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A B S T R A C T   

This paper investigates the dynamic behavior of cracked Rayleigh beams constructed from bidirectional func
tionally graded (BDFG) materials under simple boundary conditions. A torsional massless spring is employed to 
model the beam’s open crack type. The vibration equations are obtained using Hamilton’s principle. The graded 
beam material properties are varied throughout the thickness based on the power-law distribution and in the 
longitudinal direction using the exponential material distribution. To solve the dynamic equations, Galerkin’s 
approach is employed. The paper evaluates the impacts of the axial index, gradient property index, beam 
modulus ratio, and crack parameters on the natural frequencies of the FG beam. The results indicate that the 
dimensionless natural frequencies of intact graded beams decrease with increased gradient index k. In contrast, 
they increase with a rise in the modulus ratio. Additionally, the results demonstrate that an increase in the crack 
depth ratio decreases dimensionless natural frequencies.   

1. Introduction 

Graded beam structures are widely used in various industries today, 
such as aircraft wings, satellites, docks, steel bridges, sea platforms, 
helicopter rotor blades, ships, buildings, offshore structures, spacecraft, 
and antennas. In the design of these structures, the vibration behavior of 
the beams is a crucial factor and has therefore received much attention 
in recent years [1–3]. The properties of materials that change in the 
thickness direction have also been extensively studied in recent years 
[4–6]. Several studies have investigated the vibration behavior of 
graded beams. In particular [7], developed vibration equations for 
graded beam shear and Euler models, which were solved using the 
Navier method [8]. studied the vibration behavior of a Timoshenko 
beam with graded material under axial compression, finding that 
increasing the beam core thickness resulted in an increase in the first 
three natural frequencies [9]. employed differential transformations 
(DT) to determine the natural frequencies of a graded beam connected to 
linear and torsional springs. The study found that the natural fre
quencies decreased as the volume fraction indexes increased [10]. 
investigated the vibration analysis of a Euler-graded beam model with 
shear deformation. The results showed that both gradient properties and 

shear deformation had a detrimental effect on the natural frequencies 
[11]. examined the vibration response of composite beams under a 
harmonic load. Shear deformation was considered, and the governing 
equations were derived using the Lagrange procedure. The numerical 
results were obtained using the Ritz method [12]. used the transfer 
matrix approach to study the natural frequencies of Euler and Timo
shenko graded beams with different end supports, finding that the 
dimensionless frequencies decreased as the volume fraction index 
increased [13]. used finite element analysis to study the vibrations of a 
graded Timoshenko beam under various load conditions, and [14] 
derived the equations of free vibration for a graded beam with power 
law variation of properties through the thickness. In both cases, it was 
found that the gradient property index had a positive effect on the 
natural frequencies [15]. introduced an innovative Timoshenko micro
beam model combined with a modified strain gradient theory. The study 
comprehensively investigated the static bending and buckling behaviors 
of microbeams embedded. By utilizing Navier solutions, the deflections 
of the beam and buckling loads were determined [16]. used dynamic 
stiffness to find the vibration frequencies of a graded beam and found 
that the power-law exponent decreased as the power-law exponent 
increased. The impact of transverse loading on 3D-printed FG beams and 
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functionally graded sandwich (FGS) beams was investigated through a 
combination of experimental and finite element analysis by Ref. [17]. 
When comparing 3D-printed FGS beams with non-graded foam, it was 
observed that the former exhibited greater strength [18]. analyzed the 
free vibration and buckling of a graded beam using various beam the
orems and found that the fundamental frequencies increased as the 
power-law and porosity indices decreased. 

Most research on functionally graded materials (FGMs) has primarily 
focused on the variation of material properties in one direction (1D), 
with fewer studies examining graduated beams in two directions (2D). 
In Ref. [19], the material properties of a graded Timoshenko beam were 
assumed to vary in both the axial and thickness directions according to 
the power law. The Ritz approach was used to analyze the buckling of 
this beam, and the effects of the buckling load, shear deformation factor, 
and various end supports on the natural frequencies were obtained. 
Similarly [20], studied the free vibration of a graded Euler beam that 
followed the power law in both the axial and thickness directions. These 
studies demonstrate the potential for using FGMs in beam structures and 
the importance of considering the directionality of these materials in 
design and analysis. However, more research is needed to fully under
stand the behavior of 2D graduated beams and their potential applica
tions. The influence of axial force varies with time on the vibration 
response of (BDFG) beams was explored by Ref. [21]. To formulate the 
nonlinear vibration equation, Timoshenko beam theory, along with 
Hamilton’s principle, was utilized. The continuous model was dis
cretized using the Galerkin scheme. 

Additionally, cracks play a significant role in the failure of a wide 
range of engineering structures. The presence of cracks in the geometric 
design reduces the rigidity of the structure, thereby affecting its vibra
tion characteristics [22,23]. The vibration characteristics are impacted 
by multiple factors, such as the crack depth, position within the struc
ture, and the number of cracks [24]. Therefore, many researchers have 
studied the effect of cracks in homogenous and graded structures [25]. 
demonstrated the effect of cracking on a homogeneous beam. The mo
tion equations were formulated using different beam models and then 
solved using the Galerkin method [26]. conducted a vibration analysis of 
cantilever small-size Euler beams with edge-cracked utilizing the 
(MCST) and the finite element method. The material properties of the 
beam were considered to exhibit an exponential distribution along the 
height direction. A massless elastic rotational spring was introduced to 
simulate the presence of a crack in the beam [27]. studied the inverse 
and direct vibrations of a cracked beam with pinned-pinned ends using a 
massless rotational spring with syllabic flexibility to model the crack. 
The eigenvalue, position of the crack, and its syllabic flexibility were all 
factors that influenced the characteristic equation. The validity of the 
theoretical findings was verified through comparison with experimental 
results. A vibration analysis of functionally graded (FG) nanobeam with 
an edge crack under transverse loading was studied by Ref. [28]. By 
combining the (MCST) and (EBT), vibration equations for cantilever 
beams were derived. Furthermore [29], explored the vibration behavior 
of a graded Euler cracked beam subjected to the impact of a longitudinal 
moving load and axial compressive load. The volume fraction variation 
of a graded material was expressed exponentially along with the beam 
thickness. The vibration equations were analyzed using a series expan
sion modal. The results indicated that a higher modulus of elasticity 
ratio leads to a smaller dynamic deflection of the beam [30]. focused on 
analyzing the elastic deflections of edge-cracked FG nanobeams sub
jected to transverse loading. The investigation employed the finite 
element method with the (MCST) and (EBT). These methodologies were 
employed to derive the bending equation for the nanobeams. In 
Ref. [31], investigators analyzed the free vibration of a graded Timo
shenko beam that experienced multiple cracks. Hamilton’s extended 
principle was utilized to derive the kinematic equations for the system, 
and the dynamic stiffness method was employed to solve the vibration 
equations and obtain the natural frequencies. The outcome demon
strated that the natural frequencies declined as the crack depth ratio and 

the number of cracks increased [32]. developed the vibration equations 
for a graded Timoshenko sandwich beam with cracks using a stiffness 
matrix approach. They found that increasing the depth of the crack re
duces the frequency response values. In Ref. [33], the coercive vibration 
behavior of a graded micro-beam with a crack was investigated using 
two stress model while considering the damping effect. The Kelvin-Voigt 
model was employed to examine the damping effect [34]. investigated 
the vibration characteristics of an edge-cracked functionally graded 
cantilever Euler beam. Hamilton’s principle was used to determine the 
differential equations of motion. In this study, a FEM was used to solve 
the problem. The properties of beam material vary exponentially with 
thickness beams [35]. investigated the multi-cracked graded Timo
shenko beam, with cracks modeled as rotational springs. The results 
showed that the growth in the number and depth of the cracks causes a 
reduction in the natural frequencies. The free vibration of a graded 
Rayleigh moving beam with an open-type crack was investigated by 
Ref. [36].To achieve this, Hamilton’s extended principle was used to 
derive the kinematic equations for the system. Galerkin’s method was 
then utilized to solve the system equations and determine the natural 
frequencies associated with the system. This approach allowed us to 
understand better the free vibration of the graded Rayleigh moving 
beam and the effect of the open-type crack on the system. In a recent 
study [37], explored the effect of Mass per Unit Length on the natural 
frequency of a Rayleigh beam using the differential transformation 
method (DTM). The study found that increasing the Mass per Unit 
Length of the beam caused the natural frequency to decrease and vice 
versa. The results from the study showed that the DTM was an effective 
method for calculating the natural frequency of a Rayleigh beam, as it 
was able to approximate the exact solutions closely. The wave propa
gation of a cracked cantilever functionally graded (FG) beam was 
investigated by Ref. [38]. The system equation was deduced through the 
utilization of Lagrange’s equations. Triangular impulses were employed 
to stimulate the beam. 

As far as the authors are aware, there has been no report on the 
dynamic characteristics of two-dimensional functionally graded Ray
leigh beams with cracks. Furthermore, the effects of 2-D graded mate
rials, crack parameters, Rayleigh parameters, and the effective material 
ratio on the dynamical behavior have not been examined. Addressing 
this gap, the present investigation aims to investigate the vibration 
characteristics of supported Rayleigh beams constructed from bidirec
tional functionally graded materials with cracks. We present the math
ematical model for the considered system, and derive the vibrational 
equations that incorporate the crack effects using Hamilton’s principle. 
We introduce the solution methodology as well. To simulate the cracks, 
a massless torsional spring is utilized. We carry out our analysis using 
MATLAB software, which enables us to study how various parameters 
affect the vibration response. 

2. Mathematical formulation 

Consider the cracked bidirectional functionally graded (BDFG) 
Rayleigh beam illustrated in Fig. 1. The symbols ɑ, xc, L, b, and h 
respectively denote the crack depth, crack location, beam length, beam 
width, and beam height. The upper edge of the beam consists of a ma
terial with a high ceramic content, while the lower edge comprises a 
material with a high metal content. 

The modulus of elasticity and density in a two-dimensional direction 
is given as [39] 

E(x, z) = f1(x)

(

(Ec − Em)

(
z
h
+

1
2

)k

+ Em

)

ρ(x, z) = f2(x)

(

(ρc − ρm)

(
z
h
+

1
2

)k

+ ρm

)

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

, (1)  

in which Ec and Em are the modulus of elasticity of ceramics and metals, 
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respectively. And respectively, ρc and ρm are the density of ceramics and 
metals. In the x direction, the material properties vary according to the 
exponential function 

f1(x)= f2(x) = eβx
L (2)  

where β represents the axial FG index. Figs 2 and 3 depict the changes in 
elasticity modulus for BDFG microbeams in the thickness and axial di
rections, respectively, which follow the same trends as the mass density 
distribution. These figures illustrate that distinct bi-directional FG in
dexes can result in different materials (see Fig. 4). 

Based on Rayleigh’s theory, the rotating inertia effect is taken into 
account, and the strain and stress equations of a functionally graded 
(FG) Rayleigh beam can be written as [40]. 

εx =
∂u(x, t)

∂x
= − (z)

∂ϖ
∂x

= − z
∂2w
∂x2

σx = εxE(x, z) = − zE(x, z)
∂2w
∂x2

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(3) 

For cracked beam, the beam is split into two segments as shown in 
Fig. 1c. The potential energy (PE) of a cracked bi-directional graded 
Rayleigh beam is written as: 

PE =
1
2

∫xc

0

∫

A

σxεxdAdx+
1
2

∫L

xc

∫

A

σxεxdAdx=
1
2

∫xc

0

∫

A

E(x, z)
(

∂2w1

∂x2

)2

dAdx 

+
1
2

∫L

xc

∫

A

E(x, z)
(

∂2w2

∂x2

)2

dAdx (4)  

and, the kinetic energy of bi-directional FG Rayleigh beam with cracks is 

given as: 

KE =

∫ xc

0

(

ρ(x, z)A
(

∂w1

∂t

)2

+ ρ(x, z)I
(

∂2w1

∂x∂t

)2)

dx+

1
2

∫L

xc

(

ρ(x, z)A
(

∂w2

∂t

)2

+ ρ(x, z)I
(

∂2w2

∂x∂t

)2)

dx (5)

To obtain the motion’s equation, Hamilton’s precept general form 
was used [41]: 

δ
∫t2

t1

(PE − KE)dt= 0 (6) 

Substituting the potential energy (4) and kinetic energy (5) into 
Hamilton’s precept equation (6) and then applying integration by parts 
gives the vibration equation of a bidirectional graded cracked Rayleigh 
beam as 

EIeq

[

f1(x)
∂4w1

∂x4 + 2
∂f1(x)

∂x
∂3w1

∂x3 +
∂2f1(x)

∂x2
∂2w1

∂x2

]

+ f2(x)ρAeq
∂2w1

∂t2  

− f2(x)ρIeq
∂4w1

∂x2∂t2 −
∂f2(x)

∂x
ρIeq

∂3w1

∂x∂t2 = 0 at 0 ≤ x ≤ xc (7a)  

EIeq

[

f1(x)
∂4w2

∂x4 + 2
∂f1(x)

∂x
∂3w2

∂x3 +
∂2f1(x)

∂x2
∂2w2

∂x2

]

+ f2(x)ρAeq
∂2w2

∂t2  

− f2(x)ρIeq
∂4w2

∂x2∂t2 −
∂f2(x)

∂x
ρIeq

∂3w2

∂x∂t2 = 0 at ; xc ≤ x ≤ L (7b) 

Fig. 1. Scheme diagram of (a) cracked FGM beam, (b) cross-section, (c) crack modeling as a rotational spring..  

Fig. 2. Variation of elastic modulus ratio for bi-directional FG as a function of 
z/h. 

Fig. 3. Variation of elastic modulus ratio for BDFG with respect to x/L Gov
erning equation. 
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in which 

EIeq = b
∫ h/2

− h/2

(

(Ec − Em)

(
z
h
+

1
2

)p

+ Em

)

z2dz = EmIγ

ρAeq = b
∫ h/2

− h/2

(

(ρc − ρm)

(
z
h
+

1
2

)p

+ ρm

)

dz = ρmAα1

ρIeq = b
∫ h/2

− h/2
z2
(

(ρc − ρm)

(
z
h
+

1
2

)p

+ ρm

)

dz = ρmIα2

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(8) 

For the 2D FG beam simply supported at both ends: 

w(0, t) =
∂2w(0, t)

∂x2 = 0, at x = 0

w(L, t) =
∂2w(L, t)

∂x2 = 0, at x = L

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(9)  

The following dimensionless quantities are introduced: 

ξ=
x
L
, ξc =

xc

L
, η1 =

w1

L
, η2 =

w2

L
; τ = t •

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

L4 •
ρm A
Em I

√

, λ =
I

AL2 (10) 

Substituting equations (2), (8) and (18) into equation (7), the final 
dimensionless equations of a cracked bidirectional graded Rayleigh 
beam model are given as 

α1 eβξ ∂2η1

∂τ2 − λ α2 eβξ ∂4η1

∂ξ2∂τ2
− λ α2βeβξ ∂3η1

∂ξ∂τ2 

+ eβξ γ
(

∂4η1

∂ξ4 + 2β
∂3η1

∂ξ3 + β2 ∂2η1

∂ξ2

)

= 0, at 0≤ ξ ≤ ξc (11a)  

α1 eβξ ∂2η2

∂τ2 − λ α2 eβξ ∂4η2

∂ξ2∂τ2
− λ α2βeβξ ∂3η2

∂ξ∂τ2 

+ eβξ γ
(

∂4η2

∂ξ4 + 2β
∂3η2

∂ξ3 + β2 ∂2η2

∂ξ2

)

= 0, at ξc ≤ ξ ≤ 1 (11b) 

Substituting equation (10) into equation (9), the dimensionless form 
of boundary conditions can be expressed as: 

ξ = 0, η(0, T) =
∂2η(0, T)

∂ξ2 = 0

ξ = 1, η(1, T) =
∂2η(1, T)

∂ξ2 = 0

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

(12)  

3. Solution method 

The Galerkin method is employed to separate the time and space 
dimensions of the system, as well as to transform the system’s partial 
differential equations into ordinary differential equations. Within this 
method, the system’s lateral displacements are approximated by the 

following expressions [42]. 

η(ξ,T)=
∑n

r=1
φr(ξ)qr(T) (13) 

The cracked simply supported FG beam mode shape is written as [36, 
43]. 

φr1(ξ)=φ(ξ) + Aο + A1ξ + A2ξ2 + A3ξ3 for 0 ≤ ξ ≤ ξc (14a)  

φr2(ξ)=φ(ξ) + Bο + B1ξ + B2ξ2 + B3ξ3 for ξc ≤ ξ ≤ 1 (14b) 

The cracked FG beam continuity and compatibility conditions are 
written as [44]. 

φr1(ξc) = φr2(ξc)

φ″
r1(ξc) = φ″

r2(ξc)

φ‴
r1(ξc) = φ‴

r2(ξc)

φ′
r2(ξc) − φ′

r1(ξc) = Kφ″
r2(ξc)

⎫
⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

(15)  

where c in equation (15) is written as [31] 

K = 6π
(
1 − ν2)hγf (a / h) (16)  

In terms of crack depth ratio (a/h), f(a /h) can be expressed as [45] 

f (a / h)= 0.6272(a/h)2
− 1.04533(a/h)3

+ 4.5948(a/h)4  

− 9.9736(a/h)5
+ 20.2948(a/h)6

− 33.0351(a/h)7  

+47.1063(a/h)8
− 40.7556(a/h)9

+ 19.6(a/h)10 (17) 

Inserting the derivatives of equation (14) into equations (12) and 
(15), and after some mathematical manipulation, the final mode shape is 
written as: 

φr1(ξ)= sin(nπξ) −
(

ξc − 1
ξc

)
[
Kξc(nπ)2sin(nπξc)

]
ξ at (0≤ ξ≤ ξc) (18a)  

φr2(ξ)= sin(nπξ) + (1 − ξ)
[
Kξc(nπ)2sin(nπξc)

]
at (ξc ≤ ξ≤ 1) (18b) 

By multiplying both sides of the dynamic equations of the system by 
the shape functions of the vibrational mode, integrating over the length 
of the beam, and using the orthogonal property of the vibrational modes, 
the dynamical equations of the system in matrix form are expressed as 
follows: 

[M]q̈+ [K]q = 0, q = (q)T (19)  

where in   

Fig. 4. First and second cracked frequency ratio for FGM Euler beam.  
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To determine the natural frequencies, the system is transformed into 
the state space, and a state vector is defined as follows X(T) =
[
qT(t) q•T(t)

]
. The equation in the state space is obtained as follows 

[32]: 

Ẋ(T)=BX(T) (21)  

where; 

B=

⎡

⎣
0 ⋮ I
⋯ ⋮ ⋯

− M− 1 ∗ K ⋮ 0

⎤

⎦ (22) 

B is a matrix with constant coefficients. Then consider the solution of 
the vibrating system as X(T) = eλtx and put it in the previous equation 
and divide by eλt, we get 

Ax= λx (23) 

The algebraic eigenvalue problem, equation (23), is a basic theory in 
vibrational problems, and the eigenvalues represent the frequencies of 
the system. 

4. Validation study 

This study presents three explicit examples to validate the proposed 
solution for predicting the free vibration analysis of cracked bidirec
tionally functionally graded material (BDFGM) Rayleigh beams. First, 
the intact functionally graded material (FGM) Euler beam results are 
validated. The beam in this validity is composed of AL (metal) and Al2O3 
(ceramic), and the first four natural frequencies are calculated using the 
formula in equation (24). The present results when using Galerkin’s 
method are compared to those in Ref. [46], as shown in Table 1. A 
reasonable agreement was found. The non-dimensional frequencies, 
expressed by the following relation, are useful for reporting numerical 

results and comparing them to the findings in the technical literature. 

ϖ =ωL2

̅̅̅̅̅̅̅̅
ρmA
EmI

√

(24) 

To further validate the proposed Galerkin technique, the third 
example is done with a cracked FGM beam fabricated of aluminum (AL)
and alumina (Al2O3), as also presented in Ref. [31]. The frequency ratio 
for cracked to un-cracked FG Euler beam was compared to the results in 
Ref. [31] at a/h = 0.2 as tabulated in Fig. 2 for the first and second 
modes. From this figure, it is shown that a good agreement was found. 
From the verified above, it is observed that Galerkin’s method can be 
effectively used to solve the complicated vibration equation (23). 

In a similar way, the first four vibration frequencies of the uncracked 
FGM Euler-Bernoulli beam have been presented in Table 2 with Eρ = 0.5 
and 2.0 and k = 0,0.1, 2.0 and constant mass density and compared with 
[47,48]. It is clear that the computations present good agreement. This 
can be observed in the precision of the results, as well as in the consis
tency of the numbers. This agreement is further emphasized when 
comparing the computations with each other. 

4.1. Numerical results 

Natural frequencies have been computed using MATLAB’s version 
(R2015a) in accordance with the Galerkin technique described above. A 
study is conducted on the frequency of graded beams with and without 
cracks. In the following numerical examples, the dimensions used in the 
calculation for the FG beam are given as the beam width b = 0.1m, the 
beam height h = 0.02m, and the beam length L = 1m [24]. FGM beams 
comprised of Stainless steel (SUS304) metal (k= ∞) and Alumina 
(Al2O3) ceramics (k= 0) were used here, and the material beam prop
erties are as: 

Em = 210 GPa ; Ec = 390 GPa; ρm = 8166kg
/

m3 ; and ρc

= 3960 kg
/

m3.

4.2. Effect of thickness and axial gradient 

This subsection illustrates the power-law and axial indexes impact on 
the three first frequencies of the uncracked Rayleigh FGM beam (i.e., 
xc = 0 and dc = 0) as shown in Table 3. This table indicates that the 
dimensionless natural frequencies affect by the property gradient index 
(k) of the FGM beam with simply-simply end conditions for different 
values of axial gradient index (β). The results show that the natural 
frequencies of the FGM beam decreased as the composition index 
increased. This behavior is because a decrease in the ceramic material 
relative to the metal material inside the beam makes the beam more 

Table 1 
First fourth dimensionless frequencies of FGM beams.  

Mode No. Source Frequency dimensionless parameter (ϖ) 

Thickness gradient (k)

0.1 1 5 

1st Present 17.604 13.586 11.423 
Ref. [46] 17.594 13.384 11.367 

2nd Present 70.417 53.546 45.510 
Ref. [46] 70.367 53.547 45.481 

3rd Present 158.440 120.602 120.412 
Ref. [46] 158.376 120.58 120.40 

4th Present 281.471 214.720 182.323 
Ref. [46] 281.300 214.690 182.290  

M(r, s)=

⎧
⎨

⎩
α1

∫ξc

0

[
eβξφr1(ξ)φs1(ξ)

]
dξ − λα2

∫ ξc

0
[φr1

″(ξ)φs1(ξ)]dξ
∫ ξc

0

[
eβξφr1(ξ)φs1(ξ)

]
dξ − λβα2

∫ ξc

0
[φr1

′(ξ)φs1(ξ)]dξ
∫ ξc

0

[
eβξφr1(ξ)φs1(ξ)

]
dξ

⎫
⎬

⎭

+

⎧
⎪⎨

⎪⎩
α1

∫1

ξc

[
eβξφr2(ξ)φs2(ξ)

]
dξ − λα2

∫ 1

ξc

[φr2
″(ξ)φs2(ξ)]dξ

∫ 1

ξc

[
eβξφr2(ξ)φs2(ξ)

]
dξ − λβα2

∫ 1

ξc

[φr2
′(ξ)φs2(ξ)]dξ

∫ 1

ξc

[
eβξφr2(ξ)φs2(ξ)

]
dξ

⎫
⎪⎬

⎪⎭
(20a)  

K(r, s)=

⎧
⎨

⎩
γ
∫ξc

0

eβξφr1
iv(ξ)φs1(ξ)dξ+ 2βγ

∫ ξc

0
eβξφr1

‴(ξ)φs1(ξ)dξ+ γβ2
∫ ξc

0
eβξφr1

″(ξ)φs1(ξ)dξ

⎫
⎬

⎭

+

⎧
⎪⎨

⎪⎩
γ
∫1

ξc

eβξφr2
iv(ξ)φs2(ξ)dξ+ 2βγ

∫ 1

ξc

eβξφr2
‴(ξ)φs2(ξ)dξ+ γβ2

∫ 1

ξc

eβξφr2
″(ξ)φs2(ξ)dξ

⎫
⎪⎬

⎪⎭
(20b)   
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flexible, decreasing the vibration frequencies. At the same time, in this 
table, it is also shown that when the longitudinal index increases, the 
frequencies are decreased. 

Furthermore, the impact of the volume fraction exponent on the first 
frequency of uncracked FGM beam with distinct Rayleigh parameters (λ)
is demonstrated in Fig. 5. As evidenced by the figure, the dimensionless 
frequencies are influenced by the Rayleigh parameter as well as the FGM 
beam’s property gradient index (k) with simply supported end 
conditions. 

Fig. 6 clearly demonstrates the influence of the Rayleigh parameter 
on the non-dimensional frequencies of the intact FG beam for three 
different values of thickness index (k = 0,1,2). The results show that as 

the Rayleigh factor increases, the frequency decreases in a varying 
manner. When the Rayleigh parameter is set to a = 0.05, the frequencies 
change more rapidly than when the Rayleigh factor is set to a lower 
value. This suggests that the Rayleigh parameter significantly impacts 
the non-dimensional frequencies of an intact FG beam. 

4.3. Effect of crack location (xc /L)

This subsection describes the impact of the position of cracks on the 
vibration frequency of the bidirectionally graded Rayleigh beam model 
with simply-supported end conditions with different crack depth ratios 
and composition indices. The presence of a crack at a specific location 
along the beam leads to an increase or decrease in the natural fre
quencies of the beam depending on the proximity or distance of the 

Table 2 
Comparison of the first-fourth nondimensional frequencies of FGM beams.  

Modules ratio Eρ Gradient index k Method Non-dimensional Frequency (
̅̅̅̅
ϖ

√
) 

1st 2nd 3rd 4th 

Eρ = 0.5 k = 0 Present 2.64175 5.28351 7.92526 10.567 
DQM [47] 2.6418 5.2836 7.9258 10.5692 
Analytical [48] 2.6416 5.283 7.9237 – 

k = 0.1 Present 2.71527 5.43054 8.14581 10.8611 
DQM [47] 2.7153 5.4306 8.1464 10.8633 
Analytical [48] 2.7117 5.4232 8.1339 – 

k = 2 Present 2.97113 5.94227 8.9134 11.8845 
DQM [47] 2.9711 5.9424 8.914 11.887 
Analytical [48] 2.9475 5.8947 8.8411 – 

Eρ = 2 k = 0 Present 3.736 7.47201 11.208 14.944 
DQM [47] 3.736 7.4721 11.2088 14.9471 
Analytical [48] 3.7359 7.4713 11.2059 – 

k = 0.1 Present 3.68059 7.36118 11.0418 14.7224 
DQM [47] 3.6806 7.3613 11.0425 14.7254 
Analytical [48] 3.6793 7.3582 11.0362 – 

k = 2 Present 3.41729 6.83458 10.2519 13.6692 
DQM [47] 3.4173 6.8347 10.2526 13.672 
Analytical [48] 3.3784 6.7563 10.1333 –  

Table 3 
First three dimensionless natural frequencies with different k and β.  

Axial index 
β 

Frequency 
No.

Gradient index k 

0 0.5 1 3 5 10 

0 1 18.008 14.232 12.961 11.493 10.996 10.436 
2 63.933 50.392 46.016 41.027 39.284 37.2466 
3 123.632 97.195 88.985 79.765 76.434 72.399 

0.5 1 17.960 14.194 12.927 11.923 10.967 10.408 
2 63.816 50.297 45.932 42.531 39.217 37.1823 
3 123.104 96.773 88.605 82.353 76.121 72.1008 

1 1 17.818 14.081 12.824 11.372 10.881 10.326 
2 63.459 50.008 45.675 40.740 39.011 36.985 
3 121.511 95.501 87.458 78.441 75.172 71.197  

Fig. 5. First mode variation against gradient index with different Rayleigh 
parameter (λ). 

Fig. 6. Variation of first dimensionless frequency versus axial index with 
different values of power index and Rayleigh factor. 

T.EH. Elaikh et al.                                                                                                                                                                                                                              



Results in Materials 19 (2023) 100441

7

crack location to the beam end supports, as shown in Table 4. Addi
tionally, from this table, it can be seen that when the gradient index 
increases, the natural frequency decreases due to the increase in metal 
components relative to ceramic components, which leads to a decrease 
in beam stiffness. It is also noted from this table that the first two fre
quencies decrease when the crack depth ratio increases. This is because 
the crack’s presence reduces the beam’s stiffness and therefore reduces 
vibrations. 

Moreover, the influence of the crack depth (alh) ratio on the first 
nondimensional frequency with a different gradient index (k) is depicted 
in Fig. 7. As expected, it is shown that when the ratio of crack depth 

increases, the fundamental frequency decreases. At the same time, it is 
observed that when the gradient index increases, the first frequency 
decreases. 

Furthermore, the first natural frequencies against the crack position 
along the beam length with various crack depth ratios, thickness gra
dients, and axial gradients are illustrated in Figs 8a, 8b and 8c. These 
figures show that natural frequencies decrease as the crack depth ratio 
increases. When the crack depth ratio increases, the beam stiffness 
lowers, decreasing the beam’s natural frequency. 

Also, as per Fig. 8a, if the crack location shifts from the support to the 
middle of the beam, the natural frequency consistently decreases for all 
crack depths. Similarly, changing the crack location from the middle to 
the opposite support results in an increase in the frequency value. 

4.4. Effect of modulus and density ratio 

The effect of the modulus of elasticity Eρ and density Rρ ratio of 
ceramic to the metal on the natural frequencies of simply supported 
bidirectional graded uncracked and cracked beam models for different 
power-index and axial gradient indices are demonstrated in this sub
section. 

Fig. 9 demonstrates the fundamental dimensionless frequencies of 
cracked Rayleigh BDFGM beams against the effective modulus ratio Eρ 
with different rotary inertia factors λ. The results show that the fre
quencies increase with an increasing effective modulus ratio. This is 
because increased effective modulus ratio results in increased stiffness of 

Table 4 
Effect of crack location and depth ratio on the first and second natural frequencies at (λ = 0.05,β = 0.5).  

Crack position ratio (ξc) Crack depth ratio 
(a/h) 

Composition index (k)

0 0.5 1 2 

λ1 λ2 λ1 λ2 λ1 λ2 λ1 λ2 

0.1 0.1 15.387 43.490 12.121 34.106 11.076 31.313 10.265 29.218 
0.3 15.308 42.655 12.070 33.588 11.033 30.883 10.228 28.850 
0.5 15.073 30.962 11.919 28.831 10.906 28.755 10.118 27.753 

0.3 0.1 15.32 43.267 12.077 33.964 11.039 31.193 10.233 29.114 
0.3 14.7027 35.195 11.672 31.859 10.697 29.570 9.937 27.546 
0.5 8.024 11.074 7.815 10.374 7.818 10.133 7.811 9.708 

0.5 0.1 15.272 43.543 12.045 34.140 11.012 31.342 10.210 29.243 
0.3 14.318 24.713 11.413 23.438 10.477 23.322 9.746 23.329 
0.5 5.765 8.703 5.673 8.047 5.725 7.880 5.792 7.725  

Fig. 7. First mode variation against crack length ratio with different 
gradient index. 

Fig. 8. The impact of the crack position ratio toward first mode frequency for different (a/h) ratios, thickness index (k), and axial index, respectively.  
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the beam and hence an increase in its natural frequency. At the same 
time, this figure demonstrates that this frequency decrease can be 
attributed to the mass-addition effect of the rotary inertia factor. As 
rotary inertia increases, the beam’s mass increases, decreasing its nat
ural frequency. Therefore, it can be concluded that rotary inertia 
directly affects Rayleigh BDFGM beam natural frequency. 

Fig. 10 shows the effect of the modulus ratio Eρ on the first mode 
frequency of cracked Rayleigh BDFGM beams in relation to different 
power law exponents. It is observed that when the modulus ratio is 
increased, the fundamental frequency increases significantly at the 
lower power exponent values. However, there is little to no change in 
the fundamental frequency when higher power exponent values are 
considered, regardless of the modulus ratio. This indicates that the 
modulus ratio has a more significant effect on the frequency of the beam 
with smaller power law exponents. As shown in Fig. 10, it is evident that 
the natural frequencies of the FG beams increase with the increase of 
parameter k when Eρ is less than 1. In contrast, when Eρ is greater than 1, 
the natural frequencies of the FG beams decrease when parameter k 
increases. This trend can be seen throughout the range of parameter k. 
Thus, it is clear that the natural frequencies of the FG beams depend on 
the value of the parameter k and the Eρ. 

Table 5 presents non-dimensional frequencies under the effect of 
modulus of elasticity Eρ ratio rises and crack position ratio ξc for the first 
three modes of vibration of cracked BDFGM beam. In this table, the 
results are presented for k = 1; λ = 0.01; β = 0.5; and dc = 0.2. This 
table clearly demonstrates that when the crack location in the beam 
increases, there is a proportional decrease in the corresponding non- 
dimensional frequencies. This is because the presence of the crack re
duces the beam stiffness, thereby decreasing the frequencies. The evi
dence presented in this table indicates that the location of a crack in a 
beam significantly influences the beam’s stiffness and non-dimensional 
frequencies. 

Fig. 11 shows the effect of density ratios Rρ on the frequency of a 
cracked Rayleigh BDFGM beam with different power law exponents. It is 
evident from this figure that the frequency decreases significantly with 
an increasing density ratio. This is due to the added mass from the 
increasing density ratio, which results in a decrease of the fundamental 
frequency. It can be seen that the largest decrease in frequency occurs 
with the largest density ratio. The results demonstrate that the density 

ratio has a significant impact on the frequency of the beam. Also, 
Figure (11) shows that as the gradient index increases, the frequency for 
Rρ < 1.56 decreases and this behavior is reversed in Rρ > 1.56.

5. Conclusions 

The vibration characteristics of a cracked Rayleigh beam comprised 
of bidirectionally functionally graded material (BDFGM) were analyzed 
in this study using Hamilton’s principle and the Galerkin method. The 
study investigated the impact of distinct parameters, such as the 
gradient index, crack depth ratio, crack position, and Rayleigh param
eter (λ), on the natural frequencies of the cracked beam. The study re
sults led to the following conclusions:  

1 The natural frequencies of the intact and cracked bidirectionally 
graded beams decreased as the gradient index increased.  

2 The natural frequencies of the BDFGM beam decreased as the crack 
depth ratio and crack position increased.  

3 The presence of a crack in the FG beam distorted the symmetry of the 
vibration mode shape and reduced the natural frequencies, with 
greater reductions occurring at mid-distance crack locations.  

4 The vibration frequencies of the FG beam decreased with increasing 
values of the Rayleigh parameter (λ) and were further reduced in the 
presence of a crack. 

The suggestion for the future direction is a temperature gradient 
effect which can be added to the current study as well as an external 
excitation force. 

Credit author statement 
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Fig. 9. Variation of first mode frequency versus modulus ratio with different 
Rayleigh factor. 

Fig. 10. First vibration frequency variation versus modulus ratio with different 
power exponent. 

Table 5 
Effect of crack position ratio on the first three-order natural frequency with 
different modulus ratio at (λ = 0.05,β = 0.5,k = 1).  

Effective modulus ratioER Frequency 
No. 

Crack position ratio ξc 

ξc=0 ξc=0.15 ξc=0.25 

ER = 0.2 1 7.2741 7.2719 7.2684 
2 25.8456 25.8251 25.8086 
3 49.8572 49.7598 49.7038 

ER = 0.5 1 8.1327 8.1297 8.1247 
2 28.8963 28.8676 28.8445 
3 55.7421 55.6050 55.5665 
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Fig. 11. First vibration frequency variation versus density ratio with different 
power exponent. 
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