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1 Introduction

This dissertation contains new results in Diophantine number theory in
three topics. The first part is about factorials and densities of certain
subsets connected to the classical problem of representing factorials as
sums of squares. The second part concerns the problem of common
values of products of consecutive terms of arithmetic progressions and
various polynomials. The third part deals with the number of powers in
a fixed number of consecutive terms of arithmetic progressions. In what
follows, we briefly outline the problems considered and the new results
obtained. A detailed introduction to the topics, including a thorough
survey of the corresponding literature, and the precise formulation of
our results, together with their embedding in the literature, is given in
the corresponding sections.

The first topic we consider is related to arithmetic properties of facto-
rials. On the one hand, we are interested in the densities of sets of n
such that the exponents of given primes in the prime factorization of
n! hold certain congruence properties. On the other hand, given M,
we investigate the behavior of the M-free parts of factorials. In fact
we study the combination of these two properties. Here the following
problem of Erdés and Graham [25] can be considered to be the start-
ing point. Is it true that for any finite set {py,...,pr} of primes there
exist infinitely many n, such that the exponents of the p; (i = 1,... k)
in n! are all even? The topic has a huge literature: this and related
questions have been studied among others by Berend, Kolesnik, Luca,
Stanica and many more (see e.g. [4, 5, 52, 53]). Another question,
considered by Deshouillers and Luca [21] concerns the representability
of factorials by sums of three squares. To attack this question, one has
to make a further step: beside understanding the behavior of the expo-
nent of 2 in n!, it is also necessary to describe the behavior of the odd
part of nl. Our new results (published in [40]) yield a general step into
this direction: we are able to describe the simultaneous behavior of the



exponents of p in n! and the p-free part of n!. We give several related
theorems, among others, we are able to sharpen the corresponding re-
sult of Deshouillers and Luca [21]. To prove our theorems we need to
combine various ideas of algebraic and combinatorial nature.

The second problem we discuss is about the common values of poly-
nomials and products of consecutive terms of arithmetic progressions.
Here the starting point is a classical result due to Fermat and Eu-
ler, showing that the product of four consecutive terms of an arith-
metic progression (apart from trivial cases) cannot be a square. The
most important theorem in the field is that of Erdds and Selfridge
[27], saying that the product of consecutive positive integers is never
a perfect power. This result has been generalized into many direc-
tions by several authors, including but not restricted to Shorey, Ti-
jdeman, Saradha, Gyéry, Bennett, Hajdu, Pintér, Tengely, Siksek (see
e.g. [2, 35, 36, 60, 61, 62, 64, 67]). The three most important direc-
tions are: omit a few terms from the block of consecutive integers;
instead of consecutive integers consider consecutive terms of an arith-
metic progression; instead of a perfect power y* on the right hand side
take a polynomial g(y) € Z[y]. We give new results (published in [42]
and [44]) which concern a common generalization of these directions,
and extend many related papers from the literature. More precisely,
we provide various finiteness results for the integer solutions z,y of
equations of the form

[Tz —c—ad) = gy).

acA
where ¢(y) € Zly], ¢, d are rationals and A C {1,...,n} for some posi-
tive integer n. That is, the product on the left hand side is taken over
some terms of an arithmetic progression. In the special case where g
is a shifted power, that is of the form g(y) = ay’ + b, our results are
based upon Baker’s method and are effective. In case of general g,
we use a classical theorem of Bilu and Tichy [8] and our results are
ineffective. To make these powerful tools work, we need to use and



combine many ideas. Among others, we discover a deep link between
the Prouhet-Terry-Escott problem and indecomposability of polyno-
mials, which play a very important role in the proofs of our ineffective
results. Finally, we mention that we also have somewhat related re-
sults in our paper [41] concerning equations of the shape A!B! = Cl.
However, we do not include these results here.

The third field we consider concerns upper bounds for the number
Py(N) of ¢-th powers among N consecutive terms of an arithmetic
progression. Here the starting point is a conjecture of Erdds, predicting
that P,(N) = o(IN). This conjecture has been proved by Szemerédi
[66]. A much stronger conjecture is due to Rudin, saying that Py(N) =
O(\/N ). This conjecture is still open, in spite of several related papers
and deep results of Bombieri, Granville, Pintz , Zannier and others
(see e.g. [10, 11]). Recently, Hajdu and Tengely [46] extended the
research from ¢ = 2 to the general case, and proved that for any ¢
there is a 'best’ arithmetic progression, containing the most /-th powers
asymptotically. Our new results from [43] are twofold: on the one
hand, we show that these 'best’ arithmetic progressions contain only
'slightly more’ ¢-th powers than the ’average’, and on the other hand
we give a sharp upper bound for the number of powers (with not fixed
exponents) among the first N terms of arithmetic progressions. In our
proofs we combine various tools, including a classical result of Wigert
[70] concerning the number of divisors of positive integers.

The structure of the dissertation is the following. In the second section
we give our results concerning factorials. Then in the third section
we provide our theorems related to polynomial values of products of
consecutive terms of arithmetic progressions. In the fourth section our
results concerning the number of powers in arithmetic progressions
are given. Then, after listing the references, we provide Hungarian
and English summary, followed by the lists of our publications and
conference talks.






2 Asymptotic density properties of the
sequence (n!)

2.1 Introduction

To formalize the questions and results we study in this section con-
sider the following generalized problem, which contains all the related
problems studied earlier in the literature.

Problem 2.1. Let pq, ..., p; be distinct primes, my, ..., m; be integers
greater than 1, and r{, ..., be given integers. Set

A:A<p17'-‘)pt;mlw"umt;rlu'”7Tt):

{n:y,,(n)y=r; (modm,;) (i=1,...,1)},

where for ¢ being a prime, v,(k) stands for the exponent of ¢ in the
prime factorization of the positive integer k. Is it true that for any
choice of the parameters p;, m;,r; (i = 1,...,t) the set A is non-empty
(or even infinite)? Does the set A have a density? Is A relatively dense?
(That is, is there an absolute constant ¢ such that the differences of
the consecutive elements of A are bounded by ¢?)

A large part of the above problem is already solved. In the special
case where pq,...,p; are the first ¢ primes, m; = --- = my; = 2 and
rp = -+ =1, =0 (i.e. the original question of Erdés and Graham
[25]), Problem 2.1 was answered to the affirmative by Berend [4]. More
precisely, Berend showed that in this case A is infinite, and further, it is
relatively dense. Berend also provided the same result in the case where
my = --- = my is arbitrary (still only for pi,...,p; being the first ¢
primes and r; = --- = r; = 0). Later on, Chen and Zhu [18] formulated
Problem 2.1 in the case m; = 2 with r;, € {0,1} (: = 1,...,t). (In
fact they asked only about the relative density of A, but not about
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its density.) Among other results they proved that (in their settings)
either A is empty, or it is infinite and even relatively dense. Sander
[59] proved that if t = 1, then A is infinite, further, it has a density
of 1/2. He also proved that for ¢ = 2, A is always infinite. Chen
[17] could solve the problem of Chen and Zhu [18] completely, i.e. he
proved the relative density of A in Problem 2.1 with m; = 2 and
arbitrary r; € {0,1} (¢ =1,...,t). Problem 2.1 with arbitrary moduli
m; (i = 1,...,t) was first considered by Luca and Stanica [53] (see
their Conjecture 2; in fact they did not ask about relative density).
They could prove that under the assumption p; t m; (i = 1,...,t) the
density of A exists and it is equal to 1/my - --m,. Finally, Berend and
Kolesnik [5] proved that Conjecture 2 in [52] is true. That is, they
showed that the density of A in Problem 2.1 always exists, and equals
to 1/my - --my.

We shall also be interested in the behavior of the 'remaining’ part of
n! (obtained after removing some primes).

Problem 2.2. Let m > 1 be a positive integer and take an integer r

coprime to m. Set M = Hp|mp and for any positive integer k, write
kM for the M-free part of k, that is, set kM) := &/ HmMp”P(k). Put

B=B(m;r)={n:(n)™ =r (mod m)}.

Is it true that for any choice of the integers m, r, the set B is non-empty
(or even infinite)? Does the set B have a density? Is B relatively dense?

Later we shall see that this problem (in combination with Problem 2.1)
has an application concerning the set of those integers n for which n!
is representable as a sum of three squares. At this point we mention
a related, classical question: what is the distribution of the numbers
121 ...,(p — 1)! modulo p, where p is a prime? (see F11 in [34])
Answering a question of Erdds, Rokowska and Schinzel [57] showed
that if 2!, ..., (p—1)! are all distinct modulo p, then the missing residue
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is —((p—1)/2)!, and p = 5 (mod 8) must hold; however, there is no
such p with 5 < p < 1000. According to a standard conjecture (see
F11 of [34] again), approximately p/e modulo p residue classes are not
represented by n!, as p tends to infinity. This problem has a huge
literature; see e.g. the papers [32, 47] and the references given there.
For other related questions, we also refer to the paper [52].

As a combination of Problems 2.1 and 2.2, we also consider

Problem 2.3. Let pq,...,p; be distinct primes, and let mq,...,my
and ry,...,7 be integers with m; > 2 (¢ = 1,...,t). Further, let
m > 1 be a positive integer and r be an integer with ged(m,r) = 1.
Put M =T],,, p. Let

C:C(pla--->pt§m17---amt§7’17---77ﬁt§m§7’) =

{n:v,,(n))=r; (modm)(i=1,...,t)and (n)™ =+ (mod m)}.

Is it true that for any choice of the parameters py,...,p;, my, ..., my,
T1,...,T, m, 7 the set C' is non-empty (or even infinite)? Does the set
C have a density? Is C' relatively dense?

We think that in case of all the problems, the answers to all the ques-
tions are affirmative. In particular, we conjecture that for any choices
of the parameters, both sets B and C have densities, and these are
given by 1/¢(m) and 1/my - - - myp(m), respectively. (As we mentioned
before, the fact that the density of A exists and equals 1/m; - - - m;, was
proved by Berend and Kolesnik [5].) This would mean that the prop-
erties required in the definitions of the sets A and B, are independent.
Later on, we shall give some support for this conjecture.

In case of Problems 2.2 and 2.3 we know about only very restricted
results, which are related to the problem of representing factorials as
sums of squares. This we shall explain a little later.In the case of three
squares we arrive at Problem 2.3 witht =1, p; =2, =0, m = 8 and

7



r = 7. In this particular case, Deshouillers and Luca [21] proved that
the set of values of n satisfying (1) has a density of 7/8. They also
provided an asymptotic formula, saying that the number of n with
(1) up to N is (7/8)N + O(N?3). We mention that for the set of
positive integers themselves, the corresponding qualitative results are
long known. As one can easily check (and it must also be long known,
though unfortunately we could not find any related reference), the
density of the set of positive integers with even exponents of 2 in their
prime factorization, is 2/3. Further, the density of the set of positive
integers having odd part congruent to 7 modulo 8, is clearly 1/4. So
it is not surprising that the set of positive integers not representable
as the sum of three squares, is 1/6. The latter statement was proved
by Landau [49]. (See Wagstaff [68] for a similar result concerning the
Schnirelmann density of the same set.)

The above problems are strongly related to the question of representing
factorials as sum of squares. It is long known that the equation

n! = a?

has no solutions in non-negative integers n,z for n > 1. This fact
follows e.g. from Bertrand’s postulate. Thus the question naturally
arises: is it still possible to find infinitely many values of n!, such that
the exponents of all p € P is even, where P is a given finite set of
primes? In the case where P consists of the first ¢ primes for some
t, this question was posed by Erdds and Graham [25]. The question,
and its various extensions have attracted a lot of attention. As it was
noted by Erdés and Oblath [26], the equation

n! = 2? + 3

has no solutions in non-negative integers n,x,y for n > 6. (We have
6! = 720 = 122 + 242.) This follows from the fact that for n > 7 there
exists a prime p of the form 4k + 3 between n/2 and n (see [15] and
[22]). On the other hand, by a classical result of Lagrange we know
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that the Diophantine equation
n! = 2% + y* + 22 + w?

is solvable for every n, in non-negative integers x, y, z, w. Consider now
the remaining case

n! = 2% 4 y* + 2° (1)

in non-negative integers n,z,y, z. By a classical result of Gauss, it is
known that an integer is not representable as the sum of three squares
if and only if it is of the form 22%(8b + 7) with non-negative integers
a,b. This provides a direct link to Problem 2.3.

As we saw, the question of representing n! as the sum of at most two
squares is treated by the knowledge concerning primes in the block
of the first n positive integers. The much more general problem of
describing the size of the largest prime factor in a block of consecutive
integers has been investigated by many authors. For related results,
we refer to the excellent, recent survey paper of Shorey and Tijdeman
[64], and the references therein.

In this section we prove several new results concerning the most general
question formulated, namely Problem 2.3. We take up the problem
where the moduli are any powers of some prime p. We prove that for
all choices of the other parameters, the conjecture formulated above
is true; that is, in all cases C' has the suspected density. We also
prove that C' is relatively dense, with an explicit bound for the gaps
of the consecutive elements of C'. In the particular case p = 2 and
my; = 2, m = 8 we also prove that asymptotically, the error term is
O(N'21og® N) up to N, thus improving the result of Deshouillers and
Luca [21]. In this special case we give a sharp upper bound for the
gaps between the consecutive elements of C', as well.
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2.2 New results

To formulate our general results, we need some notation. Let p be a
prime and a,b be positive integers. Throughout this section we shall
always assume that p, a,b are fixed. Put

L=1{0,1,....p° =1}, L={i : 1<i<p’ pti} and =1 x1Is.

Observe that |I| = (p — 1)p*™~!. To simplify the reference to these
sets, by writing a € I; and 8 € I, for arbitrary integers @ and § with
p 1 3, we shall always mean the elements o € I and ' € I, for which
o = a (mod p%) and B’ = B (mod pP), respectively.

For (a, B) € I put
HP ={n:y(n)=a (modp?), (n)? =4 (mod p")}.
Finally, we shall use the conventions

v,(0)=0 and 0% =1.

Our first two theorems solve the question of density and relative den-
sity in Problem 2.3 for t = 1 with m; = p® and m = p°, where
a,b are arbitrary positive integers, p; = p is an arbitrary prime, and
ry and r are arbitrary integers. The following statement shows that
the pairs (,(n!) (mod p?), (n!)® (mod p’)) are uniformly distributed
among the possible pairs.

Theorem 2.1 (A. Papp, L. Hajdu [40]). For all (o, 8) € I, the set
H©@H) has a density of 1/(p — 1)p*Tt~1L.

In case of relative density, we can even give an explicit upper bound
for the differences between the consecutive terms of H (%),
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Theorem 2.2 (A. Papp, L. Hajdu [40]). For all (a, ) € I, the set
H©@P) s relatively dense. Further, if we write Hl(a’ﬁ) < Héa’ﬁ) <
H?Ea’ﬁ) < ... for the elements of HP)  then we have

HEP _ ged < gpmax(abitbp-1p+2-2-bt1

forall 1> 1.

As a simple consequence of the above theorems we obtain the following.

Corollary 2.1. For any o € Iy and B € I, the sets
{n:yn)=a (modp*)} and {n:(MHP =3 (mod p’)}

are relatively dense and are of densities 1/p* and 1/(p—1)p*~!, respec-
tively.

Note that the fact that the density of the first set is 1/p®, follows from
the earlier mentioned results of Berend and Kolesnik [5].

Now we give alike, but more precise statements in the special case of
p =2, a=1and b= 3. This case is of particular interest, since it
describes the density of the set of values of n for which n! is expressible
as a sum of three squares.

The next theorem improves and extends an earlier mentioned result of
Deshouillers and Luca [21]. In that paper only the case («a, 5) = (0,7)
has been investigated (though it seems to be clear that the methods
applied in [21] are capable to handle all the other choices of (a, f)).
Our result significantly improves the error term O(z?/?) in [21], too.

Theorem 2.3 (A. Papp, L. Hajdu [40]). Letp =2, a =1, b= 3 and
(o, B) € I. Then for all x > 0 we have

B 0 [0,2)] = (1/8)2 + O(x"/log” ).

11



Our final theorem gives the precise value for the maximal gap length
in the sets H(®#) in this special case.

’

Theorem 2.4 (A. Papp, L. Hajdu [40]). Let p = 2, a =1, b = 3
and (o, B) € 1. Then the set H@B) s relatively dense, and if we write
HY? < H < B < for the elements of H@P), then we
have Hfj_"lﬂ) — Hi(a’ﬂ) <42 for all © > 1. Further, the upper bound 42 is
sharp for all (o, 8) € 1.

Remark 2.1. Clearly, for the special choices p =2, a =1 and b < 3
Corollary 2.1 also follows from Theorems 2.3 and 2.4.

2.3 Proofs

To prove our theorems, we need several lemmas. The first lemma
reveals a pattern in the behavior of v,(n!). For similar statements and
assertions see [5, 18, 52, 59].

’

Lemma 2.1 (A. Papp, L. Hajdu [40]). Let a be a positive integer.
Then for any positive integers t and k with 0 <t < p and k > a we
have

(1 + ) = (i) + ——  (mod p*) (0= < 1)

with the usual convention Q! = 1.

Proof. We clearly have

v((tp*+i)!) = v, ((tpk)! H(tpk —|—j)) = v, ((tp"))+1,(i!)  (mod p*).

j=1
Using the Legendre formula this gives

p —
p —
and the lemma follows. O

v ((tpF+0)1) = v, (iIN+t(1+p+- - -+p* 1) = v, (i) +t
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Our next two lemmas provide similar information about the behavior

of (n!)® (mod p®).

Lemma 2.2 (A. Papp, L. Hajdu [40]). Let b > 1 and further assume
that b > 3 if p = 2. Then for any k > b—1 and for any positive integer

t we have
(i = { (0270 (mod 2 =2
(~1) (NP (mod ), otherwise,
or, shortly

((tp" NP = (=1 0P (8" )N® - (mod p”)

for allp > 2.

Proof. We proceed by induction on k. For k = b — 1 the statement is
an identity. Suppose that the assertion is valid for some k > b—1. We

can write
k+1

((tp*h)HP = H i

ph
Since by the induction hypothesis we have

((tzb—1>!)(2) (mod 25’)7 if p=2,
(tp")H® = k—bt1) ( (4ob—1 b :
(_1)t( + )((tp )1)(19) (mod p°), otherwise,

we only need to show that

“ﬁl, {1 (mod 2?), ifp =2,

i1 (—=1)! (mod p®), otherwise.

pti
To prove this, observe that

t

k+1 k41

H i = pl_[ ' (mod p*t1h).
i g
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Now inviewof k+1>b>3if p=2and k+1 > b > 1 otherwise, we
have that v = 1 (mod p®) if and only if v = +1,2¥ + 1 (mod 2F1)
for p =2, and u = £1 (mod p**1) for p > 3. Hence we get

Iﬁ, 1 (mod 2¢1),  if p=2,

i =

1 —1 (mod p**1), otherwise.
pli

This in view of k 4+ 1 > b gives (2), which proves the lemma. O

The following lemma plays a key role in our arguments.

Lemma 2.3 (A Papp, L. Hajdu [40]). Let b > 1 and k > b— 1. If
p =2 and b = 2 then assume that k > b. Then for every t > 1 with
p 1t there exist uniquely determined numbers v,(j) € I (1 < j < p*~1),
such that for all i,j with (j — 1)p*=0T1 <4 < jp*F=0F1 1 < j < pP~1 we
have

((tp" +D)NW =5 (7)) (mod p").
Further,

i) if p = 2, then the numbers v(j) (j = 1,...,2°71) form a permu-
tation of Iy for any odd t,

ii) if p > 3 then v,_1(p~1) = —1, and the numbers v (j) (1 <t <
p—1, 1 < j < p"Y) generate the multiplicative group Z;b of
invertible elements of Zyp.

Proof. For p =2 and b =1 the lemma is trivial. Further, if p = 2 and
b = 2, then the statement can be easily proved by induction; we get
71(1) = 3 and ¥,(2) = 1 in this case. So from this point on we shall
always assume that if p = 2 then b > 3.

First observe that for any s with tp* < s < (¢ +1)p”* such that v,(s) <
k — b we have
s = (s —tp")P  (mod p°).

14



This immediately gives that writing

(tp" + (j — Dp*+H®

N . b1
5t(]) - ((] . 1>pk_b+1)(p) (1 S ] S p )
with the convention 0®) = 1, we have
((tp" + D)) = (i) P5,(0) H(St (mod p") (3)

for all 4,7 with (j — 1)p*="*t <4 < jpF=b+1 1 < j < p*~!, where
6:(0) = (—1)1E=b+1p((tpp=1))P~1. Here we used that by Lemma 2.2

((tp"=1)N® = (" )HPtt = (=) PR NPt (mod p*).
So by choosing
J
() = 6,0) [T 0:(0) (mod p") (1<j<p) (4)
=1
and noting that these numbers are clearly uniquely determined, the
first part of the statement follows.

To prove the second part of the lemma, we have to distinguish the
cases p =2 and p > 3.

The case p = 2. To prove the second statement in this case, we show
that the 7;(j) are all distinct. This clearly implies 7). For this, we need
to show that the products []% ¢, 0¢(£) are all distinct from 1 modulo 2°,
for 1 < ¢; < £y < 271 (Recall that here we may assume that b > 3.)
Putting u; 1 = ((j — 1)®)~! (mod 2%) for j > 1, we have

0,(j) = 12071720 Dy, 1 11 (mod 2°).

Since for any j > 1 obviously &;(j) Z 1 (mod 2°), we may assume that
{1 < ¥5. Thus we need to show that

lo
[T 70+ 1) #£ 1 (mod 2°) (1< y < <27
=0y
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Suppose to the contrary that the above congruence holds for some /¢4, ¢
as above. Then for these values of /1, /5 we have

Lo 123

[T 2=y + 1) JT (2 Dy +1) =1 (mod 2°).

=t =t

2[¢-1 240—1
However, then the same congruence certainly holds also modulo 2071,
Thus, observing that the second product is clearly 1 modulo 27!, in
case of 2 | £ — 1 letting ¢/ — 1 = (£ —1)/2 we get

[(€2+1)/2]
H (#2072 =Yy, 1 4+ 1) =1 (mod 2°7Y).
o=[(¢1+1)/2]

Here we used that v5(f — 1) = 1p((€ — 1)/2) + 1 and ((¢ —1)/2)® =
(€—1)® for £—1 even, whence up_; = ug—; (mod 2°). Since up_;- (£ —
1)@ =1 (mod 2), we certainly have uy_1- (¢ — 1) =1 (mod 2071),
as well. Finally, observe that 1 < [(¢; +1)/2] < [(f2 +1)/2] < 2072,
Hence our claim that the products Hﬁih 6:(0) (1 < by < ly <2071
are all different from 1 modulo 2° follows by induction on b. Thus the
products [[o_, 6:(¢) (j = 1,...,2""") are pairwise distinct modulo 2",
Hence the lemma follows in this case.

The case p > 3. To prove the second statement in this case, first
observe that by Lemma 2.2, (3) and (4) we have

(=D (P () = ()P (077 =
= (PP = (=D)"2(EHHP (mod p*).
This gives
Y1 (PP ) = -1 (mod p®).
Now we construct an element of the subgroup generated by the ele-
ments 7(j) (1 <t <p—1, 1 <j<p"") which is a generator of Z7,.
In fact we shall prove that already the subgroup G of Z]";b generated by

+£5,(0)6,(1) (1<t <p—1)
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contains such an element. It will be sufficient, since
a7 = =1 and (1) = 8,(0)5(1) (L<t<p—1).
As §;(1) =t (mod p°), we have
+6,(0)0,(1) = =((tp" " HNP®  (mod p*) (1<t <p—1).

Observe that for b = 1 we have t! € G for allt =1,... p — 1 implying
G = Z;;. Let now b > 2. We show that GG contains an element which
is generator modulo p?. As it is well-known, this element will be a
generator also modulo p°. Since by Lemma 2.2 we have

((tp" NP = £((tp))*”  (mod p?)

for any b > 2, we need to check the statement only for b = 2. That is,
it is sufficient to show that for b = 2, the group G contains a generator
modulo p?. For this, first observe that for any ¢ we have

(p) p—l
(((t((fpi;;)!)@) - tH((t —lp+i)eG (t=1,....p—1).

Recall that if g1, go are generators modulo p such that

g1 = g2 (mod P) but g1 # g (mod p2),

then one of g1, g, is also a generator modulo p?. Let g be any generator
element modulo p with 1 < g < p. Then by Wilson’s theorem we have

p—1 p—1

9] -p+=@-9 ][(w-9g-Dp+i)=g (modp).

i=1 i=1

If we would also have

o[-+ 0= - [[—g-Dp+) (mod )

17



then

Pl pl
g—lz =p-D!'+gg+1) Z (mod p)
j=1 j=1

would also hold. However, this by

)_l

p—1 p—

(S
Il

jE EO (mod p)

=1 =1

.
.

is impossible. This implies that one of

p—1 p—1

—g[[a=vp+i), p-9)[[((p—9-1p+i)eC

i=1 =1
is a generator modulo p?. Hence the lemma follows. O]
Remark 2.2. The combination of Lemmas 2.1 and 2.3 allows us to
follow how the classes corresponding to (a, 8) € I ’switch’. To see this,

just observe that combining these lemmas, for any k£ > max(a,b) we
have that

(p(i1), (I)®)) = (o, B)
if and only if
E o\ kL ey — t
(vp((tp® + ), (" +)N™) = (a+ Tpa%(])ﬂ :
for any t,j,i with0 <t <p—1,1<j<p’land (j—1)p" ! <i<

jpk_bﬂ.

Now we can give the proofs of Theorems 2.3 and 2.4.

Proof of Theorem 2.3. First we prove the statement for numbers of the
form z = (2%)!. For this, we use linear recurrence sequences of vectors.
We need to introduce some notation. For («, ) € I and x >y > 0 let
H@B) (. ¢
HYP(y z) = H Ay 2) and h@P(y, z) = M
T —y

18



If y = 0, then we shall simply write H®#) (2) and h{®#(z), respec-
tively. Define the vectors ) (K > 0) by

Any term of the sequence (v};) for k > 4 can be expressed by the help
of the previous four terms. The initial vectors v, v, U2, U3 can be easily
obtained by the help of Table 1. These are the following:

P 9 2 P
0 0 1 9
0 0 1 9
o o ol L e
ol Tl 2Tl BT |
0 1 2 5
0 0 0 1
0 0 1 1

As we already mentioned, for every k£ > 4 the coordinates of v can
be given by the help of the previous four vectors. The first entry of
U, namely ROV (25+1) | can be obtained in the following way. We start
with

h(O,l)(2k+1) _ h((),l)(2k:) + h(O,l)(2k72k+1)‘

Cutting the interval (2%, 2%1) into four parts, we get
h(ﬂ,l) (2]€+1) _ h(O,l) (2/€)+h(0,1)<2k7 2k+2k—2)+h(0,1) (2k+2k—2’ 2k+2k—1)

_l_h(O,l) (2k‘ + 2k:—17 2k + 2k’—1 + 2k—2) + h(071)<2k + 2k—1 + 2k’—2’ 2k‘+1).
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[0 [ 2200 0@ [ 2200 0@ [ (,8) [ n | 220 2@ [ 2200 0@ [ (o,8) |
0 1 1 (0,1) || 16 24 215.3 (1,3)
1 1 1 (0,1) 17 1 215. 3 (1,3)
2 2 2.1 (1,1) || 18 2.1 216. 3 (0,3)
3 3 2.3 (1,3) 19 3 216 .1 (0,1)
4 22 23.3 (1,3) || 20 22.5 218 .5 (0,5)
5 5 23.7 (1,7 || 21 5 218 .1 (0,1)
6 2.3 2.5 0,5) || 22 2.3 219 .3 (1,3)
7 7 24.3 0,3) || 23 7 219.5 (1,5)
8 23 27.3 (1,3) || 24 23.3 222. 7 (0,7)
9 1 27.3 (1,3) || 25 1 222.7 (0,7)
10 2.5 28.7 (0,7) 26 2.5 223.3 (1,3)
11 3 28.5 0,5) || 27 3 223 .1 (1,1)
12 22.3 210 .7 0,7) || 28 22.7 225 .7 (1,7)
13 5 210. 3 0,3) || 29 5 225. 3 (1,3)
14 2.7 211 . 5 (1,5) || 30 2.7 226 .5 (0,5)
15 7 211 . 3 (1,3) || 31 7 226. 3 (0,3)

Table 1: Exponents of 2 and odd parts of n! for 0 <n < 31.

In what follows, we shall apply Lemmas 2.1 and 2.3 repeatedly, in the
way explained in Remark 2.2. In the latter statement, as one can easily
check, now we have

(71(1)7 ’71(2)7 /71(3)7 ’71(4)) = (3’ 7,5, 1)'

We get

h(o’l)(2k+1) — h(o’l)(Qk) + h(1,3)(2k—2) + h(l,?)(2k—272k—1>
+h(1,5) (2]6—17 2k—1 4 2k—2) 4 h(l,l) (2k—1 4 2/6—27 2k>
From this we obtain
h(O,l)(Qk—i—l) _ h(O,l)(Qk) + h(1,3)<2k—2) + (h(1,7)(2k—1) i h(l,?)(2k—2))

+ (h(o,7)(2k—3) i h(O,S)(Qk—3’2k—2)) 1

( (1,1) 2k) h(l,l)(2k—l) - h(l,l)(2k—l’ 2k—l + 2k—2)) —

—h 01)(2k) + h (1,3) (2 ) + (h(1,7)(2k—1) . h(1,7)<2k—2>) +

+ (h(0’7)(2k_3) + h(0,3)(2k—2) . h(O,S)(Qk—S)) +
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(h(1,1)(2k) — LD (k1) _ (03)(9k=3) _ (07 (9k=2y 4 h(0,7)<2k—3>) .
After rearrangement, this yields
ROD (k1) — O 9k 4 (1D 9k _ (1) (9k=1y 4
PR (2E=1y 4 03 (9k=2) _ (07 (9k=2)
PR (9k=2) _ pAT)(9h2) _ 9. p03)(2k=3) | 9. RO (k=3),
Thus the first coordinate of v} is given by
U = (1,0,0,0,1,0,0,0) - U1 + (0,0,0,0,—1,0,0,1) - U_o+

+(0,1,0,—1,0,1,0 — 1) - G5 + (0, =2,0,2,0,0,0,0) - &_s.

Similar calculations yield the other coordinates of vy, as well. Alto-
gether, we get the recurrence relation

Uy =G Up_1 +Go - U0+ Gs - Vg + Gy - Uy (k> 4),

where
1 00 01000
01 000 10 0
001 0001 0
G |00 010001
1 000 10 0 0}
01 000 10 0
001 000 1 0
00 01 00 0 1
o 0o 0 0 -1 0 o0 1
0o 0 0 0 0 -1 1 o0
0o 0 0 0 0 1 -1 0
G, |0 0o 0o 0o 1 0 0
1 0 0o 1 0o o0 o0 o]
0 -1 1 0 0 0 0 0
0 1 -1 0 0 0 0 0
1 0 0 -1 0 0 0 0
1 0 -1 0 1 o0 -1
1 1 0 1 0 -1 o0
1 0 1 1 1
Ga— |-t 0 1 0 -1 0 1 0
o 1 0 -1 0 1 0 —1]|°
1 -1 0 1 1 0
1 0 1 1 0 1
1 0 1 0 -1 0 1 0




0 -2 0 2 0 0 0 0
-2 0 2 0 0 0 0 0
0 2 0o -2 0 0 0 0
Gy = 2 0O -2 0 0 0 0 0
0 0 0 0 0o -2 0 2
0 0 0 0o -2 0 2 0
0 0 0 0 0 2 0 -2
0 0 0 0 2 0 -2 0

By a theorem of Cerrucci and Vaccarino [16] we know that the above
relation can be written as a system of coordinatewise recurrence rela-
tions, and the common generating polynomial g(z) of these relations
is the characteristic polynomial of the matrix

O 0O O Gy
G E O O Gj
O EFE O Gy
O 0O FE Gy

Here O is the 8 x 8 zero matrix, and E is the 8 x 8 unit matrix. Hence
for g(z) we get

g(x) = o' (2 —2)(2® +2)(2* — 227 +4) (2* —22° +22% — 4o +4) (2* — 20 +2)? (22 - 2)3.

Now using the standard theory of recurrence sequences (see e.g. [28]),
we get that every coordinate of U, can be written as

3 3
128 + 02(2'\/5)]€ + 63(_¢\/§)k + Z Capicls + Z ca i3+
=0 i—0

(Clgk -+ 613)(1 + Z)k -+ (Cl4k -+ 015)<1 — Z)k+
(ClﬁkZ + ci7k + 618)\/§k + (C1gk2 + cook + C21)(—\/§)k

with complex numbers ¢y, ..., o, which can be different for differ-
ent coordinates. Here o, g, g,y and f3y, fa, B3, B4 are the (distinct)
roots of 2* — 222 + 4 and 2* — 223 + 222 — 4x + 4, respectively. It is
easy to check that all these roots have absolute value V2. Calculat-
ing the vectors v for k = 0,...,20, the constants cq,...,co; can be
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obtained for each coordinate by solving a system of linear equations.
Using Magma [14] we get that ¢; = 1/8 in all cases. Thus

h(a,ﬁ)(zk) - %k + 0O <k2\/§k> (5)

for every (a,3) € I. As k = log,2* and V2 = (28)1/2 hence the
formula in the theorem follows for x = 2¥. As we have

h(()l,ﬁ)(Qk7 2k+1) — h(a,ﬁ) (2k’+1) . h(oa,,B) (2]{?)’

thus also
2k+1 ok k1 2k k
(,B) (ok ok+1y _ B 2 _ 2
WD (2R M) = = — = +(9<(k:+1)\/§ ) T +O(k\/§<)6).

Let now N be an arbitrary positive integer. Then we can write

J
VoY
i=1
with fi > fo > -+ > f; > 0. Clearly, h®#(N) can be written as
h(o"ﬁ)(N) — h(aﬁ)(Qfl) + h(avﬁ)(2f1’ oft 4 2f2> 4t

_,_h(a,/o’)(gfl 4o 2Fim of g 9fiy,

Any term of the above sum can be expressed as
h(a,ﬂ)(Qfl 4ot 2fz’ oft 4.4 9ft 4 2fz+1) — plesB) (t2fz’ tofe 4 2fz+1)’

where t is odd. By Lemmas 2.1 and 2.3, using (5) and (6), we easily

get
2 fet1 .
hleB) (g2fe 1ot 4 oferty = +O<fé2+1\/§f[+ )
Thus
(c.8) 2h 25 Woik 2 /5t
MON) =5+ + 5 +O<f1\/§ >+-~~+O<fj\/§>,



whence

fi+1
RB) (N) = g +0 (ff%) = g +0 (ffﬂﬁ) .

Now using f; < log, N we get
N
iWWM:§+O®§NNW%

and the theorem follows. O]

Proof of Theorem 2.4. The assertions can be readily checked. For this
purpose, we used simple Magma [14] programs. Checking all the values
of n! with 0 < n < 127, we find that all the intervals [0, 32), [32,64),
[64,96), [96,127) contain at least two elements from all the sequences
H©@A) ((a, 8) € I). Obviously, the consecutive elements of any H ()
inside any of these intervals, have distance less than 42. Further, as
one can easily check, all the intervals [0, 14], [21, 31], [32, 48], [47,63],
(64, 78], [85,95], [96,122], [100, 127] contain at least one element from
each H(®P)  This immediately shows that all the differences of the
consecutive elements below 27 inside all the sets H(®#) are bounded by
42. Further, in view of that all the numbers (127 —100) + (14 —0) +1,
(31—21)+(48—32)+1, (63—47)+(78—64)+1, (95—85)+(122—96)+1
are at most 42, we also have no problem with merging the four intervals,
the first two statements follow by induction using Lemmas 2.1 and 2.3.
To see that the bound 42 cannot be improved for any (a, 8) € I, one
can check that

(4836, 4878), (39652, 39694), (2788,2830), (23268,23310),
(6884, 6926), (740,782), (13028,13070), (19172,19214)

are pairs of consecutive elements of the sets
H(OJ)’ H(073)’ H(0’5), H(0’7), H(Ll)’ H(l’?’), H(1’5), [_](177)7

respectively. In fact, these are the first instances of pairs of consecutive
elements with difference 42 in each H(®?). O
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For the proof of Theorem 2.1 we need a further lemma.

Lemma 2.4 (A.Papp, L. Hajdu [40]). Let p be a prime, u be a positive

integer and ay, . .., ay be real numbers. Fort =1,...,u—1 put
1 t—1) —t
5Zaz ptj (t=1,....p"")

Jj=1

with a§°) =aqa; (i=1,...,p"). Suppose that

max |a;| > C (7)
1<i<pu
and
’afp-Hl a@pﬂz‘ <Gy (8)

forany 0 <t <u—-1,0<L<p" " —1and1 < j < jy < p, where
C1 and Cy are some real numbers with C7 > (u+ 1)(p — 1)Cy/p > 0.
Then ay, . ..,au have the same sign, and we have

min |a;| > C; — (u+1)(p — 1)Cs/p.

1<i<p¥

Proof. We proceed by induction on u. For uw = 1 conditions (7) and
(8) reduce to

max(|ai],...,|a,]) > C1 and |a;, —aj,] < Cy (1 <j1 <j2 <p),
respectively. These simply yield
min(|ail,...,la,|) > C1 — Cy > Cy — 2(p — 1)Cy/p,

and it is also clear that a4, ..., a, are of the same sign. So the lemma
follows in this case. Assume now that the statement is valid for some
u > 1, for any real numbers ay,...,a,. Take any real numbers
ai,...,amu+1, satisfying the properties (7) and (8), with w replaced
by u + 1; in particular, with C} > (u 4+ 2)(p — 1)Cy/p > 0. Put
12
bi = —Za(i_l)pﬂ- (Z: ]_,7pu)

P
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By (7) and (8) we get that
|b€p+j1 - bép-i—jz‘ < G

forall 0 </ <p*!—1and1<j <jo<p, whence

max |b;| > Git (p— (G = C)

1<i<pv P

=C1— (p—1)Cy/p.

Thus the numbers by, ..., b, satisfy the conditions (7) and (8), with
C replaced by Cy — (p — 1)Cq/p. Hence by the induction hypothesis
we have

min |b;| > Cy — (u+1)(p — 1)Cy/p,

1<i<

and that the b;-s are of the same sign.

Let ¢ be the index for which |a;| is minimal. Without loss of generality
we may assume that ¢ = 1; all the other cases are similar. Then we
have

a+ -+ a,

Ci—(u+1)(p—1)Cqy/p < |y] = ;

This by (8) immediately gives

1<i<putl

It is also clear that the a;-s are of the same sign. Thus the lemma
follows. ]

Now we are ready to prove Theorems 2.1 and 2.2.

Proof of Theorem 2.1. As in the proof of Theorem 2.3, for (a, ) € I
and x >y > 0 set

|H P (y, x)

HP y,z) = HP N [y,z) and R (y,z) =
z—y
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If y = 0, we simply write H(®? (z) and h(*#)(z), respectively. To
prove the theorem, by the above notation we need to show that

lim h(""’g)(:c) =1/(p— 1)pa+b*1

T—00

for every («, 8) € I. For this, first we prove the following assertion:
we have

lim hD((j — 1pt =+ gt = 1/ (p - 1pt (9)

k—o0

for any (a,3) € I and 1 < j < p~L. Note that in particular, this
immediately gives

lim A9(pF) = 1/(p — 1)p+*!

k—o0

for all (a, 3) € I. To show (9), for k > max(a,b) and 1 < j < p¥~! set
AP = [(G = DpF e,
and for 1 <t <p—1 put

By = [tpf + (j — D)p* " gt 4 gt ).

Observe that we have

(G—Dp+p
A= ) AP (=19
i=(j—1)p
and
(G—Dp+p
A1 . _
:r;ﬂ— U Bt2 (t=1,....p—1, 5=1,...,p"2).
i=(j—1)p
Set
pbfl
k
D(k)= > 3 (@, ),
(a,8)el j=1



where

2 (o, B) = WD (G = DpF gt ) = 1/ (p - Dptt

Applying Lemmas 2.1 and 2.3 with 1 <t < p—1, the recursive relation
for the sets A§k) yields that

p—l pb 2 -1 2
_ (t)
o Z Z ( Jp+z( JP-H’BJP-H)) :
=1

t=0 (a,8)€l j=0

Here (a!f Jpﬂ, Jpﬂ) € [ is given by

t a .
Oty = (mod p'), u()B =4 (mod p),
where the 7;(7) are defined in Lemma 2.3 for t > 1, and 0(j) = 1. Here

one should observe that ¢ € Ag» if and only if tp* +¢ € B, ]), and such

an £ belongs to H(agﬂﬁ;?ﬂ)((j —1)pk=bFL ipk=b*1Y if and only if tpk +/
belongs to H@A) (tpF 4 (5 — 1)pF=>+1 tpF 4 jpF=b1) (j =1,...,p"h).
Hence, as for all possible values of 4, 7,¢ the pairs (ozj(.;) i ﬂj(p)ﬂ) yield
permutations of I, by a simple calculation we obtain

(k)

pb—2-1 .Clﬁ(k)Oé RS ORNN 2
Dity-DHi= 3 Y << B) =l ,@)) |

(,B)el j=0 1<i1<ia<p p
(10)

This immediately implies that the sequence D(k) is monotone decreas-

ing. Since clearly, D(k) > 0 for all k, this sequence is convergent; write
o for its limit. If o = 0, then assertion (9) immediately follows. So
assume that o > 0. Observe that the definition of D(k) implies that
for all £ > max(a,b) we have
mii= max |2 (a, B)] > v/,

(a,B)el

1<j<pt~t
Now choose a k > max(a,b) such that D(k) < o + p, where p is
to be chosen later. (For the moment, it is sufficient to consider u
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to be 'very small’, also with respect to ¢.) Fix jo and (g, ) such

that my = |x§-§)(a0,ﬂo)|. We shall assume that here wyg)(ao,ﬂo) > 0,

the other case is completely similar. Observe that by (10) we have
that D(k + i) — D(k+ ¢+ 1) < p for all ¢ > 0. This, choosing p
sufficiently small in terms of o, by Lemma 2.4 inductively shows that

xgk)(ozo,ﬁo) > ¢;(0) holds for all j with 1 < j < p*~!. Here and later
on, ¢(o) is an explicitly computable positive constant depending only
on o (besides a,b and p, which are considered to be fixed). At this

point we need to distinguish two cases.

Assume first that p = 2. Then by Lemmas 2.1 and 2.3, using the

recursive definition of the sequence x§k), together with a similar argu-

ment as above (choosing p to be sufficiently small), we get that there

exists a 7 with 1 < j < 271 such that :17§-k+1)(oz0 —1,0") > ¢3(0), and

then that in fact x§k+1)(a0 —1,8") > c3(0) for all j with 1 < j <2071,
where € I,. Repeating the argument, we get that for all a* € I,

there exists a 5* € I such that x§k+2a)(a*,5*) > c4(0) for all j with
1 < j <2 Now let (&, 3) € I be arbitrary. Then there exists a
f* € I such that x§-k+2a)(é¢ +1,08%) > ¢4(0). Then, since the v (j) in
Lemma 2.3 yield a permutation of the invertible elements of Z,,, we see
that for the index j defined by v, (j)5* = B (mod 2%), with the usual
§k+2a+1)(d, 3) > ¢s5(c). Then repeating the
argument once more, we get that in fact x§k+2a+1)(&, B) > cg(o) for all
g with 1 < j < 2°=1. This is already sufficient for our purposes; we

argument we obtain that x

shall draw the conclusion a bit later, after examining the case of odd
primes p as well.

So let now p be an odd prime. Recall that xg-k)(ao, Bo) > ¢1(o) for all

j with 1 < j < p*71 and let 3* € I, be arbitrary. By Lemma 2.3
there exists an ¢ depending only on p and b, and v, (j1), ..., 7, (Je) €
Iy such that ;, (j1) - Y, (je)B = B* (mod p®). This by the usual
argument gives that for every f* € I, one can find an o* € I; such

that x§k+s) (a*, B*) > c7(0) for all j with 1 < j < p*~!, with some s > 0
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depending only on p and b. Now applying Lemmas 2.1 and 2.3 with

=p—1and j = p® — 1, by the usual argument again, we get that
:U}Hsﬂ)(a* —1,—B%) > cg(o) for all j with 1 < j < p*~!. Repeating
this argument 2p® times, since p® is odd, we get that x§k+s+2pa)(a, g*) >
co(0) for all a € I; and for all j with 1 < j < p*~!. Since 8* € I, is

~ ~

arbitrary, we get that in fact xg-msl)(d,ﬁ) > (o) for all (&,5) €
and j with 1 < j < pP~!, for some s’ > 0 depending only on a, b and p.

So in both cases we get x§-k+s/)(d,ﬁ) > ¢11(0) for all (&,3) € I and
j with 1 < j < p*~!, for some s’ > 0 depending only on a,b and p.

However, this contradicts the identity

Z x§-k)(a, g)=0

(a,B)el

being valid for all k& > max(a,b) and 1 < j < p*~!. This proves that
o =0, and consequently, klim my = 0 (hence also (9)).
—00

Now choose an arbitrary € > 0, and let ky > max(a, b) be such that

. _ o 1
heB (5 — 1)ph=brt gph=btly — T <c (11)

whenever k > ko, for any (a, 3) € I and 1 < j < p~1. By (9) we know
that such a kg exists. In fact (11) is valid for any j > 1. This follows
by induction from the fact that by Lemmas 2.1 and 2.3, for any k > kg
we have

HD (tph (= 1)p" 0 4 jpt =) = HOD ((G=1)pE 0 iph =,
with some (o/,3') € [ and t,j with 0 <t <p—1land 1< j<p'tl

Let Ny be a positive integer to be specified later, and let N > Nj.

Write .
N =Y
s=1
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with integers f1 > --- > f, > 0and 0 < ¢y,...,¢s < p. Then for any
(ar, B) € I we can clearly write

r cp—1 /-1 /—1
|H(aﬁ)(N)‘ — Z Z H(@B) (Z cop’ + ip', Z g0’ + (i + 1)pfe> .
=1 i=0 g=1 g=1

(12)

Let M be the largest multiple of p*~**! with M < N, and set ¢ =
M /p*o=b+1 Using (11), for every 1 < j < q we have

1 [H“P((j = 1)pF=+t, jph=o+)]

— —e < < — +¢g,
1] phort 1]

whenever k > ky. Write

r r/

N = Z Cspfs = Z Cspfs + T7

s=1 s=1

where T' = N — M; observe that 0 < T < pf~*1 Thus, using (11),
we have both

" f: N-T
| HED(N) <Y ey (%' + spfs) +T< T (N —=T)+T,

and

Js N-T

‘ aﬁ) |>ch<p )2——6(N—T>

7| 1|
Recalling that h(*#(N) = |[H®#(N)|/N, taking N, sufficiently large,
the theorem follows. ]

Proof of Theorem 2.2. The statement that for any (o, 3) € I, H®P)
is relatively dense, would follow from the arguments given in the proof
of Theorem 2.1 (in particular, from (9)). However, to give an explicit
bound for the largest gap in H(®%, we follow another (though similar)
method.
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From the proof of Theorem 2.1, for £ > max(a, b) we extend the nota-
tion
A§k) =[(j — 1)pk7b+17jpk7b+1)

from 1 < j <p'to1l<j<p’ For all such j, set

T = {(a,8) € I : HD 0 AD £ ¢},

J

Observe that by Lemmas 2.1 and 2.3 (see also Remark 2.2), Jl(pk,,) "

is an injective map of Tj(k), fort =0,...,p—1and j=1,...,p"L.

Further, for any k& > max(a, b) we clearly have

P
k+1 _ b—1
U (leﬂ (J=1,...,p77).

For k as before, let
s = [T 4 -4 T

Clearly, s is a positive integer with s < pb=!I| = (p — 1)p*+?—2.
From what we know about the sets T®) and T(k“), we easily deduce

that sk+1) > k) Wlth equality precisely when T(j )l)p i T((j )l)p iy
forall j = 1,...,p" Y and 1 < 4; < iy < p. Using this observation

together with the inductive definition of the sets Tj(k), we see that if
for some k we have

s(k) = S(k'H) — ... = S(’H‘b)

Y

then in fact

k k o
Tj(l) ZTJ-(Q) (1<ji<ja<ph).

This implies that then, with this &, we have s#t9 = s for all £ > 0.
Summarizing the above arguments, we obtain that there exists a K
such that s(E+0 = s for all ¢ > 0, and that

K = max(a,b) 4+ b(p — 1)p*T20-2
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is an appropriate choice.

Now we show that with this K we have T]-(K) =Jforallj=1,... p"
For this, it is in fact sufficient to show that this equality holds for
all j = 1,...,p""L. Note that we already know that Tj(lK) = Tj(QK) for
1 < j; < jo < p°. At this point we split our argument into two parts.

Assume first that p = 2. Let (a, ) € Tl(K). Then, choosing the j for
which 71(j) = 1 in Lemma 2.3, by Lemma 2.1 we see that (a« — 1, ) €

TI(K) is also valid (in view of Tl(K) = TJ.(K)). This shows that for all a* €

I, we have (a*, ) € Tl(K). Let now (&, 3) € I be arbitrary. Choose
the j for which v,(j)8 = 8 (mod 2°). Then, since (& +1,[) € Tl(K),
we obtain (&, 8) € TI(K). This proves our claim for p = 2.

Suppose next that p is an odd prime. Let («, ) € TI(K). Then, in
view of v,_1(p"™') = —1 (mod p®), applying Lemmas 2.1 and 2.3 with
t=p—1andj=7p"—1, we get that (o — p? — 1, (=1)P"*1p) € Tl(K),
that is, (« — 1,8) € Tl(K). This shows that in fact for all o* € I,
we have (a*,8) € T, Let now (&,3) € I be arbitrary. Based
upon Lemma 2.3, choose v, (j1),---,%,(je) € I in Lemma 2.3 such
that v, (j1) - - -, (Je) B = 3 (mod pb). Then we inductively see that
(o, B) € T with some o € I;. Indeed, we know that (o, Y, (3e)B) €

T].(,KJFS) for some s and j', but then this pair also belongs to Tl(K) - and

so on. By what we have proved so far, this yields (&, 3) € Tl(K). Thus
our claim follows in this case, too.

So by Lemmas 2.1 and 2.3 we conclude that any interval of the form
(7 — D)pi=o+t jpm=bF1) (j > 1) contains all elements of I. Thus the
largest gap in H(?) cannot be larger than 2p%~—**! for any (o, 3) € 1.
Hence the theorem follows. O]
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3 Results related to indecomposability of
polynomials and Diophantine equations

In this section we study questions related to Diophantine equations of
the shape

(z—a1) - (z—a) = g(y)
where the set {ay, ..., a;} has certain properties. In the first subsection
we study the case where we have products of consecutive terms of
arithmetic progressions, with one term missing. Then, in the second

subsection, we give a further generalization, with many missing terms
from the progression in the left hand side.

3.1 Shifted power values of products of terms from
an arithmetic progression

3.1.1 Introduction

A classical result of Erdés and Selfridge [27] says that the product
of consecutive positive integers is never a perfect power, that is, the
equation

gz 41)---(z+n—1) =y (13)

has no solutions in positive integers x,n,y,¢ with n > 2 and ¢ > 2.
This result and also equation (13) has been generalized into various
directions.

The first extension of the problem we mention is when on the left hand
side of (13), we omit a term from the product, that is, we consider the
equation

zr+1)-(z+ji-DE+i+1)-(z+n-1)=¢
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in positive integers x, n,y, ¢ withn > 2 and ¢ > 2, where 0 < j < n—1.
Confirming a conjecture of Erdés and Selfridge, Saradha and Shorey
[60, 61] proved that the only solutions of the above equation are given
by

4! 6! 10!

— =2 — =122 — =720%

3 5 7
The second direction of extensions we mention (which probably at-
tracted the most attention) is when instead of products of consecutive
integers one takes products of terms of an arithmetic progression. More
precisely, one considers the equation

r(z4d) - (x+ (n—1)d) =y

in positive integers z,d,n,y,¢ with n > 2, ¢ > 2 and ged(z,d) = 1.
Under certain (mild, necessary) conditions Darmon and Granville [19]
proved that for fixed n and ¢, this equation has only finitely many
solutions in z,d,y. (See also Gyéry, Hajdu and Saradha [37] for a
further generalization.) Recently, Bennett and Siksek [2] proved that
if n is large enough, then this equation has only finitely many solutions
in z,d,y,{. On the other hand, for small values of n, namely for
3 < n < 35, a result of Gy6ry, Hajdu and Pintér [36] in accordance
with a conjecture of Erdds says that (under certain trivial necessary
restrictions) this equation has no solutions at all. We also mention that
combining the two directions mentioned above, Saradha and Shorey
[62] provided results for equations of the above shape, with one term
of the progression missing from the product on the left hand side.

The third direction of extensions we refer to is when in (13) in place
of y* on the right hand side we take an arbitrary polynomial, that is,
we consider the equation

r(x+1)-(r+n—1)=g(y)

in integers z,n,y, n > 0 where g(y) € Q[y]. Here we recall a result
of Kulkarny and Sury [48] who could completely describe when this
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equation can have infinitely many solutions in x, y, for n fixed. Further,
in the particular case where g(y) is of the shape ay+b, Yuan [71] could
give effective upper bounds for x,y, while Bilu, Kulkarny and Sury [7]
could prove an ineffective finiteness theorem for z,n,y,¢. With some
extra conditions on ay’ Levin (see Section 5 in [50]) proved somewhat
more general theorems. We also mention that if g(y) = (%) then all
solutions are completely described by results of Erdés [23] and Gydry
[35].

In this subsection we consider common generalizations of these results.
Namely, we consider the equation

v(x+d)-- (x4 -Dd)(x+ (G +1)d) - (x4 (n—1)d) = g(y) (14)

in integers x,d,n,y with d #2 0, n > 3 and 0 < 57 < n — 1, where
g(y) € Q[y]. Note that the choice j =0 (or j = n — 1) gives back the
classical case, where we have a full product on the left hand side. We
shall prove finiteness result concerning equation (14). In the particular
case where g(y) is of the form g(y) = ay’ + b, we are able to provide
effective upper bounds for the solutions z,y, as well. We mention that
there are many results in the literature which are related in the sense
that they concern equal values or polynomial values of terms of families
of combinatorial polynomials. We cannot survey the extremely huge
literature, we only refer to the papers [1, 6, 13, 38, 39, 45, 65] and the
references there.

The main tool we use is Baker’s method (through results of Schinzel
and Tijdeman [63] and Brindza [12]). However, to make it work we
need to combine several arguments of combinatorial nature, as well.

3.1.2 New results

For the smooth formulation of our main result, we introduce the fol-
lowing notations. Let n,j,d be integers with d # 0, n > 3 and
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0<j7<n-—1,and put

foj@)=z(@+d)---(z+ (G- Dd)(x+ (G+1)d)-- (x+ (n—1)d).

Note that in the following theorem also the exponent ¢ is a variable,
so in fact this theorem concerns families of polynomials g(y).

Theorem 3.1 (A. Papp, L. Hajdu [42]). Letn > 8,0 < j <n—1
and let a,b € Q with a # 0. Then for all solutions of the equation

Jnj(2) = ay’ +b (15)

in integers x,y, ¢ with ¢ > 2 we have max(|z|, |y|,£) < Co, where Cy is
an effectively computable constant depending only on n,a,b. Here we
use the convention that for ly| <1 we have ¢ = 2,3.

Remark 3.1. One can easily check that we have
fra(z) = (2° + 9da® + 20d*x + 6d°)* — 36d°. (16)

This shows that (15) withn =7, j =3 and a =1, b = —36d°, ¢ = 2
has infinitely many integer solutions x,y. Thus the assumption n > 8
in Theorem 3.1 is necessary.

3.1.3 Proofs

In our arguments we shall need several lemmas. The first two con-
cern certain properties of the derivatives and shifts of the polynomials
fnj(z). In fact, we can simplify our treatment due to the observation
that in these studies the parameter d does not play an important role.
That is, instead of the polynomials f, ;(z) it is sufficient to study the
polynomials

pnj@)=2(x+1)---(z+j—1)(e+j+1)---(z+n—1).
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The reason why this simplification is possible is that we have

foj(x) = d"pnj(z/d). (17)

We start with describing the root structure of the polynomials p], ;(x)
(which is in fact rather simple).

Lemma 3.1 (A. Papp, L. Hajdu [42]). For everyn >3 and 0 < j <
n—1, the roots of the polynomial p;hj(:r;) are real and simple, and there
s a root in each interval

(—n+1,—n+2),(—n+2,—n+3),...,

Proof. The statement is a trivial consequence of Rolle’s theorem. Note
that the cases 7 = 0,n—1 are already treated in the proof of Proposition
3.4 of [6]. O

Our next lemma concerns the common roots of the derivatives and
shifts of the polynomials p,, ;(z).

Lemma 3.2 (A Papp, L. Hajdu [42]). Foranyn >3 and0 < j < n—1
we have

max deg ged(p), ;(2), pnj(z) — A) < 4.

Proof. If n <5 then degp, ;(v) < 4 and the statement is trivial. So
we may assume that n > 6. Further, for j = 0,n — 1 the statement
immediately follows from Proposition 3.4 of [6]. Thus we may also
assume that 0 < j < n — 1. In what follows, we shall use these
assumptions without any further mentioning. Write oy, ..., a,_o for
the roots of p; ;(z). By Lemma 3.1 we know that these roots are
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distinct, and (renumbering them if necessary) we have

—n+l<op<-n+2<---<—J-2<qpj2<—J—-1<
<Opja<—J+1l<a,;<—-7+2<---<—-1<a,,<0.

We give an upper bound for the number of «;-s satisfying
Pn,j (az> = A
for any fixed A\ € C. For this, put
By () = |pn (@) = |pnj(z = 1)].

We would like to calculate the sign changes of Py () inside certain
intervals. We note that we take the polynomial p,; at z and = — 1
(not at other shifts of x) to make this analysis simple — in this way
the problem reduces to the study of a quadratic polynomial. Indeed,
as we have

Fj@) =z +j =D +n -1 = |z -1z +5)]):
Je(x+1) .. (x+5=3)(x+j—-2)(x+j+1)(x+5+2) ... (z4+n—=3)(z+n—2)],
we may restrict our attention to
Buj(@) =[x +7 =D +n=1)] =[x -1)(z+7)|

We need to understand the behavior of P, ;(z) (and ultimately of
Py (7)) on certain subintervals of (—n + 1,0). A simple considera-
tion gives that for —n + 1 < z < 0 we have

q(x), if —j+1<x<0,
P,j(x) = qx), if —j<z<—j+1,
—q(x), if —n+1<ax<—j

where

q1(7) = 20%4+(n+2j—3)x+(jn—n—2j+1), ¢2(x) = (1-n)z+(n—jn—1).
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This shows that P, j(z), and hence P, ;(x) changes sign on the interval
(—n+1,0) at most three times: at the two roots of ¢;(z) and between
—j and —j 4+ 1. (Note that the root of go(z) is between —j and —j +
1.) The relevance of this fact is shown by the following observation.
Suppose that P ;(z) is positive on some interval (—i, —i+1), with 0 <
i<n-—2. 1Ifi>j, then a,,_; € (—i,—i+1) and ay, ;1 € (—i — 1, —1),
and we have

0 < ’pn,j(an—i—l + 1)| - |pn,j(an—i—1)| < |pn,j(an_i)| — |pn7j (an—i—1>|,
that is,
Pn,j(ni)| > [Pn,j(Cn—i1)]-
A similar phenomenon occurs for 4 < j, while in the case where P ;(x)

is negative on some interval (—i, —i + 1), the above relation just turns
around. Altogether, we see that the sequence

|Pn,j(041)\, |Pn,j(042)|a cee !Pn,j(%fzﬂ

changes strict monotonicity at most three times. In other words, the
above sequence is the union of at most four strictly monotone se-
quences, hence it can contain at most four equal terms. This proves
our claim. O]

To go on we need some new notation. Let f(z) € Z[x] of degree d and
height (i.e, maximum of the absolute values of the coefficients) H, and
a be a non-zero integer. Consider the equation

fla) = ay’ (18)

in z,y,{ € Z with £ > 2. Our first lemma is a result of Bérczes,
Brindza and Hajdu [3]. Note that the first result of this type is due to
Tijdeman [67] and Schinzel and Tijdeman [63].

Lemma 3.3. If f(x) has at least two different roots, then for all solu-
tions x,y, ¢ of (18) with |y| > 1 we have

¢ < Ci(a,d, H).
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Here Cy(a,d, H) is an effectively computable constant depending only
on a,d and H.

Our second lemma is the main result of Brindza [12]. To its formulation
we need some new notation. Let S be a finite set of primes, and let
Zg be the set of those rational numbers whose denominators have no
prime divisors outside S. By the height h(gq) of a rational number ¢
we mean the maximum of the absolute value of its denominator and
numerator.

Lemma 3.4. Let f(z) € Z[z] with

m

f@)=ao [J(x = )",

=1

where ag is the leading coefficient of f, and vi,...,vm are the dis-
tinct complex roots of f(x), with multiplicities 11, ..., Ty, respectively.
Further, fix ¢ with £ > 2, and set

14

ti B ng(€7 Ti)

(t=1,...,m).

Suppose that (ti,...,t,) is not a permutation of any of the m-tuples
(t,1,...,1) (t>1), (2,2,1,...,1).

Then for any finite set S of primes, the solutions x,y € Zs of (18)
satisfy

max (h(x), h(y)) < Cy(a,l,d, H,S),

where Cy(a,,d, H,S) is an effectively computable constant depending
only on a,l,d,H,S.

Now we are ready to give the proof of the main result of this subsection.
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Proof of Theorem 3.1. First observe that in view of (17) Lemma 3.1
implies that f, ;(x) — b has at least two distrinct roots. So Lemma 3.3
shows that ¢ is bounded in the requied way. Thus from this point on
we may assume that ¢ is fixed.

By Lemma 3.4 it is sufficient to prove that the polynomial f, ;(z) — b
has more than two zeros of multiplicities coprime to £. Suppose to the
contrary that

Fog(@) = b= pl) - (g(x))" (19)
holds with some p(z),q(x) € Q[z] and degp < 2. Since by Lemma
3.1 and (17) all the roots of f} ;(z) are simple, by taking derivative of
(19) we immediately get a contradiction for ¢ > 3. That is, we may
assume that ¢ = 2. Then, by taking derivatives of both sides of the
above equation, we obtain

foi(@) = (@)t (x)q(x) + 2p(x)q ().

Let ay,...,a, 3 be the roots of f; .(x). Observe that all the roots of
q(z) are among them. Further, if «; is a root of ¢(z), then (19) yields

fn,j (051) =b.

However, by Lemma 3.2, in view of (17) we see that the above formula
may hold for at most four a;-s. That is, we have degq < 4. Hence, we
obtain that n — 1 = deg f,, j(z) < 10, so n < 11. That is, we are left
with the cases 8 < n < 11. Now a simple and tedious computation
shows that for these values of n, (19) is not possible for any 0 < j <
n—1and b € Q. We illustrate it by an example. Let n = 8, 7 = 3.
Then letting X = 2/d and B = b/d" we have

fsa(@) —b=d" (X (X +1)(X +2)(X +4)(X +5)(X +6)(X +7) — B).

The discriminant of X (X +1)(X +2)(X +4)(X+5)(X+6)(X+7)—B
(with respect to X) is given by

— 823543B% — 116938944 B° + 40895276544 B* + 3554646736896 B*
—448755174604800B% —10577549721600000 B+ 758487711744000000
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which is irreducible over Q. That is, fs3(x) — b has no double roots for
any b € QQ, which proves our claim in this case. In all the other cases
we came to similar conclusions. Hence, the theorem follows. O]
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3.2 The Prouhet-Tarry-Escott problem, arithmetic
progressions, indecomposability of polynomi-
als and Diophantine equations

3.2.1 Introduction

The Prouhet-Tarry-Escott problem, shortly PTE, asks to describe dis-
joint pairs A and B of sets of integers such that their first £ power sum
symmetric polynomials are equal (cf. [55]). For example, if

A=1{2,3,77 and B=1{1,56}
then we can take k = 2, since we have

24+3+7=1+5+6 and 22 +3*+7*=1>+5+6  (20)

In this subsection we connect the PTE problem, and the question
for which polynomials f(x),g(z) € Z[z] the equation f(z) = g(y)
has infinitely many solutions (z,y) € Z? if the zeros of f are simple
and form (almost) an arithmetical progression. Both problems have
attracted a lot of attention. Already at this point we mention that the
latter question (through a deep result of Bilu and Tichy [8]) is closely
related to decomposabilty of polynomials. A polynomial f(x) € Q[x] is
decomposable if we can write f(z) = hy(hqo(z)) with hy, hy € Q[z], in a
nontrivial way. (Later we shall give the precise notion.) For example,

f(x) = (z = 1)(z = 2)(z = 3)(x = 5)(z - 6)(x = 7)

is decomposable, since as one can readily check we have f(x) = hy(he(z))
with

hi(z) = (£—2-3-7)(x—1-5-6), ha(z) = (z—2)(x—3)(z—7)+2-3-7. (21)

The similarity of (20) and (21) is not a coincidence; in this subsection
we show the general connections between these properties. In sub-
subsection 3.2.2 we form the theorems which describe the connection
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between these properties. The proofs of our theorems are given in
separate subsections.

There is an extensive literature on binomial coefficients which are equal
or differ by a small or fixed constant (see e.g. [31, 65, 69] and the
references there). In the latter paper the authors study the related
Diophantine equation

fi(z) z\ _ (fa(x)
(") () (%)
in polynomials fi, fo € Q[x] with deg f; = 2, deg fo = k. Benne

de Weger remarked that this equation leads to the following problem
(private communication).

Problem 3.1. Let k¥ > 1. Describe the values of k for which it is
possible to partition the set {1,...,2k 4+ 1} into a singleton A, and
two sets A; and A, with k = |A;] = | A, such that the symmetric
polynomials oy, ..., 051 of the elements of A; and of Ay coincide.

This is the PTE-problem for n = 2k + 1. De Weger added that he
had solutions for k£ = 1,2,3 and had proved that there are none for
4 <k <14. A solution for k =3is A = {2,3,7}, B = {1,5,6}. Indeed

we have

24+4347=1+5+6,

and, by (21),

243 LT (22432472
2.342.743.7= 2347 2( +E+T)
1 2 12 2 2
_ (1+5+6) 2( ) 5416456

In this subsection we study the following more general problem.
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Problem 3.2. Let r be a fixed non-negative integer. Describe those
positive integers n for which the set {1,...,n} can be partitioned into
sets Ag, Ay, ..., Ay with t > 2, |Ag| = r and

ko= A== A >2

such that all the symmetric polynomials o1, ...,0,_1 of the elements
of the A; (i =1,...,t) coincide.

The problem asks: is it possible to omit a ‘few’ elements from the set
{1,...,n} such that the remaining set can be splitted into ¢ subsets
which have pairwise the PTE-property? Observe that Problem 3.1 is
the special case r =1, t = 2.

In Theorem 3.2 we show that if r is small enough with respect to n,
then only & = 2 is possible and Aj, Ag, ..., A; are symmetric. We
call a set A = {ay,...,ax} C R with a1 < --- < a; symmetric if the
sums a; + agr1—; (1 =1,..., k) are all equal. It is obvious that such a
symmetry implies a PTE-structure.

Next we establish a new link between PTE-problems and the indecom-
posability of certain polynomials. We recall some standard notions.
Let K be a field and f € K[z]. Then f is called decomposable (or
composite) over K if there exist hy, hy € K|z| such that

f(z) = hi(ho(z)) (h1,hy € K|x], deghy > 1,deghy > 1).

Otherwise f is called indecomposable. If f(x) = hy(ha(x)) and A(z) €
K|[z] is a linear polynomial, then f(z) = hs(hy(z)) with hz(x) =
hi(A™!(z)) and hy(z) = A(ha(x)) is another decomposition of f(z).
In the sequel we do not distinguish between such equivalent decom-
positions. Further, we consider the polynomials f(z), f(A(z)), as well
as the polynomials f(xz), A(f(z)) to be equivalent. There is a vast lit-
erature on (in)decomposability of polynomials (see e.g. [6, 8, 9, 20,
29, 30, 56] and the references there). In Theorem 3.3 we show that
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the studied variant of the PTE problem is equivalent to asking for the
indecomposability of certain polynomials.

Using this connection, we show in Corollary 3.1 for given integers n >
r > 0 with r small enough with respect to n that if for A C {1,...,n}
with |A| = n — r the polynomial

faca(x) = H(m —c—ad), ¢,deQ, d#0 (22)
acA
is decomposable over Q as hy(ha(x)), then hy and hy can be given ex-
plicitly. Note that the polynomial f4 . 4(x) represents the product with
terms of an arithmetic progression of length n with r terms missing.
For example, if

fa(@) = faoa(z) = (@=1)(2—2)(z—3)(z—4)(z—6)(z—T7)(z—8)(z—9)
is decomposable as hq(ha(x)), then, apart from equivalence,

ho(x) = 2% — 10z, hi(x) = (x +9)(z + 16)(z + 21)(x + 24).

Next, using the above results, we establish a finiteness theorem for the
number of times that a polynomial f4 .4 of the form (22) assumes a
value which is also assumed by a given polynomial P with rational co-
efficients. In Theorem 3.4 we provide a finiteness result for the number
of values of fa .4 also taken by another polynomial P(z) € Q[z]. This
result, similarly to the above mentioned ones, is ineffective.

Finally, we consider shifted power values (i.e. values of the shape
ay’ +b) of facq. Related problems have been investigated by many
authors, the literature has been surveyed in the previous subsection.
In particular, we shall generalize our Theorem 3.1. Note however, that
in the proof of our more general result, Theorem 3.1 will be play a
useful role.

In the equation
faca(z) =ay +b
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we give an effective upper bound for the exponent ¢ and for the integer
values z,y for which this equation holds, in Theorem 3.5. This result
implies for example that for every integer n > 24 and rational numbers
a,b with a # 0 there exists an effectively computable number C5 such
that the equation f4(z) = ay’ +b with A C {1,2,...,n},|A| =n -2
implies max(|z|, |y|, ) < Co.

Our results make a step forward towards the solution of the problem
how much one can ‘mutilate’ an arithmetic progression such that the
corresponding product of terms still can take only finitely many values
of a given polynomial, or shifted power values.

3.2.2 New results

In connection with Problem 3.2 we prove the following result.

’

Theorem 3.2 (A. Papp, L. Hajdu, R. Tijdeman [44]). Let n,r be
non-negative integers with

n > 2r3? 4 5r + 8. (23)

Then every decomposition of {1,...,n} as in Problem 3.2 has the fol-
lowing structure. Putting A := {1,...,n} \ Ay with r = |Ap|, we have

k =2, and all classes A; = {agi),ag) (1 =1,...,t) are symmetric

nirza (24)

acA

with respect to

a .=

that s,
"+ =2a (i=1,...,1).

Remark 3.2. Theorem 3.2 yields a complete answer to Problem 3.2
for every n > 2r%/2 + 5r + 8. On the other hand, for any r and n with
n—reven, if A={1,...,n}\ Ay is symmetric with respect to a (i.e.
a € Aimplies that 2a—a € A), then we have a partition as in Problem
3.2 with k£ = 2.
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Remark 3.3. The following extension of Theorem 3.2 is also valid.

Let by, ...,b, be a non-constant arithmetic progression in Q. Put B =
{b1,...,b,} and suppose that By, By, ..., B, is a partition of B such
that r := |By|, k := |By| = --- = |By|, n > 2r*? 4 5r + 8 and for all
i =1,...,t the symmetric polynomials oy, ..., 051 of the elements of

B; (i =1,...,t) are the same. Then k = 2 and writing B; = {bgi)a b(2i)}
(t=1,...,t) we have
o + 08 = b+ (1 <i <.

Indeed, writing by = ¢ + das with ag € A\ Ag and ¢,d € Q, d # 0, it
can be easily seen by induction on n that ¢ can be taken to be zero.
Then clearly, we may take d = 1, and the claim follows.

The next result establishes a link between partitions as in Problem 3.2
and decomposability of certain polynomials.

Theorem 3.3 (A. Papp, L. Hajdu, R. Tijdeman [44]). Let n be a posi-
tive integer and r a non-negative integer. Then there exists a partition
Ag, Av, ..., Ay of {1,...,n} as in Problem 3.2 if and only if there exists
an A C{1,...,n} with |A| =n —r such that the polynomial

fa@) =] —a) (25)

acA
1s decomposable over Q. In particular, if Ao, A1, ..., As is a partition
of the required type, then fa(x) = hy(he(z)) with A = {1,...,n} \ Ao
and
ho(z) = [[(—a) = ][] (@)
ac€A; ac€A;
and
hi(x) = (a:+ H (—a)) (az—l— H(—a)) .
a€A; a€A

Remark 3.4. From the proof of the theorem it will be clear that in
fact hs is independent of which A; we use in its definition.
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As a simple consequence of Theorems 3.2 and 3.3 we obtain the fol-
lowing statement.

Corollary 3.1 (A Papp, L. Hajdu, R. Tijdeman [44]). Let A C
{1,...,n} with |A| = n —r where n and r are integers with r > 0
and n > 2132 + 5r + 8. Further, let ¢,d € Q with d # 0. Then the
polynomial

Facal) = [[ (o — ¢ — ad) (26)

acA

is decomposable over Q if and only if n—r is even and A is symmetric
with respect to

a€A

when (up to equivalence) the only decomposition of fa.aq(x) is given by
faca(®) = ¢*((%7° — a)?) with

o (x) =d""hy (z —@*). (27)

Here hy s the polynomial defined in Theorem 3.3 corresponding to the
partition Ay, ..., Ay of A with |Ay] = Ay = -+ = |A| = 2.

Next we apply our results to the equation f4.q4(z) = P(y) where P
is a given polynomial. The first theorem of this type is general, but
ineffective: it only guarantees the finiteness of the number of integral
solutions.

Theorem 3.4 (A. Papp, L. Hajdu, R. Tijdeman [44]). Let A C
{1,...,n} with |A| = n—r forintegersr >0 and n > 232+ 5r+8 and
let c,d € Q with d #0. Let faca(x) be as in (26) and let P(y) € Qy]
with deg P > 2. Then the equation

faea(r) = P(y) (28)

has only finitely many integer solutions x,y, unless we are in one of
the following cases:
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(i) P(y) = faca(T(y)), where T is an arbitrary non-constant poly-
nomaal with rational coefficients,

(i) P(y) = ¢*(Q(y)), where ©* is given by (27) and Q) is a non-
constant polynomial with rational coefficients having at most two
roots of odd multiplicities.

Remark 3.5. In cases (i) and (ii) one can easily give examples where
equation (28) has infinitely many integer solutions x, y.

If the right hand side of (28) is of the shape ay’ + b where ¢ is also
unknown, then we can give an effective result.

Theorem 3.5 (A. Papp, L. Hajdu, R. Tijdeman [44]). Let A C
{1,...,n} with |A] = n —r with integers r > 0 and n > 2r3/? + 5r + 8
and let ¢c,d € Q with d # 0. Let fa.a(x) be given by (26) and let
a,b e Q with a # 0. Then all solutions of the equation

faca(z) = ay’ +b (29)

in integers x,y,¢ with { > 2 satisfy max(|z|, |y|,) < Cj for some
effectively computable constant Cs depending only on a,b,c,d,n. Here
we use the convention that for |y| <1 we have { < 3.

3.2.3 Proofs of results of Prouhet-Tarry-Escott type

Proof of Theorem 3.2. Throughout the proof, we shall use the earlier
notation: r = |Ap| stands for the number of 'missing elements’ from
{1,...,n}, Ap, A1, ..., A, form a partition of {1,...,n} with the pre-
scribed properties and

k= A= =[A]

In particular, we have n — r = tk. Observe that (23) implies that
n—1>2(r—1)%24+5@ —1)+8 for r > 0. Therefore, by induction
on r, we may assume without loss of generality that n € A.
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We shall frequently use the identity
ZI: (z) B (1 + 1)
—~\i) \i+1)’

valid for all 7 > 0. Also, we shall make use of the fact that it follows
from the conditions of the theorem by induction on A that

h h
a€A; a€A;

As we shall see, our choice of ¢ will depend on the parity of k.

Suppose first £ is odd. Then k& > 3. We choose ¢ = —r — 2 in (30) and

let )
o= (")

Since deg f = k — 1, by our assumptions we have

S f@) =3 fla) Q<ij<t).

aeAi aGAJ-

Recall that A=A, U---UA, and n € A. Observe that

F(1) = (’ﬂ;:l) £(2) = (kZiIQ),...,f(r+1): (Z:D

Thus we have

g 1 Rt 1 n—r—1 k+r
< = .
2 [ < 3 (k—1)+,z (k—l) ( k )+( k)
acA i=k—1 i=k—1
Hence for any 5 with 1 < j <t we get

5 gy < DL _nei(o ry, k()

aEAj
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On the other hand, assuming without loss of generality that n € Ay,

>z (") )

a€A;

Combining (31) and (32), we obtain

()= ()

Since k > 3, we can rewrite this inequality as

we also have

k—3
(r+ D) +2)(r+3) [[(r+3+4) >
2(n—r—?)(n—r—iﬂ)ﬁ(n—r—k‘—1+i).

=1

We show that it is impossible. On the one hand, in view of £ < (n—r)/2
and (23), we have

n—r—k—1+i>r+34+i¢ (i=1,...,k—3).

On the other hand, we get from (23) that

r+1)(r+2)(r+3)<(n—r—2)(n—r-—3). (33)
This yields a contradiction, which proves our claim for k£ odd.
Suppose k is even and k > 4. Here we choose ¢ = —2r — 2 in (30) and
let

r—2r—2

Since deg f = k — 1, by our assumptions we have

Y fla=) fla) (1<ij<u).

CLGA,L' (ZGA]'
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Observe that the negative values of f are

£(1) :—(“1;2_7”1_1), £(2) :—<k;2_’”1_2),...,f(2r+1):-(’Z:D.

Thus we have

SIS () =(57) e

a€A, f(a)<0 i=k—1
Furthermore,

Z f( ) < Z <i—2r—2> _"22’":2( j ) B (n—2r—1)

a€A, f(a i=2r+2 k-1 - j=0 k=1 k '

Hence for any 7 with 1 < j <t we get

O = (S I

CLEAj

On the other hand, assuming without loss of generality that n € Ay,
we also have, by (34),

S fa) <n—2r1—2)_(k4];2r)_ .

a€A;

Combining (35) and (36), we obtain

(n—r)(k—;%) > (r+1)(”_l€2_7"1_2>.

Since k > 4, we can rewrite this inequality as

k—4
(n—r)2r+1)@2r+2)2r+3)(2r +4) [J@r +4+4) >
> k(r—l—1)(n—27“—2)(71—27"—3)(71—27“—4)ﬁ(n—2r—k—1+i).

i=1
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We show that it is impossible. In view of k£ < (n —r)/2 and (23), we
have
n—2r—k—1+i>2r+44i (i=1,...,k—4).

On using k£ > 4 and writing m = n — 2r it follows that
(m4+7r)2r+1)2r+3)(r+2)>(m-—-2)(m—-3)(m—4). (37)
Since (23) implies m > 2132 4 3r 4 8, this yields a contradiction.

Finally, let £ = 2. Then we have t = (n — r)/2; in particular, n — r
is even. That is, we have pairs of elements of A having the same sum.
Obviously, this is possible only if we take the largest number with the
smallest one, and so on, so the pairs are symmetric with respect to
a. O
Remark 3.6. Remark 3.3 implies that the symmetric polynomials

01,09 of 1,2,6 and of 0,4, 5, and also of 3,5, 13 and of 1,9, 11, coincide
too.

3.2.4 Proofs of results on indecomposability

Proof of Theorem 3.3. Let Ag, A1,...,A; be a partition as stated in
Problem 3.2. Put A = {1,...,n}\ Ag and let fa,hi, ho be as in the
theorem. We want to show that f4(z) = hy(he(z)). If two polynomials
of degree n — r have the same values at n — r + 1 points, then they
coincide. It is clear that f4(0) = hy(h2(0)) = [[,c4(—a) and that both
fa(x) and hy(hg(z)) have all @ € A; as roots. In view of

[[e-a-]]Ca=]]@-a-]](-a
a€A; a€A; a€A; a€A;

for 2 < i <'t, we see that every a € A is both a root of fa(z) and of
hi(ha(x)). Thus fa(x) and hi(he(z)) assume the same value at n—r+1
points, hence f4 = hi(hy). This proves the “only if” statement and
the second statement of the theorem.
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To prove the “if” statement, let A C {1,...,n} with |A] = n —r,
and suppose that hi(hs) is a decomposition of fa with hy, hy € Q|x].
Clearly, we may assume that both h; and hy are monic polynomials.
Set hy(z) = (x — ay)...(x — o) with aq,...,a, € C. Observe that
these roots are pairwise distinct. Then

[[@—a) = hi(ha(2)) = (he(2) = 1) -+ (ha() — ).

Let A; consist of the roots of the polynomial hy(x) — oy (i = 1,...,¢).
Then all the symmetric polynomials of the elements of A; for i =
1,...,t coincide. So putting Ay = {1,...,n}\A, thesets Ag, Ay,..., A
form a partition as in Problem 3.2. O

Proof of Corollary 3.1. Clearly, by

- () - (5)

a€A

faca and fa are equivalent and therefore have equivalent decomposi-
tions. It follows from Theorems 3.3 and 3.2 that fa .4 is decomposable
if and only if n — r is even, each partition set A; has two elements, a(li)
and ag) for i = 1,...,t, say, the set A is symmetric with respect to a

and (24) holds.

To get the specific decomposition observe that

(o= oi’)w = ) — ol = (o — @) —

for i = 1,...,n. Thus, using the decomposition f4 = hy(hsy) with
hy, hs as in Theorem 3.3, we have

=0 o () - (5 ).

so choosing p*(x) = d""hy(x — @*) we obtain the decomposition as

given in the theorem.
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To prove the uniqueness let fa(x) = P(Bz? + Cz + D) any decompo-
sition of fa(x) with P(x) € Q[z] and B,C, D € Q,B # 0. Without
loss of generality we may assume B = 1. Then

fa(z) =P ((x+C/2)*+D—C?*/4).

Hence the roots of f4 form a symmetric set with respect to —C'/2, but
they also form a symmetric set with respect to @. Thus C' = —2a. This
proves the uniqueness. ]

3.2.5 Proofs of results on Diophantine equations

We start with the proof of Theorem 3.5. In addition to Lemma 3.4 and
Lemma 3.3 from the previous subsection we need another statement
taking care of the cases r < 1.

Lemma 3.5. Let n,j be integers withn > 8 and 1 < 7 < n, and put

n

(@) =[]l =0
7

Further, let a,b € Q with a # 0. Then for all solutions of the equation
frj(®) =ay’ +b

in integers x,y, ¢ with ¢ > 2 we have max(|z|, |y|,€) < C4, where Cy is
an effectively computable constant depending only on k,a,b. Here we
use the convention that for |y| <1 we have £ < 3.

Proof. In case of j = 1 or j = n the statement follows from the main
result of [71], while in the other cases it is a consequence of Theorem
3.1. O

Now we are ready to give the proof of our effective result.
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Proof of Theorem 3.5. Consider (29) with fixed A, ¢, d, a,b in integers
x,y, ¢ with £ > 2. Our proof relies on Lemmas 3.3 and 3.4, hence
ultimately on the multiplicities of the roots of fa.q(x) and its shifts
faca(x) —0b. Thus as by a simple rational substitution and multipli-
cation by appropriate rationals we can transform f4.q(z) into fa(x),
we may consider f4(z) in place of f.q4(z). In view of Lemma 3.5 and
n > 9, we may assume r =n — |A| > 2 as well.

As all the roots of f4(x) are simple and real, the same is valid for
the polynomial f/(z), and consequently for (fa(z) — ). Thus the
polynomial f4(x) — b can have at most double roots. Since its degree
is n—r > 22, the statement immediately follows from Lemmas 3.3 and
3.4, unless ¢ = 2 and f4(z) is of the form

fa(z) = p(a)(q(x))* +b (38)
with some p, g € Q[z] with degp < 2. In particular,
N = |A] = deg f4(x)

has the same parity as deg p has. Write a; < - -+ < ay for the elements
of A. Taking derivatives, (38) gives

fa(x) = q(z)(p'(x)q(z) 4 2p(x)q (). (39)

Let ay,...,ay_1 be the roots of f/(z). Then by Rolle’s theorem these
are distinct real numbers with

a; < 0 < Qg1 (221,,N—1)

We only consider the case degp = 2. In fact, it is the most complicated
possibility, the other cases are simpler and can be handled similarly.
Then clearly, degg = N/2 — 1, and (39) shows that the roots of ¢(x)
are among the a;-s. Further, (38) implies that for these a;-s we have
fa(ai) = b. Observe that, by (25), fa(a;) < 0 for i odd, while f4(a;) >
0 for ¢ even. Altogether, we have two options:
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(a) either the roots of ¢(x) are given by am, ay, ..., an_o (i.e. all the
roots with even indices are involved),

(b) or the N/2—1 roots of ¢(x) are among oy, ag, . .., ay_1 (that is,
all the roots with odd indices with one exception are involved).

Put
G(x) = fa(z —2) — fa(z)

and set
A*={a€ A : a+2c A}

Observe that |[A*| > N —r — 2 and

G(z)=H(z) [] (x—a")

a*€A*
with deg H < r + 2. Further, among the (not disjoint) quadruples
{20 —2,20 —1,2i,2i+ 1} (i=2,...,[(n—1)/2])

at least n/2 — 2 — 2r are subsets of A. So by (23), there is a quadruple
20 —2,2i —1,2i,2i + 1 contained in A, such that H(z), and thus G(z)
has no root in some interval (2i,2i 4+ 1). However, then the sign of
G(x) does not change in this interval. If G(z) > 0 for « € (2i,2i + 1)
then fa(z —2) > fa(z) and choosing & = ag; we have

falagi—a) > falag —2) > fa(ag).

Here we use that ag;_o is the maximum of f4 on (2¢ — 2,2i — 1). If
G(z) < 0 for x € (2i,2i + 1) then fa(z —2) < fa(z) and choosing
T = Qi9;_9 + 2 the same reasoning gives

falagi—a) < falagi—o+2) < fa(ag).

Hence in both cases

fA(azi—2) 7é fA(Oézi), (40)
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which shows that the option (a) above concerning the roots of ¢(x) is
not possible. On the other hand, among the quadruples

{20 —1,2i,2i+1,2i+2} (i=1,...,|n/2—1])

at least n/2 — 2r — 2 are subsets of A. So by (23), there are three
quadruples as above contained in A, such that H(z), and thus G(x)
has no root in three distinct intervals (2i; + 1,24; +2) (j = 1,2,3).
Similarly to (40) we obtain

fA(Oézz'j—l) # fA(Oézz‘jH) (J=1,2,3),

which shows that the option (b) above concerning the roots of ¢(x) is
also impossible. O

Now we give the proof of Theorem 3.4. For this we need some more
results and notation.

Let 0 be a non-zero rational number and p be a positive integer. Then

Ln/2] .
D,(z,6) = Z 2" where d,,; = a .(M , Z)(—d)i

—1 ]
=0 H

is the p-th Dickson polynomial. For properties of these polynomials
see e.g. [51].

We shall use a deep result of Bilu and Tichy [8] concerning equations
of the type

f(@) =g(y) (41)
in integers x,y, where f, g are polynomials with rational coefficients.
To describe this result, we introduce some notation. We say that
F,G € Q[z] form a standard pair over Q if either (F(z),G(x)) or
(G(x), F(x)) appears in Table 2.

Now we recall the main result of [8], which will play a key role in the
proof of Theorem 3.4.
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Kind Standard pair Parameter restrictions
First (27, aaPv(z)?) 0<p<gq (pg) =1,
p+degv(x) >0

Second (22, (ax® + B)v(x)?) -
Third (D,(z,a”), Dy (x, o)) ged(p,v) =1
Fourth | (a=*2D,(z, ), —B7"/2D,(x, 3)) ged(p,v) =2
Fifth ((w? —1)3, 3 — 4a3) -

Table 2: Standard pairs. Here «, 3 are non-zero rational numbers, u,v,q
are positive integers, p is a non-negative integer, v(z) € Q[z] is a non-zero,

but possibly constant polynomial.

Lemma 3.6. Let f(z), g(x) € Q[z] be non-constant polynomials. Then
the following two statements are equivalent.

(1) Equation (41) has infinitely many rational solutions x,y with a
bounded denominator.

(II) We have f = poFo) and g = poGok, where \(x), k(z) € Q[z]
are linear polynomials, p(x) € Q[z], and F(x),G(x) form a stan-
dard pair over Q such that the equation F(x) = G(y) has in-
finitely many rational solutions x,y with a bounded denominator.

Proof of Theorem 3.4. By Lemma 3.6, if f4.4(z) = P(y) has infinitely
many integer solutions then f4 .4 =¢@oF o\ and P = poGok, where
©, A\, k are rational polynomials with deg A = degx = 1, and F and GG
form a standard pair. By Corollary 3.1, degp € {n —r,(n —r)/2,1}.
Observe that since the decompositions of the polynomials f4.4 and
fa are equivalent, we may assume that ¢ = 0 and d = 1, that is, it is
enough to deal with f4(z). Further, since all quadratic polynomials are
equivalent, in view of the case ¢/ = 2 in Theorem 3.5, we may assume
without loss of generality that deg P > 3. The condition r > 0 and
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equation (23) implies

deg fa(r) = N =n—r > 15. (42)

If degp = n —r then deg F' = 1, and we easily get that we are in case
(i) of Theorem 3.4.

Suppose degyp = (n —r)/2. Then we have deg F' = 2. By Corollary
3.1 the decomposition is given up to a linear transformation: fa(z) =
¢©*((x —@)?). If we have infinitely many solutions then by Lemma 3.6
we have p*((z —a)?) = P(y) = p*(G(y)) for some G(y) € Qy| such
that (x —a)? = G(y) has infinitely many solutions. Lemma 3.4 implies
that we must be in case (ii).

Finally, consider the case degp = 1. Then deg F' = n —r, and we have
fa(x) =aF(szx+1t)+0b
where F'is a member of a standard pair. We check the possible cases.

As deg f4 > 15, F' cannot come from a standard pair of the fifth kind.
Since we assumed that deg P > 3, the polynomial F' cannot belong to
a standard pair of the second type, either.

Assume that F' belongs to a standard pair of the first kind. Since all
the zeros of f4(x) are real and simple, hence by Rolle’s theorem all the
roots of f/(x) are real and simple, F'(z) = x? is not possible. On the
other hand, if F(x) = 2P(v(z))?, then fy4 is of the form

fa(z) = a(siz + s2)P(v(s1z + s2))? + b

with some s1, 59 € Q, s1 # 0. Using again that the roots of f/y(x) are
simple, we get ¢ < 2. However, then in view of that the other term
in the standard pair in question is x9, we see that deg P < 2, which is
excluded.
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Finally, assume that F' belongs to a standard pair of the third or fourth
kind. Then f4(z) should be a linear transform of a Dickson polynomial.
More precisely, with some rationals sy, $a,t1,t2 (s1t; # 0) and non-
negative integer N we can write

tifa(siz + s3) +t2 = Dy (2,6),

where Dy (z, ) is the N-th Dickson polynomial, with non-zero parame-
ter 0 € Q. (Here we apply the inside and outside linear transformations
to fa rather than to Dy. In fact, writing f4 = po Dyo A, t;x+1t5 and
$1Z + so are the inverses of the linear polynomials ¢(z) and A(z), re-
spectively.) Observe that here N = deg fa(z) = |A| must hold. Then,
by the well-known identity (see. e.g. formula (2.2) on p. 9 of [51])

B S\
o forb) o4
Yy Yy
we obtain

b v (Y
tlH(Sl(y+—>+52—a>+t2:y +<—> .
acA Yy Yy

Hence as |A| = N,

11 (y + y—ké) Nty 40N

a€A

follows. Here we used by comparing the leading coefficients, that
t1sY = 1 must hold. Write ¢, & for the roots of the polynomial y? —
toy + 0N, Clearly, ¢, ¢ are algebraic numbers of degree at most two.
Further, we have

[T (v + ™

a€A

) W - O o). (43)

If (o, & are roots of y¥ — ¢ and yV — &, respectively, then all the roots
of these polynomials are given by

Ge' and &e' (i=0,1,...,N —1),
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respectively, where € is a primitive N-th root of unity. By (43) we see
that all these roots are algebraic numbers of degrees at most two. This
immediately gives that the degree of € is at most four, hence p(N) < 4.
We conclude that N < 12. This contradicts (42). O

65






4 Uniform bounds for the number of pow-

ers in arithmetic progressions

4.1 Introduction

In this section we consider the problem of determining the number of
powers among the first NV terms of an arithmetic progression.

Let a,b, ¢ be integers with a > 0 and let ¢ > 2. Write P, n(¢) for the
number of /-th powers among the first N terms of the arithmetic pro-
gression ax +b (z > 0). Denote by Py(¢) the maximum of these values
taken over all arithmetic progressions ax+b. (Note that this maximum
obviously exists.) The case of squares (i.e, £ = 2) has been studied
by many authors. Erdés [24] conjectured and Szemerédi [66] proved
that Py(2) = o(N). Later, by deep tools (such as e.g. elliptic and
higher genus curves, Faltings’ theorem, the distribution of primes etc.)
Bombieri, Granville and Pintz [10] proved Py(2) < O(N?/3+°()) which
subsequently was improved to Py (2) < O(N3/>t°()) by Bombieri and
Zannier [11]. See also Granville [33] for related results and remarks.
A strong conjecture of Rudin (see [58], end of paragraph 4.6) predicts
that Py(2) = O(v/N), or in an even more precise form, that

Pn(2) = Paan(2) = ,/gN +0(1) (N >6) (44)
should hold.

In case ¢ > 3 there is hardly anything known. The authors of [10]
noted (without proof) that their methods probably make it possible to
prove Py(3) < N3/°%¢ and Py(f) < NV/?%¢ (0 > 4).

In this section we give sharp, in some sense uniform bounds for the
number of ¢-th powers and arbitrary (mixed) powers among the first
N terms of an arithmetic progression, for N large enough.
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The origin of this result is a paper by Hajdu and Tengely [46]. They
showed that (up to equivalence) for any ¢ > 2 there is a unique arith-
metic progression ax + b which contains the most /-th powers asymp-
totically, that is, which maximizes the expression

I {x : ax + b is an (-th power, 0 <z < N}|
im :

N—o00 W

(In fact, for ¢ = 4 there are two such progressions.) They could de-
scribe these arithmetic progressions ayr + b, explicitly. Based upon
their results, they extended Rudin’s conjecture (44) for any ¢ > 2 (by
replacing 24x 4+ 1 by ayx + by and changing the right hand side accord-
ingly), and proved that for ¢ = 3,4 for certain small values of N. Note
that this asymptotic (‘global’) version of the problem is simpler than
the original ’local’ one, namely when we concentrate on a finite part of
the progressions. The reason is that the asymptotic approach brings in
an ’averaging’ effect, which roughly speaking makes it possible to con-
centrate on a complete (finite) period of a progression ax + b modulo
a.

In this section we prove that for any positive € there is an £y depending
only on € such that for ¢ > ¢, the number of /-th powers among the
first N terms of any integral arithmetic progression is below (1+€)W ,
provided that N is large enough in terms of ¢, ¢ and the parameters of
the progression. The important feature of ¢j is that it is uniform in the
sense that it depends only on ¢, it is independent of the progression.
This result is sharp in the sense that for infinitely many ¢, one can find
a constant ¢; = ¢;(¢) > 1 and an arithmetic progression having more
than ¢;v/N (-th powers among its first N terms, for all N large enough.
We also give a sharp upper bound for the number of powers (with not
fixed exponents) among the first N terms of arithmetic progressions.
In our proofs we combine a classical result of Wigert [70] concerning the
number of divisors of positive integers, the above mentioned result of
Hajdu and Tengely [46] concerning arithmetic progressions containing
the most ¢-th powers asymptotically, and a new assertion answering a

68



question of Hajdu and Tengely from [46].

We also give an upper bound for the number of powers in arithmetic
progressions. For this, let P, n(*) denote the number of (arbitrary)
powers among the first N terms of the arithmetic progression ax + b
(x > 0). It will turn out that — as one would predict — here the number
of squares is the decisive factor.

4.2 New results

Now we give our main results. We use the notation from the introduc-
tion.

Theorem 4.1 (A. Papp, L. Hajdu [43]). For every ¢ > 0 there is an
Uy depending only on e such that for any £ > ly we have P,pn(0) <
(14 €)V'N, whenever N > Ny. Here Ny = Ny(e, £, a,b) depends on
e, l,a,b.

Remark 4.1. The above theorem is sharp in the sense that 14& cannot
be replaced by 1, and ¢ > /; is also necessary. Indeed, Theorem 1 of
[46] (see also the Remarks after it) implies that for infinitely many
exponents ¢ > 2 there exists a d, > 0 and an arithmetic progression
agx+be with Py, p,.x(0) > (14+0,)v/'N for all N > Ny. Here Ny = Ny (¢)
depends only on /.

It is clear that if an arithmetic progression ax + b contains an /(-th
power then it contains infinitely many, and we have

1
Poyn(0) > —VN
2a
for N > Ny, where Ny depends on a, b.

We also mention that on our way to prove Theorem 4.1, we answer a
question of Hajdu and Tengely [46] (see Proposition 4.1).
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Now we give the theorem concerning the case of mixed powers.

Theorem 4.2 (A. Papp, L. Hajdu [43]). Let ax 4+ b (z > 0) be an
arithmetic progression. Then for any € > 0 there exists an Ny such

that
Py (%) < <\/§ + 5) VN (45)

for any N > Ny. Here Ny = Ny(e,a,b) depends only on €, a,b.

Remark 4.2. One can easily check (see also e.g. Theorem 1 of [46])

that
! Poyin(2) \/§
11m —F—— = —.
N—o0 v N 3

This shows that the above result is sharp.

Further, it is also easy to see that if ged(a,b) = 1 then there exist
infinitely many exponents ¢ such that ax + b contains /-th powers.
Note that here the condition ged(a,b) = 1 cannot be dropped: for
example, the arithmetic progression 4z + 2 (z > 0) contains no powers
at all.

4.3 Proofs

To prove Theorem 4.1 we shall need some known and new assertions.
The next lemma is a result of Hajdu and Tengely [46]. For its formu-
lation, we need to introduce some new notions and notation (which
will play important roles also later on). For any ¢ > 2 and arithmetic
progression ax + b put

Mopy(6) :=={u:0<u<a, v“=b (mod a)}
and S, (0) := M, ,(0)at ",
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Lemma 4.1. For any ¢ > 2 and for any arithmetic progression ax + b
we have S, (0) < S(L), where

NG ifo=2,

S() = IT (p—1ptt, otherwise.
p prime, p—1|¢,
logp____>¢

log p—log(p—1)

Proof. The statement is the first half of Theorem 1 of [46]. O

Remark 4.3. The inequality S, ,(¢) < S(¢) is sharp: for any ¢, by an
appropriate choice of az + b (given in [46]) we get equality. Observe
that for ¢ odd, we have S(¢) = 1.

In the proofs of Theorems 4.1 and 4.2 we shall need the following new
assertion. This answers a question of Hajdu and Tengely concerning
the limit of the sequence S(¢) (see the ’concrete question’ on p. 966
in the Remarks after Theorem 1 in [46]), and we find it of possible
independent interest.

Proposition 4.1. By the notation of Lemma 4.1, for any v > 0 there
exists an ly = {1(vy) depending only on v such that for £ > {; we have

S(0) < exp (£7117). (46)
In particular, KIEEO S(¢) =1 holds.
Remark 4.4. One can easily check that (46) implies that
S() <1420

for ¢ large enough.

To prove the above statement, we need the next classical theorem
concerning the number of divisors d(n) of a positive integer n.
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Lemma 4.2. Ife >0, X > X((¢) then we have

log X )

max d(n) < exp ((10g2 + 6)@

n<X

Proof. This is a classical result of Wigert [70]. Note that in [54], p. 56
a stronger form of this assertion is given, however, the above inequality
is sufficient for our present purposes. n

Proof of Proposition 4.1. As one can easily check by a direct calcula-
tion, the function (t—1)tY/*~! is strictly monotone increasing for ¢ > 0,
for any fixed ¢ > 3. Thus, as for £ > 3 the product appearing in S(¢)
has at most d(¢) terms and in every term p < ¢ + 1 holds, we have

1< S(0) < (00 + 1)1/e—1)d(€) - (\e/z)dw)

Here we also used that by the condition logpi‘f% > (, the terms

appearing in S({) are greater than 1. Now by Lemma 4.2 we get that

log ¢
d(£> 10g£> exp (loglgogé> lOgg
A B i

S(f) < exp (

log ¢
= exp | exp %8~ 4 loglogl —log? ) | < exp({~'17)
log log ¢

hold, for any v > 0 with ¢ > ¢;, where ¢; = ¢1(vy) depends only on 7.
Thus the first part of the statement is proved. The second part of the
claim, taking any v with 0 < v < 1, from this immediately follows. [

Now we can give the

Proof of Theorem 4.1. To bound P, ny(¢), we need to give an upper
bound for the number of ¢-th powers among the numbers

bya+b,...,a(N —1)+0b.
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In view of that Ny depends on a, b, we may assume that a(N—1)+b > 0.
An /-th power u! belongs to the above terms if its size is between’ b
and a(N — 1) + b, and u* = b (mod a). Thus we see that

Pun(0) < (Va1 + /1) Y220 a0,

Here the term in brackets on the right hand side provides an upper
bound for the number of (consecutive) integers (forming an interval
I) with ¢-th power of the ’appropriate’ size, the factor M,;(¢)/a is
the ratio of /-th powers in the residue class b (mod a), while the last
term is to bound the number of possible ¢-th powers in the progression
coming from the last part of I (having less than a elements). This
yields

oy bl o |l a
P, < M, WN </1 1Bl —r—1]. “
’b’N(g) <M J,(K)at’ ( + aN + alN * \Z/a_N ( 7)

Let € > 0 arbitrary. Clearly, there exists an Ny = Ny(e, ¢, a,b) depend-
ing on ¢, ¢, a,b such that for N > N; we have

\‘/1+ﬂ+\‘/ﬂ+ ¢ <1+:
aN aN = YaN 2
By Lemma 4.1 this together with (47) implies
Pa(0) < (1+ %) S(O)V/N. (48)

In view of Proposition 4.1 we can take an ¢, such that

2+ 2¢
24¢

S(l) <

for ¢ > ¢,. This by (48) yields that

Pa’b;]v(f) < (1 + é‘)ﬁ
under the assumptions made for £ and N. Hence our claim follows. [J
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Now we give the

Proof of Theorem /.2. Throughout the proof we use the phrase "N is
large enough’ to express that N is larger than an appropriate bound
depending only on €, a, b.

Combining (47) and Lemma 4.1 we obtain

Pa,b;N(2) < < g"‘ %) \/N (49)

for £ = 2 and
Poyn(0) < S(0)(a+3)VN

for £ > 3, respectively, for N large enough. In view of Proposition 4.1,
the latter assertion implies that there exists an absolute constant Cj
such that

Pa,b;N(E) < C5(CL + 3)W (50)

for any ¢ > 3, for N large enough. Further, if N is large enough then
we have aN + b > |b|. Hence if u® with |u| > 1 belongs to azx + b
(0 <2 < N) then we have

0 < log(aN + \b])
- log 2

(If w € {—1,0,1}, then we may assume that ¢ < 3.) This together
with (49) and (50) gives

Pa,b;N(*) S Z Pa,b;N(E) = Pa,b;N(Q)_I' Z Pa,b;N(g) <

o< p< los(aN +b]) 3<p< log(aN+|b])
>t Tog 2 — = log 2

< <\/§+g> W+&(a+3)%ﬁ< <\/§+5) VN

for N large enough. This proves the statement. O]
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Osszefoglalé

Jelen disszertacio a diofantikus szamelmélet harom témakorében mutat
be 1j eredményeket. Az els6 rész faktorialisokrol, kiilonbozo részhal-
mazaikrdl és ezek harom négyzetszamként valé eloallitasardl szél. A
méasodik szamtani sorozatok egymast koveto tagjai szorzatai és polino-
mok kozos értékeivel foglalkozik. A harmadik pedig szamtani soroza-
tok adott szamu egymaést koveto tagjaiban szereplé hatvanyok szamara
vonatkozo eredményeket mutat be.

Els6ként faktoridlisok aritmetikai tulajdonsagait vizsgaltuk. Leirtuk
nl-ban a p prim kitev&jének (modulo p*) és a p-mentes résznek a (mo-
dulo pP) viselkedését (a,b egészek mellett). Bebizonyitottuk, hogy
az a,b paraméterek tetszoleges megvalasztasa esetén azon n-ek hal-
mazanak aszimptotikus stirtisége, melyekre n! adott mintazati éppen
1/(p — 1)p*t1.  Szintén bebizonyitottuk, hogy ugyanezen halmaz
relativ strli, és a halmaz egymast koveto tagjainak tavolsidga leg-
feljebb 2pmax(@b)+b(p—Lp"™=2=b+1 A p — 2 ¢ = 1,b = 3 eset ki-
emelten fontos, hisz kapcsolatban van n! hiarom négyzetszam Ossze-
geként valo elballitasaval. Deshouillers és Luca megmutattdk, hogy
a (0 <)z-nél nem nagyobb, ilyen médon eldallithaté n-ek stirtisége
(1/8)x + O(z*3). Munkédjukban széelméleti eszkozoket hasznéltak.
Mi valamivel altalanosabb és pontosabb eredményt igazoltunk: a pa-
raméterek tetszoleges megvélasztasa mellett a keresett halmaz stirtisége
1/8x4+0(x'/?log® z). Igazoltuk tovdbba, hogy ez esetben a szomszédos
tagok kiilonbsége legfeljebb 42. Mindezekhez algebrai és kombinatori-
kai modszereket hasznaltunk.

A masodik vizsgalt probléma polinomok és szamtani sorozatok egymast
kovet tagjai szorzatainak kozos értékei. A témakor legfontosabb tétele
Erdoés és Selfridge eredménye, mely szerint szamtani sorozatok egymast
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koveto tagjainak szorzata sosem teljes hatvany. Ezt sokan sok iranyban
altalanositottak, tobbek kozott Shorey, Tijdeman, Saradha, Gyory,
Bennett, Levin, Hajdu, Pintér, Tengely és Siksek. Az altalunk be-
mutatott 1j eredmények a korabbi eredmények kozos altaldnositasat
jelentik. Nevezetesen, kiillonbozo végességi eredményeket adtunk a

[[(x—c—ad)=g(y),

acA
egyenlet x,y egész megoldasaira, ahol g(y) € Z[y], ¢,d € Q és A =
{1,...,n}\ Ao, |Ao| = r valamely n pozitiv egészre. Azaz, az egyenlet
bal oldalan egy szamtani sorozat egymast koveté tagjainak szorzata
all, esetleg néhany tag elhagyasaval. Elszor max(|z|, |y|, £)-re adtunk
effektiv felso korlatot abban az esetben, amikor a bal oldalon egy elem
hidnyzik és g(y) = ay’ + b (a,b,{ egészek, £ > 2). Ezutéan bemutat-
tunk egy djonnan felfedezett szoros kapcsolatot a Prouhet-Terry-Escott
probléma és a polinomok dekomponélhatésaganak kérdése kozott. Egy-
fel6l bebizonyitottuk, hogy A minden PTE-particiondlasa csak a tri-
vidlis szimmetrikus lehet, ha n > 2r3/? 4+ 5r 4+ 8. Mésfelél, pontosan
akkor létezik PTE-particionalds, ha a [],.,(z — a) polinom dekom-
ponalhaté Q felett. Egy alkalmazasként effektiv végességi eredményt
igazolunk abban az esetben, ha a fenti egyenlet bal oldalan legfeljebb r
elem hidnyzik melyre n > 2r3245r+8, és a jobb oldalon g(y) = ay’+b,
valamint ineffektiv végességi eredményt néhany feltétel mellett, ha a
jobb oldalon tetsz6leges (legalabb masodfoki) polinom all.

A harmadik tertilet /-edik hatvanyok szamtani sorozatok N egymast
koveté tagjaiban valé Pp(N) szdmérdl szdl. Itt is egy Erdés-sejtés a
kiindulépont, mely szerint Py(N) = o(N). Ezt Szemerédi igazolta. Ru-
din egy sokkal er6sebb sejtése, hogy Py(N) = O(v/N). Bér a sejtés még
nyitott, sok mély eredmény sziiletett mar vele kapcsolatban Bombieri,
Granville, Pintz, Zannier és masok altal. Nemrégiben Hajdu és Tengely
kiterjesztette a kutatasokat ¢ = 2-rél az altalanos esetre bizonyitva,
hogy minden /-re 1étezik egy ,,legjobb” szamtani sorozat, mely aszimp-
totikusan a legtobb f-edik hatvanyt tartalmazza. Ezt az irdnyt foly-
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tatva elGszor bizonyitottuk, hogy minden pozitiv € esetén van egy csak
tole fliggd £y, hogy ha ¢ > ¢, akkor az (-edik hatvanyok szama barmely
szémtani sorozat elsé N tagja kozott legfeljebb (1+¢)v/N, feltéve, hogy
N elég nagy e,{ és a sorozat fiiggvényében. Fontos, hogy ¢, csak e-
tél fiigg, a sorozattl nem. Mdsodszor korlatot adtunk (tetszéleges)
hatvanyok szamara egy szamtani sorozat elsé N tagja kozott. Ez a
korlat <\/% + 5) VN, ha N elég nagy ¢ és a sorozat fliiggvényében.
Bizonyitasunkban Wiegert egy klasszikus, osztok szamat becslé ered-
ményét, Hajdu és Tengely korabban emlitett eredményét, és egy 1j
becslést hasznaltunk.
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Summary

This dissertation contains new results in Diophantine number theory in
three topics. The first part is about factorials and densities of certain
subsets connected to the classical problem of representing factorials as
sums of three squares. The second part concerns the problem of com-
mon values of products of consecutive terms of arithmetic progressions
and various polynomials. The third part deals with the number of
powers in a fixed number of consecutive terms of arithmetic progres-
sions.

The first topic we considered was related to arithmetic properties of
factorials. We described the simultaneous behavior of the exponent of
pinn! (modulo p®) and the p-free part of n! (modulo p°) for prime p and
a, b positive integers. We proved that for any choice of a and b the sets
of n such that n! have a valid pattern, have equal assymptotic density
1/(p—1)p*t*=1. We also proved that the corresponding sets are relative
dense, that is, the difference between consecutive elements is bounded
by 2pmax(@b)+b(p—1p* "2 b+l - The cage p = 2 with @ = 1,b = 3 has
special importance as this is connected to the representation of n! as
a sum of three squares. Deshouillers and Luca showed that the set of
such n up to x > 0 has density 1/8z + O(2%*3) using word theory. We
proved a somewhat more general result saying that for any choice of
residues the corresponding set has density 1/8z + O(z'/?log? z). We
also proved that the set is relative dense with upper bound 42. In
the proofs we combined various ideas of algebraic and combinatorial
nature.

The second problem we discussed is about the common values of poly-
nomials and products of consecutive terms of arithmetic progressions.
The most important theorem in the field is that of Erdos and Self-
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ridge, saying that the product of consecutive positive integers is never
a perfect power. This result has been generalized into many directions
by several authors including but not restricted to Shorey, Tijdeman,
Saradha, Gyéry, Bennett, Hajdu, Pintér, Tengely, Siksek, Levin. We
gave new results which concern a common generalization of these di-
rections, and extend many related papers from the literature. Namely,
we provided various finiteness results for the integer solutions x,y of
the generalized problem, for equations of the form

[[—c—ad)=g().

acA
where g(y) € Z[y], ¢, d are rationals and A = {1,...,n}\ Ao, |Ao| =7
for some positive integer n. That is, the product on the left hand side
is taken over some terms of an arithmetic progression but skipping one
or a few terms. First, we gave an effective bound for max(|z|, |y|, ) in
the case where one term is missing on the left side and g(y) = ay® + b
(and a, b, ¢ are integers, ¢ > 2). Secondly, we discovered a deep link
between the Prouhet-Terry-Escott problem and the indecomposability
of polynomials. On the one hand, we proved that every PTE-partition
of A is the trivial symmetrical if n > 21324 5r+8. On the other hand,
there exists a PTE-partition if and only if the polynomial [, ,(z — a)
is decomposable over Q. As an application we gave an effective result
on the equation above if on the left hand side no more than r terms
are missing with n > 2r*?2 + 5r + 8, and an effective bound on the
solutions if g(y) = ay’ + b.

The third field concerns upper bounds for the number P,(NN) of ¢-th
powers among N consecutive terms of an arithmetic progression. Here,
the starting point is a conjecture of Erdds, predicting that Po(N) =
o(N), which has been proved by Szemerédi. A much stronger con-
jecture is due to Rudin, saying that P,(N) = O(v/N). This conjec-
ture is still open, in spite of several related papers and deep results of
Bombieri, Granville, Pintz, Zannier and others. Recently, Hajdu and
Tengely extended the research from ¢ = 2 to the general case, and
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proved that for any ¢ there is a ’best’ arithmetic progression, contain-
ing the most /-th powers asymptotically. Extending their results we
first proved that for any positive € there is an ¢y depending only on
e such that for ¢ > ¢, the number of /-th powers among the first N
terms of any integral arithmetic progression is below (1 + 8)W , pro-
vided that N is large enough in terms of ¢, ¢ and the parameters of the
progression. The important feature of ¢y is that it is uniform in the
sense that it depends only on ¢, but it is independent of the progres-
sion. Secondly, we gave sharp upper bound for the number of powers
(with not fixed exponents) among the first N terms of arithmetic pro-
gressions showing that their number is bounded by (\/% + 5) VN
if V is large enough depending on € and the progression. In our proofs
we combined a classical result of Wigert concerning the number of di-
visors of positive integers, the above mentioned result of Hajdu and
Tengely concerning arithmetic progressions containing the most ¢-th
powers asymptotically, and a new assertion answering a question of
Hajdu and Tengely.
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