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Abstract
We describe the («, §)-metrics whose the T-tensor vanishes (7'-condition) and the

(e, B)-metrics that satisfy the o T-condition oy, Tli‘k = 0, where o}, = % and o is a

smooth function on M. These classes have already been obtained by Shen and Asanov
in a completely different approach. The Finsler metrics of the first class are Berwaldian,
the metrics of the second class are almost regular non-Berwaldian Landsberg metrics.

Keywords («, B8)-metrics - T-tensor - T-condition - o T-condition - Landsberg
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Mathematics Subject Classification 53B40 - 58B20

1 Introduction

The T'-tensor plays an interesting role in Finsler geometry and general relativity. It was
introduced by Matsumoto [9]. Hashiguchi [6] showed that a Landsberg space remains
a Landsberg space under all conformal changes of the Finsler function if and only if its
T -tensor vanishes. By a famous observation of Szabé [12], a positive definite Finsler
manifold with vanishing T-tensor is Riemannian. For further information, we refer
to the papers [8,9,11]. Moreover, for the physical point of view, we refer, for example,
to [1-3].
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Let (M, F) be a Finsler manifold. We recall that a conformal change F ~ F of F
by a smooth function o on M is given by

F():=e"PF(v) if veT,M. (1.1

A Landsberg manifold remains of the same type under a conformal change (1.1) if
and only if the T-tensor satisfies the condition

do

0rTje =0, or:= et
Obviously, if this holds for every o € C°(M), then T = 0 and (M, F) is Riemannian
by Szabd’s observation. So it will be more beneficial to consider the case when a
Landsberg space remains Landsberg under some conformal transformation. In [5], it
was studied in the case when the condition o, Tj’ «n = 01is satisfied for some conformal
change by o on M.

In this paper, we study the 7 -tensor of the («, 8)-metrics. An («, §)-metric F is of
the form F = a¢(s), s := g We start by studying the Cartan tensor C;jx of (a, B)-
metrics. We show that the Cartan tensor C; j vanishes identically and hence the space

is Riemannian if and only if ¢ (s) = v/k; + k252, where k| and k; are constants.

We calculate the T-tensor for the («, 8)-metrics, and we find necessary and suffi-
cient conditions for («, 8)-metrics to satisfy the T -condition. By solving some ODEs,
we show that an («, 8)-metric satisfies the 7'-condition if and only if it is Riemannian
or ¢ (s) has the following form

cb?—1 ) yo L
¢ (s) = c3s * (cb”™ — cs7) 2%,

We introduce the notion of o T'-condition. We say that a Finsler space satisfies this
condition if it admits smooth function o (x) such that oy, Tl?k = 0, where o, = 5%
We find necessary and sufficient conditions for an (&, §)-metric to satisfy the o 7T'-
condition. Moreover, we show that the («, §)-metrics satisfy the o T-condition if and

only if the T -tensor vanishes (this is the trivial case) or ¢ (s) is given by

N /h2 _ 42
¢ (s) = c3 exp (/ civb et dt).
0

tcevVb?2 — 2+ cot) + 1

It is worthy to mention that the above special (c, 8)-metrics have already been
obtained by Shen [10]. Namely, the formulas of ¢ (s) that characterized the T -condition
produce positively almost regular Berwald metrics. One can predict that the metric
is not regular in this case because the T-tensor vanishes (by Szabd’s observation).
In his paper, Shen showed this almost regular property. The non-trivial formula that
characterized the o T-condition (with some restrictions) provides the class of (almost
regular) Landsberg metrics which are not Berwaldian.

In [5], it was claimed that the long existing problem of regular Landsberg non-
Berwaldian spaces is (closely) related to the question:
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7868 S.G. Elgendi, L. Kozma

Is there any Finsler space admitting a smooth function o such that o, Tl; =0,
3
oy = 57
In this paper we confirm this claim in the almost regular case, since the class of
(e, B)-metrics that satisfy the o T-condition is the same as the class of non-Berwaldian

Landsberg metrics obtained by Shen in his quoted paper [10].

2 The Cartan Tensor and T-Tensor of (a, 3)-Metrics

Let M be an n-dimensional smooth manifold. The tangent space to M at p is denoted
by T,M;TM := |J T,M is the tangent bundle of M, 7 : TM — M is the tangent

peM
bundle projection. We fix a chart (I, (u!, ..., ™)) on M.Itinduces a local coordinate
system (xl, o xn, yl, ...,y onTM, where

x=ulor, Y(v):=vw) (ver'W)).

By abuse of notation, we shall denote the coordinate functions u' also by x'.
Let o be a Riemannian metric, 8 a 1-form on M. Locally,

o = ai/dxi ® dx’, B = bidxi.
(ZO (23]

The Riemannian metric « induces naturally a Finsler function F, on TM given
by Fy(v) = /o) (v, v). Similarly, the 1-form g8 can be interpreted as a smooth
function

B:TM — R, v+ B(V) := Br)(v).

Locally,

F, = aijot)yiyl, B = (bjot L
a(u)\/(l, 'y ﬂ(u)(, )y

In what follows, as usual, we shall simply write & and f instead of F,, and f, respec-
tively.
For any p € M, we define

Bv)

veT, M\(0,) @ (V)

”ﬂp”a =

An (a, B)-metric for M is a function F on 7M := | (T,M\{0,}) defined by
peEM

F:=a¢p(s) =a(pos), s:= g,
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(o, B)-Metrics Satisfying the T-Condition or the o T-Condition 7869

where ¢ : (—bg, by) —> R is a smooth function (by > 0).
Now suppose that || 8,]lq < bo forany p € M. Then F =« (qb o g) is a (positive
definite) Finsler function if and only if ¢ satisfies the following conditions:

(1) >0, ¢@t)—1¢ (1) + (x* —1H)¢" (1) > 0, (2.1)

where ¢t and x are arbitrary real numbers with |[t| < x < by. (For a proof, see Shen
[10], Lemma 2.1) In this case we say that F is a regular (a, B)-metric. If || 8[|« < bo

forall p € M,then F = « <¢ o g) is called almost regular (under condition (2.1)).
An almost regular (c, 8)-metric F = « <¢ ) g) is positively almost regular if ¢ is

defined only on (0, bg).
For an (a, B)-metric F' = a¢(s), the components g;; = %LF 2 of the funda-

ylayl
mental tensor can be calculated by the formula
8ij = paij + pobibj + p1(biaj + bja;) + praja, (2.2)
(@jjot) ;i
where o; 1= ,c%“l = et . “ yJ and

p =7 —sod,

po ="+ p¢”,

p1 = ¢¢' — (¢ + ).
p2 =52 + ¢pd") — 5o,

see Chern-Shen [4, p. 179], where b’ = a'/b;.
Moreover, we have

det(gi)) = ¢+ (@ — 58" (9 = s8) + (V7 = 529" ) det(ay),  (23)
where b? := b'b;. .
The formula for the inverse metric gif can be found in [4] as follows.

Proposition 2.1 For an («, B)-metric F = a¢(s), the inverse (g'1) of the matrix (gij)
is given by

g = —a"% + pueb'b! + p (W'’ +bla’) + poa'al,
0

"

_ f = ——2 = p1(sp+(p1+sd¢”ym?)
plp+p¢"m?)’ : plp+p¢"m?)’ : P2 (p+d¢"m?)
m? = b* — 52,

and

where [, =

Remark 2.2 1t should be noted that the choice ¢ (s) = c1s + c2v/b? — 52, ¢| and ¢
are constants is excluded. Indeed, the function p + ¢¢”m?> appearing in the denomi-
nators of (1o, 1 and py can be written as follows
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7870 S.G. Elgendi, L. Kozma

P+ ¢ ()" (s)m* = ¢(s)(P(s) — s¢(s) + b* — 24" (5)).
So p + ¢p¢"m?* = 0 yields
() (@(s) — 59/ (s) + (b* — 519" (5)) = 0,

which contradicts to condition (2.1). To avoid not only this contradiction, but also
the dividing by zero (in wg, 1 and @), we must exclude the choice of ¢ for which
p + ¢¢ " m? = 0. Since ¢ cannot be zero, we have

B (s) — 5¢/(s) + (b — s7)¢"(s) = 0.
The solution of this ODE is the function

P (s) = ci15s + 2V b* — 52,

where c; and ¢, are constants.

It should be noted that, in the literature, the metric F = a¢(s), ¢(s) = kis +
ka+/1 + k3s2, ki > 0 is a Finsler metric of Randers-type. But with certain choice of
the constant k3, we can get the case where the metric tensor is singular (det(g;;) = 0).
For example,

Example1 Let M = R", o = |y| and B = ey, ¢ is a constant. Then, we have
ajj = 5,']‘, b2 = 82.

Then the metric F = a¢(s), ¢ (s) = c15 + c24/e% — 52, by (2.3), is singular in the
sense that its metric tensor has vanishing determinant.

gij .
Lemma 2.3 The components Cij; = %;;ﬁ of the Cartan tensor of an («, B)-metric
are given by

L1 Po
Cijk = %(h[jmk + hjkmi + higmj) + ﬁmim./mk,

where h;j = ajj — ajoj and m; := b; — sa;.

Proof Differentiating (2.2) with respect to y* and taking into account that 8—3{ = Tk,
ay a
we have

P’ 2 Pi pi
2Cijk = ~_-aijmi + ;Obibjmk + j(biaj tbjeymi + - (bihji + bjhic)
05 02
+;2(xiotjmk + ;((xihjk +ajhip).
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(o, B)-Metrics Satisfying the T-Condition or the o T-Condition 7871

Since
8(1 i 1 2
8_ylj‘ = —hjis p'=p1, Py ==spy, Py =5"p) =PI
the result follows. O

Remark 2.4 The covariant vector m; satisfies the properties
mi #0, y'm; =0, m*>=m'm; =b'm; #0, b'h;; =m;,
where m? = b — 52,
Lemma 2.5 Let (M, F) be an (o, B)-metric with n > 3 such that
C(hijmg + hjgm; + hygm ;) + nmimjmyg = 0,
where ¢(x, y) and n(x, y) are smooth functions on T M. Then, ¢ and n must vanish.
Proof Assume that
C(hijmy + hjgm; + higm ;) + nmim jmy = 0.
Contracting the above equation by 5’5/ and using Remark 2.4, we obtain
3¢ + nm2 =0. 2.4
And the contraction by g/ gives
(n+1)¢ +nm* =0. 2.5)
Now, taking the fact that n > 3, subtracting (2.4) and (2.5) we get{ =0andn = 0.0

Lemma 2.6 Let (M, F) be an («a, ﬁ)-metric withn > 3. [fthere exist covectors A; and
Bj on T M such that y' A; =0, y' B; = 0 and the following combination is satisfied

hijAx + hjkAi + hixAj + Bim jmy + Bjmimy + Bgmim ; = 0,
then A; and B; must vanish at each point of T M, that is, A; and B; are zero covectors.
Proof Assume that

hijAg +hjrAi +higAj + Bim jmy + Bjm;my + Bymim; = 0.
Contracting the above equation by b'b/ and using Remark 2.4, we obtain

2(Ap + m*Bg)my + m*(Ax +m*By) =0, (2.6)
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7872 S.G. Elgendi, L. Kozma

where we use the notations A := A;b' and Bg := B;b'. Using the facts that y' A; = 0,
y'B; = 0, the contraction by a'/ gives

(n + 1) Ay + 2Bgmy +m? By = 0. 2.7
Again, contracting the Egs. (2.6) and (2.7) by b* gives rise to

Ag +m*Bg =0, (2.8)
(n+1)Ag +3m’Bg = 0. (2.9)

Multiplying (2.8) by 3 and subtracting it from (2.9), then using the fact thatn > 2, we
get that Ag = 0, Bg = 0. By substitution into (2.6) and (2.7) and repeating the last
process we obtain that Ay = 0 and By = 0. O

By the help of Lemma 2.5, one can easily prove the following theorem.

Theorem 2.7 For the (a, 8)-metrics with n > 3, the following assertions are equiva-
lent:

(@ p1 =0.
() p2=0.
(©) («, B)-metric is Riemannian.

d) ¢ = Vki1s% + ko.
For a Finsler manifold (M, F), the T -tensor is defined by [7]
Trijk = FCrijk — F(CsijCpy + Cyjr Ciy + Ciir Cp) + Crijlic + Crikd
+Crjili + Cijily, (2.10)

where £ := éj F,Cpiji = 3, Ciji and éj is the differentiation with respect to yj. The
T -tensor is totally symmetric in all of its indices.

Theorem 2.8 The T -tensor of an («, B)-metric takes the form:
Thijk = ©(hpihji + hnjhix + hnihij)

+W (hpemimj + hpjmimy + hpim jmy + hijjmpmy + hjemimy + higm jmp)

+Qmpmim jmy

where
/ 2 / 2
K
<I>:=—M(s+a1<1m) w;:ﬂ_ﬂ_”’oqﬁ_m‘f’m 2
20 o op 20 2
/
200 o
1 2
K1:=p1( + ppom”) o1

2ap  2a(p+m2pg")’
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_ po(L+ ppom?) L Pito _ oy — 20109

K> = .
? 2ap «  2ap(p+mipe”)

Proof By using Lemma 2.3 and making use of the fact that §;s = %, we have

: p1
nCijk = —m(hiknjh + hjinip + hijngp + hjpnig + hipnij + hipn i)

SP1
_ﬁ(hikhjh + hjxhip + hephij)
50,

—=— (hjjmpmy + hggm jmp + hpemim
202

7
Po
+hjhmkm,~ + hihmjmk + hkjm,-mh) + T‘lzmimjmhmk

p/
—m—oz(mjmhmk + ngpmim;) (2.11)

where n;; := a;m; + ajm;. By making use of the fact that Ky and K satisfy

/m2
2a ap o 20

we have

2 2

p1Kom P
CijrCpi + CjirCpp; + Cier;rlj = (T + %> (hijmpmyp
+hpimimp, + hpemim

+hjpmgm; + hipm jmy + hyjmimy)

/ /2
P1P) p1L Py
+3 (2012,0 + K> (0{ + S )) mim jmpny

o1 Kim?
+T(hikhjh + hjkhin + hiphij).

Since ¢; == 8; F = ¢a; + ¢'m;, we get

Chijlk + Cpiklj + Chjili + Cijily

0oP nol
= g(mimjnkh + mgmpn;;) + mim jmpmy
o1’
+ " (hijmpmy 4 higm jmp + hpem;m
+hjhmkm,- + h,-hmjmk + hkjmimh)
p1d
+E(hiknjh + hjk”lih + hijnkh + hjhnik

+hipnij + hiphji).
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7874 S.G. Elgendi, L. Kozma

Now, taking the fact that F = «¢ into account, the T -tensor of the space (M, F) is
given by

Thijk = FChijk — F(CyijChy + CnjrCj + CsinCly) + Chijli + Chikl
+Chjikti + Cijikn
= O (hpihjix + hpjhix + hpihij)
+W (hpemim + hpjmimy + hpim jmy
+hijmpmy + hjgmimy + higm jmpy)
+Qmpm;m jmy.

m}

For an («, B)-metric, one can calculate ®, W and 2 to obtain the formula for its 7-
tensor. Or one can, easily, use Maple program for these calculations, for example we
have the following corollary.

Corollary 2.9 The T -tensor of Kropina metric, (F = 5, ¢(s) = 1/s), is given by

2
Thijk = m(hhihjk + hpjhik + hpihij)

+Oéb2s3 (hhim.imk + hhjmimk + hijmhmk

+hjkmimh +hhkm,~mj +h,~kmjmh) + Mpmim jmg.

ab?sd
The T -tensor of Randers metric, (F = a(1 +s), ¢(s) = 1 +s), is given by

br 452+ 2s

ao Unihji+ hnjhik + hichiy),

Thijrk = —

It is to be noted that the T -tensor of Kropina metric is also obtained by Shibata [11]
and [13]. The T-tensor of Randers metric has been studied by Matsumoto [8].

3 The T-Condition and oT-Conditions

The Finsler spaces with vanishing 7'-tensor are called Finsler spaces satisfying the
T -condition, for example, see [3]. In a similar manner, we will call the Finsler spaces
admitting a function o (x) such that oy, Tl? ¢ =0,04 = a% Finsler spaces satisfying
the o T'-condition. In this section, we characterize the («, §)-metrics which satisfy the
T -condition and the o T-condition.

Theorem 3.1 The («, B)-metrics with n > 3 satisfy the T-condition if and only if
d=0.
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(o, B)-Metrics Satisfying the T-Condition or the o T-Condition 7875

Proof Let Tj;ji = 0, then we have

DS (hpihji + hpjhix + hpihij) + Y (hpemimj + hpjmimy + hpim jmy
+hijmpmy + hjimimy + hjgm jmy) + Qmpmim jmg = 0. 3.1

Contracting the above equation by b”, we get
(D + m> W) (hjgm; + higm; + hijmy) + 3 + m*Q)mim jmy = 0.
Since n > 3, Lemma 2.5 implies
O+ m*Y =0, 30 +m’Q=0. (3.2)

Again, contraction (3.1) by a’’, we obtain

((n+ DO +m*W)hji + (n + 3)W + m>Qm jmy = 0.
Then, taking the fact that n > 3 into account, we get
(n+1)<I>+m2\Il =0, (n+3)\11+m2S2=0. (3.3)

Now, solving the Eqgs. (3.2) and (3.3) for ®, W and €2, we have ® = 0, ¥ = 0 and
Q=0.

Conversely, let & = 0, then we have either p; = 0 or s + akim? = 0. 1If p1 =0
(the space is Riemannian), then ,o(/) = 0 and hence ¥ = 0 and Q = 0. And if
s+akK 1m2 = 0, one can conclude that W = 0 and 2 = 0 (see the proof of Theorem
4.1). m]

Proposition 3.2 The T -tensor Tl}jlk =gl Tyijk is given by

0] v
Tl?’ = ;(hl}-lhjk + h?hik + h/ilhij) + ;(hzmimj ~|—h?mimk+h?mjmk —I—hijmhmk
Q
+h jemim™ 4 him jm™) + ;mhmimjmk + (uob" + pra™y
X(®(higmj + hijjmy + hjpm;)
+‘lf(m2(h,-kmj + hijmy + hjpm;) + 3mim jmy) + szmimjmk)

Proof The proof is a straightforward calculations by using Proposition 2.1. O

Theorem 3.3 The (a, B)-metrics with n > 3 satisfies the o T -condition if and only if

(@) ®+m?¥ =0.
(b) m?Q +3¥ =0.
(C) Uj—g—gbjzo.
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7876 S.G. Elgendi, L. Kozma

Proof By using Proposition 3.2, we have

[
onTij = — ((01' - @“i) hijk + (Gj - @%) hix + (Gk - O—Oak) hij)
J 0 o o o

)\ oo 00 (o4}
+—( (O‘k - —ak) mim; + (aj - —aj) mimy + (J,- — —ai> mjmg
o o a a
00 Q o0
+ (0/3 - s;) (hijmk + hjrm; +hikmj)) + ; <O’ﬂ - S;) mim jmy

00
+ (M()Uﬁ + Ml;) (cD(hikmj + hijmi + hjkm;)

+\I-’(m2(hikmj + hijmy + hjgm;) + 3mm jmy) + szmimjmk>,

where o( := 07y’ and op = o;b'. Using the fact that m; = b; — sa;, we get
A [ 00 a0 90
UhTijk = ; ((O’i — Ebi) hjr + (O’j — Ebj) hix + (Ok — Ebk> hij)
oo®
X ——(mihjx +mjhix +mihij)
sap
v 00 00 00
+— ((O’k - —bk> mim; + (O’,’ - —bi> mim; + (O’j — —bj) m,-mk>
0 sa sa sa
)\ 00
+; (6,3 - S;) (hijmg + hjrm; + hygm )

GO\I/ Q (o)
+3—mpmim; + — ((7/5 — S—) mim jnmg
sop P o

00
+ (MOU/S + Ml;) (D (higmj + hijmy + hjem;)

—l—lIJ(mz(h,-kmj + hijmy + hjpm;) + 3mim jmy) + szmimjmk).

The above equation can be written in the following form

h op® WV 00 2 00
ol = —+ — (6,3 —s—) + (O +m™V¥) </,L()Uﬁ +,u1—)
sap P o a
x(higmj + hjjmg + hjim;)

Q (o)) O’O\IJ 2 o))
+ | — (O’ﬂ — S—) + 3@ + (2m~ +3¥) (,LL()O’ﬂ + Ml;) mim;m

—i—% (hjk (O‘,‘ — :—Sbi) + hij (Uk — :—Zbk) + hik (Uj - s_((;bj))
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(o, B)-Metrics Satisfying the T-Condition or the o T-Condition 7877

Putting A; := Am; + ®7;, B; =% Bim; + W1, where 7; 1= % (01 — 2b;) and
oo® v 00 ) (o]
A= — + — (aﬂ—s—>+(d>+m lll)(,uoa,g+/u—>,
sap | p
Q 09
B:=— (og—s—)+3—+(9m +3¥) (Moﬁﬁ-i-m—)
P o sap

By using the above quantities, o, Tli’ « can be written as follows
ahT i = hjjAx +hjrA; +higAj + Bimjmy + Bymymy + Bymim .

Now, putting o, T k = 0 and since y'A; = 0, y' B; = 0, one can use Lemma 2.6
to conclude that

Ai=0, B;i=0
Contracting the above two equations by b’ and then by o := a'/ o}, respectively, we
have
2 _ 2 _
Am® = —®tg, Bm” = —3W1g, (3.4)
Amy = —dt,, Bms, = —3V1,, '
where 5 := 7;b', my := m;o'’ and 7, := 1;0'. Now, we claim that both sides of

the four equalities in (3.4) must vanish. We prove this claim via contradiction, so we
assume that, for example, the sides of the third equality are non zero, hence by dividing
the first equality on the third one, we can get
2. _
mty =meTg.

From which, we have

(b2 _ i_j) (0’2 _ :_(ZG/S> = (o'ﬂ — %O’o) (O’ﬂ - ;‘szz) )

2 := ;0. Now, simplifying the above equation we get the following

where o
@ (b?0? — of — 09) — 0B + 0gopp = 0.

Making use of the facts that "i‘-’ = o; and the functions o2, 03, b? are functions on

M, that is, they are functions of (x") only, then differentiating the above equation with
respect to y’, we have

20{(b202 — og — op)aj — ozzoi — ZGzﬁbi + Bogo; + opogb; = 0.
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7878 S.G. Elgendi, L. Kozma

By using the properties &« = ,/a;;y'y/ and d(‘”‘) = a;j, differentiating the above
equation with respect to y/ and then by y*, we get

Oiajr + ojaii + okaij = 0.
Contracting the above equation by a'/, we get
(n+3)or =0,

which gives oy = 0 and this means that o is constant and this is a contradiction.
Consequently, all sides of the equalities in (3.4) are zero. That is,

Am*> =0, ®15=0, Bm>=0, Wtz =0,
Am, =0, o1, =0, Bms=0, ¥, =0.

Since m? # 0 and @, W can not be zero, then A =0, B =0, 13 =0, 7, = 0 and
hence 7; = 0. In other words, we have

o® v 5 o)

— 4+ — <0ﬂ—s—)+(<l>+m ‘IJ)<065+,M1—)=0,
sap yol o

Q

p (oﬁ—s—>+3—+(§2m +3\Il)< HoOB +/L1(;—0) =0,

00
or — —bir =0.
SO

2
Therefore og = % and taking the fact that o # 0 into account, we get

1 b? 5
—+,uo—+— (®+m-¥) =0,
sap

1 b?
(— +uo— + ﬂ) (Qm? +30) = 0.
sap sa o

Now, the choice ﬁ + MO% + £L = 0 gives the ODE p —sp1 — s2¢¢” = 0, which
has the solution ¢ = ks. This solution is just again the same background Riemannian
metric o up to some constants. So, we should have ® +m2W¥ = 0and Qm2+3V¥ = 0.

Conversely, if the conditions (a), (b) and (c) are satisfied, then the result is obviously
obtained. O

Remark 3.4 The condition
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is equivalent to o; = ¢“®b;. Indeed,

O . .
oj = ﬁbj <~ 3]' Inog = 8j lnﬂ = 09 = ea(x)ﬂ 0 = ea(x)bj’

where a(x) is an arbitrary, locally defined function on M.

4 Some ODEs

In this section, we focus our study on the 7'-condition and o T-condition. By solving
some ODEs, we find explicit formulas for («, B)-metrics that satisfy the 7'-condition
and o T -condition.

We define a function Q(s) as follows

__ ¢
() := b —sd

The function Q(s) simplifies and helps to solve the ODEs that will be treated in this
section. Moreover, ¢ is given by

_ 0
¢(s)—exp(/0 l+tht>' “4.1)

Theorem 4.1 An («, B)-metric with n > 3 satisfies the T -condition if and only if it is
Riemannian or ¢ is given by

@l 252
P(s) = c3s ? (cb” — cs7) 207, 4.2)

Proof By Theorem 3.1, any (&, 8)-metric satisfies the T'-condition if and only if ® =
0. So, taking the fact that ¢ — s¢ # 0 into account, the ODE s + o K1m? = 0 can be

rewritten as follows
, 1 2s 2
s m m
This is a first order linear differential equation and has the solution

ch?—1 c?—sH -1 _
0= —¢c§ = —  , ¢ 1S a constant.
s s

Hence,

0 1 1
1450 =cb? — s, .
T80 =c @ 1+sQ s cs(b?—52)
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By using (4.1), ¢ (s) is given by (4.2). Plugging ¢ (s) in ¥ and €2, we have W = 0 and
Q=0. O

Theorem 4.2 An («, B)-metric with n > 3 satisfies the o T -condition if and only if it
satisfies the T -condition or ¢ is given by

S Wb — 12 + ot
= dt]. 43
$(5) = c3 exp (/O t(Clm +cot)+ 1 t) )

Proof First we should write @ and W in terms of Q(s) and its derivations with respect
to s, as follows

0@ =597 (Q —5Q)(sm*¢' Q' + 25¢ + m*¢) Q)

(b =
4a(m’¢' Q' + ¢ Q)
v 0@ —s¢)0"(sm*$'Q" + 25¢ + m’¢) Q)
4a(m’¢' Q' + ¢ Q) '

Now, making use of the condition (2.1), Remark 2.2 and the fact that ¢ — s¢’ # 0,
the condition ® + m?W = 0 gives the following two possible ODEs

b —sHQ" -0 +0=0 (4.4)
or
sm*¢' Q' +2s¢Q +m*¢'Q =0 (4.5)

The ODE (4.5) can be given in the form
, 1 2s 2
O+(-+=)o=-=
s m

which gives the trivial case, that is, the T-tensor vanishes. The ODE (4.4) has the
solution

0(s) = c1s + oV b2 — 52,

By using (4.1), ¢ (s) is given by (4.3). ]

5 Examples and Concluding Remarks

We start by giving two classes of examples satisfying the o T-condition.
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Example2 Let M = R" and «, B be given by

a=fahHiyl, B=fahHyl,

where |y| is the Euclidean norm and f (x') is arbitrary function on M. Then, the class

arctanh ( pB+2/a?—p2 >

__pr
F = \/az + P,B a2 — ,32 + qﬂze«/p274qf4 B/ P2 —4q—4

satisfies the o T-condition, where p and g are arbitrary constants. Indeed, in this class,
one can see that the function ¢ (s) is given by

p h ps+2v/ 1—s2 )
B(s) = \/l + psv/1 — 52 + gs2eVri-dd e <W p-tg=4/

Using the formula of ¢ (s), it is much simpler to use the Maple program to show
that

O +m*W =0, m?>Q+3¥=0.

Moreover, since 8 = f(xl)yl, then we have b = f(xl), by =---=b, =0and
taking Remark 3.4 into account, o7 = % = w(x) f (x1), for some function w(x")

on M, therefore one can see that o (x) = 6(x!) where #(x!) is an arbitrary function
on M. Another way, one can use the Finsler package and Maple program to calculate
the T'-tensor, but in this case we have to choose the dimension, say n = 3, then one
can find that

Tl =0, foralli,j k=123

And since, 0 = 0(x1), then o1 = % and hence
1 a0 1
o1 5k axlTijk_O

Example3 Let M = R3, and o = \/(yz)z + 22 ((y1H2 + (v3)?2), B = y2. Then, the

class
L aretan (¢+¢)
F=\la?+BJa?—p2e?? Vaa2-p2 3

satisfies the o T-condition. As in the previous example, we repeat the same process.
So, one can see that the function ¢ (s) is given by

| 2s 1
o) =y 1+s 1—s2e¥3 mtan(ﬂ 1*S2+‘/§>.
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Using Maple program, or by hand, we can show that

S +m*W =0 m>Q+3¥=0.
Since g = yz, then we have by = 1, by = bz = 0. As in the previous example, we
can have o (x) = 6(x2) for some functions 6(x2) on M. Or instead, using the Finsler

package and Maple program, we obtain that

Ti?k =0, foralli,j, k=1,2,3.

And since, 0 = 0(x?), then oy = —aaxez and hence
00
2 2
02Tijk = 22 Lijk =0.

Finally, we have the following remarks:

e Consider the conformal transformation of a Finsler function F, that is, F =
k (x)F, where k (x) is positive smooth function on M. Then, by simple and straight-
forward calculations, one can obtain that the T -tensor is transformed by the formula

h
Tijp = K(x)Ti?k

In Example 2, one can see that the conformal transformation of F by any positive
smooth function « (x!) still satisfying the o T-condition, that is, F = « (x') F satisfies
the o T -condition. Also, in Example 3, the Finsler function F = K(X2)F satisfies the
o T-condition.

o By the following special choice ¢; := —c and ¢1 := cb* — 1 (b? is constant), the
class (4.2) becomes

G .
¢ (s) = 35T (1 + ¢ + cp57) FaFD

which is the same as the one obtained by [10] ( (7.4) in Theorem 7.2). Moreover, this
metric is positively almost regular Berwaldian.

It should be noted that this irregularity is studied by Shen [10]. Here we confirm
that this metric is not regular Finsler metric because it has vanishing 7T -tensor. This
because of Z. Szabd’s result, that is, positive definite Finsler metric with vanishing
T-tensor is Riemannian.

o If b(x) = by, then (4.3) can be rewritten an follows

s b1 = (t/bo)? + cit
¢ (s) =c3 exp /
0 t(chy/1 = (t/bo)* +c11) + 1

We notice that the above formulae for ¢ is the same as the one obtained in [10] ( (1.3)
in Theorem 1.2). Under some restrictions on $, this represents a class of Landsberg

dt) y C/z = Cz/b().
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non-Berwaldian Finsler spaces. Also, with a special choice of the constants, by = 1
and ¢; = 0, we obtain

chV1—1?

—=dt
htv1—12+ 1

¢(s) = c3 exp /
0

which is obtained by Asanov [2].

e Summarizing above, the classes (4.2) and (4.3) are almost regular (¢, B)-metrics.
Moreover, the class (4.3) of («, 8)-metrics that satisfies the o T-condition, when
b(x) = bg for some constant by, is the same as the class which is obtained by Z.
Shen in [10, Theorem 1.2]. This confirms our previous claim in [5] that the long exist-
ing problem of regular Landsberg non-Berwaldian spaces is (closely) related to the
question:

Is there any Finsler space admitting functions o, (x) such that o, T;;; = 0?

,
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