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BACKGROUND AND
MOTIVATION

The first chapter introduces retrial queuing systems and the motivation of the
research conducted in the thesis

Contents
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2 1. Background and motivation

Background

In our world, the phenomenon of waiting is presented in the congested, urbanized
societies. In many fields of life, people experience the annoyance of having to

wait in queues, which is often not a pleasant and satisfying act. Whenever
a demand for a service surpasses the capacity of a service unit it easily leads
the others to wait. Decisions in connection to the amount of capacity are very
complicated and often impossible to make because it is unpredictable when
customers will arrive or how much time will be needed to provide its appropriate
service. Increasing the capacity of a system is often costly for example adding
more servers but fewer servers can cause a higher possibility of congestion and
larger waiting queues in the system. With the help of queueing theory, various
system characteristics are predictably lessening the hardship of such decisions
providing vital information such as the average number of customers in the
system, the average waiting time of a customer, etc. In [65] queuing system is
described as a service centre and a population of customers, that at some times
enter the service centre to get service. In many cases, the service centre can only
serve a limited number of customers at a time. If a new customer arrives and
there is no free service capacity, the customer enters a waiting line and waits
until the service facility becomes available. Figure 1.1 shows the elements of a
simple classical queueing model.

—> |l —_—>

Arriving customers Waiting customers Customer  Departing customers
in service

Figure 1.1: Classical queuing model

Based on queuing theory there are many applications, which have been doc-
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umented in many fields like in probability, operation research, management
science, communication systems, and industrial engineering. The following show
some examples where queues occur and play an important role described by
[1],[65].

e Supermarket: At the checkouts, customers usually wait from time to time.
During peak-hours, more customers tend to be in the shops forming longer
queues.

o Traffic lights: Customers spend a lot of time in front of traffic lights. An
interesting topic is to manage waiting times in a way such that to be
minimized.

e Computer: In a computer, the processor runs a set of tasks and each of
them necessitates some computation time. Many papers devote to the
interest of task completion times and there are other shared resources like
disks, printers, etc. Usually, the jobs wait for these resources compelling
to be queued.

e Dental clinic: At practitioner or in dental clinic patients are usually
examined in the order of arrival. Often patients have to wait for doctors
even if the appointment system exists.

o Call centre: A company frequently requires a call centre because it provides
a channel for customers to contact the company. The call centre has a
team structure where each operator helps a customer. In the case of an
idle agent, a customer calling for help is immediately answered but might
wait in a queue till an operator becomes available.

e Post Office: In a post office there may be specialized counters for stamps,
packages, financial transactions, etc. Counters with the same specialisation
could have one common queue or separate queue.

e Data communication: So much data traverses the Internet, that in the
information-hungry world multiple communications channels are multi-
plexed onto and demultiplexed from data communications lines at a number
of switches throughout the interconnection which forms a path. Along this
path at many points, queues are built to manage data transmission. Also
in this path, an advanced feature called Quality of Service can take place
that prioritizes internet traffic for applications. Depending on the traffic
types there can be different numbers of queues.

Since queueing theory is applied in different fields, often the terms job or task are
used for a customer. The service centre is also called a processor or machine.
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At some systems in front of the service provider instead of a physical waiting line,
the members of the queue may be dispersed throughout an area. In that case,
they wait for the server to come to them, like machines waiting to be repaired

([32]).

1.1.1 Retrial queuing models

Some queuing models assume that an arriving customer waits until being served
because the waiting capacity is infinite. In some other models called loss models
when the customer at the time of arrival sees that the service area is fully
occupied leaves the system and is lost forever. However, in real life, there
are various situations when customers instead of waiting temporarily leave the
service facility awhile and attempts to be served after some random time. In
that case, this customer resides in a virtual waiting room called orbit before
launching its attempt to reach a server again. Those models which of possess
an orbit can be modeled with retrial queues. Queuing systems with retrial
queues are common and powerful tools modelling problems arising in major
telecommunication systems, such as telephone switching systems, call centres,
CSMA-based wireless mesh networks in frame level. Their importance can
be viewed in the following works like in [9],[22],[23],[31],[36]. In this type of
queuing system an incoming customer tries to reach the service unit after some
time and remains in the system if the server is occupied or not available upon
its arrival. For example in a call centre when every operator is busy and a
customer initiates a phone call then it has to try to make a phone call again
after some time. In the case of computer networks, TCP (Transmission Control
Protocol) uses a retransmission mechanism. This occurs whenever a packet
gets lost and TCP tries to retransmit this packet a while later [11],[12]. The
importance of retrial queuing systems with infinite source are referred to the
works [3],[7],[34],[39],[62],[68].

In a communication session where there are only a limited number of commu-
nication channels or other facilities the users (sources) usually fight for these
resources. In many cases, there is a significant possibility of a conflict. Several
sources launching uncoordinated attempts can produce collisions leading to the
loss of the transmission and consequently the necessity for retransmission. It is
very important to build up efficient procedures for preventing the conflict and
corresponding message delay. There have been recent results on retrial queues
with collision in [41],[42],[43],[44],[48].

Relatively just a small number of papers have been found during exploring
scientific databases, in which queueing systems are investigated when the arriving
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Agents
Retrial call
Departing customers
New call (@)

Figure 1.2: A retrial queueing model for call centres

calls either from the source or from the orbit cause collisions to the request
under service and both are compelled to be delivered into the orbit like in
[5],[16],[35],[40],[45],[53],[60].

In real-life applications of these types of systems in the retrial queuing literature,
the server is usually assumed to be available perpetually. But these assumptions
are quite unrealistic because errors, a power outage can supervene at any time.
In the case of a wireless communication scenario where various factors have an
effect on the transmission rate of the wireless channel and tend to be exposed to
transmission failure, interruptions during transferring the packets like physical
objects, radio frequency interference, electrical interference, or environmental
factors. Thus it is very important to investigate retrial queueing systems with
random server breakdowns and repairs. The non-reliable operation of the sys-
tems has a great influence on system characteristics and performance measures.
Finite-source retrial queues with server breakdowns have been investigated in
several recent papers, for example in [6],[58],[59], where the software MOSEL
(Modeling, Specification and Evaluation Language) is used or in [28] where
several homogeneous servers were modeled and analyzed by the help of Gen-
eralized Stochastic Petri nets (GSPNs) using retrial systems. There are other
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papers which studied a finite-source retrial queue where the server is subject to
breakdowns like [20],[27],[28],[30],[37],[56],[61],[63],[64],[67],[69].

1.1.2 Two-way communication systems

Some of the first results connected with two-way communication retrial queues
are gathered by Falin [21], who analyzes a system with a single server queue
in which the outgoing and the incoming calls follow the same arbitrary service
time distribution. M/M/1 and M/G/1 retrial queuing systems are investigated
by [8],[10],[57] where the distribution of service times of incoming and outgoing
calls follow two different distributions and server-orbit interaction is studied.
The examination of the two-way communication retrial queuing system is quite
a popular topic in recent years. This can be explained by the fact that using
a two-way communication scheme is very helpful in many application fields
modelling occurring real-life problems. Especially in the case of call centres
where service units can perform certain other work in an idle state like selling,
advertising, and promoting products including serving incoming calls. For
example, a call centre of a credit card company where the operator may inform
the customers about money payment or call them for commercial purposes. In
such systems utilization of the service unit is always pivotal, see for example
in [2],[4],[13],[19],[26],[38],[55],[66]. Results in connection with retrial queueing
systems with two-way communication, where the source is infinite, are found in
[8],[10],[17],[18],[49],[50],[54],[57]. When the population of customers is regarded
as infinite then the probability of that a server calls a customer from the orbit
is very small so under such circumstances it is suitable to model system with
finite source. These real situations are the motivation for me to consider finite
source retrial models with two-way communication.

Once the server becomes idle after some time it can call for customers inside and
outside of the system which is called an outgoing call. Two types of outgoing
calls are distinguished:

o the server may call a customer from the source to be served (primary
outgoing call).

o The server can call a customer from the orbit, as well (secondary outgoing
call).

In the thesis, two main different types of retrial queues are modeled and examined.
In the first one, a finite-source retrial queuing system is considered which contains
a non-reliable server and collisions can take place. The second one is a special
retrial queueing system with the help of two-way communication where the server
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after becomes idle may call for customers from inside the system (from the orbit)
or from outside the system (from finite source or infinite source). I aim to study
the operation of these types of systems and to compare them with each other
using various distribution of service time on performance measures like mean
waiting time of an incoming call or utilization of the server. I am also mainly
interested in how the different distributions modify the characteristics of the
system. Different scenarios or operation modes are designed in order to compare
the performance measures such as mean and variance of the waiting time, mean
and variance of the number of customers in the system, mean and variance of
the sojourn time in the orbit, mean and variance of time a customer spent in
service of these modes or scenarios and estimations obtained by a developed
simulation program package. The obtained results are illustrated in numerous
figures emphasizing the differences or similarities.

The rest of the thesis is structured in the following way: Chapter 2 provides
a short introduction about the general model which is used as a base model
throughout the thesis. In that chapter, Section 2.2 introduces the simulation
model and briefly how this is built up. I used a statistics package in order to
obtain the desired estimate of mean and variance values of variables. Chapter 3
consists of the results in connection with the classical retrial queueing systems.
In Section 3.1 with the help of the developed simulation program I illustrate
how close the asymptotic result to the simulation results. In Section 3.2 T use
the general model and I carry out a sensitivity analysis of the performance
measures using various distributions to compare the steady-state distribution,
mean waiting time, mean total uninterrupted service time of a customer, mean
total interrupted service time of the investigated cases under different scenarios.
In Section 3.3 I investigated the case when the service unit breaks down in
a busy state and the service of the interrupted request is suspended and it
continues after repairing the server. I compared the achieved results with the
case when the interrupted request gets into the orbit instantaneously during a
server failure. Blocking is introduced in the general model in Section 3.4 which
means that the arriving customers cannot enter the system when the server is
down and they return to the source and a new request generation process starts.
With numerical results and with certain figures the effect of blocking is depicted.
Chapter 4 presents the results in connection with retrial queuing systems with
the help of two-way communication. In Section 4.1 I explore another system type
of two-way communication. Here the service unit is reliable and able to make
outgoing calls toward the customers residing in the orbit. I confer the results
when the distribution of service time of the primary customers is disparate and
I contrast them with the classical retrial queueing system in connection with
the mean waiting time of primary customers and utilization of the service unit.
I examine a system in Section 4.2 where the service unit becoming idle may call
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in a customer (outgoing call) from an infinite source after some exponentially
distributed time. Four scenarios are differentiated in case of server failure and
I study them using various distributions of failure and service time of primary
customers on performance measures like mean waiting time of primary customers
or utilization of the server. The service time of the primary customers and failure
time of the server follows gamma, hypo-exponential, hyper-exponential, Pareto,
and lognormal distribution with different parameters but with the same mean
value. The novelty of this section is the examination of the effect of various
distributions when the squared coefficient of variation is greater than one and
when it is less than one.

Finally, Chapter 5 summarizes all the achieved results of the dissertation.



SIMULATION MODEL

This chapter introduces the general simulation model and the operation of the
developed simulation program used throughout the thesis

Contents

2.1 Description and notations . . . . . . .. ... ... ... 10

2.2 Description of the simulation program . . . ... . .. 10
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Description and notations

In this section, I introduce the system model in a general form. I consider a
retrial queueing system of type M/G/1//N with collisions of the customers and

an unreliable server (Figure 2.1), where the number of sources is denoted by
N. Systems with retrial features are identified by a specific feature of arriving
customers when the server is occupied. These customers stay in the system and
spend their time in a virtual waiting room called the orbit. Each source can
generate a request with a rate of A\/N, meaning that the distribution of inter-
request time is exponential with parameter \/N. Call generation is not possible
until the end of the successful service of the customer by the source. There is no
waiting queue thus in case of an idle server the service of an incoming customer
starts instantly. The service times are supposed to be gamma distributed with
parameter o and (. If the server is occupied with a customer, an arriving
customer - either from the orbit or the source - will cause a collision with the
customer under service and both requests are directed toward the orbit. The
customers in the orbit are able to retry reaching the server after an exponentially
distributed time with parameter o /N. The server is non-reliable, so it is supposed
to break down after an exponentially distributed time interval. In case of a
busy server, the parameter is vy, otherwise (in case of an idle server) it is 1.
The repair process starts immediately upon the breakdown. The repair time
is an also exponentially distributed random variable with parameter 5. It is
assumed that when the server is unavailable every source is eligible to generate
customers and sends it to the unit, and these requests are forwarded to the
orbit. Throughout the thesis, different cases are considered how the generation
of request develops and what takes place until the end of the repair process of
the server.

When the submission (the service of a request) is successful, the request goes
back to the source. All the random variables involved in the model construction
are assumed to be totally independent of each other.

Description of the simulation program

In this section, I develop simulation models based on using SimPack, which is a
collection of C/C++ libraries and executable programs for computer simulation

[24], to receive the desired performance measures. In this collection, various
algorithms are supported connected with simulation including discrete event



2.2. Description of the simulation program 11

Service Successful
7! |request __ Server~_Yes _ service

Availabl

No
Seouree Collision

N | e
1 server failure

4
%)
(@)
=
S
®
=

Figure 2.1: System model

simulation, continuous simulation, and combined (multi-model) simulation. I
build a simulation model to quantify the performance of a system under study
for various values of its input parameters. On the one hand, in some cases,
performance measures are difficult and problematic to formulate or give exact
formulas so the simulation can be a good alternative to approximate them.
Because of the fact, that in many practical situations the state space of the
describing Markov chain is enormous, to calculate the system measures in the
traditional way of writing down and solving the underlying steady-state equations
is nearly impossible. In order to simplify this procedure various software packages
were evolved which are capable to describe and perform evaluation of complex
systems, see for example [27],[28],[29],[30],[33]. But these types of applications
are limited in terms of handling only exponentially distributed random variables
or its memory usage is too high. On the other hand, one of the main reasons
for the usage of simulation is that the user has the freedom what performance
measures are calculated and how the model is built up. The first and most
important step in building a simulation model of a system is to identify the
basic events and each time with an occurrence of an event will alter the status
of the system. During the time that elapses between two successive events, the
system’s status remains unchanged. In order to incorporate the basic events in
the simulation model, every event is associated with timer information which
will keep track of the time instants at which event will occur. In addition to
that, a master clock is maintained to simply keep track of the simulated time.
The simulation model, upon completion of processing an event, regroups all
the possible events that will occur in the future, and finds the one with the
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smallest clock value. It then advances the time, i.e. the master clock, to this
particular time when the next event will occur. It takes appropriate action as
dictated by the occurrence of this event, and then repeats the process of finding
the next event. The simulation model, therefore, moves through time by simply
visiting the time instances at which events occur. In summary, using the timer
information the model decides which of all the possible events will take place
and the master clock is advanced to this time instant. The core of the simulation
model centres around the manipulation of these events. In view of this, it suffices
to monitor the changes in the system’s status.

In my simulation environment, I applied random number generators of several
distributions according to exponential, hyper-exponential, hypo-exponential,
lognormal, gamma, and Pareto distribution. The following events may occur:

1. Arrival of a customer to the system: This event is always scheduled each
time an arrival occurs.

2. Arrival of a customer to the server: This event will be triggered if the new
arrival finds the server idle and its service is not interrupted by another
arrival or server failure. Because of the existence of collision customers
can come either from the orbit in numerous times or from the source.

3. Service completion at the server: This event will be triggered if the new
arrival finds the server idle and its service is not interrupted by another
arrival or server failure.

4. Arrival of a customer to orbit: This event will occur when a collision occurs
and both the arriving customer and the customer under service get back
into the orbit or the server breaks down while it is engaged. In that case,
in some sections, the customer returns to the orbit without continuing its
service.

5. Server breaks down: This event gives the time in the future when the
server will be repaired and will become operational.

6. Server becomes operational: This event gives the time in the future when
the server will break down. During this time the server is operational.

7. Server becomes idle: In some models, this event may take place after an
exponentially distributed idle period.

In the simulation, typically, clocks are represented by real numbers. Therefore,
it is not possible to have events occurring at the same time. I have implemented
the system models and scheduling algorithms described above representing
in Figure 2.1. The statistic module class derives from an adaptation of the
statistics package, written by Andrea Francini in 1994 [25]. The statistic class is
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a statistical analysis tool capable of performing a quantitative estimate of the
mean and variance values of the observed variables. The estimate of the mean
value of a generic variable X is given by

e 1 n
X(n) = - Zwi
i=1

where x; equals to the observation of the variable X and n is the total number
of observations collected. The distance between the estimated average, X, and
the actual statistical average 1, can be expressed in quantitative terms through
the concepts of confidence interval and confidence level:

o If an average v, with a confidence level equals to 1—a, then the correspond-
ing confidence interval around X (n) must contain 1, with a probability of
1—-a.

In mathematical terms the concept can be expressed as:
P(|X(n) — .| < Ax) =1 —q, 0<axl

where Az equals the half-amplitude of the confidence interval. Instead of this
accuracy or relative precision has been defined:

o Az
X(n)

The statistical estimate of a stochastic process can be applied only if the process
has already reached the condition of statistical stationarity. The collected
observations during the initial transitional period must be discarded, as they may
heavily deviate the results from the correct estimate values. A. Francini proposes
two methods for calculating the initial transient, both based on the division of
the observations collected in consecutive blocks of data, called batches

 Given a series of averages X1(myg), Xa(myg),..., relating to batches of
consecutive data, the initial transient can be considered as exhausted after
by batches, if the last k averages have an accuracy of §.

This method involves assigning three parameters: mg,k and 6. The second
method, however, provides only the assignment of parameter m:

o Given a series of consecutive batches of data, the averages relating to them
X1(m), Xo(m), ..., are used as secondary output data in the statistical
analysis of the simulation results
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The total average is obtained as:

X (kp,m) = " > Xi(m)

where k; equals to the number of batches and m equals to the size of the
batches.

Their sample variance then provides an estimate for the variance of a single

Xii

§ = g > (Kilm) — X (m))?

i=1

The confidence interval of the estimator (at confidence level 1 — «) can be

computed for mean X

X (kp,m) £ tk,,71,17a/2\/7»b

where tj, _11_q/2 is a 1 — § critical value of the Student t distribution with
ky — 1 degrees of freedom. More from this method can be read in [14],[15],[46].

The simulations are performed with a confidence level of 99.9%. The relative
half-width of the confidence interval required to stop the simulation run is
0.00001. The minimum number of observations to be collected before to check
the initial transient closing condition is 100000. The maximum number of
treatable observations is 1000000000. The size of a batch used to detect the
initial transient duration is 1000. The number of transient batch means used to
check the initial transient closing condition is 10. The accuracy level required
to close the initial transient detection is 0.99. The initial size of a batch used
during the stationary analysis is 10000.
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This chapter presents the obtained simulation results in connection with finite-
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M/M/1//N retrial queueing system with collisions

and server subject to breakdowns and repairs

The present section aims to investigate a finite-source M/M/1 retrial queueing
system with collisions of the customers [J5] where the server is subject to random
breakdowns and repairs depending on whether it is idle or busy. An asymptotic
method is applied under the condition that the number of sources tends to
infinity while the primary request generation rate, retrial rate tends to zero and
service rate, failure rates, repair rate are fixed. As the result of the analysis, it
is shown that the probability distribution of the number of transitions/retrials
of the customer into the orbit is geometric with a given parameter, and the
normalized sojourn time of the customer in the system follows a generalized
exponential distribution. It is also proofed that the limiting distributions of
the sojourn time of the customer in the system and the sojourn/waiting time
of the customer in the orbit coincide. The novelty of this investigation is the
introduction of failure and repair of the server. Approximations of prelimit
distributions obtained with the help of stochastic simulation by asymptotic one
are considered and several illustrative examples show the accuracy and range of
applicability of the proposed asymptotic method.

3.1.1 Model description and notation

Let us consider a retrial queueing system of type M/M/1//N with collisions
of the customers and an unreliable server. The number of sources is N and
each of them can generate a primary request with rate A/N. A source cannot
generate a new call until the end of the successful service of this customer. If a
primary customer finds the server idle, he enters into service immediately, in
which the required service time is assumed to be an exponentially distributed
random variable with parameter p. Otherwise, if the server is busy, an arriving
(primary or repeated) customer involves into collision with a customer under
service and they both moves into the orbit. The retrial time of the requests
is assumed to be exponentially distributed with a rate of o/N. We suppose
that the server is unreliable and the lifetime is exponentially distributed random
variable with failure rate g if the server is idle and with the rate ~; if it is
busy. When the server breaks down, it is immediately sent for repair and the
recovery time is assumed to be exponentially distributed with the rate 5. We
deal with the case when the server is down all sources continue generation of
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customers and send it to the server, similarly customers may retry from the
orbit to the server but all arriving customers immediately go into the orbit.
Furthermore, in this unreliable model, we suppose the interrupted request goes
to the orbit immediately and its next service is independent of the interrupted
one. All random variables involved in the model construction are assumed to
be independent of each other. Moreover, we can find the limiting probability
distribution of the number of transitions of the tagged customer into the orbit,
and, subsequently, the limiting probability distribution of the sojourn time of
the customer in the orbit. With the help of a simulation program developed for
these purposes, we can determine the accuracy and range of applicability of the
asymptotic results in the prelimiting situation.

3.1.2 Numerical results and comparative analysis

My contribution in this paper is to illustrate how close the asymptotic results are
to the simulation results. Since for a finite N the system is rather complicated it
is almost hopeless to find the exact distributions analytically or even numerically.
That is why we have developed a special simulation package written in C++ to
get the estimations to the involved probabilities, means, and variances.

Using simulation we have reproduced the results obtained by a numerical pro-
cedure in [27]. Previously we have obtained that the probability distribution
of the number of transitions of the tagged customer into the orbit is geometric
with parameter ¢, defined in the [27]. Let us find out how close the limiting
results are to the simulation results and at what values N this approximation is
admissible.

Let us denote by P,s(v = n) the asymptotic geometric distribution of proba-
bilities with parameter ¢ and by Ps(v = n) the probability distribution of the
number of transitions of the tagged customer into the orbit, obtained with the
help of our simulation program. Furthermore, let us determine the accuracy
(error) of approximation of distribution by mean of Kolmogorov distance A
which for probability distributions P,s(v = n) and Ps(v = n) is defined as

A= [Jax Z(Pas(u =n) — Ps(v=n))|.
- n=0

Realizing the simulation program for
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and applying the approximation [47], we provide the Kolmogorov distance A for
various values N and v = vy = =1 in Table 3.1.

Table 3.1: Kolmogorov distance between distribution Ps(¢) and approximation of the
geometric distribution P,s(i) for various values of the parameters N and ~y

N=20 | N=30 | N=50 | N=100 | N=200
~v=0.05 | 0.026 | 0.016 | 0.009 0.005 0.003
v=0.1 | 0.024 | 0.015 | 0.009 0.004 0.002
v=0.5 | 0.017 | 0.011 | 0.006 0.004 0.001

We can see, what is expected that by increasing N the Kolmogorov distance
should decrease, but with this parameter setup, there is no essential reduction if
N > 50.

sions and non-reliable server

Finite-source retrial queueing systems with colli-

As described in Section 2.1 we consider a finite source retrial queueing system
(Figure 2.1). In this model [J1], we suppose that the interrupted request gets
into the orbit instantaneously and all of its services are independent of each
other. When the submission is successful, the requests go back to the source.

The reason that we deal with rates A/N and o/N is that in [51],[52] similar
systems were treated by an asymptotic method where N tends to infinity and
it was proved that the number of customers in the systems follows a normal
distribution.

The novelty of the investigation is to a carry sensitivity analysis of the perfor-
mance measures using various distributions. Several figures show the effect of
different distributions of service time on performance measures such as the mean
number of customers in the system, mean and variance of response time, mean
spent time in service of a customer, mean sojourn time in the orbit.

3.2.1 Scenarios

Scenario A: The following table shows the input parameters of Scenario A
(see Table 3.2).
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Table 3.2: Numerical values of model parameters
Case | N | A/N | v |1 |72 |o/N| o | B
1 100 | 0.01 | 0.1 | 0.1 1 0.01 | 0.5 ] 0.5
2 100 | 0.01 | 0.1 | 0.1 1 0.01 1 1
3 100 | 0.01 | 0.1 | 0.1 1 0.01
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Figure 3.1: Comparison of steady-state distributions

Fig. 3.1 shows the steady-state distribution of the three investigated cases. It
is observed the mean number of customers increases as a and [ are getting
larger. Case 2 is a special case because when o = 1 it represents the exponential
distribution. From the shape of the curves, it is clearly visible that the steady-
state distribution of the cases is normally distributed. The next table presents
the considered performance measures in relation with the different cases (see
Table 3.3).

In Table 3.3 the notations mean the followings:

E(NS): the mean number of customers,

Var(NS): the variance of the number of customers,

E(T): the mean response time,

Var(T): the variance of the response time,

E(W): the mean waiting time,

Var(W): the variance of the waiting time,

E(S): the total mean uninterrupted service time of a customer,

Var(S): the variance of total mean uninterrupted service time of a customer,
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Table 3.3: Numerical results
Case | E(NS) | Var(NS) E(T) Var(T) E(W) Var(W) E(S) | Var(S) | E(IS)
1 63.6842 27.9734 175.3073 | 65657.3454 | 174.5884 | 65434.6696 | 0.3147 0.1979 0.4041
2 70.5912 24.3012 239.9734 | 105273.4267 | 238.9734 | 104918.6389 | 0.4784 0.2289 0.5217
3 75.1825 21.2439 302.8106 | 151781.1411 | 301.5377 | 151277.6006 | 0.6472 0.2095 0.6257
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Figure 3.2: Mean waiting time vs. intensity of incoming customers

E(IS): the total mean interrupted service time of a customer.

Fig. 3.2 represents the conformation of mean waiting time. The same parameters
are (see Table 3.2) used as in case of Fig. 3.1 but here the running parameter is
A/N. As it is expected with the increment of A\/N mean waiting time increases
as well but an interesting phenomenon is noticeable namely after A/N is greater
than 0.1 mean waiting time starts to decrease.

Fig. 3.3 shows the effect of the inter-arrival time on the mean total uninterrupted
service time of a customer. Because of the opportunity of collisions, it can easily
happen that one job occurs multiple times in the service unit. Sooner or later
its service is executed without being thrown out either because of an arriving
customer or the failure of the server. Under the mean total uninterrupted service
time of a customer, we mean the average of those specific last phase of service
time intervals. When A\/N is 0.01 mean total uninterrupted service time of a
customer is the highest then it starts to decrease as A/N is increasing. This
lasts till A/N reaches 0.1, after it starts to increase.

In Fig. 3.4 the development of mean total interrupted service time of a customer
can be seen. A customer can collide with another customer several times. This
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performance measure includes the sum of every interrupted service time due to
transmission toward the orbit because of collision or server failure divided by the
number of departed requests. The opposite process happens compared to Fig. 3.3.
It is worth mentioning when the service time is exponentially distributed then
the sum of mean total interrupted service time of a customer and the mean total
uninterrupted service time of a customer is equal to 1/parameter of service rate.
This phenomenon can be explained by the following: due to the effect of collision
uninterrupted service times constitute very low values and the average is also
low. Because of exponential behaviour, every customer spends 1/parameter of
service time (in this case 1) at the service unit and that is why the sum of mean
total interrupted service time of a customer and the mean total uninterrupted
service time of a customer is equal to one.

Scenario B: Scenario B is very similar to Scenario A except that now the
distribution of inter-arrival times of the customers is not exponential but gamma-
distributed. The next table (see Table 3.4) presents the input parameters of
Scenario B.

Table 3.4: Numerical values of parameters of Scenario B
Case | N |a |B | v |7 |72 |0/N|a|Bi/N
1 1001|1101 )01] 1 0.01 | 0.5 0.01
2 100 | 1 {1 ]01]017] 1 0.01 1 0.01
3 1001|1101 )01] 1 0.01 2 0.01
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Figure 3.5: Steady-state distributions of Scenario B
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Table 3.5: Numerical results
Case | E(NS) | Var(NS) E(T) Var(T) E(W) Var(W) E(S) | Var(S) | E(IS)
1 84.3609 14.1827 270.0351 | 128831.5059 | 269.0354 | 128420.4087 | 0.4502 0.2039 0.5495
2 70.5912 24.3012 239.9734 | 105273.4267 | 238.9734 | 104918.6389 | 0.4784 0.2289 0.5217
3 47.7859 34.2376 183.0164 | 69830.9728 | 182.0164 69573.992 0.5462 0.2982 0.4538

Mean waiting time

Figure 3.6: Mean waiting time vs. shape parameter

Fig. 3.5 displays the steady-state distribution of Scenario B. Now the service
time is exponentially distributed (o = 1) and the inter-arrival time is gamma-
distributed. In these cases the steady-state distributions are still normally
distributed and when «; is greater than 1 the mean number of requests in the
system is significantly lower than in the other cases. In Table 3.8 the main
performance measures can be found in connection with the cases.

In Fig. 3.6, 3.7 and 3.8 the service time distribution of the Cases is the following
(Table 3.6).

Table 3.6: Parameters of service time

Case | « B
1 0.5 0.5
2 1 1
3

All the other parameters are according to Table 3.3. The running parameter is a;
so in this way, the impact of different distributions on the various performance
measures can be discovered. First, the mean waiting time (Fig. 3.6), after an
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initial jumps mean waiting time starts to monotonically decrease resulting that
as a is getting bigger the less time the customers spend in the system. In the
end, the values of separate cases are almost equal.

As a consequence of Fig. 3.6 it is not surprising how the mean total uninterrupted
service time and mean total interrupted service time of a customer change in the
function of 1. In those cases when the mean waiting time reaches the highest
values the mean total uninterrupted service time is the lowest. The mean total
interrupted service time acts the same as in case of the mean waiting time. It is
interesting that after oy is higher than 4.5 we observe that in Case 3 the values
of the mean total interrupted service time of a customer is the lowest among
the Cases despite the fact that at the very start it possesses the highest values
of mean total interrupted service time of a customer.

Scenario C: In Scenario C not just inter-arrival but also the retrial time is
generally distributed with the same parameters. Below Table 3.7 shows the
input parameters of Scenario C.

Table 3.7: Numerical values of parameters of Scenario C
Case | N |a [ B |7 |7 |72 ]| a1 | B/N

1 100 1|1 |011]0.1 1 |05 0.01
2 100 1 | 1]01]0.1 1 1 0.01
3 100 | 1|1 |01]0.1 1 2 0.01
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Table 3.8: Numerical results

Case | E(NS) | Var(NS) E(T) Var(T) E(W) Var(W) E(S) | Var(S) | E(IS)
1 81.5384 16.9599 220.8314 82735.764 219.8314 | 82377.8317 | 0.3398 0.1183 0.6602
2 70.5912 24.3012 239.9734 | 105273.4267 | 238.9734 | 104918.6389 | 0.4784 0.2289 0.5217
3 56.6635 30.1636 261.483 | 146264.4778 | 260.4827 | 145919.0907 | 0.626 0.3915 0.3743

Table 3.8 contains the main performance measures in connection with the cases.

This modification has no significant effect on the steady-state distribution (see
Fig. 3.9). Of course the mean number of customers in the system is quite

disparate but the distribution remains normal. Also when «; is less than 1 it

results in a higher mean number of customers in the system compared to when

it is more than one.

As in earlier in Scenario B in Fig. 3.6, 3.7 and 3.8 the service time distribution
of the Cases is the following(Table 3.9).

Presently both inter-arrival and retrial distribution changes as « is increasing

which results higher values of mean waiting time (Fig. 3.10). With the exception

Table 3.9: Parameters of service time

Case | a B
1 0.5 1] 0.5
2 1 1
3 2
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of Case 3 the others are monotonically increasing. This is true for the mean
successful service time (Fig. 3.11) but now Case 3 rises from the beginning.

The last figure shows the effect of the inter-arrival and inter-request time on
the mean total interrupted service time of a customer. At the beginning the
difference is quite high among the Cases especially Case 3 has high values
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Figure 3.12: Mean total interrupted service time of a customer time vs.
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shape
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compared to the others but it is valid till o is smaller than 1 then the values of
the Cases are nearly identical.

3.3 Comparison of two operation modes in case of
server failure

The same model is regarded in this section as in Section 3.2 with a little but
essential modification. Two operation modes are considered in the case of server
breakdown while it is occupied [J2]. Namely, these modes are the following:

o The interrupted request gets into the orbit instantaneously (same as in
the previous section).

e The service of the interrupted request is suspended and it continues after
repairing the server.

When the submission (the service of a request) is successful, the request goes back
to the source. Similarly to the previous section, all the random variables involved
in the model construction are assumed to be totally independent of each other.
The novelty of this investigation is a comparison of the performance measures
of these modes, and estimations obtained by the simulation are graphically
illustrated showing the influence of the difference of the working modes on the
mean and variance of the response time, mean and variance of the number of
customers in the system, mean and variance of the sojourn time in the orbit,
mean and variance of time a customer spent in service.

3.3.1 Scenarios

Scenario A: The following table shows the input parameters of Scenario A
(see Table 3.10).

Table 3.10: Numerical values of model parameters
Case | N |[A/N |v |7 |72 |o/N| o | B
1 100 | 0.01 | 0.1 0.1 ] 1 0.01 | 051 0.5
2 100 | 0.01 | 0.1 |01 ] 1 0.01 1 1
3 100 | 0.01 | 0.1 0.1 ] 1 0.01 2 2

Figure 3.13 shows the steady-state distribution of the cases under consideration.
Case 2 is a special case because it yields the exponential distribution when the
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Figure 3.13: Comparison of steady-state distributions

Table 3.11: Numerical results of Scenario A
Case | E(NS) | Var(NS) E(T) Var(T) E(W) Var(W) E(S) | Var(S)
1 63.0526 28.3198 170.5618 | 63092.8264 | 169.7553 | 62855.9266 | 0.3357 0.2255
2 69.6114 24.6949 228.9834 | 97974.6274 | 227.8834 | 97613.9701 | 0.5022 0.2523
3 73.9099 21.9244 283.1452 | 136396.9409 | 281.7728 | 135909.2373 | 0.6688 0.2238

parameter « is equal to 1. The mean number of customers increases with the
increment of parameter o and 8 and the curves of the steady-state distribution
follow the normal law. The following Table presents the considered performance
measures in relation with the different cases (see Table 3.11).

The following three figures (Figure 3.14, 3.15 and 3.16) compare the mean waiting
time of the two different operation modes in the Cases under consideration.
Operation mode No. 1 corresponds to the mode when the interrupted requests get
into the orbit instantaneously and under operation mode No. 2 we consider the
mode when the service of the interrupted request is suspended and it continues
after the server is repaired. In all cases, the results confirm the expectation that
operation mode No. 2 results in a lower mean waiting time. When the values of
parameter o and 3 are higher the difference between the modes is higher as well.
With an increase in the arrival intensity, we should expect longer waiting times;
however, after A\/N reaches 0.15, it begins to decrease monotonically, which is
an interesting phenomenon.

The results for the mean total uninterrupted service time of a customer and
service of gamma distribution for « = § = 0.5;1;2 are shown in Figure 3.17,
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Figure 3.16: Mean waiting time vs. intensity of incoming customers of Case 3
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3.18, 3.19. For any value of o and /3 using this parameter settings we experience
minimum property characteristics. The mean total uninterrupted service time of
a customer tends to be higher when a and S take higher values. In all cases using
operation mode number 2 results higher amount of mean total uninterrupted
service time which we expect to be true. Because of the effect of collisions, this
mean value is not near % which would be the mean service time.

Figure 3.20 shows the mean waiting time as a function of the failure rate. As
expected, the mean waiting time increases as the failure rate becomes higher in
all Cases. The difference between the operation modes is quite obvious. While
using operation mode No. 2 the growth seems linear the increment is drastic in
case of operation mode No. 1. In Case 3 the rise is quite significant.

Scenario B: In Scenario B the distribution of inter-arrival times of the cus-
tomers is gamma distributed with parameter \; and ;. The following Table
(see Table 3.12) presents the numerical values of parameters of Scenario B.

Table 3.12: Numerical values of parameters of Scenario B
Case N |a|[B |7 |7 |72 | 0/N | a1 |B:i/N
1 100 117011017 1 0.01 | 0.5 0.01
2 100 11011017 1 0.01 1 0.01
3 100 117011017 1 0.01 2 0.01
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Figure 3.21: Steady-state distributions of Scenario B

Fig. 3.21 displays the steady-state distributions under Scenario B. Now the
service time is supposed to be exponentially distributed (o = 1). With this
modification compared to Scenario A the steady-state distributions still follow
a normal distribution, and as the value of «; increases, the mean number of
requests in the system decreases. In Case 8 the mean number of customers in
the system is significantly lower among the Cases. In Table 3.13 an estimate for
basic performance measures can be found in connection with the cases.

Table 3.13: Numerical results of Scenario B
Case | E(NS) | Var(NS) E(T) Var(T) E(W) Var(W) E(S) | Var(S)
1 83.856 14.4707 259.7716 | 121328.2493 | 258.6719 | 120904.8333 | 0.4707 0.2232
2 69.5984 24.7715 228.9076 | 97997.6219 | 227.8074 | 97637.2906 | 0.5025 0.2525
3 45.9508 34.3607 170.0134 | 62628.4067 | 168.9133 | 62379.0441 | 0.5806 0.337

The running parameter is a; which help us to discover the impact of different
distributions on the various examined performance measures. Fig. 3.22, 3.23 and
3.24 show a comparison of the mean waiting time between the two operation
modes of the investigated Cases. As in Scenario A using operation mode No.
2 the interrupted requests stay at the server in case of server failure and their
services continue after the server is ready to process jobs again consequently
ensures lower mean waiting times. In all the cases the mean waiting time starts
to increase till a; reaches 0.3, after which it monotonically decreases. With
higher values of o and 3, the differences between the operation modes are higher
as well.
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Fig. 3.25, 3.26 and 3.27 show the mean total uninterrupted service time of a
customer vs. the shape parameter of the inter-arrival time using both operation
mode. As we can see, in Scenario A here we get what we expected: the use
of operation mode No. 2 provides greater values of mean total uninterrupted
service time of a customer. The difference between the applied operation modes
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Figure 3.24: Mean waiting time vs. shape parameter, « = § =2

is quite large in all cases, especially if @ and § are equal to 0.5. The mean total
uninterrupted service time of a customer behaves inversely as compared to the
mean waiting time, because while the mean waiting time of a customer increases,
the mean total uninterrupted service time of a customer time decreases, and
vice versa.
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Figure 3.25: Mean total uninterrupted service time of a customer vs. shape parameter,
a=p=0.5
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Finite-source retrial queuing systems with collision

3.4
and blocking

In this section, we also deal with a retrial queueing system with one server
[J6]. The number of sources of calls is finite and collisions can take place. We
assume that the failure of the server blocks the system’s operation such that
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newly arriving customers cannot enter the system, contrary to an earlier section
where the failure does not affect the arrivals. The novelty of this analysis is the
inspection of the blocking effect on the performance measures using different
distributions.

3.4.1 System model

The operation of the model can be seen in Figure 3.28. The same model is
considered as in the previous two sections (Section 3.2, 3.3) but with a minor
modification which basically changes the process of the system.

When a busy server breaks down the interrupted customer is transmitted to the
orbit. Two types of operation behaviour are distinguished in the case of a server
failure:

o Without blocking: requests are able to enter the system and these are
forwarded to the orbit instantaneously.

e With blocking: the arriving customers cannot enter the system; they return
to the source and a new request generation starts.

Service Successful
Y request service
—————
Server
Seurce Collision
o/N or
<1 server failure
o/N
Orlbif
| /

Figure 3.28: System model
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3.4.2 Obtained results

The applied values of the input parameters are presented in Table 3.14.

Table 3.14: Numerical values of model parameters

Case studies
No. N | A/N Yo 7 72 | /N o B
Fig. 3.29 100 0.01 0.1 0.1 1 0.01 0.5,1,2 | 0.5,1,2
Fig. 3.30 100 | 0.01..6 0.1 0.1 1 0.01 0.5,1,2 | 0.5,1,2
Fig. 3.31 100 | 0.01..6 0.1 0.1 1 0.01 0.5 0.5
Fig. 3.32 | 100 | 0.01..6 0.1 0.1 1 0.01 1 1
Fig. 3.33 100 | 0.01..6 0.1 0.1 1 0.01 2 2
Fig. 3.34 | 100 0.01 0.05..0.5 | 0.05..0.5 1 0.01 0.5 0.5
Fig. 3.35 | 100 0.01 0.05..0.5 | 0.05..0.5 1 0.01 1 1
Fig. 3.36 | 100 0.01 0.05..0.5 | 0.05..0.5 1 0.01 2 2
Fig. 3.37 | 100 0.01 0.05..0.5 | 0.05..0.5 1 0.01 0.5 0.5
Fig. 3.38 | 100 0.01 0.05..0.5 | 0.05..0.5 1 0.01 0.5 0.5
Fig. 3.39 | 100 0.01 0.05..0.5 | 0.05..0.5 1 0.01 1 1
Fig. 3.40 | 100 0.01 0.05..0.5 | 0.05..0.5 1 0.01 2 2

Tables 3.15 and 3.16 indicate the numerical results of the main performance
measures comparing the two possible operation methods whenever the server
breaks down.

Table 3.15: Numerical results when blocking is not applied
Case | E(NS) | Var(NS) E(T) Var(T) E(W) Var(W) E(S) | Var(S)
1 63.6842 27.9734 175.3073 | 65657.3454 | 174.5884 | 65434.6696 | 0.3147 | 0.1979
2 70.5912 24.3012 239.9734 | 105273.4267 | 238.9734 | 104918.6389 | 0.4784 | 0.2289
3 75.1825 21.2439 302.8106 | 151781.1411 | 301.5377 | 151277.6006 | 0.6472 | 0.2095

Table 3.16: Numerical results when blocking is applied

Case | E(NS) | Var(NS) E(T) Var(T) E(W) Var(W) E(S) | Var(S) | E(IS)
1 60.0320 | 28.5106 | 165.1955 | 63510.5573 | 164.4769 | 63287.935 | 0.3146 | 0.1977 | 0.4040
2 67.64 25.1115 | 229.8805 | 103125.2009 | 228.8805 | 102770.5034 | 0.4783 | 0.2288 | 0.5217
3 72.69 22.4004 | 292.6778 | 149545.4531 | 291.4051 | 149042.3599 | 0.6471 | 0.2095 | 0.6256

In Figure 3.29 the steady-state distribution of the investigated cases are repre-
sented when blocking is applied. The parameters of the service time of Case 2
are unique because for & = 1 we have the exponential distribution. When the
values of parameters a and § increase, this results in a higher mean number
of customers, although the mean of the gamma distribution is the same in all
cases (a/fB = 1). Looking carefully at Figure 3.29 it can be observed that all
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Figure 3.29: Comparison of steady-state distributions

cases correspond to the normal distribution. Figure 3.30 displays the mean
waiting time of the customers as a function of the incoming generation rate
when blocking is applied. Consequently, because the mean number of customers
is higher in Cases 2 and 3 compared to Case 1 the mean waiting time is greater,
too. It is a specialty that, when using retrial queues with finite-source, the mean
waiting time has a maximum value. This is a general characteristic of retrial
queues but depends on the parameter settings used.

In Figures 3.31, 3.32, and 3.33 the two operation methods are compared when
the server is down. These figures ensure the expected behavior when blocking is
applied, which results in a lower mean waiting time. This can be explained by the
fact that customers cannot enter the system in case of server failure, such that
these requests are rejected and directed back towards the source. These figures
also show, besides higher values of a and [, that the difference between the
operation methods is smaller. In Figure 3.33 the results are almost identical.

Figures 3.34, 3.35 and 3.36 present the mean spent time in the source of the
customers as a function of the server failure rates. It may be seen, the results
are equal, which indicates that the distribution of the service time has no effect
on the mean spent time in the source of customers. The proposed behavior is
noticeable in the case of blocking: the customers spend more and more time
in the source if the server is more likely subjected to breakdowns. The mean
spent time in the source of the customers is constant when requests can enter
the system and the server does not function.

Figure 3.37 shows the average number of attempts of the customers to enter the
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Figure 3.35: The effect of blocking, the parameters of service time: a = g =1

system. Consequently, if the service unit spends more time in a state of failure,
then customers will be rejected more and more times when blocking is applied.
Without blocking the customer needs to appear once at the system and it can
enter irrespectively of the availability of the server. In the case of blocking, it is
not surprising that by increasing parameters 7y and ; the average number of
attempts increases as well.

Figures 3.38, 3.39 and 3.40 demonstrate the mean waiting time of the customers
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Figure 3.37: The effect of blocking, the parameters of service time: a« = 5 = 0.5

as a function of 7y and 7. In all of the three figures, higher parameters of server
failure rates result in a greater mean waiting time in both operation methods,
but especially in the case of non-blocking. A significant difference can be noted
among the values of the mean waiting time using various sets of parameters
for the service time. An increasing tendency is observed with the increment of
values of o and 8. The same phenomenon takes place as in the previous figures
in connection with the mean waiting time that when a = 8 = 2 the cases of
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non-blocking and blocking are closer to each other compared to a = § = 0.5.



TWO-WAY COMMUNICATION
SYSTEMS

This chapter presents the results in connection with retrial queuing systems by
the help of two-way communication
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A Finite-source retrial queues with two-way commu-
. nications to the orbit

In this section, we examine a retrial queueing system of type M/G/1//N with
a reliable service unit that is capable to produce outgoing calls to the customers
residing in the orbit [J4]. N customers are located in the source, where all of
them can generate incoming, primary calls towards the server. The distribution
of the inter-request times is exponential with a rate of A\/N. In default of waiting
queue, an incoming customer either from the source or orbit finds the server in
an idle state then its service begins instantly. The service times of incoming
customers are assumed to be gamma, hypo-exponentially, hyper-exponentially,
Pareto, and lognormal distributed with different parameters but with the same
mean value. Customers return to the source after their service is terminated. If
the server is busy, meaning that a request is under service, an incoming customer
remains in the system and enters into the orbit. Customers located in the orbit
are able to attempt to access the server again after an exponentially distributed
time with parameter o/N. On the other hand, when the server becomes idle it
can make an outgoing call towards the customers in the orbit. It is performed
after an exponentially distributed time with parameter v. The service time of
these outgoing customers follows gamma distribution with parameters as and
B2. All the random variables involved in the model construction are assumed to
be totally independent of each other.

4.1.1 Applied distributions and its parameters

In this Section, the reader gets an insight into the parameters of the applied
distributions and the process of how to select them to execute a valid comparison.
To do so our program is integrated with random number generators according to
gamma, hyper-exponential, hypo-exponential, lognormal and Pareto distribution.
These random number generators need input parameters that are different in
every distribution, thus parameter selection is crucial. For a valid comparison, the
goal is to achieve the same mean and variance in case of every distribution hence
we take over every distribution and how the fitting process is accomplished.
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4.1.1.1 Gamma distribution

Gamma distribution is a general type of statistical distribution and a random
variable X has a gamma distribution if its density function is the following:

f(z) 0 ifz <0
X)) = a—1_-—Bx
W if >0

where 8 > 0 and a > 0.
I'(«) :/ to le tdt
0

This is the so-called complete gamma function, which has two parameters: «
is called the shape parameter and [ is called the scale parameter. These two
parameters are also the input parameters of the random number generator.

The coefficient C% = V(;’“i)g? is defined as the squared coefficient of variation of

random variable X.

The mean value, variation, and the squared coefficient of variation can be
calculated:

o o 9 1

Y:B, VQT(X):@, o

For a predetermined mean value and variance to obtain parameters o and S the
next calculation has to be done:

4.1.1.2 Pareto distribution

A random variable X has a Pareto distribution if its density function is the
following:
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okl if x>k

f(z){o ifo <k

0 ifx <k
Flz) = 1—(E)a if ¢ >k

where a, k > 0.

It has two parameters: « is called the shape parameter and k is called the
location parameter. These two parameters are the input parameters of the
random number generator.

The mean value, variation, and the squared coefficient of variation can be
calculated:

< Lo ifa>1
00 fa<l1

Ko ka \?2
Var(X)f a—2 (a—l)
2 (04*1)2

=——1 2.

For a predetermined mean value and variance to obtain parameters « and k the
following interrelation is used:

(67

14 V1+C%
=l e

a—1

k= x X

(07
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4.1.1.3 Lognormal distribution

Let Y € N(m,o) a random variable with normal distribution, lognormal is a
continuous distribution in which the logarithm of a variable having a normal
distribution, namely X = e¥ has lognormal distribution with parameters (m, o).
Its distribution and density function are the following:

The mean value, variation, and the squared coefficient of variation can be
calculated:

To obtain the two parameters of the lognormal distribution the following inter-
relation is applied:

4.1.1.4 Hypo-exponential distribution

Continuous statistical distribution, let X; € Exp(u;)(i = 1,...,n) be independent
exponentially distributed random variables. Then Y,, = X;+...4+ X,, has n-phase
hypo-exponential distribution. Its density function is given by
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0 ifx <0

LT HGT

fy, () = {(_1)"1 {HL m} Z;‘:l m if 2 > 0.

k=1,k#j

The mean value, variation, and the squared coefficient of variation can be

calculated:

n

Yn:;;, Var(Yn):2M1Z2

o _ S (;):
(zm )

In our simulation program, we used the 2-phase hypo-exponential distribution
where the parameters are the parameters of the two independent exponential
distribution (u1, u2). For a predetermined mean value and variance to obtain
parameters 1 and ps the next equation system has to be solved:

— 1 1
X=—+—

H1 M2

1 1

VGT(X) = - + -
H1 125)

4.1.1.5 Hyper-exponential distribution

Suppose X7, Xo, -+, X, are independent exponential random variables, where
the rate parameter of X; is A;. The random variable X can be one of the n
independent exponential random variables X7, Xs, -, X,, such that X is X
with probability p; with p; +---+ p, = 1. Such a random variable X is said to
follow a hyper-exponential distribution. Its density function is given by

0 ifx <0
fx(@) =19, .
Yo pidie T if o > 0.

Its distribution function is
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Fy(x) 0 ifx <0
) =
X 1= pie~™® ifx>0.

In the case when for a random variable X, C% > 1 then the following two-moment
fit is suggested

fr() = phre Mt 4 (1- p)>\26_)\2t.

Y is a 2-phase hyper-exponentially distributed random variable. The most
commonly used procedure is the balanced mean method, that is

To obtain the three parameters of the hyper-exponential distribution the following
calculation is used:

1 jCk -1
P=3\\V ez +1
2
A =2
X
2(1 —
Ny = 20=P)
X
4.1.2 Squared coefficient of variation is greater than one

The values of the input parameters are shown in Table 4.1. In this section,

Table 4.1: Numerical values of model parameters
N |[o/N| v |az | B2
100 | 0.01 | 0.02 1 1.1

these results are in connection with the effect of different service time distribu-
tions of incoming customers where the mean and variance are equal. We use
hyper-exponential distribution if the squared coefficient of variation is greater
than one, Table 4.2 shows the exact values of parameters of service time of
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incoming customers. Besides hyper-exponential, gamma, lognormal and Pareto
distributions are also used for comparison.

Table 4.2: Parameters of service time of incoming customers

Distribution Gamma | Hyper-exponential | Pareto | Lognormal
Parameters a=0.04 p=0.48 a=202 | m=—-1.629
£ =0.04 A1 = 0.961 k = 0.505 o =1.805
Ao =1.04
Mean 1
Variance 25
Squared coefficient of variation 25

Figure 4.1 shows the mean waiting time in function of arrival intensity of
incoming customers. For these values of parameters regardless of the applied
distribution, a maximum value of the mean waiting time can be seen. This
maximum feature occurs for finite-source retrial queues, see for example [9], [19],
[22], [38]. Differences can be observed among the values of mean waiting time
especially in the case of using the gamma and Pareto distribution, even though
the mean and variance are the same. In this figure, the effect of different
distributions is clearly observable.
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Figure 4.1: Mean waiting time vs. arrival intensity using various distributions

Figure 4.2 and 4.3 illustrates how the utilization of the server grows with the
increment of the arrival intensity of incoming customers. The highest values can
be found at gamma distribution but the differences of the applied distributions
are as commensurable as in case of Figure 4.1. As the arrival intensity increases
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the probability of performing outgoing call become less so outgoing requests
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spend less time at the service unit.
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Figure 4.4: Comparison of steady-state distributions

On Figure 4.4 the comparison of steady-state distribution can be seen when the
distribution of service time of the incoming customers is different. It represents
the probability of how many customers residing in the orbit. Exploring the curves
in more detail they correspond to normal distribution. The same parameter
setting is used what Table 4.1 demonstrates where A/N is 0.03.

To emphasize the importance of outgoing calls we compare our investigated
model to the model without outgoing calls. This model is correlated with the
classical retrial queuing system. Figure 4.5 depicts a comparison of the mean
waiting time and due to the phenomena of outgoing call customers spend less
time in the system, which is obvious looking at the curves. However, in our
investigated model the utilization of the service unit (Figure 4.6) is much higher
compared to the classical retrial queuing system therefore it spends less time
in idle state. In this way, the efficiency of the server grows such that the mean
waiting time decreases substantively. The distribution of service time of the
incoming customer is gamma at Figure 4.5 and 4.6, but the ratio of difference is
also true for the other distributions, too. On this figure under total utilization
of the server, we mean the service of both the incoming and outgoing requests
at the curve of with outgoing call.
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4.1.3 Squared coefficient of variation is less than one

The same input parameters are used as in the previous section, see Table 4.1.
The results are also in connection with the effect of different service time
distributions of incoming customers where the mean and variance are equal.
Instead of hyper-exponential distribution hypo-exponential distribution is used
if the squared coefficient of variation is less than one. Table 4.3 illustrates
the values of parameters of service time of incoming customers. In addition
to hypo-exponential, we apply gamma, lognormal and Pareto distributions to
perform sensitivity analysis.

Table 4.3: Parameters of service time of incoming customers

Distribution Gamma | Hypo-exponential Pareto Lognormal
Parameters a = 1.5504 p =13 a=2.597 | m=-0.249
S =1.5504 1o = 4.333 k =0.615 o =0.705
Mean 1
Variance 0.6449704142
Squared coefficient of variation 0.6449704142

Figure 4.7 demonstrates the mean waiting time in the function of arrival intensity
of incoming calls. Taking a closer look at the curves it can be stated that the
values of mean waiting time are almost identical regardless of the applied
distribution. With this parameter setting the interesting maximum value of the
mean waiting time appears as in the previous section.

Figure 4.8 and 4.9 illustrate how the utilization of the server increases with the
increment of the arrival intensity of incoming customers. As in the case of mean
waiting time here using different distributions result in the same utilization.
It seems that when the squared coeflicient of variation is less than one using
different distributions, it does not affect the performance measures and the
obtained results are nearly identical.

Similarly to the previous section, we compare the results between the classical
retrial queuing system and our investigated model. On Figure 4.8 and 4.9 the
same tendency can be observed like when the the squared coefficient of variation
is greater than one, namely values of mean waiting time is lesser when the server
can make outgoing calls. But this also affects the utilization of the service unit
because with the help of the outgoing calls server spends less time without
satisfying the needs of the customers. As in the previous section the service time
of the incoming customer follows gamma distribution at Figure 4.10 and 4.11,
but the ratio of difference is also true for the other distributions, too.
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From Figure 4.5, 4.6, 4.10 and 4.11 it can be said that the utilization of service
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case of outgoing calls the utilization of the server is much higher in a way that
customers spend less time in the orbit. In the case of with outgoing calls total
utilization of the server includes both incoming and outgoing requests occupying
the service unit.

49 Finite-source retrial queuing systems with outgo-
’ ing calls

Our objective is to examine the operation of a system when customers from
outside can enter the system containing a non-reliable server [J3]. The novelty of
this section is to compare different scenarios in connection with server breakdown
using various distributions of failure on performance measures like mean waiting
time of primary customers or utilization of the server. We do not have knowledge
about that any paper dealt with this model in case of a non-reliable server or
applying different distributions except for exponential.
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4.2.1 System model

In this model, N customer resides in the source, which is finite such that the
system is stable in every moment. Each customer can produce a call (primary
customers) towards the server with a rate of A\/N, so the inter-request times
are exponentially distributed with parameter A/N. Our model does not contain
a queue, therefore the service of primary customers starts instantaneously if
the server is idle. The service time of the primary customers follows gamma,
hypo-exponential, hyper-exponential, Pareto, and lognormal distribution with
different parameters but with the same mean value. When the submission (the
service of a request) is successful, the request goes back to the source. Customers
located in the orbit may retry their requests for service after a random time.
The distribution of this period is exponential with parameter o/N. The server
can break down during its operation or in idle state according to gamma, hypo-
exponential, hyper-exponential, Pareto, and lognormal distribution time with
the same mean value. Restoration starts instantly upon the breakdown and
that time is also an exponentially distributed random variable with rate ;.
The idle server after some exponentially distributed period can make outgoing
calls towards the customers (secondary) from an infinite source. It is performed
after an exponentially distributed idle period with parameter . The service of
these customers can take place if no primary customers arrive from the finite
source or from the orbit and the server is not in a failed state upon their arrivals.
Otherwise, they are cancelled and they return without entering the system.
The service time of these types of customers follows gamma distribution with
parameters ao and (2. We differentiate four scenarios in case of server failure:

e Scenario 1: Primary customers are forwarded immediately towards the
orbit and the secondary customers leave the system without service.

e Scenario 2: Primary customers are forwarded immediately towards the
orbit and the secondary customers remain at the service area during the
recovery of the service unit.

e Scenario 3: Primary customers remain at the service area during the
recovery of the service unit and the secondary customers leave the system
without service.

e Scenario 4: Both the primary and the secondary customers remain in the
service area during the recovery of the service unit.
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Figure 4.12: System model

4.2.2 Simulation results

4.9.2.1 Different distributions of service time of primary
U customers

Squared coefficient of variation is greater than one: The applied values
of the input parameters are presented in Table 4.4, the failure time of the server
is exponentially distributed with rate g in this case.

Table 4.4: Numerical values of model parameters

N |[A/N| v |7 |o/N| v |as| B
100 | 001 |005]| 05 001 |08 1 | 1

We investigate the effect of different service time distributions where the mean
and variance are equal, Table 4.5 shows the parameters of service time of
primary customers. In this subsection, the squared coefficient of variation is
greater than one, because using hyper-exponential distribution regardless of
the parameters the squared coefficient of variation is always greater than one.
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Besides hyper-exponential, gamma, lognormal and Pareto distributions are used
for comparison.

Table 4.5: Parameters of service time of primary customers

Distribution Gamma | Hyper-exponential | Pareto | Lognormal
Parameters a = 0.037 p=0.482 a=2018 | m=—0.751
8 =10.015 A =0.385 k=1.261 o =1.826
A2 = 0.416
Mean 2.5
Variance 169
Squared coefficient of variation 27.04

The mean waiting time is shown in the function of the arrival intensity of primary
customers on the next figures, where all four scenarios appear. Interestingly,
pronounced differences can be observed especially on Figure 4.13 and 4.14. De-
spite the fact that the mean and variance are the same, results clearly illustrate
the effect of various distributions. The highest values are experienced in the
case of Pareto distribution and the lowest in the case of gamma distribution.
When primary customers remain at the server (Figure 4.15 and 4.16) during
failure values of mean waiting time is much closer compared to the first two sce-
narios. With suitable parameter settings, we experience the maximum property
characteristic of a finite-source retrial queueing system.
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Figure 4.13: Mean waiting time vs. arrival intensity using various distributions in
Scenario 1

The next four Figures illustrate how the utilization of the server is larger when
the arrival intensity of primary customers increases. This performance measure
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Figure 4.14: Mean waiting time vs. arrival intensity using various distributions in
Scenario 2
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Figure 4.15: Mean waiting time vs. arrival intensity using various distributions in
Scenario 3

contains the service of outgoing calls, too. In case of Figure 4.17 and 4.18 using
Pareto distribution we observe the highest values indicating that here happens
the most interruptions while in Figure 4.19 and 4.20 the highest values can be
found at gamma distribution where primary customers spend the least in the
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Figure 4.16: Mean waiting time vs. arrival intensity using various distributions in

Scenario 4

system. Naturally in these scenarios, the utilization of the server is higher than
in Scenario 1 or in Scenario 2.
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Figure 4.17: Utilization of server vs. arrival intensity using various distributions in

Scenario 1
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Figure 4.20: Utilization of server vs. arrival intensity using various distributions in
Scenario 4

Squared coefficient of variation is less than one In the previous section
we see that when the squared coefficient of variation of the service time of
primary customers is more than 1, the differences are quite high among the
performance measures. The question arises whether it is true for using other
parameter settings for example when the squared coefficient of variation of the
service time of primary customers is less than one. We use the same parameters
like in the previous section (Table 4.4), and Table 4.6 contains the changed
parameters of service time of primary customers. Instead of hyper-exponential,
we use this time hypo-exponential distribution because the squared coefficient
of variation is always less or equal to one.

Table 4.6: Parameters of service time of primary customers

Distribution Gamma | Hypo-exponential | Pareto | Lognormal
Parameters a=1.8 1 = 0.6 a=2.673 m = 0.695
£ =0.72 po = 1.2 k = 1.565 o = 0.665
Mean 2.5
Variance 3.472
Squared coefficient of variation 0.555

Comparing Figure 4.13, 4.14, 4.15 and 4.16 with Figure 4.21, 4.22, 4.23 and 4.24
the contrast is quite obvious, namely the values of mean waiting time are almost
identical regardless of the distribution. However, when the squared coefficient of
variation is more than one it results lower mean waiting time in all Scenarios
compared to previous section except the Pareto distribution.
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Figure 4.22: Mean waiting time vs. arrival intensity using various distributions in
Scenario 2

Figure 4.25, 4.26, Figure 4.27 and 4.28 present the utilization of server in function
of arrival intensity of primary customers, respectively. After observing the results
in connection of the mean waiting time it is no wonder that the received results
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Figure 4.23: Mean waiting time vs. arrival intensity using various distributions in
Scenario 3

420

415
410

405
£
S 400
[-1:]

£ 305

©
3 390
<

S 385
=
380

375

370

365 T T T T T T T T T T T T T T T T T T T
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

A/N

+~Gamma =Hipo =Pareto —Lognormal

Figure 4.24: Mean waiting time vs. arrival intensity using various distributions in
Scenario 4

are almost identical, this is also true if we take a closer look at the applied
Scenarios.
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Figure 4.25: Utilization of server vs. arrival intensity using various distributions in
Scenario 1
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Figure 4.26: Utilization of server vs. arrival intensity using various distributions in
Scenario 2
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Figure 4.27: Utilization of server vs. arrival intensity using various distributions in
Scenario 3
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Figure 4.28: Utilization of server vs. arrival intensity using various distributions in
Scenario 4

4.2.2.2 Different distributions of failure time of the server

Squared coefficient of variation is greater than one In this section, we
investigate the effect of the failure time of the server on the mean waiting time.
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We are interested in carrying out a sensitivity analysis to identify how much the
various distributions alter the characteristics of the system. To do so for failure
time we utilize gamma, hyper-exponential, lognormal and Pareto distributions
having the same mean and variance so we carefully selected the parameters at
the adequate distribution. The service of primary customers, in this case, is
exponential with rate of a; = 1. The same investigation will be carried out as in
the previous section so first, we examine the case when the squared coefficient
of variation is greater than one.

Table 4.7: Numerical values of model parameters
N [AN |az | B2 |m |o/N | v |
100 | 0.01 1 25 (05| 001 |08 1

For the easier understanding the numerical values of parameters are collected in
Table 4.7 and the parameters of failure time in Table 4.8.

Table 4.8: Parameters of failure time of the server

Distribution Gamma | Hyper-exponential | Pareto | Lognormal
Parameters a = 0.312 p = 0.362 a=2146 | m = 1.003
B = 0.056 A1 =0.129 k=2.984 o =1.198
A2 =0.228
Mean 5.588
Variance 100
Squared coefficient of variation 3.2
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Figure 4.29: Mean waiting time vs. arrival intensity using various distributions in
Scenario 1

The previous four figures show the mean waiting time of primary customers
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Figure 4.31: Mean waiting time vs. arrival intensity using various distributions in
Scenario 3

vs. the arrival of primary customers in respect of all Scenarios. In Figure 4.29
and 4.30 the difference is evident among the applied distributions apparently in
the case of Pareto where the values of mean waiting time are the highest. But
in Scenario 3 and Scenario 4 this divergence disappears and the received graphs
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Figure 4.32: Mean waiting time vs. arrival intensity using various distributions in

Scenario 4

reflect near identity.

Squared coefficient of variation is less than one In this section, we change
the parameters of failure of the server to examine the mean waiting time when
the squared coefficient of variation is less than one.

Table 4.9: Parameters of failure time of the server

Distribution Gamma | Hypo-exponential | Pareto | Lognormal
Parameters a=1.232 p1 =0.2 a =2.494 m = 1.426
8 =10.2204 pe = 1.7 k=3.347 o=0.771
Mean 5.588
Variance 25.346
Squared coefficient of variation 0.8116

Table 4.9 contains the overview of these parameters, mean value remains the
same as in the previous section. The value of other parameters are unchanged

and Table 4.7 contains them.

On the next four Figures the mean waiting time of the primary jobs are displayed
as a function of the primary generation rate. On Figure 4.33, 4.34, 4.35 and 4.36
the difference is very moderate compared to Figure 4.29, 4.30, 4.31 and 4.32.
The lines are identical in case of Scenario 3 and 4. These graphs show that the
distribution of the failure time has minor impact on the performance measures

when the squared coefficient of variation is less than one.
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Summary

The work presented in this thesis aimed at developing a simulation program
package based on SimPack [24] creating simulation models. In particular, discrete

event simulation relying on various algorithms were developed to investigate
the efficiency of retrial queuing systems. In chapter 1 I gave a brief, concise
introduction on queuing systems and their importance playing a vital role in
many application fields. Then a short introduction is demonstrated in section
1.1.1 about the background of retrial queuing systems which is a specific queuing
model and about two-way communication systems which is quite a popular topic
over the past few years. These types of systems perform an important role in
many territories in our life starting from various protocols like TCP to major
communication systems as call centres. A great number of companies provide a
variety of services including via telephone. In addition, a large call centre serves
thousands of calls per day, each of which demands a response within seconds,
and besides that agents may attempt to initiate phone calls to sell, advertise
and promote products and services of a business. One of the most important
performance measures for a call centre is the utilization of the server (agent) in
order to minimize the probability that the customer hangs up.

In chapter 2 a general retrial queuing model is introduced, which serves as a
base model, and gives an overall overview of the implemented simulation model.
A retrial queuing system of type M/G/1//N with collisions of the customers
and an unreliable server is regarded and the number of sources is denoted by
N. Each of them can generate a request with a rate of A/N. In the absence
of a waiting queue, the service of an arriving customer starts immediately in
the case of an idle server. Otherwise, when a collision occurs or the server is
located in a failed state and these requests wait for an exponentially distributed
time in the orbit to launch another attempt to attain the server. The server has
gamma-distributed service time with parameters « and .

Chapter 3 consists of the results in connection with standard retrial queuing
systems. In section 3.1 I have reproduced the results obtained by the numerical
procedure in [27] and I have calculated the probability distribution of the
number of transitions of the customer into the orbit. To measure how similar
two probability distributions are obtained by the simulation program and by
the asymptotic method we use Kolmogorov distance. As we expected with the
increment of N Kolmogorov distance decrease though with the parameter setting
we use no significant reduction is observed if N > 50.
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In Section 3.2 T investigated the general model as described in Chapter 2 with the
addition that requests gets back to the orbit in case of server failure. Different
cases have been defined to carry out a sensitivity analysis of the performance
measures using various distribution. I compared the main performance measures
such as the mean waiting time, the mean total uninterrupted service time of
a customer, the mean total interrupted service time of a customer among the
cases to show the effect of different distributions of service, inter-arrival and
retrial times. With the help of the simulation program, I am able to illustrate
the steady-state distribution of every scenario for all the investigated cases and
all of them tend to be normally distributed even if the distribution of retrial
or arrival time is not exponentially distributed. As it is expected with the
increment of arrival rate the mean waiting time increases as well and with the
used parameter setting we experience the maximum property characteristic of a
finite-source retrial queueing system. It is worth mentioning when the service
time is exponentially distributed then the sum of the mean total interrupted
service time of a customer and the mean total uninterrupted service time of a
customer is equal to 1/parameter of service rate. This phenomenon is due to
the effect of collision because uninterrupted service times constitute very low
values which results in a low average, too. I observe that the growth of A\ and
8 eventuate greater values of the investigated performance measures in every
scenario and every case. I proved this with numerical results containing in tables.

In the next Section (see 3.3) two operation modes are considered in case of server
failure when a customer is under service:

e Operation mode number 1: the interrupted request gets into the orbit
instantaneously (this happened in the previous section).

e Operation mode number 2: the service of the interrupted request is sus-
pended and it continues after repairing the server.

The effect of two different operation modes was analyzed regarding the main
performance measures. We got what we expected that it was clearly recognizable
that applying operation mode number 2 gives more beneficial results compared
to operation mode number 1. In all cases and all scenarios it turns out that
the steady-state distribution of the number of customers in the system is still
normally distributed.

The focus of Section 3.3 is to examine the performance behaviour of the general
model applying different situations when a busy server breaks down. Two types
of operation behaviour are distinguished:
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o Without blocking: requests are able to enter the system and these are
forwarded to the orbit instantaneously (same as in Section 3.2).

e With blocking: the arriving customers cannot enter the system; they return
to the source and a new request generation process starts.

The achieved results in connection with the two different operation behaviour
are compared with each other. The steady-state distribution of the investigated
cases still follows normal distribution even when blocking is incurred. As a result
of blocking it ensures the expected behaviour resulting in lower mean waiting
time. Different figures illustrated that the customers spend more and more time
in the source if the server is more likely subjected to breakdowns in case of
blocking and the mean spent time in the source of the customers is constant
when blocking is not applied.

In Chapter 4 retrial queuing systems by the help of two-way communication are
analyzed in which of the base is the depicted general model described in section
2.1. T modified the performance model of the general retrial queuing model
to get a two-way communication system of type M/G/1//N with a reliable
service unit that is capable to produce outgoing calls to the customers residing
in the orbit in Section 4.1. It is performed after an exponentially distributed
time with parameter v. The service time of these outgoing customers follows
gamma distribution with parameters ay and 5. I have stated the results in
connection with the effect of different service time distributions of incoming
customers where the mean and variance are equal. To do so my program is
completed with random number generators and the parameters are selected
for a valid comparison. The goal is to achieve the same mean and variance
so in every distribution, the fitting process is accomplished. Firstly, when the
squared coefficient of variation is more than one. I presented the mean waiting
time of primary customers in the function of arrival intensity and regardless of
the applied distribution, it has a maximum value. These results reassure that
the distribution affects the performance measures using the gamma and Pareto
distribution with the same mean value and variance bring about a noticeable
difference. Figures also represent that the utilization of server with outgoing
requests decrease with the increment of the arrival intensity. I studied the
steady-state distribution which displays the probability of how many customers
residing in the orbit. Exploring the curves in more detail they correspond to
a normal distribution and it can be seen how they differ from each other. To
emphasize the importance of two-way communication systems the investigated
model is compared with the classical retrial queuing model where there is no
outgoing call. The outcome demonstrates that customers spend less time in the
system in such a way that the utilization of the service unit is a much higher



5.1. Summary 85

meaning that our investigated model is more efficient than the classical queuing
system. The explanation of this phenomenon can be explained by that the
service unit works less in idle state. This is true for every chosen distribution of
service time. Afterwards, I selected the parameters of the different distributions
of service time that the squared coefficient of variation would be less than one.
However, in this case, the obtained results nearly coincide with each other in
every aspect of performance measures. From these results, we come to the
conclusion that when the squared coefficient of variation is more than one then
the applied distribution has a great effect on the performance measures while it
is less than one the chosen distribution has minimal impact on the operation of
the system.

In Section 4.2 our objective is to compare different scenarios in connection
with server breakdown using various distributions of service and failure time
on performance measures like mean waiting time of primary customers or
utilization of the server. The idle server after some exponentially distributed
period with parameter ~ is able to produce outgoing calls towards the customers
(secondary) from an infinite source. The service of these customers follows a
gamma distribution with parameters as and (2 but this is realized if no primary
customers arrive from the finite source or from the orbit and the server is not in
a failed state upon their arrivals. I differentiate four scenarios in case of server
failure:

e Scenario 1: Primary customers are forwarded immediately towards the
orbit and the secondary customers leave the system without service.

e Scenario 2: Primary customers are forwarded immediately towards the
orbit and the secondary customers remain at the service area during the
recovery of the service unit.

e Scenario 3: Primary customers remain at the service area during the
recovery of the service unit and the secondary customers leave the system
without service.

e Scenario 4: Both the primary and the secondary customers remain in the
service area during the recovery of the service unit.

First, the applied values of the input parameters are chosen that the squared
coefficient of variation would be greater than one. Hyper-exponential, gamma,
lognormal and Pareto distributions are used for comparison. I have calculated
the mean waiting time of primary customers and the total utilization of the
server. I examined the effect of various distribution for every scenario and the
results clearly indicates when the squared coefficient of variation is greater than
one then the disparity is huge among the performance measures having the same
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mean and variance especially in the case of Scenario 1 and 2, but very little when
it is less than one. Interestingly, in all scenarios, the mean waiting time has
a maximum which is a typical characteristic of a finite-source retrial queueing
system. The same phenomenon is experienced when I analyze the results using
various distributions of failure time.

Osszefoglalas

A disszertéciéban elvégzett tevékenység célja a SimPack [24] programcsomagon

alapulé szimulaciés program kifejlesztése volt, amely lehet&séget biztosit j
szimulaciés modellek 1étrehozasara. Tobbek kozott a diszkrét eseményti szimula-
ci6 megvalésitasdhoz sziikséges algoritmusokat is tartalmazza, igy visszatéréses
sorbanallasi rendszerek hatékonysdganak vizsgalatara is alkalmas. Az 1. fe-
jezetben egy révid, tomor bevezetést adtam a sorbandllasi rendszerekrol. Néhany
példaval demonstraltam, hogy mekkora szerepet toltenek be szamos alkalmazési
tertileten. Az 1.1.1. bekezdésben a visszatéréses és kétiranyd kommunikacios
sorbanallasi rendszerekrél adtam rovid ismertetét. Ezek specidlis rendszerek és
az elmult években nagyon sok publikacié foglalkozott miikodésiikkel. Az ilyen
tipust rendszerek fontos szerepet jatszanak életiink szamos teriiletén a kiilonféle
protokolloktél a f6 kommunikacids rendszerekig, mint példaul a TCP-t6l az
igyfélszolgalatokig. Nagyon sok szolgédltatast tud nyijtani egy cég koztik az
egyik ilyen a telefonos tigyfélszolgalat. Egy nagyobb méretii tigyfélszolgalat napi
tobb ezer hivast bonyolit le. Az tigyfelek elvarjak, hogy az az tigyfélszolgélat
munkatarsai a masodperc toredéke alatt rendelkezésiikre alljon. Emellett tele-
fonhivasokat szoktak kezdeményezni tizleti termékek és szolgaltatasok eladasa,
rekldmozdasa és népszeriisitése érdekében az lgyfelek részére. A call center
egyik legfontosabb jellemzéje a munkatérs (szerver) kihasznaltsaga, azaz minél
kevesebb legyen annak valoszintisége, hogy az ligyfél megszakitja a hivast.

A 2. fejezet egy altalanos visszatéréses sorbanalldsi rendszert vezet be, amely
az altalam vizsgalt rendszerek alapjat teszi ki, illetve atfogd attekintést ad az
implementalt szimuldciés modellel kapcsolatban. Egy olyan M/G/1//N tipusa
visszatérési rendszert veszek alapul, ahol az igények titkozést idézhetnek el6
és a szerver megbizhatatlan. N jeloli a forrasok szamat és minden forrdsban
16v6 egyed \/N intenzitdssal generdlhat kérést. Varakozdsi sor hidnydban tétlen
kiszolgal6 esetén az érkezé tigyfél kiszolgdlasa azonnal elkezddédik. Ellenkezd
esetben iitkozés torténik és ezen igények az orbitba keriilnek, ahol exponencidlis
eloszlasu ideig varnak, hogy Gjabb kisérletet inditsanak a szerver eléréséhez. A
szerver gamma eloszlasu kiszolgédlasi idével rendelkezik « és B paraméterekkel.
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3. fejezet a sztenderd visszatéréses sorbanallasi rendszerekkel kapcsolatos ered-
ményeket tartalmazza. A 3.1. bekezdésben reprodukédltam a [27]-ben numerikus
eljarassal kapott eredményeket, és kiszdmoltam az igényatmenetek szamanak
val6szintiségii eloszlasat az orbitban. A Kolmogorov-Smirnov tavolsdgot haszndl-
tuk annak mérésére, hogy milyen koézel van egymashoz a szimulacioval és az
aszimptotikus mddszer alkalmazasaval kapott valdszinliségi eloszlds. Amint
arra szamitottunk N noévekedésével a Kolmogorov-Smirnov tavolsag kisebb lett,
bar ezen paraméter bedllitds mellett szignifikans cs6kkenést nem vettink észre
N > 50 esetén.

A 3.2. szakaszban a 2. fejezetben ismertetett dltaldnos modellt vizsgdltam
azzal a kiegészitéssel, hogy szerverhiba esetén a kérések visszatérnek az orbitba.
Erzékenységi elemzés elvégzéséhez szamos egyméastol eltérd eloszlast hasznél-
tam a kiilonboz6 vizsgalt esetek rendszerjellemzoinek meghatarozasahoz. Olyan
metrikakat szamoltattam ki, mint egy iigyfél atlagos varakozasi ideje, egy tigyfél
atlagos megszakitas nélkiili kiszolgalasi ideje vagy egy tigyfél atlagos megszakitott
kiszolgalasi ideje. Ezeket Osszehasonlitottam az esetek kozott, hogy bemutassam
a kiszolgalds, beérkezési és a visszatérési id6kozok eltérd eloszldsainak hatasait.
A szimuléciés program segitségével be tudtam mutatni minden szcendrié Osszes
vizsgalt eseténél, hogy a stacionarius eloszlasok mindegyike normaélis eloszlashoz
tart még akkor is, ha a visszatérési vagy beérkezési id6 eloszlasa nem expo-
nencidlis eloszlasi. Ahogy azt vartam, az érkezési intenzitds novelésével az
atlagos varakozasi id6 is novekszik, és az alkalmazott paraméter-beéllitdssal a
véges forrasu visszatéréses sorbandllasi rendszerek jellegzetes maximalis érték
tulajdonsdgat is tapasztaltam. Emlitésre mélto, hogy amikor a kiszolgalasi id6
exponencialis eloszlast kovet, akkor az tigyfél atlagos megszakitott kiszolgaldsi
idejének és az ugyfél dtlagos megszakitas nélkiili kiszolgalds idejének Osszege meg-
egyezik az 1 / kiszolgaldsi rata paraméterrel. Ez a jelenség az iitkozés jelenségébol
adodik, mivel a sziinetmentes kiszolgalasi id6k nagyon alacsony értékekbol tevéd-
nek Ossze, ami természetesen alacsony atlagot eredményez. Megfigyeltem, hogy
a «a és a [ novekedésével minden egyes esetben a vizsgélt rendszerjellemzdok
egyre nagyobb értékeket vesznek fel. Ezt a tablazatokban szereplé numerikus
eredmények jol mutatjak.

A kovetkezd szakaszban (14sd 3.3. szakasz) az elOzéleg ismertetett modellt
vettem alapul, de egy masik miikddési modot is megvizsgaltam, amennyiben egy

igény kiszolgalasa alatt szerver meghibasodas kévetkezne be:

o 1. lizemmdd: a megszakitott kérés azonnal az orbitba keriil (az el6z6
szakaszban ez valésult meg).

e 2. lizemméd: a megszakitott kérés kiszolgalasa abbamarad, és a kiszol-
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gal6 egységnél fog tartézkodni. Annak helyrejovetele utan a kiszolgédlasa
folytatodik.

A két miikodési méd hatdsat vizsgaltam meg a legfontosabb rendszerjellemzék
szempontjabol. A 2. {izemmdd alkalmazdsa mellett kedvezObb eredményeket
kaptam az 1. {izemmoddnal kapott értékekhez képest, tehat alacsonyabb atlagos
varakozas id6t és nagyobb atlagos nem megszakitott kiszolgalasi id6t. Toébb
paraméter bedllitds mellett vizsgaltam a rendszert és minden esetben az igények
staciondrius eloszlasa a rendszerben tovabbra is normalis eloszlast kovetett.

3.3. szakasz kozéppontjaban az altaldnos modell miikodésének tovabbi elemzése
folytatodott. Itt a forrasban 1évé egyedek eltérd viselkedésére keriilt a hangsuly
szerver meghibasodas alatt. Kétféle miikodési viselkedésmddot kiilonboztettem
meg:

o Blokkolas nélkiil: az igények be tudnak jutni a rendszerbe, és ezek azonnal
tovabbitédnak az orbitba (teljesen megegyez6 3.2. szakaszban leirtakkal).

e Blokkolassal: az érkez6 igények nem tudnak bejutni a rendszerbe, igy
visszatérnek a forrasba, és 1j kérésgeneralési folyamat kezdodik el.

A blokkolas hatdsat tanulményoztam néhany rendszerjellemz6 6sszehasonlitasa-
val. A vizsgalt esetek staciondrius eloszldsa tovabbra is normdl eloszlast kovet,
még blokkolas fenndllasa esetén is. A blokkolas a vart viselkedést eredményezi,
ami alacsonyabb atlagos varakozasi idoben jelenik meg. Szamos abra érzékelteti,
hogy az igények egyre tobb id6t toltenek a forrdsban, ha a kiszolgal6 hajlamosabb
a meghibasodasra blokkolds esetén. Nyilvanvaléan az igények forrasban eltoltott
atlagos ideje allandd, amikor a rendszer nem blokkol.

4. fejezetben kétirdnyd kommunikaciés visszatéréses sorbandllasi rendszereket
analizdltam, amelyek alapjat 2.1. szakaszban bemutatott modell alkotja. Olyan
szimulaciés modellt alakitottam ki, hogy egy M/G/1//N tipust kétirdnyd
kommunikaciés rendszert kapjak megbizhaté szerverrel, amely képes kimend
hivasokat kezdeményezni az orbitban tartézkodé tgyfelek felé a 4.1. szakaszban.
Ez egy exponencidlis eloszlast id6 utan kovetkezik be v paraméterrel. Ezen
kimeno tigyfelek kiszolgélasi ideje gamma eloszlast kovet oo és Py paraméterekkel.
Kiszamitattam a bejové tgyfelek kiillonbo6zb eloszlasa kiszolgaldsi idejének hatésa-
val kapcsolatos eredményeket, amikor az atlag és a szordsnégyzet megegyezik
mindegyiknél. Ennek eléréshez a programom véletlenszam-generatorokkal lett
kiegészitve, hogy a lehetséges Osszehasonlitashoz gy tudjam megvalasztani
a paramétereket, hogy az els6 két momentum megegyezzen az 6sszes eloszlas
esetén. Egy illesztési folyamatot is végrehajtottam, mivel az egyes eloszlasoknal
taldlhaté paraméterek kiilonboznek. ElGszor azt az esetet vizsgaltam amikor
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a relativ szérasnégyzet egynél nagyobb. Megmutattam az els6dleges tigyfelek
atlagos varakozasi idejét az érkezési intenzitas fliggvényében és az alkalma-
zott eloszlastol fliggetlentl maximalis értéke lett. Ezek az eredmények azt is
jol megmutattak, hogy az alkalmazott eloszlas nagyban befolyasolja a rendsz-
erjellemzdket, a gamma- és Pareto-eloszlast 6sszevetve latvanyos kiilonbséget
eredményezve. Az dbrak azt is szemléltetik, hogy a kiszolgalé kihasznaltsaga a
kimen6 igényekkel az érkezési intenzitas névekedésével csokken. Tanulmanyoz-
tam az orbitban tartézkodé igények stacionarius eloszlasat, amely megmutatja
annak valésziniiségét, hogy hany iigyfél tartézkodik egyidejlileg az orbitban. A
gorbék részletesebb elemzése utan azt talaltam, hogy ezen eloszlasok a normalis
eloszlasnak felelnek meg, és az is lathatd, hogy mennyire kiilonboznek egyméstol.
A kétiranyu kommunikécios rendszerek fontossaganak hangsilyozasara a vizsgalt
modellt 6sszehasonlitottam a klasszikus visszatéréses sorbanallasi modellel, ahol
nincs kimen6 hivas. Ezen paraméterek mellett az ligyfelek kevesebb idot t6ltenek
a rendszerben oly médon, hogy a kiszolgédlasi egység kihasznaltsaga sokkal maga-
sabb, ami azt jelenti, hogy a vizsgalt modelliink hatékonyabb, mint a klasszikus
sorbanallasi rendszer. Ez a jelenség azzal magyarazhatd, hogy a kiszolgaldsi
egység kevesebb id6t t6lt el tétlen allapotban. Ez fennallt minden valasztott
eloszlas esetén. Ezutan gy valasztottam meg a kiillonboz6 kiszolgélasi eloszlasok
paramétereit, hogy a relativ szérasnégyzet egynél kisebb legyen. Ebben az
esetben azonban a kapott eredmények szinte megegyeztek egymassal barmely
rendszerjellemzt nézve. Igy arra a kovetkeztetésre jutottam, hogy ha a relativ
szérasnégyzet egynél tobb, akkor a valasztott eloszlas jelentésen megvaltoztatja
a rendszer miikodését, mig amikor egynél kisebb, akkor minimalis hatassal van
a teljesitményjellemzdokre.

A 4.2. szakaszban négy szcenariét talaltam ki a kiilonb6z6 tipusu igények
viselkedésére nézve. A célom az volt, hogy néhany eltérd kiszolgdlasi és meghiba-
sodasi id6 eloszlas alkalmazasaval 6sszehasonlitsak fontosabb rendszerjellemzoket,
mint az els6dleges igények atlagos varakozasi idejét vagy a kiszolgalasi egység
kihasznaltsdgat. A tétlen kiszolgdld egy exponenciilis eloszlasi idGszak utan ~y
paraméterrel képes kimend hivisokat létesiteni egy (mésodlagos) végtelen forras-
bdl szarmazé igények felé. Ezen tigyfelek kiszolgalasa gamma-eloszlast kovetnek
ag és [y paraméterekkel. Azonban ez akkor valésul meg, ha a masodlagos igény
beérkezésének pillanatdban nem érkezik elsédleges tigyfél a véges forrasbol vagy
az orbitbdl, és a szerver nem keriil meghibasodott dllapotba. A korabban emlitett
négy szcenarié a kovetkezdket tartalmazza szerver meghibdsodas esetén:

o Els6 szcendrio: Az els6dleges tigyfelek azonnal az orbitba keriilnek, a
masodlagos tigyfelek pedig nem jonnek be a rendszerbe.

e Maiésodik szcenarié: Az els6dleges tigyfelek azonnal az orbitba keriilnek, a
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mésodlagos tligyfelek pedig a kiszolgdlénal maradnak a kiszolgdld egység
megjavitasa soran.

o Harmadik szcendarié: Az elsédleges tligyfelek a kiszolgdlénal maradnak a
kiszolgald egység megjavitdsa sordn, a masodlagos tigyfelek pedig nem
jonnek be a rendszerbe.

o Negyedik szcenario: Mind az elsédleges és masodlagos tigyfelek a kiszol-
galéndl maradnak a kiszolgadlo egység megjavitdsa soran.

Els6 korben az alkalmazott bemeneti paraméterek értékeit tigy valasztottam meg,
hogy relativ szérasnégyzet egynél nagyobb legyen. Az Gsszehasonlitashoz hiper-
exponencialis, gamma, lognormalis és Pareto eloszlast hasznaltam. Kiszdmitot-
tam az els6dleges tigyfelek atlagos varakozasi idejét és a szerver teljes kihasznalt-
sdgat. Megvizsgaltam a kilonboz6 eloszlasok hatdsat az egyes forgatokonyvekre
és az eredmények egyértelmiien jelezték, hogy amennyiben a relativ szorasnégyzet
egynél nagyobb, akkor hatalmas az eltérés a rendszerjellemzok kozott annak
ellenére, hogy az els6 két momentum megegyezik. Fzzel szemben nagyon kevés,
ha a relativ szérdsnégyzet egynél kisebb. Erdekes médon az ésszes forgatékonyv
esetén jelentkezett az atlagos varakozasi id6 maximum tulajdonsdga. Ugyanez a
jelenség volt tapasztalhaté azokon az eredményeken is, amikor az érzékenységi
vizsgalat a kiilonféle meghibdsodasi id6 eloszlasok alapjan tortént.
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