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Chapter 1

Introduction

In this dissertation we define and study a scaling property of stochastic processes,
which we call dilative stability. An infinitely divisible process {X(t), t >0} (sat-
isfying certain natural conditions) is said to be (a,d)-dilatively stable, if

VT >0: X(Tt) S T2 X9T°(p),

where o > 0 and 0 < 2« are constants (we say that such an («,d) is admis-

sible), X' denotes that the finite-dimensional distributions are the same, and
X®¢ means the 0< c-th convolution power. This property is comparable with
the well-known self-similarity: a stochastic process {X(¢),t > 0} is called a-
self-similar, if

VT >0: X(Tt) R TX (1),

where a > 0. It can be seen that (o, 0)-dilative stability is just a-self-similarity,
i.e., dilative stability is a generalization of self-similarity, at least when both are
defined. The main difference between them is that, heuristically, the branching
or confluent structure of the distribution of the processes is inessential in or even
incongruos with self-similarity, but it plays a significant role in dilative stability.
Accordingly, dilative stability is defined only for infinitely divisible processes,
while self-similarity has nothing to do with infinite divisibility. Another impor-
tant difference lies in the tools used: while the cumulants are unnecessary in
the case of self-similarity, they are indispensable even for dilative stability to be
uniquely defined, and they provide a key tool in the proofs.
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The dissertation consists of five parts. After Chapter 1, which is the introduc-
tion, Chapter 2 compares self-similarity and dilative stabity. It was Lamperti’s
paper [22], which had attracted attention to the significance of the former prop-
erty. We present the dilatively stable analogues of Lamperti’s theorems, and
show that a lot of results can be transferred from the self-similar to the dilatively
stable case. Moreover, as we will see, dilative stability provides a new possibil-
ity for long memory modelling. Some examples suggest that dilatively stable
processes are simply certain transforms, namely, the so-called power function-th
convolution powers of some self-similar processes. It will turn out that this is
not so in general, so dilative stability is not a redundant concept.

Then we study the Lamperti transform. It is a known fact that this trans-
form gives the correspondence between self-similar and stationary processes.
The analogous statement we prove is that the Lamperti transform connects
dilatively stable processes and the so-called translatively stable processes. A
particular attention will be paid to the correspondence between dilatively sta-
ble processes with independent increments and translatively stable wide sense
Ornstein—Uhlenbeck (OU) type processes, because this is the analogue of the
known correspondence between self-similar processes with independent incre-
ments and stationary OU type processes.

There is a section about self-similar and dilatively stable processes with sta-
tionary increments. The importance of that processes lies in the fact that the
autocovariance function of a non-degenerate dilatively stable process with sta-
tionary increments is the same as that of the corresponding self-similar process
with L2-stationary increments, i.e. as the autocovariance function of a fractional
Brownian motion. Having stated this we arrived to the long memory property.

Then we treat the dilatively stable renormalization operators. We show that
the analogy with the self-similar case holds true in this regard as well. That is,
the set of dilatively stable renormalization operators (for any fixed admissible
parameter) constitute a semigroup, so the renormalization operators can be
iterated. Furthermore, a process is dilatively stable if and only if it is a fixed point
of the corresponding dilatively stable renormalization operator. This explains
why exactly the renormalized processes happen to converge in dilatively stable
(functional) limit theorems.

In Chapter 3 we deal with the superposition of stationary OU type processes,
and we state a dilatively stable renormalization functional limit theorem for the
integrated superposition processes. OU type processes are homogeneous Markov
processes with a particular property called regular affinity, defined in Duffie et
al. [9]. Regular affine processes are exactly those regular, homogeneous Markov



processes, which are infinitely decomposable (roughly, the transition probability
distribution is infinitely divisible). On the other hand, infinitely decomposable
processes are just those processes which are suitable for being superposed. The
two types of regular affine processes: OU type processes and continuous state
branching processes with immigration (CBI processes). This is the reason why
we happen to superpose OU type processes in Chapter 3, and CBI processes
in Chapter 4. In the latter part the particular case when the CBI process is
the so-called diffusion process with linear generator (DLG process), is treated
separately. We state dilatively stable renormalization functional limit theorems
for the integrated superposition processes. The development of Chapter 4 is
parallel with that of Chapter 3, but it contains also some new results with
respect to CBI processes.

The last part, Chapter 5 deals with renormalization functional limit theo-
rems for Cox processes. According to Grandell [13, Thm. 4.2.2], if a self-similar
renormalization functional limit theorem holds for the intensity process of a
Cox process, then a similar self-similar renormalization functional limit theorem
holds also for the Cox process itself. In Chapter 5 we present the analogous
statement for dilatively stable renormalization functional limit theorems. As a
corollary we obtain a dilatively stable renormalization functional limit theorem
for the superposition of death counting (SDC) processes of stationary birth and
death processes with immigration.

Existing results, as far as possible, are given with references to their origin.

Hence every result presented without citation is the author’s own result, or
folklore.

Special notations not defined in the text:

~, ~, ~: equivalence of the distributions, 1-dimensional distributions,

finite-dimensional distributions
®, ®¢: convolution, c-th convolution power

— :  weak convergence of distributions (probability measures)

fd o i N
— :  weak convergence of the finite-dimensional distributions

cum, cum,, : (joint) cumulant, cumulant of order n
| | : integer part

rv'm

(t1,...,ty,) + the components of (¢1,...,t,,) listed in nondecreasing order
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the Gamma function

the space of continuous functions on [0, 00) with the local

uniform topology and Borel (equiv. the cylinder) o-algebra

the set of cadlag functions on [0, 00) with the extended
Skorokhod topology and Borel (equiv. the cylinder) o-algebra
(see Lindvall [23] or Jacod—Shiryaev [18])



Chapter 2

Self-similarity and dilative
stability

Self-similarity is a scaling property of stochastic processes. It was Lamperti’s
paper [22] which called attention to the significance of this property. In this
chapter we compare self-similarity and a more general scaling property, which
we call dilative stability. We present the dilative stable analogues of Lamperti’s
theorems, and show that a lot of results can be transferred from the self-similar
to the dilatively stable case. Moreover, as we will see, dilative stability provides
a new opportunity to model long memory processes.

2.1 Definitions and examples

2.1.1 Notation.!

S = {stochastic process {X(t),t >0} : X(0) =0,
{X(t),t > 0} # 0 and right-continuous in distribution}.

7 ={{X(),t>0} €S8:X(1) is non-Gaussian, the
finite-dimensional distributions are infinitely divisible, and functions

cn(t) = cum,(X(t)), t >0, n > 2, exist and are right-continuous}.

1S is for Stochastic process, T is for Infinitely divisible.
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2.1.2 Remark. The cumulant of order m > 3 of an infinitely divisible distri-
bution is the moment of order m of the Lévy measure in the Lévy—Khintchine
representation. Thus, the following implication holds:

(X(),t>0} €T = ¥YmeN:com(l) > 0. (2.1.1)

2.1.3 Definition. (SS) (Lamperti [22]) Let f:(0,00)— (0,00). A process
{X(t),t >0} €S is called f-self-similar (Lamperti [22] uses the term “f-semi-
stable”) if

YT >0: X(Tt) R f(T)X(t). (2.1.2)

(DS) Let f,g : (0,00) — (0,00). Process {X(t),t > 0} € T is called (f,g)-
dilatively stable if

VT >0: X(Tt) S J@)  ywqr) (t). (2.1.3)

V9(T)

2.1.4 Proposition. (SS) The function f in Definition 2.1.3 (SS) is uniquely
determined.

(DS) The pair (f,g) in Definition 2.1.3 (DS) is unique.
Proof. The self-similar case is obvious. So, let {X (), t > 0} be a dilatively
0.

stable process. Then by (2.1.1) c2(1) # 0 and c4(1) # 0. By (2.1.3), for all
T > 0 we have the system of equations

fH(T)
cy(T) = cy(1),
4(T) o (T 4(1)
which can be solved uniquely with respect to (f(T"), g(T)). O

In Definition 2.1.3 (DS) stable processes are excluded because of the mo-
ment condition and the non-Gaussianity condition (see Notation 2.1.1). This
is reasonable because for that processes the convolution power and the multi-
plication by scalar can suitably replace each other, therefore the pair (f,g) in
Definition 2.1.3 (DS) would not be unique. In the strict 2-stable case, i.e. for a
Gaussian process with zero mean, only g would not be unique in Definition 2.1.3
(DS). Besides, in such a case the process would be f-self-similar. Eventually, in-
stead of the assumption on the cumulants and non-Gaussianity (see Notation
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2.1.1) a weaker condition would be enough in the definition of dilative stabil-
ity. Namely, Proposition 2.1.4 (DS) and most of the further statements about
dilative stability would hold true under the assumption that not all the finite-
dimensional distributions of the process are strictly pseudo-stable (i.e. there
exists an n € N and a finite-dimensional distribution (X (t1),...,X(¢,)) such

that for any ¢,d > 0 ¢(X(t1),..., X (tn)) £ (X(t1), ..., X(¢,))®?). In the au-
thors’ opinion, the assumption in Z is more comfortable than the one mentioned
here.

Here are some examples for self-similar and for dilatively stable processes.
2.1.5 Example. (SS) Product of a white noise and a power function: Let
a >0, {W(t),t >0} # 0 a white noise consisting of i.i.d. random variables

and
X(t) =t°W(t), t>0.

Then {X(t), t > 0} € S and
VT >0: X(Tt) S TX(t),

i.e. the process {X(t), t > 0} is f(t) = t“-self-similar.

(DS) Let >0, § <2, {W(t), t > 0} awhite noise consisting of i.i.d. random
variables such that W (1) has finite moments of all orders, it is infinitely divisible
and non-Gaussian. Let {X (), t > 0} be a process which has the following finite-
dimensional distributions:

_9 a_3
(X(t), ., X(t) 2 (E7WE (1), 0T WO (),
0<ty,....th, n=1,2,...,

where the random variables W® (t,), ..., W& (t,) are independent, and let
X(0) =0. Then {X(t),t >0} €Z and

VT >0: {X(Tt), t >0} S o3 {to"%W@Tété (Tt), t > 0}
®T°
fd pa-3 {(taiw@“) (t), t > 0} (2.1.4)

8 po-3 {X®T6(t), t> 0}
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(this can be obtained using characteristic functions), and the identity corre-
sponding to (2.1.4) also holds if the first component of the finite-dimensional
distribution is taken at ¢ = 0. Therefore

VT >0: X(Tt) & 7o X7 (1),

ie. {X(t),t>0} is (f, g)-dilatively stable, where f(t)=t%, g(t)=t°.

2.1.6 Example. (SS) Product of a power function and a random variable: Let
a >0, £ #0 arandom variable and let

X(t) =€, t>0.
Then {X(t),t>0} €S and
VT > 0: X(Tt) S TX(b),

i.e. process {X(t), t > 0} is f(t) = t*-self-similar.

(DS) Product of a power function and a Lévy process with a power function
time-change: Let a > 0, § < 2« and let {L(t), t > 0} be a non-Gaussian Lévy
process such that all the cumulants of L(1) exist. Let

S
s L) ift >0
X(t) = L)
0 ift=0

Then {X(¢t),t >0} € Z and
X(Tt) B ro—ses [(T%9) K 7o 55 [T’ (49)
£d 5 5 s ®T° 5 76
AJTa_§<#“ﬁlXt)> 8 po=§ xoT° 1)

for all T',t > 0, and the finite-dimensional distributions are the same even if the
first component of them is the value at t = 0. Therefore

VT >0: X(Tt) S T8 X7’ (1),
i.e. the process {X(t),t>0} is (f, g)-dilatively stable, where f(t)=t%,
g(t)=t°.

The next example shows non-trivial self-similar and dilatively stable pro-
cesses having stationary increments.
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2.1.7 Example. (SS) Fractional Brownian motion (FBM, Mandelbrot—Van
Ness [26]):

t

1 1 H-1
BH(f) = — — / (t=s)"% = (=977 Bls), t=0, (215
0=y | (9" -9l ) Bas, 20 @19
where {B(t), t € R} is the Brownian motion over R and H € (0,1) (the Hurst
parameter or memory parameter). The integral in (2.1.5) is an L2-integral. The
FBM has stationary increments, and since {B)(t),t >0} € S and

VT >0: B (1) K THBRH (1) (2.1.6)

process {BHE) (1), t >0} is f(t) = t¥-self-similar.
(DS) Non-Gaussian fractional Lévy process (FLP, Marquardt [27]):

t

My = L (B ey
MY (t) N / (t—s) (—s)4 L(ds), t>0, (2.1.7)
— o0

where {L(t), t € R} is a non-Gaussian two-sided Lévy process over R with zero
mean and finite moments of all orders and H € (1/2,1) (the Hurst parameter or
long memory parameter). (Marquardt [27] studies the case when the Lévy pro-
cess has no Brownian component, however, we allow a Brownian component).
The integral in (2.1.7) is simply an L?-integral. The FLP has stationary incre-
ments. Its first and second order moment structures are the same as those of
the FBM, particularly we have

E(M)(1))? =E(L)* 22, t>0.

Thus Kolmogorov’s condition for a.s. sample path continuity is fulfilled, imply-
ing also continuity in distribution. Therefore {M)(t),t > 0} € S. In fact,
{MU)(t), t > 0} € Z, since functions

t

cn(t) = cum,, (M(H) (t)) = / <(t - S)H_% - (—s)f_%ylds cum,, (L(1))

— 00

oo

_ tn(H—%)H/ (s — (s~ I 75) ds coma (L), 120,
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n =2,3,..., are right-continuous. Moreover, since for all T' > 0 we have
Tt
M@y = e [ (-9 (-9 Ly
I'(H+3)

T
M pH-3 (M(H)>® (1),

{ME)(t), t > 0} is (f, g)-dilatively stable, where f(t) =t"  g(t)=t.

2.2 Theorems on self-similarity and dilative sta-
bility

2.2.1 Theorem. (SS) (Lamperti [22]) If a process {X(t),t > 0} is f-self-
similar, then f is necessarily a power function with a positive exponent, i.e.
there exists an « > 0 such that f(t) =t*. Therefore instead of the expression
“t*-self-similar” we simply use “a-self-similar”.

(DS) If a process {X(t),t > 0} is (f,g)-dilatively stable, then f and g are
necessarily power functions, i.e. there exist

a>0, 6<2a, (2.2.1)

such that f(t) =t and g(t) = t°. Therefore instead of the expression “(t*,t°)-
dilatively stable” we simply use “(«,d)-dilatively stable”.

Proof. The proof of the self-similar case can be found in Lamperti [22], so, only
the dilatively stable case will be treated here. The substitutions T = s, t = t,
then T'=st, t =1 in (2.1.3) yield

of) 1 f(s) ®g(s) 9
X(st) NZO) X®96) (), (2.2.2)
X(st) & St X®901) (1), (2.2.3)
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By (2.1.1) we have
c2(1) #£0 and 3n > 3:cn(1) £ 0. (2.2.4)
Taking the second order cumulants in (2.2.2) and in (2.2.3) we obtain
ca(st) = f2(s)ea(t) = f2(s) 2 (t)ea(D),
ca(st) = f2(st)ea(1).

Because of the equality of the right hand sides and c3(1) # 0, for the function
Ay(t) = f2(t) we have the functional equation

AQ(S)AQ(t) = AQ(St). (225)

Since the function cs is right-continuous, so is the function A, over the interval
(0,00), therefore the solution of (2.2.5) is

Ay(t) = t°2, (2.2.6)

with some as € R. Similarly, with an n of (2.2.4) instead of 2, if A,(t) =
fr(t)g' =2 (t), then A, (t) =t withsome a,, € R. Hence f(t) =t*, g(t) = t°
with some «,d € R. On the other hand putting s = 1 in (2.2.3), and taking
the cumulants, it implies

Cg(t) = fz(t)62(1> = ta62(1>, (227)

en(t) = (89" % (t)en (1) = 7ot 1m0, (1) (2.

[\

8)

for all ¢ > 0. Because of the right-continuity of functions ce and ¢, at t = 0
and the equation ¢2(0) = ¢,(0) =0 (since X(0) = 0), from (2.2.7) and (2.2.8)
we obtain n

a>0, na+t (1 - 5) 5> 0. (2.2.9)

Since we have ¢,(1) # 0 for infinitely many ns, the inequalities (2.2.9) are
possible only if (2.2.1) holds. O

2.2.2 Remark. If (2.1.2) or (2.1.3) is assumed to be fulfilled only for the one-
dimensional distributions instead of all the finite-dimensional ones, then the
corresponding property can be called marginal self-similarity and marginal dila-
tive stability, respectively. Proposition 2.1.4 holds true also when only marginal

self-similarity or marginal dilative stability is assumed. The same is true for
Theorem 2.2.1.
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2.2.3 Proposition. (SS) For all a > 0 there exists an «-self-similar process.

(DS) For all (a,0) in the parameter domain (2.2.1) there exists an (o, 0)-
dilatively stable process.

Proof. (SS) Processes {X(¢), ¢ > 0} in Example 2.1.5 (SS) are of this kind.
(DS) Processes {X(t), t > 0} in Example 2.1.5 (DS) are of this kind. O

2.2.4 Remark. In the set 7 dilative stability is a generalization of self-
similarity: if o > 0, then a process in Z is («, 0)-dilatively stable if and only if
it is a-self-similar.

2.2.5 Notation. (SS) Let a > 0. Suss = {a-self-similar processes}.
(DS) Let a >0, 0 < 2a. Z(q,s5)ds = {(a, d)-dilatively stable processes}.

2.2.6 Remark. (SS) Self-similar processes with finite moments of all orders
can also be called unifractals. In case of an {X(t),t > 0} € S,ss this means
that

log [cum,, (X (t))| = amlog(t) 4 log |cum, (X(1))|, t>0, m=1,2,....

The points of interest are that the coefficient of mlog(t) does not depend on ¢
(this is why “fractal”), and does not depend on the order m either (this is why
ccuniw ) .

(DS) Dilatively stable processes can also be called multifractals. In case of an
{X(t), t >0} € Z(4,5)4s this means that

4]

log [cum,, (X (1))| = (a —3 + %) mlog(t) + log |cum,, (X (1))

Y

t>0 m=1,2,....

The points of interest are that the coefficient of mlog(¢) does not depend on ¢
(this is why “fractal”), and does depend on the order m (this is why “multi”).

In the literature the notions of uni- and multifractal are usually defined by
the help of the moments instead of the cumulants. On the other hand, there exist
asymptotic versions of these notions: asymptotical unifractal and asymptotical
multifractal. Then the scaling equations hold only asymptotically, as ¢ — oo.
Now, in this asymptotical sense it’s just the same whether they are defined
through the moments or the cumulants.
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By the following theorem the processes in S or in Z which are the limit
processes in renormalization limit theorems, are exactly the self-similar or the
dilatively stable processes, respectively.

2.2.7 Theorem. (SS) (Lamperti [22]) If {X(t),t > 0} € S is a process such
that there exist a process {Y (t), t > 0} and a function f:(0,00)— (0,00) for
which

1

fd
— Y (1% X(t 2.2.10
o V) 2 XG) (2210)
then there exists an « > 0 such that {X(t),t > 0} is a-self-similar and f is
regularly varying of order «, ie. f(t) = t*{;(t), where {; is a slowly varying
function. Conversely, every self-similar process {X(t), t > 0} is a limit process
in the previous sense.

(DS) If {X(t),t > 0} € T is a process such that there exist an infinitely
divisible process {Y (t), t > 0} with finite moments of all orders and functions
f,9:(0,00) — (0,00) for which

9(T) 4 fd
T Y @5 (T't) o X(), (2.2.11)

and the convergence corresponding to (2.2.11) holds also for every cumulants of
the one-dimensional distributions, then there exist

a>0, §<2aq, (2.2.12)

such that process {X(t),t > 0} is («,0d)-dilatively stable and f and g are
regularly varying functions of order o and 9, resp., i.e.

F) =t4s(t), g(t) =t20,(t), (2.2.13)

where {; and {, are slowly varying functions. Conversely, every dilatively stable
process {X(t), t > 0} is a limit process in the previous sense.

Proof. The proof of the self-similar case can be found in Lamperti [22].
Proof of the dilatively stable case: Since {X(t), t > 0} € Z, by (2.1.1) we have

c2,x(1)#0 and dn >3 :¢, x(1) #0. (2.2.14)
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The assumption with respect to the convergence of the cumulants, for 2 and for
an n in (2.2.14):

% cay (T't) T C2X (1),

n_g
g2 (T)
9= e (Tt — ¢ x ().
Writing these first for 7' := T, t := 1, then for T :=Tt, t := 1/t, we have
1
(T coy(T) e c2 x (1), (2.2.15)
n_q
gz (T)
g ) (T Wx (1), 2.2.1
fn(T) ¢ »Y( )T::OC ,X( ) ( 6)
! (T) ! (2.2.17)
— — /N
721t YV X\ )
n_g
g2 (Tt 1
9 20 (T x =), 2.2.18
fn(Tt) ¢ ,Y( )Tj;oc X (t ( )

Let us consider (2.2.17-2.2.18) for values of ¢ in a sufficiently small left neigh-
bourhood (1 —¢,1) of ¢t = 1, for which ¢ x(1/t) # 0 and ¢, x(1/t) # 0
(because of (2.2.14) and the right-continuity of c¢2 x and ¢, x there really ex-
ists such a left neighbourhood of ¢ = 1). From (2.2.15-2.2.18) we obtain

[y ex®)

1
FT) =%\ enx (1) > 0, (2.2.19)

|l

0T (eax () (@
g(T) T—oo ( cn.x (1) ) <C2,X (%)) > 0. (2.2.20)

(2.2.19-2.2.20) hold for all ¢t € (1 — ¢, 1), so according to Bingham et al. [3,
Thm. 1.4.1] (which states that if a convergence of the type (2.2.19) holds on a
set of ts of positive measure, where the limit function is positive, then function
f is regularly varying) it follows that f and g are regularly varying, i.e. there
exist o,6 € R and slowly varying functions ¢y and ¢ such that (2.2.13) holds.

The proof of («, ¢)-dilative stability of process {X (), t > 0} is the following.
Let k € N, t = (t1,...,t;) € (0,00)%, T € (0,00) and let us denote the
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characteristic function of a random vector of the form X () = (X (¢1),..., X(tx))
by ©x) (u). Then (2.2.11) yields

g (W) — ox (W
P Y(sp - Smee T

and rewriting the same for 7Tt instead of t gives

o)
Py sy (W) — exe (W) (2.2.21)

But we have f(S) = S%;(S) and g(S) = S°¢,(S), hence

f(TS) oL (T'S5)

7s - e T
g(TS)  sl,(TS) s
0 ~ Ty TS

where limg_,oo I£(S) = 1 and limg_. I4(S) = 1. From these and (2.2.21) it
follows that

T°14(S) 57

atrs) u) — u) . 2.2.22
T3 1,(8)(1,(8)) " 2 YT v (Tst) (u) =2, excro (W) ( )

On the other hand we have

S5
T Ig(S)ig(;,s)

1 u
T3 14(S)(I,(5)) "2 YTy (7s¢) (

L T°I4(5) i
9(TS) a—9 1 s

=P g yorsy W) (22:23)

(since the family of characteristic functions converges uniformly over bounded
intervals). But k, t and u were arbitrary, thus from (2.2.22-2.2.23) we conclude

X(Tt) R ro-3 XOT° (¢), (2.2.24)
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and since T > 0 was also arbitrary, the process {X (t), t > 0} is (f, g)-dilatively
stable, where f(t) = t® and g(t) = t°. The inequalities (2.2.12) follow from
Theorem 2.2.1 (DS).

The converse statement of the theorem is obvious. O

2.2.8 Remark. The statement of the (DS) part of the previous theorem holds
true if we assume instead of (2.2.11)

e the corresponding convergence of the joint cumulants, i.e.

cum (ﬂ YOt (Thy), ..., YIE) yosi (Ttm)>

f(T) f(T)
e cum(X(tl),...,X(tm)), 0<ti,...ytm, m=1,2,...,

e and that the finite-dimensional distributions of process {X(t), ¢ > 0} are
uniquely determined by their joint cumulants.

The reason is that (2.2.11) follows from these assumptions.

2.2.9 Definition. (SS) Let a > 0. A process {Y(¢),t > 0} is called asymp-
totically a-self-similar if there exist an a-self-similar process {X(¢), ¢ > 0} and
a slowly varying function ¢ such that

1 fd
Y (Tt X(t). 2.2.2
regr Y0 7 XG0 (2.2.25)
(DS) Let a > 0, § < 2«. An infinitely divisible process {Y (t), t > 0} is called
asymptotically («,d)-dilatively stable if there exist an (a,¢)-dilatively stable
process {X(t), t > 0} and slowly varying functions ¢;, ¢ such that

1 1
Ta—éé (T) Y@ Ty (T) (Tt) T& X(t) (2226)
201 —00

In terms of the above definition, Theorem 2.2.7 essentially says that under its
conditions, that is, in renormalization limit theorems the limit processes must be
self-similar or dilatively stable and the starting processes must be asymptotically
self-similar or asymptotically dilatively stable, respectively. An asymptotically
self-similar and an asymptotically dilatively stable process, which is not (exactly)
self-similar and not (exactly) dilatively stable, is given in the following example.
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2.2.10 Example. (SS) Let a > 0, ¢ be a strictly positive, slowly varying func-
tion, {W(t), t > 0} # 0 be a white noise consisting of i.i.d. random variables,

Y(t) = tUW(t), t>0, Y(0) =0,

and let {X(t),t > 0} be a process given in Example 2.1.5 (SS) (product of a
white noise and a power function). Then

VT >0: % Y (Tt) = % W (Tt) N %X(t) T%:o X(t),

hence process {Y (t), t > 0} is asymptotically a-self-similar. It is clearly not
(exactly) a-self-similar, unless the function ¢ is a constant.

(DS) Let @ > 0, § < 2a, ¢; and ¢35 be strictly positive, slowly varying functions,
{W(t), t > 0} be a white noise consisting of i.i.d. random variables such that
W (1) has finite moments of all orders, it is infinitely divisible and non-Gaussian.
Let {Y(t), t > 0} be a process which has the following finite-dimensional dis-
tributions:

a_? a?
(Y(t1),...,Y(tn)) M <t1 261(t1)W®t?€2(t1)(t1)7...,tn zgl(tn)W@%(tn)(tn))?

0<ti,...,tn, n €N,

where <W®t§£2(t1)(t1), ey W®ti£2(t”)(tn)> are independent and let Y (0) = 0.
Moreover, let {X(t), t > 0} be a process given in Example 2.1.5 (DS). Then

VT >0: Y(Tt) fg Toe—%gl (T)ta—g % W®t5T6£2(Tt)(Tt)
1

205(T)
-2 s 01 (Tt) _ gub 2(Tv) @T° Ly
~T20(T) (12— W 2@
2 1( ) ( 2 gl(T) 5

(t)

(this can be checked using characteristic functions). Hence

1

1
— — Y"Tam (1) 4 et we () K x ().
Ta_ifl(T) T=e0

This means that the process {Y(t),t > 0} is asymptotically («,¢)-dilatively
stable. It is clearly not (exactly) (a,d)-dilatively stable, unless functions ¢; and
{5 are constants.
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By Theorem 2.2.7 (DS), the dilatively stable renormalization limit theorems
are of the form (2.2.26). As the following proposition shows, using independent
sums instead of the convolution powers, (2.2.26) can be rewritten into a more
simple form.

2.2.11 Proposition. Let o > 0, § < 2o and assume that {Y;(t),t > 0},
j=1,2,..., are iid. asymptotically («,d)-dilatively stable processes, namely,
let (2.2.26) hold for them, where either § < 0 or § =0 and limyp_, ¢2(T) = 0.
Then

| 7]

T“%MT) STy X, (2.2.27)

Proof. What we have to prove is that

1 Y1®QTM;<T)J_T‘V;<T>>(Tt> f 0

To=50,(T) T—oo
But this is true indeed, since
1 Y®<LTM;(T>J *T(‘elz(T)) (Tt)
Te=30,(T)
1 1
{T(Seg(T)J_T“eQ(T)
1 ®—1— T
Sl e ey M, xsog) = o,
T 261 (T) T—o0

O

2.2.12 Remark. Under the conditions of Proposition 2.2.11 the left-hand
side of (2.2.27) becomes even more concrete if we assume that 6 < 0 and
lim (5(T) =~ > 0:

T—o00 1 ) | } .
(yn) = 4 ((W)_%> ;Yy ((”y ) t) — X(1).

The following theorem states, roughly, that the convolution operation pre-
serves asymptotical self-similarity and asymptotical dilative stability. Its prac-
tical consequence will be treated in Remark 2.7.6.
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2.2.13 Proposition. (maximum renormalization principle) Let n>2 be a
fixed natural number, 0 <ay,...,a,_1 <y, let {Y;(t),t >0}, i = 1,...,n,
be independent processes and let Y (t) =31, Y;(t), t >0.

(SS) If for each i the process {Y;(t), t >0} is asymptotically «;-self-similar
with the slowly varying function ¢; and the limit process {X;(t), t >0} in
(2.2.25), then

1 fd
—— Y (Tt) — X,(1).
Tangn(T) ( )T—>o<> ( )

That is, the (finite) sum of independent, asymptotically self-similar processes is
asymptotically self-similar with the largest parameter c.

(DS) If for each i the process {Y;(t),t >0} is an L?-process with zero mean,
and it is asymptotically (o, d;)-dilatively stable with the slowly varying func-
tions (y;, l2,; and the limit process {X;(t),t >0} in (2.2.26), and the cor-
responding convergence holds also for the second order cumulant (i.e. for the
variance), i.e., if

lim D2 | ——— vy, "=y | =D2X(1), t>0, (2.2.28)
T—o00 Tai_?lél,i (T)
then . )
= Y@ T £y 1 (T) (Tt) _fd, X (b).
Ten="% 0, .(T) T oo

That is, the (finite) sum of independent, asymptotically dilatively stable L>-
processes with zero mean is asymptotically dilatively stable with a parameter
corresponding to the largest parameter o, provided that the convergences stating
the asymptotic dilative stability hold also for the variances.

Proof. The proof of the (SS) part is very simple, so we omit it. The (DS) part
follows from the fact that for each i < n we have

D? ! T (Tt)
Ton=% 0, ,(T)

1 ®T5i£1 (T ) E% '(T>€2 z(T)
=D?| ——5——Y, (1) | pHeimem) LSO — 0,
<Tal ' o g%,n(T)EZn(T) T — o0

t>0.
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2.3 The relation of self-similarity and dilative
stability

To describe the relation of self-similarity and dilative stability, a new operation
called the “function-th” convolution power will be needed. The following lemma
establishes it.

2.3.1 Lemma. Let T C R be an interval, f:T — [0,00] be an increasing
or decreasing function and let Dy be the set of infinitely divisible processes
{X(t), t € T}, which are zero at points where f is zero or infinity, i.e. X(t) =0
if f(t) =0 or f(t) = oo. Let us consider the mapping {-}*7 : Dy — Dy,
which carries a process {X(t),t € T} € D; into {X(t),t € T}®/ with the
finite-dimensional distributions

(X(tl), . ,X(tn))®(f(tl) 7777 f(tn)) -~ (X(tl), o ,X(tn>)®f(tl)

® (0, X(t), ..., X (t,)) 2V )77
: (2.3.1)
® (0,...,0, X (t,)) OV )= )

t1 <...<t, €T, neN,
if f is increasing, and

(X(t1), .o, X () TSI = () X () )

® (X(tl)a oo 7X(tn—1), 0)®(f(t”_1)_f(tn))

) (2.3.2)
® (X(tl),O. .. ,0)®(f(t1)—f(t2)),

t1 <...<t, €T, neN,

if f is decreasing. (For simplicity, the distributions are denoted by the random
vectors themselves, and we consider (0,...,0)®> to be (0,...,0).) Then the
process {X(t), t € T}®/ is well-defined in distribution. When the exponent is
a constant function, then {X(t), t € T}®f coincides with the usual convolution
power with constant exponent. In any case, the mapping { - }®f is an injection
and its values are infinitely divisible processes.
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Proof. Since the process {X(t), t € T} is infinitely divisible, the right hand
side of (2.3.1) or (2.3.2) determines a distribution on R™. Checking Kolmogorov’s
compatibility condition is straightforward but very space-consuming, therefore
we omit it. It is also obvious from (2.3.1-2.3.2) that the “function-th” convolu-
tion power is a generalization of the ordinary “constant-th” convolution power.

To prove the injectivity of the “function-th” convolution power let us assume
that f is increasing, say, and nowhere zero or infinity. If

SO(X(tl),..‘,X(tn))(@(‘f(tl) ,,,,, f(tn)) = SD(Y(tl),...,Y(tn))®(f(t1) ,,,,, F(tn))

(¢ denotes the characteristic function of its index), then writing (2.3.1) both for

(X(tr), ..., X(£,)) 2V T and (Vty), .., Y () B0 e
characteristic functions, the equality of the right hand sides yields

f(t) F(t2)—f(t1)
SOX(tl),...,X(tn)(”l? e 7“n) QOO,X(tz),...,X(tn)(“17'“27 e v“n) e
f(tn)_f(tn—l)
X 20,..,0,X (tn) (ub ey Un—1, un)
(2.3.3)
_f(ty) f(t2)—f(t1)
= SOY(tl),...,Y(tn)(“l? i -a“n) SDO,Y(tz),...,Y(tn)(“17“27 e 7“%) T
X wg,(tiéj}f((,f:)il) (ul, ceeyUn—1, un) .
From (2.3.3) with the substitution u; = ... =u,_1 =0 we obtain
f(tn) _f(tn)
SOX(tn)(“n) = SOY(tn)(“n):
hence
tn)—F(tn— tn)—f(tn—
905,(...,2),){((15") 1) (u1, ce sy Up—1, un) = 8057(”_72)7;((%) v (m, ey Up—1, un) (2.3.4)

In the next step dividing (2.3.3) by (2.3.4) (which can be done since an infinitely
divisible characteristic function is nowhere zero), with the substitution u; = ...
= Uu,—2 = 0 we obtain

F(tn—1) _ ftn-1)
S"X(tnjl%X(tn) (“”*1’%) - S"Y(tnfl)n/(tn) (“nfh “n)v

hence

tr1)—F(tn—
@({,(...,0,1))((15{(,1)f;g(tn) (Ury. s Un—2, Up—1, Up)

— f(tnfl)_f(tn72)

00 O (B )Y (£0) (ul, ey Up—2, Uy 1, un). (2.3.5)



22 CHAPTER 2. SELF-SIMILARITY AND DILATIVE STABILITY

In the next step dividing (2.3.3) by (2.3.4) and by (2.3.5), with the replacement
U = -+ = uUp—3 = 0 we obtain

f(tn—Z) _ f(tn—2)
SOX(tn,z),X(tn,l),X(tn) (Un—Q, Up—1, Un) = (’Dy(tn—2),y(tn71)7y(tn) (Un—27 Unp—1, Un)

Continuing this procedure, in the last step we have

f(t1)

A ( 1 ..,un) = SOy(tl),...,Y(tn)(“h""u")’

PX(t1),.... X (tn) U
N (X(11), s X (t) ~ (Y (1), Y (1)),

proving that the mapping { - }®f is injective.
One can check that the injectivity also follows when f can take the values

zero and infinity. By (2.3.1-2.3.2) it is also obvious that the finite-dimensional
distributions of {X (t), t € T}®/ inherit the infinite divisibility. O

2.3.2 Definition. ~ We call the process {X(t),t€T}®/ of Lemma 2.3.1
(or, more precisely, its distribution) the f-th convolution power of process
{X(t), t € T} € Dy. When necessary, we use also the notation {X(t), t € T}®/®)
= {X(t),teT}® (eg. {X(t),t € T}®t6), so, when the argument of the
function in the convolution exponent is ¢ (the same as the parameter of the
process), then the convolution power is meant as the f-th convolution power
and not the constant f(¢)-th convolution power.

2.3.3 Remark. If f is not a constant function, then operators {-}®/ and

{ }®% defined in Lemma 2.3.1 are not the inverse of each other. For example,
in case of f(t1) # f(t2), we have

((X(t1)7X(t2>)®(f(t1)7f(tz)))®(f(il)’f(iz)) ~ (X(h), X (t2))

if and only if X (¢;) and X (¢2) are independent. The reason is that although
the operators { - }®f corresponding to increasing functions f constitute a semi-
group, as well the operators corresponding to decreasing functions, all the oper-
ators together no longer constitute a group. This is evident, because the product
of an increasing f and a decreasing g is, in general, not monotone, thus the com-
position operator ({ ef )®g is not defined at all. And, naturally, functions f
and 1/f are neither simultaneously increasing, nor simultaneously decreasing.
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2.3.4 Lemma. Let T C R be an interval, f:T —[0,00] and ¢g:T —[0,00] be
an increasing and a decreasing function, respectively, and let {X(t), t € T} be
a process in Dy or D,. If {X(t),t € T} has independent increments, then so
does {X(t),t € T}®/, and {X(t),t € T}®9 has independent increments if and
only if {X(t),t € T} is a trivial process, i.e. a deterministic function, or the
function ¢ is a constant.

Proof. Let us say that a random vector (&i,...,&,) is of independent incre-
ments if the random variables &1,& —&1,...,&mn —&n—1 are independent. Now,
the first statement is a consequence of (2.3.1), because each row on the right-
hand side of (2.3.1) is a vector of independent increments and the rows are
independent (remember that, for simplicity, we do not distinguish between ran-
dom vectors and their distributions), therefore, the result is also of independent
increments.

The second statement is a consequence of (2.3.2) taken for n = 2 with g¢
instead of f and with ¢; < t2. Indeed, in this case the right-hand side is

(X(t1>7 X(t2>)®g(t2) ® (X(tl), O) <>B*(](tl)_~‘l(752)7

where the first random vector is of independent increments but the second is
not (unless X (¢1) is a constant, or g(t1) = g(t2)), therefore their independent
sum is, in general, not of independent increments. (Here we used the fact that
if the independent sum of two infinitely divisible random vectors and either of
the two are of independent increments, then the other is also of independent
increments. This easily follows, since the characteristic function of an infinitely
divisible distribution is nowhere zero.) O

2.3.5 Example. A Lévy process (in law) {L(t), t >0} is the ¢-th convolution
power of the time-independent process {L(1), ¢ > 0}, i.e.

{L(t), t >0} = {L(1), t > 0}"".

More generally, if f:[0,00) —[0,00) is a time-change function (i.e. strictly in-
creasing, continuous, f(0) =0 and lim;_, f(t) = 00), then the time-changed
Lévy process (in law) {L(f(t)), t > 0} is the f-th convolution power of the
time-independent process {L(1), t > 0}, i.e.

(L(F(t)), t >0} S {L(), t >0}

This follows, using (2.3.1) for n =1, Lemma 2.3.4 and the fact that the finite-
dimensional distributions of a process with independent increments are uniquely
determined by the one-dimensional distributions.
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The next example suggests the connection between self-similar and dilatively
stable processes.

2.3.6 Example. Let a > 0, § < 2« and consider the process of Example 2.1.5

(SS) with the modification that its parameter is o — & instead of « and that it

is infinitely divisible, non-Gaussian and all of its moments are finite. So, let
Y(t) =t 2 W(t), t>0,

where {W(t),t > 0} # 0 is a non-Gaussian, infinitely divisible, i.i.d. white
noise with finite moments of all orders. Consider also the process of Example

2.1.5 (DS):

X(t) =t 5 (W(t)®", t>0,

Then {Y(t), t> 0} S S(a—%)ss’ {X(t)v t> 0} S I(a,5)d57 and

(X(t), t >0} = {y(t), t >0} (2.3.6)

The following theorem specifies what the connection between self-similar and
dilatively stable processes can be.

2.3.7 Theorem. Let a >0, ¢ < 2a.
1) If for some {X(t),t > 0} € T4 5)as there exists an infinitely divisible pro-
cess {Y(t),t>0}€S such that (2.3.6) holds, then 6 <2a and {Y(t),t>0}
€ S(a-5)s[NZ. Conversely, if § < 2a and {Y(t),t > 0} € S,_5)sZ,
then the process in (2.3.6) is (a, d)-dilatively stable.
2) Let 6 <2a. If for some {Y (1), t >0} € §,_s)s there exists an {X(t), ¢ >0}
€ 1 such that .,

(Y(t), t>0} = {X(t), t>0}"" | (2.3.7)
then {X(t),t > 0} € T4 5)4s- Conversely, if {X(t),t > 0} € Z(4,5)as, then
process (2.3.7) is (o — 0/2)-self-similar and it is in Z.

Proof. 1) By the (a,0d)-dilative stability of {X(¢),¢ > 0} and (2.3.6) we have
for any T'> 0

(v(re)® " & pes ((Y(t))®t5)®T ,
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or, equivalently,

((Y(Tt))@é) - i (T@—i (Y(t))®t5> o :

hence

() B 1e-d (v ()™ 8 (1o by ()™

from which by the injectivity of the t°-th convolution power (see Lemma 2.3.1)
we obtain

Y(Tt) & T 2Y (¢). (2.3.8)

Since {Y(t),t > 0} € S, it is right-continuous in distribution also at ¢ = 0,
therefore § < 2« and {Y(t),t > 0} is (a — 0/2)-self-similar. Moreover, by
(2.3.1) or (2.3.2) (depending on whether § > 0 or § < 0) the joint cumulants
exist and {Y'(¢), ¢ > 0} is a non-Gaussian process. Finally, the right-continuity
of the cumulant functions follows from (2.3.8) and from that ¢ < 2a:

|

cum, (Y (1) = ™0 cum, (Y(1)), t >0,

completing the proof of that {Y (), t > 0} € Z.

Conversely, if {Y(t),t >0} € Z is (a—3§/2)-self-similar, then for any 7' > 0
we have

X(Tt) N (Y(Tt))®(Tt)5 £ ((T“‘Sy(t)>®t5)®T5

fd a—2 ®t6 ®T6 a—3 ®T5
Rremd ((r)®) T = TR ()T
which means that {X(t), t > 0} € Z(4,4)ds-
2) The proof is similar and therefore is omitted. O

Example 2.3.6 raises the question of whether any dilatively stable process can
be obtained as the convolution power of some self-similar process. The first state-
ment of Theorem 2.3.7 answers the question straightaway: an («, 2«)-dilatively
stable process is surely not the convolution power of any self-similar process.
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Considering only the § < 2a case, the answer is not so simple. Now, the precise
question is the following one. Given parameters « > 0, § < 2«, is the mapping

TS : S(a—%)ss mI - z-(04,5)ds 5

(2.3.9)
9
V@), 620} — Ts({y(®), 1> 0}) = {¥ (), t = 0}
a surjective mapping? The converse question is also meaningful: given parame-
ters a > 0, 0 < 2, is the mapping

TD : I(a,é)ds - S(a—g)ss mza

(X(t), t>0} — TD({X(t), t > o}> = X(t), t>0)%"

a surjective mapping? Clearly, Ts and Tp are not the inverse of each other,
unless 0 = 0, when both mappings are identities. What is more, neither mapping
TsoTp nor Tp oTs has any fixed point, unless 6 =0 (see Remark 2.3.3). In
spite of this, T's could even be a bijective mapping between the set of (a—4/2)-
self-similar processes in Z and the set of («,d)-dilatively stable processes. The
same is true for Tp. However, the following theorem states that neither mapping
is surjective. This implies that dilative stability is not simply the combination of
self-similarity and “a power function-th convolution power”, so dilative stability
is not a redundant concept.

2.3.8 Theorem. Let a > 0 and 6 < 2c. Mapping (2.3.9) is an injection. It is
a bijection if and only if 6 = 0. The same is true for mapping (2.3.10).

Proof. The injectivity of both mappings follows from the last statement of
Lemma 2.3.1. If § =0, then both mappings are the identity. So, let ¢ # 0.

First of all we note that using (2.3.1-2.3.2) and its notation and assuming
that the cumulants exist, we have

cum ((X(tl), . ,X(tn))®(f(tl)""’f(t"))> = f(t1)cum (X (t1),..., X (tn)),
t1<...<¢

mny

if function f is increasing, and

cum ((X(tl), o ,X(m)®(f(“)’“"f““”) — F(tw)eum (X(t1), ..., X (),

t1 <...<¢

ny
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if f is decreasing. This fact will be used for n = 2, to compute the covariance.
Let 0 < t; < ty. Forany {Y(t),t >0} € Sla—)ss (N Z we have

(t1)°Cov (Y (t1),Y (t2)) if § >0,

COV(TS(Y)(tl),TS(Y)<t2)) = { (t2)5COV(Y(t1)7Y(t2)) if § < 0,

hence

Corr (Ts (Y)(t1),Ts(Y) (tQ)) =

[ 1) Cov (¥ ) 5sg
£2D(Y (1) 131
) ( ) ( t2)) _ (%) Corr(Y (1), Y (t2)).
(t2>5c°"( ) s<o
\ﬁDW()ﬁD( t2)) )

Similarly, if 0 <t; <, then for any {X(t), t > 0} € Z(4,5)0s We have

(t2)_6COV(X<t1>,X(t2)) if & > 0,
COV(TD(X)(tl),TD(X)(tQ)) = {

(tl)_(;COV(X(tl), X(tg)) if § < 0,
hence

Cov(Tp(X)(t1), Tp(X)(t2))
D(Tp(X)(t1))D(Tn(X)(t2))

( () PCov(X(0). X () )

12 D(X(1))t;  D(X (1)) 131

Corr(Tp(X)(t1), Tp(X)(t2)) =

>

(t1)75COV(X(t1),X(t2)) i 5<0
\ t;%D(X(tl))tz_gD(X(tz)) )

Thus, Ts and Tp decrease |Corr(X (¢1), X (t2))| and |Corr(Y (t1),Y (t2))|, resp.,
by a factor (tl/t2)|5|/2, where t; < to.
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Next we prove that Tp is not surjective. For this, let process {Y(¢), t > 0}
be as in Example 2.1.6 (SS), but with (o —¢§/2) instead of o and, of course, in
Z. That is

I
2

Y(t) =8¢, ¢>0,

where ¢ is some non-Gaussian, infinitely divisible random variable with finite
moments of all orders. Then {Y(¢),¢ > 0} is an (o — §/2)-self-similar process
in Z. But Corr(Y(t1),Y (t2)) = 1, for any 0 < t; < to, therefore {Y(¢), ¢ > 0}
can not be the image of any process in the domain of Tp, since Tp decrease
the modulus of the correlation coefficient by a factor (t1/t2)01/2 < 1.

Finally, we prove that T is not surjective either. For this, let {X1(¢), t > 0}
be an (a, d)-dilatively stable process, let

V() =0t t>0,

where C' > 0 is a constant, £ is a standard Gaussian random variable, inde-
pendent of process {X;(t), ¢t > 0} and let

X(t) = X, (t) + V(t), t>0. (2.3.11)

Then, it is easy to check that {X(t), ¢ > 0} € Z(4,4)as- It is also obvious, that
lime oo Corr(X (¢1), X (t2)) = 1, for any fixed pair (t1,t2). Therefore, for a
sufficiently large C, the (a,d)-dilatively stable process {X(t), t > 0} can not
be the image of any process in the domain of T, since Ts decrease the modulus
of the correlation coefficient by a factor (t;/t5)!°1/? < 1. 0

S(a-s/2)ss N L L p)ds

range of Tp range of Tg

2.3.1 Figure. The connection between self-similarity and dilative
stability. Mappings Ts and Tp are defined by (2.3.9-2.3.10).
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2.4 The Lamperti transforms as the connection
between dilative and translative stability

The Lamperti transforms introduced by Lamperti [22], give a one-to-one corre-
spondence between self-similar processes and stationary processes. In this section
we define the notion of translative stability, a generalization of stationarity, and
we show that the Lamperti transforms also give a one-to-one correspondence
between dilatively stable processes and translatively stable processes.

2.4.1 Notation.

7= {stochastic processes {S(t), t € R} : S(0) is non-Gaussian, the
finite-dimensional distributions are infinitely divisible, and functions

cn(t) = cum, (S(t)), t € R, n > 2, exist and are right-continuous}.
2.4.2 Remark. There holds the equivalent of the implication in Remark 2.1.2:
{S(t),teR}€Z = VYm e N:cumsy,(S(0)) > 0.

2.4.3 Definition. Let g : R— (0,00). Process {S(t), ¢t € R} € T is called
g-translatively stable if

VT €R:S(t+T) 2§99 (¢). (2.4.1)
2.4.4 Proposition. If process {S(t), t € R} is g-translatively stable, then g is
necessarily an exponential function, i.e. there exists a § € R such that g(t) = e°.
Therefore instead of the expression “e®-translatively stable” we simply use “-
translatively stable”.
Proof. We have

D2 (S (T} + Ty)) = D? (5®9<Tz> (1)) = D ( 5®g(T1)g<T2)(0))
=g(T1) g(1») D*(S(0)), Ti, Tz €R,

and at the same time

D?(§ (1 +T)) = D (S°9T472)(0) ) = g (T3 + T2) DX(S(0)), T3, Tz € R,



30 CHAPTER 2. SELF-SIMILARITY AND DILATIVE STABILITY

hence
g(Th +13) =

g
Since function D?(S(T)) = g(T)D?*(S(0)), T € R, is right-continuous (see No-
tation 2.4.1), so is g. Thus, g(T) = €°, with some constant & € R. a

(T1)g(Ty), Ti,T> €R.

2.4.5 Notation. S, = {strictly stationary processes over (—oo, oo)}

2.4.6 Notation. 75 = {5—translatively stable processes}, 0 eR.

2.4.7 Remark. Zos = S () Z.

2.4.8 Example. Lévy process with an exponential function time-change: Let
9 € R and let {L(t), t > 0} be a non-Gaussian Lévy process (in law) such that
all the cumulants of L(1) exist. Let

S(t)=L(e"), teR
Then it is easy to check that {S(¢), t € R} € Z and for any T € R we have
S(t+T) =L (5Tef) B 12 (7)) K 9®°7(), teR,

ie. {S(t), t € R} € L.

2.4.9 Theorem. (Lamperti transforms) (SS) ([22]) Let a > 0. The mapping
Lgr : St — Sass;
X(t) = (Lsr(9))(t) =t*S(logt), t>0, (2.4.2)
X(0) =0,

is well-defined, i.e. it maps Sg into S,ss. Conversely, the mapping

Lss : Sass — Set,
(2.4.3)
S(t) = (Lss(X))(t) =e X ("), teR,

is well-defined, i.e. it maps S,ss into Sgt. The two mappings are the inverse of
each other.
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(DS) Let o> 0, 0 < 2a. The mapping
Lrs : Zsts — Z(a,5)ds
X(t) = (Lrs(9))(t) = t*~2S(logt), t >0, (2.4.4)
X(0) = (Lrs(9))(0) =0,

is well-defined, i.e. it maps Zsis into I, syds- Conversely, the mapping

Lps : Z(a,s5)ds — Lsts,
(2.4.5)

S
2

S(t) = (Lps(X)) () = e (*78)'X(e"), teR,

is well-defined, i.e. it maps Z (4, s)ds into Lsis. The two mappings are the inverse
of each other.

Proof. The (SS) part can be easily checked. (DS) part: X (1) = S(0) is non-
Gaussian and Lpg preserves the infinite divisibility of the finite-dimensional
distributions. It also preserves the right-continuity of the cumulant functions,
because

cumon (X (1) = ™= 8) cum,, (S(logt)) = t™(@=3)edosteym,  (S(0))

I}

= ¢m(e=8)+Hcum, . (S(0)), t>0

and cum,, (X (t)) is right-continuous even in ¢ = 0. Therefore Lpg maps into
Z. The image processes of Lrg are («,¢)-dilatively stable processes, since

Slog T

X(Tt) = T %t* 2 S(logt + log T) & T 5t 589" (log )

8

®T
g po—3 (ta—%S(logt)) = 703 X9T(t), T > 0.

The proof of the converse statement is analogous, so we omit it.

Lrg is a one-to-one mapping between the paths. Its inverse is Lpg, so the
two mappings are the inverse of each other. O

2.4.10 Example. Let a > 0, 0 < 2« and let {L(t), t > 0} be a non-Gaussian
Lévy process such that all the cumulants of L(1) exist. Then the («, d)-dilatively
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stable process of Example 2.1.6(DS):

)
t*2L(t°) ift>0
X(t) = L)
0 ift =0

and the J-translatively stable process of Example 2.4.8:
S(t)=L(e"), teR,
correspond to each other by the Lamperti transforms:
S(t) = (Lps(X))(t) =e (7 2)IX (¢f), teR

X(t) = (Lps(S))(t) = t*~2S(logt), t>0.

2.4.11 Remark. Let us observe that while in the (SS) case the Lamperti trans-
forms are not defined for o« = 0 (since 0-self-similarity does not exist), in the
(DS) case they are defined even if o — /2 = 0 (since («,d)-dilative stability
does exist even for such (a,9)).

2.5 Translatively stable wide sense Ornstein—
Uhlenbeck type processes

This section is a digression to the field of processes in the title. These processes
are the translatively stable analogues of the stationary Ornstein—Uhlenbeck type
processes and they will be used in the next section.

2.5.1 Definition. (see Sato [29]) Let T'= (—o00,00) or T = [0,00). A stochas-
tic process {K(t), t € T'} is called an additive process on T if

e it has independent increments,

e it is stochastically continuous,

e it has a.s. cadlag paths and

e K(0)=0 as..

The set of additive processes on [0,00) is denoted by Z,4q.
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2.5.2 Remark. Additive processes are infinitely divisible. This follows from
the facts that the one-dimensional distributions (and so the distributions of
the increments) are infinitely divisible (see Sato [29, Thm. 9.1]) and that the
increments are independent.

2.5.3 Definition. (see Sato [31, p. 214] or Maejima—Sato [25, Def. 3.2]) Let
{K(t), t € R} be an additive process on (—oo,00) with the generating triplet
(02(t),y(t),v(t,")), t € R, i.e. with Lévy—Khintchine representation

log <E ei“K(t)> = —@ u? 4+ iy(tu + 7( — 1 —iuzc(x )> v(t,der), ueR

were c(x) is any fixed truncation function. Then {K(¢),t € R} is called a
natural additive process if the location parameter 7(t), t € R, is of locally
bounded variation (equivalently, if {K(t), t € R} is a semimartingale).

2.5.4 Notation. Let b € R, f: (—o00,b] — R be a locally bounded measurable
function and {K(¢), t € R} be a natural additive process. Then

b

b
!/f@)dK@)i lim [ f(t)dK(t), as.,

a—— o0
a

if the limit a.s. exists.

2.5.5 Definition. (see Maejima—Sato [25]) Let A€ R and {K(t), teR} be
a natural additive process. We call a process {S(t),t€R} a wide sense

Ornstein—Uhlenbeck (OU) type process with parameter A and driving process
{K(t), teR} if

t
. S(t +A/S yds+K(t), teR, (2.5.1)
0

shortly
dS(t) = AS(t) dt + dK(t),

e where S(0) and {K(t), t > 0} are independent
e and {S(t), t € R} has a.s. cadlag paths.
We call a wide sense OU type process {S(t),t € R} non-trivial if it really
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depends on ¢, ie. S # S(0) (equivalently, if its parameter A and driving
process {K(t), t > 0} are not simultaneously zero).

A wide sense OU type process is called simply an OU type process if its driving
process is a two-sided Lévy process.

2.5.6 Remark. Wide sense OU type processes are infinitely divisible, since
natural additive processes are so.

2.5.7 Notation. Z,sou) = {Wide sense OU type processes with parameter )\},
Toux = {OU type processes with parameter )\}, AeR.

2.5.8 Remark. In Definition 2.5.5 the cadlag property is assumed to ensure
the a.s. local integrability of {S(¢), ¢ > 0} in (2.5.1). Since by (2.5.1) process
{K(t),t > 0} inherits the cadlag property from {S(¢), ¢ > 0}, this property
had to be assumed in Definition 2.5.1, too.

2.5.9 Remark. For any A € R, natural additive process {K(t), t € R} and
random variable ¢ independent of {K(t), ¢t > 0}, process

t
S(t) = eM §+/e—*8dK(s) , teR,
0
is the unique wide sense OU type process with parameter A, driving process

{K(t), t € R} and initial value S(0) = ¢. This can be proved using integration
by parts, see Maejima—Sato [25, Thm. 4.1].

2.5.10 Notation. For a random variable £ with finite mean let £, = £ — E£
(the centered random variable).

The following theorem characterizes translatively stable non-trivial wide
sense OU type processes.

2.5.11 Theorem. 1) i) There exists a d-translatively stable non-trivial wide
sense OU type process with parameter \ and driving process {K(t), t € R}

if and only if the following conditions (ii—iv) are fulfilled:

ii) A < 0;
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i) 5> 2);
iv) {K(t), t € R} is the time-changed two-sided Lévy process
et —1
K(t):L<€5_1>, teR, (2.5.2)

(for 6 =0 the time-change function is lims_o ((e°* —1)/(e® — 1)) =¢, t > 0),

Li(t)  ift>0,
L(t) = (2.5.3)
—Lg(—t) if t <0,

where {L;(t),t > 0}, i = 1,2, are independent Lévy processes, Li(1) ~ Lo(1)
is non-Gaussian with finite moments of all orders and EL(1) =0, if § = X # 0.
2) Under the condidions (i) or (ii—iv) a stochastic process {S(t), t € R}

v) is a d-translatively stable non-trivial wide sense OU type process with pa-
rameter \ and driving process {K(t), t € R}

if and only if the following conditions (vi—viii) are fulfilled:

t

vi) Se(t) = / rdK(s), as., t€R;
vii) ES(t) =ES(0)e’, teR;

Y :
viii) ES(0) = EL(1) ifd# A

(e —1)(6—N)
(for 6 =0# X: ES(0) =lims_o ES(0) = —EL(1)/\).

Proof. The structure of the proof corresponds to the following scheme:
(i) = ((iv), (ii), (iii))
{(iD), (iil), (iv), (v) } = ((vi), (vii), (viii))
{(ii), (iii), (iv), (vi), (vii), (viii) } => (v)
{ (i), (i), (iv) } = (i)
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(round brackets denote also the order).

Proof of (i) = ((iv), (ii), (iii)): At first we prove (iv). By (2.5.1) and the
o-translative stability we have

t+T

K(t+T) — K(T) = S(t+T) — S(T) — A / S(s) ds
. ® T
K S(t) - S(0) — )\/S(s) = (K(t))®e”, t, T € R.

Making the substitution 7" = nt in the above relation and summing for n =

0,...,N — 1, because of the independence of the increments we obtain
1d SNt _4
K(NH) S K@®)® 71, teR, N=12,.... (2.5.4)

At first for rational arguments then, due to the stochastic continuity of
{K(t), t € R}, for any t € R, we get from (2.5.4) that

eét—l
KW e ift>0,

K(t) X (2.5.5)

eSt 1

K(-1)® @ ift<o.
oIf 6 >0, let

Li(t) iK(%log <1+ (65—1)7:)), 0<t,

Lg(t)i—K<%log(1—(66—1)15)), 0<t< ,

P

! 5 ’ 1_65,

Lo(t) = —K <%log (1 — (e = 1) t)) . 0<t,
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e and if 6 =0, let
Li(t) = K(t), 0<t,
Lo(t) = —K(—t), 0<t.

In each of the three cases {L;(t),t > 0}, i = 1,2, are independent processes
(since, {K(t), t € R} is of independent increments), they are a.s. cadlag (since so
is {K(t), t € R}) and using (2.5.5), one can check that they are Lévy processes
over the intervals given. Let us extend those which are defined only on finite
intervals, to [0,00) and let {L(t), t € R} be the two-sided Lévy process given by
(2.5.3). Then, in each of the three cases above we obtain (2.5.2) by resubstitution.

Moreover, since {S(t),t € R} € Z, it follows from (2.5.1) and (2.5.2) that
L(1) = K(1) has finite moments of all orders. By Remark 2.5.9 we have

S(t) = eM S(O)—i—/e_)‘de(s) , teR, (2.5.6)

where for every t > 0 : S(0) and the integral in (2.5.6) are independent. Let
2 < m € N be arbitrary and let us take the cumulants of order 2m in (2.5.6)
for ¢t > 0:

t

cuma,, (S(t)) = €™M | cuma,, (S(0)) 4 cuma,, /e’\SdK(s) , t>0.
0
We show indirectly that L(1) is non-Gaussian. Assuming that it is Gaussian,

it follows that {K(t),t € R} and the integral in (2.5.6) are also Gaussian.
Therefore we obtain that

cuma,, (S(t)) = eQmAtcumgm(S(O)), t >0,

hence, by the d-translative stability of {S(¢), t € R},

and since 2 < m was arbitrary, A = § = 0 follows. Using (2.5.1) and the
d-translative stability, we get S(0) ~ S(0) + L(t), where S(0) and L(t) are in-
dependent, ¢t > 0. So S = S(0), which is a contradiction, because {S(t), t € R}
is non-trivial. Thus we have proved that L(1) is non-Gaussian. If § = X # 0,
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then taking the expectation in (2.5.6) and using the J-translative stability of
{S(t), t € R}, then using (2.5.2), we obtain that

eMES(0) = ES(t) = e Esmy+/}—MdEK@)

A

:e“<ESm)+eA 1ELﬂﬂ), teR, (2.5.7)

thus EL(1) = 0 and we have finished the proof of (iv).

Next we prove (ii) and (iii) simultaneously. Both S(0) and L(1) have non-
Gaussian infinitely divisible distributions, therefore cums,,(S(0)) > 0 and
cuma,, (L(1)) > 0 for every even orders 2m. Let m € N be arbitrary and
let us take the cumulants of order 2m in (2.5.6) for ¢ > 0:

cuma, (S(t))

= 2™ | cumy,y, (S(0)) 4 cumoyy, /e_Ade(s)

0
¢ 665 o
= 2™ [ cumy,, (S(0)) + /ezmksd ( 5 11) cuma,, (L(1))
0
= 2mAt <cum2m(5(0)) + = 2m)\5) @ -1 cuma,, (L(1)) (e(‘S_Qm)‘)t—l) ),

t>0,

if § # 2mA. Hence, by the J-translative stability of {S(t), t € R} it follows
that

(e‘St _ 62m)\t) 1— cumMay, (
cumay, (

J

L(1))
) (e9 —1) (6 —2mN)
)

)
S5(0)

):Q t>0. (2.5.8)

If 0 =2mA, then instead of (2.5.8) we get

_cumgy,(L(1)) 9
0= cimam(S0) -1 =0



2.5. TRANSLATIVELY STABLE WIDE SENSE OU TYPE PROCESSES 39

which is a contradiction, because cumg,,(L(1)) # 0. Thus we have § # 2mA
and (2.5.8) yields

)
(0 —2mA)(ed —1)’

cuma,, (S(0)) = cuma,, (L(1))

implying that § > 2mA. Since this is true for arbitrarily large values of m, (ii)
follows. Taking m =1 in the last inequality, we obtain (iii).

Proof of {(ii), (iii), (iv), (v) } = ((vi), (vii), (viii)): By (2.5.6) we have
S.(t) = S (1) + /e’\(t_s)ch(s), r,t €R,

where

2
E (e)\(t—r)sc(r)) _ €2>\(t—r)D25(T) _ 62>\t+(6—2>\)rD25(0) — 0,

r——00

because of the J-translative stability of {S(t), t € R} and (iii). Therefore

t ¢
Sc(t) = lim AMAK (s) = /ek(t_s)ch(s), t e R,

where the convergence is meant in the L? sense and so, in the a.s. sense as
well (since the integral can be written as an independent sum, because of the
independence of the increments of {K(t), ¢t € R}). Thus we have obtained (vi).

(vii) follows from the d-translative stability of {S(t), t € R}.

Let us show (viii). Taking the expectation in (2.5.6) and using the J-
translative stability of {S(t), t € R}, we obtain that

t
e’'ES(0) = ES(t) = e [ ES(0) +/eA5dEK(s) , teR.
0

Hence, using (2.5.2), we have

E S(0) = M <E SO) + = 1;5(5 —7 ELO) (e(‘s_)‘)t - 1)) , teR,
(2.5.9)
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if 9 # A\, so

(% — ) <ES(O) oo 15(5_A) EL(I)) =0, teR,

from which (viii) follows.

Proof of {(ii), (iii), (iv), (vi), (vii), (viii) } = (v): We have

(Kefoa) — Kol Koulos) — Ko
(M) () () ()
N(LC(@TZZSZ__—;)_LC(@H?;—_—;), (”6 =) -l 11))
)
)

5(82+T)_ 5(81+T)_ 83+T) 5(82+T)
~ (L. e 1 I e 1 7 1 (et 1
ed—1 ed—1 -1 e —1
~ (KC(32+T) Ko (51 +T), Ko(s3 +T) — Ko(so + T
for 51 < s9 < s3 and T € R. Similarly,
®65T
(Ke(s2) = Ke(s1)s -y Kelsm) = Ke(sm))

~ <KC(52 FT) = Ko(s1 +T), ooy Ko(sm +T) — Ke(Sm_1 + T)), (2.5.10)

for m=2,3,... and s1 <...<s,,, T €R. Hence, for all r, T € R:

t ®e” t t+T
/e_’\dec(s) K /e_)‘dec(s—i—T) = M / e M dK,(s),
T r r+T
thus, by (vi), for every T € R :
t ®e” t+T
/ eA(t—s)ch(S) fd / e/\(t-l—T—s)ch(S)’

— 00
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i.e., process {S.(t), t € R} is d-translatively stable. Considering (vii), we obtain
that also {S(t), t € R} is J-translatively stable.

Since S(0) = S.(0) + ES(0) is independent of {K(t),t > 0}, by Remark
2.5.9 there exists a unique wide sense OU type process with parameter A, driving
process {K(t), t € R} and initial value S(0) and it is

V(t)=eM|S(0)+ /e/\SdK(s) , teR. (2.5.11)
0
Using that
0
S(0) = S.(0) + ES(0) = / e~ dK.(s) + ES(0),

moreover (iv) and (vi-viii), we obtain from (2.5.11) that

0 t
V(t) = e / e M dK.(s) + /e_ASdKC(S) + e MES(t)
— 00 0

t
= / 9dK,(s) + ES(t) = S(t), teR

— 00

(whether 6 = A or not). Thus, {S(t), t € R} is a wide sense OU type process
with parameter A and driving process {K(t), t € R}.

Finally, if {S(t), t € R} were trivial, i.e. S(t) = S(0), then by (2.5.1) we
should obtain that K(t) = —AtS(0), t € R, which contradicts to the fact that
{K(t), t € R} has independent increments, unless A = 0. On the other hand,
from (vii) we should obtain § = 0. Therefore A = 6 = 0, but this contradicts
to (iii). So, {S(t), t € R} is non-trivial and we have finished the proof of (v).

Proof of {(ii), (iii), (iv)} = (i): We will prove that under the conditions
(ii), (iii), (iv), there exists a stochastic process {S(t), t € R}, for which (vi),
(vii), (viii) hold. From this (v) will follow (see the outline at the beginning of
the proof), and since (v) = (i), the proof will be complete. Now, process

t
So(t) = /e’\(t_s)ch(s), t eR,

— 00
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exists, because its mean is zero and

t t

2
/(ek(ts)) E(dKC(S))2 — 2N /6(62A)stL D2L(1) < 0.

ed—1
Let
S(t) = So(t) + pe’, teR,
where 5
EL(1) if 6 # A,
@ ne-ntY
arbitrary if 6 =M.
Then (vi-viii) are fulfilled for {S(t), t € R}. O

2.5.12 Remark. In Theorem 2.5.11 the mean ES(t), ¢t € R, had to be handled
separately, because in general, conditions (ii-iv) do not guarantee the finiteness
of the integral

t t

/e’\(t_s)dEK(s) = e’\t/e(‘s_’\)sds 55 1 EL(1).

e? —

— 00 — 00

2.5.13 Remark. Let us observe that there exist d-translatively stable non-
trivial wide sense OU type processes even when A = 0. Then necessarily § > 0
and these processes are of the form

S(t):K(t)—K(—oo):L<e&_1)—L( ! ) t€R,

ed—1 ed—1

where {L(t),t € R} is the two-sided Lévy process given in condition (iv) of
Theorem 2.5.11.

2.5.14 Remark. When ¢ = 0, the two statements of Theorem 2.5.11 simplify
to the characterization of stationary OU type processes (in 7):

1) There exists in 7 a stationary OU type process with parameter A and driving
process {K(t), t € R} if and only if

A<0
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and {K(t), t € R} is the two-sided Lévy process

Lit)  ift>0,
K(t):L(t): teR,
—Lg(—t) if t <0,

where {L;(t),t > 0}, i = 1,2, are independent Lévy processes and L (1) ~
Lo(1) is non-Gaussian with finite moments of all orders.

2) Under the above two condidions with respect to A and {K(t), t € R}, a

stochastic process {S(t),t € R} is a stationary OU type process in Z with
parameter A and driving process {K(t), t € R} if and only if

t
S(t) = /e’\(t_s)dK(s), a.s., teR.

— 00

2.6 Self-similar and dilatively stable processes
with independent increments

As it was presented in Section 2.4, the Lamperti transforms connect

e self-similar processes and stationary processes,

e dilatively stable processes and translatively stable processes.

In this section it will turn out that some restrictions of these transforms connect
also other significant processes:

e self-similar additive processes and stationary OU type processes,

e dilatively stable additive processes and translatively stable wide sense OU type
processes.

Let {X(t),t > 0} be a self-similar additive process on [0,00). By Sato [30]
such a process exists if and only if the distribution of X (1) is self-decomposable,
that is, the distribution of a stationary OU type process (see Rocha-Arteaga—
Sato [28, Sect. 2.4] for the latter processes). In Jeanblanc et al. [19] it turned
out that just the Lamperti transforms link these two type of processes. More
precisely, stationary OU type processes with parameter —a and a-self-similar
additive processes correspond to each other, see Figure 2.7.1. This correspon-
dence and its dilatively stable analogue is the subject of the following theorem.
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2.6.1 Theorem. (SS) (Jeanblanc et al. [19]) Let o > 0. Then St Zou—a # 0,
Sass (1 Zadd # 0, and the restrictions of the Lamperti transforms Lgt, Lgs given
by (2.4.2-2.4.3):

LST| : Sst nIOU—oz — Oass mIadd (261)
Lss| : Sass (1 Zadd — Sst[1Zou-a (2.6.2)

are well-defined, that is, Lgr| maps Ss()Zou-a nto Sass()Zadd and Lgg|
maps Sass [ Zadd into Sst()Zou—a- Moreover, they are the inverse of each other
(see Figure 2.7.1.).

(DS) Let o> 0, 6 <2«a. Then
Tsts mesOlP(a—g) 7é 0. (263)

1) If 6 >0, then
Z(,5)ds (1 Zadd 7 0 (2.6.4)

and the restrictions of the Lamperti transforms Lrs, Lpsg given by (2.4.4-
2.4.5):

Lrs| : Zsts N Zysou—(a—2) — L(a,5)ds [1Zadd (2.6.5)
LDS’ : I(a,é)ds mIadd — Lsts mesOLF(afg) (266)

are well-defined, that is, Lts maps ZLss ﬂIWSOU_(a_%) into Zq,5)ds [ Zadd and
Lps maps Z(q,syds () Zadd into IétsﬂstOU—(a—g) and Ltg and Lpg are the
inverse of each other (see Figure 2.7.2.).

2) If § <0, then the same hold as in (1) above, but with all processes of zero
mean.

Proof. The proof of the (SS) part can be found in Jeanblanc et al. [19], so, only
the (DS) part will be treated here.

Conditions (i-ii) in Theorem 2.5.11 are fulfilled with A\ = —(a — 4/2) and
condition (iii) is fulfilled trivially, hence we obtain (2.6.3).

1) Let § > 0. By Theorem 2.4.9 Lrg carries d-translatively stable processes
into («, d)-dilatively stable ones, thus

Lrs <Iéts ﬂIWSOU—(a—g)> € Za,5)ds-
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On the other hand, using the second statement of Theorem 2.5.11, processes
{S(t), t e R} S I§t5 ﬂIWSOU—(a—%) are of the form

t
S(t) = / e (@=D=9aK(s) + ES©0)e, teR,

with a zero mean driving process {K(t),t € R} defined by condition (iv) in
Theorem 2.5.11 and ES(0) given by condition (viii). Hence, by (2.4.4), the
transformed process is

logt
(Lrs(8))(t) =t 3 S(logt) = /e(a—3>8df<(s) FES0)t*t:, t>0, (2.6.7)

— 00

(L7s(S))(0) =0,
which has independent increments.

Since the integral term on the right-hand side of (2.6.7) is L?-continuous
(even at t = 0), it is stochastically continuous as well. Moreover, the second
term on the right-hand side of (2.6.7) is continuous (even at ¢ = 0), therefore
{(Lrs(9))(t), t > 0} is stochastically continuous.

Since process {S(t),t € R} is cadlag, so is the left-hand side of (2.6.7).
Furthermore, it is a.s. right continuous in ¢ = 0, because so are both terms on
the right-hand side of (2.6.7). Thus, process {(Lrs(S))(t), t > 0} is cadlag.

By the above facts, {(L7s(5))(t), t > 0} is an additive process. So, we have
obtained (2.6.4-2.6.5). Since by Theorem 2.4.9 Lpg is a one-to-one mapping
and Lrg and Lpg are the inverse of each other, what we still have to prove,
is that Lpg| is surjective, or equivalently, that (2.6.6) holds. Since by Theorem
2.4.9 Lpg carries (a,0d)-dilatively stable processes into d-translatively stable
processes, we have

Lps (I(a,(S)ds ﬂIadd) C Zsts-

On the other hand, if {X(t),t > 0} € Z(45)ds()Zadd, then by (2.4.5), the
transformed process is

S(t) = (Lps(X))(t) = e (" 2)iX(e!), teR. (2.6.8)
Let

K(t)=S(t) — S(0) + (a - —> /tS(s) ds, teR. (2.6.9)
0
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The additive process {X(t),t > 0} is natural, since
EX(t)=t""5EX(1), ¢>0,

is of locally bounded variation. Therefore process {X(e'),t € R} is also a nat-
ural additive process, so, one can integrate with respect to it. Integrating by
parts (see Sato [31, Cor. 4.9]) the integral term in (2.6.9) and using (2.6.8) we
obtain

(a——) O/ts —O/t(e(ag)s)/e(ag)SS(s) ds

hence

K(t):/e_(o‘_g)st(es), teR,
0

which is of independent increments. It is also stochastically continuous (since so
is process {X(e'), t € R}) and cadlag (by (2.6.9) and since process {S(t), t e R}
is cadlag). So, {K(t), t € R} is an additive process. It is also natural, since

t

t
/e SdEX (e /e 5) gelot8)s E x (1)
0

0

) et —1
—(04—1—5) EX(I) 5 teR,

is of locally bounded variation. Therefore, by (2.6.9), {S(t), t € R} is a wide
sense OU type process with parameter —(a — §/2), which means that we have
proved that

Lps (Zia,s)ds N Zadd) € Lousou- (- 3

hence (2.6.6) holds.

2) Let 6 < 0 and let all the processes have zero mean. Going through the
steps of the above proof and adding to them that every process is of zero mean,
each statement remains valid, or becomes needless. O
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2.7

SOZSS

Zadd ) Sass

2.6.1 Figure. The Lamperti transforms (2.4.2-2.4.3) and their
restrictions (2.6.1-2.6.2)

Za,6)ds

Iéts

Lsts N Twsou—(a6/2) TaddNZ(a6)as

2.6.2 Figure. The Lamperti transforms (2.4.4-2.4.5) and their
restrictions (2.6.5-2.6.6). The latter (bottom) correspondence
holds for § > 0 or for processes with zero mean.

Self-similar and dilatively stable processes

with stationary increments

2.7.1 Theorem. (SS) Let a > 0, {X(t),t>0} a process with stationary
increments and EX?(1) < co.

1) If {X(t), t>0} is a-self-similar, then o < 1.

2) If {X(t), t>0} is 1-self-similar, then X (t)=tX (1) a.s. (degenerate).

3) If {X(t), t>0} is a-self-similar, where o < 1, then EX(t)=0.
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(DS) Let o« > 0, 6 < 2« and let {X(t),t>0} be a process with stationary
increments.

1) If {X(t), t>0} is («a,9)-dilatively stable, then a < 1.

2) If {X(t),t>0} is (1,9)-dilatively stable, then X(t)=tX(1) a.s. (degener-
ate).

3) If {X(t), t>0} is (a,0)-dilatively stable, where a+ S # 1, then EX(t)=0.

Proof. We prove only the dilatively stable case, the self-similar one is simpler.

1) By the stationarity of the increments we have
co(t+s) = ca(t) + ca(s) +2Cov(X(t), X (t + s) — X(t))

2

< ca(t) + e2(s) + 2v/ca () /2 (\/c2 +¢02(s)) . (27

In the case of (a,d)-dilative stability ca(t) = t2¥co(1), thus the first statement
of the theorem follows from (2.7.1) with ¢t = s # 0.

2) If X(¢t) is (1,9)-dilatively stable, then co(t ) t2co(1). On the other hand
the stationarity of the increments yields ¢ (¢) = teq(1) and

Cov(X (t), X (s)) = % <02(t) +ea(s) — ea(]t — s|)>.

Hence
2

E(X(t) - tX(1))° = E((X(t) — o) - (EX(1) - tcl(l)))

= co(t) + t?co(1) — 2t Cov (X (t), X (1))

= &a(t) + 2es(1) — tea(t) + e2(1) — ea(|t 1))
= t2¢o(1) + t2ca(1) — t3ea(1) — tea (1) 4+ t(t — 1)%e2(1)
=0,

therefore X (t) = tX(1) a.s

3) If {X(t),t >0} is (a,d)-dilatively stable, a + 3 # 1, then ci(t) = te;(1)
and, on the other hand, ¢;(t) = t*T2¢;(1). Therefore EX(t) = cy(t) =0. O
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We note that the (SS) part of Theorem 2.7.1 holds true if we assume only
E|X(1)| < oo instead of EX?(1) < oo, see Maejima—Sato [24] and Vervaat [37].

By Theorem 2.7.1 among non-degenerate processes with stationary incre-
ments and finite second moments self-similarity and dilative stability can occur
only when the parameter domain is 0 <a <1 and 0 <a <1, § <2a, resp., and
then, apart from some exceptions, the mean must be zero.

2.7.2 Theorem. Assume one of the following conditions to be satisfied:

(SS) 0 < a <1 and {X(t),t > 0} is an a-self-similar process with L>-
stationary increments.

(DS) 0 < a <1, <2a and {X(t),t > 0} is an (a,d)-dilatively stable
process with stationary increments.

Then the second order cumulant structure, i.e. the covariance function of process
{X(t), t > 0} is the same as that of the FBM with parameter H = « (apart
from a constant factor):

Cov(X (1), X (t2)) = %D2X(1)<t§°‘ + 3% — |ty — t2|2a)
= const. x Cov(B (t1), B (t2)). (2.7.2)

Proof. The proofs of the two cases are the same. Because of the stationary
increments, the covariance function can be expressed in terms of the variance

function: Cov(X (t1), X (t2)) = %(DQX(t1)+D2X(t2)—D2X(|t1—tg\)). By the

self-similarity or the dilative stability we have D2X (t) = t2*D?X (1), hence we
obtain (2.7.2). O

By the previous theorem in the stationary increment non-degenerate case
parameter « has the role of a memory parameter. For this reason we denote it
by H,ie. a = H and

0<H<1, §<2H. (2.7.3)

The discrete time increment process of the FBM is
x = B (k) - B (k-1), k=1,2,...,

known as the fractional Gaussian noise (FGN). It is a long memory (or long-
range dependent) process if and only if 1/2 < H < 1. Then we call also FBM
itself a long memory process. Similarly, we call a process with L?-stationary
increments to be long memory if its discrete time increment process is long
memory. The next corollary is the consequence of Theorem 2.7.2.
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2.7.3 Corollary. (SS) A non-degenerate H-self-similar process with stationary
increments is long memory if and only if 1/2 < H < 1.

(DS) A non-degenerate (H,d)-dilatively stable process with stationary incre-
ments is long memory if and only if

1/2<H<1, §<2H. (2.7.4)

For every 0 < H < 1 there exists a H-self-similar process with stationary
increments: e.g. FBM with parameter H. It is open whether or not the dilatively
stable counterpart is true: given a pair (H,d) in domain (2.7.3) does there exist
a (H,J)-dilatively stable process with stationary increments? So far only a few
remarkable dilatively stable processes with stationary increments are known.
They are given in Table 2.7.1:

FLP, see Example 2.1.7 (DS) <H<1 =1

D[

LISOU process, see Theorem 3.3.4 <H<1|=2H -2

D=

LISCBI process, see Theorem 4.5.4

<H<1|d=2H -2
(LISDLG process, see Theorem 4.6.19)

N

2.7.1 Table. Remarkable dilatively stable processes with stationary increments

The following proposition shows how to obtain further self-similar and
dilatively stable processes from given ones, preserving the parameter of self-
similarity and dilative stability, respectively. It indicates the corresponding semi-
group structures as well. The proofs are obvious.

2.7.4 Proposition. (SS) The sum of independent (possibly stationary incre-
ment or long memory) a-self-similar processes is also a (stationary increment
or long memory, resp.) a-self-similar process.

(DS) The sum of independent (possibly stationary increment or long memory)
(a, §)-dilatively stable processes is also a (stationary increment or long memory,
resp.) («,d)-dilatively stable process.

Another way to obtain a new dilatively stable process is the following one.
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2.7.5 Proposition. The sum of a (possibly stationary increment or long mem-
ory) (H,J)-dilatively stable process and an independent FBM with parameter
H is also a (stationary increment or long memory, resp.) (H,d)-dilatively stable
process.

The reason for the statement of Proposition 2.7.5 is that the FBM could be
dilatively stable with any 6 € R, see the explanation after Proposition 2.1.4.

LISOU
LISCBI
(LISDLG)

—
Kl N
N\ ];OIL llléin()l?
\\\ N \g N N\ \\ \\\
Al
AN N\

stationary increment

2.7.1 Figure. The dilatively stable, stationary increment parameter domain

2.7.6 Remark. It is well-known that a discrete time process has long memory
with parameter 1/2 < H < 1, if and only if its spectrum is —2h-regularly
varying in zero, i.e. s(f) = f72"4(f) (0 < f < 27 is the frequency), where
h = H — 1/2. The so-called ,,1/f spectrum” phenomenon occurs if h ~ 1,
and this is so in most cases of long memory timeseries arising from nature
and practical applications. Now, applying Proposition 2.2.13 for processes with
stationary increments, we obtain an explanation of this phenomenon.
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2.8 Self-similar and dilatively stable renormal-
ization
2.8.1 Definition. (SS) Let o > 0 and let us define on S operators Ag?‘), T > 0:
A s —8 X AYXx,
(Ag?‘)X> (t)=T~°X (Tt), t>0.

(@)
T

Operators A+’ are called renormalization operators.

(DS) Let >0, § <2« and let us define on Z operators Agpa’é):
AP T T X AN X,

(A(T“"”X) ) =7~ (=) xeT"(T),  t>0.
Operators A(Ta’(s) are called renormalization operators.

2.8.2 Remark. (SS) The family F(®) = {A{) : T > 0} with the composition
operation

(48 0 A7) X(1) = AP (AKX ) (1), ST>0, X €8,

is a semigroup, where Ag?‘) oAgl) = Ag,?‘s) for all T,S > 0. (In fact, it is a group,
but this is of no consequence.)

F(@) s called a renormalization semigroup with index o. Its discrete time
equivalent was first defined in Sinai [34].

(DS) The family F(9) = {A(Ta’é) : T > 0} with the composition operation
(Ag?"” o Aga@) X(t) = ALY (Aga"”x) ), S, T>0, XeT,

is a semigroup, where Ag,?’a)o Aga’é) = A(Tas’f;) for all T,S > 0. F(®9) ig called
a renormalization semigroup with index (a,¢). (In fact, it is a group, but this
is of no consequence.)

Given an a-self-similar process, we will call qua) and F(® the renormal-
ization operator and the renormalization semigroup also of the process itself.
Analogously, in the dilatively stable case we will call them the renormalization
operator and the renormalization semigroup of the process.
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2.8.3 Example. (SS) The renormalization operator of the FBM with param-
eter 0 < H <1 is A(TH).
(DS) The renormalization operator of the FLP with parameter 1/2 < H < 1

is A%H’l), see Example 2.1.7 (DS). The LISOU process and the LISCBI (partic-
ularly the LISDLG) process with parameter 1/2 < H < 1 have the renormal-

ization operator A(TH’QH_2) (see Remarks 3.3.6 and 4.5.6).

Using this terminology, we can formulate self-similarity and dilative stability
as follows.

2.8.4 Theorem. (SS) (Taqqu [35]) A process in S is self-similar if and only
if it is a fixed point of the elements of its renormalization semigroup (briefly, a
fixed point of its renormalization semigroup).

(DS) A process in T is dilatively stable if and only if it is a fixed point of its
renormalization semigroup.

The (SS) part of the previous theorem explains why it is the family of renor-
malized processes that converges in functional limit theorems on convergence to
self-similar processes. In Taqqu [35] the renormalization principle is explained
in the discrete time case, and demonstrated how it leads to the renormalization
functional limit theorem of Davydov [7]. Analogously, the (DS) part of Theorem
2.8.4 suggests the way of obtaining renormalization functional limit theorems
on convergence to dilatively stable processes. Namely, let {X(¢), t > 0} be an
(a, §)-dilatively stable process. Then it is a fixed point of the renormalization
semigroup F(*%  So, we can expect that when we apply the renormalization op-
erators to some suitable starting process, the limit process exists when T" — oo,
and it is the fixed point, i.e. {X (), t > 0}. The particular case of Theorem
2.2.7 (DS) when the slowly varying functions are constants, suggests the same.
Exactly this renormalization principle will show up (also as a particular case)
in the renormalization type limit Theorems 3.3.4 and 4.5.4.






Chapter 3

The LISOU process

In this chapter we study the superposition of stationary Ornstein—Uhlenbeck
(OU) type processes, and state a dilatively stable renormalization functional
limit theorem for the integrated superposition process. OU type processes are
homogeneous Markov processes with a particular property called regular affinity,
defined in Duffie et al. [9] and can be outlined briefly as follows. A homogeneous
Markov process is called affine if the logarithm of its transition characteristic
function is an affine (i.e. linear) function of the initial state, while regularity
is a technical (differentiability) assumption. Regular affine processes are exactly
those regular, homogeneous Markov processes, which are infinitely decomposable
(roughly, the transition probability distribution is infinitely divisible). On the
other hand, infinitely decomposable processes are just those processes which are
suitable for being superposed. The two types of regular affine processes: OU
type processes and continuous state branching processes with immigration (CBI
processes). This is the reason why in this chapter we happen to superpose OU
type processes. The superposition of CBI processes will be treated in the next
chapter.

95
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3.1 The joint cumulants of a stationary OU type
process

By Definition 2.5.5 a cadlag process {X(t), t € R} is called an Ornstein—
Uhlenbeck (OU) type process with parameter! o € R and driving process
{L(t), t € R} if

t
X(t) = +a/X Yds+ L(t), teR,
0

shortly
dX(t) = aX(t)dt + dL(t),

where {L(t), t € R} is a two-sided Lévy process and X (0) and {L(t), t > 0}
are independent. By Remark 2.5.14 the OU type process {X(¢), t € R} is a
stationary OU type process in 7 if and only if

X(t) = /eo‘(t_s)dL(s), t eR, (3.1.1)

— 00

where o < 0 and L(1) is non-Gaussian with finite moments of all orders. In
this chapter the value o = —1 will be fixed. Moreover, since we will consider
only processes with non-negative time parameters, from now on it is process
{X(t), t > 0} which we will call the stationary OU type process in Z.

Before the first lemma we remind the reader of the following fact.

3.1.1 Remark. If {X(t),t > 0} is a stochastic process, then the joint cumu-
lant of (X(t1),...,X(ts)) of order (ki,..., k) can be written as

cumpy e (X (1), ..o, X () = cum (X (t1), ..., X (tn)), (3.1.2)
where
(1, ootn) = (t1, - tiy ooy byt )
———— ——
k1 Em

Therefore every cumulant (either single or joint) can be given in the form of the
right-hand side of (3.1.2).

1Hereafter we denote the parameter of the OU type process by a.
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3.1.2 Lemma. Let {X(t),t > 0} € 7 be a stationary OU type process with

parameter a = —1 and driving process {L(t), t € R}. Then its joint cumulants
are
1 * * * *
cum (X (t), ..., X(tm)) = — cumy, (L(1)) e~ (5 —titt —t])
m

0<t,...,t,, meN
(for m =1 the exponent is 0).

Proof. The key is the informal rule

cum(L(dsy),...,L(dsy)) = bs,—.. cum,,, (L(1))dsq (3.1.3)

(0 is the Cronecker delta) and the multilinearity (i.e. linearity in each variable)
of the joint cumulant. This can be proved by the standard method, using the
definition of the integral, Holders’ inequality and Remark 2.4.2. Hence, using
the representation (3.1.1), we obtain the statement of the lemma. a

3.2 Superposition of stationary OU type pro-
cesses

The construction called superposition will be the following one. Independent
processes, in this chapter stationary OU type processes will be summed. Each
term of the sum, i.e. each process (or more precisely, its distribution) will be some
transform of a basic stationary OU type process. Each transform will consist of
a convolution power and a time dilation, i.e. will be of the form

(X(t), t >0} — {X(djt), t >0}

Each dilational costant d; will occur with probability p;, so p;, 7 € N, will
be a distribution on the discrete set {d; : j € N}. That is, the time dilation
will be a discrete random variable §, with a certain property of its distribution
given in the following assumption.

Assumption SPL. (superpositional law) Let 1/2 < H < 1 be a parameter
(serving later as the Hurst parameter), 0 < dy,ds,... be a sequence of con-
stants (serving further as time dilation constants), 0 < p1,ps,... be a discrete
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probability distribution (serving further as the superposition weight sequence)
and let & be a positive, discrete random variable? with the law

P((S:dz):pz, 1 €N,

which will be called the superposition law. Let the left tail (i.e. around zero) of
the distribution function of § be regularly varying of order 2 — 2H, i.e.

Fy(e) = P(6 < z) = 2> 24 (1) , (3.2.1)

T

where £ is a slowly varying function (i.e. slowly varying at infinity).

Now we detail the assumptions concerning the OU type processes, which we
will superpose.

o Let {L(t),t € R} be a two-sided Lévy process with the generating triplet
(02,v,v) with respect to the following Lévy-Khintchine representation of L(1):

log <E ei“L(1)> = —o?u® + iyu + / (e —1—iux)v(dz), ué€R,
(accordingly, EL(1) exists and v = EL(1)) and let v # 0. Moreover, let
f_ll 2?v(dx) + fR\(_Ll) e"l*ly(dx) < oo, for some u > 0. Equivalently, let the
characteristic function of L(1) be analytic in some complex neighbourhood of

Z€ero.

e Let {X(t),t > 0} be a stationary OU type process with parameter o = —1
and driving process {L(t), t € R} and let

(X;(t), t >0} = {X(d;t), t >0}, jeN, (3.2.2)
o Let processes {X;(t), ¢t >0}, j € N, be independent.

Hereafter we consider the above assumptions (inclusive of Assumption SPL)
to be fulfilled.

2Not to be confused with ¢ in the usual notation “(c,d)-dilative stability”.
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3.2.1 Remark. By Lemma 3.1.2, for each m € N, the cumulants cum,, (X (1))
and cum,,(L(1)) differ only in a factor 1/m. Therefore the assumption that the
characteristic function of L(1) is analytic in some complex neighbourhood of
zero, can be replaced by the same assumption with respect to the characteristic
function of X (1) (and, naturally, of X;(1), for any j € N).

3.2.2 Remark. For each j € N, process {X;(t),t > 0} is a stationary OU
type process in 7 with parameter —d; and driving process {L(t), t € R}®Pid.
Indeed, by Lemma 3.1.2 the two processes have the same joint cumulants
and since by Remark 3.2.1 the characteristic function of X;(0) is analytic
in some complex neighbourhood of zero, the finite-dimensional distributions of
{X;(t), t > 0} are uniquely determined by its joint cumulants.

3.2.3 Theorem. For each t > 0 the series ), X;(t) converges in L?, uni-
formly in t > 0 and also almost surely.

Proof. Using Lemma 3.1.2 we have

i EX;(t) =EL(1) ipj = EL(1), (3.2.3)

> 1 > 1
2 _ 2 N V]
;leD X;(t)=5D L(l);:l:p] = 5 D*L(1),

thus the series »_; X;(¢) converges in L?, uniformly in ¢ > 0. The a.s. conver-
gence follows by Kolmogorov’s two series theorem. O

3.2.4 Definition. Process
Y(t) =) X,(t), t=0,
j=1

is called the superposition of OU type processes (SOU process) (with parameters
(H,£) and (0%,7,1)).

3.2.5 Lemma. The joint cumulants of the SOU process {Y (t), t > 0} are

]_ * * * *
cum (Y (t1),...,Y (tm)) = — cumy, (L(1)) Ee 0ttt Ftn—t1)

0<ti,....tm, meN.
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Proof. Processes {X;(t),t > 0}, j € N, are independent, so, by Lemma 3.1.2
we obtain

=Y _pjaum(X(djtr),..., X(djtn)) (3.2.4)

1 e * * * *
= —cum,, (L(1) Y pye U D)

m -
7j=1
= L cum(L(1)) E 0=ttt
m

O

3.2.6 Remark. Considering the equation between the left-hand side and the
third row of (3.2.4), the cumulants of Y(1) are the same as those of X(1).
Therefore by Remark 3.2.1 the characteristic function of Y (1) is analytic in
some complex neighbourhood of zero.

3.2.7 Remark. Assumption a = —1 is not really a restriction, since without
it we would obtain
1 * * * *
cum (Y (t1),..., Y (tm)) = cum,, (L(1)) E e@®a—tit+t, 1)
—am

and the factor o can be included in § and L(1).

Examining the SOU process from the point of view of continuity, we find that
by Lemma 3.2.5 both the mean function (which is the constant ) and the co-
variance function are continuous. Therefore, the SOU process is L2?-continuous,
so, it is also stochastically continuous. Hence, by Doob [8, Thm. 2.6], it has
a jointly measurable modification. We will consider this modification the SOU
process. Because of the joint measurability, Fubini’s theorem can be applied and
using also the stationarity, there follows the a.s. local Lebesgue integrability of
the SOU process. The latter property is implicit in the following definition.
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3.2.8 Definition. Let {Y(¢), t > 0} be a SOU process (with parameters (H, /)
and (02,v,v)). Then process®

o2, y,v

JUED 4y = / Y(s)ds, t>0, (3.2.5)
0

defined almost surely, will be called the ISOU (integrated SOU) process (with
parameters (H,/) and (o2, v,v)).

3.2.9 Remark. The ISOU process has stationary increments, since the SOU
process is stationary.

The following lemma is a simple consequence of Lemma 3.2.5 and the mul-
tilinearity (i.e. linearity in each variable) of the joint cumulant.

3.2.10 Lemma. The joint cumulants of the ISOU process are:

cum(J(2 O (1), J},H“(m))

2
VsV

t1 tm
_ cumy, (L(1)) / . ./Ee—é(s;—s;+~--+s;—sr>d§, 0<ti....t, meN.
0 0

m

3.2.11 Lemma. For each t > 0 the characteristic function of J , (" f)y( ) is an-
alytic in some complex neighbourhood of zero. Therefore, the ﬁmte dimensional
distributions of the ISOU process are uniquely determined by the joint cumu-

lants.

Proof. By Remark 3.2.6 the characteristic function of the one-dimensional dis-
tribution of the SOU process {Y (t), ¢ > 0} is analytic in some complex neigh-
bourhood of zero. Equivalently,

2m
lim sup *7 % < o0.

3Throughout this thesis we denote integrated processes by J, because the notation I would
be misleading, as it used to denote the identity.
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Let ¢ > 0. We have
t 2m

E(J“”)()) —E /Y(s)ds < 2mE(Y(1)?™, meN,

2
a7,V

0
hence

| E (J“”> (t ))2m

o2 v,v E(Y (1))2m
lim sup <2V I < tlimsup *7 %
m— oo m): m— o0 m).

< 00,

thus the characteristic function of J (Hf)y (t) is analytic in some complex neigh-
bourhood of zero. Hence, the finite-dimensional distributions of the ISOU pro-

cess {J (4, e)y (t), t > O} are uniquely determined by their joint cumulants. O

The following theorem states that in the construction of the ISOU process
the order of the superposition and the integration can be interchanged.

3.2.12 Theorem. The sequence of ﬁmte superpositions of integrated station-
ary OU type processes, {Z =1 fo s)ds, t > 0} converges pointwise, both

in L? and almost surely to the ISOU process, i.e., for each t > 0 we have
t

Z/X] )ds — JULO (t) in L* and a.s.. (3.2.6)

o2
n—00 Y
Lo

Proof. The pointwise L2-convergence in 3.2.6 is a simple consequence of Theo-
rem 3.2.3, while the a.s. convergence follows by Kolmogorov’s two series theorem.
O

3.2.13 Remark. Because of Theorem 3.2.12 the ISOU process could also be
named a SIOU process.

Also the following functional limit theorem holds.

3.2.14 Theorem. The sequence of distributions on C0,00) of ﬁm'te superpo-

sitions of integrated stationary OU type processes, { S =1 fo s)ds, t > O}
converges weakly to the distribution of the ISOU process, i.e.

Z/X Yds, t >0 {J(Sﬁf?y() tzo} on C[0,00).  (3.2.7)
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Proof. The corresponding convergence of the finite-dimensional distributions is
a consequence of Theorem 3.2.12. Moreover, we have
. 2
/ X,(s)ds
0

< D20 (1) + 2 E(Y(0))* < 2D2Y(0) + 2 E(Y(0))” < 2(EY(0))7,

2
o7,V

E /Xj(s)ds =D? /Xj(s)ds—i— E
=10 =10

n

J

J

1 J

1 1

so, Kolmogorov’s tightness condition is fulfilled and the statement of the theorem
follows. o

3.3 The LISOU process

We begin with a lemma which deals with the superposition law given by As-
sumption SPL. At the first sight it seems to be of a purely technical nature.
Actually, it is a Tauberian theorem, which gives the connection between the
asymptotic behaviour of the Laplace-Stieltjes transform at ifinity and that of
the distribution function at zero. This lemma is important also because it will
be the key to the dilatively stable renormalization limit theorems (Theorems
3.3.4 and 4.5.4).

3.3.1 Lemma. Under Assuption SPL we have

lim Ee—éT’"ﬂ =T(3-2H)r*12 r>0
T—o0 €(T) ’ ’
and
T2—2H
Ee T < const. x r*H72 >0, T >0,
(T)

where the constant depends neither on T nor r.

Proof. We will prove that
T2—2H

. —6Tr 2-2H _ .
lim Ee " I'(3—2H) (3.3.1)

uniformly (in ) on (0, 00), from which the statements of the lemma follow.



64 CHAPTER 3. THE LISOU PROCESS

The pointwise convergence in (3.3.1) is a simple consequence of the Tauberian
theorem in Feller [10, Ch. XIII, § 5] (see also Bingham et al. [3, Thm. 1.7.17]).
To prove that the convergence in (3.3.1) is uniform, let us integrate by parts to
obtain

Eo—0T7 722 p2-2H _ /e—wTTF(S(dx) 722 J2-2H
(T) (T)

We deal with the last two integrals separately.

e Let p <0 and define the function f(x) = ¢(x)x”, x > 0. Then f is regularly
varying at infinity of order p, thus, applying Bingham et al. [3, Thm. 1.5.2]
(uniform convergence theorem for regularly varying functions) we have

. f(Tx)
AW Ty T

uniformly on [1,00). Hence

¢ (Lr
lim uxz_zHe_“”da: = /xQ_QHe_”dm (3.3.2)

uniformly (in ) on (0, c0).
e Similarly, let p > 0 and define the function f(z) = ¢(x)z”, x > 0. Then f is
regularly varying at infinity of order p, thus, applying again Bingham et al. [3,
Thm. 1.5.2] we obtain
T
lim f(Tz) = xP,
T—oo f(T)
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uniformly on (0,1]. (The boundedness condition of Bingham et al. [3, Thm.
1.5.2] fulfilles because

f(z) = b(z)a’ = Fy (l) 42— 2H+p

xT

is a bounded function on every intervals of the form (0, ].) Hence

B

A G B A V) B
ATy T AR ) BT

uniformly on [r,c0), and so

lim M w22 o= g = /m2_2He_mdx (3.3.3)
T—o0 f( )

uniformly (in ) on (0, c0).

Summing (3.3.2) and (3.3.3) we obtain that the convergence in (3.3.1) is uniform
(in ) on (0, 00). O

We note that in Igléi [14] the above lemma is stated with other parametriza-
tion and in a somewhat complicated form.

Now we are ready to deal with convergence of a family of properly renormal-
ized ISOU processes. Indeed, it can be seen from Lemma 3.2.10 and 3.2.11 that
an ISOU process is infinitely divisible, hence it is meaningful to renormalize it.
Namely, we may consider the renormalized centered processes

72—2H
2(T)

1 H0 He ® 7y
= {80, ) — S (), > 0f . T>0. (3.3.4)
The main theorem in this section, Theorem 3.3.4 will be a dilatively stable
renormalization functional limit theorem, stating the convergence as T — oo,
of the family (3.3.4). The limit process will be necessarily dilatively stable. It
will be called the LISOU process, giving the title of this chapter. The key for
the proof of the mentioned dilatively stable renormalization limit theorem will
be Lemma 3.3.1 and through it, directly the next lemma.
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3.3.2 Lemma. The family of the joint cumulants of the renormalized centered
ISOU processes (3.3.4) converge as T — oo, namely,

®T2—2H
lim cum (T (J””) (Tt,) — EJéﬁf}y(Ttl)) meo

T oo o2,y,v

o2,y,v o2,v,v

@ I272H
(JW) (Tt) — EJEO (1t )) w )

ty

tm

I 2H -2

:Cummni( 3 2H/ / —si—i—---—i-sjn—sf) ds,
0 0

0<ty,....tm, m=23,.... (3.35)

Proof. First of all, the joint cumulants of order m > 2 of the centered process
are the same as those of the uncentered process. Using Lemma 3.2.10 we have

1 2 2H 1 2 2H
cum | = (J“;w) ey, (J“;”)) T ) (3.3.6)
T o4,V T oV
m42—2H Tt1 Ttm
_T o) cumy, (L / /Ee (s3=si++57,=57) g

t1 t'm

_ cumy, (L(1)) / | Eed(sa—sittsn,—s)T 7221 ds
m ory
0 0

Taking the limit as T" — oo, by Lemma 3.3.1 we can change the order of the
limit and the integral and obtain

1 72— 2H 1 ®T2—2H
Jim_cum (T (J(ﬁéff)) m (Tt (JE) (Ttm)>

t1 tm
le 2H—2
:M_Wp(g_m)/.../(s;_s;+.--+s:n—s’f) ds.
m
0 0
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3.3.3 Lemma. The family of renormalized centered ISOU processes (3.3.4) sat-
isfies Kolmogorov’s tightness condition. Therefore, processes (3.3.4) are almost
surely continuous, and the corresponding family of distributions on C]0,00) is
tight.

Proof. Let T" > 0 be arbitrarily fixed. Since the mean of the renormalized
centered processes (3.3.4) are zero, for fixed t the second moment is the second
order cumulant. The latter equals the right-hand side of (3.3.6) with m = 2 and
t1 = to =t in it. Hence we have

1 o T222H 2 1 @ T222H
E G (Jg’;’f(Tt) . Ejgff><Tt)) w ) — cumy <f <J§f’f)> o (Tt))

t

t
- ) [ [eesionain L0 deds,
( |
0

(T)

Applying now the inequality of Lemma 3.3.1, we obtain

1 o T222H 2
E (? (v —es G @) )

t ot
2—2H
cum2 —5|s1—s2|T T
= Ee 1752 dsids
00
t ot
< const // |s1 — 82|2H_2d81d82 = consty t217,
00

where the constants depend neither on ¢ nor on T'. Considering that the processes
(3.3.4) have stationary increments and start from zero, and remembering that
H > 1/2, we obtain Kolmogorov’s tightness condition to be fulfilled. O

Now, we can state the main theorem.

3.3.4 Theorem. The family of distributions of the renormalized centered ISOU
processes (3.3.4) converges weakly on C[0,00) to a limit distribution. We will

denote the process with this distribution by {J(H) (t), t > 0} and call it the
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LISOU process (limit of [renormalized centered] ISOU processes) with parame-
ters H and (o2, v):

{ JUO 1ty — EJED (1), tZO}

72—2H
2(T)

= {8 @, 1= 0) on Cl0,00). (3.37)

T—o00

The distribution on C[0,00) of the LISOU process with parameters H and
(02, v) is uniquely determined by its zero mean and its joint cumulants, which

are:

m(L(1
cum (Jg)y(h), . -vJég,),(tm)) = WF@ — 2H)
ty tm
) /"'/<SS — 5T+t sy, =81 ds, (3.3.8)

0<tq,...,t;m, m > 2. Moreover, {Jc(fl)j(t), t > 0} has stationary increments
and it is (H,2H — 2)-dilatively stable.

Proof. By Lemma 3.3.3 the family of distributions on C[0, c0) corresponding to
the family (3.3.4) is relatively sequentially compact, so there exists a subsequence

T2 2H

1 Ty
- {J“”) (Tut) — EJED (Tat), ¢ > 0} ‘T peN,

T’I’L 0-27PY7U
such that the corresponding subsequence of distributions converges weakly to
a distribution on C[0,00). Let us denote the process corresponding to this
limit distribution by {Jég?j(t), t > O}. This process has zero mean and joint

cumulants given by the right-hand side of (3.3.5) (hence the notation J (H ) is
right, since parameters ¢ and 7 have disappeared). We have to prove that
this limit process is unique, i.e. its distribution on C[0,00) is unique. In other
words, we have to prove that the joint cumulants of {J((ffl)j (t), t > O}, i.e. those
given by the right-hand side of (3.3.5), uniquely determine the finite-dimensional
distributions. For this it is enough to prove that for each ¢ > 0 the characteristic
function of ngl)j(t) is analytic in some complex neighbourhood of zero. But this
is true, since we have

[

1
2H -2 m
s]+---+sn —s7) 51 S o

\

0
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so
m ‘cumm (Jégi(t))‘

lim sup ‘ ’

m— o0 m:

t1 tm
coma (E)) P(3_2 ) ¢m+2H-2 [ [(s5—s] + - + s5,—s7)2H2ds
0 0

= lim sup '
m— 00 m:

m m(L(1
< t limsup \/M<oo.
m)!

m—0o0

The LISOU process has stationary increments, because processes on the left-
hand side of (3.3.7) are such.

Now, we show that {Jég)y(t), t >0} € T (see Notation 2.1.1). The non-
Gaussianity is obvious, as well the infinite divisibility of the finite-dimensional
distributions and the right-continuity of the cumulant functions

m (L(1 _
cumy, (Jg]l(t)) = cumT(()) (3 — 2H)¢m+2H 2

11
X / / st st —sHP s, (3.3.9)
0 0

t > 0, m > 2. The right-continuity in distribution follows from the right-
continuity of the cumulant functions and from the fact that for any fixed ¢ > 0
the cumulants (3.3.9) and the zero mean uniquely determine the distribution of

Jéfl)j(t) Therefore {ngl)j(t), t> 0} € Z, so we can apply Theorem 2.2.7 (DS),
hence the (H,2H — 2)-dilative stability follows. O

3.3.5 Remark. The distribution of the ISOU process depends also on param-
eters ¢ and <, while that of the LISOU process does not depend on these
parameters any more. Accordingly, the superscript ¢ and the subscript ~ dis-
appear on the right-hand side of (3.3.7).

3.3.6 Remark. The LISOU process with parameter H (and (02,v)) is
(H,2H—2)-dilatively stable, so it has the renormalization operator A;H’QHfz)
(see Example 2.8.3 (DS)). This explains, at least when limp_,o £(T) exists and

nonzero, the renormalization used in (3.3.7).
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3.3.7 Remark. Theorem 3.3.4 can be interpreted as it details the fact that the
ISOU process with parameters (H,f) and (02,v) is asymptotically (H,2H —2)-
dilatively stable (see Definition 2.2.9 (DS)).

3.3.8 Remark. By the last statement of Theorem 3.3.4, Theorem 2.7.2 (DS),
and Corollary 2.7.3 (DS), the LISOU process with parameter H has the same
autocovariance function as that of the FBM with parameter H (apart from a
constant factor), and it is of long memory.

3.3.9 Remark. The superposition of OU type processes and the limit of
its integral process is treated also in Barndorff-Nielsen [1]. In a repre-
sentation of the type (3.1.1), instead of a two-sided Lévy process (which
can be considered as an independently scattered random measure on R)
[1] uses an independently scattered random measure z(ds,df) on R x R,
(the notations are those of the paper under review), and carries out the su-
perposition by integrating with respect to z(-,d§) (see [1, Sect. 3]). Entering
into details, for every A€B(R xR,) z(A) has no drift, no Gaussian compo-
nent (we think the latter assumption to be unnecessary), and its Lévy measure
factorizes as Q(A, du)=M(A)W (du), where W is a Lévy measure of some in-
finitely decomposable probability measure, and the measure M factorizes as
M(ds,d§) =dsv(d€), with some probability measure v. The “supOU” process
is defined as

¢t
x(t) = /e_gt/esz(ds,df), t eR,
R+ — 00

(see [1, (3.3-3.4)]). Then the integrated process z*(t)= fotx(s)ds, t>0,
the Lévy measure W and the probability measure v are admitted to de-
pend on a parameter A as x}(t)=X"lz*(A\t), t>0, Wy(dz) = >"2HW (dx)
and v~T(2—2H,1/\), respectively, where 1/2<H <1, and it is proved

that {z3(t), t>0} )\i—d;o {§(t), t>0}, where the limit process is given by
its cumulant (i.e. log-characteristic) functional [1, (6.6)]. Now, perform-
ing a suitable substitution in [1, (6.6)] we obtain first the cumulant (log-
characteristic) function of (x{§(t1),...,z4(tm)), then, by differentiation, the cu-
mulant cum(z§(t1),...,z§(tm)). It can be checked that the latter expression
can be rewritten into the form (3.3.8). Consequently, Barndorff-Nielsen’s limit
of integrated “supOU” processes and our LISOU process are the same. In fact,
even our SOU process is a particular case of Barndorff-Nielsen’s “supOU” pro-
cess, namely, when v is the discrete distribution given in Assumption SPL.



Chapter 4

The LISCBI process

In this chapter we will superpose continuous state branching processes with im-
migration (CBI processes). The particular case when the CBI process is the
so-called diffusion process with linear generator (DLG process), will be treated
separately, in the last section (Section 4.6). We will state a dilatively stable
renormalization functional limit theorem for the integrated superposition pro-
cess.

4.1 The CBI process

CBI processes are fundamental stochastic processes. They are continuous time
and continuous state analogues of discrete time branching processes with immi-
gration (Galton—Watson processes with immigration). On the other hand, they
are also generalizations of the continuous time birth and death processes with
immigration: instead of

e the birth and death, governed by a discrete distribution on the set {—1,0,1}
e and the immigration Poisson process

there are

e the branching, governed by an infinitely divisible distribution on R

e and the immigration compound Poisson process with a non-negative drift,
respectively. Moreover, CBI processes have one more attractive characteriza-
tion (see Shiga—Watanabe [32] and Duffie et al. [9, Cor. 2.10]): they are exactly
those regular, homogeneous Markov processes with state space [0,00), which
are infinitely decomposable (roughly, the transition probability distribution is

71
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infinitely divisible). On the other hand, infinitely decomposable, regular, homo-
geneous Markov processes with state space R are just the OU type processes
with state space R (see Duffie et al. [9, Cor. 2.10]). The OU type processes with
state space [0,00) are, at the same time, particular CBI processes (see Remark
4.2.5). This coincidence enables the results of this chapter to be compared with
the corresponding ones of chapter 3 and so, to be checked.

Now, let us recall some standard terminology and notation.
e For a homogeneous Markov process {X(t), t > 0} with state space [0,00)
and for an m € N the conditional m-dimensional distribution, the transition
probability function, the transition Laplace transform and the Laplace transform
of the m-dimensional distribution are, resp.:

Px(t1),....X (tm) ]z (B) = P(X(tl)a co, X(tm) € B|X(O) = $)7
B € B([0,00)™), x € [0,00),

Plo(t,B) = Px()(B), B € B([0,00)), t, = >0,

Qz(t,u) = Ej e uX () — /e_“yP|m(t,dy), u, t, x>0,
0
and
@X(tl),...,X(tm) (ula oo ,Um) =E eiul)((tl)imiumX(tm); ULy .-y Um > 0.

e The Markov semigroup of {X(¢),t > 0} is {13, t > 0}, given by
T; : B([0,00)) — B([0,0))
T, (x) = B, f(X(1) = E(F(X (D) X(0) =), t.2 >0,

where B([0,00)) denotes the space of bounded, measurable functions on [0, c0)
with the supremum norm.

e The homogeneous Markov process {X(t), t > 0} is called a Feller process with
state space [0,00) if T3(Co([0,00)) C Cy([0,00)) and limy_o |T1f — f|| = O,
f € Cy([0,00)), where Cy([0,00)) denotes the space of continuous functions on
[0,00) with the supremum norm, vanishing at infinity. (See Kawazu—Watanabe
[21, Prop. 1.1] for equivalent characterizations of this property.)

o If {X(t),t> 0} is a Feller process with state space [0,00), then a function
f € Cy(]0,00)) is said to belong to the domain Dy4 of the infinitesimal generator
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of {X(t),t> 0} if the limit

Af = lim

t—0

Lif - f
t

exists in Cy([0,00)). The operator A : Dy — Cp([0,00)) thus defined is called
the infinitesimal generator of Feller process {X(¢),t > 0} with state space
[0, 00).

e The linear hull of the following set of exponential functions is denoted by
L= E{fc(x) e 00<r<o0:c> 0}. By the Stone—Weierstrass theorem
L is dense in Cy([0, 00)).

e A Markov process {X(t), t > 0} with state space [0,00) is called conserva-
tive, if for all z,¢ > 0 : P|,(¢,[0,00)) = 1. From now on we consider Markov
processes to be automatically conservative.

Now come the main definitions.

4.1.1 Definition. (Kawazu-Watanabe [21]) A Feller process {X(t),t > 0}
with state space [0,00) is called a continuous state branching process with
immigration (CBI process), if its transition Laplace transform is of the form

Qlo(t,u) = e~ b=Vt oy g > 0. (4.1.1)

Functions ¢ and v (which are obviously unique) are called the Laplace expo-
nent functions of the CBI process.

4.1.2 Theorem. (Kawazu-Watanabe [21, Thm. 1.1-1.1°], Filipovi¢ [11, Thm.
4.3]) Let A be the infinitesimal generator of the CBI process. Then £ C Dy
and

oo

Af(z) = %:(:f”(:c) + | Y+ /(1 ANy)ma(dy) + az | f'(x) (4.1.2)
0

+/ fle+y) — flx )—f’(fv)(l/\y)>(m2(dy)+xm1(dy)), fecL,
0

where
02>0, 9>0, —o0o<a< oo, (4.1.3)
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and my, mo are Borel measures on (0,00) satisfying

oo (o.)
/ 1/\y mq (dy) —i—/ (1A y)ma(dy) < (4.1.4)
0 0

Moreover, the Laplace exponent functions of the CBI process satisty the differ-
ential equations

nY(t,u) = R(Y(t,u)), ¥(0,u)=u, (4.1.5)
O1o(t,u) = S(p(t,u)), ¢(0,u)=0, (4.1.6)

R(u) = —0—2 u? + o + / (1 —e " —u(1lA y))ml(dy) , u>0, (4.1.7)
0

du + “Nma(dy), u>0 (4.1.8)

0\8

and function R fulfills the condition (of conservativity)

1
/—0 VR du = 00, (4.1.9)

0+

where 0T denotes an arbitrary small right neighbourhood of zero.

Conversely, given parameters (4.1.3) and Borel measures my, ms on (0,00) sat-
isfying (4.1.4) such that function (4.1.7) fulfills (4.1.9), there exist a unique CBI
process with the infinitesimal generator (4.1.2) and Laplace exponent functions
satisfying the differential equations (4.1.5-4.1.6).

4.1.3 Remark. It follows from (4.1.1) and (4.1.5-4.1.6) that for any fixed u > 0
and x > 0 the differential of the transition Laplace transform in ¢ =0 is

Oy (0,u)dt = —e~*(S(u) + R(u)z)dt.

Let us consider the initial state x = 0. Then 01¢|o(0,u) = —S(u), u > 0, hence
the function S characterizes the immigration. On the other hand, assume that
parameters ¥ = 0 and mgy = 0, therefore S =0, i.e. there is no immigration.
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Then for any = > 0 the change of the Laplace transform is 01, (0,u)dt =
—e " R(u)xdt, hence the function R characterizes the branching. In fact, S
is the Laplace exponent function (i.e. the negative logarithm of the Laplace
transform) corresponding to an increasing compound Poisson process with a
non-negative drift: the immigration process. R in turn, is the Laplace exponent
function of an infinitely divisible distribution, governing the branching. Note
that the latter distribution can have a Gaussian component, agreeing with the
fact that due to the branching the process can also decrease. Let us observe also
that since the measure m; in (4.1.7) is concentrated to the positive half line,
the Laplace transform e~ (") 4 > 0, uniquely defines a distribution (i.e., it is
not necessary to use the characteristic function), even if this distribution itself
is not concentrated onto the positive half line.

4.1.4 Definition. The infinitely divisible distributions with Laplace exponent
functions R and S given by (4.1.7-4.1.8) are called the branching distribution
and the immigration distribution, respectively. Correspondingly, (o2, o, m1) is
called the branching parameter (vector), while (1, ms) is called the immigration
parameter (vector).

4.1.5 Remark. Assume that the value of a CBI process is the instantaneous
size of some population. Then equation

g0|$(t, U/) — eiqs(tau) <67¢(tau)> , U 2 0,

means that the population size at ¢ decomposes into two independent terms. The
Laplace transform of the first term is e~¢(t%) . This term is the size of the pop-
ulation consisting of those immigrants in the interval (0,¢) and their progeny,
who are alive at ¢. The other term, with the Laplace transform (e_‘b(t’“))ﬂj is
the size of the population consisting of those natives and their progeny, who are
alive at t, provided that the size the original population (the natives) was z.

4.1.6 Remark. If [ ym;(dy) < co (equivalently, the branching distribution
has finite mean), then function R is Lipschitz in w = 0, hence (4.1.9) fulfills.

The following portion as far as Proposition 4.1.10 shed light on the impor-
tance of the CBI process.

4.1.7 Definition. (Shiga—Watanabe [32]) A homogeneous Markov process
{X(t), t > 0} with state space [0,00) is called infinitely decomposable, if for
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every n € N there exists a homogeneous Markov process {X()(t), ¢ > 0}
with state space [0,00), such that for every m € N, 0 < t; < ... < t,,, and
e 2™ €[0,00) for which z = 2™ 4 ... 4 z(™ it holds that

Px(t1),. X (tm)le ~ Pxm(e),. . xm )@ ® - @ Pxmyayy,  xm ) |zm -

4.1.8 Proposition. Given independent CBI processes {X;(t),t > 0} with
immigration parameters (¥;,mq;), i=1,2, both with branching parameter
(0% a,my), their sum {X;(t)+ Xa(t), t>0} is also a CBI process with im-
migration parameter (U1 + U2, m21 + mo2) and with the common branching
parameter (02 a,my). Briefly, the set of CBI processes with the same branching
parameter is closed with respect to convolution and the immigration parameter

is additive.

Proof. It is a simple consequence of Theorem 4.1.2 and the fact that if two
processes are independent, then they are also conditionally independent with
respect to their values at zero. O

4.1.9 Corollary. The CBI process is infinitely decomposable.
The converse is also true:

4.1.10 Proposition. (Shiga—Watanabe [32]) A Feller process with state space
[0,00) is infinitely decomposable if and only if it is a CBI process.

4.1.11 Example. OU type process with state space [0,00): Let 02=0, a €R,
¥ =0, my #0 be some o-finite measure on (0, 00) satisfying [~ (1Ay)ma(dy) <
oo and my = 0. Then (4.1.7-4.1.8) read

R(u) =au, u >0,

oo

S(u) = / (1—e"")mo(dy), u>0.

0

By Remark 4.1.6 condition (4.1.9) is fulfilled, therefore, there exists a unique
CBI process {X(t), t > 0} with the infinitesimal generator given on £ by

Af(x) = axf'(x +/ fle+y) — flx ))mg(dy), fecL,
0



4.1. THE CBI PROCESS 77

where L is dense in D4. By Duffie et al. [9, Cor. 2.10] it follows that [9, Thm.
2.12] can be applied, from which we obtain that process {X(t), t > 0} is the
unique weak solution of the stochastic differential equation

dX(t) = aX () dt + dL(1), (4.1.10)

with initial state X (0) = x > 0, where {L(t), t > 0} is an increasing compound
Poisson process associated with the Lévy measure ms. But, by Rocha-Arteaga—
Sato [28, Prop. 37], the stochastic differential equation (4.1.10) has a unique
strong solution: the OU type process with parameter o and driving process
{L(t), t > 0}. Therefore, process {X(t),t > 0} is an OU type process with
state space [0,00). The immigration distribution is the non-negative compound
Poisson distribution associated to the Lévy measure mo, and the immigration
Lévy process is {L(t),t > 0}. The branching distribution is the distribution
of the constant . The Laplace exponent functions of {X(¢), t > 0} are the
solutions of (4.1.5-4.1.6):

Y(t,u) = ue™, t,u>0
t

o(t,u) = S(ue‘”)ds,
/

in line with the expression in Rocha-Arteaga—Sato [28, Prop. 38].

4.1.12 Example. DLG process: Let 02> >0, a € R, ¥ > 0, m; = my = 0.
Then (4.1.7-4.1.8) read

0.2

R(u) = —7u2+au, u >0,

S(u) =vu, u>0.

By Remark 4.1.6 condition (4.1.9) is fulfilled, therefore, there exists a unique
CBI process {X(t), t > 0} with the infinitesimal generator given on L by

0’21'

Af(a) = T @)+ (0 +ax) @), TeL
where L is dense in D4. So, the third term in (4.1.2) is zero, implying that
process {X(t), t > 0} is a diffusion. Both the drift and the diffusion coefficients

are linear, therefore we will call it a (non-negative) diffusion process with linear
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generator, shortly a DLG process (with parameter (o2, a,9)). (There is another
diffusion process with linear infinitesimal generator: the [Gaussian] OU process,
but it is not non-negative.) By Dulffie et al. [9, Cor. 2.10] it follows that [9, Thm.
2.12] can be applied, from which we obtain that the DLG process is the unique
weak solution of the stochastic differential equation

dX(t) = (V4 aX(t)) dt + o/ X (t)dB(t), (4.1.11)

with initial state X(0) = x > 0, where {B(¢),t > 0} is the standard BM.
In fact, it is also the unique strong solution of (4.1.11), see Ikeda—Watanabe
[17, Thm. IV.3.2]. The immigration distribution is the constant 9 (so the immi-
gration Lévy process is simply {¢¢, ¢t > 0}, i.e. deterministic). The branching
distribution is Gaussian with mean « and variance 2. The differential equation

(4.1.5) is now of a Riccati type, its solution is
U eat

1+uf—220t(1—e‘3‘t)7

Y(t,u) = u>0,t>0 (4.1.12)

(taking 1*_—65 =t if o = 0). The differential equation (4.1.6) is a trivial one,
thus

2

2
o(t,u) = —f log<1 rul (1- eat)) ., u>0,t>0. (4.1.13)
g

Hence, the transition Laplace transform is

29
0.2 - 52 _Ueatﬂj
Ltuw)=14+u—— l—eo‘t) ex , u>0,t>0.
2 ( ) ( —QOé( ) P 1+u—022a (1_€at)

4.2 The stationary CBI process

A CBI process has a stationary distribution different from the trivial distribution
concentrated to zero if and only if for every u > 0

3 tli)rgo Y(t,u) =0, (4.2.1)
= tllm o(t,u) € (0,00). (4.2.2)

4.2.1 Notation. ¢(oo,u) = limy_,o ¢(t,u), u > 0.
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Using this notation, the Laplace transform of the stationary distribution is
o(u) = e ?W 4 > 0.

4.2.2 Remark. We will assume that the branching and the immigration distri-
butions of the CBI process have finite second moments, or even finite moments
of all orders. The equivalent condition formulated by the help of the parameters
is that the measures m; and msy have finite second moments, or finite moments
of all orders, respectively.

4.2.3 Theorem. A CBI process with branching and immigration distributions
of finite second moments has a stationary distribution, different from the triv-
ial distribution concentrated to zero if and only if the following conditions are

fulfilled.

R(0)=a+ /(y — 1)my(dy) <0, (4.2.3)

i.e. the mean of the branching distribution is negative and

(0.9)

S'(0) =9+ /ymg(dy) >0, (4.2.4)
0

i.e. the mean of the immigration distribution is positive.

Proof. Before starting to prove either direction, let us observe that S(0) =
R(0) = 0, both R and S are continuous functions an they are concave on
[0, 00), since both are mixtures of concave functions, see (4.1.7-4.1.8). Moreover,
function S is non-negative valued (as it can be seen directly from (4.1.8)). ¢ and
1 are also non-negative valued, since for each ¢ > 0 (4.1.1) is the (conditional)
Laplace transform of a non-negative r.v..

Now, if {X(t), t > 0} has a stationary distribution, different from the trivial
distribution concentrated to zero, then (4.2.1-4.2.2) hold. By (4.1.8) we have

o0

S'(0) = 19+/ym2(dy) > 0.
0

Even S’(0) > 0, because otherwise ¥ =0 and mg =0, thus S =0 and ¢ =0,
contradicting to the fact that the limit in (4.2.2) is positive.
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Next we prove (4.2.3). By (4.1.7) we have

oo

R (0) :a+/<y— 1) ms (dy)

1

Let uw > 0 be arbitrarily fixed and let
to =inf {t > 0: ¢ (t,u) = 0}. (4.2.5)

The stationary distribution is not concentrated to zero, so ¢y is a positive real
number or infinity. In either case by (4.1.5-4.1.6) and (4.2.1-4.2.2) we have

w(ta U’) =0 and ¢(t7u) = ¢(t07u> for ¢ > to

and

th/r?o Y(t,u) =0, and th/r?o o(t,u) = o(to,u) . (4.2.6)
Since S(v) >0 if v > 0 and S(0) = 0, it follows from S’(0) > 0 that S(v) >0
for v > 0. Hence, by (4.1.6) we have 01¢(t,u) > 0 if u > 0 and ¢ € (0,tp),
that is, (0,%9) ¢t — ¢(t,u) is strictly increasing. Furthermore, by the definition
of tg, ¥(t,u) >0 if t € (0,ty). Therefore, using L'Hospital rule, (4.1.5-4.1.6)
and (4.2.6), we obtain the relation

. ¢(t7u) B ¢(t07u) 7 61¢(t7 ’LL)

O T e R Bt
_ i SWEw) . S() _ 5'(0)
t/to R(p(t,u)) v—0R(v)  R/(0)

R'(0), as the mean of the branching distribution, is finite by the assumption of
the theorem. Hence R'(0) < 0.

Conversely, assume that conditions (4.2.3-4.2.4) are fulfilled. Our aim is to
prove that for every u >0 (4.2.1-4.2.2) hold. Let u >0 be fixed. Since R(0)=0
and R is concave, it follows from (4.2.3) that

Vo >0:R(v)<D0. (4.2.7)

Let ty be defined by (4.2.5). By (4.1.5) function (¢, u), as a function of ¢, is
not identically zero, thus 0 < ¢y is a real number or infinity. By (4.1.5) and
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(4.2.7), function (0,t9) > t +— (t,u) 1is strictly decreasing. Therefore we can
perform the change of variables

b(t,u) = / S (s, w))ds = / _S]f;(’i) dv, te(0,t). (4.2.8)
0

Y (t,u)

Y is also non-negative, therefore 3 lim; .o ¥ (¢t,u) > 0. On the other hand,
function —S/R is integrable on intervals of the type (0,¢g), € > 0, since

S(v) S'(v) S'(0)
“R() S0 SR 0 —R(0)
Consequently,
J (o0, u) = 1tli)rn o(t,u) € R. (4.2.9)

The function S is non-negative, by (4.2.4) it is even positive and —R is also
positive (by (4.2.7)). It follows from the initial condition of (4.1.5) and the fact
that (0,tp) 3t — (¢, u) is strictly decreasing, that for all ¢ > 0 : u = ¢(0,u) >
Y (t,u). Hence for all t € (0,t9) (4.2.8) is positive and since

¢(t,u):/5(¢(s,u))ds: / S(¥(s,u))ds

holds for all ¢ > 0, the limit in (4.2.9) is positive. Thus, we have proved (4.2.2).

Finally, (4.1.8), (4.2.4) and S(0) = 0 imply that function S is strictly in-
creasing. Hence, there hold the implications

@ (00, u) :/S(¢(s,u))d8 <oo = lim S(w(s,u)) =0 = lim ¢(s,u) =0,
0
the conclusion of which is (4.2.1). O

In the following we will consider stationary CBI processes. We will assume
that the branching and the immigration distributions have finite second mo-
ments, conditions (4.2.3-4.2.4) hold and the CBI process starts from its station-
ary distribution.
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4.2.4 Lemma. The Laplace transform of the one-dimensional distribution of a
non-zero, stationary CBI process is

o(u) = exp ((b(oo,u)) = exp /_ig?; dv |, u>0.

0

Proof. We refer to the proof of Theorem 4.2.3. For any u > 0, whether t; is
infinite or finite, (4.2.8) holds, lim; 4, ¢ (t,u) = 0 and function —S(v)/R(v),
0 < v < u, is integrable, hence we obtain the statement. O

4.2.5 Remark. Let us consider the following sets:

e the set of stationary OU type processes with non-negative time parameter;

e the set of stationary CBI processes.

The intersection of these two sets is the set of stationary OU type processes
with non-negative time parameter and non-negative state space, i.e. the set of
processes in Example 4.1.11 with parameter a < 0. In other words, a stationary
CBI process with parameters

02=0,a<0,m=0 and 9=0, mo Z0, (4.2.10)

is, at the same time, a stationary OU type process with parameter o < 0 and
driving process corresponding to the Lévy measure mo. This parametrization
will enable the results of this chapter to be compared with the corresponding
ones of Chapter 3 and so, to be checked.

4.2.6 Remark. We now apply the above checking method: for a non-trivial,
non-negative OU type process with state space [0,00) (see Example 4.1.11) and
with a finite second moment, Theorem 4.2.3 gives the well-known equivalent
condition of stationarity: a < 0.

4.2.7 Lemma. Let {X(t),t > 0} be a stationary CBI process. The Laplace
transforms of its 1-, 2- and 3-dimensional distributions are

Ox (1) (ur) = e~ loom), (4.2.11)

P (). (1) (1, uz) = 7PV

x e~ ®(ta—tiuz) (4.2.12)
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DX (). X (1), X (8) (1, U2, ug) = e AVt mh ekt T )
1)s 2) 3 )
% 6—¢(t2—t17u2+1/1(t3—t2,u3))

x e~ #(ta=tzua) (4.2.13)

0<t; <ty <ts and 0 < wuy,us,us. In general, the following recursion holds:

PX(t1),..., X (tm) (ul, e ,Um)
= PX (1), , X (tm—1) (Ula cey Um—2, Um—1 + Qp(tm_tmfla um))
x eftm—tm—1,um)) = gy > 9 (4.2.14)

OStlthS... and 0§u1,u2,....

Proof. With the help of the Markov property and the time homogeneity of
{X(t), t > 0}, the recursion (4.2.14) can be obtained as follows:

PX(t1),..., X(tm)(uhm,um)

— E e—ulx(tl)—"'_UmX(tm)

_ E(e—mX<t1>—--~—um71X<tm71>E(e—umxum)|X(tm_1)))

- E(e_U1X(tl)_..._um71X(tM7l)SO|X(tm71)(tm - tm—la Um)>

= E(e—u1X(tl)—-..—umflx(tm—l)e—(ﬁ(tm—tm,l7um)_¢(tm_tm71’um)X(tm71)>
— E(e_U1X(tl)—“-—(uM*l"’w(tm_tmfl,um))X(tmfl)) e—¢’(tm—tm71,um)

- SOX(tl)’“”X(tm—l) (ul? sy Um—2,Um—1 + ¢(tm_tm—1; Um))

x ePtm—tm—1um)) = > 9,

The Laplace transform of the one-dimensional distribution of {X(¢), ¢ > 0}
is (4.2.11). Using the recursion (4.2.14) and the initial formula (4.2.11), the
expressions (4.2.12-4.2.13) follow immediately. O
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4.3 The joint cumulants of the stationary CBI
process

4.3.1 Lemma. If the branching and the immigration distributions of a CBI
process have finite moments of all orders, then the following statements hold:
i) R, S € C*>(]0,00)) (i.e. infinitely differentiable) and the derivatives are

R'(0) =a+ /(y —1)my(dy), (4.3.1)

S'0) =9+ [ yma(dy), (4.3.2)
/
S®)(0) = (—1)k+! /yk ma(dy), k> 2; (4.3.3)

ii) ¢, ¢ € C>([0,00) x [0,00)).

Proof. i) The finiteness of the moments of the branching distribution is equiv-
alent with the finiteness of the moments of the Lévy measure m; and the same
is true for the immigration distribution and the Lévy measure ms. Hence follow
the statements.

ii) By Duffie et al. [9, Lemma 6.5 i)] the statement can be obtained from (i)
above. O

4.3.2 Lemma. If the branching and the immigration distributions of a CBI
process have finite moments of all orders, then

At (t,0) = (O, (4.3.4)
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2(t.0) = TLO aror _ O roy

4.3.
R(0) R'(0) ’ (4.3.5)
R'(0)R"(0) +3(R"(0))* 3 (R"(0))* on
D2(t,0) = 8R'(0)t _ g 2R (0)¢
2¢( 9 ) 2(R’(O))2 e (R/(()))2 e
3R(0)° ~ ROR"(0) sy
4.3.6
ATV 7)) LR (4:3.6)
each equation holds for t > 0. In general, for any k € N we have
059(t,0) = Qi (™), t=0, (4.3.7)

where Qp(z) is a polynomial of degree at most k, without zero order term.
Polynomials Qi(z), k € N, depend neither on t, nor (9, mg) (but may depend

on (02, «, my)) and they are invariant under the transforms R(t) — cR(t),

t>0, ie (0% a,my)— (co?, ca,emy), ¢ > 0.

Proof. By Lemma 4.3.1 % is infinitely differentiable. Let us prove (4.3.4). Dif-
ferentiating the equation 019 (t,u) = R(¢Y(t,u)) (ie. (4.1.5)) at u = 0, we
obtain

Dot (t,u) = R ((t,u))d20(t, u) (4.3.8)
81920 (¢,0) = R'(0)021(t, 0)
Datp(t,0) = el O]

because the initial condition is 92¢(0,0) = “Lu|,_o = 1. Thus, we have proved
(4.3.4).

Let us look at (4.3.5). Differentiating the equation (4.3.8) at u = 0, we
obtain

92010 (t, u) = R" (1b(t,u)) (Dot (t,w))? + R ((t, u) O (t, u) (4.3.9)
92811(t,0) = R"(0) (da1(t,0))* + R'(0)d24(t, 0)

91920(t,0) = R'(0)824(t,0) + R"(0)e2F O,
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The last row is a first order linear differential equation for f(t) = 9324(t,0):
f'(t) = R(0)f (1) + R (0)e*X )1
f(0) =0,

the solution of which is

O2(t,0) = f(1) = };ég)) G

thus, we have proved (4.3.5).

The proof of (4.3.6) is similar. Differentiating the equation (4.3.9) at u =0,
we obtain

Aot u) = R" ((t,u)) (B0 (t, u))®
+ 3R (¢(t, u)) D20 (t, w)D31p (t, u) + R (¥ (t,u)) 050 (t, u)
03019(t,0) = R"(0) (921(t,0))* + 3R"(0)d21(t, 0)95¢(t,0) + R'(0)33) (¢, 0)

R(0)R"(0)+ 3(R//(0))263R’(0)t _3 (R”(O))zem’(mt.

8133¢(t7 0)= R’(O)é’g’w(ta 0) + R(0) R'(0)

The last equation is a first order linear differential equation for the function

f(t) = 039(t,0):

R(O)R"(0) +3(R"0) s 4RO oo

f/(t) == R/<0)f(t) + R/(O) R’(O)

the solution of which is

R(0)R™(0) + 3(R"(0))* srrop 5 (B'(0)* srroy
2(R'(0))? (R"(0))?

O0(t,0) = 1(t) =

3(R"(0))* — R'(0)R"(0) (1O}t

" 2(R(0))2

t>0,

hence (4.3.6) is proved.
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In the general case we use induction on the order of the derivative. For k =1
the statement is (4.3.4). In the induction step from k& — 1 to k > 2 we apply
Fad di Bruno’s formula (the higher order derivatives of a composite function)
for the right-hand side of the equation 01¢(t,u) = R(¢(t, u)):

Dy 01(t, u) = OFR(Y(t,u))

Tk

=3 e AV W) (g0, u))rl (o)

)

where the sum is over all partitions of the integer k, Ty = (ri,...,m) and r;
is the number of such sets in the actual partition, which have exactly j elements,
j=1,...,k. So, r1 +2ro+ ...+ kry =k and r =7y + ...+ ry is the number
of sets constituting the partition. Hence we obtain for u = 0:

k! 1 " 1 "k
k - v p il [ = 9F
0500(0.0) = - — - R0 (fow(e0)) (5 0800.0)
O]
(4.3.10)
On the left-hand side let us change the order of the derivatives and on the right-
hand side let us separate the term corresponding to the trivial partition with
one element:

0,050(1,0) = R’<o>a§w<t, 0
b R0 (o) (i o o)

Lk—1)

(4.3.11)

since 7, = 0 in each term of the sum in (4.3.10), except for one term, which we
have detached from the others, into the first row of (4.3.11). In each term of the
sum in the second row of (4.3.11), each factor of the form

1 "
is, by the induction assumption, an at most jr;-th degree polynomial of R (0t
without zero order term and with coefficients depending neither on ¢ nor ¢ and
my. Therefore, the sum in the second row of (4.3.11) is an at most Z?;llj rj =

Z?le rj = k-th degree polynomial of B (O say g (eR/(O)t), such that gx(x)
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has no zero order term and it depends neither on ¢ nor ¢ and mso (because
R'(0) does not depend on ¥ and ma, see (4.3.1)). Let us consider for fixed
u the differential equation obtained from (4.3.11), as an ordinary differential
equation in t:

8195 (t,0) = R'(0)854(t,0) + g (eR'm)t) .

Under the initial condition 954(0,0) = %u{u:o =0 (since we have k > 2) its
solution is

k
e—R'(O)s ch ejR’(O)st

j=1

t
0

o—__

x

k (G—1)R'(0)t _ k .
R (0)t t€ R (0)t Cj
=3O = L wg w

Jj=2 Jj=2

= Qi (M), t>0,

-7
egR (0)¢

where Q(x) is an at most k-th degree polynomial, without zero order term
and depending neither on ¢, nor ¥ and my. Transform R(t) — cR(t), t > 0,
implies the same transform on g¢x(x) (because of the factor R/(0) in (4.3.11)),
hence polynomial Q(z) is invariant under it. O

4.3.3 Lemma. Ifthe branching and the immigration distributions of a non-zero
stationary CBI process have finite moments of all orders, then

1

D2(00,0) = “R0) S'(0) (4.3.12)
2 _ R//(O) / 1 1"
—R'(OYR" (0 3(R"(0 2 , R"(0 y
L gm0, (4.3.14)

—3R'(0)
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In general, for any k € N we have
Fp(o0,0) Zﬂk,jSU (4.3.15)

where the coefficients 3y j, j =1,...,k, do not depend on the immigration pa-
rameter (1, my). Moreover, the transform R(t) — cR(t), t > 0 (equivalently,
the transform (02, a,m1) — (co?, ca, cmy)) implies the change of the [ ;s as

(Br,as - Beg) = (Bra/c .-, Brr/c), ¢>0.

Proof. Consider the equation

= /S(w(s,u))ds, (4.3.16)
0

arising from (4.1.6). Taking the derivative of both sides at v = 0 and using
(4.3.4), we obtain

1
—R'(0)

Dap(00,0) = /S'(w(s,O))ﬁgw(s,O) ds = /S’(O) el (05 gg = 5(0),
0 0

which is (4.3.12). Taking the second derivative at u = 0 of both sides of (4.3.16)
and using (4.3.5), we obtain

(0.9)

6(0<.0) = [ (87(0(5.0)) (Bev(5,0)" + 5'(6(5,0))80(5.0)) ds

0

- / (5"(0) R 4 () Z((g)) (2RO —eR’<0>S)) ds
0

_ RH(O) / 1 "

“awor " ST

which is (4.3.13). By a similar computation, using (4.3.6), we get (4.3.14).
For an arbitrary k € N we have

05 S( Z A j(s) SY) (¢ Z M i (
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where coefficients Ay ;(s), j = 1,...,k, are are some products of the poly-
nomials Qg(eR/(O)S) given in Lemma 4.3.2. Hence, A\, ;(s), j = 1,...,k, are
polynomials of e (9% without zero order term. So, by (4.2.3), the A ;(s)-es
are intagrable on [0,00). Therefore, we can take the k: th order derivative at

u = 0 of both sides of the equation ¢(oco,u) fo ))ds (arising from
(4.1.6)) and obtain

(0.¢)

05 ¢(c0,0) :Z/)\ s)ds SY)(0 Zﬁk :SU(0
0

Jj=1

Each coefficient (i ; is the integral of A ;(s), hence the integral of some
products of the polynomials @, (eR/(O)S). Neither the polynomials Q(x), nor
R'(0) depend on the immigration parameter (1), mgy), therefore the [ ;s do
not depend on them either. Moreover, because of the integration, each [y ;
is the product of two factors. The one factor is invariant under the transform
R(t) — cR(t), t > 0, because of the last statement of Lemma 4.3.2 while the
other factor, arising from the integration, is the fraction %,(0). Hence follows
the last statement of the lemma. O

4.3.4 Proposition. If {X(t), t > 0} is a stationary CBI process with branch-
ing and immigration distributions of finite moments of all orders, then

EX(1) = 57 SO 120,
cum (X(tl),X(t2)) — (% S'(0) — ﬁ'(o) S//(O)) eR’(O)(t;‘ft’l‘),

R"(0) S'(0) + _3;( )S”’( ))

Q2R (0)(85 1) R (0) (85 —13)

cum (X (t1), X (t2), X (t3)) = (W

RO) .,
0 “”)

w e Ot B (0)(t5-13)

(O

2(R(0))?
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t1,ta,t3 > 0. In general, for any m > 2, its m-fold joint cumulant is some

multivariate polynomial of eR/(O)(tz_tI), . ,eR/(O)(t:n_t;fl):
cum (X (t1), ..., X (tm)) = P, <eR’<0><tS—t1‘>, . ,eR’<0><fin—tfnfl>) . (4.3.17)
t1,...,tm > 0, where the polynomial

P, (g) =P, (ml, . .mm,l) = Z ckhu_,km_lxlfl . -milm_’ll (4.3.18)
K1yeookm—1

has the following properties:
i) Chyrtrs = i Amj (ks oo km—1)SU)(0) where the A\ j(k1,. .. km_1)s

j=1
do not contain the parameter (9, ms),

ii) all the coefficients cg,. . . _, are positive;

iii) the transform (o2,a,m;) — (co?, ca,cmy), ie. R(t) — cR(t), t > 0,
implies the change of polynomial Py, (z) as Pp(z) — L1Py(z), ¢ > 0;

iv) the transform (9, ms) —— (c¥,cmy), i.e. S(t) — ¢S(t), t > 0, implies the
change of polynomial P,,(z) as P, (z) — cPy,(z), ¢ > 0.

Proof. By Lemma 4.2.7, 4.3.3 and 4.3.2 we obtain

1

EX(1) = 3 log (0 (0) = Ba(o0,0) = ~R'(0)

du

5'(0),
cum (X (1), X (t2)) = cum (X (t7), X (t3))

= 010210g px (11),x(13)(0,0)

0? x g
= - D1 0y ¢5(00»U1 +(t5 — t1aU2))

u=0

= —03¢(00,0)021(t5 — 7, 0)

(RO iy L gy RO
(2<R'<o>>25<0) “R(0) “”) ’
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cum (X (t1), X (t2), X (t3)) = cum (X (t7), X (t3), X (t3))

= —0102031og o x(11),x(t3),x (¢3)(0,0,0)

o3 . L
= u e (oo + (15— w0t~ t5,us)) )

= 03¢(00,0) (Do) (t5 — t7,0))” Dat(t5 — £3,0)
+ 03 ¢(00,0)054)(t5 — t7,0)da1p(t5 — t5,0)

_(_R"(0) S'(0) + 1 §/1(0) ) €2 Ot —1D) R (005 —15)
6(R'(0))2 —3R'(0)

(R"(0))* R'(0) SR (0)(t5—17) SR (0)(t5-13)
* (—2(3/(0))35 O 502 <0)> '

Proof of the general expression (4.3.17): By (4.2.14) we have

O ... Omlogpxt,), .. x(tm)(0)

m

- mllog SOX(tl)r'wX(tm—l) (Ul, sy Um—2, Um—1 F ¢<tm_tm—1? um)) wu=0 ’

0 <t < ... < ty. Recursively substituting into the logarithm of (4.2.14),
at each step it is only the first term which contains all variables wq,..., uy,.
Retaining only this term, we obtain the following sequence of expressions:

logng(tl) ..... X (tm) (Ul,..-,um),
log ©x(t1),... X (tm—1) (Ub vy Um—2, Um—1 + lﬁ(tm—tmqyum)),

10 Ox (£1),.... X (t—2) (uh ey U3,

Um—2 + w(tmfl_tmf% Um—1 + @b(tm_tmfl’ um)))»
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lOgSOX(tl)(Ul +¢<t2—t1,U2—|—w(t3—t2,.. s Um—1 —l—w( tim— 1,um)...)>>

( u1+¢ to—t1,uz + ¥ (t3—ta, . .., Um—1 + Y (tm—lm— 17um)---)>>>7

0<t <...<t,,. Hence we have
cum (X (t1),..., X (tm)) = cum (X(87),..., X(¢,))

= (=1)"01...0mlogpx(x),.. xz)(0)

m o™ * * * *
=(-1) +1m ¢<OO, (Ul +¢<t2—t17U2 +(ts—ts,. ..,

U1 + Y(E5, —t5, 1,um)...)))>

Performing the differentiations we obtain a sum wherein each term will be
(aside from the £ sine) a product of derivatives taken at u = 0 (because of
¥(t,0) = 0) and in each term there will be exactly one factor of the form
03 ¢(00,0), with some j, i.e. of the form (4.3.15). The other factors will be of
the form 854 ( 711 —t7,0), with some j, i.e. of the form (4.3.7). So, the result
of (4.3.19) can be written into some multivariate polynomial of the variables

(4.3.19)

u=0

ROt ROt~ 1) where the coefficients of the polynomial are
linear combinatlons of S'(0 ( ), ..., 8 (0) with coefficients depending only on
the branching parameters. Thus, we have proved (4.3.17-4.3.18) and i).

The statements iii) and iv) follow at once, using the last statements of
Lemma 4.3.2 and Lemma 4.3.3.

Proof of ii): We premise that the joint cumulants cum (X (t1),..., X (tm))
are all non-negative, because each one is the joint moment of the corresponding
Lévy measure, which is concentrated on [0,00)™ (recall that the X(t)s are
non-negative).

e First we prove that there exists a yp > 0 such that statement ii) holds for
each y > yo in the particular case when the immigration parameters are ¥ = 0
and the Lévy measure my is the Dirac measure concentrated on y with mass 1,
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i.e.
1 if ye B,
mo(B) = B € B(0, 00). (4.3.20)
0 otherwise,
Then S(u) =1—e"", u >0, by (4.1.8) and SU)(0) = (—1)7T1y, j €N, by
(4.3.2-4.3.3).

Now, combining (4.3.17), (4.3.18) and i), we have

’ * * k / * * kmf
cm (X(t1), .., X(tm)) = > _ck (eR (o><t2—t1>> b <6R <o><tm—tm71>> '
k

=3 A (k) (—1)7 Ty (eR%oxt;—tI))kl . (GR’(0><t:n—t:n_1>>'“m‘1 :
k

J/

M (4.3.21)

where k = (k1,...,kn—1). Sorting the terms of the multivariate polynomial
P,, by k in decreasing lexicographic order, the degrees of the greatest and the
smallest terms will be k = (m—1,m—2,...,1) and k= (1,...,1), respectively
(see (4.3.19)). So, the upper equation in (4.3.21) becomes

cum (X (1), ..., X (tm)) (4.3.22)

s 1 (eR%oxt;—tz‘))m‘l (eR'<o><t;—t;>>m‘2 L ROt )

+ Chyyoo kit (eR’(O)(tg—t’f)Yl (GR/(O)(t:‘n_t:‘nl))k'm—l

..... L ROV (t5—t7) | GRI(0)(t5, —t5, 1)
Let At >0, t; =0 and t;4q =t; +10™?At, i=1,...,m —1. Then t;11 —t;
= 10m7'At, i = 1,...,m — 1 and for every k, k', Z:l_ll ki(tiv1 — t;) >
Z?i_ll k;'(tiy1 —t;) if and only if k£ > k’. Therefore, when At — oo, i.e. when
R (OAL _, 0, the dominant term (i.e., which converges to zero most slowly) is
the last one, the second dominant is the last but one, etc. and the least dominant
is the first term. Hence, ¢; .1 > 0 (otherwise the cumulant would be negative
for large enough values of At).
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It is easily seen from (4.3.19) that S(™)(0) (which is now constant times
y™) appears only in ¢p—1,m—2,.. 1. Therefore, when y — oo, the dominant
term (i.e., which diverges most quickly) in (4.3.22) is the first one. Hence follows
that for large enough values of y the sum of the terms in (4.3.22) but for the last
one (which we have already done away with) is non-negative. Therefore, when
At — oo, i.e. when e (DAt _, (0 the dominant term of that sum is the last
one (i.e. the second last of the original terms), hence it must be positive, as well
its coefficient cy.

On the other hand, when y — oo, the sum of the terms in (4.3.22) but
for the last two terms (which we have already done away with) is non-negative
(since the dominant term is the first one). Continuing this backward procedure
we obtain by induction that there exists some 39 > 0 such that for every y > yo,
all the ¢gs corresponding to y (see the underbraced expression in the third row of
(4.3.21)) are positive. Thus, we have proved statement ii) for the case of ¥ =0,
meo being a Dirac measure concentrated on y > yo and branching parameter
(02, ,m1) being arbitrary (and, of course, under the moment conditions of the
theorem).

e Now we prove ii) for stationary CBI processes (satisfying the moment con-
ditions of the theorem) with parameters ¢ = 0, mo with supp(ms) C (yo, c0),
where 1o is the threshold number given above and with an arbitrary branching
parameter (02,a,m;). Integrating equation (4.3.22) with respect to ms and
using (4.3.2-4.3.3), we obtain ii) for this case, too.

e In the next step we prove that ii) holds if ¥ = 0, mg is such that
supp(ms) C (yo,00) with some yo >0 (4.3.23)
(i.e. we omit the condition that yq is large enough) and there are no additional

restrictions for the branching parameter (o2, a,m1). Now, for every ¢ > 0, we
have

S(cu) = /(1 —e "Yma(tdy), u>0,
0

so, with the new Lévy measure ma(B) = m2(1B), B € B(0,00), and the new

c
immigration Laplace exponent function S(u) = S(cu), u > 0, we have

S(u) = /(1 —e ") ma(dy), u >0,
0
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and supp(mz) = csupp(ma) C (cyo,00) (the tilde accent denotes the new

versions). Furthermore, define R(u) = 1 R(cu), u > 0. In such a way, for c
small enough, we obtain a new stationary CBI process {X(t), ¢ > 0}, which
already satisfies the support condition (4.3.23) (and, of course, the moment

conditions of the theorem), thus
cp, >0 forall k, (4.3.24)

by the statement proved in the previous step. Furthermore, the Laplace exponent
functions of {X(t), t > 0} are the solutions of (4.1.5-4.1.6) with R and S instead
of R and S. So, we find that

Pt,0) = (b en), Lu>0,

o(t,u) = o(t,cu), t,u>0, (4.3.25)

and taking the limit as ¢ — oo in (4.3.25), we have

¢(00,u) = ¢(oo, cu), wu>0.

Writing (4.3.19) for process {X(t), t > 0}, we obtain that

cum (X(tl), N .,X(tm))

o~

= (—1)m+1m gb(oo, <u1 —}-1/)<t;—t’1k,u2 +¢(t§—t;, R

1+ Dt~ 1 tm).. )>)>

u=0

m o™ * * * *
= (—1) +1m¢<oo, <CU1+¢<t2—t1,CU2+w(t3_t2,---,

U + (5, —tE, 1, CUm). - )))) ‘

u=0



4.3. THE JOINT CUMULANTS OF THE STATIONARY CBI PROCESS 97

m m am * * * *
=c"(-1) Hm ¢<OO> (Ul +¢(t2—t1,u2 +(t5—t5,. ..,

U1+ Y(EF, —tF, 1,um)...)>)>

=c™caum (X (t1),..., X (tm)). (4.3.26)

u=0

Hence and since R’ (0) R'(0), it follows by (4.3.17) that P,, = ¢™P,,, from
which we get that ¢, = ¢™c¢g, for all k& = (ki,...,kmn—1). Therefore, using
(4.3.24), ii) follows in thls case, t00.

e Now we prove ii) when ¢ = 0 and mo # 0. This case can also be re-
duced to the previous one. Namely, for each n € N, let Lévy measure ms
be defined as the restriction of msy to the interval (1/n,00), i.e. mg,(B) =
ma (B (1/n,00)), B € B(0,00), and

(o)
/ V)mon(dy), u>0.
0

Then, by i), the corresponding ¢y, s are

Chm = > Am,;(k)SE(0), (4.3.27)

where only the factors S,gj)(O), j=1,...,m, depend on n. Since

553')(0)=(—1)"+1/yjdmz,n(y> J+1/Jdm2 = 5U(0), jeN,
0 0

(see (4.3.3)), we have ¢, — ci, for every k. But the ¢ s are positive (by
- n—oo - -
the previous step), therefore so are the cgs.

e Next we prove ii) in the case when 9 > 0 and mo = 0. For this, assume
temporarily that ¥ = 0 and my is the Dirac measure concentrated on a point
y >0, i.e. (4.3.20) holds. Then by i) we have

m

0<cp Z DI\ (B) Y7,
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for every k. Letting y — 0, the dominant term is A, 1(k)y, hence
Am,1(k) >0 for every k. (4.3.28)

Then, assume that ¥ > 0 and mg = 0. By (4.3.2-4.3.3) we have S’'(0) =9 and
S®)(0) =0, k > 2, so the equality in i) reads as ¢ = Ay 1(k)9. Hence, using
also (4.3.28), we obtain that ¢ > 0, for every k.

e Finally, by i) and (4.3.2-4.3.3) the c¢xs are additive functions of the im-
migration parameter (¢, msq) (of course, for a common branching parameter).
Therefore, from the previous two cases (¢ = 0, my # 0 and ¥ > 0, mg = 0)
we get that ii) holds also in the general case. O

4.3.5 Remark. Applying the checking method given in Remark 4.2.5, we ob-
tain that for a non-negative, stationary OU type process {X(t),t > 0} (see
Example 4.1.11) with finite moments of all orders, the first three cumulants in
Proposition 4.3.4 are:

oo

1
EX(t):_—a/ymg(dy), t >0,

0

1 2 —a(ti—t?)

cum (X (t1), X (t2)) = “on | Y ma(dy) e” 27",
0

1T e
cum (X (t1), X (t2), X (t3)) = — /y3 ma(dy) e~ @t HE—1)
0

t1,to,t3 > 0. Lemma 3.1.2 (which was stated particularly for ao= —1) gives
the same expressions, since the cumulants of L(1) (see Example 4.1.11) are the
moments of its Lévy measure my. We obtain furthermore, that in this case
polynomials P, in (4.3.18) are

1 [o.@]
Po(z1,...,xm—1) = — /ym ma(dy) afi”_lxgn_2 X1, M > 2,
0
(4.3.29)
i.e.
oo
—1 o fymm2<dy) if (klv k27 sy km—l) = (m—].,m—?, RN 1),
Chkyyoiikm_1 — 0

0 otherwise.
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4.3.6 Remark. The polynomial form (4.3.17-4.3.18) of the joint cumulants and
the form i) of the coefficients, moreover, the property ii) in Proposition 4.3.4 will
be the key in the proof of the dilatively stable renormalization functional limit
theorem, Theorem 4.5.4.

4.4 Superposition of stationary CBI processes

The construction is the same as in Section 3.2, but with CBI processes instead
of OU type processes: independent, stationary CBI processes will be summed.
Each term of the sum, i.e. each process (or more precisely, its distribution) will
be some transform of a basic stationary CBI process. Each transform will consist
of a convolution power and a time dilation, i.e. will be of the form

(X (), t >0} — {X(djt), t>0}"".

Each dilational costant d; will occur with probability p;, so the sequence
pj, j € N, will be a distribution on the discrete set {d; : j € N}. That is,
the time dilation will be a discrete random variable §. Moreover, the left tail
behaviour of the distribution of § is given in Assumption SPL on page 57.

Now we detail the assumptions concerning the CBI processes, which we will
superpose.

e Let R given by (4.1.7) be the Laplace exponent function of a branching dis-
tribution with parameter (0% a= [(1 — y)mi(dy) — 1, m1) and let S given
by (4.1.8) be the Laplace exponent function of an immigration distribution with
parameter (1, mz). Assume that

oo

/e“m(ml + mg)(dz) < 0o (4.4.1)

1

for some u > 0. Equivalently (by Duffie et al. [9, Lemma 5.3 iii)]) let R and S
be analytic functions on some complex neighbourhood of zero.

e Let {X(t),t >0} be a stationary CBI process with branching and immigra-
tion Laplace exponent functions R and S, i.e. with branching and immigration
parameters (02, o= floo(l —y)m(dy) — 1,m1) and (v, m2), respectively. Let

{X;(t), t >0} = {X(djt), t >0}, jeN,

e Let processes {X;(t),t> 0}, j € N, be independent.
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4.4.1 Remark. By (4.3.1), the assumption that o = [~ (1 — y)mq(dy) — 1 is
equivalent with the equality R'(0) = —1.

Hereafter we consider the above assumptions and Assumption SPL at page
57 to be fulfilled.

4.4.2 Lemma. The characteristic function of the random variable X (0) is an-
alytic in some complex neighbourhood of zero and so are the characteristic
functions of the random variables X;(0), j € N.

Proof. By our assumptions, R and S are analytic functions on some complex
neighbourhood of zero. Since R(0) = 0 and S(0) = 0 (see (4.1.7-4.1.8), also
u+— R(u)/u and w+— S(u)/u are analytic on some complex neighbourhood of
zero. By Remark 4.4.1, lim,_ (R(u)/u) = R'(0) = =1 # 0, so

S(u) S
YT TR T Rw

is also analytic on some complex neighbourhood of zero. Therefore, by Lemma
4.2.4 we obtain the statements. O

4.4.3 Remark. For each j € N, process {X,(t),t > 0} is a stationary CBI
process with branching parameter (d;jo?, d;( [~ (1—y)mi(dy) — 1), djm;) and
immigration parameter (p;d;J,p;jd;ms). Indeed, by Proposition 4.3.4 the two
processes have the same joint cumulants and since by Lemma 4.4.2 the charac-
teristic function of X;(0) is analytic in some complex neighbourhood of zero,
the finite-dimensional distributions of {X;(t), ¢ > 0} are uniquely determined
by the joint cumulants.

4.4.4 Theorem. For each t > 0 the series ), X;(t) converges in L?, uni-
formly in t > 0 and also almost surely.

Proof. Using Proposition 4.3.4 we have

SEX () =Y pEX(t) =Y pS(0) =S0),  (442)

j=1
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> D2, = 3 py DX Z (550 - 55"0)

S (R(0)8'(0) + 5(0)),

thus the series », X;(¢) converges in L?, uniformly in ¢ > 0. The a.s. conver-
gence follows by Kolmogorov’s two series theorem. O

4.4.5 Definition. Process
Y(t) =) X;(t), t=>0,
j=1

is called a superposition of CBI processes (SCBI process, with parameters (H, /)
and (02, my, 9, ms)).

4.4.6 Lemma. The mean of the SCBI process {Y (t), t > 0} is

oo

EY(t) = 5'(0) :19+/ym2(dy), t>0,

and the joint cumulants are of the form
cum (Y (t1),...,Y (tm)) = EPy, (e_‘;(t;_ti), . ,e_‘s(t:n_t:nfl)> )
0<tl,.o tm, m>2, (4.4.3)
where P,,, m > 2, are the polynomials (4.3.18), with the restriction R'(0)= —1.

Proof. The mean follows from (4.4.2) and (4.3.2). Let m > 2 and let
0 < ty,...,t, be arbitrarily fixed. Since processes {X;(t), t > 0}, j € N, are
independent, we have

o0

cum (Y (t1),...,Y (t,)) = cum ZX t1), ’ZXJ

:Z cum (X (t1), Zp] cum (X (djty), ..., X (djtm)).



102 CHAPTER 4. THE LISCBI PROCESS

Hence, using (4.3.17), we obtain

cam(Y(t),...,Y(tm)) = ij cum (X (djt1), ..., X (djt,)) (4.4.4)

oo
— g p] Pm (e_d.’i(tQ_tl), . Je_dj (t7n_t'm—1)>
j=1

=EP, <676(t37ti), o ’efé(tfnftfn_l)> .

O

4.4.7 Remark. Let us consider the particular case when {Y'(¢), ¢t > 0} is the
superposition of sationary, non-negative OU type processes (see Remark 4.2.5
and Example 4.1.11). Then by Lemma 3.2.5 we have

1 * * * *
cum (Y (tr),...,Y (tm)) = — cumy (L(1)) E e 05—ttt —t])

0<t1,....,tm, meN. (4.4.5)

The cumulants (in particular, the mean) of random variable L(1) are exactly
the moments (in particular, the mean) of the corresponding Lévy measure mso.
Hence, for m =1, (4.4.5) coinsides with EY'(¢) given in Lemma 4.4.6. Further-
more, by (4.3.29), the right-hand side of (4.4.3) is exactly the right-hand side of
(4.4.5).

4.4.8 Remark. By the stationarity and the first equation of (4.4.4) the cumu-
lants of Y'(0) are the same as those of X(0). Therefore by Lemma 4.4.2 the
characteristic function of Y (0) is analytic in some complex neighbourhood of
zZero.

4.4.9 Remark. The assumption that parameter « of the CBI process
{X(t), t >0} is a = [[(1—y)mi(dy) — 1, or equivalently R'(0) = —1 means,
in fact, a norming R(u) — R(u)/|R'(0)|. Without it we would obtain

cum (Y (t1), ..., Y (tm)) = E Py, <eR’<0>5<t3—tT>, .- eR’<0>5<tfn—tfn—1>> :

with a polynomial P, (z1,...,Zm—1), which (by Proposition 4.3.4 iii)) differs
from the polynomial denoted similarly in Lemma 4.4.6 in a factor |R'(0)].
However, the factor |R'(0)] can be included in § and P, so assumption
R'(0) = —1 is not really a restriction.
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Examining the SCBI process from the point of view of continuity, we find
that by Lemma 4.4.6 both the mean function (which is the constant S’(0))
and the covariance function are continuous. Therefore, the SCBI process is L?-
continuous, so, it is also stochastically continuous. Hence, by Doob [8, Thm.
2.6, it has a jointly measurable modification. We will consider this modification
the SCBI process. Because of the joint measurability, Fubini’s theorem can be
applied and using also the stationarity, there follows the a.s. local Lebesgue
integrability of the SCBI process. The latter property is implicit in the following
definition.

4.4.10 Definition. Let {Y(¢), ¢ > 0} be an SCBI process with parameters
(H,¢) and (02 mq,9,ms). Then the process

U2am17,l9,m2

t
JULO () = / Y(s)ds, t>0, (4.4.6)
0
is called an ISCBI (integrated SCBI) process (with parameters (H,/¢) and
(0'2,7711,’(9,7712)).

4.4.11 Remark. The ISCBI process has stationary increments, since the SCBI
process is stationary.

The following lemma is a simple consequence of Lemma 4.4.6 and the mul-
tilinearity (i.e. linearity in each variable) of the joint cumulant.

4.4.12 Lemma. The mean and the joint cumulants of the ISCBI process are:

EJG) ) =80t = [ 9+ / yma(dy) |t, >0, (4.4.7)
0

cum (J(H’e) (t1)y.. -, JU (tm)>

o2,mq,9,mo o2 mq,9,mo
tl tm

_ /.../Epm(e—6<85—81‘>,...,e—5<si%—sfn—1>) ds, (14.8)

0 0

0<ty,...,tm, m > 2, where polynomials P,, are given by Proposition 4.3.4,
with the restriction R'(0) = —1.
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4.4.13 Remark. Let us consider the particular case when the basic stationary
CBI processes we superposed are non-negative OU type processes (see Remark
4.2.5 and Example 4.1.11). Then by Lemma 3.2.10 we have

EJUD () =EL(1)t, t>0, (4.4.9)

o2,m1,9,mz

and

o2,my,9,mo o2,my,9,mo

cum (J“”) (t1), ..., D (tm)>

t1 tm
_ cumm(L(l)) / E675(5375I+“'+S:ﬂ75;)d§, (4.4.10)
m
0 0
0<ty,...,tm, m > 2. Hence, we obtain similarly as in Remark 4.4.7 that the

right-hand sides of (4.4.9) and (4.4.10) are exactly the right-hand sides of (4.4.7)
and (4.4.8), respectively.

4.4.14 Lemma. For each t > 0 the characteristic function of Jégﬁ)l 9ms ()
is analytic in some complex neighbourhood of zero. Therefore, the finite-
dimensional distributions of the ISCBI process are uniquely determined by the

joint cumulants.

Proof. Completely analogous to the proof of Lemma 3.2.11. O

The following theorem states that in the construction of the ISCBI process
the order of the superposition and the integration can be interchanged.

4.4.15 Theorem. The sequence of finite superpositions of integrated station-

ary CBI processes, { Z?:l fot Xj(s)ds, t > 0}, converges pointwise, both in L?

and almost surely to the ISCBI process, i.e., for each t > 0, we have

n
nooo 0%mi,9,ma

J

¢
/Xj(s) ds — JU (t) in L? and a.s.. (4.4.11)
1o

Proof. The pointwise L?-convergence in 4.4.11 is a simple consequence of Theo-
rem 4.4.4, while the a.s. convergence follows by Kolmogorov’s two series theorem.
O

Also the following functional limit theorem holds.
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4.4.16 Theorem. The sequence of distributions on C[0,00) of finite super-
positions of integrated stationary CBI processes, {Z?:1 fot X(s)ds, t > O},
converges weakly to the distribution of the ISCBI process, i.e.

.t
{ /Xj(s) ds, t > 0} SN {Jgg;fb)h&m2(t), t> 0} on C[0,00).
=

n— 00
J

(4.4.12)

Proof. The proof is analogous to that of Theorem 3.2.14. The corresponding
convergence of the finite-dimensional distributions is the consequence of Theo-
rem 4.4.15. Moreover, we have

E Z/Xj(s)ds = D? Z/Xj(s)ds—i— EY [ X;(s)ds
7=1 0 j=1 0 j=1 0
<D2J%O 1)+ (EY(0))° < 2D2Y(0)+£2(EY(0))° = 2 E(Y(0))?,

o2,m1,9,mz

so, Kolmogorov’s tightness condition is fulfilled and the statement of the theorem
follows.

We note that (4.4.12) follows also by Jacod—Shiryaev [18, Ch. VI, Thm. 3.37
(b)] (which states that in case of increasing processes and an a.s. continuous
limit process, the weak convergence on D[0,00) follows from the convergence
of the finite-dimensional distributions). a

4.4.17 Remark. By Theorem 4.4.15 and Theorem 4.4.12 the ISCBI process
could also be named a SICBI process.

4.5 The LISCBI process

It follows from Lemma 4.4.12, the last statement of Proposition 4.3.4 and from
Lemma 4.4.14 that the ISCBI process is infinitely divisible, hence it is meaningful
to renormalize it. Namely, we may consider the renormalized centered processes

T2—2H
«T)

1 ®
1 {J(H,g) (Tt) — E JUD (Tt), t > 0} ., T>0  (451)

T 025m177~97m2 025m17197m2
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The main theorem in this section, Theorem 4.5.4 will be a dilatively stable
renormalization functional limit theorem. It will state that under some addi-
tional condition the family (4.5.1) converges as 1" — oo. The limit process will
be called the LISCBI process, giving the title of this chapter. It will be neces-
sarily dilatively stable. One of the keys to the proof of the mentioned dilatively
stable renormalization limit theorem will be Lemma 4.4.12 together with Propo-
sition 4.3.4 i-ii). The other key, similarly as in Section 3.3, will be Lemma 3.3.1
and through it, directly the following Lemma 4.5.2.

4.5.1 Notation. For each H € (1/2,1) let @5 be the mapping defined on the
set of multivariate polynomials with positive variables, acting as

k k.,
P(zy,...,x,) = E Chy,... k1" - Ty

)2H—2

)

— pa(P)(21,. .., %) = Z Cky,....kn (lﬁwl + -+ kyzy,
ki,..kn
where the variables of the images ¢y (P) are also positive.

E.g., the images of the polynomials P, and P; in Proposition 4.3.4 (with
the restriction R'(0) = —1) are:

QOH(PQ)(m) = 90H<—% (R//(O)S/(O) + S”(O))x) — _% (R//(O)S/(O) _1_51//(()))1,2H—27

(4.5.2)
ot (Ps) (i1, 22) = pu (g (R"(0)S'(0) + 25" (0)) a3
+% ((R”(0))*5"(0) + R"(0)S"(0)) x1x2>
_ % (R"(0)S"(0) + 25"(0)) (21 + 2) " 2
L(R©)2S'0) + R0)8"(0)) (01 +2)"

(4.5.3)
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4.5.2 Lemma. The family of the joint cumulants of the renormalized centered
ISCBI processes (4.5.1) converge as T — oo, to the following limit:

T2—2H
£(T)

: 1 ® oy
lim cum (f <Jég;i)h§’m2 (Tt) — E JU (Tt1)> ey

T oo o2,my,9,ma

L ¢ (me (H,0) ®Lyry
<J (Tt,,) —EJ (Ttm))

T 0'2,77’2,1,'[9,1’)’7,2 0'2,’)’)’7,1,’1.9,’)’712
t ot
=1'(3—-2H) / : / 0 (Pp)(s5 — 81, 80 — sm_1)ds, (4.5.4)
0 0

0<ty,...,tm, m > 2, where P,,, m > 2, are the polynomials (4.3.18), with
the restriction R'(0) = —1.

Proof. First of all, the joint cumulants of order m > 2 of the centered process
are the same as those of the uncentered process. Using Lemma 4.4.12 we have

1 T2 2H 1 @I22H
H,l o) H,0 o)
cum (T <J§27m)1’797m2> (Tty),. .., 7 (.]éz’m)hﬁ’mz) (Ttm)>

m

—mgo—og T
_rme / / EP, <6—6<s;—s;>7”_,e—5<s:n—s:n71>> ds
0 0

(T)

t1 tm

T X / EP, (e_‘;T(SE_ST), cee e_éT(sr"_sjn*l)> ds. (4.5.5)
0

2—2H
(T)

0
Substituting the expression (4.3.18) of P, into (4.5.5) we obtain

L/ =0 ® L5y L/ m0 ® Loty
cum (= (250 ) Tty = (T s (Tt )

T2_2H e * * * *
— g(T) /. . / E Pm (6_6T(82_81), ceey 6—5T(Sm—sm_1)> d§
0 0

tm
p T2-2H o o
_ oo o [T g st b ) g,
1, yhvm—1
0 0
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Taking the limit as 7' — oo, by the key Lemma 3.3.1 we can change the order
of the limit and the integral and obtain

. |G ¥)) ® Loty L/ (w0 ® L5y
qlgnoo cum | (J027m17ﬁ7m2> (Tt1),..., T (Ja2,m1,z9,m2> (Ttm)

t1  tm

2—2H
= Z Ckla-nykm—l/' . / lim (T— Ee_ST(kl(s;_ST)+~..+km—1(s:¢n_s:{n—1))) d§
0

Ko K1 5 T—oo\ ((T)
t1 tm
2H—2
—TB-2H) 3 Chptons /--/(kl(s;—sz‘)+-~-+km-1(s:;—s:n_1)) ds
]Cl ..... ]Cm71 0 0
t1 tm
=r<3—2H>/--/soH<Pm><s; STy st — sty ds -
0 0

4.5.3 Lemma. The family of renormalized centered ISCBI processes (4.5.1)
satisfies Kolmogorov’s tightness condition. Therefore, processes (4.5.1) are al-

most surely continuous, and the corresponding family of distributions on
C[0,00) is tight.

Proof. Completely analogous to the proof of Lemma 3.3.3, with the difference
that instead of the factor cums(L(1))/2 there is —(R"(0)S’(0) + S”(0))/2. O

Now, we can state the main theorem.

4.5.4 Theorem. The family of distributions of the renormalized centered IS-
CBI processes (4.5.1) converges weakly on C[0,00) to a limit distribution. We

will denote a process with this distribution by J'2) (t), and call it the LIS-

o2,my,9,mz
CBI process (limit of [renormalized centered] ISCBI processes) with parameters
H and (0%, mq,9,ms):
T2—2H

1 ® 7y
4 {J(H,e) (Tt) — EJUHO (Tt), t > O} o)

T o2,m1,9,mo o2,m1,9,m2

T—00 o2,m1,9,ma

v, {J(H) t), t > 0} on C[0,0). (4.5.6)
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The distribution on C|0,00) of the LISCBI process with parameters H and
(02, m1,9,my) is uniquely determined by its zero mean and its joint cumulants,
which are:

cum (S50 gy (t0)s s TS ()
1 tm
=T(3-2H) [-- / o (Pp)(s5 =81, .., 50 — sm_1)ds, (4.5.7)
0 0

0<ty,...,tm, m > 2, where P,,, m > 2, are the polynomials (4.3.18), with
the restriction R'(0) = —1. Moreover, {J(H) (t), t > 0} has stationary

o2,my,9,mz

increments, and it is (H,2H — 2)-dilatively stable.

Proof. By Lemma 4.5.3 the family of distributions on C[0,c0) corresponding to
the family (4.5.1) is relatively sequentially compact, so there exists a subsequence

2—2H
T,
£(Tn)

Lo (H,0) ®
Fn {JUQ,ml,ﬂ,mg (Tnt) —E JUQ,m1,19,m2 (Tnt)v t=> O} , neN,

such that the corresponding subsequence of distributions converges weakly to a
distribution on C[0,00). Let us denote the process corresponding to this limit

distribution by {J (H) (t), t > O}. This process has zero mean and joint

02 m1,9,mz
cumulants given by the right-hand side of (4.5.4). Note that parameter ¢ has

disappeared, so the notation J ﬁf}nl 9.1

process is unique, i.e. its distribution on C|0,00) is unique. In other words, we
have to prove that the joint cumulants of {J(H) (t), t > 0}, i.e. those

o2,m1,9,m2
given by the right-hand side of (4.5.4) and the zero mean uniquely determine
the finite-dimensional distributions. For this it is enough to show that for each
t > 0 the characteristic function of ngzn 9.m, (t) is analytic in some complex

» 1M1, V, N2

neighbourhood of zero. So we prove the latter fact. We have

t t 2H-2
/.../(kl(sg—sf) —I—...+7€m_1(8rn—8:n71)> ds
0 0

is right. We have to prove that this limit

1 1
_ 1

< gm+2H=2 // s*_g* 2H 2ds < ¢m+2H-2 m,

- (s3-51) s 2H — 1

0 0
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where the first inequality is the consequence of that all kj;s are at least 1. From
this, using Proposition 4.3.4, we obtain that

’ cumyy, (J(zznhﬁm2 ))’ = cum,, (J(2 T)nhﬂmz(t)>

—1

5l 1 mcumy, (X (t)),

where {X(t), t > 0} is the stationary CBI process given in the assumptions at
the beginning of Section 4.4. Hence

lim sup '
m— 00 m.: m— 00

(H)
m ’cumm<JU2,mM97m2(t))’ , m | lcum,, (X(0))]
< t limsup — 5 < >
m!

the last inequality follows from Lemma 4.4.2. Thus, we have shown that the

)

characteristic function of J (2 1. (t) is analytic in some complex neighbour-
hood of zero. Thus we have ﬁnished the proof of the theorem except for the last
sentence.

The LISCBI process has stationary increments, because processes on the
left-hand side of (4.5.6) are such.

(H7)’r7,1,19m2(t)7t > 0} € I (see Notation 2.1.1).

The non-Gaussianity is obvious, as well the infinite divisibility of the finite-
dimensional distributions and the right-continuity of the cumulant functions

Now we prove that {J

cumy, (Jé?%“ﬂ s (t))

1
=T(3—2H) ™ 2H~ 2/ / m) (85 —sT,...,80 —sp_1)ds, (4.5.8)
0

t > 0, m > 2. The right-continuity in distribution follows from the right-
continuity of the cumulant functions and from the fact that for any fixed ¢ > 0
the cumulants (4.5.8) and the zero mean uniquely determine the distribution

of JUI (t). Therefore {J( ) (t),t >0} € Z, so we can apply The-

o2,m1,9,mso 02,mq,9,mo

orem 2.2.7(DS), hence the (H,2H — 2)-dilative stability follows. O
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4.5.5 Remark. Let us consider the particular case when the basic stationary
CBI processes we superposed are non-negative OU type processes (see Remark
4.2.5 and Example 4.1.11). Then by Theorem 3.3.4 we have

cum (J““) (t1), ..., D (tm)>

o2,my,9,ma o2,my,9,mo

ty
m L(1 N
_cum,, (L(1)) _QH/ F st st — s 205 (4.5.9)
m
0

o\§

0 <ty,...,tm, m > 2. Since in this case polynomial P, is given by (4.3.29),
we have

or(Pr) (1, .., Tme1)

oo

= % O/ym ma(dy) ((m — Dz +(m—2)xg+ -+ xm_1>2H_2

cum,, (L(1 2H—2
:%((m—l)x1+(m—2)xz+---+wm1) ;
m > 2, from which we obtain that the right-hand side of (4.5.7) equals to the
right-hand side of (4.5.9)

4.5.6 Remark. The LISCBI process with parameter H (and (o2 my,9,m2))
is (H,2H —2)-dilatively stable, so it has the renormalization operator A(TH 2H-2)
(see Example 2.8.3(DS)). This explains, at least when limp_. o ¢(T") exists and

nonzero, the renormalization used in (4.5.6).

4.5.7 Remark. Theorem 4.5.4 can be interpreted as it details the fact that
the ISCBI process with parameters (H, /) and (02, my,9,mz) is asymptotically
(H,2H — 2)-dilatively stable (see Definition 2.2.9(DS)).

4.5.8 Remark. By the last statement of Theorem 4.5.4, Theorem 2.7.2 (DS),
and Corollary 2.7.3 (DS), the LISCBI process with parameter H has the same
autocovariance function as that of the FBM with parameter H (apart from a
constant factor), and it is of long memory.
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4.6 The LISDLG process

In this section we restate the more important results of the previous sections
particularly for the stationary DLG process (see Example 4.1.12 for the DLG
process) and the processes originating from it: (the IDLG), the SDLG, ISDLG
and the LISDLG processes (the DLG family). These are the most important
special cases of the stationary CBI process and its descendants, the SCBI, ISCBI
and the LISCBI processes (the CBI family) treated in the previous sections.
While the processes in the CBI family in general, are specified indirectly, by
some properties of the expressions for their joint cumulants, we will see that
the processes of the DLG family can be defined directly, by explicit expressions
for their joint cumulants. We will present also some new results stated only for
processes of the DLG family.

The following characterizations show the importance of the DLG process:

e Among the CBI processes the DLG process is the only diffusion process (or
the only a.s. continuous process; see (4.1.2)).

e Among the non-negative (or among the non-Gaussian) diffusion processes the
DLG process is the only process with linear infinitesimal generator see (4.1.2)).
e Among the non-negative (or among the non-Gaussian) diffusion processes the
DLG process is the only infinitely decomposable process (Shiga—Watanabe [32,
Thm. 1.2] essentially states the same).

We use the new name “DLG process”, because there is a lack of agreement
on terminology: in the literature the DLG process is called
e a Feller diffusion (by Proposition 4.1.10 and the above characterization, among
the non-negative [or non-Gaussian] Feller diffusions the DLG process is the only
infinitely decomposable process),
e a Cox—Ingersoll-Ross (CIR) process (after the authors of Cox et al. [5]),
e a square-root diffusion (by (4.1.11)),
e a population growth process (see Karlin—Taylor [20, 15.13.C])
e and a squared radial OU process, Proposition 4.6.3 explains why.

By Remark 4.2.2, Theorem 4.2.3 applies for the DLG process. Combining it
with (4.2.2) and (4.1.13), we obtain the following theorem:

4.6.1 Theorem. The DLG process given by the stochastic differential equation

dX(t) = (V4 aX(t)) dt + o/ X (t)dB(t),

has a stationary distribution, different from the trivial distribution concentrated
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to zero if and only if ¥ > 0 and o < 0. Then we have

—2x

2
¢(oo,u) = 2 log(l + 2 u) , u>0, (4.6.1)
o

hence the Laplace transform of the stationary distribution is

o? o2
go(u):(l—k_—zau) , u>0,

so, the stationary distribution of the DLG process is the T'(20/0?, 0% /(—2a))
distribution.

The next statement is a corollary of Lemma 4.2.7, (4.1.12) and (4.1.13).

4.6.2 Proposition. The stationary DLG process is infinitely decomposable
(i.e. its finite-dimensional distributions are such) and parameter ¥ > 0 plays
the role of a shape parameter. In other words, if ¢ > 0 and {X(t),t > 0} is
a stationary DLG process with parameter (o2, a,9), then the c-th convolution
power process {X(t),t > 0}®¢ is a stationary DLG process with parameter
(02, a, cdd).

Let {X(t), t > 0} be the stationary DLG process with parameter (02, a, ).
The cumulants of the one-dimensional distribution can be obtained directly from
(4.6.1):

L d” 20 [ o2
cum,p (X (1)) = (—1)*1 22 6(00,0) = (k= 1)! 5 <_2a

k
), keN, (4.6.2)
which are the cumulants of the I'(29/0?, 02/(—2a)) distribution. Concerning
the joint cumulants, however, the foregoing results do not help to find an explicit
expression for them. Hence, we will use a different method, namely, the squared
OU process representation of the DLG process. It will also explain why the DLG
process is called also a squared radial OU process.

4.6.3 Proposition. (Shreve [33, Ch. 31]) If d = 49/0? € N, then the (station-
ary) DLG process with parameter (02, «,1), is the squared radial part (i.e. the
square of the Euclidean norm) of a particular d-dimensional (stationary) OU
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process. Namely, if {Y;(t),t > 0}, i = 1,...,d, are independent (stationary)
OU processes satisfying the Langevin equations

dY;(t) = %n(t) dt + %de-(t),

where {B;(t),t >0}, i =1,2,...,d, are standard BMs, then
d
X(t) =) Y7(1), t>0, (4.6.3)
i=1

is a (stationary) DLG process with parameter (02, «,1), i.e. the solution of the
stochastic differential equation

dX(t) = (04 aX(t))dt + o/ X (t) dB(2), (4.6.4)
where {B(t), t > 0} is a standard BM.

Proof. By Itd’s formula we obtain for X (¢) in (4.6.3) that

d
dX(t) = (aX(t) +V)dt+ o Y Y;(t) dB;(t)

=1

d
= (aX (1) +9)dt + o /X () 3 \;f% dB;(t).

Since the independence of the given OU processes implies the independence of
the BMs, one can check that

B(t)£Z/ Yi(s) dB;(s)

i=1 X(s)

is a continuous square-integrable local martingale with quadratic variation ¢. So,
by Lévy’s theorem, it is a standard BM. Thus {X(¢), t > 0} is a weak solution
of (4.6.4), so it is a DLG process. If {Y;(t),t >0}, i =1,...,d, are stationary,
then so is {X(¢), t > 0}. O

4.6.4 Corollary. A (stationary) DLG process {X(t), t > 0} with parameter
(02, a, 9 =02%/4) can be represented as the square of a (stationary) OU process
given by the stochastic differential equation

Ay (1) = % Y () dt + % dB(t)

({B(t), t > 0} is a standard BM), i.e. X(t) =Y?(t), t > 0.
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4.6.5 Notation. For m > 2, t = (t1,...,tm), 0 < t1,...,tm, and permuta-
tions 7 = (i1, ... im—1) € Perm{2,3,...,m}, let

DT(D = |ti1 - t1| + }tiQ - t’il‘ +eeet |tim—1 - ti'rn—?‘ + |t1 - t’im—1| :
Moreover, let us denote the identity permutation by 7p. Accordingly, we have

D, (t) = ‘t2_t1| + }t:’,—tz‘ + ‘tm_tm—l‘ +|t1 —tm}-

4.6.6 Remark. The expression ZTEPerm{2,3,...,m} e2P-®) will play a key role
thereinafter. For m =2 and m =3 it is

§ e%DT(tl,tg) — ea(t;—ti)’ E e%Dq—(tl,tQ,tS) — 2€a(t§—t1‘)'
7€ Perm(2) 7 € Perm(2,3)

However, for m > 4 the matter is not so simple, e.g.

§ e2 Dr(titzitsts) — goo(ti—t1) | goa(ti—ti+tz—ts)

7 € Perm(2,3,4)

Returning to the method of obtaining the joint cumulants of the stationary
DLG process, we can see that Proposition 4.6.2 and Corollary 4.6.4 make it pos-
sible to reduce the problem to find the joint cumulants of the squared stationary
OU process. And for the joint cumulants of the latter process there does exist
an explicit expression. Hence, we obtain the following lemma.

4.6.7 Lemma. (Igléi-Terdik [16, Thm. 4]') Let {X(t), t > 0} be a stationary
DLG process with parameter (o2, a, ). Its joint cumulants are

v ifm=1,
—

v o2 \"! o
_< 2 ) >, eI ifm>2,
— — 20

7€ Perm(2,...,m)

cum(X(tl), e 7X(tm)) =

0<t1,...,tm. (4.6.5)

'In [16] a different parametrization is used, see [16, formulas (2.2) and (2.4)].
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Consequently, for the DLG process the right-hand side of (4.3.17) is

2 m—1
P (6571, eolin—tin ) = A ( . ) T etDe0,
— 2

—
7€ Perm(2,...,m)

0<t, .. tm, m>2. (4.6.6)

Proof. The case m = 1 follows from (4.6.2) with k£ = 1. Let m > 2 and let
{Y(t), t > 0} be the stationary OU process given by
e o

dy (t) = 5 Y(t)dt+ 5 dB(t) (4.6.7)
({B(t), t > 0} is a standard BM). Since {Y(¢),t > 0} is Gaussian with zero
mean, using Terdik [36, Example 10] (or, in fact [36, formula (2.9)], which is a
direct expression for the joint cumulants of multiple Wiener—It6 integrals) we
obtain

cum (Y3(t1),...,Y?(tn)) = cum (Ha (Y (t1)), ..., Ha(Y (tm)))

— gm-1 > Cov (Y (t1), Y (ti,)) Cov (Y (ti,), Y (ts,)) - -

2 m 2\™m
_ gm—1 O ) 5D —g-m-1 [ O $D,(t)
i 3 (_ 4@) 3D — 9 (_a) T BP0,

7€ Perm(2,...,m)

where Hy (Y (t)) = Y2(t) — EY?(t) is the second order Hermite polynomial of
the Gaussian random variable Y (¢). By Corollary 4.6.4 process {Y?2(t), t > 0}
is a stationary DLG process with parameter (02, o, 02/4). So, using Proposi-
tion 4.6.2, we obtain that

cum (X (t1), ..., X (tm)) = % cum (Y2(t1),...,Y?(tm))

4

v o2 \™! «D
—_ - 2 T(L).
(%) T ;

7€ Perm(2,...,m)
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Using the above method, we can also obtain the characteristic function of
the m-dimensional distribution of the stationary DLG process. The next lemma
deals with this, but first we define the multi-dimensional I" distribution.

4.6.8 Definition. Let m € N, ¢1,co,p > 0 and ¥ is an m X m matrix of the
form
= (cle_cz‘ti_t”)
ij=1,..m

where t1,...,%, € R. Then the m-dimensional I' distribution with parameter
(p, %) (briefly the I',,(p, %) distribution) is the distribution, the characteristic
function of which is

p(u) = I —iSU|™", weR™, (4.6.8)

where I = I« is the identity matrix, U = diag(uq,...,u,) and the vertical
lines denote the determinant.

That (4.6.8) is really a characteristic function, i.e. that the multi-dimensional
I' distribution is well-defined, is the consequence of the following lemma.

4.6.9 Lemma. (Igléi-Terdik [16, Prop. 7]) Let m € N, 0 < t; < ... < tp,
and {X(t),t > 0} be a stationary DLG process with parameter (0% a,1).
Then the distribution of the vector (X(t1),...,X(tn)) is the T',,(29/02,2%)
distribution, where

0'2 a
Y = Soxm = < ez'ti—tﬂ) : (4.6.9)
—da ij=1,...m

Proof. Let {Y(t), t > 0} be the stationary OU process given by (4.6.7). Then
the autocovariance matrix of ¥ = (Y (t1),...,Y(t)n)) is ¥ in (4.6.9). The
random matrix Y'Y is of the Wishart distribution, i.e. Y1Y ~ Wi (1,%), so,
its characteristic function is

oyry (V) = ‘I - 22’2V‘_5, V = V,uxm 1s symmetric.

Using this, the characteristic function of Y2 = (Y2(t1),...,Y?(t,,)), i.e. that
of the diagonal of YTV is

1
py2(u) = pyry (U) = [I —22U| 2, weR™
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Hence, by Proposition 4.6.2 we obtain

9

o2/4 . -2g m
P ), X ) (W) =0 0g (1) = 932 (w) = I - 20| -, uweR™,
which is the characteristic function of the T',,(29/02,2%) distribution O

4.6.10 Remark. For m = 1, Lemma 4.6.9 states that the one-dimensional
distribution of the stationary DLG process with parameter (02, a,9) is the
['(29/02, 0?/(—2a)) distribution, agreeing with the last statement of Theo-
rem 4.6.1.

Now, we enter upon the superposition of stationary DLG processes. The
matter of Section 4.4 necessarily applies also to the DLG case, with the simpli-
fication my = my = 0. Accordingly, we adopt the notation used there. The first
thing we have to discuss is the naming.

4.6.11 Definition. Process Y (t) = Z;’;lXj(t), t > 0, which exists by The-
orem 4.4.4, is called a superposition of DLG processes (SDLG process) (with
parameters (H,¢) and (02,9)).

Using Lemma 4.6.7 with the replacements « := —1 and t := §t, we obtain
the statement of Lemma 4.4.6 particularly for the SDLG process. But first we
have to introduce a notation for the symmetrization operator.

4.6.12 Notation. The symmetrization operator, defined on multivariate func-
tions, will be denoted by sym, i.e.

o1
sytm f(é) = % Z f(til,...,tim),
= (i1,.-s8m ) EPerm(1,2,...,m)

t:(tl,...,tm), m € N.

4.6.13 Lemma. The mean of the SDLG process {Y (t), t > 0} is EY (t) =,
t > 0, and the joint cumulants are

cum (Y(t1), ..., Y (tp)) =290 % (m — 1) sytm (E e~ 92D @)) ,

0<t1,...,tm, m >2 (see Notation 4.6.5 for D, (t)).
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Assumption SPLM. (superpositional law moment) Let the superposition
law given by Assumption SPL at page 57, have also finite (1 + ¢)-th moment,
i.e.

[e.]
Eglte = ij d}+€ < oo for some € > 0.
i=1

The following theorem states that under Assumption SPLM there holds a
functional limit theorem for the convergence to the SDLG process. It is new in
the sense that there is nothing in Section 4.4 corresponding to it.

4.6.14 Theorem. Under Assumption SPLM, the sequence of distribu-
tions on C[0,00) of finite superpositions of stationary DLG processes,
{Zjn:lX ;(t), t>0}, converges weakly to the distribution of the SDLG process
{Y(t), t > 0} with parameters (H,/) and (c2,9), i.e.

{zn:Xj(t), t> 0} n%}g {Y(t), t>0} on C[0,00). (4.6.10)

Proof. The convergence of the finite-dimensional distributions follows from
Theorem 4.4.4. Furthermore, for each j € N, the parameter of DLG process
{X;(t), t >0} is (djo?, —dj, p;d;¥), so, it follows from Theorem 4.6.9 that the
characteristic function of X,(¢) — X;(0) is

Px;(t)-x;(0) (W) = P(x;(1),x;(0)) (u, —u)

2pj19

~
|
-~
IS
1\3| Q,
VN
ml
w‘Q& =
-
('b‘
= “‘:L
~
~_—
VRS
o =
=)
—_
~_—
|
q
)|

- -
= (1 + u2z (1- e—djt))

Calculating the moments from the characteristic function by differentiation:

E(X;(1) - X,(0)” = pj0o? (1 — e ¥?),

E(Xj(t) — Xj(()))4 _ gpj1904 (2;03‘19 + 02) (1 B e_djt>2,



120 CHAPTER 4. THE LISCBI PROCESS

Hence, using also the independence of the processes, we obtain that

Jj=1 j=1k=1
i#k

n n 2
j=1 j=1

— ¢ E 641 4 oy (E6)°12,

with some numbers ci,co > 0. Let T > 0 be arbitrary. There exists a number
c3 > 0 (depending on T'), such that

CESTE T 4 (E6)% 2 < egt'TS, 0<t<T.

From the above inequalities we obtain that

n

n 4
E(Z&(t)-Z)g(())) < egttte, 0<t<T,
j=1

Jj=1

and, since processes {Zjn:lX (), t> 0}, n € N, have stationary increments,
Kolmogorov’s moment condition for tightness on C[0,7] is fulfilled. Thus, we
have

{ixj(t), 0<t< T} nﬁo {Y(),0<¢<T} on C[0,T],

and, since 7' > 0 was chosen arbitrarily, (4.6.10) results, too. O

Now we continue with the integral processes. Definition 4.4.10 particularly
in the SDLG case reads as follows:

4.6.15 Definition. Let {Y(¢), ¢ > 0} be an SDLG process with parameters
(H,¢) and (02,4). Then process

t
T ) i/Y(s) ds, t>0, (4.6.11)
0
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is called an ISDLG (integrated SDLG) process (with parameters (H,/¢) and
(02,9)).

4.6.16 Remark. The ISDLG process has stationary increments, since the
SDLG process is stationary.

Merging Theorem 4.4.15 and Theorem 4.4.12 into a single one and stating it
for the DLG family we obtain the next theorem.

4.6.17 Theorem. The sequence of finite superpositions of integrated station-
ary DLG processes, { S =1 fo s)ds, t > 0} converges pointwise, both in L>
and almost surely to the ISDLG process ie., for each t > 0, it holds that

n—oo

Z/X )ds — J(He)(t) in L? and a.s.. (4.6.12)
There also holds the weak convergence of the distributions on C[0, 00):

Z/X Jds, t= 00 5 {J(’”’() tZO} on C[0,00).  (4.6.13)

4.6.18 Remark. By Theorem 4.6.17 the ISDLG process could also be named
a SIDLG process.

Now comes the main theorem of this section, the particular case of Theorem
4.5.4, stated for the ISDLG— LISDLG case. It includes the definition of the
LISDLG process.

4.6.19 Theorem. The family of distributions of the renormalized centered IS-
DLG processes

72—2H
«(T)

1 Hl H0 ®
= {8 @ — ) (), 1= 0} . T >0,
converges weakly on C[0,00) to a limit distribution. We will denote the process
with this distribution by Jig%(t) and call it the LISDLG process (limit of
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[renormalized centered] ISDLG processes) with parameters H and (o2,1):
1 T2—2H

H,l H,l Ty
=)@y —e s @, 1= 0}

v, {Jé%(t),tzo} on C[0,00). (4.6.14)

T—o00

The distribution on C0,00), of the LISDLG process with parameters H and
(02,19) is uniquely determined by its zero mean and its joint cumulants, which
are:

cum (J32)(00), s TS (k) )
1 tm
3—2H—m 2m—2 2H-2
=2 ['(3—-2H)Yo (m — 1)! sym ---/(DTO (s)) ds,
. 0 0
(4.6.15)

0<ty,...,tym, m > 2. Moreover, {J(SS’L (t), t > O} has stationary increments
and it is (H,2H — 2)-dilatively stable.

We note that the right-hand side of (4.6.15) was obtained from that of (4.5.7)
using Notation 4.5.1 and (4.6.6).

For the LISDLG process as a particular LISCBI process, the statement of
Remark 4.5.8 reads as follows:

4.6.20 Remark. The LISLG process with parameter H has the same autoco-
variance function as that of the FBM with parameter H (apart from a constant
factor), and it is of long memory.



Chapter 5

Cox processes and dilative
stability

According to Grandell [13, Thm. 4.2.2], if a self-similar renormalization func-
tional limit theorem holds for the intensity process of a Cox process, then a
similar self-similar renormalization functional limit theorem holds also for the
Cox process itself. In this chapter we will present the analogous statement for
dilatively stable renormalization functional limit theorems. As an application
we will obtain a renormalization functional limit theorem for the superposition
of death counting (SDC) processes of stationary birth and death processes with
immigration, with a LISDLG limit process.

5.1 Renormalization functional limit theorems
for Cox processes

Before coming to the subject of this section, we fix some notations and termi-
nology.

5.1.1 Notation. {Dg[0,00) = {f € D[0,00) : f(0) =0, f is non-decreasig}

5.1.2 Notation. C[0,00) = {f € C[0,00) : f is non-negative}, CF[0,00) =
{f € C*[0,00) : f has compact support}.

123
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Because of the one-to-one correspondence between the elements of Dg[0, c0)
and Radon measures on [0, 00), we can identify them. So, there are two topolo-
gies on Dy[0, 00): the subspace Skorokhod topology and the vague topology, i.e.
the topology corresponding to the following concept of convergence. A sequence
F, :N — Dg|0,00) is said to converge to F' € Dg|0,00), if for all f € CF0,0),

oo

lim [ f(t)dF,(t) = / F(t)dF(2).
0

n—oo

0

The two Borel o-algebras on D0, 00), one arising from the subspace Skorokhod
topology and the other arising from the vague topology are the same and both
coincide with the cylinder o-algebra on Dy[0,00). Therefore, stochastic pro-
cesses with sample paths in Dg[0, 00) are automatically random elements with
values in the measurable space Dg[0,00). So, they are called random measures.
On the other hand, the subspace Skorokhod topology and the vague topology
on Dg[0,00) are different. Namely, the subspace Skorokhod topology is the finer
one (see Grandell [13, Sec. 1.3]).

5.1.3 Notation. {N(t),t > 0} denotes the standard Poisson process.

5.1.4 Definition. (Grandell [13, Sec. 1.3]) If {Y'(¢), t > 0} is a random mea-
sure, independent of {N(¢), ¢ > 0}, then process

{NaY(t),t >0} = {N(Y(t),t>0}

(which is also a random measure), is called a Cox process with intensity process
{Y(t), t = 0}.

5.1.5 Definition. (Grandell [13, Def. A1.1]) The functional

Ly(f) = Eexp [ - / fWaY () |, fecro, o),
0

is called the Laplace functional of random measure {Y(¢), ¢ > 0} (or, of its
distribution on Dy|0, 00)).

5.1.6 Remark. The distribution of a random measure is uniquely determined
by its Laplace functional (see Grandell [13, Thm. A1.3]).
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5.1.7 Example. The Laplace functional of the standard Poisson process:

o0

Ly(f) = exp —/(1—e—f<t>)dt . feCro,00).
0

The Laplace functional of the Cox process with intensity process {Y(¢), t>0}:
Lvay(f)=Ly (L—e ), feCS[0,00). (5.1.1)

5.1.8 Remark. By Remark 5.1.6 and (5.1.1), the distribution on Dg[0, 00) of
a random measure {Y(¢), ¢ > 0} and of the Cox process {N<Y(t),t > 0}
mutually determine each other.

5.1.9 Remark. By Remark 5.1.6 and (5.1.1), if a random measure {Y(t), ¢t > 0}
is infinitely divisible, then the Cox process {N <Y (¢), t > 0} is such as well.

The reason for the following definition is that the weak convergence of dis-
tributions on some topological space depends also on the topology of the space.

5.1.10 Definition. We say that a sequence {Y,(t), ¢t > 0}, n € N, of random
measures converges to a random measure {Y(¢), t > 0} in the weak vague sense
(in the weak [Skorokhod] sense) and use the notation =% ( W—SO>O ), if for all

n—

bounded functionals f : Dy[0,00) — R, which are continuous with respect to
the vague topology (with respect to the Skorokhod topology, resp.) of Dg[0, 00),
the convergence lim,,_.o E f({Y,,(t), t > 0}) = E f({Y(¢), £ > 0}) holds.

5.1.11 Remark. Since the subspace Skorokhod topology on Dg[0, c0) is finer
than the vague topology, the weak convergence of a sequence of random measures
implies the weak vague convergence, but not conversely, in general. However, in
the case of simple point processes the weak vague convergence does imply the
weak convergence, according to Daley—Vere-Jones [6, Thm. 9.1.VI], along with
Jacod—Shiryaev [18, Thm. VI.3.37 (b)].

5.1.12 Remark. By Grandell [13, Thm. A1.6], the weak vague convergence
{v,(t),t >0} =5 {Y(t),t>0} on Dy[0,00),

is equivalent with the pointwise convergence of the corresponding Laplace func-
tionals:

n—oo
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The subject of this section is a dilatively stable renormalization functional
limit theorem stating the weak convergence on D[0,00) of certain renormalized
Cox processes (i.e. the weak convergence of their distributions on D[0, c0)).
Therefore, we have to explain what we mean by dilatively stable renormaliza-
tion of a Cox process. The difficulty is that nothing ensures that the dilatively
stable renormalization operator Ag,?‘ T T (see Definition 2.8.1 (DS))
carries cadlag processes into cadlag processes. The reason is that the operation
+ : D[0,00) x D[0,00) — D|0,00) is not continuous, there is no continuous
convolution semigroup in the set of distributions on D[0,00) and thus, the c-th
convolution power operation is not defined for every ¢ > 0. Fortunately, we are
actually interested only in convolution powers of Cox processes and of their in-
tensity processes and these processes are also random measures on [0, 00). And
an infinitely divisible random measure {Y'(¢), ¢ > 0} (on [0,00)) does induce
a convolution semigroup, which is continuous in the vague topology (and even
a Lévy-Khintchine type representation holds, see Daley—Vere-Jones [6, Prop.
9.2.VII]), hence the c-th convolution power {Y (t), t > 0}®¢ is well-defined for
any ¢ > 0, and thus, {Y'(¢), t > 0}®¢ is a cadlag process as well. So, by Remark
5.1.9 and (5.1.1), for any ¢ > 0 we have

[NaY(t),t>0}" ~ {NaY®(t), t >0}, on D[0,00). (5.1.2)

The convolution powers of translations of random measures and even of certain
linear transforms of them can also be naturally defined as follows:

5.1.13 Definition. For any constants ¢ > 0, b # 0, function a € DI0, )
and infinitely divisible random measure {Y(t), ¢ > 0} let us define the c-th
convolution power of the linearly transformed random measure by

{(M)C@C’ > 0} _ {M7 . 0}@0

= {%Y@@C(t) - ga(t), t> 0}

C

O

{a(t), t > 0}. (5.1.3)

It is clear that (5.1.3) is a cadlag process.
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Coming to the point, it follows from Theorem 2.2.7 (SS) that if there exist
functions a : [0,00) — R, f:(0,00) — (0,00) and process {X(¢), t > 0} € S,

such that — -
—a fd
{ jay 0} s (X0 120}, (5.1.4)

then there exists an « > 0 such that f is regularly varying of order « (briefly
a-varying) and {X(t),t > 0} is a-self-similar. Analogously, it follows from
Theorem 2.2.7 (DS) that if {Y'(t),t > 0} is a process with finite moments
of all orders and there exist functions a : [0,00) — R, f : (0,00) — (0, 00),
g:(0,00) — (0,00) and a process {X(t),t > 0} € Z, such that

® 5T
{ f?é‘j;) (Y(Tt) — a(Tt)), t > 0} - Tfjd;o {(X(t), t >0},

then, under some natural moment conditions, there exists a > 0, § < 2aq,
such that f is a-varying, g is d-varying and {X(¢), ¢ > 0} is («,d)-dilatively
stable. This is the motivation for the notions of self-similar and dilatively stable
renormalization functional limit theorems.

5.1.14 Definition. (SS) If {Y(¢), t > 0} is a cadlag process, then we say that
a self-similar renormalization functional limit theorem holds for {Y (t), t > 0},
if there exists a cadlag function a, a number a > 0, an a-varying function
f:(0,00) — (0,00) and an a-self-similar cadlag process {X(t), t > 0}, such
that

Y (Tt) — a(Tt) w
{ ) Jt> 0} 2 {X(t),t>0} on D|0,o00). (5.1.5)
(DS) If {Y(¢), t > 0} is an infinitely divisible random measure, then we
say that a dilatively stable renormalization functional limit theorem holds for
{Y (t), t > 0}, if there exists a cadlag function a, numbers a > 0, § < 2a, an a-
varying function f : (0,00) — (0,00), a d-varying function g : (0,00) — (0, 00),
for which lim;—.o (f(t)/\/9(t)) = oo and an (a,d)-dilatively stable cadlag
process {X(t), t > 0}, such that

1
9(T)

&®
{ g(T) (Y(Tt) _ a(Tt)), t> 0} -, {X(t)7 t> O} on DJ[0, 00).

HT) T—o0
(5.1.6)
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Observe that (5.1.4) and (5.1.6) allow an additive renormalization function
a. This function was not included in the renormalization used in Chapter 2.
Indeed, such an additive renormalization was unnecessary, because we could
consider directly the process {Y(t) —a(t), t> 0} instead of {Y(¢), t>0}. How-
ever, it was essential in Chapter 3 and 4 and it is essential in this chapter, too,
since process {Y(t), t>0} is the intensity process of a Cox process, therefore
necessarily non-negative. Namely, the (SS) part (resp. the (DS) part) of the fol-
lowing theorem states that, if {Y(¢), ¢ >0} is the intensity process of a Cox pro-
cess and the self-similar (resp. dilatively stable) renormalization functional limit
theorem (5.1.4) (resp. (5.1.6)) holds for {Y(¢), t >0} with a € Dy[0,00), then
a self-similar (resp. dilatively stable) renormalization functional limit theorem
holds also for the Cox process itself, with an additional term in the limit process.

5.1.15 Theorem. (SS) (Grandell [13, Thm. 4.2.2]) Let {Y(t),t > 0} be a
random measure for which the self-similar renormalization functional limit the-
orem (5.1.4) holds, where a € Dg0,00). If there exists the limit

I a(T)

i 72(T) =k € [0,00),

then for the Cox process {N <Y (t), t > 0} the following self-similar renormal-
ization functional limit theorem holds:

N <Y (Tt) — a(Tt) v, i N N
{ f(T) ’tEO}Tﬁm{X@%+B(t ). t>=0} on D[0,00),

where {B(t), t >0} is a standard Brownian motion, independent of {X(t), t > 0}.

(DS) Let {Y(t), t > 0} be an infinitely divisible random measure for which the
dilatively stable renormalization functional limit theorem (5.1.6) holds, where
a € Dy|0,00). If there exists the limit

lim o(T)
% T2(T)

then for the Cox process {N <Y (t), t > 0} the following dilatively stable renor-
malization functional limit theorem holds:

=k € [0,00),

{ f%? (NaY(Tt) ~ a(Tt)), t > 0}®gm — {X(t)+ B(kt*™), t > 0}

on D|[0,00), (5.1.7)
where {B(t), t >0} is a standard Brownian motion, independent of {X(t), t > 0}.
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Proof. We adapt the idea of the proof of Grandell [13, Thm. 4.2.2]. Let us
introduce the notations

No(t) = N(t) —t,  No(t) = Nﬁ?,
- g(T) _ ®ﬁ =
Yr(t) = T (Y/(T't) — a(T1)) : U(t)= N<aY(t),
t >0, T >0. Using (5.1.2) we have
fﬁ(TT)) (U(Tt) — a(Tt))® 7
_ V() ® s oy 0(T)
= pmy NV =
9(T) ® B a(T't)
~ Ty NI S e e
V(1) ® =ty ® =ty a1y
=Yty (Mo(rem o) v ety () /o)
V(1) ® -t 9(T) ® _a(Tt)
= Yy Moy )+ Y (Y (T g<T>)
_ V9(T) J(T) a(Tt)
=) N0< g(TYT(t)+ g(T)>+YT(t)
= N, e (Z2(0) + Vi), (518)

where ~ means the equivalence in distribution on D[0,00) and

- V(1) a(T't)
Zp(t) = T Yo (t) + 7T) (5.1.9)
We know that
{Yr(t), t >0} = {X(t), t>0} on D[0,0c0) (5.1.10)

T—o00
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and since limy_.o (f(T)/\/9(T)) = 0o (because of the dilatively stable renor-
malization functional limit theorem (5.1.6)), we have

9(T) P .
{ F(T) Yr(t), t > 0} T:;O in DI[0,00).

Since function f? is 2a-varying,

a(Tt) _ a(Tt) fX(Tt) 2o
P(T) ~ (Tt fAT) 17— ™ (5.1.11)

pointwise for all ¢t € [0,00). Since f2(t) = t>*L(t) with some slowly
varying function L, by Bingham et al. [3, Thm. 1.2.1], the convergence
Jim (f3(Tt)/f*(T)) = t** is uniform on each closed subinterval [e,c] of

(0,00). Also the convergence Tlim (a(Tt)/f*(Tt)) = & is uniform on each such

interval [e, ¢, therefore (5.1.11) holds uniformly on each closed subinterval e, ]
of (0,00). Since function a is non-decreasing and a(0) = 0 (this is where the
assumption a € Dy[0,00) is exploited), both the left-hand side and the limit in
(5.1.11) are small enough on intervals [0,¢] small enough. Thus, (5.1.11) holds
uniformly on closed intervals with zero left endpoints as well, therefore it holds
uniformly on each closed nonnegative interval, and this means that (5.1.11) holds
in D[0,00). Note also that function xt>® is in C]0,c0), which is a subspace in
DJ0,00) and the addition operation + : D[0, 00) x D[0,00) — D[0,00) (though
it is not continuous on its whole domain) is continuous on D]0,00) x C[0, 00)
(see Grandell [13, Lemma 4.2.2]). Therefore we have

{Zp(t), t >0} == {kt**,t>0} in D[0,00). (5.1.12)

T—o0

From (5.1.10) and (5.1.12), using Billingsley [2, Thm. 4.4] we obtain
({YT(t), t>0}, {Zr(t), t > 0}) I ({X(t), t>0}, {kt** t> 0})
on D[0,00) x D[0,00). (5.1.13)
Since limy_.oo (f(T)//9(T)) = oo, it follows that

{N 2o (1), tZO} , {B(),t>0} on D[0,c0) (5.1.14)

O’ g(T) T—o0
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(see Grandell [13, Lemma 4.2.3]). Since for each T > 0 the processes on the
left-hand sides of (5.1.13) and (5.1.14) are independent, it follows by Billingsley
2, Thm. 3.2], that

({NQ e (1), £ > 0} CAVe(), t >0}, {Ze(t), t > 0})

g(T)

=5 ({B@), t= 0}, {X(0), 120}, {t*, 1> 0})

T—o0

on D[0,00) x D[0,00) x D[0,00). (5.1.15)

From Grandell [13, Lemma 4.2.2] it follows that

({N, 2 (Zr(0), t= 0}, {¥r(t). > 0})

> g(T)

is a process with sample paths in D[0,00) x D[0,00). Moreover, {B(t), t > 0}
is a process with sample paths in C[0,00) and {kt2*, t > 0} € Dy[0,00), so

({NO s2er) (21 (1)), tZO}, {Yr(®), t20}>

> g(T)

5 ({B(st*), 120}, {X(1), t=0}) on D[0,00) x D[0,0c). (5.1.16)

T—oo

Since {B(kt2®), t > 0} is a process with sample paths in C[0,00), (5.1.16) and
Grandell [13, Lemma 4.2.2] imply that

{N 2o (Z7(1)) + Yoo 8), tZO} % {B(k*) + X (), t >0} on D[0,00).

0, g(T) T—o0

Considering (5.1.8), the last convergence is just the statement we had to prove.
Finally, {B(t), t > 0} and {X(t), ¢ > 0} are independent because of (5.1.15)
and the independence of {N(), £2(1)/g(T) (1), t > 0} and {Yr(t), t > 0}. O

5.1.16 Example. Let a >0, § < 2« and {X(¢), t > 0} be an («a,d)-dilatively
stable random measure. (There exists such a process, e.g. if {L(t), ¢t > 0} is a
non-negative Lévy process with all moments finite, then the process defined
by X(t) = t*=°2L(t%), t > 0, X(0) = 0, will do, see Example 2.1.6 (DS).)
Moreover, let £k > 0, a : [0,00) — [0,00) a function in Dgy[0,00) for which
lim¢ oo (a(t)/t**) = k, and let Y(¢) = X(t) + a(t). Then {Y(¢),t > 0} is
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a random measure and {U(t),t > 0} = {N<Y(¢),t > 0} is a Cox process.
Moreover, process {Y(t), t > 0} is infinitely divisible and

®T~°
{T""‘ (Y/(Tt) — a(Tt)), t > 0} ~ {X(t), t >0},
hence the weak convergence

—é

5 ®T
{Ta—a (Y/(Tt) — a(Tt)), t > 0} {X(t),t>0} on D|0,o0),

T—>oo

trivially holds. Therefore Theorem 5.1.15 (DS) implies

{Tg—a(U(Tt)—a(Tt)), t> 0}®T§ v, {X(t)+B(r<;t2“), t> o} on D0, 00),

T—o00

where the Brownian motion {B(¢), t > 0} is independent of {X(¢), ¢ > 0}.

The next example is less trivial.

5.1.17 Example. Let {J(H ) ,t> 0} be the ISDLG process,
(U(t),t>0} = {N<J§§{;§>(t), t> o} (5.1.17)

and let us consider the functional limit Theorem 5. 1 15 ( The norming

)
functions in it: a(t) = 9¢, g(t) = t2H724(t) and f(¢) \/ )t = L) tT,

t > 0, and the limit process is the LISDLG process {JO,2 o(1 2 } Hence

B a(T) VT
"= Ry T A e

and by Theorem 5.1.15 (DS), we obtain that
T2—2H
1 [
{T(U(Tt) —Tt9), t > 0} rd {Ja2 @), t > o} on D[0, ).
(5.1.18)

In the next section we will show that Cox process (5.1.17) is, in fact, a
superposition of certain well-known stochastic processes.
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5.2 The SDC process

In Section 3.2 and 4.4, the superposition of OU type processes, resp. of CBI pro-
cesses, was considered. Now, we study a further such construction. The processes
we superpose in this section are the death counting (DC) processes of station-
ary birth and death processes with immigration. We show that the superposition
process we obtain (the SDC process), is just Cox process (5.1.17).

Let us denote by {M(t), t > 0} the birth and death process with immigra-
tion (IBD process) with parameter (v, A\, 1), where v >0, A >0 and p > 0 are
the rate of immigration, birth and death, respectively. That is, {M(t), t > 0}
is a continuous-time homogeneous Markov chain with state space {0,1,2,...}
and infinitesimal transition probabilities

(nA+v)h +o(h) if m=1,
nuh + o(h) if m=-1,
(M(t+h) = n+m|M(t) = n) 1= (A +v+nwh+o(h) if m=0,
O(h) if |m|>1.

We assume that A < g and {M(¢), t > 0} is stationary.

5.2.1 Definition. Let {M(t), t > 0} be a stationary IBD process with param-
eter (v, A\, ). The process that counts the deaths in {M (¢), t > 0} during the
interval [0,¢] is called a death counting (DC) process with parameter (v, \, )
and it is denoted by {D(t), t > 0}.

5.2.2 Definition. Let {X(¢),t > 0} be a stationary DLG process with pa-
rameter (02 a,9). Then process

Y(t)i/X(s)ds, £>0, (5.2.1)
0

is called an IDLG (integrated DLG) process (with parameter (02 «,)).

The key to the results of this section is mostly the one-to-one relationship
between the IDLG processes and the DC processes, given in Wei et al. [38] and
in Clifford-Wei [4]: the DC processes are Cox processes with IDLG intensity
processes. The exact correspondence is the following:
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5.2.3 Lemma. (Weiet al. [38, Thm. 1]) Let {Y(t), t > 0} be an IDLG process
with parameter (02 «,9) and {D(t),t > 0} a DC process with parameter
(v, A\, ), where the correspondence between the parameters is:

V=vp, a=\—p, o>=2\, (5.2.2)

or, equivalently,

20 vVaZ 4202+« Va? +20? —«

Vo i27—a’ 2 2
Then

{D(t), t >0} ~ {N<aY(t),t >0} on Dy[0,00),
i.e. the two processes have the same distributions on Dg[0, 00).
5.2.4 Corollary. Using the notations of Lemma 5.2.3, since for every ¢ > 0,

{Y(t), t > 0}®¢ is an IDLG process with parameter (02, a, ), by Lemma 5.2.3
and (5.1.2) we obtain for every ¢ > 0 that

(D), > 01 ~ {NaY (1), t >0} ~ {N<1Y®C(t), t > o} on Dy[0, 0).

By Remark 5.1.8 the following definition is well-founded.

5.2.5 Definition. For a Cox process {N<Y(t),t > 0} and for any ¢ > 0,
Cox process {N<cY(t),t > 0} (more precisely, its distribution) is called a
c-thickening of {N <Y (t)), t > 0}. Accordingly, the transform

T.N<Y)=T.({NaY(t),t>0}) = {N<acY (1), t >0} = N<cY,

defined on the set of distributions of Cox processes is called a c-thickening trans-
form.

5.2.6 Remark. The c-thickening transform is, in fact, a c-thinning if ¢ < 1 and
a c-thickening if ¢ > 1. For ¢ < 1 transform 7. is also called a c-rarefaction,
defined for all point processes, while for ¢ > 1, T, = Tl_/c is defined for Cox

processes only (see Gnedenko-Korolev [12, p. 219]).

Now we are ready to superpose DC processes. That is, we take the sum of
independent processes. Each term of the sum, i.e. each process (or more precisely,
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its distribution) will be some transform of a basic DC process (and, in fact, will
itself be a DC process). Each transform will be of the form

{D(t), t >0} — {T%D(djt), t> 0}®pj‘

Each dilational (and also thinning) costant d; will occur with probability p;,
so p;j, j € N, will be a distribution on the discrete set {d; : j € N}. That is,
the time dilation (and the thinning, too) will be a discrete random variable §.
Moreover, the left tail behaviour of the distribution of ¢ is given in Assumption
SPL on page 57.

Now we detail the assumptions concerning the DC processes, which we will
superpose.

e Let {D(t), t >0} be a DC process with parameter (v, A, u =X+ 1). Let

(D). 120} = {1y D). 120} jen

e Let processes {D;(t),t >0}, j € N, be independent.

Hereafter we consider the above two assumptions to be fulfilled.

5.2.7 Proposition. For each j € N, {D,(t),t > 0} is a DC process with
parameter (vj, Aj, p;), where

gj +1
2 )

g; —1
2 9

2p;v(A+1)

and g; = \/1+4X(A+1)/d; .

Proof. By Lemma 5.2.3, D(t) = N<Y(t), t > 0, where {Y(t), t > 0} is
an IDLG process with parameter (02 = 2A(A + 1), a = —1,9 = v(\ + 1)).
Therefore, processes {Tl/de(t), t> 0}, j € N, are well-defined. Moreover, for
each 7 € N, we have

®p; ®p;
{T%D(djt), t> o} N {N<1 Ly (d;t), t > o} ~ {N<1 LY®Pi(dt), ¢ > 0} ,

the second relation follows from Corollary 5.2.4. Since {%Y@”’j (d;t), t > 0} is

an IDLG process with parameter (2d;A(A + 1), —d;, p;jdjv(A+ 1)), we obtain
that {D;(t), t > 0} is a DC process with the parameter given by (5.2.4). O
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The following theorem is the main result in this section. It is the analogue
of Theorem 4.6.17.

5.2.8 Theorem. {ZleDj (t), t > O}, the sequence of finite superpositions of

DC processes converges pointwise, both in L? and almost surely to a counting
process {U(t), t > 0}, i.e., for each t > 0, it holds that

ZD U(t) in L? and a.s.. (5.2.5)

n—oo

There also holds the weak convergence of the distributions on D]0, c0):
{ZDN), t> 0} % {U(#),t>0} on D[0,00). (5.2.6)

Moreover, {U(t), t > 0} is a Cox process with an ISDLG intensity process
(H,0)
{J2>\(>\+1), (,\+1)(t)a t >0}, ie

NG
U@, 20} = {NaIS 0 Lo () £ 20} (5.2.7)

Proof. It follows from Proposition 5.2.7 and Lemma 5.2.3 that for each j € N,
{D;(t),t>0} ~{NaY;(t),t >0} on Dyl0,c0), (5.2.8)

where {Yj(t),t > 0} is an IDLG process with parameter (2d;A(X + 1), —d;,
pjd;v(A+1)). Hence, using also Lemma 4.6.7, we have

ED,(t) = EY;(t) = tpv(A+ 1),

¢
D?D,(t) = D?Y;(t) + EY;(t /pjl/)\ (A + 1) dsydsy + EY;(t)
0

=piv(A+ Dt(tAA +1) +1).

Thus, for each ¢ > 0, the series ), D;(t) converges in L? and by Kolmogorov’s
two series theorem, a.s. as well. Let us denote the limit process by {U(t), t > 0}.

Let us choose the intensity IDLG processess {Y;(t),t > 0}, j € N, to be
independent. Then, by (5.2.8) and (5.1.1), we have

{iDj(t), tZO} ~ {NQin(t), tzo} on Dy[0, 00),
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and by (4.6.13) and Remark 5.1.11, the weak vague convergence

- WV H.,l
{ Y Yi(s), t > o} LI e () £= 0} on Dol0, 00)
j=1

n—oo

also holds. Hence we can apply Grandell [13, Thm. 1.5.2] (which states that
on Dy[0,00) the weak vague convergence of a sequence of Cox processes is
equivalent to the weak vague convergence of the sequence of the corresponding
intensity processes) to obtain that

{ZDj(t), tZO} o, {N«JQ(A(A)H) s (0 tZO} on Dy[0, ).
=1

n—oo

(5.2.9)

Intensity processes {Zj Y(s),t>0}, neN, and {‘]2f(§+1) I/()\—I—l)( t>0}
are a.s. continuous, and so, by Grandell [13, Thm. 1.5.3], Cox processes in (5.2.9)
are simple point processes. Thus, by Daley—Vere-Jones [6, Thm. 9.1.VI] along
with Jacod—Shiryaev [18, Thm. VI.3.37 (b)], the weak vague convergence in
(5.2.9) implies, through the convergence of the finite-dimensional distributions,
the weak convergence on Dg[0,00) and so, on D|0,00). That is, we have ob-

tained (5.2.6) and (5.2.7). O

5.2.9 Definition. The limit process {U(t), ¢ > 0} in Theorem 5.2.8 is called
a superposition of DC processes (SDC process) (with parameter (H,¢) and

(v, A)).

5.2.10 Remark. The name “superposition of DC processes” is correct, as the
superposed processes {D;(t), t > 0}, j € N, are DC processes, by Proposition
5.2.7.

Finally, we restate, using the terminology of Definition 5.2.9 and after the
fashion of Theorem 3.3.4, 4.5.4 and 4.6.19, the dilatively stable renormalization
functional limit theorem (5.1.18) of Example 5.1.17:

5.2.11 Theorem. The family of distributions of the renormalized centered ver-
sions of an SDC process {U(t),t > 0} with parameters (H,¢) and (v, \),
converges weakly on DI[0,00) to the LISDLG process with parameters H and
2AA+1), v(A+1)):

T2—2H

1 OTT  w (H)
T{U(Tt)—EU(Tt), tz()} v, {JMM),V(HD@), tz()} on D[0, 00).

T—o0






Summary

In the dissertation we define and study a scaling property of stochastic processes
which we call dilative stability. For those processes for which both properties are
defined, dilative stability is a generalization of the well-known self-similarity.

Chapter 2 draws a parallel between self-similarity and dilative stability.
Chapters 3 and 4 deal with the superposition of stationary Ornstein—Uhlenbeck
(OU) type processes and the superposition of stationary continuous state
branching processes with immigration (CBI processes), respectively and with
the dilatively stable renormalization functional limit theorems giving the so-
called LISOU and LISCBI (particularly LISDLG) limit processes, respectively.
In Chapter 5 we present a dilatively stable renormalization functional limit the-
orem for Cox processes.

Let Z denote the set of non-Gaussian, infinitely divisible stochastic processes
starting from zero and having right-continuous cumulant functions of all orders.
Let functions f, g : (0,00) — (0,00). We call a process {X(t),t>0}€Z (f,g)-
dilatively stable if

YT >0:X(Tt) R ST yea) (t).
9(T)

In Chapter 2 we present the dilatively stable analogues of the famous self-
similarity theorems of Lamperti [22] and we show that many other results can be
transferred from the self-similar to the dilatively stable case. Our most important
theorem in this context is that if a process {X(t),t>0} is (f,g)-dilatively
stable, then there exists a unique («,d) such that a>0, 6 <2a (which we
call an admissible (c,d)) and f(t)=t%, g(t)=t°. Therefore “(t*,t%)-dilative
stability” can be called simply “(«, d)-dilative stability”. By our next result the
processes in Z which are the limit processes in renormalization limit theorems,
are exactly the dilatively stable processes. That is, if {X(¢),t > 0} € 7 is a

139
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process such that there exist an infinitely divisible process {Y'(¢), ¢ > 0} with
finite moments of all orders and functions f,¢g:(0,00) — (0,00) for which

VIT) ot fd
WY@% (Tt) — X(t)

and the corresponding convergences hold also for every cumulants of the one-
dimensional distributions, then there exists an admissible (a,¢) such that pro-
cess {X(t), t>0} is (a,d)-dilatively stable and f, g are regularly varying func-
tions of orders «, d, respectively.

the set of (a—d/2)-self-
similar processes and Z(, 5)4s, the set of (a, §)-dilatively stable processes, for any
admissible (a,d). Namely, using the so-called t° function-th and ¢~ function-
th convolution power operations (which we establish by a lemma), the mappings

Next we give the connection between S, s,

9
Ts : S(O[—%)SS ﬂI - I(oz,&)dsa TS({Y(t)a t > 0}) = {Y(t)7 t> 0} )
Tp : Lia,syas — Sta—t)s L, To({X(t), t>0}) ={X(t),t >0},

are well-defined, they are injections, but each of them is a bijection if and only
if 9 = 0. So, dilative stability is not simply the combination of self-similarity
and a power function-th convolution power, i.e. it is not a redundant concept.

Then we study the Lamperti transform. It is a known fact that this transform
gives a one-to-one correspondence between self-similar and stationary processes.
The analogous statement we prove is that the Lamperti transform connects
dilatively stable processes and the so-called translatively stable processes in a
one-to-one manner. We pay particular attention to the correspondence between
dilatively stable processes with independent increments and translatively stable,
so-called wide sense OU type processes, because this is the analogue of the
known correspondence (see Jeanblanc et al. [19]) between self-similar processes
with independent increments and stationary OU type processes.

There is a section about dilatively stable processes with stationary incre-
ments. The importance of that processes lies in the fact that the autocovariance
function of such a process is the same as that of an appropriate self-similar pro-
cess with L2-stationary increments, i.e. as the autocovariance function of a frac-
tional Brownian motion. This fact provides a new possibility for non-Gaussian
long memory modelling.

The next section treats dilatively stable renormalization operators. We show
that the analogy with the self-similar case holds true in this regard as well. That
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is, for any fixed admissible («, d) the set {A(Ta’é) : T > 0} of the dilatively stable
renormalization operators

AFD T —1T, (AFYX) (@) =T (DX (1), >0,

endowed with the composition operation constitutes a semigroup. Hence, dila-
tively stable renormalization operators can be iterated. Furthermore, for any
admissible (a,d), a process in Z is (a,d)-dilatively stable if and only if it is
a fixed point of Ag,?‘ 9) for every T > 0. This explains, at least heuristically,
why exactly the renormalized processes happen to converge in dilatively stable
(functional) limit theorems.

The developments of Chapter 3 and 4 are parallel. In chapter 3 we deal
with the superposition of stationary OU type processes and we state a dilatively
stable renormalization functional limit theorem for the integrated superposition
process. The construction we call superposition means that we sum independent
processes, where each term of the sum, i.e. each process (more precisely, its
distribution) is some transform of a basic stationary OU type process. Each
transform is of the form

[X(t),t>0} — {X(d;t), t>0}""

where each dilational costant d; occurs with probability p;, so p;, j€N, is
a distribution on the discrete set {d; : j € N}. We call this distribution the
superpositional law and we assume that its distribution function is regularly
varying at zero of order 2—-2H, ie. F(z) =3, , ., p; = 2> *(1/x), where
¢ is a function slowly varying at oo and 1/2< H <1 is a parameter (being
later the Hurst parameter). Under these conditions, for each ¢ > 0 the series
>_; X;(t) converges in L? (uniformly in t) and also almost surely, and we call
the limit process Y (7.0 (¢) = Z;)il X;(t), t >0, the (infinite) superposition of
OU type processes (SOU process). Its integral process

t
JUHEO () = /Y(H’e)(s) ds, t>0,
0

defined almost surely, is called the ISOU (integrated SOU) process. The order
of the superposition and the integration can be interchanged and the family
of distributions on C[0,00) of the finite superpositions of the integrated pro-
cesses {ngj (s)ds, t> 0}, j €N, converges weakly to the distribution of the
ISOU process. The main theorem in Chapter 3 is a so-called dilatively stable
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renormalization functional limit theorem which states that the family of distri-

butions of a renormalized centered ISOU process converges weakly on C[0, c0)

to a limit distribution. We denote the process with this limit distribution by

{JH)(t), t>0} and we call it the LISOU process (limit of [renormalized cen-

tered] ISOU processes):

}®T5<_TQ>H w
-,

T—oo

1
T {J(H’e)(Tt) —EJHEI(TE), t >0

{J(H)(t), t> o} on C[0,00).
The distribution on C[0,00) of the LISOU process is uniquely determined by
(its zero mean and) its joint cumulants, which we give explicitely. Moreover, the
LISOU process has stationary increments and it is (H, 2H —2)-dilatively stable.

The main results of Chapter 4 are completely anlogous to those of Chapter
3, and they can be obtained replacing the initial word “OU” by “CBI” (and of
course, replacing the corresponding formulas). However, to prove these theorems,
we needed some new results with respect to stationary CBI processes, and these
results are also contained in Chapter 4. The particular case when the CBI process
is the so-called diffusion process with linear generator (DLG process), is enlarged
upon in a separate section. In this case the dilatively stable limit process is
called the LISDLG process and we give again an explicit expression for the joint
cumulants of this process.

According to Grandell [13, Thm. 4.2.2], if a self-similar renormalization func-
tional limit theorem holds for the intensity process of a Cox process, then a sim-
ilar self-similar renormalization functional limit theorem holds also for the Cox
process itself. In Chapter 5 we present the analogous statement for dilatively
stable renormalization functional limit theorems. As a corollary we obtain the
following dilatively stable renormalization functional limit theorem for the su-
perposition of death counting (SDC) processes of stationary birth and death pro-
cesses with immigration: the family of distributions of the renormalized centered
versions of an SDC process {U-9)(t), t >0} with parameter (H,¢) converges
weakly on DJ[0,00) to the LISDLG process with parameter H:

T2—2H
£(T)

1 w
- {U(H’Z)(Tt) —EUWO(TE), ¢ > o} >, {J<H>(t), t> o} on DJ0, o).

T—0o0



Osszefoglalé (Hungarian
summary)

A disszertacioban sztochasztikus folyamatok egy dilativ stabilitasnak nevezett
skalazasi tulajdonsagat definidljuk és vizsgaljuk. Azon folyamatok esetén,
amelyekre mindkét tulajdonsag definidlt, a dilativ stabilitdas a kozismert
onhasonlésag altalanositasa.

A 2. fejezetben Osszehasonlitjuk az 6nhasonldsagot és a dilativ stabilitast.
A 3. és a 4. fejezetben staciondrius Ornstein—Uhlenbeck (OU) tipusi folyama-
tok szuperpoziciéjaval, staciondarius, folytonos allapotterti, eldgazé immigréci-
6s (CBI) folyamatok szuperpozicidjaval és az in. LISOU és LISCBI (specia-
lisan LISDLG) folyamatokat el64llité dilativ stabil renormalizéciés funkcionalis
hatareloszlds-tételekkel foglalkozunk. Az 5. fejezetben a Cox-folyamatra vonat-
kozé dilativ stabil renormalizaciés funkcionalis hatareloszlas-tételt mondjuk ki.

Jelolje 7 azon nem Gauss, korlatlanul oszthatd, 0-bdl indulé sztochasztikus
folyamatok halmazat, amelyek 0sszes rendii kumulans fiiggvénye létezik és jobb-
rél folytonos. Legyen f, g : (0,00) — (0,00). Egy {X(t),t>0}€Z folyamatot
(f, g)-dilativ stabilnak neveziink, ha

VT >0:X(Tt) S SO oo ®).

V9(T)

A 2. fejezetben megadjuk Lamperti [22] hires tételeinek dilativ stabil
megfelelGit, és megmutatjuk, hogy sok mas eredmény is atviheté az énhasonld
esetrol a dilativ stabil esetre. Ezzel kapcsolatban a legfontosabb tételiink azt
mondja ki, hogy ha az {X(t), t >0} folyamat (f,g)-dilativ stabil, akkor létezik
pontosan egy (a,d) tugy, hogy a>0, 6<2a (az ilyen (a,d)-t megenged-
hetének nevezziik) és f(t)=t*, g(t)=t%. Igy a ,,(t*,¢°)-dilativ stabil” kife-
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jezés helyett egyszertien az ,,(«,d)-dilativ stabil” kifejezést haszndlhatjuk. A
kovetkezo eredményiink szerint azon Z-beli folyamatok, amelyek renormalizacios
hatarfolyamatok, pontosan a dilativ stabil folyamatok. Ez azt jelenti, hogy
ha {X(t), t>0} € T gy, hogy létezik egy korlatlanul oszthaté {Y(t), t>0}
folyamat, amelynek az 6sszes momentuma véges, tovabba f, g: (0,00) — (0, 00)
fiiggvények, amelyekre

VIT) 1o vd
WY@%( (Tt) — X(1),

és a megfelel6 konvergencia fennall az egydimenziés eloszlasok 0sszes kumulan-
saira is, akkor létezik egy megengedhetd (o, d) gy, hogy az {X(t), t >0} folya-
mat (a,d)-dilativ stabil, és f és g « ill. 0 rendii reguldrisan valtozo fiiggvények.

Ezutén tetszéleges megengedhetd (o, d) esetén megadjuk az (a—4/2)-6n-
hasonlé folyamatok halmaza, S(a_ 3)ss és az («,0)-dilativ stabil folyamatok
halmaza, Z(, s5)4s kOzOtti kapcsolatot. Nevezetesen, az tn. t0 il t70 flige-
vény rendli konvolicidhatvany miiveletet hasznalva (amit el6szor egy kiilon
lemmaban alapozunk meg) azt allitjuk, hogy a

9
Ts : S(a—g)ss ﬂI - I(a,é)dsu TS({Y(t)u > O}) = {Y(t)7 2> 0}®t s

—5
Tp : Lasyss — Sa_ssNT: To({X (1), t>0}) = {X(1), t>0}""

leképezések jol definidltak, injektivek, viszont akkor és csak akkor bijektivek,
ha 6 =0. fgy a dilativ stabilitas nem egyszerlien az onhasonlésag és a hatvany-
fliggvény rendli konvolicidohatvany kombindacidja, tehat nem folosleges a dilativ
stabilitassal kiilon foglalkozni.

A kovetkezd alfejezetben a Lamperti-transzformaciot altalanositjuk. Ismert,
hogy ez a transzformacié kolcsonosen egyértelmii kapcsolatot ad meg az 6n-
hasonlé és a stacionarius folyamatok kozott. A megfelel allitas, amit bizonyi-
tunk az, hogy a Lamperti-transzformacié a dilativ stabil folyamatokat az un.
transzlativ stabil folyamatoknak felelteti meg kolcsonosen egyértelmiien. Kiilon
foglalkozunk a dilativ stabil, fliggetlen novekményti folyamatok és a transzlativ
stabil, un. tagabb értelemben OU tipusu folyamatok kapcsolatdval, mert ez a
megfeleloje az 6nhasonlé, fiiggetlen novekményti folyamatok és a stacionarius,
OU tipusu folyamatok kozotti kapcsolatnak (1d. Jeanblanc et al. [19]).

Van egy alfejezet a stacionarius novekményt dilativ stabil folyamatokrdl.
Ezen folyamatok azért fontosak, mert egy ilyen folyamat autokovariancia fiigg-
vénye ugyanaz, mint egy alkalmas L2-stacionarius névekményti énhasonlé folya-
maté, azaz ugyanaz, mint egy megfelel6 paraméterti frakciondlis Brown-mozgés
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autokovariancia fliggvénye. Ez a tény 1j lehetéséget ad nem Gauss, hosszu
memoriaju folyamatok modellezésére is.

A kovetkezo alfejezet a dilativ stabil renormalizécidés operatorokrol szol.
Megmutatjuk, hogy az onhasonlé esettel valé analégia ebbdl a szempontbdl is
érvényes. Nevezetesen, tetszOleges megengedhet (a,d) esetén az

Aﬁﬁ"‘” T T, (A(Ta’é)X)(t) = T—(a—%)X®T75(Tt), t>0,

dilativ stabil renormalizaciés operatorok {AE,? O TS 0} halmaza a kompozicié
miveletre nézve félcsoportot alkot. Kovetkezésként a dilativ stabil renormaliza-
ciés operatorok iterdlhatok. Tovabba tetszéleges megengedheté (o, d) esetén
egy Z-beli folyamat akkor és csak akkor (a,d)-dilativ stabil, ha minden T > 0-

ra fixpontja Ag,fY ) _nak. Ez a tény — legalabbis heurisztikus — magyarazatot ad
arra, hogy miért éppen a renormalizalt folyamatok konvergdlnak a dilativ stabil
(funciondlis) hatareloszlas-tételekben.

A 3. és a 4. fejezet felépitése parhuzamos egymassal. A 3. fejezetben sta-
cionarius OU tipusu folyamatok szuperpozicidjaval foglalkozunk, és kimondjuk
az integralt szuperpozicié folyamatra vonatkozé dilativ stabil renormalizacios
funkciondlis hatareloszlas-tételt. A szuperpoziciénak nevezett konstrukecio azt je-
lenti, hogy fiiggetlen folyamatok Gsszegét tekintjiik, ahol az 6sszeg minden tagja,
azaz minden folyamat (pontosabban az eloszldsa) egy bizonyos transzformaltja
egy staciondrius OU tipusu alapfolyamatnak. Az egyes transzformaciok

(X(t), t >0} — {X(djt), t >0}

alakiak, ahol mindegyik d; (dilatdcids) konstans p; valdszintiséggel fordul elé,
tehat p;, j€N, egy eloszlds a {d; : j € N} diszkrét halmazon. Ezt az eloszlast
szuperpoziciés eloszlasnak nevezziik, és feltessziik, hogy az eloszlasfiiggvénye 0-
ban 2—2H rendii reguldrisan véltozo, azaz F(x) = Zj:dj oD = 2?21 z),
ahol ¢ egy (oco-ben) lassan véltozo fiiggvény és 1/2< H <1 egy paraméter
(kés6bb ez lesz a Hurst-paraméter). Ezen feltételek mellett tetszéleges ¢ > O-ra
a >, X;(t) sor L?-ben konvergens (t-ben egyenletesen) és 1 valészintiséggel is
konvergens, és az Y (10 (¢) = Z;il X;(t), t > 0, hatarfolyamatot SOU folya-
matnak (superposition of OU type processes) nevezziik. A

t
JHE (1) = / Yy HO(s)ds, >0,
0
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1 valészintliséggel definidlt integralfolyamatot pedig ISOU (integrated SOU)
folyamatnak nevezziik. A szuperpozicié és az integralas sorrendje felcserélheto,
és az {f(fXj(s)ds, t20}, j €N, integralfolyamatok véges szuperpozicidi
eloszldsainak halmaza C[0,00)-en gyengén konvergdl az ISOU folyamat
eloszlasahoz. A 3. fejezet 6 tétele, ami egy un. dilativ stabil renormalizicids
funkciondlis hatareloszlas-tétel, azt mondja ki, hogy a renormalizalt centralizalt
ISOU folyamatok eloszldsainak csalddja C10, 00)-en gyengén konvergens. Azt a
folyamatot, aminek ez a hatdreloszlds az eloszldsa, {J (H)(t), t> 0}-vel jeloljiik
és LISOU folyamatnak (limit of [renormalized centered] ISOU processes)
nevezzik:

1
- {JUM) (Tt) — EJEO(TH), £ >0

2—2H

T
}® T w
—

T—o0

{J<H>(t), t> o} C[0,00)-en.

A LISOU folyamat eloszlasat C[0,00)-en egyértelmiien meghatarozzék (a 0
varhatéértéke és) az egyiittes kumuldnsai, amelyeket explicite megadunk. To-
vabbé a LISOU folyamat stacionarius novekményti és (H,2H —2)-dilativ stabil.

A 4. fejezet f6 eredményei a 3. fejezetéinek a megfelel6i, csak az ,,0U”
roviditést kell a ,,CBI”-re cserélni (és természetesen a megfelel képleteket
is). Azonban ahhoz, hogy ezeket megkapjuk ill. bizonyitsuk, sziikségiink van
bizonyos, a stacionarius CBI folyamatra vonatkozé eredményekre. A 4. fe-
jezet ez utébbiakat is tartalmazza. Ezenkiviil kiemelten, egy kiilon alfejezetben
targyaljuk azt a specialis esetet, amikor a CBI folyamat az in. DLG folyamat
(diffusion process with linear generator). Ekkor a dilativ stabil hatdrfolyamatot
LISDLG folyamatnak nevezziik, és ennek az egylittes kumulansait megint ex-
plicite adjuk meg.

Grandell [13, Thm. 4.2.2] szerint ha egy 6nhasonlé renormalizdciés funk-
ciondlis hatéareloszlas-tétel érvényes egy Cox-folyamat intenzitdsfolyamatara,
akkor hasonlé 6nhasonlé renormalizacios funkciondlis hatareloszlas-tétel érvé-
nyes magara a Cox-folyamatra is. Az 5. fejezetben az ennek dilativ stabil eset-
ben megfeleld allitast mondjuk ki. Ezen eredmény koévetkezményeként kapjuk
a kovetkezo, sziiletési-halalozasi immigraciés folyamatok haldlozasszamlalo
folyamatainak szuperpozicigjara (SDC folyamat) vonatkozé dilativ stabil re-
normalizdciés funkciondlis hatdreloszlas-tételt: Legyen {U(t),t>0} (H,¥)
paraméterti SDC folyamat. Ekkor az {U(t), t >0} renormalizalt centralizaltjai
eloszldsainak csalddja DJ[0, c0)-en gyengén konvergédl a H paraméterii LISDLG
folyamat eloszlasahoz:

T2—2H

£(T) w
—

1
f{U(H’@(Tt) —EUHED(TY), t > o} {J(H)(t), t> o} D0, 00)-en.

T—o0
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