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Abstract. For a wide class of linear functional equations the solutions are generalized
polynomials. The existence of non-trivial monomial terms of the solution strongly depends
on the algebraic properties of some related families of parameters. As a continuation of the
previous work [A. Varga, Cs. Vincze, G. Kiss, Algebraic methods for the solution of linear
functional equations, Acta Math. Hungar.] we are going to present constructive algebraic
methods of the solution in some special cases. Explicit examples will be also given.
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1. INTRODUCTION

Consider functional equation

D aif(bix+ (1 —=bi)y) =0 (x,y € ), (1.1)
i=0
where [ is a nonempty open real interval, 0 < by < b; < ... < b, < 1and ag,aq,...,a,

are given nonzero real numbers such that Y. ja; = 0 (it is natural because of the
substitution z = y). According to the basic results [6] and [7] of the theory the solutions
of equation (1.1) must be generalized polynomials of the form

f(x):i:Ak(x,...,x)—i—Ao (x € 1), (1.2)
k=1
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where Ay : R¥ — R is a symmetric k-additive function, Ay € R forany k =1,...,n—1.
We have the following system of equations for the monomial term Ay:

Ak( , S t) + Zznill OéiAk( S tﬁz) =
Ag(s, ..., 8t t) + > 1 a;Ag(s,...,s tb’l,tﬂz)

Ak(t, N ,t) + Z?;ll aiAk(tﬁia s atﬂl) = 0’

where s,t € R,
a; b - bO
i = d i =
@ . and f; ——

(i = 1,...,n — 1); for details see [10] and [11]. The problem is to find necessary
and sufficient conditions in terms of the parameters a;,...,a,—1 and Bi,..., 8,1 or
constructive methods to decide the existence of a non-trivial generalized polynomial
solution. A descending tendency can be concluded: if equation (1.1) has a solution of
degree k > 1, then it also has solutions of degree 1,...,k — 1, respectively. Therefore,
the existence of the non-trivial solution depends on the equation

(Al): Al(t> + ni OéiAl(tBi) =0

i=1

Using some recent results [5], see also [2] and [4], spectral synthesis and spectral
analysis hold in some related varieties of the functional equation. The spectral analysis
allows us to choose a special kind of solution called exponentials. Since the varieties
are considered over the multiplicative group of the extension of Q with the parameters,
the additivity and the exponential property result in field homomorphisms. These are
characterized in the following important theorem.

Theorem 1.1 ([2]). There exists a not identically zero k-additive symmetric function
satisfying (Ax) if and only if there exists a collection of injective field homomorphisms
0,30k Q(B1,. .., Bno1) = C such that

1+ b (B) =0 (j=1,....k),

1+Zl 1 Q4 ]1(52) ]2(ﬂ1) =0 (]1 7éj23 jlaj2 = 17~~'7k)7

1+ i (Bi) o 0k(Bi) = 0

The importance of Theorem 1.1 is that (F) provides us with a system of equations
to check the existence of generalized monomial solutions. The generalized monomial
solutions cannot be given explicitly in general but we can check (at least theoretically)



Nontrivial solutions of linear functional equations methods and examples 959

the algebraic properties of the parameters to decide whether (F}) can be satisfied
or not. The aim of the paper is to present methods and examples. Table 1 shows
the tendency under increasing the maximal degree of the solution: |Fj| denotes the
number of equations of the system (F%), |0;(5;)] is the number of elements 6;(5;) and
k=1,...,n—1.

Table 1.
(nn—-1]1<k<n-1[[F]=2"-1]1]68)=k(n—1) |
2 1 1 1 1

1 1 2
31 2 2 3 4
1 1 3
41 3 2 3 6
3 7 9

By Theorem 1.1, we have to solve the problem of existence of injective field homomor-
phisms!) satisfying (F}), especially,

(Fl) 1+ iaiél(ﬁi) =0.

i=1

We are going to present constructive algebraic methods of the solution in some special
cases: the case of algebraic parameters (sufficient and necessary conditions, Gauss
elimination and characteristic polynomials), biadditive solutions in case of n = 3 (for
solutions of degree one see [11]), explicit examples.

2. PRELIMINARY RESULTS AND BASIC CONCEPTS

The element 3 = (B1,...,Bm) € R™or C™ is called an algebraically dependent system

if there exists a not identically zero p € Q[z1,...,xy] such that p(8) = 0. Otherwise,
we say that it is an algebraically independent system. The ideal

-, =,

Z(B) :={p € Qlz1,...,zm] | p(B) =0}

of the polynomial ring Q[z1,. .., %] is called the defining ideal of B.If I(g) =7I(%),
then we say that § and ¥ are algebraically conjugated. It is known [10] that there
exists a field isomorphism

d: Q(61775m) — Q(’Yh,’Ym)

such that §(8;) = v (1 =1,2,...,m) if and only if gand ~ are algebraically conjugated.
In case of n = 2 equation (F}) reduces to 1 4+ «1601(81) = 0 and the value of d1(81)

1) In what follows we shall frequently use that any injective homomorphism §: QB1,-.-,Pn-1) = C
can be extended to an authomorphism 6: C — C; see [3].
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can be directly expressed. Therefore, there exists a not identically zero solution iff
b1 and —(1/ay) are algebraically conjugated. This is one of the first results due to Z.
Daréezy [1] for the solvability of equation (A;). We also have some important results
as a kind of generalization of Dardczy’s theorem for n > 3.

Theorem 2.1 ([9]). Let n > 2 be a given natural number. Suppose that the outer
parameters o;’s (i = 1,...,n — 1) form an algebraically independent system. There
exists a not identically zero Ay: R — R additive solution of equation (A1) iff at least
one of the inner parameters (B;’s is transcendent.

The proof goes back to the construction of a field homomorphism §; satisfying
(F1). Using ;" the role of the outer and the inner parameters in Theorem 2.1 can be
interchanged; for the details see [9].

3. THE CASE OF ALGEBRAIC PARAMETERS

Another interesting pure case when all the inner (or the outer) parameters are algebraic
numbers over the rationals. Then we have an eliminating technique due to A. Varga [§]
to solve equation (A1), i.e. we can decide algorithmically the problem of the existence
of non-trivial solutions.

3.1. THE GAUSS ELIMINATION

The main steps of the algorithm are as follows: since all the parameters §; (i =
1,...,n — 1) are algebraic, the extension of the rationals with elements 8;’s can be
written into the form Q(f1,...,Bn-1) = Q(u) for some algebraic element u over the
rationals. Let p(t) := t?+! + Z?:o ¢;t* be the defining polynomial of u, i.e. p(u) = 0
and consider the inner parameters as

d
Bi:Zrijuj (i=1,...,n—1),
7=0

where r;; are rational coeflicients to express the parameters in terms of the basis
u?, ..., u',1 of the vector space Q(u) over Q. Therefore, we can write equation (A;)

into the form
pdAl(udt) +...+ plAl(ut) + pOAl (t) = 0, (31)

where p; = Z?:_ll rija, J = 0,...,d. Using the defining polynomial of u and the
rational homogenity of additive functions, subsequent substitutions of ut instead of
t in equations of type (3.1) give a linear system of equations for the variables Ay (t),
Ay (ut), ..., A1(ut). The method can be formulated in terms of the outer parameters,
too [8].
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3.2. AN EXAMPLE

We can also use the substitution of the elements §i* - ... - ;"' in lexicographic
order, where 0 < i; < dy,...,0 <i,—1 <d,_1 and d; + 1 is the degree of 3; over Q.
They form a directly given generating system of Q(f1, ..., Bn—1) over Q instead of
1,u,...,u®. The following example shows how the method is working in practice.

Consider equation
OélAl(\/ﬁt) + 042141(\/575) + ongl(\f?t) + A(t) = 0, (32)
where the outer parameters are non-zero real numbers. Substituting v/2t, v/5t, v/7t,

\@\/gt, \/i\ﬁt, V57t and v/2v/5+/7t in the arguments of Ay, respectively, we have

a linear system of functional equations

A(t) 0
A(V2t) 0
A(V5t) 0
v A(VTt) ~l0
A(V2vst) | o |
A(V2V/Tt) 0
A(V5VT) 0
A(V2V/5V/Tt) 0
where
M:M(alaa27a3)
and
1 = y =z 0 0 0 O
2 ' 1 0 0 y =z 0 O
59 0 1 0 =« 0 =z O
7% 0 0 1 0 =z y O
M(@,y,2):=| 5y 22 0 1 0 0 =z
0 724 0 2« 0 1 0 y
0 0 7z 5y 0 0 1 «x
0 0 0 0 7z by 2z 1
The subdeterminant
z 00 0 O
0y 2z 0 O
det| 0 2 0 2z 0 | =—22%y
1 0 =z y O
01 0 0 =z
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shows that the rank of M is at least 5. If the rank is exactly 5, then the vanishing of
the larger subdeterminants® implies that 22 = %, y>=1and 2% = % Otherwise, the
rank is at least 6. In what follows, we will reduce the number of the parameters in
each possible case. If the rank of M is 5, then we have that

V5

ﬁA(\ﬁt) +A(t)=0

1—12/1(\/515) + A(V5t) +

N

and, consequently,

V5

1
+——A(WV2t) £ A(V5+ 1)t) £ “=A(VTt) = 0.
V2 V7
2) If the rank is less than 6, then the vanishing of the subdeterminant
Y z 0 0 0 O
0 0O yv =z 0 O
1 0 = 0 =z 0 42,201 5.2
det 0 1 0 z y 0 =4z°y“(1 — 2z°)
2c 0 1 0 0 =z
0 2z 0 1 0 y
implies that z2 = % The vanishing of the subdeterminant
T Y z 0 0 0 O
1 0 0 y =z 0 O
0 1 0 = 0 =z O )
det 0 0 1 =z 0 y O = 78x5yz + 56z3yx3 - 82yx3
5y 2z 0O 1 0 0 =z
72 0 2z 0 1 0 vy
0 7z 5y 0 0 1 =z

+402y3x3 - 98xyz5 + 14095233;3 — 28:1:z3y + 6zyx — 50:zzy5 - 2Oxzy3
= zyz(—8x? 4 562222 — 822 + 40y%x? — 9821 + 14022y? — 2822 4+ 6 — 50y* — 20y?)

and 22 = % give that
0 = —982% 4+ 1402%y? — 50y* = —2(72% — 5y2)?

22. Since

and, consequently, y2 = %

det M(z,y,z) = 14 1623 + 5602232z 4 24012% + 3922%2? — 500¢° — 2822
+ 112222 + 242% — 68602%y2 + 73502%y* — 350022y% — 280022y 2 + 625y°
+ 1960249222 + 140022y* 22 — 16025y — 2242522 + 600x%y* + 80z%y?
+ 11762 2% — 100022y + 2002%y* — 2744222 + 9802%y? — 137228
+ 70022y* — 3228 + 150y* 4 402%y? + 2942* — 20y? — 822 + 562222 + 1402242,

we have, by the vanishing of the determinant, z2 = % and y? = %227 that

14 406
0=—2942% 4+ =28,
25

2

Therefore, z° = % and 32 = 1.
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The substitution of 1+t 75 gives the reduced equation

vl <\/§t> L V5, (ﬁt) + A(t) = 0.
V2 \1++5 VT \1+5
In the case of rank M > 6 the null-space is of dimension at most 2 and
A(t) Vo wo
A(\/Et) (%1 w1
A(\/St) V2 w2

A(\/?t) V3
avavsy | T [ TRO |,
A(V2VT) Vs W5
A(V5VTt) Vg We

A(V2V5VTt) vy wy

for some additive functions A and p. Using subdeterminants of type 3 x 3 we can
reduce the number of the parameters again: for example

0 = (viws — vowy ) A(t) — (vows — vawg) A(V2t) + (vowr — viwg) A(V5t).

The algorithm can be obviously repeated after the reduction.

3.3. THE CHARACTERISTIC POLYNOMIALS

In what follows we present an alternative approach to the case of algebraic parameters.
Using the notations of Subsection 3.1 we can write equation (F}) into the form

d n—1
7j=0 \i=1

where 1 (u) = s is one of the algebraically conjugated elements to u.

A possible way of solving the problem is to check the vanishing of the factor (3.3)
for any choice of the conjugate elements to u. To avoid the difficulties of computing
the conjugate elements (the roots of the defining polynomial p) we can introduce the
so-called characteristic polynomial as follows: consider the product

d+1 d n—1 )
Pl(al,...,an_l) = H 1+Z (Z Oél'Tij) Sgl 5 (34)
h=1 j=0 \i=1
where s1,..., 8441 are the roots of the defining polynomial p. Since (3.4) is symmetric

in the variables s;’s we have that it is a polynomial of the elementary symmetric
polynomials
S1 4+ ...+ Sd415---581 " -+ Sd+1-

On the other hand they give the (rational) coefficients of p. Therefore, P; is a
polynomial with rational coefficients of the variables oy, ..., a,_1.
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Theorem 3.1. Suppose that the inner parameters are algebraic; we have a non-trivial
solution of equation (1.1) iff P1(a1,...,an—1) =0.

Proof. The only if part is obvious from the construction of P;. Conversely, suppose
that Py(aq,...,an—1) = 0. Then at least one of the factors of the form (3.3) must be
zero. The field homomorphism defined as 01 (u) := s satisfies equation (F}). O

It is natural to modify the construction for the case of algebraic outer parameters.
We can also introduce polynomials P, ..., P,_1 related to the higher order terms by
using the system (F}) in Theorem 1.1 for any k=1,...,n— 1:

Pk(al, ey Oznfl)
d+1 d+1 d+1 n—1 d d
— E . E S E B . E Ik
= H H H 1+ e Tijy Shy Tiji Sh),
hi=1ha=1  hp=1 i=1 j1=0 Jr=0

Definition 3.2. The polynomials Pi,...,P,_1 € Q[z1,...,7,—1] are called the
characteristic polynomials of the functional equation.

Conditions Py(aq,...,an—1) = 0,...,Pr(ai,...,a,—1) = 0 are obviously neces-
sary for the existence of generalized polynomial solutions of degree k. Unfortunately
they are not automatically sufficient conditions because the vanishing factors may
contain different systems of conjugates. Alternatively we can check the vanishing of
the factors for any choice of the system of conjugate elements to u. The advantage of
using the characteristic polynomials is that they do not involve explicitly the algebraic
conjugates of u. The symmetrization process integrates them into the coeflicients of
the defining polynomial.

Remark 3.3. Using the Gauss elimination method 3.1 or the characteristic polynomial
method we can find every isomorphism solution because algebraic parameters provide
us with a finite dimensional vector space environment for the Gauss elimination or
finitely many algebraic conjugates as possible values of the field isomorphisms.

4. SOLUTIONS OF ORDER 2 IN CASE OF n =3

In case of n = 3 the maximal degree of the solutions of equation (1.1) is 2. We are
going to present algebraic methods to decide the existence of non-trivial solutions of
maximal degree.

Theorem 4.1 ([11]). Let the reals a; # 0, b; (i =0,1,2,3) be given such that
agtai+as+a3=0 and 0<by<by <by<bg<l.

There exist a not identically zero symmetric biadditive function such that its diagonal-

ization is a solution of equation

3

D aif(bix+(1—=b)y) =0 (z,ye I) (4.1)
=0
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if and only if there exists u € C such that

— (B, B2) and (#(615711)+17 #(ﬁz%l)ﬂ) are algebraically conjugated,
— (a1, a2) and (Hﬁ CpBi=DF1 Bi—1 ,u(ﬂzgm)

are algebraically conjugated,

B2—H1 B1 > B2—P1
where o == g+ and B; := g;:zg (1=1,2).

An important intermediate result in the proof of Theorem 4.1 is that

P )

P2 — P
is invariant in the sense that 01(\) = d2(\), where the homomorphisms d§; and dy
satisfy (F») under n = 3:

1+ a161(B1) + 2d1(52)
(Fy) : 14 a165(f1) + ada(f2)
1+ a161(61)52([31) + a261(ﬂ2)52(ﬂ2)

(for the details®) see [11]).

In what follows we are going to eliminate the free parameter p from the conditions
of Theorem 4.1. The investigation is based on the algebraic properties of oy, as or Sy,
B2 as follows:

)

0
0,
0

I. @ = (a1, a9) is an algebraically dependent system,
II. 8= (f1,B2) is an algebraically dependent system,
ITI. both & = (e, a2) and 5: (81, B2) are algebraically independent.

Case I. Suppose that & = («a1,a9) is an algebraically dependent system and let
p € (a1, as) be a non-zero polynomial such that

g pijo/iag = 0.
ij
By Theorem 4.1,

[ 1=P _H(51—1)+1>i<ﬁ1—1 _M(52—1)+1)j:
,-Zj:p” (52—51 B1 B2 — B B2 0 (42)

3) The invariance of A is equivalent to the vanishing of the determinant

1 61(B1) 91(B2)
det [ 1 02(B1) 82(B2) .
1 61(B1)d2(B1)  01(B2)d2(B2)

In terms of ¢ := 62_1 o 01 we have that ¢(\) = A. Especially X is the cross ratio of the elements
B1,1,0, B2. Therefore, there exists a Mobius transformation on the complex plane such that
M(B1) = ¢(B1), M(1) =1, M(0) =0 and M(B2) = ¢(B2). Using that M (1) =1 and M(0) =0
the general form of a Mé&bius transformation can be reduced to
z
M(z) = —————
) wz—1)+1

which is the geometric meaning of the parameter p in Theorem 4.1.
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If the polynomial

B ) 1—ﬂ2.t(ﬂ1—1)+1>i<ﬂ1—1.t(62—1)+1)j
r() = ;p” (52—/31 b1 B2 — B B2 (4.3)

is not identically zero, then the parameter u can be determined as one of the finitely
many roots. Otherwise, 3, - pija*(t)y’(t) = 0, where

1—Py t(fi—1)+1 fr—1 t(B2—1)+1
B2 — B B1 B2 — B1 Bo

give the parametrization of the line y = mx + b. The coordinates of the directional
vector can be given as

x(t) :==

and y(t) :=

1—5 B1—1 pr—1 Pa—1
2 (t) = . and "(t) = .
() fa—0B1 B v Ba—0B1 B2
and, consequently, the slope is m = —f31/8,. Using the substitutions
1-06; 1 Bi—1 1
z(0) = -— and 0) = C—
©) Ba—P1 B y(0) B2 —P1 B2

we have that the equation of the line is y = —(81/62)xz — (1/82). Since it is an algebraic
“hyperplane” ([9]), both 81/82 and 1/, are algebraic numbers. The algebraic numbers
form a field which means that both 8; and §5 are algebraic. Therefore, the possible
values of the parameter y can be determined from the equations

B1 B2

S+l ™M T LG D

where w and 7 can be chosen from the finitely many algebraically conjugated elements
to 81 and (9, respectively.

Case II. Suppose that 5 = (B4, B2) is an algebraically dependent system. It can be easily
seen that the system (8;', 85 ') is also algebraically dependent. Let p € Z(3; ", 35 ")
be a non-zero polynomial such that

1\ /1Y
o (5) (5) -

Zpu( 511)+1) <u(52 521)+1>j0. (4.4)

By Theorem 4.1,

If the polynomial

m g (Y ()
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is not identically zero, then the parameter u can be determined as one of the finitely
many roots — note that ¢ = 0 is automatically one of the roots of polynomial (4.5).
Otherwise, 3, ; pijz*(t)y’ (t) = 0, where

t(Br—1)+1 t(Be—1)+1
B1 B2

give the parametrization of the line y = max + b. The coordinates of the directional
vector can be given as

x(t) == and y(t) :=

B1 pa—1
2 (t) = and '(t) =
(t) 5 y'(t) 5
and, consequently, the slope is
fr—1 B

Using the substitutions 2(0) = 1/8; and y(0) = 1/83 we have that the equation of the

line is
_Pml B BB

= T
pr—1 P Ba(Br— 1)
Since it is an algebraic “hyperplane” [9], both

Pl B4 BB

B1—1 B Ba(fr — 1)

are algebraic numbers. The algebraic numbers form a field which means that the
invariant parameter
) e B1(1 — Ba)

B2 — B1

is also algebraic and, consequently,

5; (M) —w (i=1,2), (4.6)

where w belong to the set of the finitely many algebraically conjugated elements to
the invariant parameter. In what follows we determine the values of 6;(3;)’s in terms
of w. From equation (4.6)

1
3i(B2) = 51’(%31)%-
According to (Fy)
14+ a10;(81) + 0261‘(51)% =0

which means that §;(51) (¢ = 1,2) must be the root of the quadratic equation

a1 + (ag + (@ + ag)w + )z +w = 0. (4.7
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In a similar way, equation (4.6) says that

w

0B = 0B2) o =5y
and, by (F»),

w

w41 —06;(82)

Therefore, 0;(f2) (i = 1,2) must be the root of the quadratic equation

1+ 0[161'(62) + az(si(ﬂg) =0 (l = ]., 2)

apr? — (g + (a1 + ag)w — 1)z — (w+ 1) = 0. (4.8)

Let z1, z2 and wy, wy be the roots of equations (4.7) and (4.8), respectively. We can
conclude the following statement: there exists a non-trivial biadditive term in the
solution of equation (4.1) if and only if there exist not necessarily different pairs
(2, w;) and (z,ws) such that they are algebraically conjugated to g = (81, B2) and
14+ o122 + aowyws = 0 for some k, I, r, s € {1,2}. For a given w (the conjugate of
the invariant parameter) the number of the possible cases to check is 2¢ in general
because we can choose the roots independently with repetitions.

Case III. Suppose that both @ = (a1, o) and 5 = (01, B2) are algebraically independent

and choose an element p which is transcendent over the field Q(51, 82). We are going
to prove that

(61,B2) and (N(ﬁl ?11) 1 ?21) T 1) are algebraically conjugated,
i.e.
b and B2
p(Br—1)+1 p(B2 — 1) +1

are algebraically independent. Let p € Q[z1,z2] be an arbitrary polynomial and

suppose that _
511)+1) (u(&l)ﬂ)ﬂ
sz] ( ﬂQ =0.

Since p is transcendent over the extension Q(f1, 52) of the rationals, the polynomial
s(t) defined in (4.5) must be identically zero because s(x) = 0. This means that the

constant term must be also zero:
1 J
Pii | — = 0.
Z Y ( ) (52>

If k :=max{i | p;; # 0} and [ := max{j | p;; # 0}, then

0—5fﬂéZpij<ﬂ11>( > = B
1] 4,3
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which means that p;; = 0 for any indices ¢ and j because 5 = (B1, B2) is algebraically
independent. In a similar way, we can check the condition

(a1, ) and (/312__%1 . ”(ﬂlﬁfll)“, 6521:611 . ”(ﬁzél)H) are algebraically conjugated,

ie.

1—Py p(Br—1)+1 and Pr—1 p(Ba—1)+1
B2 — B1 B1 B2 — B1 B2

are algebraically independent. Let p € Q[z1,22] be an arbitrary polynomial and
suppose that

(1B .u(51—1)+1>i<61—1 _u(62—1)+1)j_
%:pw (52—51 B1 B2 — B B2 =0 (49)

Since p is transcendent over the extension Q(f1, 52) of the rationals, the polynomial
r(t) defined in (4.3) must be identically zero because r(u) = 0. If p is a non-zero
polynomial, then both 8 and (s are algebraic numbers as we have seen in Case I.
This is a contradiction. Therefore, p;; = 0 for any indices ¢ and j.

Corollary 4.2. If both & = (aq, o) and g = (B1,B2) are algebraically independent,
then equation (4.1) has a not identically zero second order monomial solution.

5. AN EXAMPLE
Consider functional equation (4.1) under the choice

1 2 —¢2
a1fﬁ, Br=e, a=m, 52764-6'

In this case both of the pairs @& = (a1, as) and B = (81, B2) are algebraically dependent
because

1
oﬁ—i:o and 182 + B + 682 —2 = 0. (5.1)

5.1. THE EXISTENCE OF THE BIADDITIVE TERM

To check the existence of a non-zero biadditive term in the solution we follow the steps
of Section 4, Cases I and II, respectively. By (5.1),

_(1-8 .t(ﬁl—1>+1>2
r() = (52 - p b1

1
2

and
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implies that

2

s(t) == t(A —ﬁll)"‘l +t(52 _321)+1 +6<t<ﬂ1 —ﬁll)"‘l)
_Q(t(ﬁl—1)+1>2t(ﬂz—1)+1
b1 B2 ’

The possible values of the parameter u belong to the common zero’s of polynomials
r(t) and s(t). The Figure 1) created by MAPLE shows that they have no common
roots and, by Theorem 4.1, the solutions are of degree at most one.

> R:=plot(100*r(t),t=-3.5 ..2.5,color=black, style=point):
> S:=plot(s(t),t=-3.5 ..2.5,color=green, style=point):
> display({R,S});

204
a0

40
§

Fig. 1. The biadditive term

5.2. THE EXISTENCE OF THE ADDITIVE TERM

To check the existence of non-zero additive terms in the solution we have to find an
injective field homomorphism §; : Q(81, B2) — C satistying (F}):

1 2 —e?
1+041(51(51) + 04251(62) =0, ie 1+ ﬁél(e) + 7oy ( e+66 ) =0.

Taking x := 01(e) we have the quadratic equation
1
0=(——7)2®>+BV2+ 1)z + (6 +27
(5 )a+ 6vE+ o+ (04 2m

4) From technical reasons we use a proportional term for r(t) to illustrate the functions in a common
coordinate system. The zero’s are obviously unchanged.
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and, consequently,
6+ 2w

-1+ \/577'
To provide the existence of §; we have to show that zs is transcendent. Since the

algebraic numbers form a field it follows that the transcendency of x5 and w is
equivalent. Therefore, we can give d; as

Tr1=—V2 or xy=

6+ 2w
1) =
1(6) *1+\@71’

satisfying (F}) which means that there exist non-zero additive solutions.
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