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A B S T R A C T

This study examines the modified Sardar sub-equation method (MSSEM) for deriving the novel solutions
of the (3+1)-dimensional p-type model. This framework is commonly employed to explain the behavior of
optical solitons in nonlinear media. The applications of MSSEM allows us to acquire the precise analytical
solutions, which incorporate a diverse array of optical soliton solutions. We discuss the dynamical structure
of the solitons, bifurcation and chaos theory to develop the multiple soliton solutions, including rational,
hyperbolic, exponential, and trigonometric functions and depending on the principle of balancing equation.
Moreover, by using bifurcation and chaos theory, we examine the governing model with and without the
perturbation term and provide the three-dimensional, two-dimensional, and density profiles to improve the
clarity of obtained results. The different aspects of the solutions are evident in our visual representations.
These solutions are applicable to a wide range of domains, including fluid physics, oceanography, physics,
engineering, and nonlinear optics.
1. Introduction

Nonlinear partial differential equations (NLPDEs) are fundamental
tools for modeling complex physical events in many scientific disci-
plines. These equations usually describe the quantities that depend
on several spatial and temporal dimensions [1–3]. These equations
are widely used in many different fields, including fluid dynamics,
mathematical biology, and quantum physics [4–8]. These formulas are
essential to comprehending fluid instabilities and turbulence, among
other phenomena [9]. The (3+1)-dimensional p-type model is one
particular subtype of NLPDEs [10].

A𝑥𝑥𝑥𝑦 + 𝑎1A𝑦𝑡 + 𝑎2(AA𝑥)𝑦 + 𝑎3A𝑥𝑥 + 𝑎4A𝑧𝑧 = 0, (1)

where 𝑎′𝑖𝑠 are the real components. This particular model contains one
temporal dimension of 𝑡 and three spatial dimensions of 𝑥, 𝑦, 𝑧, which
is highly valuable for analyzing dynamic processes. The governing
model is used to represent the instabilities and plasma waves in various
fields, including plasma physics. The (3+1)-dimensional p-type model
is a theoretical construct used to investigate a variety of physical pro-
cesses within the context of quantum field theory and other domains.

∗ Corresponding author.
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This model explains specific properties of materials and spontaneous
processes in solid-state structures, which include magnetism and the
conventional theory of particle physics. Mohan et al. [11] developed
a Painleve integrable generalized (3+1)-dimensional evolution model
and they used an auxiliary function to find rogue wave and dispersive-
soliton solutions created by applying the Cole–Hopf transform through
symbolic computation.

Numerous strong and effective analytical mathematical techniques
have been developed, including traveling wave transformation [12],
Darboux transformations [13], inverse-scattering technique [14], the
generalized Kudryashov approach [15], Sardar sub-equation technique
[16], 𝐺

𝐺′ -expansion technique [17], auxiliary equation technique [18],
exp-function method [19], Unified direct method [20], Adomian tech-
nique [21], Lie symmetry technique [22], bilinear neural network tech-
nique [23], new extended direct algebraic [24], modified F-expansion
approach [25] and so on [26–28]. These various methods offer a
variety of techniques for deriving exact analytical solutions and give
researchers a rich arsenal for addressing the difficulties posed by non-
linear evolution equations.
110-0168/© 2024 The Authors. Published by Elsevier B.V. on behalf of Faculty of E
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In this work, we propose the concept of MSSEM for the soliton
solutions of p-type model [29]. Using the proposed method, various
new wave solutions have been generated, such as combo solutions,
hyperbolic, exponential and trigonometric solutions. Additionally, use
bifurcation and chaotic analysis to analyze the dynamical behavior
of the model for perturbed and non-perturbed systems [30]. These
results have significant applications in various discipline of mathe-
matical physics. Furthermore, the aforementioned results demonstrate
the efficacy of the proposed methodology, which finds application in
a variety of nonlinear physical models encountered in the applied
sciences. The presence of a bright soliton is crucial in the field of
nonlinear optics as it enables the generation of compact and dependable
light waves for transmission systems. Periodic solitons are employed
to characterize periodic waves and oscillations in a variety of fields,
including fluid dynamics, plasma physics, and geophysical phenomena.
Singular solutions are indispensable for understanding wave behaviors
in a diverse array of systems to elucidate complex problems, including
motion of liquids, plasmas, and nonlinear optical phenomena.

These are the main sections of the study. In Section 2 covers
the description for the MSSEM. Applications of MSSEM to the (3+1)-
dimensional p-type model are given in 3. Section 4 are organized to
investigate the dynamical system of the governing model by using bi-
furcation and chaos theory. Section 5 covers the numerical discussions
of obtained solutions. The conclusion is organized in Section 6.

2. Mathematical analysis of MSSEM

By including additional terms and instances in the solution ansatz,
the MSSE strategy expands the capabilities of the traditional Sar-
dar sub-equation technique for the creation of nonlinear equations.
This approach solves NLPDEs effectively in a variety of circumstances.
Consider the general form of NLPDEs

𝑁
(

A,A𝑥,A𝑡,A𝑥𝑥,A𝑥𝑧,A𝑥𝑡,…
)

= 0. (2)

Step-1: Consider the wave transformation

A = V (𝜙), 𝜙 = −𝛽4𝑡 + 𝛽1𝑥 + 𝛽2𝑦 + 𝛽3𝑧. (3)

nserting Eq. (3), into Eq. (2), acquired the nonlinear ordinary differ-
ntial equations (NLODEs).

̃ (V , V ′, V ′′,…) = 0. (4)

tep-2: Assume the general solution for Eq. (4) through MSSEM

(𝜙) = 𝛾0 +
𝐾
∑

𝑗=1
𝛾𝑗Z𝑗 (𝜙), 𝛾𝑗 ≠ 0, (5)

here V = V (𝜙) assures

′(𝜙)2 = 𝛼2Z(𝜙)4 + 𝛼1Z(𝜙)2 + 𝛼0, (6)

s 𝛼0 ≠ 1, 𝛼1, and 𝛼2 ≠ 0 are integers. Assume that the invertible 𝛾𝑗
s zero and compute 𝛾0 and 𝛾1. To get 𝐾, the balancing principle is
pplied. Various clusters for Eq. (6) are:

luster-1:
∙ If 𝛼0 = 0, 𝛼1 > 0 and 𝛼2 ≠ 0, we acquired

1(𝜙) =
√

−
𝛼1
𝛼2

sech
(√

𝛼1(𝜙 + 𝐿)
)

, (7)

Z2(𝜙) =
√

−
𝛼1
𝛼2

csch
(√

𝛼1(𝜙 + 𝐿)
)

. (8)

Cluster-2:
∙ The constants are 𝑀1 and 𝑀2 and 𝛼0 = 0, 𝛼1 > 0 and 𝛼2 =

4𝑀 𝑀 , we acquired
246

1 2
3(𝜙) =
4𝑀1

√

𝛼1
(

4𝑀2
1 − 𝛼2

)

sinh
(

√

𝛼1(𝜙 + 𝐿)
)

+
(

4𝑀2
1 − 𝛼2

)

cosh
(

√

𝛼1(𝜙 + 𝐿)
) .

(9)

ase-3:
∙ The constants are 𝑊1 and 𝑊2, and 𝛼0 =

𝛼21
4𝛼2

, 𝛼1 < 0 and 𝛼2 > 0, we
acquired

Z4(𝜙) =
√

−
𝛼1
2𝛼2

tanh

(

√

−
𝛼1
2
(𝜙 + 𝐿)

)

, (10)

5(𝜙) =
√

−
𝛼1
2𝛼2

coth

(

√

−
𝛼1
2
(𝜙 + 𝐿)

)

, (11)

Z6(𝜙) =
√

−
𝛼1
2𝛼2

(

tanh

(

√

−
𝛼1
2
(𝜙 + 𝐿)

)

+ 𝑖sech
(

√

−2𝛼1(𝜙 + 𝐿)
)

)

,

(12)

7(𝜙) =
√

−
𝛼1
8𝛼2

(

tanh

(

√

−
𝛼1
8
(𝜙 + 𝐿)

)

+ coth

(

√

−
𝛼1
8
(𝜙 + 𝐿)

))

,

(13)

Z8(𝜙) =

√

− 𝛼1
2𝛼2

(

√

𝑊 2
1 +𝑊 2

2 −𝑊1 cosh
(

√

−2𝛼1(𝜙 + 𝐿)
)

)

𝑊1 sinh
(

√

−2𝛼1(𝜙 + 𝐿)
)

+𝑊2

, (14)

9(𝜙) =

√

− 𝛼1
2𝛼2

cosh
(

√

−2𝛼1(𝜙 + 𝐿)
)

sinh
(

√

−2𝛼1(𝜙 + 𝐿)
)

+ 𝑖
. (15)

luster-4:
∙ If 𝛼0 = 0, ℎ1 < 0 and ℎ2 ≠ 0, we acquired

10(𝜙) =
√

−
𝛼1
𝛼2

sec
(√

−𝛼1(𝜙 + 𝐿)
)

, (16)

11(𝜙) =
√

−
𝛼1
𝛼2

csc
(√

−𝛼1(𝜙 + 𝐿)
)

. (17)

ase-5:
∙ If 𝛼0 =

𝛼21
4𝛼2

, 𝛼1 > 0 and 𝛼2 > 0 and 𝑊 2
1 −𝑊 2

2 > 0, we acquired

12(𝜙) =
√

−
𝛼1
2𝛼2

tan

(

√

𝛼1
2
(𝜙 + 𝐿)

)

, (18)

13(𝜙) = −
√

−
𝛼1
2𝛼2

cot

(

√

𝛼1
2
(𝜙 + 𝐿)

)

, (19)

Z14(𝜙) = −
√

−
𝛼1
2𝛼2

(

tan
(

√

2𝛼1(𝜙 + 𝐿)
)

− sec
(

√

2𝛼1(𝜙 + 𝐿)
))

, (20)

Z15(𝜙) =
√

−
𝛼1
8𝛼2

(

tan

(

√

𝛼1
8
(𝜙 + 𝐿)

)

− cot

(

√

𝛼1
8
(𝜙 + 𝐿)

))

, (21)

16(𝜙) =

√

− 𝛼1
2𝛼2

(

√

𝑊 2
1 −𝑊 2

2 −𝑊1 cos
(

√

2𝛼1(𝜙 + 𝐿)
)

)

𝑊2 +𝑊1 sin
(

√

2𝛼1(𝜙 + 𝐿)
) , (22)

Z17(𝜙) =

√

− 𝛼1
2𝛼2

cos
(

√

2𝛼1(𝜙 + 𝐿)
)

sin
(

√

2𝛼1(𝜙 + 𝐿)
)

− 1
. (23)

luster-6:
∙ If 𝛼0 = 0, 𝛼1 > 0, we acquired

18(𝜙) =
4𝛼1𝑒

√

𝛼1(𝜙+𝐿)

𝑒2
√

𝛼1(𝜙+𝐿) − 4𝛼1𝛼2
, (24)

19(𝜙) =
4𝛼1𝑒

√

𝛼1(𝜙+𝐿)

2
√

𝛼 (𝜙+𝐿)
. (25)
1 − 4𝛼1𝛼2𝑒 1
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Cluster-7:
∙ If 𝛼0 = 0, 𝛼1 = 0 and 𝛼2 > 0, we acquired

Z20(𝜙) =
1

√

𝛼2(𝜙 + 𝐿)
, (26)

Z21(𝜙) =
𝑖

√

𝛼2(𝜙 + 𝐿)
. (27)

Step-3: After applying Eq. (6) to Eq. (4) and the second-order required
derivatives of Eq. (5), the polynomial that results is a power of Z(𝜙).
Also, gather coefficients representing similar powers of Z(𝜙), and then
set all of the parameters to zero to obtain the algebraic systems for 𝛾0, 𝛾𝑗
(𝑗 = 1, 2, 3,… , 𝐾).

Step-4: The solution to Eq. (1) can be obtained by computing algebraic
systems using Wolfram Mathematica.

3. Application of MSSEM to (3+1)-dimensional p-type model

The MSSEM facilitates the procedure of finding exact solutions by
converting complicated nonlinear PDEs to streamlined sub-equations.
This can frequently make the procedure more simple and efficient than
other techniques. The MSSEM is useful when creating NLPDE solutions,
such as the p-type model. This technique involves an algebraic system
to obtain unknown constants, then taking an ansatz for a solution
using additional variables and a unique function. The results show
that our recommended technique is reliable, accurate and efficient
for the soliton solution for the p-type model. Now, using the wave
transformation presented in Eq. (3) to Eq. (1), we obtain the NLODE
as follows

𝑎3𝛽
2
1V ′′(𝜙) + 𝑎4𝛽

2
3V ′′(𝜙) − 𝑎1𝛽2𝛽4V ′′(𝜙) + 𝑎2

(

𝛽1𝛽2V (𝜙)V ′′(𝜙)

+ 𝛽1𝛽2V ′(𝜙)2
)

+ 𝛽2𝛽
3
1V (4)(𝜙), (28)

Integrate twice Eq. (28) to acquire the required NLODEs of the second
order.

𝑎3𝛽
2
1V (𝜙) + 1

2
𝑎2𝛽2𝛽1V (𝜙)2 + 𝑎4𝛽

2
3V (𝜙) − 𝑎1𝛽2𝛽4V (𝜙) + 𝛽2𝛽

3
1V ′′(𝜙). (29)

Using the balance principle in Eq. (29), we obtain 𝑗 = 2. Using 𝑗 = 2,
the general solution becomes.

V (𝜙) = 𝛾0 + 𝛾2Z(𝜙)2 + 𝛾1Z(𝜙). (30)

Findings the coefficient by equating it with 𝑗 = 0, 1, 2, 3,…, to the power
of Z(𝜙)𝑗 . Inserting Eq. (30) in Eq. (29), to obtain an algebraic equation
systems.

𝑎3𝛽
2
1 𝛾0 + 𝑎4𝛽

2
3 𝛾0 − 𝑎1𝛽2𝛽4𝛾0 = 0 ∧ 2𝛼0𝛽2𝛽31 𝛾2 +

1
2
𝑎2𝛽2𝛽1𝛾

2
0 = 0,

+
(

𝛼1𝛽2𝛽
3
1 𝛾1 + 𝑎3𝛽

2
1 𝛾1 + 𝑎2𝛽2𝛽1𝛾0𝛾1 + 𝑎4𝛽

2
3 𝛾1 − 𝑎1𝛽2𝛽4𝛾1

)

= 0,

+
(

4𝛼1𝛽2𝛽31 𝛾2 + 𝑎3𝛽
2
1 𝛾2 +

1
2
𝑎2𝛽2𝛽1𝛾

2
1 + 𝑎2𝛽2𝛽1𝛾0𝛾2 + 𝑎4𝛽

2
3 𝛾2 − 𝑎1𝛽2𝛽4𝛾2

)

= 0,
(

6𝛼2𝛽2𝛽31 𝛾2 +
1
2
𝑎2𝛽2𝛽1𝛾

2
2

)

+
(

2𝛼2𝛽2𝛽31 𝛾1 + 𝑎2𝛽2𝛽1𝛾1𝛾2
)

= 0.

The equation system above is resolved by symbolic computation.

Family 1:

⎧

⎪

⎨

⎪

⎩

𝑎2 →
4
√

3𝑎4
√

𝛼0
√

𝛼2𝛽23
𝑎3𝛾0

, 𝛽1 →
𝑖
√

𝑎4𝛽3
√

𝑎3
, 𝛽2 → 0, 𝛾1 → 0, 𝛾2 →

√

3
√

𝛼2𝛾0
√

𝛼0

⎫

⎪

⎬

⎪

⎭

.

(31)

he solutions for Family 1 are the expressions that follow:
∙ Bright soliton solution.

1,1 = 𝛾0 −

√

3𝛼1𝛾0sech2
(

√

𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+ 𝐿 − 𝛽4𝑡 + 𝛽3𝑧

))

√ √
. (32)
247

𝛼0 𝛼2
Singular soliton solution is given in Box I.

1,2 = 𝛾0 +

√

3𝛼1𝛾0csch2
(

√

𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+ 𝐿 − 𝛽4𝑡 + 𝛽3𝑧

))

√

𝛼0
√

𝛼2
. (33)

∙ Hyperbolic soliton solution. ∙ Dark soliton solution.

A1,4 = 𝛾0 −

√

3𝛼1𝛾0 tanh
2
⎛

⎜

⎜

⎝

√

−𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+𝐿−𝛽4𝑡+𝛽3𝑧

)

√

2

⎞

⎟

⎟

⎠

2
√

𝛼0
√

𝛼2
. (35)

∙ Singular soliton solution.

A1,5 = 𝛾0 −

√

3𝛼1𝛾0 coth
2
⎛

⎜

⎜

⎝

√

−𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+𝐿−𝛽4𝑡+𝛽3𝑧

)

√

2

⎞

⎟

⎟

⎠

2
√

𝛼0
√

𝛼2
. (36)

∙ Combo of bright and dark soliton solution is given in Box II.

∙ Combo of dark and singular soliton solution is given in Box III.

∙ Hyperbolic soliton solution is given in Box IV.

A1,9 = 𝛾0 −

√

3𝛼1𝛾0 cosh
2
(

√

2
√

−𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+ 𝐿 − 𝛽4𝑡 + 𝛽3𝑧

))

2
√

𝛼0
√

𝛼2

(

sinh
(

√

2
√

−𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+ 𝐿 − 𝛽4𝑡 + 𝛽3𝑧

))

+ 𝑖
)

2

,

(40)

∙ Periodic soliton solution is given in Box V.

A1,10 = 𝛾0 −

√

3𝛼1𝛾0 sec2
(

√

−𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+ 𝐿 − 𝛽4𝑡 + 𝛽3𝑧

))

√

𝛼0
√

𝛼2
, (41)

A1,11 = 𝛾0 −

√

3𝛼1𝛾0 csc2
(

√

−𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+ 𝐿 − 𝛽4𝑡 + 𝛽3𝑧

))

√

𝛼0
√

𝛼2
, (42)

A1,12 = 𝛾0 +

√

3𝛼1𝛾0 tan2
⎛

⎜

⎜

⎝

√

𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+𝐿−𝛽4𝑡+𝛽3𝑧

)

√

2

⎞

⎟

⎟

⎠

2
√

𝛼0
√

𝛼2
(43)

A1,13 = 𝛾0 +

√

3𝛼1𝛾0 cot2
⎛

⎜

⎜

⎝

√

𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+𝐿−𝛽4𝑡+𝛽3𝑧

)

√

2

⎞

⎟

⎟

⎠

2
√

𝛼0
√

𝛼2
, (44)

A1,15 = 𝛾0 +

√

3𝛼1𝛾0
⎛

⎜

⎜

⎝

tan
⎛

⎜

⎜

⎝

√

𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+𝐿−𝛽4 𝑡+𝛽3𝑧

)

2
√

2

⎞

⎟

⎟

⎠

− cot
⎛

⎜

⎜

⎝

√

𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+𝐿−𝛽4 𝑡+𝛽3𝑧

)

2
√

2

⎞

⎟

⎟

⎠

⎞

⎟

⎟

⎠

2

8
√

𝛼0
√

𝛼2
, (46)

1,16 = 𝛾0 +

√

3𝛼1𝛾0

(

√

𝑀2
1 −𝑀2

2 −𝑀1 cos
(

√

2
√

𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+ 𝐿 − 𝛽4𝑡 + 𝛽3𝑧

)))

2

2
√

𝛼0
√

𝛼2

(

𝑀2 +𝑀1 sin
(

√

2
√

𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+ 𝐿 − 𝛽4𝑡 + 𝛽3𝑧

)))

2

,

(47)

A1,17 = 𝛾0 +

√

3𝛼1𝛾0 cot2
(

√

2
√

𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+ 𝐿 − 𝛽4𝑡 + 𝛽3𝑧

))

2
√

𝛼0
√

𝛼2
. (48)

∙ Exponential soliton solution.

A1,18 = 𝛾0 +
16

√

3
√

𝛼2𝛼21𝛾0 exp
(

2
√

𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+ 𝐿 − 𝛽4𝑡 + 𝛽3𝑧

))

√

𝛼0

(

−4𝛼1𝛼2 + exp
(

2
√

𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√ + 𝐿 − 𝛽4𝑡 + 𝛽3𝑧

)))

2
,

𝑎3
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A

A1,3 = 𝛾0 +
16

√

3
√

𝛼2𝛼1𝛾0𝑀2
1

√

𝛼0

(

(

4𝑀2
1 − 𝛼2

)

sinh
(

√

𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+ 𝐿 − 𝛽4𝑡 + 𝛽3𝑧

))

+
(

4𝑀2
1 − 𝛼2

)

cosh
(

√

𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+ 𝐿 − 𝛽4𝑡 + 𝛽3𝑧

)))

2
. (34)

Box I.
A1,6 = 𝛾0 −

√

3𝛼1𝛾0

(

tanh
(

√

2
√

−𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+ 𝐿 − 𝛽4𝑡 + 𝛽3𝑧

))

+ 𝑖sech
(

√

2
√

−𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+ 𝐿 − 𝛽4𝑡 + 𝛽3𝑧

)))

2

2
√

𝛼0
√

𝛼2
. (37)

Box II.
A1,7 = 𝛾0 −

√

3𝛼1𝛾0
⎛

⎜

⎜

⎝

tanh
⎛

⎜

⎜

⎝

√

−𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+𝐿−𝛽4𝑡+𝛽3𝑧

)

2
√

2

⎞

⎟

⎟

⎠

+ 𝑖 coth
⎛

⎜

⎜

⎝

√

−𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+𝐿−𝛽4𝑡+𝛽3𝑧

)

2
√

2

⎞

⎟

⎟

⎠

⎞

⎟

⎟

⎠

2

8
√

𝛼0
√

𝛼2
. (38)

Box III.
A1,8 = 𝛾0 −

√

3𝛼1𝛾0

(

√

𝑀2
1 +𝑀2

2 −𝑀1 cosh
(

√

2
√

−𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+ 𝐿 − 𝛽4𝑡 + 𝛽3𝑧

)))

2

2
√

𝛼0
√

𝛼2

(

𝑀2 +𝑀1 sinh
(

√

2
√

−𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+ 𝐿 − 𝛽4𝑡 + 𝛽3𝑧

)))

2
, (39)

Box IV.
A1,14 = 𝛾0 +

√

3𝛼1𝛾0

(

tan
(

√

2
√

𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+ 𝐿 − 𝛽4𝑡 + 𝛽3𝑧

))

− sec
(

√

2
√

𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+ 𝐿 − 𝛽4𝑡 + 𝛽3𝑧

)))

2

2
√

𝛼0
√

𝛼2
, (45)

Box V.
(49)

1,19 = 𝛾0 +
16

√

3
√

𝛼2𝛼21𝛾0 exp
(

2
√

𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+ 𝐿 − 𝛽4𝑡 + 𝛽3𝑧

))

√

𝛼0

(

1 − 4𝛼1𝛼2 exp
(

2
√

𝛼1

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+ 𝐿 − 𝛽4𝑡 + 𝛽3𝑧

)))

2
.

(50)

∙ Plane wave soliton solution.

A1,20 = 𝛾0 +

√

3𝛾0
√

𝛼0
√

𝛼2

(

𝑖
√

𝑎4𝛽3𝑥
√

𝑎3
+ 𝐿 − 𝛽4𝑡 + 𝛽3𝑧

)

2
. (51)

∙ rational soliton solution.

A1,21 = 𝛾0 +

√

3𝛾0
√

𝛼0
√

𝛼2

(

𝑖
√

𝑎4𝛽3𝑥
√ + 𝐿 − 𝛽4𝑡 + 𝛽3𝑧

)

2
. (52)
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𝑎3
4. Dynamical system

An equation that represents how a system changes over time is
called a dynamical system (DS). The differential equations that make
up this system explain how the system’s state varies over time. The be-
havior of complex systems is studied using dynamic systems in a variety
of disciplines, including physics, engineering, biology, economics, and
ecology.

A fundamental DS can be illustrated by the movement of planets
in a solar system, the behavior of the stock market, the population
dynamics of a species, or the motion of a pendulum. Analysis of long-
term behavior, periodicity, and stability are frequently employed in the
investigation of dynamical systems.

4.1. Bifurcation analysis

The theory of bifurcation analysis is an essential concept for the
dynamical system. If one or more system parameters are changed, then
the dynamical system describes a qualitative shift in the behavior of
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Fig. 1. Physical structure of 2-soliton of bright solution of A1,1 by choosing appropriate parametric values.
Fig. 2. Physical structure of 1-soliton of singular solution of A1,2 by choosing appropriate parametric values.
Fig. 3. Physical structure of hyperbolic solitons of A1,3 by choosing appropriate parametric values.
a distributed system. A bifurcation can occur when the behavior of a
dynamical system change suddenly. When two unstable and one stable
equilibriums clash and destroy each others, then the stability of equi-
librium points can exchange such that the production of one unstable
equilibrium point and the destruction of two stable equilibrium points.
Bifurcation theory is useful in many domains, including as physics,
biology, economics, and engineering, and it is crucial for comprehend-
ing the behavior of nonlinear dynamical systems. Consider Eq. (29),
and apply the Galilean transformation to acquire the first order DS
such as:

{

V ′(𝜙) = 𝑊 ,
′′ ′ 2

(53)
249

V (𝜙) = 𝑊 = 𝐵1V (𝜙) + 𝐵2V (𝜙),
where 𝐵1 = −1
𝛽31 𝛽2

(𝑎3𝛽21 + 𝑎4𝛽23 − 𝑎1𝛽2𝛽4) and 𝐵2 = −𝑎2
2

1
𝛽21

. The following
are the possible cases for the DS without perturbation term at the fixed
parametric values are 𝛽1 = 0.2, 𝛽2 = 0.5, 𝛽3 = 0.21, & 𝛽4 = 0.9.

Case-1: When 𝐵1 > 0, 𝐵2 > 0 and 𝐵1 > 0, 𝐵2 < 0, Eq. (53),
gives the behaviors of saddle and center point by choosing the values
of parameters are 𝑎3 = 1, & 𝑎2 = 0.7, as depicted in part-(a) of
Fig. 6.

Case-2: When 𝐵1 < 0, 𝐵2 < 0 and 𝐵1 < 0, 𝐵2 > 0, Eq. (53),
gives the behaviors of Cuspidal and center point by choosing the values
of parameters are 𝑎3 = 0.3, & 𝑎2 = −0.7, as depicted in part-(b) of
Fig. 6.
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Fig. 4. Physical structure of 2-solitons of dark solution of A1,4 by choosing appropriate parametric values.

Fig. 5. Physical structure of periodic solitons of A1,12 by choosing appropriate parametric values.

Fig. 6. Illustration of bifurcation analysis of Eq. (53) under values of parameters are 𝑎3 = 1, 𝛽1 = 0.2, 𝛽2 = 0.5, 𝛽3 = 0.21, 𝛽4 = 0.9, & 𝑎2 = 0.7.

Fig. 7. Illustration of bifurcation analysis of Eq. (53) under values of parameters are 𝑎3 = 1, 𝛽1 = 0.2, 𝛽2 = 0.5, 𝛽3 = 0.21, 𝛽4 = 0.9, & 𝑎2 = 0.7.
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Fig. 8. Visualization of chaotic analysis with perturbation at different amplitudes and frequencies of Eq. (54).
Case-3: When 𝐵1 = 0, 𝐵2 > 0, Eq. (53), gives the behaviors of saddle
point by choosing the values of parameters are 𝑎3 = 1.2 & 𝑎2 = 1.7, as
depicted in part-(a) of Fig. 7.

Case-4: When 𝐵1 > 0, 𝐵2 = 0, Eq. (53), gives the behaviors of center
point by choosing the values of parameters are 𝑎3 = 1.4 & 𝑎2 = 1.27, as
depicted in part-(b) of Fig. 7.
251
4.2. Chaotic analysis

Chaos theory examines deterministic systems that exhibit complex
and unexpected behavior despite the fact that they are governed by
fundamental mathematical equations. The slightest variations in the
initial conditions can lead to results that are significantly different.
Ultimately, the system’s phase space is formed by the trajectories of
adjacent points. The phase space of the system is tightly packed with
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an endless number of periodic orbits. The weather, turbulent fluid
movement, the double pendulum, and the logistic map are a few well-
known instances of chaotic systems. Chaos theory has been employed
in a variety of fields, such as economics, engineering, biology, physics,
and the social sciences. It has profoundly altered our perceptions of
randomness and predictability in nature as well as our understanding
of deterministic systems. Eq. (53) exhibits chaotic behavior when a
perturbation term is included. such as

⎧

⎪

⎨

⎪

⎩

V ′(𝜙) = 𝑊 ,
V ′′(𝜙) = 𝑊 ′ = 𝐵1V (𝜙) + 𝐵2V 2(𝜙) + 𝛿 cos(𝛹𝜙),
𝑊 ′′ = 𝛿,

(54)

where 𝛿 is amplitude and 𝛹 is frequency. Changing the values of 𝛹 and
𝛿 to get the different structures of chaos with perturbation.

5. Numerical results

The results obtained from the proposed method for solving the
(3+1)-dimensional p-type model differ slightly from those obtained by
other investigators with existing methods. Our acquired results offer a
fresh and simplified understanding of the intricate physical processes
associated with these advanced models. Eq. (1) in particular provides
a range of special solutions, including bright and dark solitons, peri-
odic waves, and other wave solutions. We have computed our results,
which include several previously unreported discoveries, are not just
extraordinary but also unique after comparing them to the existing
literature [10]. The proposed method has been used to generate a
large number of wave solutions in the form of trigonometric and
hyperbolic functions. These solutions are unique and have significant
implications in mathematical physics. In order to provide a physical
explanation for the results, the numerous unique structures of the
acquired solutions, including dark, luminous, singular, and numerous
periodic solutions, are plotted. Figs. 1–5 show the solitons solutions.
Figs. 6 and 7 illustrates the dynamical structures for bifurcation analysis
without perturbation term. Fig. 8 illustrates the dynamical structures
for chaotic analysis with perturbation terms at different values of
frequencies and amplitudes. The density plots depict the distribution
of energy. These plots are an effective medium to examine convoluted
data and variations in (3+1)-dimensional p-type models. They help
with the study, interpretation, and sharing of theory and experimental
results in many areas of physics.

6. Conclusion

In our current work, we successfully utilized the concept of MSSEM
for novel wave solutions of the (3+1)-dimensional p-type model. These
wave results provide rational, trigonometric, exponential, and hyper-
bolic functions, which have significant applications in a variety of
physical and applied domains. Furthermore, graphs show various struc-
tural patterns of solutions, such as singular solutions, periodic waves,
bright and dark solitons. Using MATLAB, we can effectively visualize
these solutions in multiple dimensions, which allowed us to reveal a
clear understanding of the physical properties of the proposed model.
The dynamical structures of the perturbed and nonperturbed models
were studied through bifurcation and chaos. The wide range of wave
solutions indicates that the proposed technique is feasible and suc-
cessful. This approach frequently necessitates extensive changes and
transformations, which can be extremely rigorous and challenging to
perform accurately. The MSSEM may not be applicable to all varieties
of nonlinear PDEs, particularly those with more complex dynamical
problem. By investigating and using these results, we can find even
more ways to solve complex problems and encourage new ideas in
a variety of fields, such as the Lyapunov exponent and bifurcation
252

diagram for our future work.
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