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ABSTRACT
In this paper, we propose competitive predator-prey models with 
a small immigration into the prey. The dynamics of these models 
are investigated by addressing the boundedness, coexistence, and 
extinction conditions, as well as the local and global stability of 
equilibria. Immigrants stabilize the systems and increase the prob
ability of coexistence. A Hopf bifurcation analysis shows that the 
model with Holling type II exhibits a Hopf bifurcation with respect 
to immigration parameter, but there is no bifurcation of the model 
with Holling type I. The numerical results support the theoretical 
results. Additionally, incorporating a few immigrants into the prey 
has a high sensitivity when the dynamic is periodic, but it has 
a lower sensitivity when the dynamic is stable. The obtained results 
can be biologically interpreted to improve the survival of species in 
the environment by adding immigrants. The rescue effect is con
sidered as one of the implications in the real world that interpret 
the obtained results in this study.
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1. Introduction

A theoretical ecology has been developed by connecting mathematics and ecology to 
discuss many phenomena and ideas. To explain such phenomena, many predictions have 
been made. Mathematical modelling is one of the most effective methods for explaining 
the process and predicting its progress. Nevertheless, it remains a major challenge to 
define ecological principles and describe them mathematically (Murray 2002). In biolo
gical mathematics, numerous researchers have paid considerable attention to construct 
models of predator-prey relationships. Several ideas have been introduced to interpret 
and predict the dynamic behaviour of predator-prey interactions especially investigating 

CONTACT Omar Bazighifan o.bazighifan@gmail.com Department of Mathematics, Faculty of Education, Seiyun 
University, Hadhramout 50512, Yemen

MATHEMATICAL AND COMPUTER MODELLING OF DYNAMICAL SYSTEMS 
2024, VOL. 30, NO. 1, 605–625 
https://doi.org/10.1080/13873954.2024.2366337

© 2024 The Author(s). Published by Informa UK Limited, trading as Taylor & Francis Group.  
This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/ 
licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly 
cited. The terms on which this article has been published allow the posting of the Accepted Manuscript in a repository by the author(s) or 
with their consent.

http://www.tandfonline.com
https://crossmark.crossref.org/dialog/?doi=10.1080/13873954.2024.2366337&domain=pdf&date_stamp=2024-06-11


the stability of these models such as (Huang et al. 2006; Samanta 2010, 2021; Sarwardi 
et al. 2011; Ali and Jazar 2013; Tripathi et al. 2014; Alebraheem and Hasan 2014; Panja 
and Mondal 2015; Molla et al. 2019; Wang et al. 2020; Saha and Samanta 2020; Mondal 
and Samanta 2020; Panja 2021, 2023; He and Li 2022; Dawud and Jawad 2022; 
Alebraheem and Yang 2023; Jawad and Al Nuaimi 2023). Based on the Lotka-Voltera 
model (Lotka 1925; Volterra 1926), this field evolved. Prey predator models have been 
studied and developed to make them more realistic by adding various external stimuli 
that mimic real-life effects in natural life. One of the most significant external stimuli is 
immigration.

In nature, many predator-prey systems do not exist in isolation, also there is a need to 
support some ecosystems that help to achieve stability in these ecosystems, which in turn 
maintains the continuity of species survival. The survival of the predator is closely linked 
to the presence of prey, and with increasing the predation rates, the existence of this 
ecosystem will be threatened. When addressing ecosystem threats, the impact of rescue 
phenomena on prey is a significant factor. Biological systems in which endangered 
ecosystems are at risk of extinction can be perceived as being saved by the rescue effect 
phenomenon. As a result, new creatures are being added to the ecosystem because of this 
support process or by supplying more suitable living conditions in their environment, 
those creatures will be able to live longer (Ovaskainen 2017).

From the previous paragraph, the effects of small immigration have a significant role 
to consider. In the literature, only limited recent research has investigated immigration 
impact to discuss its effects on prey predator dynamics. Sugie and Saito (Sugie and Saito  
2012) constructed populations interacting spatially in a simple manner by adding con
stant immigration of Rosenzweig – MacArthur predator-prey model, their model 
assumed that using Holling type II as functional response and the prey population 
grows logistically. Their analytical findings explain that adding constant prey immigra
tion to the system dampens the large fluctuations and stabilizes the coexistence equili
brium point globally.

Mukherjee (2016) studied the dynamics of a three-species system under the effect of 
immigration and refuge. His model includes two prey species and one predator species. 
For species that are not attacked by predators, he assumed a constant immigration rate. 
He showed in his results that immigration destabilizes the system. Tahara et al. (2018) 
studied the effect of small immigration on the asymptotic stability of the Lotka Voltera 
model. They concluded that by adding a small immigrant population to the prey or 
predator population, the system could be stabilized. Alebraheem (2021) discussed the 
effect of the oscillation of constant immigration of the prey on the dynamics of the 
predator-prey model with Crowley – Martin functional and numerical responses. By 
adding the oscillation of the prey’s immigration, he showed numerically how it exhibits 
stable fluctuations and increases the likelihood of coexistence. In addition, delay equa
tions are used to build some models in this regard (Chen and Zhang 2013; Al-Darabsah 
et al. 2016; Zhu and Wei 2016; Samuel 2020). Diz-Pita and Victoria Otero-Espinar (2021) 
introduced a review of some recent advances in prey predator models; one of the main 
sections of this article is revision of immigration in prey predator models.

It is noticed from the previously mentioned studies that there is a discrepancy 
in the results between these studies, this is due to the nature of the models that 
formulate the interacted populations of these models. However, the leitmotif idea 
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is that immigration stabilizes predator-prey populations. In contrast to previous 
studies, we introduce to the state of the art a novel predator-prey models by 
taking into account intraspecific competition in both species with a few immi
grants added to the prey to study the dynamics of these models. Also, we will 
present some analytical and numerical results from our analysis that improve 
ecological stability and probability of survival as main contributions. These 
kinds of models without consideration of immigration are utilized by 
Alebraheem (2018), who describes the growth rate of species using the logistic 
equation for both species. In addition, two types of Holling types functional 
responses are utilized to study different environments especially using Holling 
type II, which has two different dynamics steady state and limit cycle in these 
kinds of predator- prey models. The rest of this paper is organized as follows. In 
Section 2, we present the competitive predator-prey models with a small immi
gration into prey. In Section 3, we analyse these models by considering the 
boundedness, Kolmogorov analyses, the local and global stability of equilibria, as 
well as a Hopf bifurcation. Numerical simulations are presented to explain and 
support the mathematical analysis in Section 4. In Section 5, we give a brief 
conclusion to this paper.

2. The construction of the models

In this section, we consider autonomous competitive predator-prey models with 
few prey immigrants to investigate their long-term effects. Holling types I and II 
are used to describe the functional and numerical responses. The densities of prey 
and predator species are symbolized by x and y, respectively, to describe the 
interactions between predator and prey. The parameters are explained in 
Table 1. The non-dimensional prey predator model with Holling type I is as 
follows:

The non-dimensional prey predator model with Holling type II is as follows: 

Table 1. List of symbols with their biological meaning.
symbol The meaning

r Inherent growth rate of prey
k Carrying capacity of the system
u Death rate of predator
α Accessibility parameter of prey by a predator
h Handling and digestion rates of the predator
e Efficiency of converting consumed prey into predator birth
m
x Few prey immigrants
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subject to initial conditions
xð0Þ ¼ x0 > 0; yð0Þ ¼ y0 > 0 and all the parameters are supposed to be positive and 

assuming m< k.
The biological significance of the terms and expressions in the model (1) and (2) are 

clarified as follows:
rxð1 � x

kÞ represents the growth rate of prey that involves intraspecific competition. 
The terms αxy and αxy

1þhαx indicate to the functional responses of Holling types I and II, 
respectively, which represent predator consumption of prey, while the terms eαxy and 

eαxy
1þhαx represent the numerical responses of Holling types I and II, respectively, which 
indicate to changing predator density in response to prey consumption. � uy represents 
predator death rate term. eα

1þhαx y2 represents intraspecific competition between predators. 
m
x represents small prey immigration term.

3. The analysis of the models

3.1. The boundedness of the models

Lemma 1. (i) In the system (1), if αx2y � m � 0,the differential equation dx
dt � rxð1 � x

kÞ.
(ii) In the system (2), if αx2y � m � 0, the differential equation dx

dt � rxð1 � x
kÞ.

As the second part is a generalization of the first part, the proof of the first part is 
omitted and can be performed in the same manner.

Proof. We can write the first equation in system (2) as follows: 

From (3), we assume 

More simplification and since xð1 þ hαxÞ > 0, we can get 

Since hαmx � 0, we can consider for both systems (1) and (2) 

Under the condition (6), we can get that 

608 J. ALEBRAHEEM ET AL.



Theorem 2. (i) All the solutions of system (1) that start in R2
þ for t � 0 are ultimately 

bounded under the condition (6).

(ii) All the solutions of system (2) that start in R2
þ for t � 0 are ultimately bounded under 

the condition (6).

We prove the second part that is a generalization of the first part, so the proof of the 
first part can be done in the same manner and therefore is omitted.

Proof. For system (2), assume ðxðtÞ; yðtÞÞ be any solution. Based on Lemma 1, we have 

The solution of the Equation (7) is xðtÞ ¼ ketþkc

� 1þetþkc, c is an integration constant. Then 

Now, we show that x tð Þ þ y tð Þ � θ;"t � 0.
Consider JðtÞ 2 C1ðRþ ! RþÞ as 

The derivative of J with respect to time (t) is 

Since limt!1 sup x tð Þ � k;, maxfrxð1 � x
kÞg ¼

4r
k and cancelling some terms since all 

the variables and parameters are positive, then we can assume 

The term 1 � uþ eαk
1þhαk

� �
y � eαy2

1þhαk has maximum value 1þeαkþhkα� uð1þhkαÞ2

4eαð1þhkαÞ ¼ γ, then 
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Thus, 

for t !1, then J � η. So, J is bounded. As a result, all the solutions of (2) are 
contained within 

Thus, the solution of system (2) is bounded.
□

3.2. Kolmogorov analyses

Kolmogorov type analysis states that the system of Kolmogorov type has a unique interior 
equilibrium point and this point has two possible dynamics whether asymptotically stable 
or a limit cycle that is asymptotically stable from the outside (Freedman 1980; Sigmund  
2007). Kolmogorov analyses involve many conditions that are used to validate predator- 
prey models (Huang et al. 1995) and to attain the conditions of coexistence and extinction 
of predators (Freedman 1980), which the coexistence concept means analytically if xð0Þ> 0 
and limt!1 xðtÞ> 0, while geometrically differential equation trajectories are defined as 
bounding away from the coordinate planes. Extinction concept that means if xð0Þ > 0 
implies xðtÞ ¼ 0 for t > 0, while geometrically differential equation trajectories are defined 
as touching the coordinate planes. Systems (1) and (2) are assigned to the Kolmogorov type.

For the analysis of system (1), we have 

and for the analysis of system (2), we have 

We determine the carrying capacity of the environment and the minimum prey values 
until a small predator population is present in order to derive the conditions of coex
istence and extinction. The carrying capacity represents the maximum sustainable 
population, which gives such systems to be more validated and realistic. Thus, they are 
expressed mathematically as follows:

For the analysis of system (17), the carrying capacity is obtained as follows:
9ζ > 0 A1ðζ; 0Þ ¼ 0, then the carrying capacity ζ is 
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The minimum prey value with a small predator population is obtained as follows:
9δ > 0B1ðδ; 0Þ ¼ 0, then the minimum prey value is 

The coexistence condition of the system (1) is satisfied if ζ > δ, one gets: 

However, if condition (21) is not met, then 

and the predator is extinct.
For the analysis of system (18), we proceed in a similar way. We find that the carrying 

capacity of system (2) satisfies the same condition (i.e. condition (19)) as in system (1).
The minimum prey value with a small predator population is obtained as follows:
9γ > 0B2ðγ; 0Þ ¼ 0, then the minimum prey value is 

The coexistence condition of the system (2) is satisfied if ζ > δ, one gets: 

However, if condition (24) is not met, then 
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and the predator is extinct.
From this analysis, we deduce the following propositions and corollaries:

Proposition 3. There is a coexistence between predator and prey in the system (1) if the 
condition (21) is satisfied.

Corollary 4. There is an extinction of the predator under condition (22).

Proposition 5. There is a coexistence between predator and prey in the system (2) if the 
condition (24) is satisfied.

Corollary 6. In the system (2), there is an extinction of the predator under the 
condition (25).

3.3. The existence of equilibria and local and global stability analysis

In this subsection, we show the existence of nonnegative equilibria and study local and 
global stability. It is noticed that the systems (1) and (2) have two equilibrium points for 
each system that are nonnegative and biologically feasible.

3.3.1. Equilibria of system (1)
Ef ðx�0; y ¼ 0Þ that is called the predator free equilibrium point, and while 
Ecðx�0; y�0Þ we symbolize Ecð _x; _yÞ, it is called the coexistence equilibrium point. The 
predator free equilibrium point with Holling type I EfIðx; 0Þ is found by substituting 
y ¼ 0 in the system (1), then we get 

By using Descartes’ rule of signs, if the sequence of signs of equation (26) is � ;þ;þð Þ and 
changes once, then there is only one positive root. This positive root, denoted as ζ, is 
calculated in condition (19).

The coexistence equilibrium point of the system (1) EcIðx�0; y�0Þ that we symbolize 
EcIð _x; _yÞ, it is gotten as follows: 

and 
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By using Descarte’s rule of signs and the sequence of signs is � ;þ;þð Þ of Equation (27) 
that changes once, then there is only one positive root. _y is a positive, if 

Proposition 7. As long as the condition (29) holds, the coexistence equilibrium point 
EcIð _x; _yÞ exists.

Theorem 8. Under the following conditions:  

the equilibrium point EfI x; 0ð Þ is locally asymptotically stable.

Proof. By substituting x ¼ ζ�0 and y ¼ 0, then the Jacobian matrix of system (1) is   □ 

The eigenvalues are λ1 ¼ r � 2rζ
k �

m
ζ2 and λ2 ¼ � uþ eαζ

Then, the eigenvalues are negative if 2rζ
k þ

m
ζ2 > r and u > eαζ.

So, EfI x; 0ð Þ is locally asymptotically stable under the conditions (30) and (31).

Theorem 9. The coexistence equilibrium point is globally asymptotically stable in R2
þ, 

whenever it exists.

Proof. Assume G x; yð Þ ¼ 1
xy be a Dulac function, which is smooth in R2

þ

Let N1 x; yð Þ ¼ dx
dt and N2 x; yð Þ ¼

dy
dt. Now, the Dulac function is multiplied by the prey 

equation of system (1) and taking the partial derivatives according to x, which gives: 

In the same manner, the Dulac function is multiplied by the predator equation of 
system (1) and taking the partial derivatives according to y, we get: 
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Thus, 

Since x > 0 and y > 0 as well as all the parameters are positive, then ΔðGN1;GN2Þ is 
negative in R2

þ. To complete the proof, Poincare- Bendixson theorem is applied, so the 
conditions of this theorem are checked x; yð Þ 2 R2

þ, N1 x; yð Þ and N2 x; yð Þ are differenti
able continuous functions, and the system (1) is bounded from Theorem 2. Therefore, by 
the Poincare- Bendixson theorem, the system (1) is globally stable whenever the coex
istence equilibrium point exists.                                                                              □

Theorem 10. In R2
þ, the system (1) has no periodic dynamic.

Proof. As the system (1) is globally stable in R2
þ whenever the coexistence equilibrium 

point exists and by using the Bendixson-Dulac criterion, the system (1) has no periodic 
dynamic.                                                                                                               □

3.3.2. Equilibria of system (2)
In the same manner, we get the predator free equilibrium point with Holling type II, 
which EfIIðx; 0Þ is found by substituting y ¼ 0 in system (2), then we obtain 

There is one positive root that is ζ that calculated in the condition (19).
The coexistence equilibrium point of the system (2) EcIIðx�0; y�0Þ that we symbolize 

EcIIð€x;€yÞ, it is obtained as follows: 

and 

By using Descarte’s rule of signs and the sequence of signs is (-,-,+,+) of Equation (37) 
that changes once, then there is only one positive root. €y is a positive, if 
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Proposition 11. As long as the condition (39) holds, the coexistence equilibrium point 
EcIIð€x;€yÞ exists.

Theorem 12. Under the following conditions:  

the equilibrium point EfII x; 0ð Þ is locally asymptotically stable.

Proof. By substituting x ¼ ζ�0 and y ¼ 0, then the Jacobian matrix of system (2) is 

The eigenvalues are λ1 ¼ r � 2rζ
k �

m
ζ2 and λ2 ¼ � uþ eαx

1þhαζ, and then, the eigenvalues are 
negative if 

Therefore, the equilibrium point EfII x; 0ð Þ is locally stable under the conditions (30) 
and (40).

□

Theorem 13. The coexistence equilibrium point EcIIð€x;€yÞ is locally asymptotically stable 
if the following conditions are satisfied: 

Proof. The Jacobian matrix of the system (2) when substituting the coexistence equili
brium point EcIIð€x;€yÞ is obtained as follows: 

It is possible to simplify it as follows: 
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which can be rewritten as follows: 

where 

Since a12 < 0 and a21 > 0, so J €x; €yð Þj j> 0 and TraceðJ €x;€yð ÞÞ< 0, if a11 < 0 and a22 < 0.
Hence, the coexistence equilibrium point Eð€x;€yÞ is locally asymptotically stable under 

the conditions (41) and (42).□

Theorem 14. The system (2) has a periodic dynamics in R2
þ.

Proof. Assume G x; yð Þ ¼ 1
xy be a Dulac function, which is smooth in R2

þ

Let M1 x; yð Þ ¼ dx
dt and M2 x; yð Þ ¼

dy
dt.

Now, the Dulac function is multiplied by the prey equation of system (2) and taking 
the partial derivatives according to x, which gives: 

In the same manner, the Dulac function is multiplied by the predator equation of 
system (2) and taking the partial derivatives according to y, we get: 
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Thus, 

Since x > 0 and y > 0 as well as all the parameters are positive, then ΔðGM1;GM2Þ

changes sign and not equals to zero in R2
þ.

To complete the proof, Poincare- Bendixson theorem is applied, so the conditions of 
this theorem are checked x; yð Þ 2 R2

þ;M1 x; yð Þ and M2 x; yð Þ are differentiable continu
ous functions, and the system (2) is bounded from Theorem 2. Through using the 
Poincare- Bendixson theorem, the system (2) has periodic dynamics.

3.4. Hopf bifurcation

A Hopf bifurcation is the point in which a system loses its stability and a periodic solution 
arises as a specific parameter varies. In this subsection, we study the Hopf bifurcation of 
the coexistence equilibrium point. Through the previous subsection, we get the system 
(1) is globally stable as shown through Theorem 9, so there is no bifurcation under any 
conditions. However, through depending on model parameters, the coexistence equili
brium point (EcIIð€x;€yÞ) of the system (2) can be stable or unstable. To study the Hopf 
bifurcation, we select m as a bifurcation parameter.

Theorem 15. System (2) undergoes a Hopf bifurcation around the coexistence equili
brium point (EcIIð€x;€yÞ) at the threshold m ¼ mH, where mH ¼ r€x2 � 2r€x3

k �
α€y€x2

1þhα€x 

þ
α2h€x3€y
1þhα€xð Þ

2 � u€x2 þ
eα€x3� 2eα€y€x2

1þhα€x .

Proof. The equilibrium point EcIIð€x; €yÞ will be unstable case if m > mH , then m ¼ mH is 
the critical value where the stability of EcIIð€x;€yÞ changes.

Assume that λ ¼ AðmÞ þ BðmÞi represents an eigenvalue of the Jacobian matrix 
Jðð€x;€yÞ; mHÞÞ. Thus, λ is a purely imaginary number, when m ¼ mH that occurs 
a Hopf bifurcation, we test these conditions by substituting m by mH , we can obtain that

TraceðJðð€x;€yÞ; mHÞÞ ¼ 0, DetðJðð€x;€yÞ; mHÞÞ> 0 and dðtraceðJðð€x;€yÞ;mHÞÞÞ

dm ¼ � 1
€x2 �0. Thus, 

a Hopf bifurcation occurs at the point m ¼ mH .
□
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4. Numerical simulations

This section clarifies the theoretical results by presenting the effect of small immigration 
into the prey on prey predator dynamics for the two systems (1) and (2). The 
Mathematica software package is used to perform numerical simulations with the 
assumption of parameter values that fit with the theoretical assumptions in Section 3 
to satisfy the coexistence between prey and predator (i.e. Propositions 3 and 5) and the 
existence of coexistence equilibria (i.e. Propositions 7 and 11). There is only one dynamic 
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Figure 1. Prey predator dynamics of the system (1) when ðm ¼ 0Þ: (a) time series (b) nullclines and 
phase portrait trajectories. Other parametric and initial values are: r ¼ 1, k ¼ 6, α ¼ 0:8, u ¼ 0:5, 
e ¼ 0:4, xð0Þ ¼ 2, yð0Þ ¼ 1.
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Figure 2. Prey predator dynamics of the system (1) when ðm ¼ 1:0Þ: (a) time series (b) nullclines and 
phase portrait trajectories. Other parametric and initial values are: r ¼ 1, k ¼ 6, α ¼ 0:8, u ¼ 0:5, 
e ¼ 0:4, xð0Þ ¼ 2, yð0Þ ¼ 1.
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of the system (1), which is a steady state as shown through Theorems 9 and 10, so one set 
of presumptive values for the parameters is selected and fixed, except for the immigration 
parameter, whose value is changed. Nevertheless, two different sets of presumptive values 
are picked out and fixed, but the immigration parameter value is changed. These sets are 
taken because there are two types of dynamics: steady state and periodic dynamics for the 
system (2), as demonstrated through Theorems 13 and 14.

In system (1), the supposed values of the parameters and the initial conditions are 
selected as follows: 

By using the supposed set of parameter values for the system described in (1), as 
illustrated in Figures 1, 2, and 3, the following results are observed:

● The dynamical behaviours for all figures are steady state (i.e. no changes to the 
dynamical behaviours).

● There is a unique positive coexistence equilibrium point for each figure, which are 
Figure 1: (2.32759, 0.765086), Figure 2: (2.49391, 0.931412) and Figure 3: 
(2.74074,1.17824), respectively.

● With increasing small immigration, the density of prey and predator increases. The 
rise in density is explicitly displayed through the intersection between the prey and 
predator isoclines.

● Because the effect of small immigration is very less sensitive, large immigration 
parameter values are assumed in these cases.

In system (2), the first set of the parameter values and the initial conditions are given as 
follows: 
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Figure 3. Prey predator dynamics of the system (1) when ðm ¼ 3:0Þ: (a) time series (b) nullclines and 
phase portrait trajectories. Other parametric and initial values are: r ¼ 1, k ¼ 6, α ¼ 0:8, u ¼ 0:5, 
e ¼ 0:4, xð0Þ ¼ 2, yð0Þ ¼ 1.
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Using the first set of parameter values for the system (2) that are displayed in Figures 4, 5, 
and Figure 6, one gets the following results:

● The dynamical behaviour of Figure 4 begins with oscillation, but it stabilizes after 
some time. The other figures present steady state dynamical behaviour

● There is a unique positive coexistence equilibrium point for each figure. They are 
Figure 4: (1.4953, 0.680069), Figure 5: (1.80449, 0.877953) and Figure 6: 
(2.33083,1.21481), respectively.
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Figure 4. (a) Time series (b) nullclines and phase portrait trajectories of the first set of system (2) when 
ðm ¼ 0Þ. Other parametric and initial values are: r ¼ 1, k ¼ 6, α ¼ 3:25, h ¼ 0:40, u ¼ 0:5, e ¼ 0:4, 
xð0Þ ¼ 2, yð0Þ ¼ 1.
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Figure 5. (a) Time series (b) nullclines and phase portrait trajectories of the first set of system (2) when 
ðm ¼ 0:5Þ. Other parametric and initial values are: r ¼ 1, k ¼ 6, α ¼ 3:25, h ¼ 0:40, u ¼ 0:5, e ¼ 0:4, 
xð0Þ ¼ 2, yð0Þ ¼ 1.
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● As immigration increases, prey and predator densities increase. The increased 
density is explicitly displayed through the intersection between the prey and pre
dator isoclines.

● In this set of parameter values, the effect of the small immigration remains less 
sensitive, but it is more sensitive than the supposed set of parameter values for the 
system (1). As seen, it cancels any oscillation in Figure 4.

The second set of parameter values and the initial conditions in system (2) are as follows: 
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Figure 6. (a) Time series (b) nullclines and phase portrait trajectories of the first set of system (2) when 
ðm ¼ 2:0Þ. Other parametric and initial values are: r ¼ 1, k ¼ 6, α ¼ 3:25, h ¼ 0:40, u ¼ 0:5, e ¼ 0:4, 
xð0Þ ¼ 2, yð0Þ ¼ 1.
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Figure 7. (a) Time series (b) nullclines and phase portrait trajectories of the second set of system (2) 
when ðm ¼ 0Þ. Other parametric and initial values are: r ¼ 1, k ¼ 8, α ¼ 7:00, h ¼ 0:50, u ¼ 0:45, 
e ¼ 0:5, xð0Þ ¼ 2, yð0Þ ¼ 1.
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Using the second set of parameter values for the system described in (2), as depicted in 
Figures 7, 8, and 9, the following results are concluded:

● Figure 7 shows a periodic dynamic with a large limit cycle and trajectory paths that 
approach the axes.

● In Figure 8, the dynamical behaviour remains periodic, but the limit cycle becomes 
smaller than in Figure 7 and the trajectories get away from the axes more than in 
Figure 7.

● However, the dynamical behaviour becomes steady state and has a unique positive 
coexistence equilibrium point (2.5861, 1.29378) as shown in Figure 9.
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Figure 8. (a) Time series (b) nullclines and phase portrait trajectories of the second set of system (2) 
when ðm ¼ 0:1Þ. Other parametric and initial values are: r ¼ 1, k ¼ 8, α ¼ 7:00, h ¼ 0:50, u ¼ 0:45, 
e ¼ 0:5, xð0Þ ¼ 2, yð0Þ ¼ 1.
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Figure 9. (a) Time series (b) nullclines and phase portrait trajectories of the second set of system (2) 
when ðm ¼ 1:5Þ. Other parametric and initial values are: r ¼ 1, k ¼ 8, α ¼ 7:00, h ¼ 0:50, u ¼ 0:45, 
e ¼ 0:5, xð0Þ ¼ 2, yð0Þ ¼ 1.
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● This set of parameter values contains an important result: there is a change in the 
dynamical behaviour with increasing the small immigration from a periodic to 
a steady state, so this result ensures that the small immigration stabilizes the system 
and increases the probability of coexistence. This remarkable result is consistent 
with Theorem 14.

● This set of parameter values shows a high sensitivity to small immigration; this is 
demonstrated by changing the dynamical behaviour as small immigration is 
increased.

5. Conclusions

In this paper, a comprehensive study has been presented that discusses the small 
immigration effect on competitive predator-prey models with Holling types I and II. 
The model with Holling type I and without adding the small immigration factor is 
globally stable, and the model with Holling type II and without adding the small 
immigration factor has two different dynamics: steady state and periodic dynamics, 
respectively (Alebraheem 2018). The models are formed by adding a few prey 
immigrants to investigate their effects in the long term. In addition, competitive 
relationships are included in the model. The effect of immigration has been investi
gated in a few studies (Sugie and Saito 2012; Mukherjee 2016; Tahara et al. 2018; 
Alebraheem 2021). In contrast to the literature, in the model we investigate prey 
predator dynamics with few prey immigration and competitive relationships. The 
mathematical analysis of the systems (1) and (2) is displayed. One of the most 
significant features of these models is their boundedness, as proved in Theorem 2. 
The coexistence and extinction conditions are obtained, as seen from Propositions 3 
and 5 as well as Corollaries 4 and 6. Each system has two nonnegative and biologi
cally feasible equilibrium points. They are called the predator-free equilibrium point 
and the coexistence equilibrium point. Their existence is shown through 
Propositions 7 and 11. The dynamical behaviour of equilibrium points is studied in 
Theorems 8, 9, 10, 12, 13, and 14, which describe the local and global stability of the 
equilibrium points. A Hopf bifurcation analysis is investigated in Theorem 15, the 
theoretical results present that the model with Holling type II exhibits a Hopf 
bifurcation with respect to immigration parameter, but there is no bifurcation of 
the model with Holling type I. The numerical simulations explain and present the 
small immigration effect on prey. The addition of positive small-immigration acts as 
a stabilizing factor in competitive prey predator systems. The results are consistent 
with the literature (Sugie and Saito 2012; Tahara et al. 2018; Alebraheem 2021) and 
can be used to interpret stable prey and predator systems in nature because of a few 
immigrants over time. Increasing small immigration increases prey and predator 
densities. It also leads to a change in dynamic behaviour from periodic to stable 
dynamic, so this increases the probability of coexistence. The effect of the small 
immigration of prey has high sensitivity if the dynamic is periodic, but it is less 
sensitive when the dynamic is steady-stable. This study shows biologically that 
increasing small immigration of prey species will support the survival of both species 
in competitive predator models.
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