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Abstract
We describe the (α, β)-metrics whose the T -tensor vanishes (T -condition) and the
(α, β)-metrics that satisfy the σT -condition σhT h

i jk = 0, where σh = ∂σ
∂xh

and σ is a
smooth function on M . These classes have already been obtained by Shen and Asanov
in a completely different approach. TheFinslermetrics of the first class areBerwaldian,
the metrics of the second class are almost regular non-Berwaldian Landsberg metrics.

Keywords (α, β)-metrics · T -tensor · T -condition · σT -condition · Landsberg
space · Berwald space

Mathematics Subject Classification 53B40 · 58B20

1 Introduction

The T -tensor plays an interesting role in Finsler geometry and general relativity. It was
introduced by Matsumoto [9]. Hashiguchi [6] showed that a Landsberg space remains
a Landsberg space under all conformal changes of the Finsler function if and only if its
T -tensor vanishes. By a famous observation of Szabó [12], a positive definite Finsler
manifold with vanishing T -tensor is Riemannian. For further information, we refer
to the papers [8,9,11]. Moreover, for the physical point of view, we refer, for example,
to [1–3].

B László Kozma
kozma@unideb.hu
http://www.math.unideb.hu/kozma-laszlo/

Salah G. Elgendi
salah.ali@fsci.bu.edu.eg; salahelgendi@yahoo.com
http://www.bu.edu.eg/staff/salahali7

1 Department of Mathematics, Faculty of Science, Benha University, Benha, Egypt

2 Department of Geometry, Institute of Mathematics, University of Debrecen, P. O. Box 400, 4002
Debrecen, Hungary

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s12220-020-00555-3&domain=pdf
http://orcid.org/0000-0002-4940-4028


(α, β)-Metrics Satisfying the T -Condition or the σT -Condition 7867

Let (M, F) be a Finsler manifold. We recall that a conformal change F � F of F
by a smooth function σ on M is given by

F(v) := eσ(p)F(v) if v ∈ TpM . (1.1)

A Landsberg manifold remains of the same type under a conformal change (1.1) if
and only if the T -tensor satisfies the condition

σr T
r
jk� = 0, σr := ∂σ

∂xr
.

Obviously, if this holds for every σ ∈ C∞(M), then T = 0 and (M, F) is Riemannian
by Szabó’s observation. So it will be more beneficial to consider the case when a
Landsberg space remains Landsberg under some conformal transformation. In [5], it
was studied in the case when the condition σr T r

jkh = 0 is satisfied for some conformal
change by σ on M .

In this paper, we study the T -tensor of the (α, β)-metrics. An (α, β)-metric F is of
the form F = αφ(s), s := β

α
. We start by studying the Cartan tensor Ci jk of (α, β)-

metrics. We show that the Cartan tensor Ci jk vanishes identically and hence the space

is Riemannian if and only if φ(s) = √
k1 + k2s2, where k1 and k2 are constants.

We calculate the T -tensor for the (α, β)-metrics, and we find necessary and suffi-
cient conditions for (α, β)-metrics to satisfy the T -condition. By solving some ODEs,
we show that an (α, β)-metric satisfies the T -condition if and only if it is Riemannian
or φ(s) has the following form

φ(s) = c3s
cb2−1
cb2 (cb2 − cs2)

1
2cb2 .

We introduce the notion of σT -condition. We say that a Finsler space satisfies this
condition if it admits smooth function σ(x) such that σhT h

i jk = 0, where σh = ∂σ
∂xh

.
We find necessary and sufficient conditions for an (α, β)-metric to satisfy the σT -
condition. Moreover, we show that the (α, β)-metrics satisfy the σT -condition if and
only if the T -tensor vanishes (this is the trivial case) or φ(s) is given by

φ(s) = c3 exp

(∫ s

0

c1
√
b2 − t2 + c2t

t(c1
√
b2 − t2 + c2t) + 1

dt

)

.

It is worthy to mention that the above special (α, β)-metrics have already been
obtained byShen [10].Namely, the formulas ofφ(s) that characterized the T -condition
produce positively almost regular Berwald metrics. One can predict that the metric
is not regular in this case because the T -tensor vanishes (by Szabó’s observation).
In his paper, Shen showed this almost regular property. The non-trivial formula that
characterized the σT -condition (with some restrictions) provides the class of (almost
regular) Landsberg metrics which are not Berwaldian.

In [5], it was claimed that the long existing problem of regular Landsberg non-
Berwaldian spaces is (closely) related to the question:
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7868 S.G. Elgendi, L. Kozma

Is there any Finsler space admitting a smooth function σ such that σr T r
i jk = 0,

σr = ∂σ
∂xr ?

In this paper we confirm this claim in the almost regular case, since the class of
(α, β)-metrics that satisfy the σT -condition is the same as the class of non-Berwaldian
Landsberg metrics obtained by Shen in his quoted paper [10].

2 The Cartan Tensor and T-Tensor of (˛,ˇ)-Metrics

Let M be an n-dimensional smooth manifold. The tangent space to M at p is denoted
by TpM ; T M := ⋃

p∈M
TpM is the tangent bundle of M , τ : T M −→ M is the tangent

bundle projection.We fix a chart (U , (u1, . . . , un)) on M . It induces a local coordinate
system (x1, . . . , xn, y1, . . . , yn) on T M , where

xi := ui ◦ τ, yi (v) := v(ui ) (v ∈ τ−1(U)).

By abuse of notation, we shall denote the coordinate functions ui also by xi .
Let α be a Riemannian metric, β a 1-form on M . Locally,

α =
(U)

ai j dx
i ⊗ dx j , β =

(U)
bi dx

i .

The Riemannian metric α induces naturally a Finsler function Fα on T M given
by Fα(v) := √

ατ(v)(v, v). Similarly, the 1-form β can be interpreted as a smooth
function

β : T M −→ R, v �−→ β(v) := βτ(v)(v).

Locally,

Fα =
(U)

√
(ai j ◦ τ)yi y j , β =

(U)
(bi ◦ τ)yi .

In what follows, as usual, we shall simply write α and β instead of Fα and β, respec-
tively.

For any p ∈ M , we define

‖βp‖α := sup
v∈TpM\{0p}

β(v)

α(v)
.

An (α, β)-metric for M is a function F on T M := ⋃

p∈M
(TpM\{0p}) defined by

F := αφ(s) := α(φ ◦ s), s := β

α
,
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where φ : (−b0, b0) −→ R is a smooth function (b0 > 0).

Now suppose that ‖βp‖α < b0 for any p ∈ M . Then F = α
(
φ ◦ β

α

)
is a (positive

definite) Finsler function if and only if φ satisfies the following conditions:

φ(t) > 0, φ(t) − tφ′(t) + (x2 − t2)φ′′(t) > 0, (2.1)

where t and x are arbitrary real numbers with |t | < x < b0. (For a proof, see Shen
[10], Lemma 2.1) In this case we say that F is a regular (α, β)-metric. If ‖βp‖α ≤ b0

for all p ∈ M , then F = α
(
φ ◦ β

α

)
is called almost regular (under condition (2.1)).

An almost regular (α, β)-metric F = α
(
φ ◦ β

α

)
is positively almost regular if φ is

defined only on (0, b0).
For an (α, β)-metric F = αφ(s), the components gi j = 1

2
∂2

∂ yi ∂ y j F
2 of the funda-

mental tensor can be calculated by the formula

gi j = ρai j + ρ0bib j + ρ1(biα j + b jαi ) + ρ2αiα j , (2.2)

where αi := ∂α
∂ yi

= (ai j◦τ)

α
y j and

ρ := φ2 − sφφ′,
ρ0 := φ′2 + φφ′′,
ρ1 := φφ′ − s(φ′2 + φφ′′),
ρ2 := s2(φ′2 + φφ′′) − sφφ′,

see Chern-Shen [4, p. 179], where bi = ai j b j .
Moreover, we have

det(gi j ) = φn+1(φ − sφ′)n−2
(
(φ − sφ′) + (b2 − s2)φ′′) det(ai j ), (2.3)

where b2 := bibi .
The formula for the inverse metric gi j can be found in [4] as follows.

Proposition 2.1 For an (α, β)-metric F = αφ(s), the inverse (gi j ) of the matrix (gi j )
is given by

gi j = 1

ρ
ai j + μob

i b j + μ1(b
iα j + b jα j ) + μ2α

iα j ,

where μo := − φφ′′
ρ(ρ+φφ′′m2)

, μ1 := − ρ1
ρ(ρ+φφ′′m2)

, μ2 := ρ1(sρ+(ρ1+sφφ′′)m2)

ρ2(ρ+φφ′′m2)
and

m2 := b2 − s2.

Remark 2.2 It should be noted that the choice φ(s) = c1s + c2
√
b2 − s2, c1 and c2

are constants is excluded. Indeed, the function ρ + φφ′′m2 appearing in the denomi-
nators of μ0, μ1 and μ2 can be written as follows
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7870 S.G. Elgendi, L. Kozma

ρ + φ(s)φ′′(s)m2 = φ(s)(φ(s) − sφ′(s) + b2 − s2φ′′(s)).

So ρ + φφ′′m2 = 0 yields

φ(s)(φ(s) − sφ′(s) + (b2 − s2)φ′′(s)) = 0,

which contradicts to condition (2.1). To avoid not only this contradiction, but also
the dividing by zero (in μ0, μ1 and μ2), we must exclude the choice of φ for which
ρ + φφ′′m2 = 0. Since φ cannot be zero, we have

φ(s) − sφ′(s) + (b2 − s2)φ′′(s) = 0.

The solution of this ODE is the function

φ(s) = c1s + c2
√
b2 − s2,

where c1 and c2 are constants.

It should be noted that, in the literature, the metric F = αφ(s), φ(s) = k1s +
k2

√
1 + k3s2, k1 > 0 is a Finsler metric of Randers-type. But with certain choice of

the constant k3, we can get the case where the metric tensor is singular (det(gi j ) = 0).
For example,

Example 1 Let M = R
n , α = |y| and β = εy1, ε is a constant. Then, we have

ai j = δi j , b2 = ε2.

Then the metric F = αφ(s), φ(s) = c1s + c2
√

ε2 − s2, by (2.3), is singular in the
sense that its metric tensor has vanishing determinant.

Lemma 2.3 The components Ci jk = 1
2

∂gi j
∂ yk

of the Cartan tensor of an (α, β)-metric

are given by

Ci jk = ρ1

2α
(hi jmk + h jkmi + hikm j ) + ρ′

0

2α
mim jmk,

where hi j = ai j − αiα j and mi := bi − sαi .

Proof Differentiating (2.2) with respect to yk and taking into account that ∂s
∂ yk

= mk
α
,

we have

2Ci jk = ρ′

α
ai jmk + ρ′

0

α
bib jmk + ρ′

1

α
(biα j + b jαi )mk + ρ1

α
(bi h jk + b j hik)

+ρ′
2

α
αiα jmk + ρ2

α
(αi h jk + α j hik).
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Since

∂α j

∂ yk
= 1

α
h jk, ρ′ = ρ1, ρ′

1 = −sρ′
0, ρ′

2 = s2ρ′
0 − ρ1

the result follows. �

Remark 2.4 The covariant vector mi satisfies the properties

mi �= 0, yimi = 0, m2 = mimi = bimi �= 0, bi hi j = m j ,

where m2 = b2 − s2.

Lemma 2.5 Let (M, F) be an (α, β)-metric with n ≥ 3 such that

ζ(hi jmk + h jkmi + hikm j ) + ηmim jmk = 0,

where ζ(x, y) and η(x, y) are smooth functions on T M. Then, ζ and η must vanish.

Proof Assume that

ζ(hi jmk + h jkmi + hikm j ) + ηmim jmk = 0.

Contracting the above equation by bib j and using Remark 2.4, we obtain

3ζ + ηm2 = 0. (2.4)

And the contraction by gi j gives

(n + 1)ζ + ηm2 = 0. (2.5)

Now, taking the fact that n ≥ 3, subtracting (2.4) and (2.5) we get ζ = 0 and η = 0. �

Lemma 2.6 Let (M, F) be an (α, β)-metric with n ≥ 3. If there exist covectors Ai and
B j on T M such that yi Ai = 0, yi Bi = 0 and the following combination is satisfied

hi j Ak + h jk Ai + hik A j + Bim jmk + Bjmimk + Bkmim j = 0,

then Ai and Bi must vanish at each point of T M, that is, Ai and Bi are zero covectors.

Proof Assume that

hi j Ak + h jk Ai + hik A j + Bim jmk + Bjmimk + Bkmim j = 0.

Contracting the above equation by bib j and using Remark 2.4, we obtain

2(Aβ + m2Bβ)mk + m2(Ak + m2Bk) = 0, (2.6)
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wherewe use the notations Aβ := Aibi and Bβ := Bibi . Using the facts that yi Ai = 0,
yi Bi = 0, the contraction by ai j gives

(n + 1)Ak + 2Bβmk + m2Bk = 0. (2.7)

Again, contracting the Eqs. (2.6) and (2.7) by bk gives rise to

Aβ + m2Bβ = 0, (2.8)

(n + 1)Aβ + 3m2Bβ = 0. (2.9)

Multiplying (2.8) by 3 and subtracting it from (2.9), then using the fact that n > 2, we
get that Aβ = 0, Bβ = 0. By substitution into (2.6) and (2.7) and repeating the last
process we obtain that Ak = 0 and Bk = 0. �


By the help of Lemma 2.5, one can easily prove the following theorem.

Theorem 2.7 For the (α, β)-metrics with n ≥ 3, the following assertions are equiva-
lent:

(a) ρ1 = 0.
(b) ρ2 = 0.
(c) (α, β)-metric is Riemannian.
(d) φ = √

k1s2 + k2.

For a Finsler manifold (M, F), the T -tensor is defined by [7]

Tri jk = FCri jk − F(Csi jC
s
rk + CsjrC

s
ik + CsirC

s
jk) + Cri j�k + Crik� j

+Cr jk�i + Ci jk�r , (2.10)

where � j := ∂̇ j F , Cri jk := ∂̇rCi jk and ∂̇ j is the differentiation with respect to y j . The
T -tensor is totally symmetric in all of its indices.

Theorem 2.8 The T -tensor of an (α, β)-metric takes the form:

Thi jk = �(hhi h jk + hhj hik + hhkhi j )

+�(hhkmim j + hhjmimk + hhim jmk + hi jmhmk + h jkmimh + hikm jmh)

+�mhmim jmk

where

� : = −ρ1φ

2α
(s + αK1m

2), � := ρ1φ
′

α
− ρ2

1φ

αρ
− sρ′

0φ

2α
− ρ1φm2K2

2
,

� : = ρ′′
0φ

2α
+ 2ρ′

0φ
′

α
− 3φ(k2(ρ1 + ρ′

0m
2

2
) + ρ1ρ

′
0

2αρ
),

K1 : = ρ1(1 + ρμ0m2)

2αρ
= ρ1

2α(ρ + m2φφ′′)
,
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K2 : = ρ′
0(1 + ρμ0m2)

2αρ
+ ρ1μo

α
= ρρ′

0 − 2ρ1φφ′′

2αρ(ρ + m2φφ′′)
.

Proof By using Lemma 2.3 and making use of the fact that ∂̇i s = mi
α
, we have

∂̇hCi jk = − ρ1

2α2 (hikn jh + h jknih + hi j nkh + h jhnik + hkhni j + hihn jk)

− sρ1
2α2 (hikh jh + h jkhih + hkhhi j )

− sρ′
0

2α2 (hi jmhmk + hkim jmh + hhkmim j

+h jhmkmi + hihm jmk + hkjmimh) + ρ′′
0

2α2mim jmhmk

− ρ′
0

2α2 (ni jmhmk + nkhmim j ) (2.11)

where ni j := αim j + α jmi . By making use of the fact that K1 and K2 satisfy

ρ1

2α

(
K2m

2 + ρ1

αρ

)
= K1

(
ρ1

α
+ ρ′

0m
2

2α

)

,

we have

Ci jrC
r
hk + C jkrC

r
hi + CikrC

r
hj =

(
ρ1K2m2

2α
+ ρ2

1

α2ρ

)

(hi jmhmk

+hkim jmh + hhkmim j

+h jhmkmi + hihm jmk + hkjmimh)

+3

(
ρ1ρ

′
0

2α2ρ
+ K2

(
ρ1

α
+ ρ′

0m
2

2α

))

mim jmhmk

+ρ1K1m2

2α
(hikh jh + h jkhih + hkhhi j ).

Since �i := ∂̇i F = φαi + φ′mi , we get

Chi j�k + Chik� j + Chjk�i + Ci jk�h

= ρ′
0φ

2α
(mim jnkh + mkmhni j ) + 2ρ′

0φ
′

α
mim jmhmk

+ρ1φ
′

α
(hi jmhmk + hkim jmh + hhkmim j

+h jhmkmi + hihm jmk + hkjmimh)

+ρ1φ

2α
(hikn jh + h jknih + hi j nkh + h jhnik

+hkhni j + hihn jk).
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Now, taking the fact that F = αφ into account, the T -tensor of the space (M, F) is
given by

Thi jk = FChi jk − F(Csi jC
s
hk + ChjrC

s
ik + CsihC

s
jk) + Chi j�k + Chik� j

+Chjk�i + Ci jk�h

= �(hhi h jk + hhj hik + hhkhi j )

+�(hhkmim j + hhjmimk + hhim jmk

+hi jmhmk + h jkmimh + hikm jmh)

+�mhmim jmk .

�

For an (α, β)-metric, one can calculate �, � and � to obtain the formula for its T -
tensor. Or one can, easily, use Maple program for these calculations, for example we
have the following corollary.

Corollary 2.9 The T -tensor of Kropina metric, (F = α
s , φ(s) = 1/s), is given by

Thi jk = 2

α2b2s2
(hhi h jk + hhj hik + hhkhi j )

+ 2

αb2s3
(hhim jmk + hhjmimk + hi jmhmk

+h jkmimh + hhkmim j + hikm jmh) + 6

αb2s5
mhmim jmk .

The T -tensor of Randers metric, (F = α(1 + s), φ(s) = 1 + s), is given by

Thi jk = −b2 + s2 + 2s

4α
(hhi h jk + hhj hik + hhkhi j ),

It is to be noted that the T -tensor of Kropina metric is also obtained by Shibata [11]
and [13]. The T -tensor of Randers metric has been studied by Matsumoto [8].

3 The T-Condition and �T-Conditions

The Finsler spaces with vanishing T -tensor are called Finsler spaces satisfying the
T -condition, for example, see [3]. In a similar manner, we will call the Finsler spaces
admitting a function σ(x) such that σhT h

i jk = 0, σh := ∂σ
∂xh

Finsler spaces satisfying
the σT -condition. In this section, we characterize the (α, β)-metrics which satisfy the
T -condition and the σT -condition.

Theorem 3.1 The (α, β)-metrics with n ≥ 3 satisfy the T -condition if and only if
� = 0.
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Proof Let Thi jk = 0, then we have

�(hhi h jk + hhj hik + hhkhi j ) + �(hhkmim j + hhjmimk + hhim jmk

+hi jmhmk + h jkmimh + hikm jmh) + �mhmim jmk = 0. (3.1)

Contracting the above equation by bh , we get

(� + m2�)(h jkmi + hikm j + hi jmk) + (3� + m2�)mim jmk = 0.

Since n ≥ 3, Lemma 2.5 implies

� + m2� = 0, 3� + m2� = 0. (3.2)

Again, contraction (3.1) by ahi , we obtain

((n + 1)� + m2�)h jk + ((n + 3)� + m2�)m jmk = 0.

Then, taking the fact that n ≥ 3 into account, we get

(n + 1)� + m2� = 0, (n + 3)� + m2� = 0. (3.3)

Now, solving the Eqs. (3.2) and (3.3) for �, � and �, we have � = 0, � = 0 and
� = 0.

Conversely, let � = 0, then we have either ρ1 = 0 or s + αk1m2 = 0. If ρ1 = 0
(the space is Riemannian), then ρ′

0 = 0 and hence � = 0 and � = 0. And if
s + αK1m2 = 0, one can conclude that � = 0 and � = 0 (see the proof of Theorem
4.1). �

Proposition 3.2 The T -tensor T h

i jk := ghr Tri jk is given by

T h
i jk = �

ρ
(hhi h jk + hhj hik + hhk hi j ) + �

ρ
(hhkmim j +hhjmimk+hhi m jmk+hi jm

hmk

+h jkmim
h + hikm jm

h) + �

ρ
mhmim jmk + (μ0b

h + μ1α
h)

×(�(hikm j + hi jmk + h jkmi )

+�(m2(hikm j + hi jmk + h jkmi ) + 3mim jmk) + �m2mim jmk)

Proof The proof is a straightforward calculations by using Proposition 2.1. �

Theorem 3.3 The (α, β)-metrics with n ≥ 3 satisfies the σT -condition if and only if

(a) � + m2� = 0.
(b) m2� + 3� = 0.
(c) σ j − σ0

sα b j = 0.
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7876 S.G. Elgendi, L. Kozma

Proof By using Proposition 3.2, we have

σhT
h
i jk = �

ρ

((
σi − σ0

α
αi

)
h jk +

(
σ j − σ0

α
α j

)
hik +

(
σk − σ0

α
αk

)
hi j

)

+�

ρ

( (
σk − σ0

α
αk

)
mim j +

(
σ j − σ0

α
α j

)
mimk +

(
σi − σ0

α
αi

)
m jmk

+
(
σβ − s

σ0

α

) (
hi jmk + h jkmi + hikm j

) )
+ �

ρ

(
σβ − s

σ0

α

)
mim jmk

+
(
μ0σβ + μ1

σ0

α

) (
�(hikm j + hi jmk + h jkmi )

+�(m2(hikm j + hi jmk + h jkmi ) + 3mim jmk) + �m2mim jmk

)
,

where σ0 := σi yi and σβ := σi bi . Using the fact that mi = bi − sαi , we get

σhT
h
i jk = �

ρ

((
σi − σ0

sα
bi

)
h jk +

(
σ j − σ0

sα
b j

)
hik +

(
σk − σ0

sα
bk

)
hi j

)

×σ0�

sαρ
(mih jk + m jhik + mkhi j )

+�

ρ

((
σk − σ0

sα
bk

)
mim j +

(
σi − σ0

sα
bi

)
mkm j +

(
σ j − σ0

sα
b j

)
mimk

)

+�

ρ

(
σβ − s

σ0

α

)
(hi jmk + h jkmi + hikm j )

+3
σ0�

sαρ
mkmim j + �

ρ

(
σβ − s

σ0

α

)
mim jmk

+
(
μ0σβ + μ1

σ0

α

)
(�(hikm j + hi jmk + h jkmi )

+�(m2(hikm j + hi jmk + h jkmi ) + 3mim jmk) + �m2mim jmk).

The above equation can be written in the following form

σhT
h
i jk =

(
σ0�

sαρ
+ �

ρ

(
σβ − s

σ0

α

)
+ (� + m2�)

(
μ0σβ + μ1

σ0

α

))

×(hikm j + hi jmk + h jkmi )

+
(

�

ρ

(
σβ − s

σ0

α

)
+ 3

σ0�

sαρ
+ (�m2 + 3�)

(
μ0σβ + μ1

σ0

α

))
mkmim j

+�

ρ

(
h jk

(
σi − σ0

sα
bi

)
+ hi j

(
σk − σ0

sα
bk

)
+ hik

(
σ j − σ0

sα
b j

))

+�

ρ

(
m jmk

(
σi − σ0

sα
bi

)
+ mim j

(
σk − σ0

sα
bk

)
+ mimk

(
σ j − σ0

sα
b j

))
.
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Putting Ai := Ami + �τi , Bi := B
3mi + �τi , where τi := 1

ρ

(
σi − σ0

sα bi
)
and

A : = σ0�

sαρ
+ �

ρ

(
σβ − s

σ0

α

)
+ (� + m2�)

(
μ0σβ + μ1

σ0

α

)
,

B : = �

ρ

(
σβ − s

σ0

α

)
+ 3

σ0�

sαρ
+ (�m2 + 3�)

(
μ0σβ + μ1

σ0

α

)
.

By using the above quantities, σhT h
i jk can be written as follows

σhT
h
i jk = hi j Ak + h jk Ai + hik A j + Bim jmk + Bjmimk + Bkmim j .

Now, putting σhT h
i jk = 0 and since yi Ai = 0, yi Bi = 0, one can use Lemma 2.6

to conclude that

Ai = 0, Bi = 0.

Contracting the above two equations by bi and then by σ i := ai jσ j , respectively, we
have

Am2 = −�τβ, Bm2 = −3�τβ,

Amσ = −�τσ , Bmσ = −3�τσ ,
(3.4)

where τβ := τi bi , mσ := miσ
i and τσ := τiσ

i . Now, we claim that both sides of
the four equalities in (3.4) must vanish. We prove this claim via contradiction, so we
assume that, for example, the sides of the third equality are non zero, hence by dividing
the first equality on the third one, we can get

m2τσ = mσ τβ.

From which, we have

(
b2 − β2

α2

)(
σ 2 − σ0

sα
σβ

)
=

(
σβ − β

α2 σ0

)(
σβ − σ0

sα
b2

)
,

where σ 2 := σiσ
i . Now, simplifying the above equation we get the following

α2(b2σ 2 − σ 2
β − σ0) − σ 2β2 + σ0σββ = 0.

Making use of the facts that ∂σ0
∂ yi

= σi and the functions σ 2, σβ , b2 are functions on

M , that is, they are functions of (xi ) only, then differentiating the above equation with
respect to yi , we have

2α(b2σ 2 − σ 2
β − σ0)αi − α2σi − 2σ 2βbi + βσβσi + σ0σβbi = 0.
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By using the properties α =
√
ai j yi y j and ∂(ααi )

∂ y j = ai j , differentiating the above

equation with respect to y j and then by yk , we get

σi a jk + σ j aki + σkai j = 0.

Contracting the above equation by ai j , we get

(n + 3)σk = 0,

which gives σk = 0 and this means that σ is constant and this is a contradiction.
Consequently, all sides of the equalities in (3.4) are zero. That is,

Am2 = 0, �τβ = 0, Bm2 = 0, �τβ = 0,

Amσ = 0, �τσ = 0, Bmσ = 0, �τσ = 0.

Since m2 �= 0 and �, � can not be zero, then A = 0, B = 0, τβ = 0, τσ = 0 and
hence τi = 0. In other words, we have

σ0�

sαρ
+ �

ρ

(
σβ − s

σ0

α

)
+ (� + m2�)

(
μ0σβ + μ1

σ0

α

)
= 0,

�

ρ

(
σβ − s

σ0

α

)
+ 3

σ0�

sαρ
+ (�m2 + 3�)

(
μ0σβ + μ1

σ0

α

)
= 0,

σk − σ0

sα
bk = 0.

Therefore σβ = σ0b2

sα and taking the fact that σ �= 0 into account, we get

(
1

sαρ
+ μ0

b2

sα
+ μ1

α

)
(� + m2�) = 0,

(
1

sαρ
+ μ0

b2

sα
+ μ1

α

)
(�m2 + 3�) = 0.

Now, the choice 1
sαρ

+μ0
b2
sα + μ1

α
= 0 gives the ODE ρ − sρ1− s2φφ′′ = 0, which

has the solution φ = ks. This solution is just again the same background Riemannian
metric α up to some constants. So, we should have�+m2� = 0 and�m2+3� = 0.

Conversely, if the conditions (a), (b) and (c) are satisfied, then the result is obviously
obtained. �


Remark 3.4 The condition

σ j − σ0

sα
b j = 0
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is equivalent to σ j = ea(x)b j . Indeed,

σ j = σ0

sα
b j ⇐⇒ ∂̇ j ln σ0 = ∂̇ j ln β ⇐⇒ σ0 = ea(x)β ⇐⇒ σ j = ea(x)b j ,

where a(x) is an arbitrary, locally defined function on M .

4 Some ODEs

In this section, we focus our study on the T -condition and σT -condition. By solving
some ODEs, we find explicit formulas for (α, β)-metrics that satisfy the T -condition
and σT -condition.

We define a function Q(s) as follows

Q(s) := φ′

φ − sφ′ .

The function Q(s) simplifies and helps to solve the ODEs that will be treated in this
section. Moreover, φ is given by

φ(s) = exp

(∫ s

0

Q

1 + t Q
dt

)
. (4.1)

Theorem 4.1 An (α, β)-metric with n ≥ 3 satisfies the T -condition if and only if it is
Riemannian or φ is given by

φ(s) = c3s
cb2−1
cb2 (cb2 − cs2)

1
2cb2 . (4.2)

Proof By Theorem 3.1, any (α, β)-metric satisfies the T -condition if and only if � =
0. So, taking the fact that φ − sφ �= 0 into account, the ODE s + αK1m2 = 0 can be
rewritten as follows

Q′ +
(
1

s
+ 2s

m2

)
Q = − 2

m2 .

This is a first order linear differential equation and has the solution

Q = c b2 − 1

s
− cs = c (b2 − s2) − 1

s
, c is a constant.

Hence,

1 + sQ = c b2 − cs2,
Q

1 + sQ
= 1

s
− 1

cs(b2 − s2)
.
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By using (4.1), φ(s) is given by (4.2). Plugging φ(s) in � and �, we have � = 0 and
� = 0. �


Theorem 4.2 An (α, β)-metric with n ≥ 3 satisfies the σT -condition if and only if it
satisfies the T -condition or φ is given by

φ(s) = c3 exp

(∫ s

0

c1
√
b2 − t2 + c2t

t(c1
√
b2 − t2 + c2t) + 1

dt

)

. (4.3)

Proof First we should write � and � in terms of Q(s) and its derivations with respect
to s, as follows

� = −φ(φ − sφ′)2(Q − sQ′)(sm2φ′Q′ + (2sφ + m2φ′)Q)

4α(m2φ′Q′ + φQ)
,

� = −φ(φ − sφ′)2Q′′(sm2φ′Q′ + (2sφ + m2φ′)Q)

4α(m2φ′Q′ + φQ)
.

Now, making use of the condition (2.1), Remark 2.2 and the fact that φ − sφ′ �= 0,
the condition � + m2� = 0 gives the following two possible ODEs

(b2 − s2)Q′′ − sQ′ + Q = 0 (4.4)

or

sm2φ′Q′ + 2sφQ + m2φ′Q = 0 (4.5)

The ODE (4.5) can be given in the form

Q′ +
(
1

s
+ 2s

m2

)
Q = − 2

m2

which gives the trivial case, that is, the T -tensor vanishes. The ODE (4.4) has the
solution

Q(s) = c1s + c2
√
b2 − s2.

By using (4.1), φ(s) is given by (4.3). �


5 Examples and Concluding Remarks

We start by giving two classes of examples satisfying the σT -condition.
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Example 2 Let M = R
n and α, β be given by

α = f (x1)|y|, β = f (x1)y1,

where |y| is the Euclidean norm and f (x1) is arbitrary function on M . Then, the class

F =
√

α2 + pβ
√

α2 − β2 + qβ2 e
p√

p2−4q−4
arctanh

(
pβ+2

√
α2−β2

β
√

p2−4q−4

)

satisfies the σT -condition, where p and q are arbitrary constants. Indeed, in this class,
one can see that the function φ(s) is given by

φ(s) =
√
1 + ps

√
1 − s2 + qs2 e

p√
p2−4q−4

arctanh

(
ps+2

√
1−s2

s
√

p2−4q−4

)

.

Using the formula of φ(s), it is much simpler to use the Maple program to show
that

� + m2� = 0, m2� + 3� = 0.

Moreover, since β = f (x1)y1, then we have b1 = f (x1), b2 = · · · = bn = 0 and
taking Remark 3.4 into account, σ1 = ∂σ

∂x1
= ω(x1) f (x1), for some function ω(x1)

on M , therefore one can see that σ(x) = θ(x1) where θ(x1) is an arbitrary function
on M . Another way, one can use the Finsler package and Maple program to calculate
the T -tensor, but in this case we have to choose the dimension, say n = 3, then one
can find that

T 1
i jk = 0, for all i, j, k = 1, 2, 3.

And since, σ = θ(x1), then σ1 = ∂θ
∂x1

and hence

σ1T
1
i jk = ∂θ

∂x1
T 1
i jk = 0.

Example 3 Let M = R
3, and α =

√
(y2)2 + e2x2((y1)2 + (y3)2), β = y2. Then, the

class

F =
√

α2 + β

√
α2 − β2 e

1√
3

arctan

(
2β√

3
√

α2−β2
+ 1√

3

)

satisfies the σT -condition. As in the previous example, we repeat the same process.
So, one can see that the function φ(s) is given by

φ(s) =
√
1 + s

√
1 − s2 e

1√
3

arctan

(
2s√

3
√

1−s2
+ 1√

3

)

.
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Using Maple program, or by hand, we can show that

� + m2� = 0, m2� + 3� = 0.

Since β = y2, then we have b2 = 1, b1 = b3 = 0. As in the previous example, we
can have σ(x) = θ(x2) for some functions θ(x2) on M . Or instead, using the Finsler
package and Maple program, we obtain that

T 2
i jk = 0, for all i, j, k = 1, 2, 3.

And since, σ = θ(x2), then σ2 = ∂θ
∂x2

and hence

σ2T
2
i jk = ∂θ

∂x2
T 2
i jk = 0.

Finally, we have the following remarks:
• Consider the conformal transformation of a Finsler function F , that is, F =

κ(x)F, where κ(x) is positive smooth function on M . Then, by simple and straight-
forward calculations, one can obtain that the T -tensor is transformed by the formula

T
h
i jk = κ(x)T h

i jk .

In Example 2, one can see that the conformal transformation of F by any positive
smooth function κ(x1) still satisfying the σT -condition, that is, F = κ(x1)F satisfies
the σT -condition. Also, in Example 3, the Finsler function F = κ(x2)F satisfies the
σT -condition.

• By the following special choice c2 := −c and c1 := cb2 − 1 (b2 is constant), the
class (4.2) becomes

φ(s) = c3s
c1

c1+1 (1 + c1 + c2s
2)

1
2(c1+1) .

which is the same as the one obtained by [10] ( (7.4) in Theorem 7.2). Moreover, this
metric is positively almost regular Berwaldian.

It should be noted that this irregularity is studied by Shen [10]. Here we confirm
that this metric is not regular Finsler metric because it has vanishing T -tensor. This
because of Z. Szabó’s result, that is, positive definite Finsler metric with vanishing
T -tensor is Riemannian.

• If b(x) = b0, then (4.3) can be rewritten an follows

φ(s) = c3 exp

(∫ s

0

c′
2

√
1 − (t/b0)2 + c1t

t(c′
2

√
1 − (t/b0)2 + c1t) + 1

dt

)

, c′
2 := c2/b0.

We notice that the above formulae for φ is the same as the one obtained in [10] ( (1.3)
in Theorem 1.2). Under some restrictions on β, this represents a class of Landsberg
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non-Berwaldian Finsler spaces. Also, with a special choice of the constants, b0 = 1
and c1 = 0, we obtain

φ(s) = c3 exp

(∫ s

0

c′
2

√
1 − t2

c′
2t

√
1 − t2 + 1

dt

)

,

which is obtained by Asanov [2].
• Summarizing above, the classes (4.2) and (4.3) are almost regular (α, β)-metrics.

Moreover, the class (4.3) of (α, β)-metrics that satisfies the σT -condition, when
b(x) = b0 for some constant b0, is the same as the class which is obtained by Z.
Shen in [10, Theorem 1.2]. This confirms our previous claim in [5] that the long exist-
ing problem of regular Landsberg non-Berwaldian spaces is (closely) related to the
question:

Is there any Finsler space admitting functions σr (x) such that σr T r
i jk = 0?
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