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In this paper, we propose an effective numerical method to solve the one- and two-dimensional time-fractional
convection-diffusion equations based on the Caputo derivative. The presented approach employs a hybrid method
that combines Lucas and Fibonacci polynomials with the Caputo derivative definition. The main objective is to
transform the problem into a time-discrete form utilizing the Caputo derivative technique and then approximate
the function’s derivative using Fibonacci polynomials. To evaluate the efficiency and accuracy of the proposed
technique, we apply it to one- and two-dimensional problems and compare the results with the exact as well as

with existing methods in recent literature. The comparison demonstrates that the proposed approach is highly
efficient, accurate and ease to implement.

1. Introduction

Fractional calculus is a field of mathematics that extends the concept
of differentiation and integration to non-integer orders, encompassing
all real numbers. It finds practical applications in describing physical
systems that exhibit non-local behavior, notably in phenomena such as
diffusion in porous media [1-13]. Fractional differential operators play
a crucial role in describing phenomena by enabling fractional differ-
entiation and integration. The fractional derivative is a powerful tool
for modeling materials and processes with memory-dependent proper-
ties, such as viscoelastic materials and fluids. Unlike the integer-order
derivative, it considers the system’s ability to retain its past behavior. As
a result, fractional derivatives have been successfully applied to model
intricate systems including turbulent flow [14], chaotic dynamics of
classical conservation systems, and financial markets [15].

The family of convection-diffusion type partial differential equa-
tions (PDEs) is widely relevant across physical and biological sciences,
finance, oceanography, environmental sciences, and energy infrastruc-
ture, where the transport and diffusion of energy-related substances
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play a crucial role. Notable examples include the Navier-Stokes equa-
tions [16] and Burgers’ equation [17]. In practical applications, coupled
systems of PDEs are used to model simultaneous reaction and transport
processes in energy and environmental research. One of the specific
applications of the convection-diffusion equation is in modeling heat
transfer in buildings. By considering factors such as temperature gra-
dients, airflow, and building materials, this equation aids in optimizing
energy consumption and designing efficient heating, ventilation, and air
conditioning (HVAC) systems [18]. These equations also play a crucial
role in air pollution dispersion modeling, allowing researchers to as-
sess environmental impacts and implement effective pollution control
measures by simulating pollutant dispersion from industrial facilities,
power plants, and transportation sources [19,20]. Convection-diffusion
equations have versatile scientific and engineering applications, includ-
ing weather prediction, simulating chemical dispersion in reactors, and
modeling mass and energy transport in oil reservoirs [21]. These equa-
tions have numerous potential applications in the fields of oceanogra-
phy, environmental sciences and also used to simulate the transport of
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contaminants in groundwater, especially in areas with energy-related
activities like mining and oil extraction. Understanding the dispersion
and migration of pollutants helps in managing and mitigating potential
environmental risks. These equations can be utilized to create mod-
els that predict the spread of pollutants in the ocean and evaluate the
effectiveness of different management strategies for reducing pollution
levels [22,23]. Additionally, they can aid in assessing the potential risks
associated with the release of pollutants in the ocean and identifying
areas that are most susceptible to pollution [24,25]. Furthermore, the
convection-diffusion equations can be employed in designing marine
structures, such as offshore platforms and pipelines, that are resistant to
pollution and can minimize the impact of pollutant dispersion [24,26].
Besides this, convection-diffusion PDEs can be used in electrical power
transmission systems, to model the flow of electrical energy [27,28].
The convection term accounts for the movement of electricity due to
differences in voltage potential (analogous to fluid flow), whereas the
diffusion term describes how the energy spreads out and scatters. This
can help analyze power losses, voltage drops, and optimization of trans-
mission line configurations [28,29]. When electricity flows through
cables, heat is generated due to resistive losses [30]. The convection-
diffusion equation can be applied to study the temperature distribution
along the cable’s length, considering both heat conduction and heat dis-
sipation through convection. This is crucial for ensuring cables operate
within safe temperature limits [31,32]. Furthermore, such PDEs can be
interpreted in terms of a probability distribution of underlying stochas-
tic processes, which has applications in finance and option pricing [33].
These PDE models are therefore versatile and important mathematical
tools with widespread applications. The fractional convection-diffusion
model is derived from Fick’s first law [34]. The focus of our consider-
ation is the time-fractional convection-diffusion equation (TFCDE) [35]
with variable coefficients, which can be expressed as follows:

aa%(f’t) + B (8)Aw(S, 1) — p(S)Vw(s,n) =g(s,1), seQCR", t>0, (1)
with initial condition

w(s,0) = wy, 2)
and boundary conditions

Buw(s,t) = f(s,1), S€EIQ, >0, 3)

where f, (velocity variable coefficient), g, (diffusion variable coeffi-
cient) and w(s,t) either represents concentration or temperature for
mass or heat transfer respectively. Numerous researchers have ex-
amined the existence and characteristics of solutions for convection-
diffusion equations, as evidenced in the works of several authors
[36-39].

The TFCDE finds various applications in science and engineering
fields, including fluid dynamics, heat transfer, and chemical engineering
[40-45]. In fluid dynamics, it models transport phenomena in porous
media, such as groundwater flow and oil recovery, atmospheric dis-
persion, oceanic mixing, and blood flow in biological systems [46].
In heat transfer, the TFCDE explores materials with non-Fourier heat
conduction, exhibiting time lag, indispensable for temperature control
in electronics and aerospace [47]. In chemical engineering, it mod-
els solute transport through porous membranes, catalyst behavior in
reaction-diffusion systems, drug delivery systems, and energy storage
materials design [48].

Due to its diverse applications, a wide range of numerical and ana-
lytical methods [49-54] has been explored by researchers to solve the
TFCDE. These methods includ the Laplace transform technique [55],
Adomian decomposition method [56], homotopy perturbation method
[57], alternating direction implicit method [58], finite difference meth-
ods (FDM) [59], finite element methods (FEM) [60], Galerkin mixed
finite element [61], spectral methods [62], and meshless methods [63].
FDM, FEM and meshless methods are particularly popular due to their
simplicity. Recently, some hybrid methods, such as the combination of
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FDM and FEM or FDM, meshless methods and method of line based on
Fibonacci polynomials, have also been proposed to improve the accu-
racy and efficiency of the numerical solutions.

This study employs an efficient hybrid approach to compute numer-
ical solutions for the underlying model equations in the sense of Caputo
derivative. The method utilizes a combination of Fibonacci polynomials
and the well-known Caputo derivative definition. A notable advantage
of this method is its ease of implementation in higher-order derivatives
through the use of the relationship between Lucas and Fibonacci poly-
nomials. In addition, the suggested method enhances the accuracy of
computations even when using a limited number of collocation points,
leading to reduced computing expenses. These polynomials have var-
ious practical applications in the field of differential equations. For
instance, the connection between Chebyshev and Lucas polynomials
is examined in [64,65], which facilitates the acquisition of accurate
solutions for boundary value problems. The Lucas sequence was em-
ployed in [66] as an approximation technique for integro-differential
equations. Meanwhile, in [67], the Lucas polynomial technique was
utilized to solve higher-order differential equations. Additionally, in
[68], a Fibonacci polynomial approach was employed to solve Volterra-
Fredholm integral differential equations. Lastly, a hybrid Taylor-Lucas
polynomial approach was used to solve delay difference equations, as
described in [69]. A novel method was introduced by the authors in
their publications [70,71], which utilizes a hybrid Lucas and Fibonacci
polynomial scheme to solve time-dependent PDEs. Other researchers
have also utilized Lucas polynomials and finite-differences to obtain
efficient numerical solutions for various types of PDE models, as evi-
denced by publications such as [72-74].

1.1. Motivation

Computing the analytical solutions of nonlinear PDEs is a challeng-
ing task. Therefore, researchers continuously seek to develop efficient
and accurate numerical solutions. The convection-diffusion model, a
crucial PDE, and is utilized in electrical power transmission to model en-
ergy flow: convection accounts for electricity movement due to voltage
differences, and diffusion depicts energy dispersion. This aids in analyz-
ing power losses, voltage drops, and optimizing transmission. In cable
electricity flow, convection-diffusion equation studies temperature dis-
tribution, vital for safe cable operation by considering heat conduction
and dissipation. Diverse numerical approaches have been explored and
evaluated in the literature, each with its advantages and limitations. In
this article, our objective is to propose an efficient numerical scheme
for the aforementioned time-fractional PDEs. The suggested scheme is
hybrid, combining finite difference methods with Fibonacci and Lucas
Polynomials. Unlike orthogonal polynomials such as Chebyshev poly-
nomials, Fibonacci and Lucas Polynomials are non-orthogonal and do
not require interval transformations. Moreover, these polynomials en-
able easy approximation of higher-order derivatives for the unknown
functions. Furthermore, the scheme exhibits simplicity and achieves im-
proved accuracy even with fewer nodal points. Through this approach,
we aim to present an effective and robust numerical solution for tack-
ling the complexities of nonlinear PDEs.

The paper is structured as follows: Section 2 presents an overview
of essential concepts and definitions. Section 3 explains the proposed
methodology for the scheme whereas theoretical results related to the
error analysis and stability are given in Section 4. Section 5 verifies the
effectiveness of the method through numerical experiments while the
paper concludes with a summary of findings and concluding remarks in
Section 6.

1.2. Theory of Lucas and Fibonacci polynomials
The definitions and useful results for Lucas and Fibonacci polynomi-

als, along with their use for approximation of unknown function and its
derivatives, are presented as follows.
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Fibonacci polynomials [72]

The Fibonacci polynomial is generalization of Fibonacci numbers and
can be defined by the three-term recurrence relation

Fi(s)=kF_1(s)+ Fy_5(s), k >2, 4

with initial values F,(s) =0 and F,(s) = 1. For s =1 Eq. (4) generate a
sequence of well known Fibonacci numbers.

Lucas polynomials [72]

The Lucas polynomials can be defined by the three-term recurrence re-
lation

)

with initial values L,(s) =2 and L,(s) = s. By letting s = 1 Eq. (5) gen-
erate a sequence of Lucas numbers.

Li(s)=kL;_j(s)+ Ly 5(s), k >2,

Lemma ([72]). The mth-order derivative of kth Lucas polynomial L,(s)
can be expressed in terms of kth Fibonacci polynomial F(s) by the following
relation

L (s)=kF(s)D""!, D" '=DxDxD-D 6)
——

(m—1)time

where D represents a square matrix of order (M + 1) X (M + 1) be defined

where d can be obtained as [72]

{

1.3. Function approximation

(/—21')7!, ifj>i,

otherwise.

isin
0,

d

ij

Let w(s) be a continuous function with w € L2(R). Then one can
expand w using linear combination of kth Lucas polynomials as
[oo]
EOEDWWHON @)
k=0
where A, are the unknown coefficients and L,(s) are Lucas polynomi-
als.
Similarly, under the same conditions, w(s) can also be expanded
using linear combination of kth Fibonacci polynomials as follows

w@® =Y AF®),
k=0

where A, are the unknown coefficients and F,(s) are Fibonacci polyno-
mials.

The first-order derivative of the function w(s) can be expanded by
Lucas polynomial series as

W@ =Y ALLG),

k=0

®

and the corresponding mth order derivative of the function w(s) is ex-
pressed as

w"® =Y AL ).

(©)]
k=0
where
N O] R i O
5= , LME = —=
W= =g
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By incorporating the relation (6) in to Egs. (8) and (9), we can write
then

W' (S) = 2 A kF(5),

10)
k=0
and the corresponding mth order derivative of the function w(s) as
o8
w™(s) = Z AckF,(5)D"!, (11)

k=0

where D and D"! as defined before.

Remark 1. During numerical calculations, one usually expand the un-
known function w(s) and its mth order derivative by truncated Lucas
and Fibonacci polynomial series. That is, we take

M
wE) = Y ALy, MeN

k=0

and

M M
W™ (8) ~ Z AL S) = Z AkF,D"™!, MeN (12)
k=0 k=0

2. Fractional calculus
Fractional derivatives are essential in fractional calculus. The fol-

lowing are some fundamental definitions of fractional derivatives that
are commonly utilized.

Definition 1. The Riemann-Liouville derivative [75,76]

T
.= Ny

0“w(s,1) _ 1 i (w(s,9) w(s,T))d& O<a<l a3)

oar« I'dd—-a)dt [

13
Definition 2. The Caputo’s fractional derivative [77]
t
?w(s, 1) 1 / dw(s.{) -
= t—=¢)""d¢, 0 <1. 14
o T(-w) ag (794 O<a as
0
Definition 3. The Atangana and Baleanu fractional derivative [78]
t
(e _Q\
ABCM:M/W’@)E& _M ds, O<a<l. (15)
a ar« l—«a l—«a
a
Definition 4. He’s fractional derivative [79]
1

0%w(s, 1) 1 d _
R A - - - 1. 1

o Td—a d§/(t O wp(@) —w(@)], 0<a< (16)

To

3. Proposed solution methodology

In this section, we formulate the proposed numerical scheme for
approximation of 2D TFDE given in Egs. (1)-(3). For ease of notations,
we introduce the following throughout the discussion in this section:

n+1

g 1 1
W@ = ws,r ™, Wit =wis;

where 1" = nx 7 with 7 being time-step size, and s;, r; are the collocation
points defined as

s;=a+ihg, r;=

y=c+jh, (G,j=1,2, M, MEN),

where A, =(b—a)/M and h, =(d — ¢)/M are mesh-step sizes (equal in
size) in s and r spatial direction over the spatial domain = = [a, b] X
[c.d] C R2.
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3.1. Time discretization

The discrete form of time-fractional derivative is obtained by us-
ing the well-known L1-formula with the order of approximation error
O(z27%), (0 < @ < 1) [80]. This results in the following discretization at
(n+ 1) time level ([80,811):

9% w(g, I"+l )
ot

1

/ 0w(s C) tn+| C)_adC

(j+1)><‘z‘a ( o
w(s, n+l1 —a
v _a) Z / — = - o,

(j+D)xt

/ ((j+Dr=-5)™"de.

JXt

“Ta —a)

1 [w/“(s)—w/(s)

=i a) + 0(7)]

After simple integration it yields

Ag Yoo Ko() [0 (5) ~
O<a<l,
w"+l(§)—w"(§) +0(z),

W' (®)] + 0>,
% w(s,r,i"h)

3 a7

a=1,

where A, = I‘(2 and K,(j)=(+ 1)!=* = (j)!*. Hence for 0 < a < 1 we

can write then after neglecting the error term
9% w(§’ I"+I )

o = A, [0 @ - B

+ A, Y K, () [0 E) - w" )] (18)
j=1
with K, (j)=1,j=0.
Now by using the 6— weighted rule Eq. (1) becomes
aaw(g’ In+l)
ora
—0- 1)[ﬁ1(§)Aw"(§) n ﬂz(E)VW"(E)] 108 3) + (1 - 0)g"®),

+0 [ﬂl GAW™E) + fo(E) V! (5)]

which after putting relation (18) and simplification gives
A 0™ E) +0 [ﬂl ®AW™E) + fE V! (5)]

= A" E) + @O 1) [ﬂl ®AW'E) + ﬁz(E)VW"(E)]

0" (5) + (1= 0)g" ) — A, Y, K, () W' 5) - ' 5)]..

Jj=1

19
Letting

n—j+](s’r) _

Bl(s,r)= A, Y K () [w

=l

w'I(s,r),
and
gE=0g""®) +(1-0)3"().

Eq. (19) can be further simplified as

A™§) + 0[5 O™ ©) + HEVW™ 6]

= 4,0°®) + 0 - D[ ®AWE) + LEVW'E)| + 5@ - BIE.  (20)

At this end, Eq. (20) is the time discrete form of Eq. (1).
3.2. Space discretization

Let us expand a 2D function w(s) = w(s, r) as a product of truncated
Lucas polynomials series in the following form
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M M M M
w(s, r) = Z Z A Li ()L, (r) = Z Z A Lo (527, 21
k=0m=0 k=0 m=0

where L, (s,r) = L, (s)L,,(r). In compact form (21) can be written as

w(s,r) ~LY(s,rA, (22)

with A = [Agy, Agy Ao, [Loo(s,7), Loy (5,7),
Lio(s,r), =+, Larpr (s, 1)1
The corresponding partial derivatives of w(s, r) can be computed and

expressed in compact as follows:

Apyy]® and L¥(s,r) =

M
ow(s,r) dL,(s)
= Akm Lm(r)
as /;)r;) ds
M M
=YY Ak (F(5))L,, (1) =LE(s. A,
k=0 m=0
and
M M
92 w(s r) d? Lk(s)
Akm m( )
= Z Z Atmk(F($)D)L,, () = LT, (s, DA,
k=0 m=0
where

7]
LG = (- Lin (s, Mo

dL(s)
={ ds L ()}k,,, _o = Lk(F(s))L,, (r)}km_o,
LI (s.r)= {—Ekm(s Mo
d’ L, (s)
={ i L ()}k,,,_o {k(F(s)D)L,, (r)}k,,, e
Similarly
M M
ow(s, dL
w;s D Z Z A Li(8) —— (r)
r k=0m=0
M M
=Y Y AumLi(s)(Fy () = LE(s. A,
k=0m=0
and
M M 2
9% L;)(S ,F) Z Z AkmLk(S)d L,,(r)
s? k=0m=0
= Z Z AgnmLi(s)(E,,(r)D) = L (5. A,
k=0 m=0
with
L7 (s, r)—{ ﬁkm(s r)}k,,, 0
:{Lk(s) }km 0_{mLk(s)(F (r))}km =0"
L? 9 C "
rr(s’r) ={ ﬁ km(sar)} o
d L (r)
={Li(s) }k,,, o ={mLy(s)(F, (r)D)}k,,,_0

This results in the following expanded form of 1D and 2D Laplace oper-
ator

Vuw(s,r)= + 0r (LT(S r) +LT(s r)) (23)
Aw(s,r) = ﬂ AN (LT (s,) +LE(s,r)) A 24
’ ds2  or? 58 e



I Ahmad, A. Bakar, 1. Ali et al.

Accordingly, we can express the time-dependent function w(s,r,1)
and its partial derivatives in compact form as follows:

2
w(s,r, ) ~ L (s, HA®), w ~ LT (s, HA(),
N
2
T LT (5 AW, (25)
or? "
with
Vuw(s,r i)~ (Lf(s,r) + L,T(s,r))A(t),
Aw(s,r.1) ~ (Lfs(s, M+ Lf,(s,r))A(t), (26)

where A(?) is the vector of time-dependent unknown coefficients. On
processing the information from Egs. (25) and (26) to Eq. (20), we have

AL A +0[8y (s (L (5.0 + L350 )
#0205, (LTG5, 1) + LI, ) [ A+
=A,L(s, A" + (0 — 1)[ﬁ1 (s, r)(LES(s, r)+ L;fr(s,r))

+ﬁ2(s,r)(Lf§(s,r) ¥ L;f(s,r))]A"

+g* (s,r) = Bi(s,r), V(s,r) EQ. 27)
The boundary conditions are expressed as
BL(s, DA™ & f(s,r, ™) = [T (s,7), V(s,r) €0Q (28)

where A" = A(t").
3.3. Full discretization

In order to obtain the full discrete form of the TFDE given in Eq. (1),
we collocate Eq. (27) and (28) at discrete mesh points s; and r ; at the
respective time-levels. This gives us the following system of equations

A L(s;,r)Am! +9[ﬁ1 (s,-,rj)(LES(s,-,rj)+L;fr(si,rj))
26 (L) + LTG5 ) | A1
= A L(s;r A" + (0 — 1)[ﬂ1(si,rj)<L§S(si,r,) +L;f,(s,-,rj))
+ﬂ2(si,rj)<LE(si,rj)+Lf(s,-,rj))]A”
+gyt (sir)) = BM(s;rp), V(sr) €Q
and

BL(s;, r )A™ & fy (s ™) = 14 (s,7)), - V(s;.r) €0Q

where i,j=0,1,2,---, M. In matrix-vector form this implies

GAn+l =HA" +Qn+1’ (29)
where the entries of the matrices are given by
AaL(si,rj)+H[ﬂl(s[,rj)<Lfs(s[,rj)+Lfr(s‘-,rj))
©G);; = +ﬁ2(s,.,r,)(L3(s,.,r,)+L;f(s,.,rj))], (517 EQ,
[EBL(s,-,rj), (s,-,rj)E()Q,
(30)
A5 7))+ 0 = DBy (L 1) + LEG517))
T T
), = +ﬂ2(s,-,rj)<LS(s,-,rj)+L,(S,-,r,-))], (31)
(S,',"j) €Q,
0, (5.7, €09,
and
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1
g”+ (sivrj)_B:(sivrj)s (S,',rj) € Q,
filspr, "), (s;7)) € 0Q.

This completes the scheme for the two-dimensional model equation.
The same procedure can be applied for the one-dimensional case by
disregarding the variable r, i.e. s =s. The existence of a solution to the
linear system (29) is guaranteed by the works of [70,82]. By solving the
linear system (29) at each time-level, the vector of unknown coefficients
can be determined. For initialization we use the initial condition as
follows:

Q)= (32)

L7(s;,r)A” = w(s;,r;,0) = wy => AA” = wy,

which on solving gives A, and then the iteration is repeated up to de-
sired time-level using Eq. (29). Once the coefficients vector is available,
solution then can be obtained at the desired time-level by

w(s;,rj,t") = LT(s,-,rj)A", Y(s;,r) €Q, (n20).
This complete the scheme for two dimension diffusion equation which
can be reduce to one dimension by ignoring the variable r, i.e. s=s.

4. Error analysis

We will consult the following theorem for the error analysis.

Theorem. If we denote the exact and approximate solutions of the given
problem as E and w respectively, the error can be bounded as follows:

< dexp(2x) cosh>2P)k:(M + 1)

€<
(M +1DhH2

Proof. See [83].

4.1. Stability analysis

In this study, the stability analysis is conducted using the matrix
method. To accomplish this, we adopt the approach outlined in previous
works [84,85].

Theorem. Let w represent the approximate solution to the given problem.
In this case, the amplification matrix can be expressed as f = LG 'HL™!.
To ensure stability, we need to verify that the absolute maximum eigenvalue
value of the matrix , denoted as p(r), is less than or equal to 1.

Proof. To show that = LG"'HL™!. We write from Eq. (12)

A = T (33)
One can express the relationship as given in Eq. (29).

w' = LGT'HL'w" + LG Q™. (34)
Further the error vector

E=E-w, (35)

will meet the following condition

S'H'] - an.

The amplification matrix, denoted by f, is defined as r = LG™'HL™!.
The stability of the method can be ensured by satisfying the Lax—
Richtmyer criterion of stability [86], which requires that

lFll <1

In the following section, example is presented to demonstrate that the
spectral radius p(r) must be less than or equal to 1 to satisfy the require-
ment.
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Table 1

The outcomes obtained from utilizing the suggested approach to address Problem 1.

Alexandria Engineering Journal 82 (2023) 426-436

Current scheme

Cited work [87]

s a=0.2 a=0.5 a=0.8 a=0.2 a=0.5 a=0.8

0.1 5.8079E-07 2.0118E-06 2.2748E-06 4.7422E-04 7.2102E-05 7.5119E-05
0.2 1.1507E-06 3.9789E-06 4.4790E-06 4.9962E-04 1.1687E-04 1.4758E-04
0.3 1.6439E-06 5.6710E-06 6.3461E-06 5.2219E-04 1.5602E-04 2.1062E-04
0.4 2.0017E-06 6.8868E-06 7.6553E-06 5.3907E-04 1.8481E-04 2.5675E-04
0.5 2.1782E-06 7.4726E-06 8.2483E-06 5.4795E-04 1.9944E-04 2.7994E-04
0.6 2.1443E-06 7.3353E-06 8.0395E-06 5.4727E-04 1.9743E-04 2.7630E-04
0.7 1.8903E-06 6.4490E-06 7.0202E-06 5.3633E-04 1.7781E-04 2.4437E-04
0.8 1.4265E-06 4.8553E-06 5.2537E-06 5.1540E-04 1.4119E-04 1.8525E-04
0.9 7.8178E-07 2.6563E-06 2.8612E-06 4.8564E-04 8.9735E-05 1.0250E-04

5. Numerical results and discussion

In this section, we present the numerical solution for time-fractional
convection-diffusion equations in both one- and two-dimensional cases,
using the proposed method. The accuracy and convergence of the
method were evaluated by utilizing the error norms outlined below.
M+l
k=1 >

1/2

(E - wk>2> ,

L =max| E, —w; |
M+1

L,= (h >
k=1

M+l 172

ers:<l/MZ (Ek_wk)2> s
k=1

where E is the exact solution.

Problem 1. The following form is used to express the time-fractional

convection-diffusion equation.

0% w(s,1) . ow(s,1)  0*w(s,1)
ore 0s 0s2

=g(s,1), sel[0,1], >0, (36)

where

go.n=r0D

3 sin(zs) + 22637 sin(xs) + 2157 cos(xs),
and the exact solution is w(s, 1) = 3+ sin(xs).

The recommended approach on Test Problem 1 is employed to pro-
duce numerical outcomes, presented in Table 1 in terms of absolute
error. Diverse values of « were applied to obtain these results whereas
final time 7 = 0.1 and time step size r = 0.001. A comparison of the
suggested approach with [87] indicates that the proposed technique
is more accurate than the ones published in the latest literature. The
suggested approach is employed to compute numerical results for var-
ious values of M and a whereas final time T = 0.1 and time step size
7=0.001 in Table 2, using L, L, and L,,,, error measures and the CPU
times in seconds. Furthermore, the calculation presented in Table 2 in-
dicates that the spectral radius is approximately one, demonstrating the
fulfillment of the stability condition. The results show that increasing
the number of collocation points leads to improved accuracy with the
current approach. In addition, the proposed technique is demonstrated
to be efficient through a comparison between exact and approximate
solutions and their corresponding absolute errors, as shown in Fig. 1.

Problem 2. The following form is used to express time-fractional
convection-diffusion equation.

0%w(s,t)  ow(s,1) 0*w(s,t)
+s -

- 0D TEOD g s€l01L 150, 37)
where
gl = U200 3y (142075 = 35,

I'd+a)

and the exact solution is w(s,?) = (1 + 2%)(s — 5°).
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To obtain numerical results for Test Problem 2, we utilized the
methodology suggested in this paper. The obtained outcomes are pre-
sented in Table 3 as the absolute error, where various values of « were
considered whereas final time 7' =0.1 and time step size = =0.001. Our
proposed approach was compared to the method proposed in [87], and
the results show that our technique outperforms the method published
in the latest literature in terms of accuracy. To calculate the numeri-
cal results for various values of M and « in Table 4, we utilized the
suggested approach and evaluated the accuracy using L, L, and L,,,,
error measures, as well as CPU times in seconds. The final time 7 =1
and time step size 7 = 0.001. The obtained results indicate that increas-
ing the number of collocation points can enhance the accuracy of the
current approach. Furthermore, Fig. 2 illustrates a comparison between
the exact and approximate solutions, and their corresponding absolute
errors at various time instances, demonstrating the efficiency of the pro-
posed technique.

Problem 3. The following form is used to express time-fractional
convection-diffusion equation.

%w(s,t)  ow(s,))  0*w(s,1)
+s -

p s o2 gD, s€l0l] >0, (38)
where
2t2—a
g(s,0) = m(f )+ (1 +2)25% =35> + 65 -2),
-

and the exact solution is w(s,?) = (1 + £2)(s* — 5.

Similar to the previous two problems, we employed the proposed
technique for Test Problem 3. The results, which consist of the abso-
lute error for various values of a, T =0.1 and 7 = 0.001 are reported
in Table 5. We compared our approach with the method proposed by
[87] and found that our method achieves greater accuracy. To obtain
the numerical outcomes presented in Table 6 for different values of M
and @, T =1 and 7 =0.01, we applied the recommended method and
assessed its precision using various error measures, including L, L,,
and L,,,, along with CPU times measured in seconds. The outcomes re-
veal that increasing the number of collocation points can lead to more
accurate results using the proposed method. Additionally, the effective-
ness of the proposed technique is demonstrated in Fig. 3, which depicts
a comparison of the exact and approximate solutions, and their respec-
tive absolute errors at different time.

Problem 4. The following form is used to express time-fractional
convection-diffusion equation.

a’xwa(:;r, t) +0.001 0w(;;r,t) B <62wa(;r, f) + azwa(:;r, f)) R
(s,r)€[0,1], t>0, (39)
where
(-
g(s,r,1) =msr(s -D@r-1)

=2tr(r—1)—=2ts(r — 1) + 0.001#(2s — Dr(r — 1),
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Table 2
The outcomes obtained from utilizing the suggested approach to address Problem 1.
« M Ly L, Ly CPU time 2(F)
0.3 5 2.2757E-06 1.3955E-06 3.1049E-07 0.104730 0.9998
10 3.7838E-06 2.6870E-06 8.4548E-07 0.127747 0.9998
15 3.8115E-06 2.6921E-06 1.0375E-06 0.158500 0.9999
20 3.8027E-06 2.6891E-06 1.1966E-06 0.245428 1.0000
25 3.8017E-06 2.6868E-06 1.3367E-06 1.487935 1.0002
0.5 5 6.6391E-06 4.6075E-06 1.0251E-06 0.094082 0.9998
10 7.4726E-06 5.3041E-06 1.6690E-06 0.128429 0.9998
15 7.5029E-06 5.3005E-06 2.0427E-06 0.146154 0.9999
20 7.5063E-06 5.3116E-06 2.3636E-06 0.251146 1.0000
25 7.5048E-06 5.3042E-06 2.6389E-06 1.460811 1.0002
0.7 5 8.8345E-06 6.2931E-06 1.4002E-06 0.106572 0.9998
10 9.3094E-06 6.6026E-06 2.0776E-06 0.132660 0.9998
15 9.3414E-06 6.6012E-06 2.5439E-06 0.154339 0.9999
20 9.3251E-06 6.6056E-06 2.9394E-06 0.240029 1.0000
25 9.3157E-06 6.5736E-06 3.2705E-06 1.541608 1.0002

Exact solution

App. solution

2

=
S
=}
5]
o
=
]
=}
@
=
<

o
Zo

Fig. 1. Exact and numerical solutions, and absolute error at ¢ =0.1 from left to right respectively, for Test Problem 1.

Table 3

The outcomes obtained from utilizing the suggested approach to address Problem 2.

Current scheme

Cited work [87]

s a=07 a=09 a=0.95 a=07 a=09 a=0.95
0.1 2.4404E-05 1.0308E-05 4.7213E-06 3.0250E-03 2.4473E-03 2.3521E-03
0.2 9.4312E-05 3.9798E-05 1.8222E-05 5.8222E-03 4.7146E-03 4.5138E-03
0.3 1.9477E-04 8.2331E-05 3.7660E-05 8.1614E-03 6.6114E-03 6.3227E-03
0.4 2.9320E-04 1.2442E-04 5.6773E-05 9.8394E-03 7.9728E-03 7.6213E-03
0.5 3.4588E-04 1.4768E-04 6.7024E-05 1.0675E-02 8.6566E-03 8.2740E-03
0.6 3.2244E-04 1.3865E-04 6.2283E-05 1.0492E-02 8.5537E-03 8.1765E-03
0.7 2.3108E-04 9.9927E-05 4.4099E-05 9.3727E-03 7.5997E-03 7.2674E-03
0.8 1.1705E-04 5.0697E-05 2.1809E-05 7.1396E-03 5.7900E-03 5.5422E-03
0.9 3.0835E-05 1.3328E-05 5.5810E-06 3.9436E-03 3.1971E-03 3.0699E-03
x107 x10™ x 10"
1 T T T T T T T T T 1 T T T T T T 5 2 T T T T T T 4
exact exact exact
+*  approx *  approx +  approx
absolute error absolute error absolute error
:§ 05 {058 § 8 %’ 1 128
3 © 2 © 8 ©
o . . . . . . . . . 0 o . . . . . . . . . 0 . . . . . . . . 0
0 0.1 0.2 03 04 05 06 07 08 09 1 0 0.1 0.2 03 04 05 06 07 08 09 1 o 0.1 0.2 03 04 05 06 07 08 09 1

Fig. 2. Exact versus numerical results and absolute error at t =0.5, =1 and ¢ =2 from left to right respectively, for Test Problem 2.
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Table 4
The outcomes obtained from utilizing the suggested approach to address Problem 2.
a M L L, L,,, CPU time
0.3 5 6.492E-04 3.954E-04 8.797E-05 0.11023
10 6.492E-04 3.953E-04 1.244E-04 0.13906
15 6.476E-04 3.941E-04 1.519E-04 0.17176
20 6.525E-04 3.954E-04 1.759E-04 0.23261
25 6.542E-04 3.945E-04 4.618E-04 1.42035
0.5 5 4.100E-04 2.407E-04 5.355E-05 0.09487
10 4.098E-04 2.405E-04 7.568E-05 0.14267
15 4.245E-04 2.444E-04 9.420E-05 0.15270
20 4.222E-04 2.410E-04 1.072E-04 0.22670
25 4.226E-04 2.417E-04 1.202E-04 1.54943
0.7 5 4.798E-04 2.651E-04 5.899E-05 0.09415
10 4.798E-04 2.651E-04 8.342E-05 0.14148
15 5.128E-04 2.762E-04 1.065E-04 0.14236
20 5.001E-04 2.668E-04 1.187E-04 0.24842
25 4.963E-04 2.644E-04 1.315E-04 1.51036
x107 x10° X107
0.2 04 1 0.8
exact — exact — exact
+  approx +  approx +  approx
absolute error absolute error absolute error
0.15 13 06 415
§ 5 5 5 S
5 01 12 £ 5 021 405 £ 5 04 41 E
K] © 3 © 3 ©
0.05 41 0.2 40.5
[} 0‘.1 012 013 0‘.4 0‘.5 016 0‘.7 018 0‘.9 10 0 O‘.1 012 0‘.3 014 0‘.5 0‘.6 0‘.7 0‘.8 019 1 GO O‘.1 0‘.2 013 0‘.4 0‘.5 0‘.6 0‘.7 018 0‘.9 1(J

Fig. 3. Exact versus numerical results and absolute error at  =0.5, =1 and ¢ =2 from left to right respectively, for Test Problem 3.

Table 5
The outcomes obtained from utilizing the suggested approach to address Prob-
lem 3.

Table 6
The outcomes obtained from utilizing the suggested approach to address Prob-
lem 3.

Current scheme Cited work [87] a M L L, L, CPU time
s a=02 a=05 a=07 a=05 0.3 5 3.956E-04 2.402E-04 5.344E-05 1.777E-01
0.1 1.9632E-07 1.2461E-06 2.4526E-06 1.3845E-04 10 3.968E-04 2.402E-04 7-559E-05 1.249E-01
15 4.083E-04 2.410E-04 9.286E-05 1.763E-01
0.2 7.6720E-07 4.8810E-06 9.6389E-06 1.5784E-04
20 4.089E-04 2.403E-04 1.069E-04 2.514E-01
0.3 1.6460E-06 1.0546E-05 2.1022E-05 1.3859E-04 2 4.088F. 04 2.411E.04 119904 1 551E+00
0.4 2.6394E-06 1.7093E-05 3.4551E-05 9.3740E-05 ’ ' ’ ’
0.5 3.3525E-06 2.1962E-05 4.5039E-05 3.5000E-05 0.6 5 1.129E-03 6.850E-04 1.524E-04 1.248E-01
0.6 3.3536E-06 2.2188E-05 4.6059E-05 2.5614E-05 10 1.132E-03 6.851E-04 2.156E-04 1.284E-01
0.7 2.5507E-06 1.6996E-05 3.5585E-05 7.4063E-05 15 1.172E-03 6.924E-04 2.668E-04 1.530E-01
0.8 1.3523E-06 9.0459E-06 1.9028E-05 9.2366E-05 20 1.165E-03 6.842E-04 3.045E-04 2.608E-01
0.9 3.6701E-07 2.4579E-06 5.1779E-06 5.6406E-05 25 1.166E-03 6.870E-04 3.418E-04 1.495E+00
0.9 5 1.101E-03 6.682E-04 1.487E-04 1.229E-01
10 1.104E-03 6.683E-04 2.103E-04 1.268E-01
and the exact solution is w(s,r,t) =tsr(s — D)(r — 1). 15 1.161E-03 6.861E-04 2.644E-04 1.674E-01
. 20 1.140E-03 6.698E-04 2.980E-04 2.526E-01
Table 7 presents the results of the suggested method for solvin
p . . . . 88 R & 25 1.132E-03 6.660E-04 3.313E-04 1.479E+00
Test Problem 4 in two dimensions, and is compared with the method
presented in [59], whereas the value of M =10, a = 0.3, T =01 and
7 =0.001. The table clearly shows that the suggested method achieves w(s,rt)  ow(s,r,t) Qw(s,rt)  Pw(s,rt)
good accuracy even with a small number of nodes. This comparison in- e T T o 052 + or2 =&(s,r0,
dicates that the proposed approach outperforms the method presented 0 0 40
in [59] in terms of accuracy. (s: €011, >0, (40)
Fig. 4 illustrates the approximate solution obtained using the suggested where
method, and compares it with the exact solution. The absolute errors be- -
tween the approximate and exact solutions are also shown in the figure. g(s,r,t) =# sin(zs) sin(zr)
bl 4

It is evident that the numerical solution obtained using the suggested
method is in excellent agreement with the exact solution.

Problem 5. The following form is used to express time-fractional
convection-diffusion equation.
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+1t (27[2 sin(zs) sin(zr) + z cos(zs) sin(n:r)) N

and the exact solution is w(s, r,t) =t sin(zs) sin(zr).
Table 8 displays the results of using the proposed method to solve
Test Problem 5, with respect to L, and L, error norms, for differ-
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The outcomes obtained from utilizing the suggested approach to address Problem 4.
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Current scheme

Cited work [59]

s r Exact App. Absolute error App. Absolute error
0.1 0.1 0.0081 0.0081 1.50E-06 0.0080 6.77E-05
0.2 0.2 0.0256 0.0256 5.32E-06 0.0255 9.65E-05
0.3 0.3 0.0441 0.0441 9.88E-06 0.0440 6.93E-05
0.4 0.4 0.0576 0.0576 1.34E-05 0.0575 8.43E-05
0.5 0.5 0.0625 0.0625 1.47E-05 0.0624 9.08E-05
0.6 0.6 0.0576 0.0576 1.32E-05 0.0575 8.43E-05
0.7 0.7 0.0441 0.0441 9.29E-06 0.0440 6.63E-05
0.8 0.8 0.0256 0.0256 4.26E-06 0.0256 4.12E-05
0.9 0.9 0.0081 0.0081 3.44E-07 0.0080 9.60E-05

0.05

o 9o
9 o
@ =

°
8
App. solution

Exact solution

°
2

04

0.6
s

Fig. 4. Exact and numerical solutions, and absolute error at ¢ = 1 from left to right respectively, for Test Problem 4.

Table 8
The outcomes obtained from utilizing the suggested approach to address Prob-
lem 5.

Table 9
The outcomes obtained from utilizing the suggested approach to address Prob-
lem 5.

a M L, L, CPU time T=0.5 T=1
0.25 4 5.65E-03 4,05E-03 3.1316 a L, L, L, L,
?2 1::2?:2: ;2;'532 Z:Z%‘; 0.2 1.04E-04 5.22E-05 1.11E-04 5.56E-05
1s L69E.04 8.10E.05 16.9765 0.4 3.97E-04 1.99E-04 4.12E-04 2.06E-04
20 1 62E.04 8.34E.05 38,9507 0.6 1.06E-03 5.34E-04 1.09E-03 5.45E-04
0.8 2.66E-03 1.33E-04 2.74E-03 1.38E-03
0.75 4 4.79E-03 3.37E-03 3.1740
8 1.63E-03 8.18E-04 4.7656
12 1.60E-03 8.05E-04 8.6114
16 1.59E-03 7.96E-04 16.9824 norms were computed and compared with exact solutions and pre-
20 1.51E-03 5.85E-04 38.9179

ent numbers of nodes whereas T =01 and = = 0.001. The table also
includes the computation time. The results demonstrate that the sug-
gested method is both accurate and efficient, even when using a small
number of nodes. Additionally, Table 9 presents the numerical results
for various fractional orders and time instances whereas M = 16 and
7 =0.001, indicating that the suggested method achieves better accu-
racy.

Fig. 5 depicts the approximate solution obtained by the suggested
method, and compares it with the exact solution. The figure also shows
the absolute errors between the approximate and exact solutions. The
results clearly demonstrate that the numerical solution produced by the
proposed method agrees excellently with the exact solution.

6. Conclusion

This study presents an efficient technique for solving one- and two-
dimensional time-fractional convection-diffusion equations using the
Caputo derivative. The method combines Lucas and Fibonacci polyno-
mials with the Caputo derivative definition to discretize the problem
in temporal direction and approximate the function’s derivative. To
evaluate the accuracy of the suggested approach, three different error
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viously published methods. The results demonstrate that the hybrid
method achieves higher accuracy, while the employed polynomials en-
able convenient approximation of higher-order derivatives for unknown
functions. Additionally, the study highlights the effectiveness of reduc-
ing spatial and time steps in minimizing errors. The proposed technique
can be adapted for various complex fractional partial differential equa-
tions with minor modifications.
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Fig. 5. Exact versus numerical solutions and absolute error at t =
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