V~wk!5(
l 50

`

gl~k!
wk

l

l !
~7.2!

into the ansatz for the blocked action:

Sk5E ddx@Z(0u1)~k!D (0u1)~wk!1Z(1u1)~k!D (1u1)~wk!

1Z(0u2)~k!D (0u2)~wk!1V~wk!#. ~7.3!

The bare f3 theory is specified by the bare coupling
g2(L)5m2, g3(L)5l, gl>4(L)50, Z(0u1)(L)50,
Z(1u1)(L)51, andZ(0u2)(L)52 1

2 .
The choice of operators in Eq.~7.3! means that the field

dependence of the wave-function renormalization is
taken into account. Terms with higher-order derivatives
the field are also neglected, but the extension of the oper
basis is straightforward. Other operators of the discus
types can be expressed as linear combinations of those
cluded in the basis, e.g.,

2]mwk•]mwk5D (0u2)~wk!22D (1u1)~wk!. ~7.4!

Having derived the explicit forms of the right-hand sid
of Eqs. ~3.8! and ~3.19!, the limit gñ(k)→0 can already be
taken at the beginning of the calculation except for the c
plings multiplying the operatorshwk(x) and hwk

2(x). The

n

6-10
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TABLE II. Orders of magnitude of the operator-mixing coefficientssnm in IMA for lf3 theory for k
50, L2@m2. E(L) indicates a constant plus logarithmically divergent one-loop contributions;Mn

5wn/n!; dn , dm stand for the momentum dimensions of the operators$Oñ%, Om̃ , respectively.

dm 0 2 4 6 8
dn $Oñ% \ Om̃ M0 M1 M2 D (0u1) M3 D (0u2) D (1u1) M4

0 $M0% 1 0 L4 0 0 0 L6 0
2 $M1% 0 1 L2 0 L4 0 L4 0
4 $M2% 0 0 E(L) 0 L2 0 L2 L4

$D (0u1)% 0 0 lnL 1 L2 L2 L2 0
6 $M3% 0 0 L0 0 E(L) 0 lnL L2

$D (0u2)% 0 0 L0 0 lnL E(L) lnL L2

$D (1u1)% 0 0 L0 0 lnL 0 E(L) 0
8 $M4% 0 0 L0 0 L0 0 L0 E(L)
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corresponding terms in the action would yield pure surfa
terms and therefore, their effects on operator mixing can o
be kept track of if the corresponding inhomogeneous sou
are replaced by constants only at the end of the calculat

A further remark is in order here. Namely, we have fo
mulated the whole procedure in the Wegner-Hough
framework with a sharp cutoff and used derivative exp
sion. It is, however, well known that the sharp cutoff intr
duces undesirable singularities due to the derivatives of
steplike cutoff function @20#. This may also cause ou
method in its present form with sharp cutoff to fail in co
rectly describing the renormalization of the derivative ope
tors. We do not see, however, any objections to reformu
our method of treating composite-operator renormalizat
using a smooth cutoff on the base of Polchinski’s equat
@7#.

1. Indirect method

For the indirect determination of the operator-mixing m
trix the following steps should be performed.

~1! Determination of the blocked couplings. Our method
to establish the coupled set of differential equations~3.10!
for the couplings from Eq.~3.8! is similar to that used in
@19#. Namely, we substitutewk(x)5w01h(x) wherew0 is
an arbitrary constant, expand both sides of Eq.~3.8! in Tay-
lor series with respect to the inhomogeneous pieceh(x), and
10500
e
ly
es
n.

n
-

e

-
te
n
n

-

compare the coefficients of the corresponding opera
Oñ(h). Since only operators with second derivatives a
considered, it is sufficient to terminate the expansion at
quadratic terms. In Appendix A, the set of coupled first-ord
differential equations~A11!, ~A15!, ~A16!, and~A24! is ob-
tained for the blocked couplings. These equations are t
solved in independent-mode approximation analytically
Appendix B.

~2! Determination of the operator-mixing matrix in IMA
through differentiating the solutions for the blocke
couplings with respect to the initial values of the vario
couplings at the scaleL. This step is discussed in detail i
Appendix B. The orders of magnitude of the elements of
operator-mixing matrix with respect to the UV cutoffL are
indicated in Table II.

2. Direct method

As byproducts, the right-hand sides of Eqs.~A11!, ~A15!,
~A16!, and ~A24! provide us the exact analytic expressio
for the beta functions,bn(k) ~see the beginning of Appendi
C!. Thus, analytic expressions can be obtained for the
ments of the connectiongnm by differentiating the appropri-
ate beta functions with respect to the appropriate coup
constants without any approximation. The results are su
marized in Appendix C and the nontrivial matrix elemen
indicated in Table III. This matrix is the input for Eqs.~3.19!
se

TABLE III. Elements of the connection matrixgnm(k) for a theory with polynomial potential; the

nontrivial matrix elements are indicated by3, dn , dm denote the momentum dimensions of the ba
operatorsOñ(f), Om̃(f), respectively.

dm 0 2 4 6 8
dn n \ m 0 1 2 (0u1) 3 (0u2) (1u1) 4

0 0 0 0 3 0 0 0 3 0
2 1 0 0 3 0 3 0 3 0
4 2 0 0 3 0 3 0 3 3

(0u1) 0 0 3 0 3 3 3 0
6 3 0 0 3 0 3 0 3 3

(0u2) 0 0 3 0 3 3 3 3

(1u1) 0 0 3 0 3 0 3 0
8 4 0 0 3 0 3 0 3 3
6-11
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to the direct determination of the operator mixing matrix.
Equations~3.19! can be rewritten as integral equations

a rather compact form introducing the coloumn vectorssn

with the elementssmn ~with the row indexm) and the con-
nection matrixg ~with the elementsg lm):

sn~k!5sn~L!2E
k

L

dkg~k!sn~k!. ~7.5!

This means that all the coloumn vectorssn(k) satisfy the
same ordinary first-order linear differential equation; on
the initial conditionssn(L) are different for them. The ana
lytic expressions for the elements of the connection ma
~see Appendix C! should be used as input.

Here we determine the operator-mixing matrix analy
cally in IMA. For this approximation, all the coupling con
stants in the explicit expressions for the elements ofg and
the coloumn vectorsn(k) should be replaced by their bar
values on the RHS of Eq.~7.5!. For thelf3 theory one has
Z(1u1)(L)51, Z(0u1)(L)50, Z(0u2)(L)52 1

2 , g2(L)5m2,
g3(L)5l, gl>4(L)50. Since there is no operator mixing
the scaleL, the initial conditions aresmn(L)5dmn . Then,
Eqs.~7.5! take the forms

smn
IMA~k!5dmn2E

k

L

dkgmn
IMA~k!, ~7.6!

and their solutions can be expressed in terms of the integ
in Appendix E. Using the results of Appendix C, it has be
checked that the solutions are just the operator-mixing c
ficients found in Appendix B by the indirect method prev
ously.

B. Perturbative approach

In Appendix D we determine perturbatively the operat
mixing coefficients (Z21)nm for f3 theory in dimensiond
56 in one-loop approximation. The inverse of (Z21)nm can
directly be compared with the results obtained for the ma
smn by means of the RG approach in IMA in Sec. VII A. Th
inversion of the matrix results in the change of the sign
the terms ofo(\) of the matrix elements. Expressing th
perturbative results in terms of the loop integrals given
Appendix E, it is easy to recognize thatZnm5snm(k50) in
the above-mentioned approximations. This agreement il
trates how the perturbative approach is related to the
approach, that was discussed in Sec. VI B.

VIII. SUMMARY

In the toy model of a zero-dimensional-field theory t
operator mixing has been explained as the natural co
quence of integrating out degrees of freedom. Then, the
tion of blocked operators is defined in one-component sca
field theory through the requirement of reproducing the sa
vacuum expectation value in the bare theory and in
blocked~effective! one. The blocking procedure proposed
Wegner and Houghton has been used, i.e., the h
frequency degrees of freedom were integrated out in infi
10500
x

-

ls

f-

-

x

f

s-
G

e-
o-
r-
e
e

h-
i-

tesimal momentum shells sequentially using a sharp-mov
cutoff.

It is shown that the blocking of operators introduced
this paper satisfies the~semi!group property. Differential
equations are derived for the elements of the operator-mix
matrix that should be solved simultaneously with t
Wegner-Houghton equations. It is found that the blocking
operators corresponds to parallel transporting them along
RG trajectory—a flat, one-dimensional manifold. The sc
dependence of the operator-mixing matrix is governed by
connection, showing the changes of the beta functions du
infinitesimal changes of the couplings at a certain scalek. It
is also shown that the eigenoperators of the connection
the local scaling operators in any scaling regimes. Th
solving the eigenvalue problem of the connection enab
one in principle to detect different scaling regimes and fi
the corresponding relevant operators.

The limitations are, of course, the validity region of th
Wegner-Houghton equation due to the occurrence of a n
trivial saddle point, and the usage of the sharp cutoff toget
with the gradient expansion. As to the latter technical pro
lem, a generalization of operator blocking to a smooth cut
approach seems to be possible by including the approp
cutoff terms into the action. The reformulation of the who
issue in the framework of renormalization in the intern
space@21# would solve both of the above-mentioned pro
lems and do also for generalization to gauge theories.

The differential RG approach and the perturbative a
proach for operator renormalization are compared in deta
is explained that the renormalized operator~used in pertur-
bative terms! corresponds to choosing an operator at
renormalization scale and looking for an operator at the
scale~tending to infinity! that reproduces the vacuum expe
tation value of the chosen operator. On the particular
ample off3 theory in dimensiond56 the agreement of the
results of the RG approach in IMA with the one-loop pertu
bative ones has been illustrated for the elements of
operator-mixing matrix in a truncated basis of operators.

The main advantage of the flow equations for the sen
tivity matrix presented is that by their help the renormaliz
tion of composite operators can be performed beyond
perturbative regime. The method has the power to go bey
the independent mode approximation by solving the fl
equations numerically. A comparison of the nonperturbat
results with the perturbative ones, e.g., for the well-kno
f3 theory would certainly be interesting. Various mode
with nontrivial IR scaling could be analyzed down to th
scale where the IR instabilities responsible for the nontriv
scaling occur.
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APPENDIX A: RG EQUATIONS FOR THE BLOCKED
COUPLINGS

The RG equations for the blocked couplings figuring
the blocked action~7.3! are derived by separating the ze
modew0 of the fieldwk(x), wk(x)5w01h(x) and expand-
ing both sides of Eq.~3.8! in Taylor series with respect to
h(x) terminated at the quadratic terms. The zeroth-, fir
and second-order terms are

s05E ddxV~w0!,

s15E ddx$2@Z(0u1)~x,k!

1w0Z(0u2)~x,k!#hh

1V(1)~w0!h~x!%, ~A1!

s25E ddxF2Z(1u1)~k!
1

2
hhh

2Z(0u2)~x,k!
1

2
hh2

1
1

2
V(2)~w0!h2G .

Furthermore, we need the second derivative of the bloc
action,Sk

(2)5A1B1C1o(h3) with the matricesA, B, and
C of zeroth, first, and second order ofh and having the
following forms:

Apq5A~p2!Vddp1q1xpq ~A2!

with the diagonal part

A~p2!5Vk
(2)~w0!1Z(1u1)p

2, ~A3!

and the off-diagonal piece

xpq5E ddzZ(0u2)~z!~p1q!2ei (p1q)z; ~A4!

furthermore,

Bpq5BE dzh~z!ei (p1q)z ~A5!

with B5V(3)(w0), and

Cpq5
1

2
V(4)~w0!E ddzh2ei (p1q)z. ~A6!

Rewriting the logarithm on the RHS of Eq.~3.8! as ln(A
1B1C1•••)5ln A1ln@11A21(B1C1•••)# and expanding
the second logarithmic term in Taylor series,A21B1A21C
2 1

2 A21BA21B•••, one finds the equations
10500
-,

d

k]ks052kdadE dvn

Vd
~ ln A!kn,2kn , ~A7!

k]ks152kdadE dvn

Vd
~A21B!kn,2kn , ~A8!

k]ks252kdadE dvn

Vd

3S A21C2
1

2
A21BA21BD

kn,2kn

. ~A9!

Here, the matrix products of the form (MN)pq
5(PM p,2PNP,q should be understood over a restrict
phase space, i.e., the sum overP should be restricted to the
thin momentum shellk,uPu<k1dk. Such sums are per
formed in the continuum limit as integrals over the interv
@k2e,k1dk# with e.0 infinitesimal and the limitse→0
anddk→0 are taken at the end. It has been checked that
procedure provides a result for field-independent wave fu
tion renormalizationZ(1u1) in IMA that is in agreement with
the perturbative one-loop result obtained, e.g., in@6# for f3

theory ind56 dimension.
s0 : In order to find the explicit form of Eq.~A7!, we

write

~ lnA!p,2p5const1 ln A~p2!1
1

Vd
~A 21x!p,2p

2
1

2Vd
2 ~A 21xA 21x!p,2p1o~x3!.

~A10!

Since x contains second powers of the momenta, its fi
second, etc. powers generate gradient terms of the orde]2,
]4, etc., respectively. In the second order of the gradi
expansion we only have to include the term linear inx, but
its diagonal matrix element vanishes, so that we obt
(ln A)p,2p'ln A(p2) and the integro-differential equation

Vk~w0!5VL~w0!1\adE
k

L

dk kd21lnA~k2! ~A11!

for the blocked potentialVk(w0). Here ad5Vd(2p)2d/2,
Vd52pd/2/G(d/2) is the entire solid angle in the
d-dimensional momentum space.

s1 : For the evaluation of the RHS of Eq.~A8! we need
the inverse of the nondiagonal matrixApq . Expanding it in
powers of the off-diagonal matrixxpq , one finds

~A21!pq5
1

Vd
A 21~p2!dp1q2

1

Vd
2A 21~p2!xpqA 21~q2!

1o~x2!. ~A12!

The trace of the matrix product
6-13
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~A21B!pq5
1

Vd
A 21~p2!Bpq2

1

Vd
2A 21~p2!

3E 8VddvPPd21dP

~2p!d
xp,2PA 21~P2!BPq

~A13!

can be evaluated by performing the integral over the infi
tesimal momentum shell as discussed above. Substituting
result in the RHS of Eq.~A8! and comparing the correspond
ing terms on both of its sides, one gets

k]kV
(1)~w0!52\kdadBA 21~k2!, ~A14!

k]kZ(0u1)~k!5\kdadB0A 0
22Z(0u2)~k!, ~A15!

k]kZ(0u2)~k!5\kdadFV(4)~0!

A 0
2

2
2B 2

A 0
3 GZ(0u2)~k!.

~A16!

Here Eq. ~A14! is the first derivative of Eq.~A11!, A0
5A(k2)uw050 , B05Buw050.

s2 : The trace of the first matrix on the RHS of Eq.~A9!
can be evaluated analogously to that ofA21B:

2\kdadE dvn

Vd

V(4)~w0!

A~k2!

3E ddz
1

2
@h2~z!1Z(0u2)~z!hh2~z!#. ~A17!

Up to the first order ofxpq , one can write

2
1

2
~A21BA21B!pq

52
1

2Vd
2 (

P
8

Bp,2PBPq

A~p2!A~P2!

1
1

2Vd
3 (

P
8 (

Q
8

Bp,2PxP,2QBQq

A~p2!A~P2!A~Q2!

1
1

2Vd
3 (

P
8 (

Q
8

xp,2QBQ,2PBPq

A~p2!A~P2!A~Q2!
.

~A18!

The second and third terms give identical contributions to
RHS of Eq.~A9!,

\kdad

1

2E dvn

Vd

B 2

A 3~k2!
E ddzZ(0u2)~z!hh2~z!,

~A19!

where only the terms of second order in the gradient
retained. The first term leads to the contribution
10500
i-
he

e

e

\kdad

2 E ddp1

~2p!d

B 2

A~k2!A~~kn1p1!2!
hp1

h2p1

~A20!

after performing(P8 . Expanding the integrand in powers o
p1

m , we find for the contribution~A20!

\kdad

1

2E dvn

Vd
H B 0

2

A 2~k2!
E ddzh2~z!

2G rsE ddzh~z!]r]sh~z!J , ~A21!

where

Grs5
B 0

2Z(1u1)~k!

A 3~k2!
F 4k2

A~k2!
Z(1u1)~k!nrns2grsG .

~A22!

Adding all the contributions on the RHS of Eq.~A9!, we can
identify the coefficients of the various composite operat
on both of its sides. Removing now the inhomogeneity of
couplings, we find

k]kV
(2)~w0!52\kdad]w0

2 lnA~k2!, ~A23!

k]kZ(1u1)~k!5\kdad

1

d
G m

m~0!, ~A24!

k]kZ(0u2)~k!5\kdadFV(4)~0!

A 0
2

2
2B 2

A 0
3 GZ(0u2)~k!

~A25!

with G m
m(0)5G m

muw050. Equation~A23! can also be obtained

by differentiating both sides of Eq.~A11! with respect tow0
two times. Equation~A25! is equivalent with Eq.~A16!,
whereas Eq.~A24! is an independent equation.

APPENDIX B: SOLUTION OF RG EQUATIONS
FOR THE BLOCKED COUPLINGS IN IMA

We rewrite Eqs.~A11!, ~A15!, ~A16!, and~A24! in inte-
gral form and substitute the bare valuesgn(L) for the
blocked couplingsgn(k) in the integrands. In terms of th
integralsI 0 and I nrs given in Appendix E, we have

Vk~w0!5VL~w0!1\adI 0 , ~B1!

Z(0u2)~k!5Z(0u2)~L!2\ad~g4~L!I 00222I 023!Z(0u2)~L!,
~B2!

Z(0u1)~k!5Z(0u1)~L!2\adI 012Z(0u2)~L!, ~B3!

Z(1u1)~k!5Z(1u1)~L!F12\adS 4Z(1u1)~L!

d
I 1242I 023D G .

~B4!
6-14
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Let us evaluate the elementssnm of the operator-mixing
matrix for thef3 theory.

1. From monomials to monomials

We have from Eq.~B1!

gl~k!5gl~L!1\adI 0
( l )~0!, ~B5!

and, for the mixing coefficients of the monomial operator

sll 85
]gl~k!

]gl 8~L!
5d l l 81\ad

]I 0
( l )~0!

]gl 8~L!
. ~B6!

The partial derivatives on the RHS of Eq.~B5! can be evalu-
ated by taking the partial derivatives ofI 0 ~given in Appen-
dix E! with respect tow0 at w050 and then differentiating
them with respect to the appropriategl 8(L), before the inte-
gration overk is performed. Finally, the initial values of th
couplings specifying thef3 theory should be inserted.

In Table IV we summarize the nontrivial operator mixin
coefficients in terms of the integrals given in Appendix
and their limiting values fork50, L2@m2 after carrying out
the loop integral in IMA. The functionsf a , a50,2,4 in the
last column are defined as

f 0~L!5F lnS L2

m2
11D 2

3

2G ,

f 2~L!5Fm2lnS L2

m2
11D 2

1

2
L22

1

2
m2G ,

f 4~L!5Fm4lnS L2

m2
11D 1

1

2
L42L2m2G ,

TABLE IV. The mixing matrix elementssmn
IMA(k).

m,n Integral form After integration

0,2 \a6]m2I 0(0)5\a6I 001 \a6f 4(L)/2
1,2 \a6]m2I 0

(1)(0)52\a6I 012 \a6l f 2(L)
2,2 11\a6]m2I 0

(2)(0)5112\a6I 023 11\a6l2f 0(L)
3,2 \a6]m2I 0

(3)(0)526\a6I 034 2\a6l3/m2

4,2 \a6]m2I 0
(4)(0)524\a6I 045 \a6l4/m4

1,3 \a6]lI 0
(1)(0)5\a6I 001 \a6f 4(L)/2

2,3 \a6]lI 0
(2)(0)522\a6I 012 2\a6l f 2(L)

3,3 11\a6]lI 0
(3)(0)5116\a6I 023 113\a6l2f 0(L)

4,3 \a6]lI 0
(4)(0)5224\a6I 034 24\a6l3/m2

2,4 \a6]gI 0
(2)(0)5\a6I 001 \a6f 4(L)/2

3,4 \a6]gI 0
(3)(0)523\a6I 012 3\a6l f 2(L)

4,4 11\a6]gI 0
(4)(0)51112\a6I 023 116\a6l2f 0(L)
10500
f 6~L!52
1

3
L61

1

2
L4m22L2m4

1m6lnS L2

m2
11D . ~B7!

The theory is renormalizable and we see that monom
operatorsw l 8 of dimension not greater than the dimension
the monomial w l are the only ones admixing with th
blocked operator$w l%k→0 with UV-divergent coefficients.
Were the theory nonrenormalizable, e.g., af4 term with
nonvanishing couplingg4(L)Þ0 included, then also the ad
mixture of higher-dimensional operators would occur w
UV-divergent coefficients.

These results can be compared with the one-loop per
bative result given in@ @6# p. 145,~6.2.11!# for the renormal-
ized operator1

2 @f2#R , replacing 2/(d26) by 2 ln(L2/m2)
and usinga651/(128p3) ~in our notations!:

1

2
@f2#R5M1~f!~Z21!121M2~f!~Z21!221D (0u1)~f!

3~Z21!(0u1)21••• , ~B8!

where••• stands for higher-order terms and

~Z21!1252\
lm2

128p3
ln

L2

m2
,

~Z21!22512\
l2

128p3
ln

L2

m2
,

~Z21!(0u1)25\
l

63128p3
ln

L2

m2
. ~B9!

As far as the mixing of monomials is considered, this illu
trates that the operator mixing matrixsnm in the IMA in the
limit k→0 and L2@m2 satisfies the relationsll 85Zll 8 ,
whereZnm is the one-loop perturbative operator-mixing m
trix.

2. From monomials to derivative operators

Equation~B5! obtained from Eq.~B1! can also be used to
determine the admixture of monomials with the blocked d
rivative operators in the IMA. SinceI 0

(n)(0) depends only on
z5Z(1u1)(L) and not on the couplings of the other derivati
operators, one obtainssl (r us)(k)50 for (r us)Þ(1u1), and

sl (1u1)~k!5\ad

]I 0
(n)~0!

]z
. ~B10!

The first few nonvanishing operator-mixing coefficients a
their limiting values fork50, L2@m2 are collected in Table
V. Thus, we can write for the blocked operator~with con-
stant argument!: $D (1u1)(w0)%k5(n50

` sn(1u1)(k)w0
n/n!.

Again, the contributions of the derivative operators to t
6-15
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TABLE V. The mixing matrix elementssl (mun)
IMA (k)/\a6.

l (mun) Integral form After integration

0(1u1) I 101 2 f 6(L)/2
1(1u1) 2I 112 2l@3 f 4(L)2L41L2m22m4#/6
2(1u1) 2I 123 2l2@6 f 2(L)1L222m2#

3(1u1) 26I 134 2l3@3 f 0(L)21#

4(1u1) 24I 145 3l4/m2
d
ir

c

p

h

th

nd

by
a

s

ble
nd

e-
blocked derivative operator$D (1u1)(wk)%k can only be seen if
the latter is considered in the general argumentwk(x).

3. From derivative operators to monomials
and derivative operators

Differentiating the solutions~B4!, ~B2!, and ~B3! with
respect to the various bare couplings, the following ad
tional ~nonvanishing! operator-mixing coefficients and the
limiting values fork50, L2@m2 are shown in Table VI.

The result obtained forZ(1u1)(k50) in the IMA is in
agreement with the one-loop perturbative result forZf :

Zf511
\l2

12•64p3 S ln
L2

m2
2

5

6D ~B11!

~see @6#, p. 58! as expected, since the corresponden
Z(1u1)(k50)5Zf should hold due to

E ddx
1

2
Zf~]mf!25E ddx

1

2
Zf~2D (1u1)2D (0u2)!

5E ddxZ(1u1)D (1u1) . ~B12!

Using Z(0u2)(L)52 1
2 @owing to Eq. ~7.4!# and Z(0u1)(L)

50, a comparison ofs(0u1)2 with the corresponding one-loo
perturbative result@see relation~B8! taken from@6## gives
s(0u1)253Z(0u1)2. Since s(0u1)2 obtained above agrees wit
10500
i-

e

our perturbative one-loop result in Appendix D, so that bo
results contradict to Eq.~B8!, there ought to be a misprint in
@6#.

APPENDIX C: CONNECTION MATRIX

First, we read off the beta functions from the right-ha
sides of Eqs.~A11!, ~A15!, ~A16!, and ~A24!. The beta
functions for the couplings of the monomials are given
b l(k)5\a6k6]w0

l lnA(k2)uw050, whereas the other bet

functions can be read off directly. With the notation
m2(k)5V(2)(0), l(k)5V(3)(0), g(k)5V(4)(0), gl(k)
5V( l .4)(0), and G5@Z(1u1)(k)k21m2(k)#21, the explicit
forms of the beta functions are given in Table VII.

The elements of the connection matrix, shown in Ta
VIII are obtained by differentiation according to the seco
equation of Eq.~4.14!.

APPENDIX D: PERTURBATIVE ONE-LOOP RESULTS
FOR OPERATOR MIXING

Here we determine the operator-mixing matrix at on
loop order perturbatively forlf3 theory in dimensiond
56. Let us decompose the actionS into the free part

S05E ddxF2
1

2
ZRfhf1

1

2
mR

2f2G , ~D1!

the interaction part
TABLE VI. The mixing matrix elementssindex
IMA (k).

Index Integral form After integration

(1u1)2 \a6(8Z(1u1)
2 I 12529Z(1u1)I 024)/3 2\a6l2/6m2

(1u1)3 2\a6(4Z(1u1)
2 I 11426Z(1u1)I 013)/3 \a6l@3 f 0(L)12#/9

(1u1)(1u1) 12\a6(13Z(1u1)I 12423I 02328Z(1u1)
2 I 225)/3 12\a6l2@6 f 0(L)11#/18

(0u2)2 26\a6Z(0u2)(L)I 024 2\a6l2Z(0u2)(L)/m2

(0u2)3 4\a6Z(0u2)(L)I 013 2\a6lZ(0u2)(L) f 0(L)
(0u2)4 2\a6Z(0u2)(L)I 002 \a6Z(0u2)(L) f 2(L)
(0u2)(0u2) 112\a6I 023 11\a6l2f 0(L)
(0u2)(1u1) 26\a6Z(0u2)(L)I 124 23\a6l2Z(0u2)(L)@3 f 0(L)12#/3
(0u1)2 2\a6Z(0u2)(L)I 013 \a6lZ(0u2)(L) f 0(L)
(0u1)3 2\a6Z(0u2)(L)I 002 \a6Z(0u2)(L) f 2(L)
(0u1)(0u1) 1 1
(0u1)(0u2) 2\a6I 012 \a6l f 2(L)
(0u1)(1u1) 2\a6Z(0u2)(L)I 113 2\a6lZ(0u2)(L)@6 f 2(L)1L222m2#/2
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SI5E ddxF2
1

2
g(1u1)R~x!fhf1

1

2
g2R~x!f2

1 (
nÞ(1u1),2

GnR~x!On@f~x!#G , ~D2!

and the counterterms

TABLE VII. The beta functionsb index(k)/\a6k6.

Index Beta function

0 2 ln G
1 Gl

2 G(g2Gl2)
(0u1) G2lZ(0u2)

3 G(g523gGl12G2l3)
(0u2) G2Z(0u2)(g22Gl)
(1u1) G3l2Z(1u1)(2k2GZ(1u1)23)/3
4 G(g624g5Gl23g2G112gG2l226G3l4)

TABLE VIII. The nonvanishing connection matrix elemen
kg index(k)/\a6k6.

Index Connection matrix

02 G
0(1u1) k2G
12 2G2l

13 G
1(1u1) 2k2G2l

22 G2(2g12Gl2)
23 22G2l

2(1u1) k2G2(2g12Gl2)
24 G
(0u1)2 22G3lZ(0u2)

(0u1)3 G2Z(0u2)

(0u1) G2l

(0u1)(1u1) 22k2G3lZ(0u2)

32 2G2(g526gGl16G2l3)
33 2G2(3g26Gl2)
3(1u1) 2k2G2(g526gGl16G2l3)
34 23G2l

(0u2)2 2G3Z(0u2)(g13Gl2)
(0u2)3 24G3lZ(0u2)

(0u2)(0u2) G2(g22Gl2)
(0u2)(1u1) 22k2G3Z(0u2)(g23Gl2)
(0u2)4 G2Z(0u2)

(1u1)2 G4l2Z(1u1)(928k2GZ(1u1))/3
(1u1)3 G3lZ(1u1)(4k2GZ(1u1)26)/3
(1u1)(1u1) G3l2(12k2GZ(1u1)2328k4G2Z(1u1)

2 )/3
42 G2(2g618g5Gl16g2G236gG2l2124G3l4)
43 24G2(g526gGl16G2l3)
4(1u1) 2k2G2(g628lg5Gl26g2G136gG2l2224G3l4)
44 26G2(g22Gl2)
10500
Sc.t.5E ddx(
n

cn~gmR!On@f~x!#. ~D3!

Here the same base operators are taken into account as
blocked action~7.3!. The one-loop effective action is give
by

G15
\

2
Trln@1pq1GR~p2!~SI

(2)!2p q#

52
\

2 (
v51

`
~21!v

v E
p1

•••E
pv

GR~p1
2!

3~SI
(2)!2p1 p2

•••GR~pv
2!~SI

(2)!2pv p1
~D4!

with GR(p2)5(ZRp21mR
2)21 and the second functional de

rivative of the interaction piece of the action:

~SI
(2)!pq5E dxei (p1q)xFg2R~x!1g(1u1)R~x!

1

2
~p21q2!

1(
l 53

`

@glR1glR~x!#
1

~ l 22!!
f l 22~x!

1@Z(0u2)R1g(0u2)R~x!#~p1q!2G . ~D5!

In the second order of the derivative expansion, the coun
terms are defined through the relations

2
dG1

dw~p!
uf,gñR505@c11c(0u1)p

21o~p4!#

3~2p!dd~p!,

2
d2G1

dw~p1!dw~p2!
uf,gñR505~c21c(1u1)p1

21o~p1
4!!~2p!d

3d~p11p2!, ~D6!

TABLE IX. The counterterms expressed in terms of the in
grals withl5g3R .

Index cindex/\ad

02 G
1 2I 011

2 I 0222g4RI 001

(0u1) Z(0u2)RI 012

3 3g4RI 01222I 033

(0u2) (g4RI 00222I 023)Z(0u2)R

(1u1) 4ZR
2

d
I 1242ZRI 023

4 3g4R
2 I 002212g4RI 02316I 044
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TABLE X. The operator-mixing matrix (Z21) index.

Index Mixing matrix

10, 11 1
12 \adI 012

1(0u1) 0
13 2\adI 001

1(0u2) 0
1(1u1) \adI 112

14 0
20, 21 0
22 11\ad(g4RI 00222I 023)
2(0u1) 0
23 2\adI 012

2(0u2) 0
2(1u1) \ad(g4RI 10222I 123)
24 2\adI 001

(0u1)0, (0u1)1 0
(0u1)2 22\adI 013Z(0u2)R

(0u1)(0u1) 1
(0u1)3 \adI 002Z(0u2)R

(0u1)(0u2) \adI 012

(0u1)(1u1) 22\adI 113Z(0u2)R

(0u1)4 0
30, 31 0
32 6\ad(I 0342g4RI 013)
3(0u1) 0
33 113\ad(g4RI 00222I 023)
3(0u2) 0
3(1u1) 6\ad(I 1342g4RI 113)
34 3\adI 012

(0u2)0, (0u2)1 0
(0u2)2 \ad(6I 02422g4RI 003)Z(0u2)R

(0u2)(0u1) 0
(0u2)3 24\adI 013Z(0u2)R

(0u2)(0u2) 11\ad(g4RI 00222I 023)
(0u2)(1u1) \ad(6I 12422g4RI 103)Z(0u2)R

(0u2)4 \adI 002Z(0u2)R

(1u1)0, (1u1)1 0
(1u1)2 \ad(3dZRI 024216ZR

2 I 125)/d
(1u1)(0u1) 0
(1u1)3 \ad(8ZR

2 I 11422dZRI 013)/d
(1u1)(0u2) 0
(1u1)(1u1) 11\ad@216ZR

2 I 2251(813d)ZRI 1242dI023#/d
(1u1)4 0
40, 41 0
42 6\ad(2g4R

2 I 00316g4RI 02424I 045)
4(0u1) 0
43 24\ad(I 0342g4RI 013)
4(0u2) 0
4(1u1) 6\ad(2g4R

2 I 10316g4RI 12424I 145)
44 116\ad(g4RI 00222I 023)
10500
2
dsG1

dw~p1!•••dw~ps!
uf,gñR50,p

i
250

5cs~2p!dd~p11 . . . 1ps!, ~s>3!,

2Z(0u2)R

d3G1

dw~p1!dw~p2!dg(0u2)R~x!
uf,gñR50

5c(0u2)~p11p2!2ei (p11p2)x.

A straightforward evaluation results in the expressions
the counterterms given in Table IX.

For the elements of the operator mixing matrix~6.11! we
obtain, with ZR[Z(1u1)R51, Z(0u2)R52 1

2 , gnR50 for n
Þ2,(1u1),(0u2),3, theexpressions shown in Table X.

APPENDIX E: PARTICULAR INTEGRALS

In order to obtain the explicit forms of the solutions
Eqs. ~B1!, ~B4!, ~B3!, and ~B2! the following integrals are
needed:

I 05E
k

L

dppd21ln@zp21VL
(2)~w0!#,

I nrs5lL
r E

k

L

dppd21 p2nGL
s 5

lL
r

2zs (
i 50

j 1n21 S j 1n21

i D
3S 2

mL
2

z D j 1n212 iE
k2

L2

duS u1
mL

2

z D i 2s

~E1!

for even dimensionsd52 j , whereGL5@zp21mL
2 #21. For

dimensionsd56 we obtain

I 05
1

6 Fu3ln@zu1VL
(2)~w0!#2

1

3
~u1c!31

3

2
c~u1c!2

23c2u1c3ln~u1c!G
u5k2

u5L2

~E2!

with c5VL
(2)(w0)/z. The evaluation of the integralsI nrs is

straightforward.
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