
Periodica Mathematica Hungarica
https://doi.org/10.1007/s10998-022-00499-x

Cesàro means with varying parameters of Walsh–Fourier
series

György Gát1 · Ushangi Goginava2

Accepted: 11 June 2022
© The Author(s) 2022

Abstract
In this paper we discuss some convergence and divergence properties of subsequences of
Cesàro means with varying parameters of Walsh–Fourier series. We give necessary and
sufficient conditions for the convergence regarding the weighted variation of numbers.
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1 Walsh functions

We shall denote the set of all nonnegative integers byN, the set of all integers byZ and the set
of dyadic rational numbers in the unit interval I := [0, 1) by Q. In particular, each element
of Q has the form p

2n for some p, n ∈ N, 0 ≤ p ≤ 2n .
Denote the dyadic enpansion of n ∈ N and x ∈ I by

n =
∞∑

j=0

ε j (n) 2 j , ε j (n) = 0, 1,

and

x =
∞∑

j=0

x j
2 j+1 , x j = 0, 1.
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Denote by � the logical addition on I. That is, for any x, y ∈ I and k, n ∈ N,

x � y :=
∞∑

n=0

|xn − yn | 2−(n+1),

k ⊕ n :=
∞∑

i=0

|εi (k) − εi (n)| 2i , (1.1)

and by the definition of wn we have

wk⊕n = wkwn . (1.2)

The sets In (x) := {y ∈ I : y0 = x0, . . . , yn−1 = xn−1} for x ∈ I, In := In (0) for
0 < n ∈ N and I0 (x) := I are the dyadic intervals of I. For 0 < n ∈ N let
|n| := max

{
j ∈ N : n j �= 0

}
, that is, 2|n| ≤ n < 2|n|+1.

The Rademacher system is defined by

ρn (x) := (−1)xn (x ∈ I, n ∈ N) .

The Walsh–Paley system is defined as the sequence of the Walsh–Paley functions:

wn (x) :=
∞∏

k=0

(ρk (x))εk (n) = (−1)

|n|∑
k=0

εk (n)xk
(x ∈ I, n ∈ N) .

The Walsh–Dirichlet kernel is defined by

Dn (x) :=
n−1∑

k=0

wk (x) (n ∈ N) , D0 = 0.

Recall that (see [23])

D2n (x) =
{
2n, if x ∈ In (0) ,

0, if x ∈ I\In (0) .
(1.3)

As usual, denote by L1(I) the set of measurable functions defined on I for which

‖ f ‖1 :=
∫

I

| f (t)| dt < ∞.

Let f ∈ L1(I). The partial sums of the Walsh–Fourier series are defined as follows:

SM (x, f ) :=
M−1∑

i=0

f̂ (i) wi (x) ,

where the number

f̂ (i) =
∫

I

f (t)wi (t) dt

is said to be the i th Walsh–Fourier coefficient of the function f . Set

En (x, f ) := S2n (x, f ) .

The maximal function is defined by

E∗ (x, f ) := sup
n∈N

En (x, | f |) .
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2 Cesàromeans with varying parameters

The (C, αn) means of the Walsh–Fourier series of the function f is given by

σαn
n ( f , x) := 1

Aαn
n−1

n∑

j=1

Aαn−1
n− j S j ( f , x) = 1

Aαn
n−1

n−1∑

j=0

Aαn
n− j f̂ ( j)w j (x) ,

where

Aαn
n := (1 + αn) · · · (n + αn)

n!
for any n ∈ N, αn �= −1,−2, . . .. It is known that [29]

Aαn
n =

n∑

k=0

Aαn−1
k , Aαn−1

n = αn

αn + n
Aαn
n . (2.1)

The (C, αn) kernel is defined by

K αn
n = 1

Aα
n−1

n∑

j=1

Aαn−1
n− j D j = 1

Aαn
n−1

n−1∑

j=0

Aαn
n− j−1w j .

The idea of Cesàro means with variable parameters of numerical sequences is due to
Kaplan [17] and the introduction of these (C, αn)means of Fourier series is due toAkhobadze
[2], [3] who investigated the behavior of the L1-norm convergence of σ

αn
n ( f ) → f for the

trigonometric system.
The a.e. divergence of Cesàromeans with varying parameters ofWalsh–Fourier series was

investigated by Tetunashvili [25]. Abu Joudeh and Gát in [1] proved the almost everywhere
convergence (with some restrictions) of the Cesàro (C, αn) means of integrable functions.

The first result with respect to the a.e. convergence of theWalsh–Fejér means σ
αn
n f for all

integrable function f with constant sequence αn = α > 0 is due to Fine [6] (see also Weisz
[27]). On the rate of convergence of Cesàromeans in this constant case see the papers of Yano
[28] and Fridli [8]. Approximation properties of Cesàromeans of negative orderwith constant
sequence was investigated by the second author in [14]. That is why we investigate only the
case when αn ∈ (0, 1) for every n. It is true that in order for the definition of Cesàro mean
to make sense we should only suppose that the paremeter is not a negative integer, but for
negative parameters there are available divergence results (see, e.g., [14]) and for parameters
at least 1 we have the very well-known almost everywhere and norm convergence results of
these means. In other words, the only interesting situation is when αn ∈ (0, 1) for every n.

It is easy to see that

σαn
n ( f , x) = (

f ∗ K αn
n

)
(x) =

∫

I

f (t) K αn
n (x + t) dt .

The Fejér kernel is defined by

Kn(t) := 1

n

n∑

k=1

Dk(t).

The following estimate was proved by Akhobadze [2, 3]. If k, n ∈ N, then

c1 (1 + αn) (2 + αn) k
αn < Aαn

k < c2 (1 + αn) (2 + αn) k
αn ,

when − 2 < αn < −1; (2.2)
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c1 (1 + αn) k
αn < Aαn

k < c2 (1 + αn) k
αn , when − 1 < αn < 0; (2.3)

c1 (d) kαn < Aαn
k < c2 (d) kαn , when 0 < αn ≤ d . (2.4)

3 L1-estimation for the kernel K˛n
n

For n =
∞∑
j=0

ε j (n) 2 j , ε j (n) = 0, 1, we define

n(s) :=
∞∑

j=s

ε j (n) 2 j , n(s) := n − n(s+1) =
s∑

j=0

ε j (n) 2 j , n(−1) := 0.

Theorem 3.1 If αn ∈ (0, 1) and n ∈ N, then there exist positive constants c1 and c2 (inde-
pendent of n) such that

c1
nαn

|n|∑

k=0

|εk (n) − εk+1 (n)| 2kαn ≤ ∥∥K αn
n

∥∥
1 ≤ c2

nαn

|n|∑

k=0

|εk (n) − εk+1 (n)| 2kαn .

Proof of Theorem 3.1 We can write

Aαn
n−1K

αn
n =

n−1∑

j=0

Aαn
n− j−1w j =

|n|∑

s=0

εs (n)

n(s)−1∑

j=n(s+1)

Aαn
n− j−1w j

=
|n|∑

s=0

εs (n)

2s−1∑

j=0

Aαn
n(s)− j−1w j+n(s+1)

=
|n|∑

s=0

εs (n) wn(s+1)

2s−1∑

j=0

Aαn
n(s)− j−1w j . (3.1)

Since in the case of εs(n) = 1

n(s) − j − 1 = n(s−1) + 2s − 1 − j,

and
2s − 1 − j = (

2s − 1
)⊕ j,

from (1.2) and (3.1) we obtain

Aαn
n−1K

αn
n =

|n|∑

s=0

εs (n) wn(s+1)

2s−1∑

j=0

Aαn
n(s−1)+ jw(2s−1)⊕ j

=
|n|∑

s=0

εs (n) wn(s)−1

2s−1∑

j=0

Aαn
n(s−1)+ jw j . (3.2)

Applying Abel’s transformation twice we get

2s−1∑

j=0

Aαn
n(s−1)+ jw j =

2s−1∑

j=1

Aαn−2
n(s−1)+ j j K j − Aαn−1

n(s)−12
s K2s + Aαn

n(s)−1D2s . (3.3)
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Combining (3.2)–(3.3) we obtain

K αn
n = 1

Aαn
n−1

|n|∑

s=0

εs (n)wn(s)−1

2s−1∑

j=1

Aαn−2
n(s−1)+ j j K j

− 1

Aαn
n−1

|n|∑

s=0

εs (n) wn(s)−1A
αn−1
n(s)−12

s K2s

+ 1

Aαn
n−1

|n|∑

s=0

εs (n) wn(s)−1A
αn
n(s)−1D2s

=:Q1(n) + Q2(n) + Q3(n). (3.4)

From the estimates (2.2)–(2.4) we get

1

Aαn
n−1

|n|∑

s=0

εs (n)

2s−1∑

j=1

j
∣∣∣Aαn−2

n(s−1)+ j

∣∣∣

≤ cαn

Aαn
n−1

|n|∑

s=0

εs (n)

2s−1∑

j=1

j
(
n(s−1) + j

)αn−2

≤ cαn

Aαn
n−1

|n|∑

s=0

εs (n)

2s−1∑

j=1

(
n(s−1) + j

)αn−1

≤ c

Aαn
n−1

|n|∑

s=0

εs (n)

2s−1∑

j=1

Aαn−1
n(s−1)+ j

= c

Aαn
n−1

|n|∑

s=0

εs (n)
(
Aαn
n(s)

− Aαn
n(s−1)

)

≤ c < ∞.

Since sup
n

‖Kn‖1 < 2 (see [24]; it even holds sup
n

‖Kn‖1 = 17/15, see [26]) from (3.4)

we infer
‖Ql(n)‖1 ≤ c < ∞, l = 1, 2. (3.5)

Next, we find an upper estimate for ‖Q3(n)‖1. We have

wnQ3(n) = 1

Aαn
n−1

|n|∑

s=0

εs (n)wnwn(s)−1A
αn
n(s)−1D2s .

From (1.2) (we can suppose εs(n) = 1 otherwise nothing is to be added), we get

wnwn(s)−1 = wnwn(s+1)+2s−1 = wnwn(s+1)w2s−1

= wn⊕n(s+1)w2s−1 = wn(s)w2s−1

= w2swn(s−1)w2s−1 = w2swn(s−1)⊕(2s−1)
.

Since n(s−1)⊕(2s−1) < 2s , from (1.3) we obtain

D2swn(s−1)⊕(2s−1)
= D2s .
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Consequently,

wnQ3(n) = 1

Aαn
n−1

|n|∑

s=0

εs (n) Aαn
n(s)−1w2s D2s

= 1

Aαn
n−1

|n|∑

s=0

εs (n) Aαn
n(s)−1

(
D2s+1 − D2s

)

= 1

Aαn
n−1

|n|∑

s=1

(εs−1 (n) − εs (n)) Aαn
n(s)−1D2s+

+ 1

Aαn
n−1

|n|∑

s=1

εs (n)
(
Aαn
n(s−1)−1 − Aαn

n(s)−1

)
D2s+

+ 1

Aαn
n−1

ε|n| (n) Aαn
n(|n|−1)−1D2|n|+1−

− 1

Aαn
n−1

ε0 (n) Aαn
n(0)−1D1

=:Q31(n) + Q32(n) + Q33(n) + Q34(n). (3.6)

From (2.2)–(2.4) and (1.3) we get

‖Q32(n)‖1 ≤ 1

Aαn
n−1

|n|∑

s=1

(
Aαn
n(s)−1 − Aαn

n(s−1)−1

)
≤ c < ∞,

‖Q33(n)‖1 , ‖Q34(n)‖1 ≤ c < ∞, (3.7)

‖Q31(n)‖1 ≤ c

nαn

|n|∑

s=1

|εs−1 (n) − εs (n)| 2sαn . (3.8)

Combining (3.4)–(3.8) we conclude that

∥∥K αn
n

∥∥
1 ≤ c1

nαn

|n|∑

k=1

|εk (n) − εk+1 (n)| 2kαn . (3.9)

Hence the upper estimate is proved.
Now, we find a lower estimate for ‖Q31(n)‖1. Let ai and bi , i = 1, . . . , s, be strictly

increasing sequences, i.e.,

0 ≤ a1 ≤ b1 < a2 ≤ b2 < · · · < as ≤ bs < as+1 = ∞
for which

ε j (n) =
{
1, ai ≤ j ≤ bi ,
0, bi < j < ai+1.

(3.10)

Then it is evident that b j + 1 ≤ a j+1. But we may suppose even more, namely

b j + 2 ≤ a j+1 (3.11)

and then the intervals defined below are disjoint sets. That is, set

Ak :=
(

1

2ak+1 ,
1

2ak

)
, Bk :=

(
1

2bk+2 ,
1

2bk+1

)
, k = 1, . . . , s.
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Let x ∈ Ak . Then we can write

|Q31(n)(x)| =
∣∣∣∣∣∣

−1

Aαn
n−1

s∑

j=1

Aαn
n(a j )

−1D2a j (x) + 1

Aαn
n−1

s∑

j=1

Aαn
n(b j+1)−1D2b j+1 (x)

∣∣∣∣∣∣

=
∣∣∣∣∣∣

−1

Aαn
n−1

k∑

j=1

Aαn
n(a j )

−12
a j + 1

Aαn
n−1

k−1∑

j=1

Aαn
n(b j+1)−12

b j+1

∣∣∣∣∣∣

=
∣∣∣∣∣∣

1

Aαn
n−1

Aαn
n(ak )

−12
ak − 1

Aαn
n−1

k−1∑

j=1

(
Aαn
n(b j+1)−12

b j+1 − Aαn
n(a j)

−12
a j

)∣∣∣∣∣∣
.

(3.12)

Since
bk−1 + 1 ≤ ak − 1 < ak,

we can write

1

Aαn
n−1

k−1∑

j=1

(
Aαn
n(b j+1)−12

b j+1 − Aαn
n(a j )

−12
a j

)

≤ 1

Aαn
n−1

k−1∑

j=1

(
Aαn
n(b j+1)−12

b j+1 − Aαn
n(b j−1+1)−12

b j−1+1
)

≤ 1

Aαn
n−1

Aαn
n(bk−1+1)−12

bk−1+1.

Consequently, from (3.12) we obtain

|Q31(n)(x)| ≥ 1

Aαn
n−1

(
Aαn
n(ak )

−12
ak − Aαn

n(bk−1+1)−12
bk−1+1

)

≥ 1

Aαn
n−1

(
Aαn
n(ak )

−12
ak − Aαn

n(ak )
−12

ak−1
)

=
Aαn
n(ak )

−1

Aαn
n−1

(
2ak − 2ak−1)

= 1

2

Aαn
n(ak )

−1

Aαn
n−1

2ak .

Hence,
∫

Ak

|Q31(n)| ≥
Aαn
n(ak )

−1

4

1

Aαn
n−1

. (3.13)

Let x ∈ Bk . Since n(b j+1) = n(b j) and n(a j) ≤ n(b j), we have

wnQ31 (n) (x) = −1

Aαn
n−1

k∑

j=1

Aαn
n(a j )

−12
a j + 1

Aαn
n−1

k∑

j=1

Aαn
n(b j+1)−12

b j+1

= −1

Aαn
n−1

k∑

j=1

Aαn
n(a j )

−12
a j + 1

Aαn
n−1

k∑

j=1

Aαn
n(b j)

−12
b j+1
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≥ 1

Aαn
n−1

k∑

j=1

Aαn
n(b j)

−12
b j+1 − 1

Aαn
n−1

k∑

j=1

Aαn
n(b j )

−12
b j

≥ 1

Aαn
n−1

k∑

j=1

Aαn
n(b j)

−12
b j

≥ 1

Aαn
n−1

Aαn
n(bk )

−12
bk .

Hence ∫

Bk

|Q31(n)| ≥
Aαn
n(bk )

−1

4

1

Aαn
n−1

. (3.14)

Since Ai , Bi , i = 1, . . . , s, are pairwise disjoint from (3.13) and (3.14), we have

∫

I

|Q31(n)| ≥
s∑

k=1

⎛

⎜⎝
∫

Ak

|Q31(n)| +
∫

Bk

|Q31(n)|
⎞

⎟⎠

≥ 1

4Aαn
n−1

s∑

k=1

(
Aαn
n(ak )

−1 + Aαn
n(bk )

−1

)
.

Combining (3.5)–(3.14) we complete the proof of Theorem 3.1. ��

4 Uniform and L-convergence of (C,˛n)means

The Hardy space H1(I) consists all functions f that satisfy

‖ f ‖H1
:= ∥∥E∗ ( f )

∥∥
1 < ∞.

For a nonnegative integer n let

V (n) :=
∞∑

i=0

|εi (n) − εi+1 (n)| + ε0 (n)

and

V (n, α) := 1

nαn

|n|∑

k=1

|εk(n) − εk+1(n)| 2kαn .

Let Cw(I) denote the space of uniformly continuous functions on I with the supremum
norm

‖ f ‖Cw
:= sup

x∈I
| f (x)| ( f ∈ Cw(I)) .

Let X = X(I) be either the space L1 (I), or the space of uniformly continuous functions, that
is, Cw(I). The corresponding norm is denoted by ‖·‖X .

We remind the reader that Cw(I) is the collection of all functions f : I → R that are
uniformly continuous from the dyadic topology of I to the usual topology R, or for short:
uniformly w-continuous.
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The modulus of continuity, when X = Cw(I), and the integrated modulus of continuity,
where X = L1(I) are defined by

ω

(
1

2n
, f

)

X
= sup

h∈In
‖ f (· � h) − f (·)‖X .

For Walsh–Fourier series Fine [5] has obtained a sufficient condition for the uniform
convergence which is in complete analogy with the Dini–Lipshitz condition (see also [23]).
Similar results are true for the space of integrable functions L1(I) [22]. Gulicev [16] has
estimated the rate of uniform convergence of a Walsh–Fourier series using the Lebesgue
constant and the modulus of continuity. Uniform convergence of Walsh–Fourier series of
the functions of classes of generalized bounded variation was investigated by the second
author [13]. This problem has been considered for the Vilenkin group by Fridli [7] and Gát
[9]. Lukomskii [19] considered uniform and L1 -convergence of subsequences of partial
sums of Walsh–Fourier series. In particular, he proved that the condition sup

A
V (mA) < ∞

is necessary and sufficient for the uniform and L1-convergence of subsequences of partial
sums SmA ( f ) of Walsh–Fourier series. In [4, 10–12, 15, 18–21] the X -norm convergence of
subsequences of Walsh–Fourier series is investigated.

In this section we discuss some convergence and divergence properties of subsequences
of Cesàro means with varying parameters of Walsh–Fourier series. The following are true.

Theorem 4.1 If f ∈ X(I) and αn ∈ (0, 1), then

∥∥σαn
n ( f ) − f

∥∥
X ≤c1ω

(
1

2|n| , f

)

X
V (n, α)

+ c2αn

|n|−2∑

r=0

2r−|n|ω
(

1

2r
, f

)

X

+ c3ω

(
1

2|n|−1 , f

)

X
.

Theorem 4.1 implies

Theorem 4.2 If for a function f ∈ X(I) and a subsequence {mn : n ∈ N} we have

ω

(
1

mn
, f

)

X
= o

(
1

V (mn, α)

)
,

then the subsequence σ
αn
mn ( f ) converges in X-norm.

Theorem 4.3 Let {mn : n ∈ N} be such that

sup
n

V (mn, α) = ∞.

Then there exists {pk : k ∈ N} and a function g ∈ X(I) such that

ω

(
1

mpk
, g

)

X

= O

(
1

V (mpk , α)

)

and ∥∥∥σ
αpk
m pk

(g) − g
∥∥∥
1

� 0 as k → ∞.
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Theorem 4.4 a) Let {mn : n ∈ N} be such that

sup
n

V (mn, α) < ∞.

Then the operator σ
αn
mn ( f ) is bounded from the space L1(I) to the space L1(I);

b) Let {mn : n ∈ N} be such that
sup
n

V (mn, α) = ∞.

Then there exists f ∈ H1(I) ⊂ L1(I) such that

sup
n

∥∥σαn
mn

( f )
∥∥
1

= ∞.

Proof of Theorem 4.1 We can write

σαn
n (x, f ) − f (x)

=
∫

I

[ f (x � t) − f (x)]
1

Aαn
n−1

n∑

j=1

Aαn−1
n− j D j (t) dt

=
∫

I

[ f (x � t) − f (x)]
1

Aαn
n−1

2|n|−1−1∑

j=1

Aαn−1
n− j D j (t) dt

+
∫

I

[ f (x � t) − f (x)]
1

Aαn
n−1

2|n|−1∑

j=2|n|−1

Aαn−1
n− j D j (t) dt

+
∫

I

[ f (x � t) − f (x)]
1

Aαn
n−1

n∑

j=2|n|
Aαn−1
n− j D j (t) dt

=: J1 + J2 + J3. (4.1)

For J3 we have

J3 =
∫

I

[ f (x � t) − S2|n|(x � t, f )] 1

Aαn
n−1

n∑

j=2|n|
Aαn−1
n− j D j (t) dt

+
∫

I

[S2|n|(x � t, f ) − S2|n|(x, f )] 1

Aαn
n−1

n∑

j=2|n|
Aαn−1
n− j D j (t) dt

+
∫

I

[
S2|n| (x, f ) − f (x)

] 1

Aαn
n−1

n∑

j=2|n|
Aαn−1
n− j D j (t) dt

=:J31 + J32 + J33. (4.2)

Now we can write

J32 = 1

Aαn
n−1

n∑

j=2|n|
Aαn−1
n− j

(
S j ∗ S2|n|

)
(x; f ) − 1

Aαn
n−1

n∑

j=2|n|
Aαn−1
n− j S2|n| (x; f )

= 1

Aαn
n−1

n∑

j=2|n|
Aαn−1
n− j S2|n| (x; f ) − 1

Aαn
n−1

n∑

j=2|n|
Aαn−1
n− j S2|n| (x; f ) = 0. (4.3)
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From Minkowski’s inequality and Theorem 3.1 we get

‖J31‖X ≤ ω

(
1

2|n| , f

)

X

∫

I

1

Aαn
n−1

∣∣∣∣∣∣

n∑

j=2|n|
Aαn−1
n− j D j (t)

∣∣∣∣∣∣
dt

≤ ω

(
1

2|n| , f

)

X
(1 + V (n, α)) . (4.4)

Analogously, we can prove

‖J33‖X ≤ ω

(
1

2|n| , f

)

X
(1 + V (n, α)) . (4.5)

Combining (4.2)–(4.5) we obtain

‖J3‖X ≤ 2ω

(
1

2|n| , f

)

X
(1 + V (n, α)) . (4.6)

We can write

J1 = 1

Aαn
n−1

|n|−2∑

r=0

∫

I

[ f (x � t) − f (x)]
2r+1−1∑

j=2r
Aαn−1
n− j D j (t) dt

= 1

Aαn
n−1

|n|−2∑

r=0

∫

I

[ f (x � t) − S2r (x � t, f )]
2r+1−1∑

j=2r
Aαn−1
n− j D j (t) dt

+ 1

Aαn
n−1

|n|−2∑

r=0

∫

I

[S2r (x, f ) − f (x)]
2r+1−1∑

j=2r
Aαn−1
n− j D j (t) dt

=:J11 + J12. (4.7)

Using Minkowski’s inequality we get

‖J11‖X ≤
|n|−2∑

r=0

ω

(
1

2r
, f

)

X

1

Aαn
n−1

∫

I

∣∣∣∣∣∣

2r+1−1∑

j=2r
Aαn−1
n− j D j (t)

∣∣∣∣∣∣
dt .

Since

2r+1−1∑

j=2r
Aαn−1
n− j D j (t)

=
2r+1−2∑

j=2r
Aαn−2
n− j j K j (t) + Aαn−1

n−2r+1+1

(
2r+1 − 1

)
K2r+1−1 (t)

− Aαn−1
n−2r

(
2r − 1

)
K2r−1 (t)

and
sup
n

‖Kn‖1 < 2,
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from (2.2)–(2.4) we get (r < |n| − 1)

1

Aαn
n−1

∫

I

∣∣∣∣∣∣

2r+1−1∑

j=2r
Aαn−1
n− j D j (t)

∣∣∣∣∣∣
dt

≤ 2

Aαn
n−1

⎧
⎨

⎩

2r+1−2∑

j=2r

∣∣∣Aαn−2
n− j

∣∣∣ j + Aαn−1
n−2r+1+1

(
2r+1 − 1

)+ Aαn−1
n−2r

(
2r − 1

)
⎫
⎬

⎭

≤ c (1 − αn)

nαn

{ 2r+1−2∑

j=2r
(n − j)αn−2 j + (

n − 2r+1 + 1
)αn−1 (

2r+1 − 1
)

+ (
n − 2r

)αn−1 (2r − 1
) }

≤ c (1 − αn) αn

nαn

22r
(
n − 2|n|−1

)2−αn
+ c2r (1 − αn) αn

nαn
(
n − 2|n|−1

)1−αn

≤ cαn2
r−|n|.

Consequently,

‖J11‖X ≤ cαn

|n|−2∑

r=0

2r−|n|ω
(

1

2r
, f

)
. (4.8)

Analogously, we can prove

‖J12‖X ≤ cαn

|n|−2∑

r=0

2r−|n|ω
(

1

2r
, f

)
. (4.9)

Combining (4.7)–(4.9) we get

‖J1‖X ≤ cαn

|n|−2∑

r=0

2r−|n|ω
(

1

2r
, f

)
. (4.10)

Finally, we estimate J2. Since D2m− j = D2m − w2m−1Dj , j = 0, 1, . . . , 2m − 1, we have

∫

I

1

Aαn
n−1

∣∣∣∣∣∣

2|n|−1∑

j=2|n|−1

Aαn−1
n− j D j (t)

∣∣∣∣∣∣
dt

=
∫

I

1

Aαn
n−1

∣∣∣∣∣∣

2|n|−1∑

j=1

Aαn−1
n(|n|−1)+ j D2|n|− j (t)

∣∣∣∣∣∣
dt

≤
∫

I

1

Aαn
n−1

∣∣∣∣∣∣

2|n|−1∑

j=1

Aαn−1
n(|n|−1)+ j D2|n| (t)

∣∣∣∣∣∣
dt

+
∫

I

1

Aαn
n−1

∣∣∣Aαn−1
n(|n|−1)+ j D j (t)

∣∣∣ dt

≤ c1 +
∫

I

1

Aαn
n−1

∣∣∣Aαn−1
n(|n|−1)+ j D j (t)

∣∣∣ dt
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≤ c1 +
∫

I

1

Aαn
n−1

∣∣∣∣∣∣

2|n|−1−1∑

j=1

Aαn−2
n(|n|−1)+ j j K j (t)

∣∣∣∣∣∣
dt

+
∫

I

Aαn−1
n(|n|−1)+2|n|−1

Aαn
n−1

2|n|−1
∣∣K2|n|−1 (t)

∣∣ dt

≤ c1 +
c2

2|n|−1∑
j=0

Aαn−1
n(|n|−1)+ j

Aαn
n−1

≤ c < ∞.

Hence,

‖J2‖X ≤ cω

(
1

2|n|−1 , f

)

X
. (4.11)

Combining (4.1), (4.6), (4.10) and (4.11) we complete the proof of Theorem 4.1. ��
Proof of Theorem 4.3 Since sup

n
V (mn, α) = ∞, there exists {pk : k ∈ N} such that

∣∣mpk

∣∣ >
∣∣mpk−1

∣∣+ 2 log(k + 1); (4.12)

V (mpk , α) ≥ 2kV (mpk−1 , α). (4.13)

At first we consider the case X(I) = L1 (I). We set

g (x) :=
∞∑

j=1

g j (x), g j (x) := D
2
|mp j |+1(x)

V (mpj , α)
.

If y ∈ I|mpk |, then for l = 1, 2, . . . , k − 1 we obtain

D2|mpl | (x � y) = D2|mpl | (x) . (4.14)

Then, from (1.3) and (4.13),
∫

I

|g (x � y) − g (x)| dx

≤
∞∑

j=k

1

V
(
mpj , α

)
∫

I

∣∣∣D
2
|mp j |+1 (x � y) − D

2
|mp j |+1 (x)

∣∣∣ dx

≤ c

V
(
mpk , α

) .

Consequently,

ω

(
1

mpk
, g

)

1
= O

(
1

V
(
mpp , α

)
)

.

Further,
∥∥∥σ

αpk
m pk

(g) − g
∥∥∥
1

≥
∥∥∥∥∥∥
σ

αpk
m pk

⎛

⎝
∞∑

j=k

g j

⎞

⎠

∥∥∥∥∥∥
1

−
∞∑

j=k

∥∥g j
∥∥
1 −

∥∥∥∥∥∥
σ

αpk
m pk

⎛

⎝
k−1∑

j=1

g j

⎞

⎠−
k−1∑

j=1

g j

∥∥∥∥∥∥
1

. (4.15)
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Since for j ≥ k

σ
αpk
m pk

(
g j
) = g j ∗ K

αpk
m pk

= K
αpk
m pk

∗ g j = 1

V
(
mpj , α

)K αpk
m pk

∗ D
2
|mp j |+1

= 1

V
(
mpj , α

) S
2
|mp j |+1

(
K

αpk
m pk

)
= 1

V
(
mpj , α

)K αpk
m pk

,

from Theorem 3.1 we obtain
∥∥∥∥∥∥
σ

αpk
m pk

⎛

⎝
∞∑

j=k

g j

⎞

⎠

∥∥∥∥∥∥
1

=
∞∑

j=k

1

V
(
mpj , α

)
∥∥∥K

αpk
m pk

∥∥∥
1

≥
∥∥∥K

αpk
m pk

∥∥∥
1

V
(
mpk , α

) ≥ c0 > 0. (4.16)

From (1.3) and (4.13) we get

∞∑

j=k

∥∥g j
∥∥
1 ≤ 2

∞∑

j=k

1

V
(
mpj , α

) ≤ 3

V
(
mpk , α

) . (4.17)

Using Theorem 4.1, from (4.12) and (4.14) we obtain for j < k

∥∥∥σ
αpk
m pk

(
g j
)− g j

∥∥∥ ≤ cαpk

|mpk |−2∑

r=0

2r−|mpk |ω
(
g j ,

1

2r

)

1

≤ cαpk

|mp j |−2∑

r=0

2r−|mpk |ω
(
g j ,

1

2r

)

1

≤ c

2|mpk |

|mp j |∑

r=0

2r

≤ c

k2
.

Consequently,
k−1∑

j=1

∥∥∥σ
αpk
m pk

(
g j
)− g j

∥∥∥
1

≤ c

k
. (4.18)

Combining (4.15)–(4.18) we obtain

lim
k→∞

∥∥∥σ
αpk
m pk

(g) − g
∥∥∥
1

> 0.

Now, we discuss the case X(I) = Cw (I). Let the conditions (4.12) and (4.13) be satisfied.
We set

h(x) :=
∞∑

j=1

h j (x)

V (mpj , α)
,

where
h j (x) := sgn

(
K

αp j
m p j

)
.

It is evident that h0 ∈ Cw(I). If y ∈ I|mpk |, then for j = 1, 2, . . . , k − 1 we obtain

h j (x � y) − h j (x) = 0
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and from (4.13) we get

|h (x � y) − h (x)| ≤ 2
∞∑

j=k

1

V
(
mpj , α

) = O

(
1

V
(
mpk , α

)
)

.

Hence

ω

(
1

mpk
, h

)

C

= O

(
1

V
(
mpk , α

)
)

.

Clearly
∣∣∣σ

αpk
m pk

(0, h) − h (0)
∣∣∣

≥
∣∣∣σ

αpk
m pk

(0, hk)
∣∣∣

V
(
mpk , α

) −
∞∑

j=k

∣∣h j (0)
∣∣

V
(
mpj , α

) −
∞∑

j=k+1

∣∣∣σ
αpk
m pk

(
0, h j

)∣∣∣

V
(
mpj , α

)

−
k−1∑

j=1

∣∣∣σ
αpk
m pk

(
0, h j

)− h j (0)
∣∣∣

V
(
mpj , α

)

=: R1 − R2 − R3 − R4. (4.19)

Using Theorem 3.1, from (4.12) and (4.13) we obtain

R1 =
∥∥∥K

αpk
m pk

∥∥∥
1

V
(
mpk , α

) ≥ c > 0, (4.20)

R2 ≤ c

V
(
mpk , α

) , (4.21)

R3 ≤
∞∑

j=k+1

∥∥∥K
αpk
m pk

∥∥∥
1

V
(
mpj , α

) ≤ cV
(
mpk , α

)

V
(
mpk+1 , α

) ≤ c

k
, (4.22)

R4 ≤ c
k−1∑

j=1

|mpk |−2∑

r=0

2r−|mpk |ω
(

1

2r
, h j

)

C

≤ c
k−1∑

j=1

|mp j |∑

r=0

2r−|mpk |ω
(

1

2r
, h j

)

C

≤ ck2|mpk−1 |

2|mpk | ≤ c

k
. (4.23)

Combining (4.19)–(4.23) we complete the proof of Theorem 4.3. ��
Proof of Theorem 4.4 The validity of part a) immediately follows from Theorem 3.1. Now,
we prove part b). Since sup

a
V (ma, α) = ∞, without loss of generality we can suppose

V (ma, α) ≥ a4. (4.24)

Set

f :=
∞∑

a=1

λa fa, ,
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where

λa := 1√
V (ma, α)

and
fa := D2|ma |+1 − D2|ma | .

We can write

S2n ( fa) = S2n
(
D2|ma |+1 − D2|ma |

) =
{
0, if n ≤ |ma |,
fa, if n > |ma |.

Hence,

S2n ( f ) =
∞∑

a=1

λa S2n ( fa) =
∑

{a:|ma |<n}
λa fa

and
sup
n

|S2n ( f )| ≤
∑

a

λa | fa | =
∑

a

λa D2|ma | .

Applying (1.3) and (4.24) we conclude that
∥∥∥∥sup

n
|S2n ( f )|

∥∥∥∥
1

≤
∑

a

λa ≤
∑

a

1

a2
< ∞.

Hence f ∈ H1(I).
We can write

σαa
ma

( f ) = σαa
ma

(λa fa) +
a−1∑

j=0

λ jσ
αa
ma

(
f j
)+

∞∑

j=a+1

λ jσ
αa
ma

(
f j
)
. (4.25)

Let j > a. Then it is easy to see that

σαa
ma

(
f j
) = f j ∗ K αa

ma
=
(
D2|m j |+1 − D2|m j |

)
∗ K αa

ma

= S2|m j |+1
(
K αa
ma

)− S2|m j |
(
K αa
ma

) = 0. (4.26)

Let j < a. Then from Theorem 4.1 we have
∥∥σαa

ma

(
f j
)∥∥

1
≤ ∥∥σαa

ma

(
f j
)− f j

∥∥
1
+ 2

≤
|ma |∑

r=0

2r−|ma |ω
(
f j ,

1

2r

)

1
+ 2

≤
|m j |∑

r=0

2r−|ma |ω
(
f j ,

1

2r

)

1
+ 2

≤ 2|ma−1|

2|ma | + 2 < 3. (4.27)

Finally, we estimate σ
αa
ma ( fa). Let ma = 2|ma | +m′

a, 0 ≤ m′
a < 2|ma |. Then we can write

∣∣σαa
ma

( fa)
∣∣ = 1

Aαa
ma−1

∣∣∣∣∣∣

m′
a−1∑

j=0

Aαa
m′
a−1− jw j

∣∣∣∣∣∣
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and consequently, from Theorem 3.1 and by (2.2)–(2.4), we get

∥∥σαa
ma

( fa)
∥∥
1

= 1

Aαa
ma−1

∥∥∥∥∥∥

m′
a−1∑

j=0

Aαa
m′
a−1− jw j

∥∥∥∥∥∥
1

≥ c

Aαa
ma−1

|m′
a |∑

j=0

∣∣ε j
(
m′

a

)− ε j+1
(
m′

a

)∣∣ 2 jαa

≥ c

2|ma |αa

|ma |∑

j=0

∣∣ε j (ma) − ε j+1 (ma)
∣∣ 2 jαa

≥ cV (ma, α) . (4.28)

Combining (4.25)–(4.28) we conclude that

sup
a

∥∥σαa
ma

( f )
∥∥
1

= ∞.
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