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Abstract

In this paper we discuss some convergence and divergence properties of subsequences of
Cesaro means with varying parameters of Walsh—-Fourier series. We give necessary and
sufficient conditions for the convergence regarding the weighted variation of numbers.

Keywords Walsh—Fourier series - Cesaro means - Convergence in norm

Mathematics Subject Classification 42C10

1 Walsh functions

We shall denote the set of all nonnegative integers by N, the set of all integers by Z and the set
of dyadic rational numbers in the unit interval I := [0, 1) by Q. In particular, each element
of Q has the form £ for some p,n € N,0 < p < 2".

Denote the dyadic enpansion of n € N and x € [ by

oo
n=Y ¢ejm2 . e n=01,
j=0

and

o0 X
— J -
x—E 2j+1’x1_0’1'
j=0
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Denote by + the logical addition on I. That is, for any x, y € Tand k, n € N,

o0
x+y:= Z |Xn — yp 270D
n=0

k@n::Z|e,~ k) — & ()| 2%, (1.1)

i=0
and by the definition of w, we have
Wipn = Wi Wy (12)

The sets I, (x) := {yel:yo=x0,..., V-1 =xp—1} for x € LI, := I, (0) for
0 < n € Nand Ip(x) := I are the dyadic intervals of I. For 0 < n € N let
|n] := max {j eEN:nj # 0}, that is, 21"l < n < 2141

The Rademacher system is defined by

on(x) =" (xel,neN).

The Walsh—Paley system is defined as the sequence of the Walsh—Paley functions:
In|
= > ek (m)xg
wy (x) = [ ] (ox ()™ = (—1)i= (xelneN).
k=0

The Walsh-Dirichlet kernel is defined by

n—1

D, (x) := Zwk (x) (n € N), Dy = 0.
k=0

Recall that (see [23])
2" ifx € I, (0),

D (x) = {0, if x € I\ 7, (0). (1.3)

As usual, denote by L (I) the set of measurable functions defined on I for which

£l = / () di < oo
I

Let f € L1(I). The partial sums of the Walsh—Fourier series are defined as follows:

M—1

Swx, )= Fw (),

i=0
where the number

f(i)szmwi (t) di
I

is said to be the ith Walsh—Fourier coefficient of the function f. Set

En (x5 f) = SZ" (x7f)'

The maximal function is defined by

E* (x, f) :==sup E, (x, | f]).

neN
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2 Cesaro means with varying parameters

The (C, «,,) means of the Walsh—Fourier series of the function f is given by

n—1

o (f,x) = A% ZAZ",‘S(f x) = ZA‘”" F w0,
n—1 j—| A, 1]—0

where

o (I +an) - (n+an)

n!
foranyn € N, o, # —1, =2, .... It is known that [29]

n
n o — o —1 n—1 _ %n n
A= AP A _mAg. 2.1)
k=0

The (C, «,) kernel is defined by

ay 0[,,—1 = .
K" = = ozn ZA Wy

l‘l -

The idea of Cesaro means with variable parameters of numerical sequences is due to
Kaplan [17] and the introduction of these (C, «;,) means of Fourier series is due to Akhobadze
[2], [3] who investigated the behavior of the L{-norm convergence of o, (f) — f for the
trigonometric system.

The a.e. divergence of Cesaro means with varying parameters of Walsh—Fourier series was
investigated by Tetunashvili [25]. Abu Joudeh and Gét in [1] proved the almost everywhere
convergence (with some restrictions) of the Cesaro (C, «,) means of integrable functions.

The first result with respect to the a.e. convergence of the Walsh—Fejér means o,," f for all
integrable function f with constant sequence o, = o > 0 is due to Fine [6] (see also Weisz
[27]). On the rate of convergence of Cesaro means in this constant case see the papers of Yano
[28] and Fridli [8]. Approximation properties of Cesaro means of negative order with constant
sequence was investigated by the second author in [14]. That is why we investigate only the
case when «,, € (0, 1) for every n. It is true that in order for the definition of Cesaro mean
to make sense we should only suppose that the paremeter is not a negative integer, but for
negative parameters there are available divergence results (see, e.g., [14]) and for parameters
at least 1 we have the very well-known almost everywhere and norm convergence results of
these means. In other words, the only interesting situation is when «, € (0, 1) for every n.

It is easy to see that

o (fox)=(f*K) (x) = / F @K (x +1) dt.
The Fejér kernel is defined by
1 n
K,(t) :=— Dy ().
= k; K (1)

The following estimate was proved by Akhobadze [2, 3]. If k, n € N, then

c1 (T4 a,) 2+ ay) k" < Azn < (I +ap) 24+ ay) Kk,
when — 2 < o, < —1; 2.2)
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cr (L+ap) k* < A" < o (14 o) k*, when — 1 < a, < 0; (2.3)
c1 (d) k" < AZ” < cp (d)k*, whenO0 < o, < d. 2.4)

3 Ly-estimation for the kernel K"

x .
Forn= ) ¢;j(n)2/,¢;(n) =0, 1, we define
j=0

oo s
n® = Zsj (n) 2/, Ny '==n— a6t = Zsj (n) 2/, nn :=0.
j=s Jj=0

Theorem 3.1 If o, € (0, 1) and n € N, then there exist positive constants c| and c¢; (inde-
pendent of n) such that

In| In|
S DLk () = e (0124 < Ky = 3 e (1) — e (m)] 24,
k=0 k=0
Proof of Theorem 3.1 We can write
n—1 n| n®)—1
Ay K=Y Av . wj = st ) Y A w;
j=0 j —pb+D
In] 21
= Z&‘S (n) Z An(s) —j—1WjignGHD
|n| 25—1
=) e mw,en Y At W) (3.1)
= j=0

Since in the case of g5(n) = 1
n(s) —j—1 :n(S,1)+23—1—j,

and
2—1-j=2'-1®/,

from (1.2) and (3.1) we obtain

|n] 25—1
Kan ZSS (n) wy,e+1) Z A W -D®)
n| 25—1
=D e mwueoy Y Ay ;. (32)
s=0 j=0
Applying Abel’s transformation twice we get
251 251
Ao = AT iR~ AR T D0
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Combining (3.2)—(3.3) we obtain

n| 251
oy __ Oé
K =g D (w0 12 A i
n 1 g=0
|n| X
A Zss (m) wye Ayt 2" Kos
n 1 g=0

In|

+t @ D e (M) wye - 1A, Do

n—1 g—0
=:01(n) + Q2(n) + Q3(n). (3.4)
From the estimates (2.2)—(2.4) we get
In| 251
0‘/1

a,, Zé‘s (I’l) Z] ‘ n(s— l)+l‘
n 1 g—0

o In| 251 5

n S\ O —

=< T Y &5 (n) Z Jj(ns-1+J)

” 1 s=0

ca [n| 25—1 i
< Zss(n)z -1+ )"

n lA =0

[n| 25—1
n—1

< S 2 Z Ayt

n 1 s=0

In|

T Qe ng () (Azfs) — Au 1))

n 1 g—0
<c¢ < o0.

Since sup || K, |l; < 2 (see [24]; it even holds sup || K, |l = 17/15, see [26]) from (3.4)
n n

we infer
10iml; <c<oo,l=1,2. (3.5)

Next, we find an upper estimate for || Q3(n)||;. We have

||

w, Q3(n) = Zsy (m) wpwyo_ Ay Do
n 15 =0

From (1.2) (we can suppose &;(n) = 1 otherwise nothing is to be added), we get

WpWys)_1 = WpWyG+h s 1 = WpWys+) W2s—]
= WygpG+H W2 —1 = Wy, W2s—|
= Wys wn(k”wzs_l = wys wn(k])@(ﬁil).

Since n—ne@s—1) < 2°, from (1.3) we obtain

Doyswn, 5051y = D2
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Consequently,

In|
1
w, Q3(n) =, Z & (n) AZ?\_),l wos Dos
A”*l s=0 A
In|
Oln Zé‘s (n) An() 1 (D2x+1 - D2x)
n 1 5—0

|n

1
3 a2 (o1 () — e () AT Dot
” s=1

n|

S Zss(n)< —An ) Dot

”lsl

1
+ g€ (1) Ay Do —
A% n(jnl—1) =

«,
———¢&o(n) A" D
Un ny—1

Al ©

=:031(n) + O3(n) + 033(n) + Q34(n). (3.6)
From (2.2)—(2.4) and (1.3) we get

n|

1 «, (07
10520 = —z— D (A% — A% ) Se<oc,

n—1 g—1
1033y, 1Q34 ()|l < ¢ < o0, (3.7)
|
1031 = —= Y lesi (m) — &5 ()] 2. (3.8)
s=1

Combining (3.4)—(3.8) we conclude that

n|

LS e D e () = e ()] 2. (3.9)

p
k=1

on
|%:

Hence the upper estimate is proved.
Now, we find a lower estimate for || Q31(n)||;. Let @; and b;,i = 1,...,s, be strictly
increasing sequences, i.e.,

O0<a <bi<a<by<--<a; <by <asyy)] =0

for which
_JlLa=<j<b,
£i(m = {0, bi < j <aiy. (3.10)
Then it is evident that b; + 1 < a; . But we may suppose even more, namely
bj+2=<ajy (3.11)

and then the intervals defined below are disjoint sets. That is, set

Ay = ! ! B = ! ! k=1
k= WsZTk , D 1= W,W yK=1,...,8.
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Let x € Ag. Then we can write

1 N
1031 )] = |~ ZAn( 1Dz @)+ Zmm DAY Dy ()
-1 n 1] 1
1 k—1
— A(Xn B 24j 4 — A%n B 2bj+l
an /2; "(a) ! Ay /Z:; ")
— ;Aan _ k_1< oy ,'+l _AOln 2(1/) .
AT M~ 2 AL e 12 ")~
(3.12)
Since
b1 +1=<ar—1<a,
we can write
=
AOln B 2bj+] _ Aan B Zaj>
A ;( ") (o)~
1 k—1
< A% 2bj+l A% ij—]"rl)
A, ]X;( "(o41) ! HORE
1 «Q, b
< — A% 2bk-1+1
A M)
Consequently, from (3.12) we obtain
1
> (A% 2% A% 21+
|Q3l(n)(x)| st Azn_] ( n(ak)—l ”(bk71+l)_l
1
> A %m0
AT ( ()~ M)~
Ap
" ay) l(a ax—1
= 2% — 2%y
ALy
oy
I R S
- oy
2 A",
Hence,
A(;Zak)—l 1
f|Q31(”)|274 o (3.13)
A n—1

Let x € By. Since n(y, 11y = n(;y and ng, ) < n(;y, we have

k k
wa 031 (n) (x) = —— Y A% 2% 4 — Y A bt
n At ; )T AL ; (OR
1 X |k
= —a A% 24 A% obj+1
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k k
1 1
> A% B 2b_,'+1 _ A% B 2b_,'
A ; (o)~ A ; ")
1 k
> Aa” B 2b_,’
AZ’I_I ; n(b_/) !
1
> Aan by
AL e
Hence w
A n
npy—1 1
f|Q3l(”)| 2 — (3.14)
Anfl
By
Since A;, Bi,i =1, ..., s, are pairwise disjoint from (3.13) and (3.14), we have
N
[1eami= Y| [1ni+ [10ua
I k=1 \A, By
1 N
()
4A7" | ]; " (ax) "0
Combining (3.5)—(3.14) we complete the proof of Theorem 3.1. ]

4 Uniform and L-convergence of (C, a,) means

The Hardy space H{(I) consists all functions f that satisfy

£l == |E* ()], < oo

For a nonnegative integer 7 let

Vi)=Y lei (n) = eir1 ()| + o (n)
i=0
and "

1
Ve =y ler(n) — e ()] 247,
k=1

Let Cy (I) denote the space of uniformly continuous functions on I with the supremum
norm

I flle, = SUE)If(X)I (f € Cy(D).

Let X = X (I) be either the space L (I), or the space of uniformly continuous functions, that
is, Cy, (). The corresponding norm is denoted by ||-|| x.

We remind the reader that Cy,(I) is the collection of all functions f : I — R that are
uniformly continuous from the dyadic topology of I to the usual topology R, or for short:
uniformly w-continuous.
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The modulus of continuity, when X = C,, (), and the integrated modulus of continuity,
where X = L (I) are defined by

1 )
w(z—nf) =sup | fC+h)— fOllx-
X hel,

For Walsh—Fourier series Fine [5] has obtained a sufficient condition for the uniform
convergence which is in complete analogy with the Dini—Lipshitz condition (see also [23]).
Similar results are true for the space of integrable functions L () [22]. Gulicev [16] has
estimated the rate of uniform convergence of a Walsh—Fourier series using the Lebesgue
constant and the modulus of continuity. Uniform convergence of Walsh—Fourier series of
the functions of classes of generalized bounded variation was investigated by the second
author [13]. This problem has been considered for the Vilenkin group by Fridli [7] and Gét
[9]. Lukomskii [19] considered uniform and L -convergence of subsequences of partial
sums of Walsh—Fourier series. In particular, he proved that the condition sup V(m4) < oo

A

is necessary and sufficient for the uniform and L;-convergence of subsequences of partial
sums Sy, (f) of Walsh—Fourier series. In [4, 10-12, 15, 18-21] the X -norm convergence of
subsequences of Walsh—Fourier series is investigated.

In this section we discuss some convergence and divergence properties of subsequences
of Cesaro means with varying parameters of Walsh—Fourier series. The following are true.

Theorem4.1 If f € X(I) and o, € (0, 1), then

1
loge (1 = 1l =er0(537.7) Vo
X

n|=2

1
+ crop Z 2r=Inlg, <2—r, f)
X

r=0
1
+ 3w Shnl—1 S R
Theorem 4.1 implies
Theorem 4.2 If for a function f € X(I) and a subsequence {m, : n € N} we have
), ()
ol —.f) =0o|——),
mpy X V(imy,, a)
then the subsequence U,?,':l (f) converges in X-norm.
Theorem 4.3 Let {m,, : n € N} be such that
sup V(m,, a) = oo.
n

Then there exists {px : k € N} and a function g € X(I) such that

1 1
i -0 —
w<mpk g)x <V(m]7k’a))

and

J,Zf,’; (g)—gHl -+ 0ask — oo.
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Theorem 4.4 a) Let {m,, : n € N} be such that
sup V(m,,a) < oo.
n

Ap

Then the operator o, (f) is bounded from the space L (1) to the space L (I);
b) Let {m,, : n € N} be such that

sup V(m,,a) = oo
n

Then there exists f € H () C Li(I) such that
sup [l ()] = o0
n

Proof of Theorem 4.1 We can write

o," (x, f) = fx)
f[f(X+t)—f(x)] 3 ZA“'HD (t)dt

2lnl=1_1

/[f(x+t)— f Oz Z A=D1y dr
2l 1

+/[f(x+l)—f(x)] @ Z AOtn—le(t)dt
1 n 1] oln|—1

/[f(x—i—t)—f(x)] —— Z A“”_ID ) dt

I lj oln]
= J1+ L+ /s “4.1)

For J3 we have

I = /[f(x—i—t) Spm (¢ 1, Pz Z A D) di

n lj o]

+ / [Sa1(x £, 1) = Sy (x, )l Z AL D) dr

I ] 21n|
+f[52\nl (x, f) — f(x) Z A D) dt
1 Vl 1 ] 2‘"‘
=31+ Jn + J33. 4.2)
Now we can write
J3 = Z Aan ! S * Szln\) (x; f) Z Aa" SZ‘"\ (x; f)
At 1, 20nl A jahnl
Z A Sy (53 ) = Z AL Sy (i )= 0. (@43)
=2l =2l
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From Minkowski’s inequality and Theorem 3.1 we get

1
|IJ31||x§w<2w, ) / Z A=D1 dt

j=2lnl
< ! 1+V
<o ﬁ,f X( +Vn, ).
Analogously, we can prove
1
ssllx <@ | 5. f) A4V ().
X
Combining (4.2)—(4.5) we obtain
1
V3llx <2 W’f A+Vm, ).
X

We can write

[n]—2 ortl_g
a2 [ et —F@1 D ArID; ) dr
" 1 r=0 1 j=2
In|—2 21
Z/[f(ert)—Szr(ert LY Ayt
n 1 r=0 I j=2r
| =2 |
a2 [ S @ H =1 Y AYGID; () dr
n—1 r:()]I j=2r
=:J11 + J12.

Using Minkowski’s inequality we get

|n]—2 2rtl_

1 -1
Iulx < ) w(z—,,f> / > AP D] dr.
r=0 I j=2r
Since
2r+l 1
D S Y0
j=2r
2r+1 2
Z Arxn 2]K (t) + AS”;}+1+] (2r+l _ 1) KQH»I,] (t)
j=2r
— A (2 1) Ky o1 (1)
and
sup | Kxlly < 2,
n

4.4)

4.5)

(4.6)

4.7)
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from (2.2)—-(2.4) we get (r < |n| — 1)

2r+1 1
/ > A“"_ID | dt
I’l—l H ] 2r
2 2r+l 2
< @ ’A“" ‘ AL @ ) A
n—1 j= 2r
aan){ Z (n — . ( _2r+1
n i
+ (=22 1) }
_cl—anay 2% 2" (1 — ap) ap
= nn (I’l - 2|n|71)2_0‘" 1% (n . 2\11\71)1_‘1"
< ca, 277,

Consequently,
n|—2

Il < ca 27 M

*(37)
r=0 2

[n|=2
I2llx < cap Y2770

1
w —r,f> .
r=0 (2

|n|—2
Iy < cay Y 27

o(77)
r=0 2

Analogously, we can prove

Combining (4.7)-(4.9) we get

Finally, we estimate J;. Since Dom_j = Dom —wom_1Dj, j =0,1, ...

21

> A“"‘lD ()| dt

/ 1
oy
An—l

I j=2lnl-1
1 2\n|—1
_ a,—1
- / A% Z An(\n\ |)+1D2‘"‘—J ®)| dt
n—1 j=1
I P
| z\nl—]
a,—1
< / e Yo A D (] di
I n—1 j=1
+ ! ‘AO‘" ' D (z)’ dt
Aa” n(n|—1)+J
n—1
I
1 ap—1
§c1+/ A D (t)’ di
n—1

@ Springer
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2‘"'—171

1 ap—2 .
=a +fATn Z An(|n\7|)+jJKj (1)) dt
I n—1 j=1
Aot,,fl
aj—n20=1
+ / %2‘"‘ Y Kyt (1) di
I n—1
2\n|—] .
Oy —
@ jgo Aﬂ(\n\—lﬁ‘j
<+t ————73—— Jc<oo
ALy
Hence,
1
||JZ||X§CCO<W7JC> . 4.11)
X
Combining (4.1), (4.6), (4.10) and (4.11) we complete the proof of Theorem 4.1. ]

Proof of Theorem 4.3 Since sup V (m,,, &) = 00, there exists { px : kK € N} such that
n

M| = |mp,_, | +2logk + 1); (4.12)
V(mpg, @) = 2kV(mp,_,, o). 4.13)
At first we consider the case X (I) = L (I). We set
ad D _jmp 141 (x)
g =) gi(x), gj(x) = —2—"——.
2810 V(mp,. o)

j=1
Ifye I‘mpk|,then forl=1,2,...,k — 1 we obtain
Dz\m,,[\ x+y = D2|mm\ (x). (4.14)
Then, from (1.3) and (4.13),

/|g<x+y>—g(x)|dx

/ ‘D2\m,;] e (x +y) — 2|m,,j 41 (x)‘ dx

> o

V mp s
c
=
V (mp. )
Consequently,
(), = ()
ol—.g) =
m py 1 V(ml’p’ )
Further,
Haml,k () - gH
%} N k—1 k—1
= Umpk ZS’J _Z||gj||1_ Umﬁi Zgj _Zgj : (4.15)

=k j=1 =
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Since for j > k

Apy Xp Ypg 1 Xpi
om, (&) =8 *Kmn, =Kpn, xgj=—"7—""—Kp,
Pk ( J) J Pk Pk J Vv (mPi’ oz) Pk

1 ap,

% .
Dz\mp/ |+1

= ;S Imp |41 (K:lpk) =—K, ,
V(mp,.e) 2" " V (mp;, @) T

from Theorem 3.1 we obtain

00 00 1 H :l”k
P %pg PE 1
Om Zgj ZZ HKm > >co > 0. (4.16)
" j=k | =k V(mp;. @) PV (mpy s @)
From (1.3) and (4.13) we get
o0 oo
1 3
>l =2 < . (4.17)
Jj=k =k 4 (mpj’“) V (mp, )
Using Theorem 4.1, from (4.12) and (4.14) we obtain for j < k
[mpy | =2 |
o —
‘O'mf,i (gj) —8j ” < cap, Z or=lmple, <gj, 2r>1
r=0
|mpj‘*2 1
< cap, Z 2r=Impl gy (gj, 2r)1
r=|
|mpj‘
c r
= ] 2.2
r=
c
= 2
Consequently,
k—1
o C
o e -], =
j=1

Combining (4.15)—(4.18) we obtain
— | _n 3
T |y @ = e, >0,

Now, we discuss the case X (I) = C, (I). Let the conditions (4.12) and (4.13) be satisfied.
We set

o~ hj
h(x) = ; V@’

where
. Ypj
hj(x) :=sgn (Km,,j) .

It is evident that hg € C,, (I). If y € I|mpk\, then for j = 1,2, ...,k — 1 we obtain

hix+y)—hjx)=0
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and from (4.13) we get

. ad 1 1
[h(x+y)—h(x)| =<2 =0 )
2 g ) <v< a>)

Hence

Clearly

ot 0.1) = (0)]

‘ompk (0, hk)‘ I (0 R o j
= el L Vo) ™ 2 a

j=k

ki ot (0.115) = h; (0)
j=1 (m,,j,ot)
=: R — Ry — R3 — Ry. (4.19)

Using Theorem 3.1, from (4.12) and (4.13) we obtain

Xp
” "k |
Ril=———"—>¢c>0, (4.20)
V(mﬁk’ )
Ry, < (4.21)
(mﬂk’ )
00 ‘ Ay
\%
R3 - Z Mpy C (mpk, ) < E (422)
. mp/, ) V (mpy @) k’
k—1lmp =2 1
Z Z 27 =1mpl g (77;,/.)
j=1 r=0 r c
k— llmp
seX. 3 7 o)
j=1 r=0 c
ck2mpeal e
<— < - (4.23)
zlmpkl k
Combining (4.19)—(4.23) we complete the proof of Theorem 4.3. m]

Proof of Theorem 4.4 The validity of part a) immediately follows from Theorem 3.1. Now,
we prove part b). Since sup V (m,, o) = oo, without loss of generality we can suppose
a

V (mg, o) > a*. (4.24)
Set
o0
f = Z)‘afa; s
a=1
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where !
Ag i = ———
T IV (ng, @)
and

Jfa = Doimal+1 — Dapmal.
We can write

0, ifn <|mal,

Szn (fa) = Szn (Dzlma\+1 — D2\ma\) = {f ifn > |m |
as al

Hence,

Su ()= haSv (f)= Y, hafa

a=1 {a:|my|<n}

and

sup S (NI <Y halfal =Y haDymar.
n a a

Applying (1.3) and (4.24) we conclude that

‘ SZ)\QSZ%<OO.
1 a aa

sup [S2n (f)]

Hence f € H;(I).
‘We can write

[ee)

a—1
ofe () =0t Gafa) + D hjose (fi)+ D Mjose (f;)-

j=0 Jj=a+1
Let j > a. Then it is easy to see that
U,%Z (f,) = f, * K;;;‘; = <D2\mj\+l — Dz\mj\) * Kg;“’l
= Sz\m]-Hl (Kf,‘l‘z) — Sz\mj\ (K,‘Z‘:) =0.

Let j < a. Then from Theorem 4.1 we have

loms (F) 1y = o (£) = £l +2

[mq| 1
< er—lmalw (fj» 2r)l )
r=0

Im |

1
< 2r*|ma| P — 2
< Z 0] (f_, 2r>1 +
r=0
2|mafl‘
< BTN +2 < 3.

Finally, we estimate o,," (f,). Letm, = 2"l +m/ 0 < m/, < 2Imal Th

a

m),—1
o5 ol = | 2o A% g
Mg a - Aaa | m;—l—j J
mg— j=0

@ Springer

(4.25)

(4.26)

4.27)

en we can write
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and consequently, from Theorem 3.1 and by (2.2)—(2.4), we get

m —1
loms (fll, = Z A 1w
m
1
c Im;l ‘
Z Jm D les (ml) = ejur (my)] 27
my—1 j=0
|mal
= 2|ma|0ta Z |5] (mg) — €j41 (ma)| 2/%
>cV (ma, o). (4.28)
Combining (4.25)—(4.28) we conclude that
sup o (N, =
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