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Chapter 1Introdu
tion
1.1 Approximations vs. exa
t resultsThe importan
e of approximative methods in physi
s a matter of fa
t that is un-questionable. Without them 
an not be treated any problem whi
h is at least alittle realisti
. However, the task and the purpose of theoreti
al physi
s is not thesolution of problems whi
h are as realisti
 as possible. For example imagine fora moment that one 
an write down a Hamiltonian whi
h is a very realisti
 modelof the iron, taking into a

ount almost all mi
ros
opi
 intera
tions between parti-
les, and one 
an solve it. From the solution it 
an be seen that the material �namely the iron � is ferromagneti
, and the Néel temperature is also determinedwith high a

ura
y. And it is the result of a surely very 
ompli
ated 
omputation.Was it worth to do? Have we known something new? The ferromagneti
 featureof the iron, in
luding the pre
ise value of its Néel temperature, is well known byexperimentally. But why it is a ferromagnet? This is the adequate question fortheoreti
al physi
s. For the answer we should point to the main mi
ros
opi
 fea-tures of the iron that makes it magneti
. Perhaps this is 
ommon with Ni andCo, too. The purpose is to 
onstru
t a model of the ferromagnetism, or morepre
isely the ferromagnetism of transition metals; may be other way leading toferromagnetism in very di�erent materials. That means the understanding of thisphenomenon.From this point we have to make distin
tion between the features of the modeland the features of the real material desired to des
ribe by it. We should not beatabout the model at any 
oast to get a result whi
h is observed in the real world.We should dedu
e result related to the model only by 
ontrolled approa
hes. Imean �
ontrolled approa
h� the methods, whi
h are either exa
t, or � at least �1



2 CHAPTER 1. INTRODUCTIONthere is a reliable estimate about the error, e.g. exists a really small parameter forperturbation 
omputation. In the �eld of strongly 
orrelated systems unfortunatelythere are very few well-tried 
ontrolled approa
hes, and most of them work onlyin one dimension. My purpose in this thesis is to give higher dimensional exa
tresults related to important models of many-body physi
s.After this little bit philosophi
al introdu
tion let's see some 
on
rete modelsof strongly 
orrelated systems and the interesting questions whi
h motivate thephysi
ists � among them me � to study these models.1.2 MotivationStrongly 
orrelated ele
tron systems have been studied 
onsiderably in the lastde
ade. From the relatively new phenomenon about heavy fermions and oxidesuper
ondu
tors till the perhaps oldest one not well-understood 
ooperative ele
-troni
 phenomena, the ferromagnetism provide attra
tive problems for resear
hersof solid state physi
s. The fundamental models to des
ribe strongly 
orrelated ele
-trons are given by the Hubbard model and the periodi
 Anderson model (Andersonlatti
e).The Hubbard model has a long history in des
ribing the magnetism of mate-rials sin
e the works of Hubbard [7℄, Gutzwiller [8℄ and Kanamori [9℄. The Hub-bard model has evoked mu
h attention after the dis
overy of high-T
 super
on-du
tors [10℄. Thus the importan
e of the Hubbard model of itinerant ele
trons isin
reasingly being appre
iated. One dimensional Hubbard model has been studiedin a very elegant way by Bethe Ansatz [11℄ and 
onformal �eld theory [12℄. Thesolutions revealed that the weak-
oupling bosonisation theory [13℄ 
an well des
ribethe ground state of the Hubbard model in one dimension, whi
h established the
on
ept of Luttinger liquid. In spite of the su

ess for the one dimensional 
orre-lated models, su
h as the Hubbard model and t � J model, 
orrelated ele
tronsin two or three dimension are still far from a 
omplete understanding, due to thefa
t that there are no many 
ontrolled approa
hes whi
h are usable under these
ir
umstan
es. In the study of the Hubbard model, main topi
s are likely thefollowing:� Magnetism: ferromagnetism or antiferromagnetism?� Possibility of metal-insulator (Mott) transition.� Possibility of super
ondu
tivity.Chapter 3 and 5 of this thesis are 
onne
ted with the �rst topi
. In Chapter 3 Istudy the e�e
t of the non-on-site intera
tions to 
hara
terize their in�uen
e on thestability of ordered phases, among them ferromagneti
 and antiferromagneti
 or-derings. We su

eeded in determining di�erent parameter regions where the exa
t



1.2. MOTIVATION 3ground state wave fun
tion des
ribes fully saturated ferromagneti
, paramagneti
insulator, and several kinds of 
harge and spin density wave (antiferromagneti
)phases. In Chapter 5 I study the simple Hubbard model without non-on-site inter-a
tions. I try to shed light on the origin of Nagaoka's ferromagnetism and dis
ussthe 
ase with more than one hole.The periodi
 Anderson model (beside the Kondo latti
e Hamiltonian) is es-tablished as a model to des
ribe heavy fermions that show very 
hara
teristi
 be-haviour. In heavy-Fermion systems with 4f or 5f atoms (su
h as Ce or U), theproximity of the ele
troni
 orbital to the Fermi level 
onfers a Kondo e�e
t at lowtemperature, i.e. an on-site 
ompensation of lo
alized magneti
 moment by 
on-du
tion ele
trons. A dire
t 
onsequen
e is the observation at low temperature ofa very large e�e
tive ele
troni
 mass m� derived from the huge linear spe
i�
 heat
oe�
ient 
 = C=T and a 
orrespondingly large Pauli sus
eptibility. Simultane-ously, the observation of the de Haas-van Alphen quantum os
illations [14℄ also
on
ludes in favour of the existen
e of heavy quasiparti
les.In addition to the Kondo e�e
t, those systems are 
hara
terized by long-rangeRKKY (Ruderman-Kittel-Kasuya-Yoshida) intera
tions between neighbouring lo-
al moments mediated by 
ondu
tion ele
trons. The 
ompetition between theKondo e�e
t and the RKKY intera
tions leads to the possibility of either a non-magneti
 or a long-range magneti
ally-ordered ground state [15℄. These groundstates are separated by a zero-temperature quantum phase transition point. Thistransition is governed by the value of the ex
hange 
oupling between the spin ofthe 
ondu
tion ele
tron and the lo
al moment. One of the most striking propertiesof the heavy-Fermion 
ompounds dis
overed during these last years is the exper-imental possibility to explore this quantum phase transition [16℄ by varying the
omposition 
hange, or by applying a pressure or a magneti
 �eld. The observedbehavior at low temperature at this quantum 
riti
al point is at odds with thatusually expe
ted from a simple Fermi liquid. The spe
i�
 heat C depends on Tas C=T � �Ln(T=T0), the magneti
 sus
eptibility as � � 1 � �pT , and the T-dependent part of the resistivity as �� � T [18℄ (instead of C=T � � � Const and�� � T 2 in the Fermi liquid state). Pressure or large magneti
 �elds are found torestore the Fermi liquid behavior.The origin of this non-Fermi liquid regime is a largely dis
ussed problem. Thereare three main interpretations whi
h rely on (i) a single impurity multi
hannelKondo e�e
t in whi
h the internal degree of freedom is provided by the 4f or 5fquadrupolar moment [17℄, (ii) a distribution of the Kondo 
oupling due to thedisorder leading to a distribution of the Kondo temperature P (TK) [19℄ and (iii)the proximity of a quantum phase transition [18, 20, 21℄.As partially explained in the above the followings are the most interesting ques-tions whi
h are likely related to the periodi
 Anderson model:� Fermi liquid state with heavy mass, and non-Fermi liquid state.



4 CHAPTER 1. INTRODUCTION� Interplay between Kondo e�e
t and the RKKY intera
tion.� Magnetism: ferromagnetism or antiferromagnetism?� Metal-insulator transition: Kondo insulator.Chapter 4 is 
onne
ted with the �rst topi
. However, the model investigated byme is not an original periodi
 Anderson model. The di�eren
e is that I take intoa

ount hopping on the level of f-ele
trons. This leads to an e�e
tive band whi
his 
ompletely �at in a spe
ial region of parameter spa
e, and this feature remainsvalid in the intera
ting 
ase. Due to this feature we 
an give the exa
t ground statein whi
h the o

upation number n~k is 
ontinuous together with its derivatives ofany order.1.3 OutlineThis thesis deals with exa
t results related to strongly intera
ting, therefore usuallystrongly 
orrelated ele
tron systems. It means mainly (ex
ept Chapter 5) zerotemperature properties: ground state wave fun
tion and energy. In the �rst Se
tionI illustrated why the exa
t solutions are so important in physi
s, espe
ially in the�eld I have worked. I sket
hed the di�
ulties of this duty, in 
onsideration theproblem of D > 1. The previous Se
tion exposed the models and questions whi
hare related to the topi
 of this thesis.Chapter 2 explains the mentioned models in details: the general 
on
epts of themodel building, the exa
t steps and the approximations that have to be done toobtain a treatable model. Firstly, on the example of the tight-binding des
ription, Iexplained the general prin
iple needed to get latti
e models. Then, starting from ahighly general Hamiltonian whi
h des
ribes intera
ting ele
trons in solids, I deriveone and two band Hamiltonians. Trun
ating the intera
tion terms, � on theline of tight-binding approximation, � I get models with nearest and next-nearestneighbour intera
tions. Simple Hubbard model 
an be got as a �nal approximation.I 
onstrue the 
ir
umstan
es under whi
h the approximation steps 
an be done andthe features of the 
onstru
ted models.In Chapter 3 I deal with a Hubbard model extended with next-nearest neighbourintera
tion terms to as
ertain the e�e
t of these intera
tions to the stability of or-dered phases. By a method used by several authors in the last de
ade I determineddomains in the parameter spa
e where the exa
t ground state is fully-saturated fer-romagneti
 state, di�erent types of 
ommensurate 
harge-density waves and spin-density waves, furthermore a phase separation region were found, when the bandis half �lled. I �nd that the next-nearest neighbour intera
tions have qualitativeimportan
e in the sense that they 
an stabilize di�erent types of spin and 
hargeorderings whi
h 
ould not be present in the phase diagram in the absen
e of these



1.3. OUTLINE 5terms. Moreover they have quantitative importan
e, be
ause they 
an stronglymodify the stability domains of all phases, whi
h depend also on the dimension ofthe system.Results have been got by the same method are presented in Chapter 4. Theseare 
onne
ted to an intera
ting two band model, whi
h is essentially a periodi
Anderson model. Every result of this Chapter is related to D = 2 dimension.I found an interesting solution for this model, whi
h 
an des
ribe two di�erentphysi
al situations depending on the �lling and the values of the 
oupling 
onstants:a Mott insulator and a non-Fermi liquid phase. In the ground state the Fermisurfa
e 
an not be de�ned, be
ause there is no dis
ontinuity or any other non-analy
ity of the o

upation number in the momentum spa
e. However, there is awell-de�ned Fermi energy, where the density of states diverges. The ground stateis paramagneti
 with large spin degenera
y. The results are valid at three-quarter�lling and above.In Chapter 5 I analyze a simple one-band Hubbard model in U = 1 limit in anydimensions. The purpose is to understand why the Nagaoka state is stable for onehole, and why not for more holes. For this purpose I developed a formalism whi
hdeal with the 
harge and spin degrees of freedom separately, and dire
tly showstheir intera
tion as well. I �nd that the rearrangement of parti
les (spins) with oddparity permutations while the single hole is moving is impossible. Therefore, thefermioni
 feature of ele
trons is not playing any role, and the system is equivalentwith a system of hypotheti
al hard 
ore (U = 1) half-spin boson system whoseground state is trivially ferromagneti
. In the presen
e of more than one holethis is not true any more and the 
omplete separation of 
harge and spin degreesof freedom is impossible. Based on our representation of the Hamiltonian, thetra
e over the spin degrees of freedom 
an be 
omputed exa
tly. The presentedpro
edure allows us to express the partition fun
tion, free energy, spe
i�
 heat andthe expe
tation value of the square of the total spin. This allows to study the 
asemore than one hole.A brief summary 
loses the main part of this thesis in English and Hungarianlanguage. There are even two Appendi
es, the �rst for some 
omputational detailsof Chapter 4, the other one for some well-known mathemati
al fa
ts about thesymmetri
 group and its representations, whi
h is used in Chapter 5.



Chapter 2Models of intera
ting ele
tronsystemsIn this Chapter I derive the model Hamiltonians whi
h I deal with in this thesisand explain some important related problems whi
h 
an be des
ribed by them.I 
on
entrate on questions whi
h are in 
onne
tion of the topi
 of next 
hapters,but I think it is high enough to exemplify the reasons of so mu
h theoreti
al e�ortwhi
h are to �nd the �solutions� of these models.In this thesis I deal with tight-binding Hamiltonians, like Hubbard model, pe-riodi
 Anderson model, et
. First of all I explain the philosophy of tight-bindingdes
ription, then I introdu
e the se
ond quantized formalism, and present the gen-eral way, how 
an latti
e models be got to des
ribe some 
hara
teristi
 low energyfeatures of the ele
tron system in a solid. Among the one-band models I presentthe simple and extended Hubbard Hamiltonians, and the physi
s whi
h is hopedto be 
aptured by them. In the frame of a detailed dis
ussion of the ferromag-netism, whi
h is one of the longest-standing yet unresolved problems in the physi
sof strongly 
orrelated ele
tron systems, I dis
uss Nagaoka's theorem and relatedworks. Then I shed light on the reason why we introdu
e even further terms within
reased intera
tion range. After it I write about the periodi
 Anderson modelsin a broader sense: models with two bands in one of whi
h a Hubbard intera
tion.Finally I dis
uss the non-Fermi liquid behaviour whi
h is often based on multi-bandmodels (see e.g. Ref. [21℄).
6



2.1. TIGHT-BINDING DESCRIPTION 72.1 Tight-binding des
riptionBefore introdu
ing intera
ting many-ele
tron Hamiltonians, we des
ribe the 
orre-sponding single-ele
tron problem. A single atom has multiple ele
trons in di�erentorbits. When atoms 
ome together to form a solid, ele
trons in the outermost orbitsbe
ome itinerant, while those in the inner orbits are still lo
alized at the originalatomi
 sites. However, between these two situations, ele
trons in outer but notthe most outer orbits are mostly lo
alized around the atomi
 sites, but tunnel tonearby similar orbits with non-negligible probabilities. As an approximation, weonly 
onsider the ele
trons in these orbits, whi
h are expe
ted to play essentialroles in determining various aspe
ts of low-energy physi
s of the system. In thisway we get a latti
e model in whi
h ele
trons live on latti
e sites and hop from onesite to another. This is the idea of the tight-binding des
ription, whi
h is a kind oflow-energy e�e
tive theory: we de
lare that ele
trons 
an live only on latti
e sites,leaving the possibility of the hopping between sites by tunneling pro
ess.The question that how many atomi
 orbits play important role remains. Forsimpli
ity it is often assumed that the essential physi
s 
an be 
aptured by a singlenon-degenerate (s) orbital, whereby all other orbits are negle
ted.1 Of 
ourse,a
tual atoms 
an have more than one orbits, and these orbits 
an be degenerated,however, in some solids, the degenera
y in the original atomi
 orbit is lifted by
rystalline anisotropy. The philosophy behind the model building is that thoseele
trons in other states do not play signi�
ant roles in determining the low-energyphysi
s in whi
h we are interested, and 
an be �forgotten� for the moment.2.2 General latti
e model of intera
ting ele
tronsRemaining the important ideas from the above philosophy we 
an pro
eed morepre
isely to des
ribe the ele
trons in solids. Instead of the atomi
 orbits, whi
h arenot well-de�ned in a 
rystal, we 
an use more 
onvenient one-parti
le states: theBlo
h states and the Wannier states. For our purpose a 
rystal is medium havingtranslational periodi
ity with Lj periods in the j-th dire
tion. Here j = 1; : : :D,where D is the dimension of the system. We take into a

ount periodi
 boundary
onditions, therefore it is 
onvenient to label the latti
e ve
tors by the elements ofthe fa
tor group � := ZD=(L1; : : : ; LD). This medium has D linearly independentve
tor ~di, so 
alled primitive latti
e ve
tors. All points related to ea
h other by alatti
e ve
tor ~Ri so that ~Ri =PDj=1 ij ~dj where i = (i1; : : : ; iD) 2 � have identi
alproperties as a medium for ele
tron motion. Assuming that ~R0 is the 
oordinate1More pre
isely, in the band theory of ele
trons in solids, all other bands 
an be proje
ted ontoone e�e
tive band. The single band approximation requires the existen
e of a band gap above thee�e
tive band. Then the deviation of the 
oupling 
onstants from their multi-band values 
an bedetermined, in prin
iple, by perturbation theory.



8 CHAPTER 2. MODELS OF INTERACTING ELECTRON SYSTEMSof a �xed atom, the ve
tors ~Ri are the 
oordinates of atoms. Hereafter we refer theset f~Ri : i 2 �g as the latti
e and ~Ri � or simplifying, shortly i � as the sites.We denote the number of the sites by N� = QDj=1 Lj , and the sum over all thesites by Pi instead of Pi2�.From the above mentioned translational periodi
ity follows that the one par-ti
le Hamiltonian, whi
h 
ontains kineti
 energy and the ioni
 potential, have atranslational symmetry 
onsidering the latti
e translations, therefore it 
ommuteswith the latti
e translation operators de�ned byT̂i (~r) =  (~r + ~Ri); (2.1)where  is an arbitrary one-parti
le wave fun
tion. Every T̂i are unitary operators,therefore their eigenvalues are in the 
omplex unit 
ir
le. It is the 
ustom torepresent these eigenvalues in terms of wave ve
tor ~k, that is, to writeT̂i ~k = ei~k ~Ri ~k ; (2.2)where ~k is an element of the re
ipro
al spa
e, i.e., ~k = 2�Pdi=1 �i ~d�i , where ~d�i isthe dual basis of ~di, i.e., ~di ~d�j = Æi;j . Sin
e all distin
t eigenvalues of the latti
etranslational operators arise 
hoosing the values of �i from an interval of lengthunity, we see that all signi�
ant values of ~k are rea
hed if ~k varies within oneprimitive 
ell of the re
ipro
al latti
e expanded by 2�, i.e., within the �rst Brillouinzone. Hereafter the set of these ~k ve
tors from the �rst Brillouin zone is denotedby �̂. Outside the �rst Brillouin zone we rea
h ~k values whi
h are equivalent. Withthis end in view, the P~k is a shorthand notation instead of P~k2�̂.As a short by-path, here we �x some 
onventions whi
h will be 
onvenientin the following Chapters. Both � and �̂ are handled as ordered sets, i.e., theyare endowed with a greater than relation. These orders are �xed but otherwisearbitrary. If we do not say others, by de�nition, the multipliers of every non-
ommutative produ
t over �, �̂, or some subsets of them stand in in
reasing order.The produ
ts of whi
h multipliers stand in de
reasing order is denoted by primeover the Q, su
h as in equation (A.8). Finally, the following 
onvention will beused: the boldfa
e latti
e indi
es refer to the order of �, i.e., the �rst, se
ond, i-thand the last elements of � are denoted by 1, 2, i and N�, respe
tively. When anormal type letter denotes a natural number between 1 and N� then the boldfa
eletter denotes the appropriate latti
e site respe
t to the order of �.Blo
h fun
tions '~k;s are the eigenfun
tions of the Hamiltonian having lat-ti
e translational symmetry, whi
h are simultaneously eigenfun
tions of the latti
etranslation operators (2.1) with eigenvalues ei~k ~R. The 
orresponding eigenvaluesof the Hamiltonian is denoted by �~k;s. Due to the using of periodi
 (Born � vonKarman) boundary 
onditions there are not any te
hni
al di�
ulty to normalize
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h fun
tions, whi
h thus form an orthonormal system,Z d~r '�~k;s(~r)'~k0;s0(~r) = Æ~k;~k0 Æs;s0 : (2.3)These fun
tions, like any physi
ally meaningful fun
tion of ~k, must be periodi
 inre
ipro
al spa
e. This means, in general, that the Blo
h fun
tions 
an be writtenas Fourier series of the form'~k;s(~r) = 1pN� Xi e�i~k ~Ri�s(~r � ~Ri) (2.4)be
ause the fun
tions � have the property that they depend only on the di�eren
eof ~Ri and ~r. The fun
tion �i;s(~r) := �s(~r� ~Ri) is the Wannier fun
tion lo
alized atsite i, be
ause the probability density of an ele
tron des
ribed by the wave fun
tion�i;s(~r) is 
on
entrated near the site i. It 
an be expressed expli
itly through theinverse of equation (2.4) as�i;s(~r) = 1pN� X~k ei~k ~Ri'~k;s(~r): (2.5)Dealing with many-parti
le systems we 
an introdu
e the more 
onvenient o

u-pation number (in other word �se
ond quantized�) formalism. Within this formal-ism the Hamiltonian for ele
trons with spin � intera
ting via a spin-independentintera
tion V ee(~r1 � ~r2) in the presen
e of an ioni
 potential V ion(~r) has the form[7, 22℄ Ĥ = Ĥ0 + Ĥint, whereĤ0 =X� Z d~r  ̂y�(~r) �� ~22mr2 + V ion(~r)�  ̂�(~r) (2.6)Ĥint = 12X�;�0 Z d~r1 Z d~r2 V ee(~r1 � ~r2)n̂�(~r1)n̂�0(~r2): (2.7)Here  ̂�(~r) and  ̂y�(~r) are the usual �eld operators and n̂�(~r) =  ̂y�(~r) ̂�(~r) is thelo
al density. We note that the intera
tion term is diagonal in the spa
e variables~r1; ~r2, i.e. it depends only on the (operator valued) densities of the ele
trons atsite ~r1; ~r2 whi
h intera
t via V ee(~r1 � ~r2). The latti
e potential entering the non-intera
ting part (2.6) leads to a splitting of the paraboli
 dispersion into in�nitemany bands whi
h we enumerate by the index s, and the eigenfun
tions of thenon-intera
ting problem � by the above de�nition � is the Blo
h wave fun
tions'~k;s(~r) with the band energies �~k;s. Constru
ting 
reation and annihilation op-erators 
̂y~k;s;�; 
̂~k;s;� for ele
trons with spin � in the band s with wave ve
tor ~kas 
̂y~k;s;� = Z d~r '~k;s(~r) ̂y�(~r); (2.8)



10 CHAPTER 2. MODELS OF INTERACTING ELECTRON SYSTEMSthe non-intera
ting Hamiltonian 
an be written asĤ0 = X~k;s;� �~k;s
̂y~k;s;� 
̂~k;s;� : (2.9)For the latti
e representation of the Hamiltonian we use the Wannier basis instead.We may introdu
e 
reation and annihilation operators 
̂yi;s;�; 
̂i;s;� for ele
tronswith spin � in the band s at site i as
̂yi;s;� = Z d~r �i;s(~r) ̂y�(~r): (2.10)Due to the orthonormality of Blo
h fun
tions and the normalization 
onstantof the de�nition of the Fourier serious expansion (see the prefa
tor 1=pN� inequations (2.4) and (2.5)) the Wannier fun
tions are orthonormal, too. As a 
on-sequen
e, the 
reation and annihilation operators � both in the dire
t and there
ipro
al spa
e, de�ned by the formulas (2.8) and (2.10), respe
tively � are sat-isfy the 
anoni
al anti
ommutation relations,[
̂~k;s;�; 
̂~k0;s0;�0 ℄+ = [
̂y~k;s;� ; 
̂y~k0;s0;�0 ℄+ = 0; [
̂y~k;s;� ; 
̂~k0;s0;�0 ℄+ = Æ~k;~k0 Æs;s0 Æ�;�0 ;[
̂i;s;� ; 
̂j;s0;�0 ℄+ = [
̂yi;s;� ; 
̂yj;s0;�0 ℄+ = 0; [
̂yi;s;� ; 
̂j;s0;�0 ℄+ = Æi;j Æs;s0 Æ�;�0 : (2.11)It 
an be 
he
ked easily by dire
t 
omputation based on the anti
ommutationrelations of the �eld operators.The inverse relation of (2.10) is ̂y�(~r) =Xi;s ��i;s(~r)
̂yi;s;� : (2.12)Thereby the Hamiltonian may be written in latti
e representation as [7℄Ĥ =Xs X� Xi;j ts;i;j
̂yi;s;� 
̂j;s;� +12 Xs1;s2;s3;s4X�;�0 Xi;j;m;nVs1;s2;s3;s4i;j;m;n 
̂yi;s1;� 
̂yj;s2;�0 
̂n;s4;�0 
̂m;s3;�; (2.13)where the matrix elements are given byts;i;j =Z d~r ��i;s(~r) �� ~22mr2 + V ion(~r)��j;s(~r) (2.14)Vs1;s2;s3;s4i;j;m;n =Z d~r1Z d~r2 V ee(~r1 � ~r2)��i;s1(~r1)��j;s2(~r2)�n;s4(~r2)�m;s3(~r1): (2.15)We note that in 
ontrast to the �eld-operator representation de�ned in the 
ontin-uum, the Wannier fun
tion representation does not lead to a site-diagonal form of
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tron intera
tion, i.e. the intera
tion does not only depend on the densitiesn̂i;s;� = 
̂yi;s;� 
̂i;s;� , but 
ontains expli
it o�-diagonal 
ontributions whi
h will bedis
ussed later.2.3 One-band modelsThe Hamiltonian (2.13) is too general to be tra
table in dimensions D > 1. Hen
eit has to be simpli�ed using physi
ally motivated trun
ations [7℄. In parti
ular,if the Fermi surfa
e lies within a single 
ondu
tion band, and if this band is wellseparated from the other bands, and the intera
tion is not too strong it may bejusti�ed to restri
t the dis
ussion to a single band (s1 = s2 = s3 = s4). In this 
asethe Hamiltonian (2.13) redu
es toĤ =X� Xi;j ti;j
̂yi;� 
̂j;� + 12X�;�0 Xi;j;m;nVi;j;m;n
̂yi;� 
̂yj;�0 
̂n;�0 
̂m;�; (2.16)For the one and two-site terms we use spe
ial notations. The on-site intera
tionsis the Hubbard U : U = Vi;i;i;i; Û = UXi n̂i;"n̂i;# (2.17)Be
ause of the translational invarian
e the two-site matrix elements depend onlyon the separation between sites. These matrix elements and the related intera
tionterms are the followings.The density�density intera
tion:Vj = Vi;i+j;i;i+j; V̂j = VjXi n̂in̂i+j; (2.18)where n̂i = P� n̂i;�. The bond-
harge�site-
harge intera
tion, whi
h des
ribes adensity-dependent hoppingXj = Vi;i;i;i+j; X̂j = 2X� Xi �Xj
̂yi;� 
̂i+j;�n̂i;�� +X�j 
̂yi+j;� 
̂i;�n̂i;��� : (2.19)The next term 
orresponds to the dire
t quantum-me
hani
al ex
hange, the so-
alled Heisenberg intera
tion,J 0j = Vi;i+j;i+j;i; Ĵ 0j = J 0jX�;�0Xi 
̂yi;� 
̂yi+j;�0 
̂i;�0 
̂i+j;�= �J 0jXi � ~̂Si ~̂Si+j + 14 n̂in̂i+j� (2.20)



12 CHAPTER 2. MODELS OF INTERACTING ELECTRON SYSTEMSwhere ~̂Si = 12P�� 
̂i;�~��� 
̂i;� is the spin operator and ~� denotes the ve
tor of Paulimatri
es. We have assumed only spin independent intera
tions in a non-relativisti
theory and this lead us to an isotropi
 Heisenberg intera
tion. However, negle
tede�e
ts, e.g. spin-orbit 
oupling, 
an lead anisotropy. Permitting of this possibilitywe have the following termsĴzj = �Jzj Xi Ŝzi Ŝzi+j; Ĵxyj = �Jxyj Xi �Ŝxi Ŝxi+j + Ŝyi Ŝyi+j�: (2.21)In Chapter 3, for the generality, our model 
ontains these terms instead of theisotropi
 intera
tion Ĵ 0. (The additional density-density term whi
h o

urs in equa-tion (2.20) has no importan
e, we 
an 
ombine it with the term (2.18) rede�ningthe 
oupling 
onstant V .)Finally, the last term des
ribes the hopping of lo
al pairs 
onsisting of an upand a down ele
tron,Yj = Vi;i;i+j;i+j; Ŷj = YjX� Xi 
̂yi;� 
̂yi;�� 
̂i+j;�� 
̂i+j;� : (2.22)With the above de�nitions the two-site part of the Hamiltonian from equation(2.16) be
omes Ĥ =Xj [T̂j + 12(V̂j + X̂j + Ĵ 0j + Ŷj)℄ + Û ; (2.23)where the operator of the hopping term and its 
oupling 
onstant are de�ned asfollows, tj = ti;i+j; T̂j =X� Xi tj
̂yi;� 
̂i+j;�: (2.24)When we assume that the matrix elements does not depend on the dire
tion ofthe separation j of sites, only on the distan
e jjj then the sums over the two sites iand i+j 
an be redu
ed toPhn;mil where hn;mil means that the sites n, m are lthneighbours, i.e., for l = 1 n and m are nearest neighbours, for l = 2 they are next-nearest neighbours, et
. Under this 
ir
umstan
es a general one-band Hamiltonianwhi
h 
ontains only two-site terms � allowing anisotropi
 Heisenberg intera
tion� 
an be written aŝH =Xl (T̂l + V̂l + X̂l + Ĵxyl + Ĵzl + Ŷl) + Û ; (2.25)



2.4. HUBBARD MODEL 13whereT̂l = tl Xhi;jilX� (
̂yi� 
̂j� + 
̂yj� 
̂i�); X̂l = Xl Xhi;jilX� (
̂yi� 
̂j� + 
̂yj� 
̂i�)(n̂i�� + n̂j��);V̂l = Vl Xhi;jil n̂in̂j; Ŷl = Yl Xhi;jilX� 
̂yi;� 
̂yi;�� 
̂i+j;�� 
̂i+j;� ;Ĵzl = �Jzl Xhi;jil Ŝzi Ŝzj ; Ĵxyl = �Jxyl Xhi;jil�Ŝxi Ŝxj + Ŝyi Ŝyj �: (2.26)For most purposes the general single-band Hamiltonians (2.16) and even (2.25)are still too 
ompli
ated. It is possible to make further simplifying approximationon the line of the philosophy of tight-binding des
ription [7℄. Dealing with a nar-row energy band the Wannier fun
tions will 
losely resemble the atomi
 fun
tions.Furthermore, if the bandwidth is to be small these fun
tions must form an atomi
shell whi
h has a small radius 
ompared with the inter-atomi
 distan
es. Takinginto a

ount the weak overlap between neighbouring orbitals, one may expe
t thatthe overlap between 
lose neighbours is the most important. Therefore the siteindi
es in equation (2.16) are restri
ted to 
losely neighbour positions, whi
h leadsin equation (2.25) that l is restri
ted to small numbers, or in 
ase of dire
tion de-pendent 
ouplings, in equation (2.23) j does not run over its all possible values �,only over a small set N , where N determines the neighbours of sites with whi
hthey intera
t: fi+ j : j 2 Ng are the �important� 
lose neighbours of a given sitei. In this line we get extended Hubbard models with only nearest-neighbour inter-a
tions, or nearest and next-nearest neighbour intera
tions. On bipartite latti
e inthe �rst 
ase three and four-site terms from equation (2.16) does not remain, andusually these terms are negle
ted other 
ases, too.Among all intera
tions (2.17�2.22) the Hubbard intera
tion is 
ertainly thestrongest. Hen
e, in a �nal trun
ation step one may try to negle
t all the otherintera
tion terms, leaving simultaneously the nearest-neighbour hopping only. Thisleave us to the (simple) Hubbard model, the simplest 
orrelation model for latti
eele
trons.2.4 Hubbard modelThe Hubbard model des
ribes a tight-binding ele
tron model in whi
h ele
tronshop around the latti
e and intera
t with ea
h other through short-range repulsiveintera
tions. The full Hamiltonian of the single-band Hubbard model is simplyĤ = T̂ + Û (2.27)
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ation to write only the nearest neighbour hopping T̂1 insteadof the whole T̂ , but it is not essential.) Both T̂ and Û 
an be easily diagonalized.The di�
ulty is, however, that ele
trons behave as �waves� in T̂ , while they behaveas �parti
les� in Û . How do they behave in a system whose Hamiltonian is a sumof these totally di�erent Hamiltonians? This is indeed a fas
inating problem whi
his deeply related to the wave-parti
le dualism in quantum physi
s. We might saythat many of the important models in many-body problems are minimum modelswhi
h take into a

ount both the wave-like nature and the parti
le-like nature ofmatter.From a te
hni
al point of view, the wave-parti
le dualism implies that theHamiltonians T̂ and Û do not 
ommute with ea
h other. Even when ea
h Hamilto-nian is diagonalized, it is still highly nontrivial (or impossible) to �nd the propertiesof their sum. Of 
ourse, mathemati
al di�
ulty does not automati
ally guaranteethat the model is worth studying. A truly ex
iting 
hara
teristi
 of the Hubbardmodel is that, though the Hamiltonians T̂ and Û do not favor any nontrivial order,their sum H = T̂ + Û is believed to generate various types of nontrivial order in-
luding antiferromagnetism, ferromagnetism, and super
ondu
tivity. When we sumup the two inno
ent Hamiltonians T̂ and Û , 
ompetition between their wave-likeand parti
le-like 
hara
ters takes pla
e, and one gets various interesting �physi
s�.To 
on�rm this fas
inating s
enario is a 
hallenging problem in theoreti
al andmathemati
al physi
s.2.4.1 The question of ferromagnetism and the HubbardmodelThe Hubbard model was originally introdu
ed in an attempt to understand itiner-ant ferromagnetism in 3d-transition metals [7, 8, 9℄. The expe
tation was that inthis model ferromagnetism would arise naturally sin
e in a polarized state the ele
-trons do not intera
t at all. However, it soon be
ame 
lear that in a ferromagneti
state the kineti
 energy is also redu
ed. This makes the stability of ferromagnetismin the Hubbard model a parti
ularly deli
ate problem. Indeed, the kineti
 energywith nearest neighbour hopping usually favors antiferromagnetism. Lieb's exa
tresult [23℄ leads also to antiferromagnetism for all regular bipartite latti
es, how-ever it 
an lead to ferro- (or ferri-, instead) magnetism on de
orated latti
es. Athalf �lling (n = 1) and on bipartite latti
es antiferromagnetism is a generi
 e�e
tsin
e it appears both at weak 
oupling (Hartree-Fo
k mean-�eld theory) and strong
oupling (Anderson's superex
hange me
hanism). Hen
e it arises naturally in anyperturbational approa
h and is tra
table by renormalization group methods [24℄.In spite of this, ferromagnetism is a non-trivial strong 
oupling phenomenon whi
h
an not be investigated by any standard perturbation theory.The above dis
ussion shows that, to understand the mi
ros
opi
 origin of itin-



2.4. HUBBARD MODEL 15erant ferromagnetism, non-perturbative te
hniques are required. Unfortunately,there are not many 
ontrolled approa
hes (see footnote on page 3) of this typeavailable. Rigorous mathemati
al methods (for re
ent review see Refs. [25, 26℄,numeri
al methods [27℄, and variational approa
hes [28, 29, 30, 31℄ are the onesmost frequently used.A well-known exa
t theorem is due to Nagaoka [32, 33℄ and Thouless [34℄. Itprovides expli
it, but highly idealized 
onditions under whi
h ferromagnetism isstable in the Hubbard model. It proves that for in�nitely large repulsive HubbardU the ma
ros
opi
 degenera
y of the ground state at half �lling (when the numberof ele
trons is exa
tly equal with the number of latti
e points, hereafter denotedby N�) is lifted by a single hole, i.e., when N = N�� 1. In this 
ase the saturatedferromagneti
 ground state is stable for any value of the hopping t on square, simple
ubi
 and b

 latti
es, and for t < 0 on triangle, f

 and h
p latti
es. A very elegantand fully general proof was given by Tasaki [35℄ based on the Perron�Frobeniustheorem. For the Nagaoka me
hanism to work the latti
e needs to 
ontain loopsalong whi
h the hole 
an move. On
e the hole moves, the maximal overlap betweenthe initial and the �nal state 
learly o

urs in a ferromagneti
 
on�guration. Theproblem is that Nagaoka's proof does not even extend to two holes, that a single holeis thermodynami
ally irrelevant, and that the limit of U =1 is highly unrealisti
.Several theoreti
al results state the instability of Nagaoka's ferromagnetism fortwo holes. [30, 31, 36℄ Most of these works are essentially based on variationalarguments where one 
onstru
ts sophisti
ated variational states with total spinS = N�=2� 1 whi
h have lower energy than the ferromagneti
 state (S = N�=2).Süt® extended this result up to six holes for b

 latti
e and up to for holes fortriangular latti
e. [30℄ These proofs are very sensitive to the boundary 
onditions.They 
an be 
hosen so, that those variational wave fun
tions have no lower en-ergy than Nagaoka's state. It is understandable 
onsidering the proximity of thehighly degenerated half-�lled point. Compared to this point the few hole means anO(1=N�) perturbation, while the boundary 
onditions O(1=L) (L is the linear sizeof the system). It emphasizes again that these results � as well as Nagaoka's one� are hold for non-thermodynami
 systems, and one need mu
h daring to draw a
on
lusion about the magneti
 properties of the system in thermodynami
 limit.We mention an other statement related to the two hole 
ase. [37℄ In the 
itedreferen
e the author states that the singlet ground state in the two hole 
ase haslower energy than the energy of Nagaoka's state. We will return to this question inChapter 5 and show that the argument whi
h support this statement is 
ompletelywrong.A step into the dire
tion of thermodynami
ally relevant result was taken byTrugman [38℄ and Tian, Shen and Qui [39℄. However, they still not study ther-modynami
 situation, but the number of holes Nh does not remain �nite as thesize of the latti
e goes to in�nity. The more general 
onditions is in Ref. [40℄:when Nh < (N�)� with 0 < � < 2=(D + 2) then the gap between the energy of
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tual ground state vanishes as N� ! 1. We do notinterpret, however, these results as proofs of stability of Nagaoka's ferromagnetismsin
e they do not rule out the possibility of paramagnetism, be
ause it 
an happenthat states with zero spin be
ame degenerated with the ground state, too. E.g.,the trivial 
ase with ti;j = 0 is not a ferromagnet, however there is no gap betweenthe ground state energy and the fully polarized ferromagnati
 state.Finally a note about the sign of the hopping amplitude. It is usually assumedthat ti;j � 0. However, there are neither theoreti
al 
onsideration nor many ex-amples whi
h 
an verify it. Furthermore, in 
ase of bipartite latti
e this sign 
anbe 
hanged by a gauge transformation: rede�ning the annihilitaion and 
reationoperators as ~̂
i;� = �
̂i;� if i 2 �A and ~̂
i;� = 
̂i;� if i 2 �B , where � = �A [ �B isthe bipartite resolution. In 
ase of ti;j � 0 the band-energy minimum is the singlepoint ~k = 0 while in the opposite 
ase it is in the border of the Brillouin zone, andthus 
an be highly degenerate. The physi
al intuition 
an be di�erent in the two
ases. The assumption ti;j � 0 leads to ferromagnetism for more general latti
estru
tures, and Tasaki's proof for Nagaoka's theorem shows that from mathemati-
al point of view it is a more �natural� assumption. As Lieb wrote: �If this upsetsanyone's physi
al pro
livity, that is a pity.� [41℄2.4.2 The importan
e of next-nearest neighbour intera
tionsKeeping only the Hubbard intera
tion is the result of an extreme trun
ation of theintera
tion in the general Hamiltonian (2.16). All intera
tions beyond the purelylo
al part are totally negle
ted. The intera
tion in the simple Hubbard model istherefore very unspe
i�
 � it does not depend on the latti
e at all and hen
e noton the spatial dimension. The latti
e stru
ture enters only via the kineti
 energy.Therefore the stability of ordered phases, � ferromagnetism, antiferromagnetism,et
., � in the Hubbard model 
an be expe
ted to depend in a sensitive way onthe pre
ise form of the kineti
 energy. Keeping intera
tions with longer range themodel 
ontains more information about the latti
e stru
ture. From this point ofview the importan
e of the next-nearest neighbour terms are non-negligible.Considering the spin ordering, the Heisenberg intera
tion 
aused by dire
tquantum-me
hani
al ex
hange of ele
trons 
an easily lead to ferromagnetism orantiferromagnetism. However, sin
e this intera
tion is rather weak (Hubbar inRef. [7℄ estimated J 01 � 140 eV for 3d-metals, i.e., J 01 << U) it 
annot be thesole origin of itinerant ferromagnetism in systems like Fe, Co, Ni. Nevertheless itmay be qualitatively important. It 
an stabilize magneti
 orderings in a systemwith more or less ferromagneti
 or antiferromagneti
 tenden
ies; it may give theultimate push. It is therefore unjusti�ed to negle
t the ex
hange intera
tion formerely quantitative reasons. In this 
ontext the importan
e of the nearest andnext-nearest 
ouplings are 
omparable. It 
an be seen also from exa
t stability 
ri-teria for ferromagnetism in systems des
ribed by extended Hubbard model whi
h
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ontains 
ouplings between arbitrary sites dedu
ed by Stra
k and Vollhardt [42℄.The relation between the nearest and next-nearest Heisenberg 
ouplings 
an deter-mine the kind of the magneti
 ordering.Similar things 
an be told about the role of the density-density terms V̂l. They
an stabilize di�erent 
harge orderings. The pair-hopping terms Ŷl 
an be impor-tant from the point of view of super
ondu
tivity. From theoreti
al side, at the levelof exa
t results, this question was analyzed in Refs.[43, 44℄, however only nearestneighbour terms were 
onsidered. Nevertheless experimental results suggest thatthe next-nearest neighbour intera
tions play an important role in super
ondu
tiv-ity.Moreover, from quantitative point of view, dire
t experimental results supportthat the next-nearest neighbour intera
tions are not negligible. Their presen
e is
learly signaled in di�erent experiments, for example in Auger 
ore-valen
e lineshapes experiments [45℄ that even allow the dire
t observation and measurementof interparti
le intera
tion strength and its distan
e dependen
e in valen
e bandsof solids [46℄, angle resolved photoemission data [47℄, interpretation of two magnonRaman s
attering intensity peaks [78, 49℄, study of antiferromagneti
 ordering[50℄, phonon-assisted superex
hange intera
tions 
onne
ting se
ond � and third� neighbours [51℄. The importan
e of next to nearest neighbour 
ontributions inthe hopping term is also emphasized [52, 53℄.2.5 The periodi
 Anderson modelHowever the Hamiltonian (2.16) are quite general, and very elegant to dedu
emodels hoped to be relevant to des
ribe some system dire
tly from (2.16), but themodel building is mainly based on experimental results and physi
al intuition whi
his more 
loser to the tight-binding pi
ture. This is the reason why we do not dedu
ethe periodi
 Anderson model from (2.16) whi
h does not 
ontain hybridizationterms between the bands due to the de�nition of the Blo
h states from Se
tion 2.2.As a 
onsequen
e, the Wannier states � whose de�nition based on the Blo
h states,see equation (2.4) � do not ne
essary re�e
t the very well known features of theatomi
 orbits.The periodi
 Anderson model is established as a model to des
ribe heavyfermion systems. A suitable model of these systems must have the following basi
ingredients: a broad band of (5d,6s) 
ondu
tion ele
trons, 4f ele
trons strongly lo-
alized at sites, and a hybridization between 
ondu
tion band and f -ele
tron statesto allow for transitions from the band into f -states and vi
e versa. Furthermore,the strong 
orrelation of the f -level has to be taken into a

ount; for be
ause oftheir strong lo
alization there exists a strong Coulomb repulsion between two f -ele
trons at the same site making multi-o

upan
y of the degenerated f -levels ofea
h site highly unfavorable. This lo
al 
orrelation must be taken into a

ount to



18 CHAPTER 2. MODELS OF INTERACTING ELECTRON SYSTEMSassure that the �lling of the f -shells and the formation of lo
al magneti
 momentsfollows Hund's rules. A 
ommon belief that to 
apture the essential physi
s it isenough to take into a

ount one 
ondu
tion band and only a spin degenera
y of thelo
alized f -levels, though this is 
ertainly not realisti
2. So the model Hamiltonianreads Ĥ = Ĥ
 + Ĥf + Ĥhyb: (2.28)where Ĥ
 = T̂
 =Xi;j;� t
i;j
̂yi;� 
̂j;� (2.29)des
ribes the 
ondu
tion band;Ĥf = EfXi;� f̂yi;�fi;� + UXi n̂fi;"n̂fi;#; (2.30)des
ribes the f -levels lo
alized at sites i with uniform site energy Ef and on-siterepulsion U ; Ĥhyb: � V̂ =Xi;j;� �Vi;j
̂yj;�f̂i;� + V �i;jf̂yi;� 
̂j;�� (2.31)des
ribes the hybridization between 
ondu
tion band and f -ele
trons. As usual wedenote the operator and the 
oupling of the hybridization by V as well like thedensity-density intera
tion in a given band (see equation (2.18)). This does notlead to 
onfusion be
ause in this thesis we do not deal with models whi
h 
ontainsthese two kinds of intera
tion simultaneously.Equation (2.28) de�nes the Hamiltonian of the periodi
 Anderson model. We
an generalize this model in
luding a hopping on the f -level, and be
ause of thereason drawn up at the end of Se
tion 2.3 we may take into a

ount only theintera
tion between 
losely neighbours. In this 
ase the Hamiltonian is a sum ofthe following terms:T̂
 = Xj2NXi;� t
j 
̂yi;� 
̂i+j;�; T̂f = Xj2NXi;� tfj f̂yi;� f̂i+j;�;V̂ = Xj2NXi;� (Vj
̂yi;� f̂i+j;� + V �j f̂yi+j;� 
̂i;�); V̂0 =Xi;� (V0
̂yi;�f̂i;� + V �0 f̂yi;� 
̂i;�);Êf = EfXi;� n̂fi;�; Û = UXi n̂fi;"n̂fi;#; (2.32)2However, the maximum angular momentum degenera
y is usually redu
ed be
ause of thespin�orbit intera
tion and 
rystal �eld splitting.



2.5. THE PERIODIC ANDERSON MODEL 19where n̂fi;� = fyi;�fi;� is the parti
le number on the f level and N determinesthe range of the intera
tion. For a given site i the hopping and hybridization istaken into a

ount between i and its neighbouring sites i+j where j 2 N . Theset N is symmetri
 in the sense that from j 2 N follows �j 2 N , too, be
ausethe Hamiltonian have to be Hermitian. This implies also t�j = t�j , but does notrequire similar relation for the hybridization 
ouplings. Su
h a generalized model
an be 
onsidered as a periodi
 Anderson model given in a dire
t spa
e version, ora two-band Hubbard model 
ontaining the 
ontribution of the Hubbard U only inone band, the other band being non-intera
ting. This type of model is analyzed inChapter 4.2.5.1 Some basi
 (exa
t) properties of the modelThe above de�ned model has several exa
tly solvable, relatively trivial limits. These
an serve as starting points of perturbative 
omputations.The limit U = 0 is exa
tly solvable. In this 
ase there is no 
orrelation betweenthe ele
trons with di�erent spin, i.e., there are simply 2 independent spinless oneparti
le two-band systems. The one parti
le models 
an be diagonalized easily.When tfi;j = 0 then the resulting f -ele
tron spe
tral fun
tion 
onsists of a peakaround Ef of width proportional to V 2�0 (�0 is the unperturbed 
ondu
tion banddensity of states).In the limit of vanishing hybridization Vi;j = 0 the 
ondu
tion band is 
om-pletely de
oupled from the f -ele
tron system, and we have a nonintera
ting bandand a Hubbard model. In this situation the tfi;j = 0 
ase is also exa
tly solvable,be
ause the f -ele
tron systems at di�erent latti
e sites are also de
oupled. Ea
h f -ele
tron system 
an be diagonalized trivially, and the resulting f -ele
tron spe
trumis 
omposed of delta peaks at energies Ef ; Ef + U , and if the hybridization V issmall 
ompared to U , one 
an expe
t well separated f -peaks near to Ef ; E�;n+U ,also in the general 
ase of �nite hybridization V .The limit of vanishing band widths t
i;j = tfi;j = 0 is also solvable, be
ause it
ompletely de
ouples the di�erent sites, and at ea
h site one has to diagonalize a�nite matrix of dimension 16.In the U =1 limit in D = 1 dimension the model is also exa
tly solvable withthe spe
ial 
hoi
e of the parameters. We have only nearest-neighbour hybridization(V ) and hopping in both bands(t
 and tf ), the number of parti
les per site is two,furthermore the following 
onditions are hold: tf = V 2=tf Ef = 2t
 � 4V 2=t
.In this 
ase the exa
t ground state is des
ribed by a non-magneti
 and Gutzwillertype wave fun
tion with ground state energy E0 = �4V 2=t
 [54℄. The method usedin the 
ited referen
e is similar to ours used in Chapter 4.However the number of exa
t results are very limited even in one dimension,there are many approximative results. In the following I mention a few of theproperties the model is 
ommonly expe
ted to ful�ll.



20 CHAPTER 2. MODELS OF INTERACTING ELECTRON SYSTEMSIt is well-known that the single-impurity Anderson model 
an be mapped onthe (single-impurity) Kondo model [55℄ if Ef lies far below and Ef + U far abovethe 
hemi
al potential � (S
hrie�er�Wol� transformation [56℄). Thus the single-impurity Anderson model should 
ontain the Kondo e�e
t for a 
ertain parameterregime. It has been predi
ted by several approximation methods, su
h as the mean-�eld approximation [57℄ or the Gutzwiller approximation [58℄. In these theories thesingle-impurity Kondo-like exponent in the energy survives also in the latti
e 
asewith slight modi�
ation.When there are several magneti
 ions or even a latti
e of magneti
 moments inthe metal there should be an e�e
tive intera
tion between the moments mediatedby a spin-polarization of the 
ondu
tion ele
trons, namely the Rudeman�Kittel�Kasuya�Yoshida or RKKY intera
tion. Thus the periodi
 Anderson model shouldshow magneti
 order for 
ertain parameters, a point not yet investigated ex
eptwithin the frame of a mean-�eld treatment [59℄.2.6 Non-Fermi liquid behaviourThe topi
 of non-Fermi liquid behavior in D > 1 dimensions and normal (non-symmetry broken) phase is 
urrently of great interest [60℄. This is mainly due tothe large amount of experimental results, obtained in the last de
ade, showing non-Fermi liquid behavior in the normal phase of a variety of materials, in
luding D > 1dimensional systems. Examples are: high T
 super
ondu
tors [61℄, heavy-fermions[62℄, layered systems [63℄, quasi-one dimensional 
ondu
tors, doped semi
ondu
-tors, systems with impurities, materials presenting proximity to metal-insulatortransitions [64℄, et
. These results 
hanged 
onsiderably our notion of intera
tingFermi systems. Indeed, until re
ently, Fermi-liquid theory seemed universally appli-
able to all su�
iently pure intera
ting Fermi systems, and its main features evento dirty systems, provided that their normal phase is not destroyed by a symmetrybreaking pro
ess [60℄. This �dogma� has been based on high pre
ision experimentalveri�
ations in liquid He3 and simple metals [65℄.The 
on
ept of Fermi liquid itself has been introdu
ed by Landau many de
adesago [66℄ (for a thorough dis
ussion see [67℄), and in prin
iple has the meaning thatin spite of the intera
tions, the low energy behavior 
an be well des
ribed withina pi
ture of almost nonintera
ting quasi-parti
les. Formulated in rigorous terms[64, 68℄, in a normal Fermi liquid we have a one-to-one 
orresponden
e between thenon-intera
ting and intera
ting single-parti
le states (determined e.g., by a per-turbation theory 
onvergent up to in�nite orders). Furthermore, a quasi-parti
lepole is present in the single-parti
le propagator that gives rise to a step-like dis-
ontinuity of the momentum distribution fun
tion n~k at the Fermi surfa
e, whoseposition is spe
i�ed by a sharp Fermi momentum value ~kF . The so 
alled Luttingertheorem [69℄ is ful�lled for su
h a system. This means that the volume of the Fermi



2.6. NON-FERMI LIQUID BEHAVIOUR 21sphere is the same as that of the non-intera
ting system, that there is a well-de�nedFermi surfa
e with a dis
ontinuity of the 
ondu
tion ele
tron o

upation numberat zero temperature, and that the quasi-parti
les at the Fermi energy have in�nitelifetime, i.e., the selfenergy imaginary part must vanish at the Fermi energy.The observation of non-Fermi liquid behavior in the materials presented abovepolarized a huge intelle
tual e�ort in the last de
ade [70℄ for the understandingof this new fermioni
 state. In this �eld the theoreti
al interpretations are oftenbased on multi-band models [21℄, the presen
e of a some kind of gap in the normalphase being 
learly established in many 
ases and subje
t of intensive experimental[71℄ and theoreti
al [21, 72℄ studies. However, despite the great number of paperspublished in the �eld (see for example the referen
es 
ited in [60℄ or [68℄), andthe fa
t that the observed most interesting and important normal non-Fermi liquidproperties emerge in two spatial dimensions, (for example the normal phase of thehigh T
 super
ondu
tors), on the theoreti
al side, for pure systems, the existen
eof a non-Fermi liquid state in a normal phase has been proved exa
tly only inone dimension (i.e. Luttinger liquid [73℄). The extension possibility of non-Fermiliquid normal phase properties to 2D has not been demonstrated rigorously uptoday. In fa
t, a rigorous theory of a non-Fermi liquid normal state in higher thanone dimensions is missing.Driven by these fa
ts, we were motivated to fo
us our attention on possiblenon-Fermi liquid states in models des
ribed in the previous Se
tion. Chapter 4
ontains our related results.



Chapter 3Extended Hubbard models:the e�e
t of the next-nearestneighbour intera
tion termsIn this 
hapter we study extended Hubbard models to 
hara
terize the in�uen
e ofthe next-nearest neighbour intera
tions on the stability of ordered phases. The be-haviour of many body systems 
ontaining interparti
le intera
tions with in
reasedintera
tion range is under an extensive study in the last period. The multiple mo-tivations originate from the extremely interesting behaviour of systems with longrange intera
tions [80, 81℄. Unusual properties arise in the presen
e of 
ompetingfor
es [87℄ espe
ially when short- and long-range intera
tions are present [82℄. Theinterpretation of material properties related to systems of grate theoreti
al andexperimental interest suggests that besides short-range intera
tions also the longerrange for
es play important role in the development of the main physi
al properties[79℄. Finally, an in
reasing number of experimental fa
ts indi
ate the presen
e oflonger-range 
ouplings as well as short-range for
es in di�erent materials of interest(see Se
tion 2.4.2).Conne
ted to latti
e models in dimensions higher than one, from the theoreti
alviewpoint, the importan
e of the e�e
ts that 
ould arise given by the presen
e ofthe next-nearest neighbour 
ouplings is known and often used [88, 79, 86℄. These
ouplings have qualitative importan
e even if they are weak. The Heisenberg inter-a
tion, i.e. the dire
t quantum me
hani
al ex
hange intera
tion between nearestneighbours should be able to lead to ferromagnetism in a rather straightforwardway even in the 
ase of itinerant ele
trons. [85, 25℄ The presen
e of next-nearest22



3.1. THE MODEL 23neighbour 
ouplings 
an modify this result, and lead to di�erent type of antiferro-magneti
 orderings.All these 
onsiderations lead us to study an extended Hubbard model in D >1 dimensions, presenting here exa
t results related to its phase diagram in thepresen
e of an in
reased intera
tion range up to next-nearest neighbour 
ouplingterms at zero temperature and half �lling.3.1 The modelOur Hamiltonian des
ribes an extended Hubbardmodel supplemented with nearest-neighbour and next-nearest neighbour terms. The Hamiltonian follows the form ofequation (2.25) but now we negle
t the pair-hopping term, Ŷ .Ĥ = 2Xl=1hT̂l + X̂l + V̂l + Ĵzl + Ĵxyl i+ Û : (3.1)The intera
tion terms and 
oupling 
onstants are de�ned in equation (2.26).The more restri
tive assumption using in the following part of this 
hapteris that X1 = �t1 and X2 = �t2. (Let us remember the remark at the end ofSe
tion 2.4.1 about the sign of t.) In this 
ase the number of doubly o

upied sitesis 
onserved, i.e., [T̂ + X̂; Û ℄ = 0, (but [T̂ + X̂; Ĥ ℄ 6= 0). This assumption, whi
hmade possible the exa
t solution, seems to be a little arti�
ial. However, sin
e �t istypi
ally of the order of 0.2-2 eV the values of X and t seem to be quite 
omparable.This was expli
itly shown for a square latti
e of oxygen ions representing a CuO2plane [75℄.During this 
hapter, only D-dimensional hyper
ubi
 latti
es 
ontaining N� lat-ti
e sites are 
onsidered at half �lling, i.e. n = hn̂i = (1=N�)hPi;� n̂i;�i = 1.3.2 Pro
edure usedCon
erning the pro
edure, we used a te
hnique used by Brandt and Giesekus [77℄and developed by others [84, 44℄. It is often used in the literature [76, 25, 85, 42, 43℄be
ause it has the advantage to provide exa
t results in all dimensions related tothe ground state energy, E0. The main idea is to dedu
e exa
t upper and lowerbounds for the ground state energy, � we denote them by Eu0 and El0, respe
tively,� and to 
ompare these two bound values within the parameter spa
e. Denotingby �i the 
oupling 
onstants (i = 1; :::; p), we haveEl0(�1; :::; �p) � E0(�1; :::; �p) � Eu0 (�1; :::; �p): (3.2)



24 CHAPTER 3. EXTENDED HUBBARD MODELS: THE EFFECT OF : : :From equation (3.2), with the 
onditionEl0=Eu0 one 
an �nd domainsD0(�1; :::; �p)of the f�ig parameter spa
e, inside whi
h the ground state energy is exa
tly E0.Using the variational method for the upper bound, the ground state  0 is alsoknown for the analyzed region.We dedu
ed the lower bounds El0 transforming the model Hamiltonian Ĥ into aĤ0 term with known ground state energy given by El0 and additional 
ontributionsexpressed in terms of positive semide�nite operators:Ĥ(�1; :::; �p) = Ĥ0(�1; :::; �p) +Xi fi(�1; :::; �p)P̂i; (3.3)where h jP̂ij i � 0for all  ve
tor of the Hilbert spa
e. We 
an 
onsider the ground state energy of Ĥ0as a lower bound to the ground state energy of Ĥ under the 
onditions that the lastterms in equation (3.3) are positive simide�nites. Exa
t ground states 
an be ob-tained in this manner by sear
hing for su
h trial wave fun
tions  whose eigenvaluegiven by every P̂i is zero, be
ause in this 
ase the upper bound Eu0 = h jĤ j i=h j igiven by the variational method is 
ertainly 
oin
ide with the lower bound. Al-though P̂i are positive semide�nite operators, the last term in equation (3.3) ispositive only if the f(�1; :::; �p) 
oe�
ients are non negative. These 
onditionslead to inequalities among the 
oupling 
onstants that de�ne the D0(�1; :::; �p)domains of the parameter spa
e where  is the ground state wave fun
tion withenergy El0 = Eu0 . We note, that in this way one 
an derive, in general, su�
ientbut not ne
essary 
onditions. This is the reason why we 
an expand domains ofsome phases, due to a better resolution (3.3) for a parti
ular 
ase.3.3 The upper bound valuesFirst of all we de�neD subdomains of the startingD-dimensional hyper
ubi
 latti
edenoted by AD;m, (m = 0; 1; :::; D � 1) with the following three 
onditions:(a) The AD;m domain 
ontains N�=2 latti
e sites.(b) AD;m build up a Bravais-latti
e (but it is not obligatory that this is of hy-per
ubi
 type).(
) If i 2 AD;m, then i has 2m nearest-neighbours that are also elements of AD;m.We generalize this de�nition of AD;m for the 
ase m = D, however the three 
on-ditions above 
an not be satis�ed exa
tly in that 
ase. Furthermore, we look likeslubberers, be
ause our de�nition for this 
ase is not unique, but this ununiquess



3.3. THE UPPER BOUND VALUES 25does not lead to 
onfusion. In 
onne
tion with the wave fun
tions whi
h des
ribe
harge-density wave phases (marked by C below) we dispense with the exa
t sat-isfa
tion of 
ondition (
), and we handle AD;D as a ma
ros
opi
ally 
ompa
t halfof the latti
e. In 
onne
tion with the wave fun
tions whi
h des
ribe spin-densitywave phases (marked by S below) we dispense 
ompletely with the satisfa
tion of
ondition (a), and AD;D is the whole latti
e in this 
ase, by de�nition.Using this notation we de�ne two types of wave fun
tions: CD;m = Yi2AD;m 
̂yi;"
̂yi;# j 0i; (m = 0; 1; :::; D); (3.4) SD;m = Yi2AD;m 
̂yi;" Yi62AD;m 
̂yi;# j 0i; (m = 0; 1; :::; D): (3.5)Let us make some remarks regarding these de�nitions. Be
ause of (a) the abovede�ned wave fun
tions 
orrespond to half �lling. Furthermore, as a 
onsequen
eof the de�nition of AD;m the following statement holds: If i 2 AD;m, then i hasZ2 � 4m(D �m) next-nearest neighbours that are also elements of AD;m, whereZ2 = 2D(D � 1) represents the number of next-nearest neighbours. The numberof nearest neighbours is denoted by Z1 = 2D.As a 
onsequen
e of our di�erent de�nitions for AD;D for the spin and 
harge-density wave 
ases,  CD;D des
ribes a phase separation in 
harge, i.e. a ma
ros
opi

ompa
t half of the latti
e 
ontains only doubly o

upied sites, and the other halfof the latti
e is 
ompletely empty. Surfa
e 
orre
tions at the separation betweenthe empty and doubly o

upied region of the latti
e were negle
ted here, a fa
tthat emphasizes that our results relating to  CD;D are exa
t only in thermody-nami
 limit. In the same situation (m = D and N = N�),  SD;D des
ribes thefully saturated ferromagneti
 phase, by de�nition. Otherwise, for m < D,  CD;mand  SD;m des
ribe di�erent type of 
ommensurate 
harge-density waves and spin-density waves, respe
tively. They 
an be seen in Fig. 3.1 in D = 2 
ase.The subdomain AD;m indexed with 0 � m < D 
an be 
hara
terized as follows.It 
ontains all sites of every se
ond plane of the (�1; :::; �D) Miller-indexed latti
eplanes family, and does not 
ontain the sites that belong to the remaining interme-diate planes. Here, among the �i indi
es there areD�m of whi
h value is 1 and thevalue of the remaining m indi
es is zero. In fa
t, there are 2�Dm� subdomains of thelatti
e whi
h satisfy the three de�ning 
onditions of AD;m. These 
an be obtainedea
h from other by rotations with �=2 or by a shift with a latti
e ve
tor. (Thisshift inter
hanges the planes whi
h are 
ontained by AD;m and whi
h are not.) Weuse later on the notation fAD;mg denoting the set of these di�erent subdomainsmentioned above.Using the wave fun
tions de�ned in equations (3.4,3.5) as trial wave fun
tionsfor the expe
tation value of Ĥ , the following upper bounds Eu0 
an be given at
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ation of wave fun
tions  CD;m and  SD;m in the D = 2 
ase.



3.4. THE LOWER BOUND VALUES 27X1 = �t1, X2 = �t2, 0 � m � D:ESD;m = �SD;mN� = �Z12 V1 + Z22 V2 + D � 2m4 Jz1 + hm(D �m)� Z28 iJz2�N� ;ECD;m = �CD;mN� = �12U + 2mV1 + [Z2 � 4m(D �m)℄V2�N� : (3.6)We mention that in the presented 
onditions the trial wave fun
tions representeigenfun
tions as well.3.4 The lower bound valuesIn order to des
ribe simultaneously the studied 
ases we introdu
e the two-valuedindex X 2 fC; Sg. In this manner,  XD;m :=  CD;m or  SD;m depending on thevalue of X . The 
orresponding energies are denoted as EXD;m and the followingparameterizations within Ĥ are used:�Xl := (VlJzl ĥXi := ( n̂îSzi ĤXl := Xhi;jil ĥXi ĥXj � ( V̂l=Vl if X = C:Ĵzl =Jxl if X = S:In this Se
tion we show that the wave fun
tions  XD;m de�ned in the previousSe
tion are exa
t ground states of the starting Hamiltonian. For this reason, asmentioned in Se
tion 3.2, the Hamiltonian is identi
ally trans
ribed into the formpresented in equation (3.3) in su
h a way that the lower bound is introdu
ed viaĤ0 = EXD;mn̂, where EXD;m are given in equation (3.6). This pro
edure is suitablebe
ause of the half �lling 
ondition.Now we 
onstru
t the P̂i operators. For this reason, �rst of all we de�ne theoperators Q̂ for m = 0; : : : ; D:Q̂XD;m := 12X� XfAD;mg� Xi2AD;m\� ĥXi � Xj62AD;m\� ĥXj �2 � ÆX ;CÆD;m2DN�n̂;whereP� means summation over the unit 
ells of the latti
e andPfAD;mg meanssummation over the possible 
on�gurations whi
h satisfy the de�nition of AD;m.Be
ause of this summation, the presented Q̂XD;m operators 
an be handled withoutspe
ifying 
on
rete 
oordinate axis. All Q̂XD;m operators are positive semide�nitebe
ause they are sums of squared terms of self-adjoint operators. However Q̂CD;D isan ex
eption. Its positive semide�nite 
hara
ter 
an be veri�ed using the S
hwarzinequality under the half �lling 
ondition.



28 CHAPTER 3. EXTENDED HUBBARD MODELS: THE EFFECT OF : : :The introdu
ed operators are linear 
ombinations of ĤXD;m (ex
ept for the extraterm of Q̂CD;D): Q̂XD;m + ÆX ;CÆD;m2DN�n̂ = DXl=0 AlD;mĤXl ;where, provided that the latti
e is hyper
ubi
AlD;m = 2D�l 21 + Æl;0 lXi=0(�1)i� D � lD �m� i��li�: (3.7)We mention that, in equation (3.7), the �nk� = 0 was 
onsidered for k < 0 or k > n.The sum of the Q̂XD;m operators multiplied by positive 
oe�
ients are also pos-itive semide�nite. This give us the possibility of de�ning the required operators P̂ias follows: P̂XD;q := CX DXm=0�mD;qQ̂XD;m= CX DXl=0� DXm=0�mD;qAlD;m�ĤXl � ÆX ;C �DD;q4 2DN�n̂ ; (3.8)where the normalization 
onstants are CC = 14 , CS = 1 and q = 12 ; 32 ; :::; 2D+12 .These unusual non-integer indi
es are used for later 
onvenien
e. Expressing V̂land Ĵzl from the Hamiltonian in terms of P̂XD;q we determine the 
oe�
ients �mD;qin equation (3.8). Considering vanishing 
oe�
ients for ĤXl with l > 2 we get alinear system of equations for �mD;q whi
h gives�mD;q = (m� q � 12 )(m� q + 12 )22D+1 ; if q 6= D + 12 ; �mD;D+ 12 = Dm(D �m)22D+1 ;and we obtainP̂XD;q =8>>><>>>:�D2 ĤX2 + 12D2(D � 1)ĤX0 if q = 2D+1212ĤX2 + (D � 2q)ĤX1 + 12 [(D � 2q)2 +D � 1℄ĤX0 �� ÆX ;C (D�q� 12 )(D�q+ 12 )2D+3 N�n̂ if q = 12 ; 32 ; : : : 2D�12 :(3.9)Noti
eably, in one dimension this pro
edure 
an be applied only for a Hamil-tonian whi
h does not take into 
onsideration next-nearest neighbour intera
tions.This is be
ause ĤX2 
annot be expressed in terms of P̂X1;q . However, in this Chapter



3.4. THE LOWER BOUND VALUES 29we are interested in the e�e
t of the next-nearest neighbour terms. As a 
onse-quen
e, we restri
t ourselves here to the 
ases D � 2.Although the Hamiltonian (3.1) does not 
ontain the ĤX0 term expli
itly, its
oe�
ient in equation (3.8) is not zero. This 
oe�
ient is 
onne
ted to the trans-formation of the Û ; T̂l; X̂l and Ĵxyl in positive semide�nite fa
tors. For example, inorder to express Û in terms of P̂i from equation (3.3) we use the following positivesemide�nite operators:P̂Cu := 4Ĵz0=Jz0 = N�n̂� 2Û=U; P̂Su := 2Û=U = V̂0=V0 �N�n̂: (3.10)In 
onne
tion with the kineti
 energy terms, we use a generalization of theoperators introdu
ed by Stra
k and Vollhardt in Ref.[84℄:P̂Ckin:;l = Xhi;jil;�(Q̂Ci;j;�)yQ̂Ci;j;� + Xhi;jil;�(�̂i;� � �̂j;�)(�̂yi;� � �̂yj;�);P̂Skin:;l = Xhi;jil;�(Q̂Si;j;�)yQ̂Si;j;� + Xhi;jil;�(�̂yi;� + �̂yj;�)(�̂i;� + �̂j;�); (3.11)where Q̂Ci;j;� = 
̂i;� � 
̂j;� + �̂j;� � �̂i;� ;Q̂Si;j;� = 
̂yi;� + 
̂yj;� � �̂yi;� � �̂yj;� ;�̂i;� = 
̂i;�n̂i;��:We mention that the P̂Xkin:;l operators introdu
ed here are positive semide�nite byde�nition. The operators T̂l and X̂l 
an be expressed in terms of operators (3.11)and (3.10) provided that �tl = Xl. We need this assumption to get the form ofequation (3.3) for the Hamiltonian whi
h implies that all our �nal results are validin the restri
ted parameter region �tl = Xl.Finally we should express the 
ontributions Ĵxyl in terms of positive semidef-inite operators. For this reason �rst of all we transform the isotropi
 Heisenbergintera
tion Ĵl := Ĵxyl + (Jxyl =Jzl )Ĵzl instead of Ĵxyl . After this step, the remaininganisotropi
 part (1�Jxy=Jz)Ĵzl 
an be expressed using P̂SD;m. For 
onvenien
e, theobtained results will be given in terms of "XD;m := �XD;m(U; V1; V2; Jz1�Jxy1 ; Jz2�Jxy2 ).This means that the last two variables of �XD;m (whi
h were originally Jz1 and Jz2 )have to be substituted for the anisotropi
 part of the Heisenberg 
ouplings. Wehave "CD;m = �CD;m but "SD;m 6= �SD;m.For the isotropi
 part Ĵl we introdu
e the following operators:P̂ lF1 = Xhi;jilX� 12�n̂i;�n̂j;��(1� n̂i;��)(1� n̂j;�)� 
̂yi;� 
̂yj;�� 
̂j;� 
̂i;���;P̂ lF2 = Xhi;jilX� �(1� n̂i;�)(1� n̂j;�) + n̂i;�n̂j;��(n̂i;�� � n̂j;��)2;



30 CHAPTER 3. EXTENDED HUBBARD MODELS: THE EFFECT OF : : :and de�ne the following termsP̂+Heis:;l = P̂ lF1 + 18 P̂ lF2; P̂�Heis:;l = 12 Xhi;jil� ~̂Si + ~̂Sj�2: (3.12)The operators P̂F1 and P̂F2 are self-adjoint proje
tion operators, therefore P̂+Heis:land P̂�Heis:l are positive semide�nite by de�nition.Based on the operators de�ned in equations (3.8), (3.10), (3.11) and (3.12), inthe 
ase when Xl = �tl (l = 1; 2) we 
an write the Hamiltonian in the form ofequation (3.3) as follows:Ĥ = (EXD;m + ÆX ;SN� ~Jxy)n̂+ 2Xl=1 jJxyl jP̂ sgn(Jxyl )Heis:;l + 2Xl=1 �tlP̂Xkin:;l+ Xk=� 12 ("XD;m+2k � "XD;m)�D;mP̂XD;m�k+ Xk0=� 12 (" �XD; ~m+2k0 � " �XD; ~m)�D;mP̂ �XD; ~m+k0+�" �XD; ~m � "XD;m + (ÆX ;S � ÆX ;C) ~Jxy � ~t2�P̂Xu ; (3.13)where the subs
ripts m � x represent numbers mod(D + 1) and the following no-tations were used:�X = (S ; if X = C ;C ; if X = S ; �D;m = ( 4Z2 ; if m = 0 or D ;1 ; otherwise ;�l = (1 ; if Jxyl � 0 ;3 ; if Jxyl < 0 ; sgn(Jxyl ) = (+ ; if Jxyl � 0 ;� ; if Jxyl < 0 ;~Jxy = 18 2Xl=1 �ljJxyl jZl ; ~t = 4 2Xl=1 �tlZl :Finally, in equation (3.13), ~m represents the index whi
h minimizes the en-ergy " �XD;m for given �X and D values respe
tively, that is ~m satis�es the followingequation: " �XD; ~m = min0�m0�Df" �XD;m0g: (3.14)We mention that " �XD; ~m (for a givenD and �X ) is uniquely determined by the 
oupling
onstant values. For further 
onvenien
e we introdu
e the notation: K = 2["SD; ~m�



3.5. STABILITY CONDITIONS FOR THE CONSIDERED PHASES 31("CD; ~m0 � U=2)℄. The K quantity does not depend on U and tl, but is uniquelydetermined by Jzl , Jxyl , Vl (l = 1; 2) and the dimension D.On the basis of equation (3.13) whi
h has exa
tly the form of equation (3.3), one
an dedu
e the stability domains for  XD;m, i.e. we 
an delimit the phase diagramregions where the studied wave fun
tions belong to the ground state.3.5 Stability 
onditions for the 
onsidered phasesGeneral 
onditions. The dedu
ed equation (3.13) is valid only at �tl = Xl (l =1; 2) for arbitrary D � 2 dimensions on hyper
ubi
 latti
es. Furthermore P̂CD;Dis positive semide�nite only at n = 1 and every presented wave fun
tion  XD;m
orresponds to half �lling. Finally, the third term in equation (3.13) implies forevery 
ase that tl � 0 (l = 1; 2). The above mentioned 
onditions are general
onditions valid for every 
ase presented below. We remark that " �XD; ~m+1 � " �XD; ~mand " �XD; ~m�1 � " �XD; ~m inequalities whi
h originate from the �fth term of equation(3.13) do not represent restri
tions for the stability domain of the  XD;m fun
tions.This is be
ause these inequalities are satis�ed automati
ally due to the de�nitionof ~m presented in equation (3.14).Equation (3.13) gives several important results depending on the values of theindi
es and 
oupling 
onstants. We dis
uss three di�erent 
ases below.(I) Stability 
onditions for the  SD;m phases in 
ase of anisotropi
 Heisenberg in-tera
tion. A  XD;m wave fun
tion with 0 � m � D is the exa
t ground state ofthe Hamiltonian de�ned in equation (3.1) with the EXD;m ground-state energygiven in equations (3.6) under the following 
onditions:(A) Jxyl = 0, (l = 1; 2). This implies that "XD;m = �XD;m and ~Jxy = 0.(B) �SD;m � �SD;m+1 and �SD;m � �SD;m�1. This implies that �SD;m � �SD;m0 forarbitrary m0 . These inequalities depend only on the value of Jz1 and Jz2 ,i.e. they des
ribe the stability domain of  XD;m in the (Jz1 ; Jz2 ) parameterplane. Expli
itly these 
onditions 
an be written asJz1 � 0; 2(D � 1)Jz2 � Jz1 ; if m = 0;Jz1 � 0; �2(D � 1)Jz2 � Jz1 ; if m = D;2(D � 2m+ 1)Jz2 � Jz1 � 2(D � 2m� 1)Jz2 ; otherwise.(C) "CD; ~m � "SD; ~m � ~t=2 � 0. Here we used "SD;m = "SD; ~m. In this 
ase thefollowing 
ondition is satis�ed:U � US
 � K + ~t



32 CHAPTER 3. EXTENDED HUBBARD MODELS: THE EFFECT OF : : :(II) Stability 
onditions for the ferromagneti
 phase in 
ase of isotropi
 Heisenbergintera
tion. The fully saturated ferromagneti
 state denoted by  SD;D is theexa
t ground state of the Hamiltonian (3.1) with the ground-state energyESD;D = [(Z1=2)V1 + (Z2=2)V2 � (Z1=8)J1 � (Z2=8)J2℄N� if the following
onditions are satis�ed:(A) Jxyl = Jzl � Jl � 0, (l = 1; 2). This implies that "SD;m = (Z1=2)V1 +(Z2=2)V2 and (Z1=2)V1 + (Z2=2)V2 � ~Jxy = �SD;D.(B) U � US
(III) Stability 
onditions for  CD;m phases. A  CD;m wave fun
tion is an exa
tground states of the Hamiltonian (3.1) with energy EXD;m if the following
onditions hold:(A) �CD;m � �CD;m+1 and �CD;m � �CD;m�1 delimit the stability domains of XD;m in (V1; V2) parameter plane. This 
ondition is similar to (I.B), buthere �Vl plays the role of Jzl taking into a

ount the sign 
onvention inthe de�nition of Hamiltonian (3.1). Expli
itly:V1 � 0; 2(D � 1)V2 � Jz1 ; if m = 0;V1 � 0; �2(D � 1)V2 � V1; if m = D;2(D � 2m� 1)V2 � V1 � 2(D � 2m+ 1)V2; otherwise.(B) The last term of equation (3.13) gives the following 
ondition:U � UC
 � K � ~t:Examples of the obtained results for D = 3 dimensions are presented in Fig. 3.2and Fig. 3.3. The previous one shows the (U; V1) plane, and the later one the(U; Jz1 ) plane of the parameter spa
e.In the following Se
tion we present a study of the obtained results.3.6 Study of the obtained resultsWe demonstrated the presen
e of(a) a phase separation region(b) di�erent types of antiferromagneti
 ordering(
) fully saturated ferromagneti
 phase and(d) di�erent types of 
harge-density waves



3.6. STUDY OF THE OBTAINED RESULTS 33
-V1

6U
�4V2 4V2 4V2�W�pppp�4V2+W�pppp

���������������� A������ ������ PP PP PPPP PP PP ������ ������ �� �� ���� �� ��W+W 0+
 SD; ~m

�������
�

�������
�

PPPPPPPPPPPP ������ ������ �������
�

�������
�

W 0�W�  C3;0 C3;3  C3;2  C3;1
ppppppppp
p

ppppppppp
pp p p p p p p p p p p p p p p p p p

p p p p p p p p p p p p p p p p p p
Figure 3.2: The (U; V1) plane of the phase diagram for V2 � 0 in D = 3 dimension.The bold solid and broken lines delimit the dedu
ed stability domains of the orderedphases. The  SD; ~m phase situated above the bold broken lines is present in thephase diagram only for Jxyl = 0 or Jxyl = Jzl � 0. In the latter 
ase,  SD; ~m = SD;D denotes the ferromagneti
 phase. For 
omparison we present the thin brokenline above whi
h the ferromagneti
 phase dedu
ed in Ref. [84℄ for the isotropi
Heisenberg 
oupling 
ase emerges. The notations is as follows: W� = UC
 jV1=4V2 ;W 0� = UC
 jV1=0 ; W+ =W�+2~t ; W 0+ =W 0�+2~t ; A = V2Z2+~t. For the de�nitionof US
 and ~t see the text.in restri
ted domains of the phase diagram. Case (a) in our knowledge is for the�rst time signaled at the level of exa
t results in higher than one dimension inRef.[1, 2, 3℄; 
ases (b), (
) and (d) were found with enlarged stability domainsin 
omparison with previous publi
ations [84, 44, 43℄. We obtained a 
ompletephase diagram in all D � 2 dimensions in the lo
alized limit, for spe
ial values ofHeisenberg 
oupling 
onstants. All obtained results emphasize the importan
e ofthe next to nearest-neighbour e�e
ts.In the anisotropi
 
ase the x and y spin 
omponents are 
ompletely irrelevantbe
ause the Hamiltonian does not 
ontain terms whi
h depend on these spin pro-je
tion. This means that the spins behave in this 
ase as Ising spins. Therefore werefer to this anisotropi
 
ase also as Ising-type 
oupling.
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Figure 3.3: The (U; Jz1 ) plane of the phase diagram for Jz2 � 0 in D = 3 dimension.The bold solid and broken lines delimit the dedu
ed stability domains of the orderedphases. The  SD;m (m = 0; 1; 2) states situated between the bold broken lines arepresent in the phase diagram only for Jxyl = 0. The ferromagneti
 phase  S3;3situated in the right upper 
orner is present only for Jxyl = 0 or Jxyl = Jzl � 0.The notation is as follows: W� = UC
 jV1=4V2 ; W 0� = UC
 jV1=0 ; W+ = W� + 2~t ;W 0+ =W 0� + 2~t ; For the de�nition of US
 and ~t see the text.We have written in Se
tion 3.3. that the wave fun
tions  SD;m with m < Ddes
ribe 
ommensurate spin density waves. As the spin polarization is 
onsideredto be along the z-axis, these are z-polarized antiferromagneti
 phases. For Ising-type spin 
oupling the dedu
ed results (
ase I.) state that if U is large enough,i.e. U � US
 , the ground state is either the fully saturated ferromagneti
 state (ifJz1 � 0 and �2(D � 1)Jz2 � Jz1 ) or one of the possible spin-density wave statesdepending on the values of Jz1 and Jz2 . The ferromagneti
 phase 
an be stablefor negative Jz2 , but Jz1 has to be positive. Contrary to these results, for isotropi
Heisenberg 
ouplings we 
an state only that the fully saturated ferromagneti
 phaseis stable when Jz1 ; Jz2 � 0 and U � US
 , i.e. the stability domain is de
reased, andthe spin-density wave phases are 
ompletely missing from the phase diagram.Our results in 
onne
tion with the 
harge-density wave phases and the phaseseparation region are similar to the results obtained for the  SD;m phases in the



3.6. STUDY OF THE OBTAINED RESULTS 35Ising-type 
oupling 
ase, but now �Vl plays the role of Jzl . The stability domainsfor the  CD;m phases 
an be easily represented in this 
ase in terms of V2 and V1.The phase delimitation lines are situated in the (V2; V1) plane in a similar manner tothose present in the (Jz2 ; Jz1 ) plane (Ising 
ase) for the  SD;m phases. However, thereare two important di�eren
es. The  SD;m phases are stable for U � US
 but the CD;m phases are stable for U � UC
 . In other words the  SD;m phases are situated atthe top, and the  CD;m phases at the bottom of the phase diagramwith respe
t to theU axis. We mention that US
 � UC
 , be
ause US
 �UC
 = 2~t � 0. Emerging phaseswere not dedu
ed in the region of the phase diagram between these delimitationbound U values. As a 
onsequen
e, we 
annot state anything about the stability ofthe  XD;m phases in this U domain, be
ause our 
riteria for the emergen
e of a givenphase are su�
ient, but not ne
essary 
onditions. However, in the lo
alized limit~t! 0 and Ising-type 
ouplings, at�tl = Xl = Jxyl = 0(l = 1; 2), we have UC
 = US
 .In this 
ase, the dedu
ed US
 value represents a �rst-order quantum phase transitionpoint between a  SD;m (spin-density wave or fully saturated ferromagneti
) and a CD;m (phase separation or 
harge-density wave) phases. We emphasize that in this
ase our 
al
ulations give the 
omplete phase diagram of the system. For non-Ising-type 
ouplings this statement remains valid only in 
ase of isotropi
 ferromagneti
Jxyl = Jzl � 0; (l = 1; 2) 
ouplings. The 
ondition US
 = UC
 remains valid only forthis 
ase, and in this situation, only the stability of the fully saturated ferromagneti
state 
an be stated ( SD;m at m = D). For non-Ising 
ouplings the spin-densitywave phases are not stable therefore we do not know the phase diagram for largepositive U if the 
ouplings are not ferromagneti
.Another important di�eren
e between the  SD;m phases in Ising-type 
oupling
ase and the  CD;m phases is that the former phases are stable only for Jxyl = 0 (l =1; 2), but every  CD;m phase 
an be in prin
iple stable for arbitrary Heisenberg
oupling.It is important to emphasize that, when two di�erent dedu
ed phases have
ommon delimitation boundary, the stability 
onditions be
omes ne
essary andsu�
ient 
onditions. For this reason for example, the surfa
es separating the ferro-magneti
 phase from the antiferromagneti
 phases  SD;0 and  SD;D�1, or the surfa
esseparating di�erent spin-density wave phases ea
h from other represent ne
essaryand su�
ient 
onditions for the emergen
e of the mentioned phases and indi
ate�rst-order quantum phase transitions. The same 
an be stated about the separationsurfa
es present between the  CD;m phases.Con
erning the e�e
t of the extended intera
tion range on the phase diagram,our results show that the longer-range terms in
rease the variety of ordered phases.In this 
ase, the presen
e of several di�erent 
harge and spin density waves is due tothe non-zero next-nearest neighbour 
ouplings. For example we mention that onlythe non-zero value of �X2 alone 
an stabilize all  XD;m phases for 1 � m � D � 1.Furthermore, the stability domain of every phase strongly depends on the value of
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ouplings. Even more, the next-nearest neighbour 
ouplings enhan
ethe stability of those phases that are present in the phase diagram for vanishingnext-nearest neighbour terms. This is the 
ase for example for the phase separationregion.Con
erning the e�e
t of the in
reased intera
tion range, we mention that, for"SD;m � ~Jxy > 0, the V2 6= 0 
oupling in
reases the domain of the phase diagramin the region U < 0 from where the 
harge-density wave or phase separation isex
luded, making room for other ordered phases (su
h as super
ondu
tivity), in-dependently on the sign of V1, if V1 is small. However, if "SD;m� ~Jxy is 
omparablewith V2, based on V2 it is possible to erase 
ompletely other domains than 
harge-density wave or phase separation in 
harge from the U < 0 region. In this balan
e,the e�e
t of the hopping terms is also present given by ~t.The presented 
riteria for the emergen
e of the spin-density wave  SD;0 and
harge-density wave  CD;0 phases in the presen
e of next-nearest 
ouplings are gen-eralizations of the results obtained by other authors [83, 84, 44, 74, 43℄ taking intoa

ount only nearest-neighbour 
ontributions.Con
erning the behaviour of the magneti
 phases at Jl = 0; (l = 1; 2), it 
an beshown that, in this 
ase, the ferromagneti
 and spin-density wave phases presentin our phase diagram 
hange into a highly degenerate solution of the form P =Yi2B 
̂yi"Yi62B 
̂yi# j 0i; (3.15)with energy �P = (Z1V1 +Z2V2)=2. This energy 
an be obtained from our �SD;m inJzl ! 0; (l = 1; 2) limit. In equation (3.15), B represents an arbitrary subdomain ofthe starting latti
e. In this limit our results reprodu
e the results of Refs. [84, 44℄.In 
onne
tion with the D dependen
es one 
an see that, at V2 > 0 and jV1j <2(D � 1)V2 
ase, in
reasing the dimensionality of the system, the  SD;m phasespenetrate more deeply in the phase diagram in the dire
tion of the U = 0 point. Atthe same time, for U < 0, the region from where the phase separation and 
harge-density wave ordering are ex
luded be
omes greater. These results emphasize that,in the presen
e of V2 > 0, the US
 
riti
al value above whi
h the ferromagneti
domain is situated, de
reases with in
reasing dimensions for D � 2, independentlyof the sign of V1. Furthermore, at U < 0, the domain 
ontaining other orderingsthan phase separation or 
harge-density wave extends to higher jU j values within
reasing D, above D = 2, for jV1j � 2(D � 1)V2 > 0. In this manner, 
on
retelyfor the Xl = �tl restri
ted parameter region, we extended the stability domainof the ferromagneti
 phase in 
omparison with the results dedu
ed by Stra
k andVollhardt [84℄.



Chapter 4Periodi
 Anderson model intwo dimensionsIn this 
hapter we deal with a two-band Fermi system in two dimensions and lookfor exa
t solutions. It is some new interesting phases that we �nd, whi
h showsome 
hara
teristi
 features whi
h di�er from usual Fermi liquid behaviour.We apply the method used in the previous Chapter, des
ribed in Se
tion 3.2.We �nd that it 
an be done in this more 
ompli
ated 
ase, too. In fa
t we got twoqualitatively di�erent solutions: a 
ompletely lo
alized and a non-lo
alized one.The solutions are valid on two surfa
es of the parameter spa
e, i.e. on restri
ted,but 
ontinuous and in�nite regions of the T = 0 phase diagram, extended from thelow U to the high U regions up to U =1 at U > 0.The derived non-Fermi liquid state is given by a �at band e�e
t in multi-bandsystems with more than half �lling. The obtained properties are extremely pe
uliar:the system in 
ase of the des
ribed solution possesses a well de�ned Fermi energyeF under the 
onditions in whi
h the ~kF Fermi momentum 
annot be de�ned, andthe n~k momentum distribution fun
tion is 
ontinuous together with its derivativesof any order.The state is paramagneti
 and non-insulating. The state emerges inthe proximity of a Mott insulating phase.Con
erning the �at-band features, we mention that su
h 
hara
teristi
s havebeen 
learly observed in di�erent systems where strong ele
tron intera
tions andstrong 
orrelation e�e
ts play a main role. On numeri
al side, �at-band featuresare present for example in results 
onne
ted to 2D Hubbard model [90, 91, 92℄, or2D t � J model [93℄. Experimentally �at-band features are seen in angle-resolvedphoto-emission data of high T
 
uprates [94, 95℄. For layered systems angle-resolvedphoto-emission often shows main bands without any sharp 
hara
teristi
s in n~k [96℄,37



38 CHAPTER 4. PERIODIC ANDERSON MODEL IN TWO DIMENSIONSor give results interpreted via �at-band features assumptions[97℄. Band stru
ture
al
ulations for these systems often re�e
t a Fermi level positioned exa
tly at thebottom of a 
ondu
tion band with large e�e
tive mass around its minimum, belowwhi
h a gap is present [63℄. We further wish to mention that 
onne
tions betweensuper
ondu
tivity and �at-band features were also 
learly pointed out by Imadaet al. [98℄, and �at-band features 
an be seen as well in experiments related toheavy-fermion materials[99℄. On the te
hnologi
al side, for example Lammert etal. [100℄ have shown that squashing 
arbon nanotubes, �at-band features 
an bea
hieved around eF , where a mismat
h of nearly isoenergeti
 ~k states may haveunexpe
ted appli
ation possibilities.4.1 Some basi
 notations and the HamiltonianIn this Chapter we apply the notations for the latti
e and sites introdu
ed inSe
tion 2.2 taking into a

ount expli
itly the two dimensional situation. We denotethe two linearly independent unit length elements of � := Z2=(Lx; Ly) by x =(1; 0) and y = (0; 1), the primitive latti
e ve
tors by ~dx and ~dy. We extend thiskind of notation for the unit 
ells � in other words �plaquettes� � of the latti
e.A plaquette will be labelled by boldfa
e 
apitals, e.g. I, J, et
. We 
onsiderthe 
enter point of a plaquette as a 
oordinate of it, denoted by ~RI. For the
onsistent uniform notation we 
onsider I as an element of �pl := � 12 ; 12� + �, 1and similarly to the relation between i and ~Ri we have ~RI = Ix~dx + Iy ~dy. Thefour 
orners of a plaquette I are fI + Æ : Æ 2 SÆg where Æ = (Æx; Æy) and SÆ =f�12 ; 12� ; �� 12 ; 12� ; � 12 ;� 12� ; �� 12 ;� 12�g. On this line we denote ~RÆ = Æx~dx + Æy ~dy,and in the followingPÆ is a short notation instead of PÆ2SÆ .Su
h as �, also �pl is handled as ordered set, i.e., it is endowed with a greaterthan relation, whi
h is 
oming down from the ordering of � by the following de�ni-tion: I < J, I�� 12 ; 12� < J�� 12 ; 12�. If we do not say anything else, by de�nition,the multipliers of every non-
ommutative produ
t over �pl or some subsets of itstand in in
reasing order. The produ
ts of whi
h multipliers stand in de
reasingorder is denoted by prime over the Q, su
h as in equation (4.12).We 
onsider a 2D square latti
e des
ribed by a two-band model. We denotethese bands by 
 and f , and in expressions where we need a 
ommon notation byb 2 f
; fg. The Hamiltonian is given in dire
t spa
e as have been written in Se
tion2.5, Ĥ = Ĥ0 + Û ; Ĥ0 = T̂
 + T̂f + V̂0 + V̂ + Êf ; (4.1)1Here we 
onsider �pl as a subgroup of R2=(Lx; Ly) and this de�nes the sum of its elementsamong themselves and with the elements of �.



4.2. MAIN IDEA OF THE METHOD 39where the non-intera
ting terms have been denoted together by Ĥ0, and the inter-a
tion term Û is the usual Hubbard intera
tion at the f -ele
tron level. The on-siteenergy Ef for the se
ond band �xes the relative energy of the two bands. Theseterms together with the kineti
 energy and hybridization terms 
an be written asin equations (2.32), but in this Chapter we take into a

ount, beside the on-sitehybridization V̂0, only nearest and next-nearest terms. Based on physi
al 
onsider-ations detailed in Chapter 2 the long-range terms being 
onsidered negligible small.Therefore the set N � whi
h determines the range of the intera
tion in equations(2.32) � in this 
hapter is N = fx;�x;y;�y;x + y;�x� y;x� y;y � xg. Wetake into a

ount di�erent 
ouplings along di�erent latti
e dire
tions, whi
h allowin fa
t the study of the system with distorted unit 
ell as well.Our model is given by the following nineteen independent 
oupling 
onstants.The hopping amplitudes in the 
 band are: t
x, t
y, t
x+y, t
x�y. The remaining fourones are determined by the Hermitian requirement of the Hamiltonian: t
�x = (t
x)�,t
�y = (t
y)�, t
�x�y = (t
x+y)�, t
y�x = (t
x�y)�. The hopping amplitudes in thef band are: tfx, tfy, tfx+y, tfx�y, and again tf�x = (tfx)�, et
. The eight plus onehybridization 
ouplings are Vj; j 2 N and V0, furthermore Ef and U . The lasttwo ones are 
learly have to be real (again be
ause of the Hermitian requirement),but for the generality we do not take any other assumptions for the above 
oupling
onstants.Hereafter the operators of the total number of parti
les in a given band isdenoted by N̂b :=Pi;� b̂yi;� b̂i;�, and N̂ := N̂b + N̂f .4.2 Main idea of the methodOur starting Ĥ from equation (4.1) represents a prototype of an intera
ting twoband system in 2D. To study this model we use the method des
ribed in Se
-tion 3.2. We express the Hamiltonian as 
an be seen in equation (3.3) and sear
hfor the ground state wave fun
tion as a ve
tor in the kernel of positive semide�niteoperators. For this purpose we write the intera
tion term asÛ = UP̂ 0 + UN̂f � UN�; (4.2)where P̂ 0 =Xi P̂ 0i ; P̂ 0i = (1� n̂fi;" � n̂fi;# + n̂fi;"n̂fi;#): (4.3)In the de
omposition presented in equation (4.2) the operator P̂ 0 is a positivesemide�nite operator, be
ause it is a sum of positive semide�nite terms. Thereason for this is simple. P̂ 0i applied to a wave fun
tion gives one if on the site ino f ele
trons are present, and gives zero, if on the site i at least one f ele
tron is



40 CHAPTER 4. PERIODIC ANDERSON MODEL IN TWO DIMENSIONSpresent. As a 
onsequen
e, the spe
trum of P̂ 0i is the set f0; 1g, and P̂ 0 measuresthe number of empty sites on the f -level, thus its kernel (null-spa
e) 
onsists of thewave fun
tions whi
h do not 
ontain empty sites on the f -level.An other positive semide�nite terms is expressed asPI;� ÂI;�ÂyI;�, � whi
h ispositive semide�nite by de�nition, � where the operator ÂyI;� is build up as a linear
ombination of the starting b̂y fermioni
 operators whi
h 
reate ele
trons on the
orners of plaquette I. The Ith plaquette operator for a �xed spin � 
an be generallyexpressed as ÂI;� =PÆ;b aI+Æ;bb̂I+Æ;�. We will build up from these operators theHamiltonian whi
h is invariant under the latti
e translations, therefore plaquetteindependen
e will be 
onsidered for the emerging eight 
omplex 
oe�
ients presentin ÂI;� , i.e., aI+Æ;b = aÆ;b. Thus the plaquette operators be
omeÂI;� =XÆ Xb2f
;fgaÆ;bb̂I+Æ;� (4.4)The ÂyI;� 
reates an ele
tron into a one-parti
le state whi
h is linear 
ombinationof the eight original ele
tron state of a plaquette. These new one-parti
le statesare not orthogonal, i.e., gI;J := h0jÂJ;�ÂyI;� j0i 6= ÆI;J. ( As usual, the normal typeletter Æ denotes the Krone
ker delta fun
tion of its dis
rete variables and has notany relation with the boldfa
e letter Æ, whi
h is a dis
rete ve
tor.) Therefore theoperators ÂyI;� and ÂI;� do not satisfy the 
anoni
al fermioni
 anti
ommutationrelations, instead[ÂyI;�; ÂJ;�0 ℄+ = Æ�;�0gI;J; [ÂI;�; ÂJ;�0 ℄+ = [ÂyI;�; ÂyJ;�0 ℄+ = 0; (4.5)where based on the de�nition (4.4) of the Â operators the matrix g 
an be expressedwith the parameters aÆ;b gI;J = Xb2f
;fg XÆ; Æ0Æ-Æ0=J-Ia�Æ;baÆ0;b: (4.6)Our strategy is the following. Beside the term N̂ the operator PI;� ÂyI;�ÂI;�
ontains the same terms than the nonintera
ting Hamiltonian Ĥ0, among them Êf ,whi
h operator (with di�erent 
oupling 
onstant) also o

urs in the (4.2) de
om-position of the intera
tion. When the parameters aÆ;b 
an be 
hosen in su
h a way� be
ause it is allowed by the starting parameters of the Hamiltonian � that thefollowing equality holds,�XI;� ÂyI;�ÂI;� +KN̂ = Ĥ0 + UN̂f ; (4.7)



4.3. THE GROUND STATE WAVE FUNCTIONS 41where K is a parameter, then based on equations (4.2, 4.5, 4.6) we haveĤ = P̂ + UP̂ 0 +KN̂ � 2N�XÆ;b jaÆ;bj2 �N�U; (4.8)where P̂ =XI;� ÂI;�ÂyI;� (4.9)is a positive semide�nite operator. We sear
h for the ground state under the
ondition that the number of parti
les are �xed. The Hilbert spa
e of the systemof N parti
les is denoted by HN . On this spa
e N̂ is a 
onstant operator. Whenthe following three 
onditions(a) there is a proper de�nition for ÂI;�, i.e. for aÆ;b, whi
h make the equation(4.7) valid,(b) U > 0,(
) HN;0 := HN \ ker P̂ \ ker P̂ 0 6= f0gare satis�ed, then HN;0 is the subspa
e of the ground states within HN . There issome di�eren
es between the method sket
hed above and presented in Se
tion 3.2.Now there has no 
oupling 
onstant dependent multiplier of P̂ , but the expression(4.8), whi
h gives the Hamiltonian in terms of positive semide�nite operators, isvalid only in spe
ial values of the parameters, whi
h allow the solution of equation(4.7) for the parameters aÆ;b and K. This gives the 
ondition (a) whi
h togetherwith 
ondition (b) gives a domain Dg in the parameter spa
e where we 
an givelower bound for the ground state energy keeping only the 
onstant and negle
tingthe positive semide�nite terms. The 
ondition (
) assures the existen
e of a properstate whi
h gives the same energy as an upper bound. This terminology wouldsuggest that we follow the pro
edure written down in Se
tion 3.2, namely that we�nd an upper bound for the ground state energy using the variational method. Butthe situation is not the same now. In the next Se
tion we dedu
e the ground statesubspa
e determining the kernel of P̂ and P̂ 0. We will see that the 
ondition (
)is satis�ed only in N � 3N� 
ase, thus it leads to a 
ondition for the band �lling.Then in Se
tion 4.4 we examine the 
onditions (a) and (b) whi
h are 
onditionsfor the model parameters. We write down the system of equations 
omes fromequation (4.7) and we dis
uss the physi
al properties of the model whi
h allow thesolution of it.4.3 The ground state wave fun
tionsNow we study the situation when fÂyI;�j0i : I 2 �plg is a linearly independentve
tor set. This is equivalent with det g 6= 0. This is an additional 
ondition
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h is needed for us to determine HN;0. The above mentioned set 
an be linearlydependent, su
h a 
ase will be dis
ussed in Se
tion 4.6. Now we 
an de�ne a dualve
tor set whi
h is 
reated from the va
uum � by de�nition � with the operators(ÂI;�)y. The relation between the operators Â with sub- and supers
ript is thefollowing:(ÂI;�)yj0i =XJ gJ;IÂyJ;� j0i; ÂyI;� j0i =XJ gJ;I(ÂJ;�)yj0i; (4.10)where gI;J is the inverse of gI;J, i.e., PL gI;LgL;J = ÆI;J. Due to the de�nition(4.10) the operators Â with sub- and supers
ripts are anti
ommute,[ÂyI;�; ÂJ;�0 ℄+ = Æ�;�0ÆI;J: (4.11)As a further 
onsequen
e of the linear independen
e of the ve
tor set fÂyI;�j0i :I 2 �plg we 
an realize that Ĝy :=�QI ÂyI;"��QI ÂyI;#�6= 0. The operator Ĝ, whi
his the adjoint of Ĝy 
an be written as Ĝ =�Q0I ÂyI;#��Q0I ÂyI;"�, where the primeover the Q indi
ates that the multipliers of the produ
t stand in reverse order.A wave fun
tion j i = ĜyẐyj0i with arbitrary operator Ẑy is in the kernel ofP̂ . It is simple 
onsequen
e of the 
ommutation relations (4.5), likewise the reversestatement, that every wave ve
tor j i = Ẑy1 j0i from the kernel of P̂ 
an be writtenas ĜyẐyj0i, where Zy = ĜẐy1=(det g)2. For the proving of this latter statementtake into a

ount that from P̂ Ẑy1 j0i = 0 follows that ÂyI;�Ẑy1 j0i = 0 for every I and�, thereforeĜyĜẐy1 j0i =Y� ��YI ÂyI;���YJ 0ÂJ;���Ẑy1 j0i=Y� ��YI ÂyI;���YJ 0�XL g�L;JÂL;����Ẑy1 j0i=Y� ��YI ÂyI;��� XP2S�plYJ 0g�P(J);JÂP(J);���Ẑy1 j0i=Y� ��YI ÂyI;��� XP2S�pl(�1)jPjYJ 0g�P(J);JÂJ;���Ẑy1 j0i=Y� � XP2S�pl(�1)jPjYJ gJ;P(J)ÂyJ;�ÂJ;��Ẑy1 j0i= (det g)2Ẑy1 j0i; (4.12)where PP2S�pl means summation over all the permutations P of the the set �pl,and jPj is the parity of a permutation. We used in equation (4.12) that gI;J = g�J;I.



4.4. CONDITIONS FOR THE MODEL PARAMETERS 43Thus we have determined the kernel of P̂ : every state ve
tor from it has the formĜyẐyj0i, where Ẑy is an arbitrary operator. 2We have mentioned that a state ve
tor j i is in the kernel of P̂ 0 if and onlyif there is no empty site in the f -level. More pre
isely it means that expressingj i in terms of b̂i;� as a linear 
ombination of operator produ
ts b̂yi1;�1 b̂yi2;�2 : : :every term of this linear 
ombination have to 
ontain the operators f̂yi;�i for all iwith an arbitrary �i. Taking into a

ount that expressing Ĝy in terms of b̂yi;� thereis a term whi
h does not 
ontain f̂y operators at all, we 
on
lude that a ve
torj i = ĜyẐyj0i 2 ker(P̂ ) is simultaneously in ker(P̂ 0) as well if and only if Ẑy is alinear 
ombination of operators F̂ y�Ẑy�, where we used the notation F̂ y� = Qi f̂yi;�iwith � = (�i)N�i=1, �i 2 f"; #g, and Ẑy� are arbitrary operators. As a 
orollary,every ground state ve
tor, whi
h 
an be determined by our method 
orresponds toN � 3N�, and the ground state ve
tor at three-quarter �lling 
an be written as alinear 
ombination of the following onesj 0;�i = ĜyF̂ y� j0i (4.13)In the Appendix A we show that these ve
tors not only generate the ground statesubspa
e but they are linearly independents, so these form a basis in H3N�;0.With the 
ondition that the parti
le number is N where N � 3N�, a groundstate 
an be written as j 0i =X� ĜyF̂ y�Zy�j0i; (4.14)where the operators Zy� 
reate N�3N� parti
les from the va
uum, otherwise theseare arbitrary operators, 
onsist of not only a simple produ
t of 
reation operatorsbut its linear 
ombination with 
omplex numeri
al 
oe�
ients.4.4 Conditions for the model parametersIn the previous Se
tion we have seen that the 
ondition (
) from Se
tion 4.2 
an besatis�ed when N � 3N� assuming that det g 6= 0. Now we examine the 
onditions(a) whi
h is formulated in equation (4.7). Writing down expli
itly the two sides ofthat equation we get the following system of nineteen equations for the parameters2 We need it later therefore we mention here that on the same manner like the 
omputation(4.12) we 
an prove the equality ĜĜyj0i = (det g)2j0i. For this purpose we negle
t the operator Ẑy1and inter
hange the Ĝ and Ĝy operators, but the main 
on
epts of the 
omputation (4.12) remainun
hanged. In the last step we use that ÂI;� j0i = 0 for arbitrary I and �. As a 
onsequen
e wehave jjĜyj0ijj = det g.



44 CHAPTER 4. PERIODIC ANDERSON MODEL IN TWO DIMENSIONSaÆ;b and K: tbj = � XÆ; Æ0Æ-Æ0=ja�Æ;baÆ0;b; b 2 f
; fg; j 2 fx;y;x+ y;x � yg;Vj = � XÆ; Æ0Æ-Æ0=ja�Æ;
aÆ0;f ; j 2 N ; V0 = �XÆ a�Æ;
aÆ;f ;Ef + U =XÆ (jaÆ;
j2 � jaÆ;f j2); K =XÆ jaÆ;
j2: (4.15)Before we analyze the physi
al meaning of the 
ondition that these equations haveto be solvable we make some remarks.Choosing the parameters aÆ;b and U arbitrarily but satisfying the 
onditionsdet g 6= 0 and U > 0 we 
an get proper model parameters from equations (4.15).From mathemati
al point of view equations (4.15) de�ne a quadrati
 mapping fromthe spa
e of eight 
omplex variables aÆ;b and the real variable U into the originalparameter spa
e of the seventeen 
omplex hybridization and hopping 
oupling 
on-stants and the real Ef and U . From the domain of this mapping we ex
lude theU � 0 half-spa
e and the one dimensional 
omplex submanifold in whi
h det g = 0.The image of this domain determines the values of the parameters in the originalparameter spa
e for whi
h we 
an solve the model. This is 
learly a submanifoldwhi
h goes through the parameter spa
e from small to large U .Using the last two equations from (4.15) we 
an express the ground state energyfrom equation (4.8) in terms of the original model parameters and K.E0 = KN + (2Ef + U � 4K)N� (4.16)This expression 
ontains expli
itly only two model parameters U and Ef , butthey are impli
itly in�uen
ed by the others via equations (4.15), and the otherparameters in�uen
e the value of E0 via K, too.Summarizing, we 
an state the following: if (a) the system of equations (4.15) issolvable, (b) U > 0 and (
) from the solution of equations (4.15) we get det g 6= 0,then �xing the parti
le number on a value N � 3N� the ground state of theHamiltonian (4.1) is degenerated, the ground states 
an be written as in equation(4.14) and have energy (4.16).To understand the physi
al ba
kground of 
ondition (a) we Fourier transformthe equation (4.7). From the right hand side we get the usual ~k-spa
e representationof the non-intera
ting Hamiltonian, but the energy level of the f -band is shiftedby U due to the se
ond term originated from the intera
tion. After Fourier trans-formation the non-intera
ting term is not diagonal either, unlike equation (2.9),be
ause of the hybridization terms. As follows from the 
onventions of Se
tion 2.2



4.4. CONDITIONS FOR THE MODEL PARAMETERS 45the Fourier transform of the operator b̂i;� is (
ompare the equations (2.4, 2.5, 2.8)and (2.10) ) b̂~k;� = 1pN� Xi ei~k ~Ri b̂i;�; (4.17)and the inverse relation is b̂i;� = 1pN� X~k e�i~k ~Ri b̂~k;� : (4.18)Thus the right hand side of the equation (4.7) takes on the formĤ0 + UN̂f =X~k;� Xb;b0 h~k;b;b0 b̂y~k;� b̂0~k;�; (4.19)whereh~k;b;b0 :=  �~k;
 V~kV �~k �~k;f + U! = 0BB�Xj2N t
jei~k ~Rj V0 +Xj2N Vjei~k ~RjV �~k U +Ef +Xj2N tfj ei~k ~Rj1CCA (4.20)To handle the left hand side of equation (4.7) we express ÂI;� with the Fouriertransformed operators (4.17):ÂI;� =XÆ;b aÆ;b 1pN� X~k e�i~k ~RI+Æ b̂~k;� = 1pN� X~k e�i~k ~RIXb �~k;bb̂~k;�; (4.21)where �~k;b :=XÆ aÆ;be�i~k ~RÆ : (4.22)Based on equation (4.21) we have�XI;� ÂyI;�ÂI;� +KN̂ = �X~k;� Xb;b0 ��~k;b�~k;b0 b̂y~k;� b̂0~k;� +KX~k;� Xb b̂y~k;� b̂~k;� : (4.23)From the 
omparison of equations (4.19) and (4.23) we 
on
lude that the equation(4.7), whi
h is the formula of 
ondition (a), in Fourier spa
e 
an be written ash~k;b;b0 = ���~k;b�~k;b0 +KÆb;b0 : (4.24)



46 CHAPTER 4. PERIODIC ANDERSON MODEL IN TWO DIMENSIONSFrom this expression of the matrix h~k one 
an immediately see that from thediagonalization of the Hamiltonian Ĥ0 +UN̂f � whi
h means the diagonalizationof the matrix h~k, as 
an be seen from equation (4.19) � two bands arise withdispersion relations E~k;1 = K ��~k; E~k;2 = K; (4.25)where �~k =Xb j�~k;bj2 = 2K � �~k;
 � �~k;f � U � 0: (4.26)We mention here that in the ground state, be
ause of P̂ 0j 0i = 0, the e�e
tiveHamiltonian is Ĥe� = Ĥ0+UN̂f . With this notation we 
an write the Hamiltonian(4.1) as Ĥ = Ĥe� + UP̂ 0 � UN�: (4.27)Now we take into a

ount the 
ondition det g 6= 0. As we have mentioned, inthis 
ase fÂyI;�j0i : I 2 �plg is a linearly independent ve
tor set. The Fouriertransformation is a regular linear transformation, i.e. preserves the linear inde-penden
e. From equation (4.21) one 
an see that the Fourier transform of ÂI;� isPb �~k;bb̂~k;�, therefore fPb ��~k;bb̂y~k;� j0i : ~k 2 �̂g is also a linearly independent set.As a simple 
onsequen
e Pb �~k;bb̂~k;� 6= 0 thus Pb j�~k;bj2 6= 0 for all ~k. It meansthat the diagonalized bands of Ĥe� with dispersions (4.25) are not degenerated,hen
e the operators given by this diagonalization, i.e., for whi
hĤe� = 2Xs=1X~k;� Cy~k;s;�C~k;s;�; (4.28)are uniquely determined by the following expressionsĈ~k;1;� = �~k;

̂~k;� + �~k;f f̂~k;�p�~k ; Ĉ~k;2;� = ��~k;f 
̂~k;� � ��~k;
f̂~k;�p�~k : (4.29)As we expe
t, but it 
an be 
he
ked by dire
t 
omputation, the 
anoni
al anti
om-mutation relations are hold for these operators and their adjoints, be
ause Ĉy~k;s;�j0iare eigenve
tors with non-degenerated eigenvalues of the self-adjoint operator Ĥe�thus they are orthogonal ea
h other, and they are also normalized due to the nor-malization 
onstant (�~k)�1=2. Apart from this normalization the operators Ĉ~k;1;�are the Fourier transforms of ÂI;�. This is not surprising taking into a

ount thatĤe� 
an be written by ÂyI;� as the left hand side of equation (4.7).



4.5. PHYSICAL PROPERTIES OF THE DEDUCED GROUND STATE 47In the light of the above we 
an 
onsider the expression (4.19) of Ĥe� as aHamiltonian of a non-intera
ting system whi
h is similar to Ĥ0 but the value ofEf is substituted by Ef + U . As 
an be seen from the expression (4.28), thisnon-intera
ting Hamiltonian des
ribes a two-band system with one 
ompletely �atband whi
h energy is above the other, non �at band.Finally we 
an restate our results in the following form: the ground states ofthe Hamiltonian (4.1) are the states from equation (4.14) with energy (4.16) whenN � 3N�, U > 0 and the Hamiltonian Ĥ0 + UN̂f has two non-interse
ting bandsand the upper one is 
ompletely dispersionless.In the following we dis
uss the physi
al properties of the dedu
ed ground states.4.5 Physi
al properties of the dedu
ed ground state4.5.1 Momentum distribution fun
tions and ground stateexpe
tation values of the Hamiltonian termsNow we 
ompute the momentum distribution fun
tions and ground state expe
ta-tion values of the terms from Hamiltonian (4.1). For this purpose it is enough to
ompute the expe
tation value of P� b̂y~k;� b̂0~k;� be
ause the non-intera
ting terms
an be easily expressed by them and based on the de
omposition (4.2) of the inter-a
tion it 
an be seen that for the expe
tation value of Û it is enough to 
omputethe expe
tation value of N̂f , be
ause P̂ 0 � due to its de�nition � gives zero onthe ground states. The operators b̂~k;� 
an be expressed by Ĉ~k;s;� via the inverseexpressions of equations (4.29),
̂~k;� = ��~k;
Ĉ~k;1;� + �~k;f Ĉ~k;2;�p�~k ; f̂~k;� = ��~k;f Ĉ~k;1;� � �~k;
Ĉ~k;2;�p�~k (4.30)therefore we need the expe
tation values of Ĉy~k;s;�Ĉ~k;s0;� . To 
al
ulate them weexpress the ground state ve
tors with the operators Ĉy~k;s;�.For the operator Ĝy it is easily 
an be done based on the observation that it
ontains produ
t of ÂyI;� over all the plaquette indi
es, and the Fourier transformof ÂyI;� is (�~k)1=2Ĉy~k;1;�, as we mentioned in the previous Se
tion. ThereforeĜy = �Y~k (�~k)1=2Ĉy~k;1;"��Y~k (�~k)1=2Ĉy~k;1;#� = �Y~k �~k��Y~k Ĉy~k;1;"��Y~k Ĉy~k;1;#�:(4.31)



48 CHAPTER 4. PERIODIC ANDERSON MODEL IN TWO DIMENSIONSThe prefa
tor Q~k�~k gives the norm of the state ve
tor Ĝyj0i be
ause the last twooperatorial parts in equation (4.31) 
reate a normalized state from the va
uum,sin
e the operators Ĉy~k;1;� and their adjoints satisfy the 
anoni
al anti
ommutationrelations. Comparing it with footnote 2 in page 43 we 
an realize that det g =Q~k�~k. We derived this relation for det g 6= 0 
ase but it remains valid in det g = 0
ase, too. It holds true be
ause from the linear dependen
y of the ve
tor setfÂI;� : I 2 �plg follows the linear dependen
y of f(�~k)1=2Ĉy~k;1;�j0i : ~k 2 �̂g,whi
h involves �~k = 0 for at least one ~k, sin
e the non-zero ve
tors Ĉy~k;1;�j0i arelinearly independents. This again emphasizes that the 
ondition det g 6= 0 meansthat the gap between the bands of the Hamiltonian Ĥe� is non-vanishing. Thereforein 
ase of N > 2N� every ground state of Ĥe� is simply built up from a 
ompletely�lled lower band and a partially �lled upper band in whi
h the ele
trons 
an besituated arbitrarily be
ause it is dispersionless. The parti
le distribution in thisband is determined by the further 
ondition that the intera
tion energy have to beminimal, i.e. the ground state has to be in ker P̂ 0. The state ve
tors (4.13-4.14)meet these two requirements simultaneously. The operator Ĝy �lls up the lowerband of Ĥe� and F̂ y� assures that every site 
ontains at least one ele
tron.Expressing F̂ y� in terms of Ĉy~k;s;� we get a linear 
ombination of terms 
onsistingof the produ
ts of these operators. In the building up of the ground states onlythose terms play role whi
h 
onsist of only Ĉy~k;2;�, be
ause Ĝy 
ontains Ĉy~k;1;� forevery ~k and �. The same is true for Ẑy�. The terms of its expression whi
h 
ontainĈy~k;1;� are 
an
el out. Based on the above we 
on
lude thatĈy~k;1;�Ĉ~k;1;�j 0i = j 0i; Ĉy~k;1;�Ĉ~k;2;�j 0i = 0; (4.32)for arbitrary ground state ve
tors from equation (4.14).If a physi
al quantity has the property that its quantum me
hani
al expe
tationvalue is uniform in the subspa
e of ground states then we denote it in this Chapterby h:i. In other words hX̂i := h 0jX̂j 0ih 0j 0i , and the notation used on the left handside in
ludes that the right hand side does not depend on  0 2 HN;0.From equations (4.32) we 
an see that hĈy~k;1;�Ĉ~k;1;�i = 1 and hĈy~k;1;�Ĉ~k;2;�i = 0.These results are valid for arbitrary N � 3N� 
ases. Furthermore, in 
ase of 3=4�lling and with the additional 
ondition that �~k;
 6= 0 for all ~k in Appendix Abased on the expli
it expression of F̂ y in terms of operators Ĉy~k;s;� we prove thathX� Ĉy~k;2;�Ĉ~k;2;�i = 1: (4.33)When there exists ~k for whi
h �~k;
 = 0 then the ve
tors (4.13) for all � arenot linearly independent, and the proof of equation (4.33) in Appendix A is not



4.5. PHYSICAL PROPERTIES OF THE DEDUCED GROUND STATE 49appli
able. It seems to be not only a te
hni
al di�
ulty. It is a matter of fa
t thatthe result (4.33) with its all 
onsequen
es equations (4.34) and (4.35) do not remainvalid in this 
ase. Therefore in the following part of this Se
tion all dis
ussion isrelated to the �~k;
 6= 0 
ase, whi
h involves �~k 6= 0, so hereafter this 
onditionbe
omes more restri
tive.Now we 
an a

omplish the program written down in the �rst paragraph of thisSe
tion. We use the equation (4.33) therefore the results below are related to the
ase of 3=4 �lling and �~k;
 6= 0. From the results of the previous paragraph andequations (4.30) we getn~k;
 := DX� 
̂y~k;� 
̂~k;�E = 1 + j�~k;
j2�~k = 1 + K � �~k;
2K � �~k;
 � �~k;f � U ;n~k;f := DX� f̂y~k;� f̂~k;�E = 1 + j�~k;f j2�~k = 1 + K � �~k;f � U2K � �~k;
 � �~k;f � U ;DX� f̂y~k;� 
̂~k;�E = ��~k;
�~k;f�~k = � V~k2K � �~k;
 � �~k;f � U ; (4.34)and the ground-state expe
tation values of di�erent Hamiltonian terms be
omehT̂
i =X~k (K � j�~k;
j2)�1 + j�~k;
j2�~k � =X~k �~k;
 K � �~k;
�~k ;hT̂f i =X~k (K �Ef � U � j�~k;f j2)�1 + j�~k;f j2�~k � =X~k (�~k;f �Ef )K � �~k;f � U�~k ;hV̂ i = �X~k (��~k;
�~k;f + V0)��~k;f�~k;
 + (��~k;f�~k;
 + V �0 )��~k;
�~k;f�~k= �X~k 2jV~kj2 � (V �~k V0 + V �0 V~k)�~k ;hV̂0i =X~k V0��~k;f�~k;
 + V �0 ��~k;
�~k;f�~k = �X~k V �~k V0 + V �0 V~k�~k ;hÊf i = EfX~k �1 + j�~k;f j2�~k � = EfX~k �1 + K � �~k;f � U�~k � ;hÛi = UX~k j�~k;f j2�~k = UX~k K � �~k;f � U�~k ; (4.35)where we used that the dispersion relation �~k;b summing over the whole Brillouinzone gives the meaning of the band, i.e. 0 for the 
-band and Ef for the f -band.



50 CHAPTER 4. PERIODIC ANDERSON MODEL IN TWO DIMENSIONSThe value of the 
onstant K is given via the solution of equations (4.15) and�~k > 0 is also given in terms of the original 
oupling 
onstants in equation (4.26)via equation (4.20).First of all the most 
onspi
uous feature of the above results that both bandsare partially �lled and the momentum distribution fun
tions n~k;b are 
ontinuoustogether with their derivatives of any order. Therefore Fermi momentum is notde�nable thus the system has not Fermi surfa
e. These show that our systemis not a usual Fermi liquid. To get more details about these properties we aremotivated to examine the spin 
ontributions to n~k;b. Investigating the ground stateexpe
tation value of n̂~k;b;� = b̂y~k;� b̂~k;� we 
an realize that � due to the same featureof Ĉy~k;2;�Ĉ~k;2;� � it is not uniform in the subspa
e of the ground states either inN =3N� 
ase, but depends on the index � of the basis ve
tors of HN;0 from equation(4.13). Nevertheless, we 
an 
ompute the limit hn̂~k;b;�i0 := limT!0hn̂~k;b;�iT whi
hhas a dis
ontinuity at the Fermi surfa
e for Fermi liquids. Here h:iT denotes the�nite temperature expe
tation value with the 
anoni
al density operator, i.e., foran observable X̂ it is de�ned byhX̂iT := Tr(X̂ e� ĤkBT )Tr(e� ĤkBT ) ; (4.36)therefore hX̂i0 := limT!0hX̂iT = TrHN;0 X̂TrHN;0 1̂ : (4.37)Here the subs
ript HN;0 under the Tr means that the tra
e have to be taken overthe ground state subspa
e, and not over the whole Hilbert spa
e HN . Based onthe above one 
an see that from the existen
e of the expe
tation value hX̂i followsthat hX̂i0 = hX̂i. That is why we immediately obtain from equations (4.32) thathĈy~k;1;�Ĉ~k;1;�i0 = 1 and hĈy~k;1;�Ĉ~k;2;�i0 = 0. Moreover, at the end of Appendix Awe prove that hĈy~k;2;�Ĉ~k;2;�i0 = 12 independently on �. All in all, we 
on
lude thatn~k;b;� = n~k;b=2. Therefore neither n~k;b;� makes possible to de�ne Fermi momentum.In 
ase ofN> 3N� the quantumme
hani
al expe
tation value ofP� Ĉy~k;2;�Ĉ~k;2;�is not uniform in HN;0 any more, but the T ! 0 limit of its �nite temperature ex-pe
tation value is well de�ned and usable to study the momentum distributionfun
tions in this 
ase. By the same pro
edure than above we obtain 
ontinuousn~k;b fun
tions again. The reason is the same as in 3/4 �lling 
ase. The ele
trons ofa ground state wave fun
tion are 
reated from the va
uum by three operators. Aswe have seen the ele
trons 
reated by F̂ y� assure the minimalization of the inter-a
tion energy and do not 
ause any irregularity in k-spa
e. Every other ele
tron
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trons driving by the e�e
tive Hamiltonian Ĥe�.The lower band of this Hamiltonian is 
ompletely �lled due to the ele
trons 
reatedby Ĝy, thus Ẑy� 
an 
reate ele
trons only in the upper band whi
h is 
ompletely�at, so there is no reason to have Fermi momentum.In the end we noti
e that the total momentum distribution fun
tion is 
om-pletely uniform in ~k-spa
e: n~k := hPb n̂~k;bi = 3. As a 
he
k, from this result weget ba
k N = 3N�. Furthermore summing up all 
ontributions from equations(4.35) we reobtain the ground state energy (4.16) with N = 3N�. To prove it,based on equations (4.24,4.26) one 
an get for the sum of the terms from equations(4.35) � whi
h is the ground state expe
tation value of the Hamiltonian (4.1) �that E0 = EfN�+P~k(K��~k). The equivalen
e of this and equation (4.16) 
omesstraightforward using the se
ond expression of �~k from (4.26) andP~k �~k;
 = 0 andP~k �~k;f = EfN�.4.5.2 Lo
alized and non-lo
alized solutionsGoing on the dis
ussion of the N = 3N� and �~k;
 6= 0 
ase now we examineseparately the on-site 
ontribution to the ground state energy, and the 
ontributionof the ele
tron motion between the sites. For this purpose we de
ompose theHamiltonian into sum of on-site � in other words lo
alized � terms and non-lo
alized terms whi
h des
ribe the moving of the ele
trons.Ĥ = Ĥlo
 + Ĥmov ; Ĥlo
 := V̂0 + Êf + Û ; Ĥmov := T̂
 + T̂f + V̂ : (4.38)Taking into a

ount the equation (4.26) and that P~k �~k;
 = P~k(�~k;f � Ef ) = 0,from equations (4.35) we obtain the ground state expe
tation value of Ĥmov:hĤmovi =X~k P~k�~k + 2X~k (2K �Ef � U ��~k) =X~k P~k�~k (4.39)whereP~k = �[Kj�~k;f j2 + (K �Ef � U)j�~k;
j2 + V0��~k;f�~k;
 + V �0 ��~k;
�~k;f ℄: (4.40)Substituting into the above formula of P~k the last three equations from (4.15) whi
hgive the expressions of V0, Ef+U and K in terms of the parameters aÆ;b, we obtainP~k = �XÆ jaÆ;
�~k;f � aÆ;f�~k;
j2 � 0; (4.41)from whi
h we get hĤmovi � 0 immediately.We examine under whi
h 
ir
umstan
es hĤmovi 
an be zero. Clearly, it is zeroif and only if P~k = 0 for all ~k, i.e., aÆ;
�~k;f = aÆ;f�~k;
 for all ~k and Æ. In our 
ase
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 6= 0) it is equivalent with aÆ;f = p aÆ;
 where p 2 C is a 
onstant. Thereforein this 
ase the de�nition (4.4) be
omesÂI;� =XÆ aÆ;
d̂I+Æ;�; where d̂i;� = 
̂i;� + pf̂i;�: (4.42)The operators d̂yi;� anti
ommute with ea
h other, therefore every non-vanishingterm of the produ
t QI ÂyI;� is proportional with the operator Qi d̂yi;� . Comparingthe norm of the state ve
tor 
reated from the va
uum by Ĝy and by Qi d̂yi;"Qi d̂yi;#we 
on
lude that 
ontra
ting the numeri
al 
oe�
ients of these previously men-tioned non-vanishing terms we have to get pdet g apart from a fa
tor 
oming fromthe normalization of the operators d̂yi;�. All in all, we haveĜy = det g(1 + jpj2)N� Yi d̂yi;"Yi d̂yi;#: (4.43)We 
on
lude that all ground state wave ve
tors from the equation (4.13) 
an bewritten as a produ
t of one-site three parti
le states, so they des
ribe a 
ompletelylo
alized state. This means that from hĤmovi = 0 follows that n̂ij 0i = 3j 0i,in other words, the ground-state ve
tors has no 
omponent in whi
h the ele
trondistribution is not uniform in the latti
e.The lo
alization of the ele
trons implies under every 
ir
umstan
es that neitherof any individual hopping term T̂ bj (its de�nition is a reasonable generalization ofthe de�nition (2.24) for 
 and f bands) or of any non-on-site hybridization termgives 
ontribution to the ground state energy, therefore hĤmovi = 0. But in thestudied 
ase the reverse statement is also true, so we 
an say that hĤmovi = 0holds if and only if every individual non-on-site term of the Hamiltonian has zeroground state expe
tation value, and it is equivalent to the fa
t that the groundstate wave fun
tion is 
ompletely lo
alized, i.e. it 
an be written as a produ
t ofon-site few-parti
le states, and �nally the su�
ient and ne
essary 
ondition of it isthat there exists a 
onstant p whi
h is independent of Æ for whi
haÆ;f = p aÆ;
; p 2 C : (4.44)As a 
onsequen
e, when (4.44) does not hold then the ground state wave fun
tionis not 
ompletely lo
alized and the ground state expe
tation values of the movingterms give negative 
ontribution to the ground state energy, sin
e in this 
ase thesystem preserves some movement of the ele
trons to de
rease the ground stateenergy, while the momentum distribution fun
tion is 
ontinuous. Therefore thesystem is in a non-Fermi liquid normal state. (There is no any symmetry breakingto lead this situation.)The lo
alized 
ase, in whi
h the ele
trons are immovable, do not des
ribe a liquidstate of the ele
trons, instead it represents a Mott-insulator. The expe
tation values



4.5. PHYSICAL PROPERTIES OF THE DEDUCED GROUND STATE 53(4.35,4.34) remain valid, but due to the validity of (4.44) whi
h implies �~k;f = p�~k;
these expe
tation values be
ome simpler:n~k;
 = 2 + jpj21 + jpj2 ; n~k;f = 1 + 2jpj21 + jpj2 ; DX� f̂y~k;� 
̂~k;�E = p1 + jpj2 ;hT̂
i = 0; hT̂f i = 0; hV̂ i = 0;hV̂0i = (p�V0 + pV �0 )N�1 + p2 ; hÊf i = EfN� 1 + 2jpj21 + jpj2 ; hÛi = UN� jpj21 + jpj2 :(4.45)This is the situation in N = 3N� and �~k;
 6= 0 
ase. However, the abovedistin
tion between the lo
alized and non-lo
alized situation is maintainable forarbitrary 
ases. The observation that the operator Ĝy 
an be re-written in theform (4.43) makes us possible to generalize our lo
alized solution to det g = 0 
ase,when there exists ~k for whi
h the gap �~k between the �at and the other band ofthe e�e
tive Hamiltonian Ĥe� is zero. Further dis
ussion of this gapless 
ase ispresented in Se
tion 4.6.4.5.3 Magneti
 propertiesAs we have seen in Se
tion 4.4 the e�e
tive Hamiltonian has a �at band. Flatband models are often used to explain ferromagnetism. [101℄ This fa
t, inter alia,motivate us to examine the magneti
 properties of the ground states from equation(4.14). The important features of the above mentioned models, that the singleele
tron ground state of the nonintera
ting Hamiltonian is very degenerated. Thewave fun
tions of these single ele
tron ground states � however they have a smallsupport, i.e, they vanish ex
ept on a small subset of the latti
e 
ontaining fewsites � overlap, therefore in general two ele
trons being in di�erent single ele
tronground states 
an have intera
tion energy. The me
hanism leading to ferromagneti
ground state is the following: swit
hing on the repulsive on-site intera
tion themu
h degenera
y splits, and only those states remain ground states for whi
h theintera
tion energy is minimal, in the most 
ases espe
ially zero. A
tually this isonly the fully saturated ferromagneti
 state in whi
h the on-site intera
tion doesnot have e�e
t on ele
trons be
ause two ele
tron 
an not be in the same site dueto the Pauli prin
iple.The similarity between the above sket
hed situation and our 
ase is that treatingĤe� as the Hamiltonian of a non-intera
ting system we get a �at band. Thoughthe lower band has normal dispersion, thus the single ele
tron ground state is notvery degenerated, putting more than 2N� ele
trons into the system the lower bandbe
omes ful�lled due to the �rst 2N� ele
trons, and 
onsidering the remaining oneswe 
an say that their single ele
tron ground states are degenerated. Furthermore,



54 CHAPTER 4. PERIODIC ANDERSON MODEL IN TWO DIMENSIONSthe inverse Fourier transforms of the operators �~kĈy~k;2;� 
reate from the va
uumsu
h one parti
le eigenstates of Ĥe�, of whi
h wave fun
tions are nonvanishing onlyin a small part of the latti
e, namely on a plaquette.However, the ground states from equation (4.14) show a typi
al paramagneti
behaviour, be
ause our model essentially di�ers from the models of �at-band fer-romagnetism. On the one hand, with the operator Ĥe� we have taken into a

ountthe intera
tion in some sort. The original non-intera
ting Hamiltonian Ĥ0 hasno �at band, it des
ribes a usual non-intera
ting Fermi system, whi
h has a non-degenerated singlet ground state. Only the presen
e of the intera
tion leads to thedegenera
y. Swit
hing on U , when its value rea
hes the spe
ial value for whi
h oursolution is valid, i.e., for whi
h the �rst equation of the last row of (4.15) be
omesvalid, then the one-parti
le eigenstates of Ĥe� be
ome degenerated: every state inthe upper band with arbitrary ~k and � has the same energy. Nevertheless, it doesnot mean that in the ground states of the intera
ting system the ele
trons 
an besituated arbitrary in the upper band of Ĥe�, be
ause the ground states have to bein the kernel of P̂ 0. The UP̂ 0 term of the intera
ting Hamiltonian splits the verydegenerated ground states of Ĥe�. At �rst sight this is similar to the situation ofthe �at-band ferromagnetism, where Û splits the large ground state degenera
y ofthe non-intera
ting Hamiltonian. But in our 
ase the �at-band feature of Ĥe� andthe swit
hing on of UP̂ 0 
an not be distinguished; both are 
onsequen
es of theintera
tion. On the other hand, the requirement that the ground state has to bein the kernel of P̂ 0 leads to the presen
e of F̂ y� in the equation (4.14). This oper-ator 
reates homogeneous parti
le distribution: one ele
tron into every site, witharbitrary spin. In other words, this requirement determines the distribution of theparti
les, but not their spin states. In other point of view we 
an say that the lowerband of Ĥe� is 
ompletely �lled, therefore e�e
tively the operator F̂ y� 
reates N�ele
trons only in the upper band, and the distribution of these ele
trons in that �atband is uniquely determined by the fa
t that � taking into a

ount also the 2N�ele
trons in the lower band � there have not to be empty sites in the f -level. Butthe spin states ea
h of these N� ele
tron in the �at band are 
ompletely arbitrary.It remains true for the other N � 3N� ele
trons 
reated by Ẑy�, but their statesare 
ompletely arbitrary, not only the spin state. They 
an o

upy arbitrary statewhi
h the previous 3N� ele
trons leaved empty. Clearly, su
h states there are onlyin the upper band.So, while the ele
trons of the lower band are in singlet state, be
ause this bandis 
ompletely �lled, the spin states of the ele
trons in the upper band are arbitrary.This is a typi
al paramagneti
 behaviour, whi
h usually o

urs at high temperature.Every mi
ros
opi
 state has equal probability, the total spin is determined by thefa
t that whi
h ma
ros
opi
 spin state 
an be realized by most mi
ros
opi
 states,i.e., whi
h has the greatest statisti
al weight. This is the state with minimal spin,whi
h suppresses all the others in thermodynami
 limit, and the expe
tation value
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les (or with the number ofsites) be
omes zero. In other words the quantum me
hani
al expe
tation value ofŜ2 is not uniform in the ground-state subspa
e HN;0, but in thermodynami
 limitwe have (1=N)qhŜ2i0 = 0.Now we show it expli
itly in the N = 3N� and �~k;
 6= 0 
ase. We 
an seethat the state ve
tors from equation (4.13) are eigenve
tors of Ŝz, the eigenvalueis determined by �. It is due to the fa
t that Ĝy 
reates singlet pairs in everyplaquette, so it 
reates as many up ele
trons as down ones. Therefore supposingthat the number of indi
es i for whi
h �i =" is N", and the number of indi
esi for whi
h �i =# is N#, (N" + N# = N�,) then Ŝzj 0;�i = 12 (N" � N#)j 0;�i.Therefore there are N�!=(N"!N#!) states among the states from equation (4.13)with a given Sz. These are linearly independent (see Appendix A), so they form abasis in H3N�;0(Sz), of whi
h dimension is therefore N�!=(N"!N#!). (Here HN;0(Sz)denotes the interse
tion of the ground sate subspa
e HN;0 and the eigensubspa
e ofthe operator Ŝz des
ribed by the eigenvalue Sz.) Substituting the previous resultinto the formula hŜ2i0 = 1TrH3N�;01̂XS 6S2 TrH3N�;0(Sz=S) 1̂ (4.46)whi
h 
an be get by 
omparing equations (5.9, 5.10) from Chapter 5 and the formula(4.37) for the the zero temperature limit of the expe
tation value h:iT we 
on
ludethat hŜ2i0 = 1dimH3N�;0 XS 6S2 dimH3N�;0(Sz=S)= 12N� XN"�N�2 6�N" � N�2 �2�N�N"� = 12N� 6N�8 2N� = 34N�: (4.47)In the above formulasPS means summation over the all possible total spin valuesfrom Smin = 0 or 1=2 to Smax = N=2.In general 
ase, when the ground state is not a single non-degenerated state,or T 6= 0, we de�ne the expe
tation value of the total spin S by the impli
itequation hŜ2i = S(S + 1). This is the natural generalization of the quantumme
hani
al de�nition for eigenvalues of Ŝ2. From the above result we 
an see thatthe expe
tation value of the total spin normalized with the number of parti
les isS � 1=pN�, whi
h goes to zero in thermodynami
 limit.In the above 
ase the reason of the paramagneti
 behaviour is that the spinstates of every ele
tron in the upper band of Ĥe� are arbitrary, thus the total spinof the system is also arbitrary between Smin = 0 or 1=2 and Smax = N�=2, more-over Smin has the greatest statisti
al weight. The situation be
omes te
hni
ally
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ompli
ated when N > 3N� or 9~k : �~k;
 = 0. In these 
ases some ele
trons ofthe upper band form singlet pairs, so Smax be
omes less. But it remains true thatbelow Smax all possible spin value o

ur among the ground states, and Smin hasthe greatest statisti
al weight. As a 
onsequen
e, the system is paramagneti
.4.6 The gapless 
aseAs we proved in Se
tion 4.3 the 
ondition (
) formulated in Se
tion 4.2 
an besatis�ed when det g 6= 0. In this 
ase the subspa
e of the ground states is generatedby the ve
tors (4.14). The norm of these ve
tors are proportional with Q~k�~k (seeequation (4.31)) therefore when det g = Q~k�~k = 0 then all these are the zerove
tor whi
h does not des
ribe physi
al state, and the satisfa
tion of 
ondition(
) is not substantiated. Therefore up to this point only the det g 6= 0 
ase wasdis
ussed, when the gap �~k between the �at and the other band of Ĥe� is nonzero.However, we 
an realize that under the 
ir
umstan
es when our solution de-s
ribes lo
alized state we 
an generalize the state ve
tors (4.13) for the gapless
ase. It is based on the the observation that in the mentioned 
ase the formula(4.43) remains valid for Ĝy. Nevertheless the right hand side of that formula goesto zero as the gap goes to zero, but it is due to the s
alar prefa
tor while theoperator remains un
hanged. Negle
ting this prefa
tor and rede�ning Ĝy asĜy :=Yi d̂yi;"Yi d̂yi;#; when det g = 0 and 9p 2 C : aÆ;f = p aÆ;
 (4.48)the de�nition (4.13) gives non-zero ve
tors whi
h are in H3N�;0 = ker P̂ \ker P̂ 0. It
an be easily seen rewriting the operator P̂ in terms of d̂i;� based on the equation(4.42), and using that d̂yi;�dyi;� = 0.A
tually the above means that in the lo
alized 
ase the ground state ve
torsvalid in � 6= 0 
ase survive the �! 0 limit, therefore every feature of these statesremains valid, in
luding the expe
tation values (4.45). The only di�eren
e is thatthe proof presented in Se
tion 4.3 whi
h prove that the states (4.13) generate thewhole ground state subspa
e is does not survive.4.7 Dis
ussionWe have presented an exa
tly solvable 
ase of a two band model of fermions intwo dimensions. It is interesting in itself, regarding the absen
e of exa
t resultseven in one dimension, moreover our solution has some pe
uliar features. First ofall, the momentum distribution fun
tions n~k;b are 
ontinuous together with theirderivatives of any order. As a 
onsequen
e, Fermi momentum � and so Fermi
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e � 
an not be de�ned, nevertheless the Fermi energy is well de�ned. Thisis not valid for a usual Fermi liquid.In 
ase of n = 3=4 �lling we found two kinds of solution. In the �rst 
ase theele
trons are immovable, ea
h parti
le is lo
alized to a site. The many-parti
le stateve
tor is a produ
t of un
orrelated lo
alized three-parti
le states. The expe
tationvalues of every individual non-on-site term of the Hamiltonian are zero. Thereforethis solution represents a Mott insulator phase. In spite of this, in the se
ond 
asethe many-parti
le state 
an not be built up from lo
alized few-ele
tron states; theHamiltonian terms whi
h are related to the moving of the ele
trons are stri
tlynegative, i.e. the system preserves some ele
tron motion to de
rease the groundstate energy. In this 
ase the system is in a metal-like state. Take into a

ount thatthe momentum distribution fun
tion is 
ontinuous, we 
an state that the system isin a non-Fermi liquid normal phase.In our 
ase the absen
e of the Fermi momentum is due to a �at-band featurein the following sense. Consider a model Hamiltonian Ĥ for whi
h our solutionis valid, i.e. U > 0 and the equations (4.15) have solution for aÆ;b. The non-intera
ting Hamiltonian Ĥ0 de�ned by equation (4.1) des
ribes a usual Fermi gas,but the formally non-intera
ting Hamiltonian Ĥe� = Ĥ0 + UN̂f des
ribes a twoband system of whi
h upper band is 
ompletely �at. The Fig.(4.1) shows therelation of the Hamiltonians Ĥ , Ĥ0 and Ĥe� in the (U;Ef ) plane of the parameterspa
e.Starting from the parameter point of Ĥ0 and in
reasing the value of Ef throughusual non-intera
ting Fermi systems we rea
h a spe
ial and somehow pathologi
alparameter point of Ĥe�. In spite of the usual non-intera
ting Fermi systems theground state of Ĥe� is highly degenerated (when n > 2) due to the �at upperband. In ground states the lower band is 
ompletely �lled, but the remainingN � 2N� ele
trons 
an be situated in � 2N�N�2N�� di�erent manner, be
ause everymomentum state with arbitrary spin has the same energy in the upper band. Whenthe intera
tion is swit
hing on and the model is modi�ed along the solid line thisdegenera
y is splitting. The degenera
y be
omes less, the ground states of theintera
ting system represent a negligible fra
tion of the ground state subspa
e ofĤe�, at least when 3 . n. It is a qualitative 
hanging. If we want to des
ribe it byperturbation theory, we should use the te
hnique valid in degenerated 
ase. In our
ase it leads to a diagonalization of a matrix, whi
h is as large as the degenera
y ofthe non-intera
ting ground state, and it is pra
ti
ally impossible. However, in then > 3 
ase, � and this is the non-trivial feature of this model whi
h makes possiblethe exa
t solution � there are 24N��N� N�N�3N�� 
ommon ground state eigenve
torsof P̂ and P̂ 0. These are the ground states of the intera
ting system. As we havewritten in Se
tion 2.4 the non-intera
ting term of the Hamiltonian and the operatorof the intera
tion do not 
ommute with ea
h other, therefore to �nd the spe
trumand even the ground state of their sum is a highly nontrivial problem. In the
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���Ĥ0Figure 4.1: The (U;Ef ) plane of the phase diagram. Our solution is valid onthe half-line whi
h starts from the U = 0, Ef = PÆ(jaÆ;
j2 � jaÆ;f j2) point (thispoint is not 
ontained by the half-line, yet) and 
rosses the U axis at the U =PÆ(jaÆ;
j2 � jaÆ;f j2) point. The other parameters satisfy the requirement that theequations (4.15) have to be solvable.spe
ial 
ase presented in this Chapter, however, deta
hing a one-parti
le operatorfrom the intera
tion and atta
hing it to the non-intera
ting term we get two termsof whi
h have 
ommon ground states. Nevertheless the whole spe
trum of the sumof these terms is 
ompli
ated, the ground states 
an be given due to the �at bandfeature of the modi�ed non-intera
ting term Ĥe�.The question may o

ur to somebody that what is the physi
al importan
e ofa solution whi
h is valid in a pathologi
al point in the parameter spa
e. There-fore important to emphasize the followings. First of all, this solution is valid ina wide range of the parameter spa
e from small to large Hubbard U . Certainlythere is a restri
tion among the parameters, but what remains is a hyper-surfa
ein the parameter spa
e, and not only a point at all. Furthermore, the non-Fermiliquid behaviour is always something spe
ial. The 
ir
umstan
es under whi
h asystem shows non-Fermi liquid features are well-determined. Changing the 
hem-i
al 
ompound or the pressure a little, the system returns to the normal Fermiliquid behaviour. As often said, the non-Fermi liquid behaviour is not �robust�.



Chapter 5In�nitely repulsive Hubbardmodel near half �llingThe physi
s of holes moving in a ba
kground build up from a great number ofele
trons have re
eived mu
h attention in the last de
ade given by the 
onne
-tion of the problem with main questions arising from the study of strongly 
or-related systems [102℄. Developments in several �elds emphasize this aspe
t: thebehaviour of holes in antiferromagneti
 ba
kground [103℄, metal�insulator tran-sition [104℄, doping e�e
ts [105℄, ferromagnetism [85℄, high-T
 super
ondu
tiv-ity [106℄, 
olossal magnetoresistan
e [107℄, spiral states [108℄, generalized statis-ti
s [109, 110℄, pairing me
hanism and bound states [38℄ and polaroni
 e�e
ts [111℄are the main examples to be mentioned. From theoreti
al side the Hubbard-type models are espe
ially involved in the theoreti
al des
ription starting fromthe one-hole problem dis
ussed by Nagaoka [32, 33℄, whi
h has been 
ontinuedwith two-holes studies [30, 36, 37℄, and many-hole analysis in various 
on�gura-tions and 
ir
umstan
es [112, 31, 113, 39℄. Despite the huge intelle
tual e�ortspent in the �eld, exa
t results related to the above mentioned problem are ex-tremely rare [112℄ and 
on
ern mainly non-thermodynami
 situations. However,in the above enumerated 
on
rete appli
ations mostly thermodynami
 des
riptionis needed mainly in strong-
oupling limit. These situations have been treated inthe literature on the basis of various approximations (a

eptable in restri
ted 
on-ditions) su
h as 
omplete separation of 
harge and spin degrees of freedom [37℄,extended Gutzwiller wave fun
tions [114℄, 
anoni
al transformations [115℄, gener-alization of one-dimensional results to higher dimensions [31℄, restri
tion related tothe number of holes [113℄, unrestri
ted Hartree-Fo
k methods [105℄ or numeri
alpro
edures su
h as exa
t diagonalization of small 
lusters [116℄ and diagonalization59



60 CHAPTER 5. INFINITELY REPULSIVE HUBBARD MODEL NEAR HALF FILLINGwithin a retained portion of the Hilbert spa
e [106℄. There have also been studieson spe
i�
 problems su
h as ferromagnetism [117℄.Against the ba
kground of the above mentioned large spe
trum of des
riptionattempts, we are presenting an interesting aspe
t of the hole-motion in the simpleone-band Hubbard model in the limit of an in�nitely large on-site repulsion U .For this reason �rst of all we have dedu
ed and presented an exa
t and expli
itS
hrödinger equation for an arbitrary number of holes in the analyzed model. Thisequation 
learly emphasizes the role played by the 
harge and spin degrees offreedom during the movement of the holes in the U = 1 Hubbard model, beingmathemati
ally based on the representations of the symmetri
 group of degree N ,where N represents the number of ele
trons within the system. The advantagesof the des
ription presented are emphasized by the observations that �rstly, theemerging matrix elements 
an be found (or dedu
ed in 
ase of larger systems) fromstandard textbooks of the group theory and, se
ondly, the analysis redu
ed the
on
rete equation to be solved in subspa
es �xed by a given but arbitrary totalsystem spin S of the initial large Hilbert spa
e, allowing 
omfortable numeri
alappli
ations.Our results 
learly demonstrate that in the in�nitely repulsive Hubbard modelthe movement of holes is intimately in�uen
ed by the spin-ba
kground of the ele
-trons. As a 
onsequen
e, in des
ribing this pro
ess in the general 
ase, the 
hargeand spin degrees of freedom 
annot be entirely separated. Within the frame ofthe presented formalism the Nagaoka me
hanism of ferromagnetism be
omes 
lear,and the reason why it 
annot survive the generalization for more than one hole.After this step we next study the T 6= 0 properties of the system by showinghow the presented formalism helps us to dedu
e of the partition fun
tion Z andsome physi
al quantities based on a loop summation (i.e. path integral on latti
e)te
hnique. Resembling te
hnique was used in Refs. [118, 119℄. The presentedformulae have the advantage that the tra
e over the spin degrees of freedom hasbeen taken exa
tly into a

ount in terms of the 
hara
ters of the representations ofthe symmetri
 group (again a

essible from standard text-books on group theory).The emerging 
oe�
ients in our formulae 
an be redu
ed to 
oe�
ients obtainablefrom numeri
al methods. The pro
edure is des
ribed in detail whi
h is able evento in
rease the e�
ien
y of the usual Monte Carlo simulation methods.In Ref. [119℄ the author have analyzed the magneti
 behaviour of the system inthermodynami
 limit. However, his result is valid in thermodynami
 limit, only inthe 
ase Nh=N� ! 0 where Nh denotes the number of holes, and not for �nite hole
on
entration and T ! 0. With the purpose of enhan
ing the study of magneti
properties in the presen
e of a small hole 
on
entration even at arbitrary �nitetemperatures, in this Chapter we investigate the behaviour of a small system with�nite hole 
on
entration, using Monte Carlo method at T 6= 0. The studied systemis a 10 � 10 latti
e with periodi
 boundary 
onditions 
ontaining two holes. Theresults show an in
rease of the magnetisation with the de
rease of the temperature.



5.1. REPRESENTATION OF THE HILBERT SPACE AND THE HAMILTONIAN 615.1 Representation of the Hilbert spa
e and theHamiltonianOur Hamiltonian des
ribes the one-band Hubbard model 
ontaining only nearest-neighbour hopping in U =1 limit:Ĥ1 =Xhi;ji tĤ i;j1 =Xhi;ji tP̂X� (
̂yi;� 
̂j;� + 
̂yj;� 
̂i;�)P̂ ; (5.1)where t is hopping matrix element for nearest neighbour sites. The double o

u-pan
y is proje
ted out by P̂ =Pi(1� n̂i;"n̂i;#). We denote the number of ele
tronsby N , so the number of holes be
omes Nh = N� � N . Furthermore, we needpermutations, therefore we �x some notations about them in Appendix B. Here wenoti
e only that the group of permutations of � is denoted by S�, and the group ofpermutations of the set f1; : : : ;Ng is denoted shortly by SN instead of Sf1;:::;Ng.In this Chapter HN denotes the subspa
e of the Hilbert spa
e of N ele
trons withno doubly o

upied site. The subspa
e of HN whi
h is also eigensubspa
e of theoperator Ŝz with eigenvalue Sz is denoted by HN(Sz), �nally, when the total spinS is also a good quantum number, the subspa
e is denoted by HN (Sz; S).5.1.1 The Hilbert spa
e of the studied systemIn our model the ele
trons 
an live only on latti
e sites in two orthogonal states:spin up and down. Be
ause of the kineti
 energy term, an ele
tron hops from onesite to an other (while its spin state remains un
hanged), 
hanging, however, thelo
ations of the empty and o

upied sites. Hereafter, we 
all the �x positions ofthe o

upied sites the 
harge 
on�guration, whi
h does not give an a

ount theele
troni
 spin states, only their pla
es. We denote the set of o

upied sites, whi
hdes
ribes a parti
ular 
harge 
on�guration, by �e, where �e � � and j�ej = N .Iterating the a
tion of the hopping term on a state several times, hopping aroundthe latti
e ele
trons produ
e di�erent 
harge 
on�gurations; in parti
ular they 
anprodu
e the original 
on�guration again. However, the spin up and spin downele
trons are 
ommingled; therefore the spin 
on�guration 
an be di�erent fromthat in the original state. We mean, that a spin 
on�guration is des
ribed by thefa
t that whi
h sites are o

upied by spin up and whi
h by spin down ele
trons.The spin 
on�guration 
an be des
ribed by f�ig. The state ve
torsj (�e; f�ig)i = Yi2�e 
̂yi;�i j 0 i (5.2)form a basis in HN .We would like to treat separately the spin and 
harge degrees of freedom, andto formulate it in our notations. However, above we denote the spin 
on�guration



62 CHAPTER 5. INFINITELY REPULSIVE HUBBARD MODEL NEAR HALF FILLINGby f�ig, where the domain of the index i � whi
h is �e � depends on the 
harge
on�guration. To avoid this te
hni
al di�
ulty we introdu
e a bije
tive fun
tionR : �! � whi
h rearrange the label of sites in the following manner. By de�nition,the image of the set �e by the map R is f1; : : : ;Ng, and this map preserves theorder.1 The image of �n�e (i.e. the indi
es of holes) is 
ertainly fN+ 1; : : : ;N�g.Here the order is not important. Instead of �e, hereafter we des
ribe the 
harge
on�guration by ~R whi
h is the 
olle
tion (i.e. a set) of the possible fun
tionsR for a given �e, di�er from ea
h other in the order of the indi
es of holes. The
omposition of ~R with a fun
tion P de�ned as P ~R := fPR : R 2 ~Rg and similarly~R�1 := fR�1 : R 2 ~Rg. In the followings when we refer to ~R(i) (i 2 �e) we treat~R through a representative R, that is ~R(i) := R(i), R 2 ~R. For i 2 �e it is well-de�ned, therefore none of our results depend on the 
hoi
e of that representative.Fixing a 
harge 
on�guration, the spin 
on�guration 
an be des
ribed by anordered set of the up- and down-spin states: (�i)Ni=1, where �i 2 f"; #g indi
atesthe spin state of the ele
tron situated in the i-th o

upied latti
e site, whi
h waslabelled by ~R�1(i) originally. (Here we noti
e again, that ~R�1(i) is well-de�ned fori � N). In this way, �xing the third 
omponent of the total spin Sz, every spin 
on-�guration 
an be obtained by a permutation from the following basi
 arrangement:(�0(i))Ni=1 = ("; "; : : : ; "; #; #; : : : ; #), where �0(i) =" if i = 1; : : : ;N" and �0(i) =#if i = N" + 1; : : : ;N. Here we use the notation N" = N=2 + Sz. After it a spin
on�guration (�i)Ni=1 
an be des
ribed by a permutation P 2 SN whi
h rearrangesthe basi
 arrangement (�0(i))Ni=1 in su
h a way that �0(P(i)) = �i. We emphasizethat here i denotes the i-th o

upied site. This means that, in a state des
ribed bya 
harge 
on�guration ~R and a spin 
on�guration P , the ele
tron situated in thesite labelled originally by i is in the spin state �0(P ~R(i)). More pre
isely, there isno one-to-one 
orresponden
e between the spin 
on�gurations and permutations,not even if we �x the value of Sz. A permutation uniquely determines a spin
on�guration, but the reverse is not true. Let Q 2 SN be a permutation whi
hrearranges the elements of the subset (�0)�1(") = f1; : : : ;N"g, and rearranges theelements of (�0)�1(#) = fN" + 1; : : : ;Ng but does not inter
hange the elementsof these two subsets. It is 
lear that for arbitrary permutation P , P and QP de-s
ribe the same spin 
on�guration, be
ause �0(P(i)) = �0(QP(i)) for all i � N.Mathemati
ally this means the following. The above de�ned permutations Q forma subgroup KSz � SN, and a right 
oset �PSz := fQP : Q 2 KSzg is in one-to-one
orresponden
e with a spin 
on�guration. Furthermore, we have the possibility tode�ne �0( �PSz (i)) := �0(P(i)), where P 2 �PSz is arbitrary. Therefore we 
an labelthe basis ve
tors from equation (5.2) by ~R and �PSz as follows:j ( ~R; �PSz)i = NYi=1 
̂y~R�1(i);�0( �PSz (i))j0i: (5.3)1Remember that � is an ordered set. (About this 
onvention and the notations by boldfa
enumbers see pg. 8.)



5.1. REPRESENTATION OF THE HILBERT SPACE AND THE HAMILTONIAN 63We mention that the sign of the right hand side is �xed by the order of thefermioni
 
reation operators, whi
h is determined by the fa
t that the map Rrestri
ted to �e, whi
h is a well-de�ned fun
tion, preserves the order of the orderedset �.The above 
an be formulated in the following manner, too. The Hilbert spa
eof the studied system is isomorphi
 with a produ
t of two spa
es: HN �= H
 
 Hs,where H
 des
ribes the 
harge degrees of freedom and Hs des
ribes the spin degreesof freedom. A basis of H
 
an be labelled by the di�erent 
harge 
on�gurationswhi
h were denoted by ~R, therefore we denote a basis ve
tor of H
 by j ~Ri; thusH
 is the 
omplex Hilbert spa
e generated by these elements as an orthonormalbasis. We mention that H
 represents in fa
t a Hilbert spa
e of a system of hard-
ore spinless parti
les. We take into a

ount the spin degrees of freedom by Hs.This spa
e 
an be written as a dire
t sum of the spa
es Hs(Sz), that is, Hs =Hs(�N=2)� : : :� Hs(N=2); where Hs(Sz) is generated by the ve
tors j �PSz i as anorthonormal basis. Here �PSz is a right 
oset of SN respe
t to the subgroup KSz .The spa
es Hs(Sz) are isomorphi
 with right ideals of the group algebra C [SN ℄ (formore details see Appendix B). On this line the basis ve
tors de�ned by the usual
reation operators in equation (5.3) 
an be written asj ( ~R; �PSz)i = j ~Ri 
 j �PSzi: (5.4)Using this representation of the Hilbert spa
e now we write down the Hamilto-nian.5.1.2 The Hamiltonian and S
hrödinger equationNow we study the 
hange in a state ve
tor from equation(5.3) during the motionof the parti
les. Let the starting state be j ~Ri 
 j �PSzi. When an ele
tron hopsfrom site i to j, then the site i o

upied earlier by an ele
tron with spin �i be
omesempty, and the site j whi
h was empty earlier be
omes o

upied by an ele
tron withspin �i, be
ause the spin of the ele
tron remains un
hanged during the hopping.The new 
harge 
on�guration 
ould be des
ribed by ~RP i;j be
ause the image of theset �0e by ~RP i;j is the set f1; : : : ;Ng, and the image of �n�e is fN+ 1; : : : ;N�g.Here we denoted by �0e the set of the o

upied sites after the hopping. But themap ~RP i;j does not preserve the order of the labels of o

upied sites su�
iently,therefore we need a permutation C( ~R; i; j) to write the new 
harge 
on�gurationas ~R0 = C( ~R; i; j) ~RP i;j whi
h restri
ted to �0e is already an order-preserving map.The permutation C( ~R; i; j) means in fa
t that in the expression (5.3) of the basisve
tors we rearrange the 
reation operators whi
h involves a sign (�1)jC( ~R;i;j)j. Thepermutation C( ~R; i; j) is an element of S� but it rearranges only the �rst labels from1 to N, therefore it 
an be 
onsidered as an element of SN. In the notation I wantto emphasize that this permutation depends on the starting 
on�guration ~R too,
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h the ele
tron hops, and these two fa
tsdetermine it uniquely.2 Sin
e the spin state of the ele
tron remains un
hangedduring the hopping, the ele
tron situated after the hopping in site j = P i;j(i) is inthe spin state �0j = �i = �0( �PSz ~R(i)) = �0( �PSz ~RP i;j(j)). The 
harge 
on�gurationafter the hopping is ~R0 as we have written above. To re
ognize the �nal spinstate �P 0Sz we have to write the �nal spin state of the ele
tron situated in site j as�0j = �0( �P 0Sz ~R0(j)), while the spin states of the ele
trons in the other sites n, wheren 2 �e [ �0e, remains un
hanged, i.e. �n = �0( �PSz ~R(n)) = �0( �P 0Sz ~R0(n)) = �0n.As a 
onsequen
e, we have �P 0Sz = �PSz [C( ~R; i; j)℄�1, and we �nd that while anele
tron hops from site i to j the initial state j ~Ri 
 j �PSzi 
hanging as follows:Ĥ i;j1(j ~Ri 
 j �PSzi) = j ~R0i 
 j �P 0Szi= j C( ~R; i; j) ~RP i;j i 
 (�1)jC( ~R;i;j)j j �PSz [C( ~R; i; j)℄�1i: (5.5)The above expression holds only if the initial ve
tor j ~Ri 
 j �PSzi des
ribes a statein whi
h i is o

upied and j is empty.3The mapping j ~Ri ! j ~R0i is de�ned on the basis of H
. Linearly extended itover the whole spa
e we get a linear operator denoted by Ĥ i;jb;1. The index b refersto the word 'boson', be
ause Ĥb;1 = Phi;ji tĤ i;jb;1 des
ribes a hard-
ore spinlessboson system of N parti
les (or equivalently Nh holes). In this 
ontext it 
an besaid that the holes moving as hard-
ore bosons in�uen
e the spin ba
kground. Thein�uen
e 
aused by a hopping of a hole along a bond hi; ji is des
ribed by a linearoperator whi
h is the linear extension of the mapping j �PSzi ! j �P 0Szi to the wholeHs(Sz). It is a
tually a linear representation of the symmetri
 group SN on Hs(Sz)(see Appendix B) hereafter is denoted by TSz . Finally we write the a
tion of theHamiltonian (5.1) on the basis ve
tor (5.4) asĤ1(j ~Ri 
 j �PSzi) =Xhi;ji t Ĥ i;jb;1j ~Ri 
 TSz [C( ~R; i; j)℄ �PSz (5.6)First of all we o�er some remarks. We emphasize that the Hamiltonian pre-sented in equation (5.1) 
annot be written in the produ
t form Ĥ1 6= Ĥ

 Ĥs andthe a
tion of the Hamiltonian on Hs(Sz) depends on the 
harge 
on�guration j ~Ri.2 Supposing that i is the site from where the ele
tron hops to site j, in fa
t C( ~R; i; j) is the
y
li
 permutation C ~R(i)! ~R(j0), where, in j > i 
ase j0 is the least index among the indi
es greaterthan j for whi
h ~R(j0) � N and, in j < i 
ase, j0 is the greatest index among the indi
es smallerthan j for whi
h ~R(j0) � N. In other words, j0 labels the o

upied latti
e site whose index is
losest to j among the indi
es situated between i and j. By de�nition, the 
y
li
 permutationC(k!l) takes m to m+ sgn(k� l) if m is in the open interval ℄k; l[, takes k to l, and leaves mun
hanged if m is out of the 
losed interval [k; l℄.3When j is o

upied and i is empty the equation (5.5) remains true with C( ~R; i; j) =C ~R(j)! ~R(i0). For the meaning of the notation i0 see footnote 2.



5.1. REPRESENTATION OF THE HILBERT SPACE AND THE HAMILTONIAN 65In fa
t we have Ĥ i;j1 = Ĥ i;j
 
Ĥ i;js ( ~R), therefore the eigenstates of Ĥ in general 
ase
annot be written in the form j'
i 
 j'si. As a 
onsequen
e, there is no a priori
harge spin separation taken into a

ount at the level of the des
ription. However,
ontrary to the Hamiltonian, the a
tion of total spin operators does not depend onjRi, i.e. they a
t on H
 as the identity operator. This is why the de
ompositionof the Hilbert spa
e into se
tors 
hara
terized by a �xed total spin S 
an be donewithin the spa
e of the spin degrees of freedom: Hs = �Sz(�SmaxS=SzHs(Sz; S)). Withthis notation we have HN (Sz; S) = H
 
Hs(Sz; S).The subspa
es Hs(Sz; S) of the spa
e Hs(Sz) are invariant subspa
es of therepresentation TSz . The restri
tion of this representation to that subspa
es isdenoted by TS , whi
h do not depend on Sz. Therefore the a
tion of the Hamiltonianon Hs(Sz ; S) 
an be des
ribed by TS. It is the re�e
tion of that simple fa
t thatthe Hamiltonian simultaneously 
ommutes with the spin operators Ŝ2 and Ŝz.Let us denote by (TS [P ℄)nm the matrix elements of the operator TS[P ℄ in anorthogonal and normalized basis of Hs(Sz; S) with arbitrary Sz, and by (H i;jb;1)kl =h ~RkjĤ i;jb;1j ~Rli where ~Rk; ~Rl 2 fj ~Riig(N�N )i=1 are the above de�ned basis ve
tors inH
 indexed by integers. Now the S
hrödinger equation be
omesXl;m �lmXhi;ji t(H i;jb;1)kl(TS [C( ~Rl; i; j)℄)nm = E�kn: (5.7)Equation (5.7) gives the energy eigenvalues E 
onne
ted to the eigenstates withgiven total spin S.Equation (5.7) shows expli
itly the role played by the total spin S in theS
hrödinger equation. For example in the 
ase when S = Smax, the representationTSmax is the alternating representation. In this 
ase the dimension of Hs(Sz; Smax)is 1, and the matrix representing every even permutation is 1 and every odd permu-tation is �1. For this reason, hard-
ore fermions with maximal spin do not di�erfrom spinless fermions (see also Ref. [109, 110℄). The on-site intera
tion has noe�e
t on spinless fermions, therefore there is no di�eren
e between the behaviourof hard-
ore and free parti
les in this 
ase.Another simple example is the one-dimensional 
ase with open boundary 
ondi-tions. Numbering the sites of the 
hain in order one after another, the form of everynearest neighbour pair is simply hi; i+ 1i in this 
ase, and we have C( ~R; i; i+ 1) =1 2 SN whose matrix is the unity matrix for arbitrary representation. Thereforethere is no di�eren
e between the behaviour of hard-
ore bosons and fermions; sothe energy spe
trum is independent of the spin and the statisti
s of the parti
les,only every energy eigenvalue is (2S + 1)N -fold degenerate, S being the spin of theparti
les. We noti
e here also that in 
ase of 
losed 
hain the o

urring additionalpossibility that a parti
le 
an hop from site 1 to N (or vi
e versa) involves thepermutation C( ~R;1;N�) = CN!1 (or C1!N) whi
h is odd when N is even andeven when N is odd. Therefore using periodi
 boundary 
ondition in the 
ase when



66 CHAPTER 5. INFINITELY REPULSIVE HUBBARD MODEL NEAR HALF FILLINGN is odd, or antiperiodi
 boundary 
ondition when N is even, the sign from thefermioni
 feature of the parti
les are 
ompensated by the boundary 
ondition, andthus the statisti
s does not play any role. The fermions behave as bosons in a ring(with periodi
 boundary 
ondition).If D > 1 and Sz 6= Smax, then the a
tion of the Hamiltonian on the spinba
kground is highly non-trivial and in�uen
es the mobility and intera
tion of holes.This type of situation was analyzed by a numeri
al te
hnique by Trugman [106℄.He showed that, on a Néel-type antiferromagneti
 ba
kground, one hole is mobilebut two holes are less mobile than was previously 
onsidered. In the languagepresented here this is due in fa
t to the permutation possibilities of spin positionswith mobile hole positions. Trugman's results emphasized as well that the a
tionof the Hamiltonian is 
learly seen also on the spin ba
kground, whi
h 
annot betreated entirely separated from the movement of the holes within the system.We note that the S
hrödinger equation (5.7) essentially di�ers from Kuzmin'sequation [37℄ for the purpose to solve the two-hole problem on singlet ba
kground.In the mentioned referen
e the S
hrödinger equation has been solved supposingimpli
itly that the Hamiltonian has no a
tion on the spin degrees of freedom, i.e.spin ba
kground. This explains why Kuzmin obtains the result that on bipartitelatti
es the Nagaoka state (the fully polarized ferromagneti
 state) is degeneratedwith the singlet state even in the one-hole 
ase, in 
ontradi
tion to Nagaoka's origi-nal result [32℄. In the one-hole 
ase the spe
trum given by Kuzmin is really relatedto a hard-
ore spinless boson system spe
trum, instead of the singlet spe
trum ofan ele
tron system as Kuzmin said. This spe
trum is equivalent to the spe
trumof a spinless fermion system. The latter is equivalent to the Smax spe
trum of ouroriginal ele
tron system as presented above. The �rst equivalen
e is due to the fa
tthat � in 
ase of bipartite latti
e � for hard-
ore spinless parti
les (both bosonsand fermions), the N -hole problem is equivalent to the N -parti
le problem, andin the one-parti
le 
ase the statisti
s is unimportant. For more than one hole, itis not the same whether we deal with bosons or fermions even for the hard-
oreintera
tion. The ground-state energy of the bosons is always smaller [110℄. In orderto exemplify the above, we mention that the equality presented by Kuzmin, namely0 =Xk 1E � (�k + �P�k) ; (5.8)gives the spe
trum of a spinless hard-
ore boson system 
onsisting of two parti
les(or equivalently two holes). Here �k is the one-parti
le dispersion relation and P isthe total momentum of the system. For the ground-state energy of the simplest non-trivial two-dimensional 
ase, the 2 � 3 latti
e with periodi
 boundary 
onditions,for t < 0 equation (5.8) gives E0 = �6:6468jtj while from equation (5.7) one �ndsE0 = �6jtj whi
h is 
onne
ted to the S = Smax = 2 value of the total spin, andES=0min = �5:0212jtj is the lowest energy value on singlet ba
kground. Furthermorewe note that in the two-parti
le 
ase the spe
trum of the hard-
ore spinless boson
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al with the spin 1/2 fermion system's singlet spe
trum, therefore it
an be 
omputed using equation (5.8). However, as presented here, in the S 6= Smax
ase the behaviour of the system des
ribed by equation (5.1) 
annot be des
ribedby hard-
ore parti
les and independent spin degrees of freedom. This is the reasonwhy the N -parti
le and the N -hole problems are not generally equivalent, and thebehaviour of a few holes is more 
ompli
ated than the behaviour of a few parti
les.5.2 Thermodynami
 quantitiesAn asset of the representation presented in equation (5.6) is that the tra
e of (Ĥ1)lover the spin degrees of freedom 
an be 
omputed with this relation exa
tly. Thisallows us to 
al
ulate the expe
tation values at T 6= 0 of di�erent thermodynami
quantities. The pro
edure is presented as follows.If we are interested in the magneti
 properties of the model (5.1), we mayexpress for example the expe
tation value of the square of the total spin. We havehŜ2i = 1Z Tr�Ŝ2e� Ĥ1kT � = 1ZXS S(S + 1) SXSz=�S TrHN (Sz;S)e� Ĥ1kT= 1Z N2XSz=�N2 3(Sz)2 TrHN (Sz)e� Ĥ1kT ; (5.9)where the partition fun
tion is given byZ = Tr e� Ĥ1kT = N2XSz=�N2 TrHN (Sz)e� Ĥ1kT : (5.10)In equation (5.9) we used the fa
t that TrHN (Sz;S)e� Ĥ1kT does not depend on Szdue to the SU(2) symmetry. The unders
ript of Tr means that the tra
e should betaken only over the indi
ated subspa
e.For �nite latti
es the Tr operation means a �nite sum whi
h 
an be inter
hangedwith the sum arising from the series expansion of the exponential fun
tion. Thistra
e 
an be 
omputed in the basis de�ned by equation (5.3) starting from equations(5.6). We haveTrHN (Sz)e� Ĥ1kT = 1Xl=0 1l! ��tkT �l �Xj �PSz iXj ~Ri Xj ~R1i � � � Xj ~Rl�1i Xhi1;j1i � � � Xhil;jlih ~RjĤ il;jlb;1 j ~Rl�1i : : : h ~R1jĤ i1;j1b;1 j ~Ri �h �PSz jTSz [C( ~Rl�1; il; jl)℄ : : :TSz [C( ~R1; i2; j2)℄TSz [C( ~R; i1; j1)℄j �PSzi: (5.11)



68 CHAPTER 5. INFINITELY REPULSIVE HUBBARD MODEL NEAR HALF FILLINGHereafter let us denote by 
 a sequen
e of 
harge 
on�gurations ~R, i.e., 
 �(
(0); 
(1); : : : ; 
(l � 1); 
(l)) = ( ~R; ~R1; : : : ; ~Rl�1;R), for whi
h 
(l) = 
(0) andQli=1h
(i)jĤb;1j
(i � 1)i 6= 0. We 
all l the length of 
. The set of all the 
of length l of whi
h starting (and so also the end) point is ~R will be denoted by
 ~R(l).4In the 
ase whenPhi;jih ~R0jĤ i;jb;1j ~Ri 6= 0 there is pre
isely one nearest-neighbourpair hi; ji for whi
h h ~R0jĤ i;jb;1j ~Ri 6= 0. Therefore the loop 
 uniquely determinesa sequen
e of pairs of nearest-neighbour indi
es hi1; j1i; : : : ; hil; jli whi
h gives theonly one non-zero 
ontribution of the sums Phi1;j1i � � �Phil;jli in equation (5.11).Denoting the produ
t of permutations C( ~R; i; j) obtained from this non-zero termby P
 , i.e. P
 = C( ~Rl�1; il; jl) : : : C( ~R1; i2; j2)C( ~R; i1; j1), we haveTrHN (Sz)e� Ĥ1kT = 1Xl=0 1l! ��tkT �lX~R X
2
 ~R(l) Xj �PSz ih �PSz jTSz [P
 ℄j �PSzi= 1Xl=0 1l! ��tkT �lX~R X
2
 ~R(l)�Sz (P
); (5.12)where �Sz is the 
hara
ter of the representation TSz .By de�nition, P
 is the permutation for whi
h P
 ~RP i1;j1 : : :P il;jl = ~R. Thisis due to the fa
t that the starting 
harge 
on�guration, (i.e. the right hand side)and the �nal 
harge 
on�guration (i.e. the left hand side) are the same, be
ausethe loop is 
losed. It implies that P
 = ~RP il;jl : : :P i1;j1 ~R�1, whi
h means that P
and P il;jl : : :P i1;j1 are in the same 
onjugate 
lass C. Every 
hara
ter is 
onstanton an arbitrary 
onjugate 
lass. Therefore the sum over 
 ~R(l) in equation (5.12)has N (C)~R (l) identi
al members, where N (C)~R (l) represents the number of the loopsof length l and of starting point ~R for whi
h P il;jl : : :P i1;j1 2 C or, whi
h is thesame, P
 2 C. Now we insert the results (B.7, B.8) related to the sum of the
hara
ters �Sz and the equation (5.12) into equations (5.9, 5.10) and we obtain thefollowing expressions for the expe
tation value of the square of the total spin andthe partition fun
tion:hŜ2i = 34Z 1Xl=0 1l! ��tkT �lX~R XC�SNN (C)~R (l) (�1)jCj �2PNi=1 Ci� NXi=1 i2Ci! ; (5.13)4Let 
onsider now the latti
e �h 
onsisting of every di�erent hole 
on�guration ~R. We 
onsidertwo latti
e points ~R and ~R0 nearest neighbours if they di�er by only one hole position, and thesedi�erent hole positions are nearest neighbours in the original latti
e �. The latti
e that we obtainin this way is a part of the DNh-dimensional hyper
ubi
 latti
e, and 
 is a sequen
e of nearest-neighbour latti
e points in �h. For this reason, we 
all 
 a `loop'. In the Nh = 1 
ase 
 is a loopin the original latti
e �.



5.2. THERMODYNAMIC QUANTITIES 69and Z = 1Xl=0 1l! ��tkT �lX~R XC�SNN (C)~R (l) (�1)jCj �2PNi=1 Ci� : (5.14)In the above expressions jCj is the parity of permutations from the 
onjugate 
lassC and (C1; C2; : : : ; CN ) des
ribes their 
y
le stru
ture, i.e. these permutations
ontain Ci 
y
les of length i.From the partition fun
tion Z given in equation (5.14) we 
an 
ompute the freeenergy F = �T lnZ and the spe
i�
 heat 
 = T �2(T lnZ)�T 2 .From equation (5.13) we 
orre
tly obtain paramagneti
 behaviour at high tem-peratures in thermodynami
 limit. The �rst (i.e. l = 0) term of the l-sum be
omesdominant if T in
reases; and N (C)~R (0) = 1 if C = f1g, otherwise N (C)~R (0) = 0.Therefore in high-temperature limit we have hŜ2i = 3N=4, so the value of the totalspin per parti
le is proportional to 1=pN .Con
erning the te
hni
al aspe
ts in using equation (5.14) or equation (5.13) in
on
rete appli
ations we mention that, in order to dedu
e the 
oe�
ients N (C)~R (l),one should 
arry out the following pro
edure. We need to dedu
e a 
on
retePC�SN
ontribution at a �xed l value. For this:1. Start from a �xed hole 
on�guration ~R, and denote with di�erent numbersevery site o

upied by ele
trons.2. A single step for a given hole means that we have to inter
hange the givenhole with a nearest-neighbour number.3. Take l steps with the holes in su
h a way, that �nally get ba
k the originalhole 
on�guration (this is a loop of length l). In this pro
ess an arbitrary hole
an be moved in every step, the order of the steps being relevant. However,by inter
hanging holes between them, we do not obtain new loops.4. Determine the 
y
le stru
ture of the permutation of the numbers for theobtained loop (i.e. obtain the numbers Ci). As a result of this analysis, wehave found one loop of length l and a given 
y
le stru
ture (C1; C2; : : : ; CN ).5. Go ba
k to step 3. and �nd a di�erent loop of the same length l based onthe same starting hole 
on�guration ~R. After this, we have another loop oflength l, and another 
y
le stru
ture.6. If you have taken into a

ount every possible di�erent loop starting fromthe hole 
on�guration ~R, the quantity N (C)~R (l) have the meaning of howmany times this 
on
rete C 
onjugate 
lass (i.e. 
y
le stru
ture) has beenobtained in the pro
edure presented above. (A 
onjugate 
lass C is uniquelydetermined by the 
ommon 
y
le stru
ture of the permutations of that 
lass.)



70 CHAPTER 5. INFINITELY REPULSIVE HUBBARD MODEL NEAR HALF FILLING7. All this being done, the summationPC�SN at a �xed l and ~R means in fa
ta summation over all possible 
y
le stru
tures. For a 
on
rete 
y
le stru
turewe may express Pi Ci and Pi i2Ci. The number jCj gives the parity ofall permutations whi
h give the same 
y
le stru
ture C (as mentioned inAppendix B, all di�erent permutations with the same 
y
le stru
ture havethe same parity).Using this pro
edure up to a �nite l, with a 
omputer, a high temperatureexpansion 
an be obtained. A partition fun
tion, free energy, spe
i�
 heat or aspin-square T 6= 0 expe
tation value 
an be dedu
ed for a system with arbitrarynumber of holes. Evidently, the 
al
ulation time in
reases with the size of thesystem, with the number of holes and the order of the expansion.5.3 The Nagaoka stateIn order to analyze the temperature dependen
e of hŜ2i we need the values ofN (C)~R (l) as fun
tions of l. Comparing equation (5.14) with the formula for thepartition fun
tion Z derived in �rst quantized formalism we obtainlimT!0 P1l=0 1l! ��tkT �lN (C)~R (l)e�E0kT = jCjN ! (5.15)for arbitrary 
onjugate 
lass C whi
h 
an o

ur in equations (5.13, 5.14), where E0is the ground-state energy of the N -parti
le hard-
ore boson system.Knowledge of the asymptoti
 behaviour given by equation (5.15) is enough toanalyze the T dependen
e of the Nagaoka ferromagnetism (i.e. Nh = 1 
ase). Inthis situation, 
 ~R(l) 
ontains the loops of length l of the latti
e �. For one hole, ~R isuniquely determined by the position of the hole. The positions of the hole des
ribedby 
(0) at the starting point of the loop and 
(l) = P

(0)P i1;j1 : : :P il;jl at the endpoint of the loop are the same. In the 
ases when Nagaoka's theorem holds, namelyfor square, s
, b

, f

 and h
p latti
es, it 
an be seen that the parity jP
 j = (�1)lis always even when we use open boundary 
onditions, be
ause there is no loop withodd length in these 
ases. This means that the dynami
 evolution 
ontrolled by theHamiltonian (5.1) is not able to permute the parti
les by odd permutations, givenby the presen
e of the hard-
ore potential a
ting between them. As a 
onsequen
e,the fermioni
 
hara
ter of the parti
les has absolutely no e�e
t in this 
ase. This isfully 
onsistent with our previous statement (presented before equation (5.8) ) thatthe S = Smax spe
trum of our original fermion system is equivalent to the spe
trumof a hard-
ore spinless boson system. Moreover, if bosons `existed' with half spin,then there would be no di�eren
es between the system 
onsisting of these parti
leswith a hard-
ore potential on a square latti
e and our original fermioni
 system



5.4. CASES WITH MORE THAN ONE HOLE 71in the one-hole 
ase, be
ause the permutations C(Rl; i; j) o

ur in the S
hrödingerequation (5.7) are always even, and in this 
ase there is no di�eren
e between theS
hrödinger equations 
onne
ted to parti
les with bosoni
 and fermioni
 statisti
sif their spin is the same. As we mentioned above, the ground-state wave fun
tionof a boson system is always symmetri
; therefore the spin wave fun
tion is alsosymmetri
, i.e. the ground state is ferromagneti
. This is an interesting explanationof Nagaoka's theorem. Our formalism 
ertainly gives ba
k this result. It is obtainedby taking the T ! 0 limit in equation (5.13), 
onsidering the asymptoti
 behaviourof the 
oe�
ients N (C)~R (l) given by equation (5.15) for the 
onjugate 
lasses witheven parity and N (C)~R (l) = 0 for odd parity, furthermore using the result (B.6)from the Appendix B. When we use periodi
 boundary 
onditions, we still havejP
 j = (�1)l (l is the length of 
) whi
h, however, 
an be odd, but only in the
ase when the linear length of the latti
e is odd at least in one dire
tion, and 
goes through the boundary in this dire
tion. In t > 0 
ase, (�t)l(�1)jCj is alwayspositive; the sign 
oming from the odd parity of the permutation is 
ompensatedby the sign obtained during the movement around odd steps, and therefore theabove arguments remains valid. The key feature now is the fa
t, that the parity ofP
 is in one-to-one 
orresponden
e with the parity of the length of 
.5.4 Cases with more than one holeThe existen
e of more than one hole permits arbitrary (even and odd) permutationsof the parti
les under dynami
 evolution (independently of the length of the loop),therefore the fermioni
 feature of them plays an important role in building up theenergy spe
trum of the system. Using the asymptoti
 behaviour of N (C)~R (l) fromequation (5.15) and the results of the Appendix B presented after equation (B.6),the hŜ2i value remains undetermined (i.e. 0/0), whi
h in our interpretation is dueto the fa
t that E0 is not a possible energy for the fermioni
 system any longer.The spe
ial similarity of the behaviour of the parti
les with bosoni
 and fermioni
statisti
s does not remain valid, therefore we 
an not draw 
on
lusion about themagneti
 property of the system based on Nagaoka's theorem. This is a qualitativedi�eren
e between the one-hole and two-hole 
ases. It is similar to the 
ase whenthe Hamiltonian has an extra symmetry at a spe
ial point, but the features ofthe model 
ould be very di�erent even 
lose to this point owing to the symmetrybreaking. If bosons had half spin, a system 
onsisting of su
h hard-
ore bosonson a latti
e would be ferromagneti
 even for an arbitrary hole 
on
entration. Thisstatement remains valid for real bosons with integer (non-zero) spin as well andthe expe
tation value of the total spin goes to a ma
ros
opi
al (but not to themaximum) value when the temperature goes to zero, in this 
ase.In order to obtain information about the two-hole (or more-hole) 
ase, a study
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oe�
ients N (C)~R (l) 
an be determined by theMonte Carlo method. By random sampling we 
an obtain the per
entage of loopsof a given length for whi
h P
 2 C. Equations (5.14) and (5.13) have the advantagethat the tra
e over the spin degrees of freedom has already been taken. Hen
e weneed only to sample the loops, i.e. `world lines' of holes, instead of the world linesof our original ele
tron system. This is advantageous sin
e, be
ause of the presen
eof di�erent possible ele
tron spin 
on�gurations, the world lines of our originalele
tron system have 2N times more starting points than the hole loops.We studied by this method a two-dimensional 10 � 10 latti
e with periodi
boundary 
onditions in the presen
e of two holes. We took into a

ount everypossible starting 
harge (hole) 
on�guration. Be
ause of the periodi
 boundary
onditions and the translational, rotational and re�e
tion symmetries of the latti
e,there are 20 essentially di�erent 
harge 
on�gurations instead of �1002 �. Be
ausethe 
ontributions of the 298 di�erent spin 
on�gurations, 
orresponding to a �xed
harge 
on�guration, are taken into a

ount anality
ally by equations (5.14, 5.13),we have taken into a

ount every possible starting point of world lines of our originalele
tron system. Furthermore, starting from a 
harge 
on�guration, we took into
onsideration every path up to the length l = 14. Thus, we 
ounted exa
tly everyloop up to l � 14; therefore the 
oe�
ients of our high-temperature expansion areexa
t up to 14th order in jtj=kT . Then, we 
ontinued every path with randomdire
tions up to l = 100.The results 
an be seen in Fig. 5.1. The solid 
urves show the result of thehigh-temperature expansion with exa
t 
oe�
ients up to 14th order. Taking intoa

ount further 
oe�
ients determined by Monte Carlo method up to 50th orderwe obtain the broken (short-dash) 
urves, and up to 100th order we obtain thebroken (long-dash) 
urves. The expe
tation value of the square of the total spingoes to 3N=4 = 73:5 (and not to zero) as T goes to in�nity. This is understandable,be
ause at very high temperature the likelihood of all possible states be
omes equalto 1=Z. (The spe
trum of the Hamiltonian is bounded.) Therefore, the expe
tationvalue of an arbitrary quantity goes to its simple algebrai
 average over all the states.This gives the result mentioned above for hŜ2i). This means in fa
t paramagneti
behaviour, be
ause a smaller total spin value has greater thermodynami
 weigh, i.e.the dimension of the eigensubspa
e of Ŝ2 is greater, therefore the S = 0 subspa
eis the greatest, and so this is the most probable value of the spin. For this reason,the total spin (but not hŜ2i) per parti
le is proportional to 1=pN whi
h goes tozero in thermodynami
 limit.Be
ause of the ina

ura
y and the 
omplete negle
t of the higher-order 
oef-�
ients in our expressions, the numeri
al error in
reases as the temperature de-
reases. Therefore we do not plot the T ! 0 temperature region in Fig. 5.1.Nevertheless, in the presented region the results are 
orre
t sin
e the higher-orderterms do not improve the lower-order 
ontributions in this domain. At these tem-peratures, however, owing to the Monte Carlo method itself, small numeri
al errors



5.4. CASES WITH MORE THAN ONE HOLE 73
a

k T = j t j
h^ S2 i

1 2 3
70

80

90

b
k T = j t j



0 1 2 3
0

1

2

Figure 5.1: (a): Square of the total spin and (b): spe
i�
 heat as fun
tions of thetemperature measured in jtj units. The solid (lower) lines show the result of a 14thorder high temperature expansion based on exa
t 
oe�
ients; the short-dash lines(in the middle) show the result of an 50-th order high temperature expansion, thelong-dash (upper) lines of a 100-th order expansion based on 
oe�
ients determinedby the des
ribed Monte Carlo method.are present.The obtained results show that the spontaneous magnetization in
reases as thetemperature de
reases. This tenden
y be
omes stronger when we use more a

urateapproximation. In the same temperature range, when hŜ2i starts to in
rease, thespe
i�
 heat has a maximum. However this peak in the spe
i�
 heat seems to besigni�
ant � also in higher-order approximations the 
urves break down sin
e thespe
i�
 heat has to go to zero in T ! 0 limit, � but the in
rease in hŜ2i is small,nevertheless very fast.Related to the-two and few-hole 
ases, in the literature it has been publishedthat the ground state 
an not have maximal spin [30, 31, 36℄. This statementis based on variational 
al
ulations. These 
al
ulations demonstrate that trial
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h have a lower energy than the fullypolarized state with spin Smax. However, until now it was not possible to 
onstru
tvariational state with spin S � Smax�2, whi
h would have a lower energy than theS = Smax�1 state. Thus, the above mentioned results do not ex
lude ferromagneti
behaviour, only the highest spin value. None the less, our results suggest thatthe very low spin values 
an be ex
luded as well, and the ground state is not asinglet. As a 
on
lusion, we may state that the system behaves at low temperatureas a not fully saturated ferromagnet. This 
on
lusion is 
onsistent with exa
tdiagonalization results for small 
lusters [120℄.



SummaryIn this work I have presented exa
t results related to relevant and up-to-date prob-lems of many-body physi
s. Important feature of these results are that they applyto higher than one dimensional systems. I emphasized the importan
e of the exa
tresults, but I also underlined that in this �eld there are no standard well-triedmethods.My results 
an be summarized in the following points.� I generalized Brandt and Giesekus's approa
h [77℄ to extended Hubbardmodel whi
h 
ontains next-nearest neighbour intera
tion terms and I de-du
ed a ground state phase diagram of the system. My results are valid inall D > 1 spatial dimensions at half �lling.� A 
ompletely saturated ferromagneti
 phase, di�erent types of 
ommen-surate spin density waves, 
ommensurate 
harge-density waves and a re-gion with phase separation were found, the last one being in our knowl-edge for the �rst time signaled at the level of approximation free resultsin D > 1 dimensions.� The stability domains of the fully saturated ferromagneti
 phase, spinand 
harge density waves were extended in 
omparison with previouspubli
ations.� The presented phase diagram is 
omplete in the lo
alized limit tl =Xl ! 0 in all dimensions D > 1 for arbitrary value of fully anisotropi
or non-negative isotropi
 Heisenberg 
ouplings.� The obtained results 
learly emphasize that the next-nearest neighbour
ouplings have their role in building up the subtle balan
e between thestability domains of di�erent ordered phases in the parameter spa
e,introdu
ing 
ompletely new phases or modifying 
onsiderably the emer-gen
e regions for other phases within the phase diagram.� Under the 
onditions in whi
h even the exa
t solution for the one dimensionalperiodi
 Anderson model is not known at �nite U , I have presented exa
t75



76 SUMMARYsolutions for two dimensional periodi
 Anderson model in the intera
ting
ase. The des
ribed solutions are present on a surfa
es of the T = 0 parameterspa
e of the model. The physi
al properties of the solutions depend on thevalues of the 
oupling 
onstants and the �lling. Two types of solution emerge:a paramagneti
 Mott insulator and a non-Fermi liquid type phase. Bothsolutions des
ribe the intera
ting U > 0 model, and the dedu
ed ground-statewave fun
tions 
annot be obtained perturbatively from the non-intera
ting
ase.� The �rst solution emerges at 3=4 �lling and represents a paramagneti
Mott insulator, the ground-state being 
ompletely lo
alized.� The se
ond solution represents in two dimensions a new non-Fermi liq-uid normal (non-symmetry broken) phase and emerges at N=N� � 3=4�lling. In this phase the n~k momentum distribution fun
tion is 
ontinu-ous together with its derivatives of any order; it is a well de�ned Fermienergy, but the Fermi momentum is not de�nable thus the system has noFermi surfa
e. In the parameter spa
e this phase emerges in the vi
in-ity of the above mentioned Mott insulating phase. The ground-state isparamagneti
 with large spin degenera
y. The reason of this interestingbehaviour is due to the fa
t, that the �at-band feature of the model� whi
h is given by the diagonalization of the formally non-intera
tingHamiltonian Ĥe� = Ĥ0 + UN̂f � remains valid also in the intera
ting
ase. This partially �lled band is situated above a normal band withdispersion. Low lying ex
itations in
reases the number of parti
les atthe Fermi energy. In this pro
ess parti
les are removed from the lowerband and 
ome up into the upper �at band.� I presented a te
hnique to deal with the simple Hubbar model in the 
ase ofin�nitely repulsive intera
tion. The formalism treats separately the spin and
harge degrees of freedom at the level of des
ription, showing expli
itly thee�e
t of the spin ba
kground in the movement of the hole.� The Hamiltonian 
an be redu
ed into invariant subspa
es with givenvalue of the total spin and its z-
omponent. I expli
itly showed that thematrix element of the Hamiltonian redu
ed into su
h a subspa
e 
anbe given using matrix elements of an irredu
ible representation of thesymmetri
 group of degree N . (N is the number of parti
les.) It 
an beuseful for numeri
al diagonalization for small 
lusters.� I developed a high-temperature expansion te
hnique in whi
h the sumover the spin degrees of freedom 
an be expressed exa
tly in terms of
hara
ters of the symmetri
 group. Based on this te
hnique the e�
ien
yof the world line Monte Carlo algorithm 
an be in
reased. By the limited
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omputer 
apa
ity available for me I attempted to study the magneti
properties of the model near half �lling.� Within the frame of the presented formalism the Nagaoka me
hanism offerromagnetism be
omes 
lear, and also the reason why it 
annot sur-vive the generalization for more than one hole: the fermioni
 feature ofparti
les does not play any role. The situation is similar for one dimen-sional system with open boundary 
ondition (the number of parti
les isarbitrary), or in 
ase of odd number of parti
les with periodi
 bound-ary 
onditions, or in 
ase of even number of parti
les with anti-periodi
boundary 
onditions.



Összefoglalás(The Hungarian summary of the thesis.)Napjaink szilárdtest�zikai és statisztikus �zikai kutatásainak sok központi kérdéseaz er®sen köl
sönható, és ebb®l kifolyólag gyakran er®sen korrelált állapotúelektronrendszer viselkedésének leírásához kap
solódik. Prominens példák amagas h®mérséklet¶ szupravezetés, szuperfolyékonyság, kvantum Hall-e�ektus,nehéz-Fermion rendszerek, nem-Fermi-folyadék viselkedést mutató rendszerek, ésa leghétköznapibb ide tartozó jelenség talán a ferromágnesség, amely ®sid®kóta ismert, de amelynek a teljes megértését®l még ma is messze vagyunk.Ennek a legf®bb oka abban rejlik, hogy a fent említett problémák sok er®sen
satolt része
skét tartalmazó kvantumme
hanikai rendszerekhez kap
solódnak,amelyekben a széles skálán változó és így nagy értéket is elér® 
satolási állandókmiatt a hagyományos közelít® eljárások (pl. perturbá
iószámítás) alkalmazása �ha egyáltalán lehetséges, � nehéz, az így adódó eredmények a paramétertérnek 
sakegy sz¶k tartományán érvényesek, és még ennek az érvényességi tartománynak ahatárai is sokszor nagyon bizonytalanok. Ezért ezen a területen különösen értékesekaz egzakt megoldások, f®leg akkor, ha ezek a paramétertér széles tartományánés nagy 
satolási állandók esetén is érvényesek. Azonban az er®sen korreláltrendszerek területén az ismert egzakt megoldási módszerek legnagyobb része 
sakegy dimenzióban alkalmazható (pl. Bethe Ansatz).PhD munkám 
élja a fent leírt problematikus esetekben is alkalmazható újtípusú egzakt módszerek kipróbálása er®sen köl
sönható sokrésze
skés rendszereknépszer¶ modelljein, illetve ha 
sak lehetséges, ilyen jelleg¶ módszerek kifejlesztésevagy továbbfejlesztése. Az általam vizsgált modellek mindeddig a Hubbard-modell,illetve annak valamilyen kib®vített változatai, valamint a periodikus Anderson-modell voltak.Ennek keretében munkám els® szakaszában egy szisztematikusan el®ször Brandtés Giesekus által alkalmazott módszer [U. Brandt and A. Giesekus, Phys. Rev.Lett. 68, 2648 (1992)℄ használhatóságát vizsgáltam. A módszer lényege, hogy a78



ÖSSZEFOGLALÁS 79variá
iós elvet � melynek segítségével fels® határ adható az alapállapoti energiára� kombinálva a Hamilton-operátor konstans ill. pozitív szemide�nit tagokösszegére bontásával � amely a pozitív szemide�nit tagokat elhagyva alsó határtad az alapállapoti energiára � meghatározható a paramétertér olyan tartománya,amelyben az alapállapoti energiára vonatkozó egzakt alsó ill. fels® határokegybeesnek, így megadják annak pontos értékét. A hozzá tartozó hullámfüggvény� a variá
iós elv használatából adódóan � szintén ismert. Mivel korábbanezt a módszert 
sak els® szomszéd köl
sönhatásokkal kib®vített Hubbard-modellvizsgálatára használták, de bizonyos elméleti és kísérleti tények arra utaltak, hogya második szomszéd köl
sönhatások fontossága ezzel összemérhet®, ezért a 
él enneka kérdésnek a vizsgálata volt.Kés®bb ennek a módszernek az alkalmazásával tanulmányoztam a periodikusAnderson-modellt két dimenzióban. Ennek a kérdésnek a nehézségét jól mutatja,hogy még az egydimenziós esetre vonatkozóan is nagyon kevés egzakt eredménytalalható az irodalomban. Az általam bemutatott megoldás kap
solódik anem-Fermi-folyadék jelleg¶ viselkedést mutató rendszerek manapság hatalmasérdekl®dést kiváltó kérdésköréhez.Régóta nyitott kérdés az er®sen korrelált rendszerek egyik legalapvet®bbmodelljének tekinthet® egyszer¶ Hubbard-modell ferromágneses tulajdonságai-nak kérdése. Habár mára bizonyossá vált, hogy nem ez a ferromágnességáltalános modellje, de elméletileg továbbra is érdekes a ferromágnesességhezvezet® me
hanizmusok keresése. Továbbá a modell tulajdonságainak leírása azer®sen köl
sönható határesetben félig töltött sáv közelében a magas h®mérséklet¶szupravezet®k megértése szempontjából is releváns lehet.EredményekTudományos eredményeimet az alábbi tézispontok tartalmazzák:1. Általánosítottam Brandt és Giesekus módszerét második szomszéd köl
sön-hatásokkal kib®vített Hubbard-modellre, és ennek segítségével alapállapotifázisdiagramot adtam a modellre. Eredményeim tetsz®leges egynél nagyobbdimenzióban és félig töltött sáv esetén érvényesek.[1, 2, 3℄(a) A fázisdiagramban teljesen telített ferromágneses fázis, különböz®spin- és töltéss¶r¶ség-hullámokat leíró fázisok stabilitási tartományait,valamint fázisszepará
iót mutató tartományt sikerült körülhatárolnom.Ez utóbbira � közelítések használata nélkül � tudomásom szerintkorábban nem volt példa az irodalomban D > 1 dimenziós rendszeresetén.



80 ÖSSZEFOGLALÁS(b) A ferromágneses és a spin- illetve töltéss¶r¶ség-hullám fázisok általammegadott stabilitási tartományai szélesebbek az irodalomban korábbanmegadottaknál, így azok javításának tekinthet®k.(
) Lokalizált határesetben � amikor a Hamilton-operátor semmilyenmozgást leíró tagot nem tartalmaz � a bemutatott fázisdiagramteljes, ha a Heisenberg-köl
sönhatás teljesen anizotróp, vagy izotróp és
satolási állandója nem negatív.(d) Az eredmények alátámasztják, hogy a második szomszéd köl
sönha-tásoknak jelent®s szerepük van a rendezett fázisok stabilitási tar-tományainak kialakításában; er®sen befolyásolják ezen tartományokhatárait, s®t olyan fázisok megjelenéséhez vezetnek, amelyek nélkülüknem lennének stabilak.2. Mindeddig periodikus Anderson modellre egydimenziós egzakt megoldás semvolt ismert olyan esetben, amikor a köl
sönhatás er®ssége véges. Ebbena dolgozatban én ismertettem egy két dimenzióra vonatkozó eredményt,amely az alapállapotot a paramétertér egy hiperfelületén adja meg, amelynekmentén a köl
sönhatás er®ssége tetsz®leges értékek között változhat. Az a-lapállapotot leíró hullámfüggvény perturbatív úton nem kapható meg. Amegoldás �zikai tartalma a modellparaméterek értékét®l függ®en kétféle lehet:paramágneses Mott-szigetel®, vagy nem-Fermi-folyadék típusú. [6℄(a) Az egyik típusú megoldás háromnegyedig töltött sáv esetén jelenikmeg, és paramágneses Mott szigetel®t ír le, lévén az alapállapotihullámfüggvényben minden része
ske teljesen lokalizált.(b) A másik megoldás egy új, nem-Fermi-folyadék jelleg¶ normális (nemszimmetriasért®) fázist ír le háromnegyed vagy afeletti sávbetöltöttségesetén. Ebben a fázisban az elektronok impulzustérbeli eloszlásfügg-vénye és az ® összes deriváltja folytonos, és emiatt � habár létezikFermi-energia � Fermi-felület és hozzá tartozó Fermi-impulzus nemde�niálható. Ez a fázis a paramétertérben a Mott szigetel®t leírófázis közelében helyezkedik el, maga pedig er®s spindegenerá
ióvaljellemezhet® paramágnes. A �zikailag érdekes viselkedés bizonyosértelemben egy lapos sáv e�ektus eredménye. Ha a nemköl
sönhatóproblémát úgy módosítjuk, hogy az f sáv magasságát U -val, aköl
sönhatás er®sségével eltóljuk, az így adódó Hamilton-operátordiagonalizálásából egy teljesen lapos sáv adódik, amely a köl
sönhatásteljes �gyelembevétele esetén is megmarad, és így divergen
iát okozaz állapots¶r¶ségben a Fermi-energiánál. Ez a lapos sáv részlegesenbetöltött, és egy másik sáv felett helyezkedik el, amely teljesen betöltött.Az ala
sony energiájú gerjesztések a Fermi-energiájú része
skék számát



ÖSSZEFOGLALÁS 81növelik azáltal, hogy elektronok ugranak fel az alsó sávból a fels®, lapossávba.3. Ismertettem egy olyan eljárást, amelynek a segítségével az egyszer¶ Hubbard-modell végtelen er®s köl
sönhatás határesetében tanulmányozható. Aformalizmus � a leírás szintjén � szeparáltan kezeli a spin és a töltés sza-badsági fokokat, és expli
it kifejezi a spinháttér hatását a mozgó lyukra.[4, 5℄(a) Expli
it megmutattam, hogyan fejezhet®ek ki egy meghatározott spinnelés spin vetülettel jellemzett invariáns altérben adott bázisban aHamilton-operátor mátrixelemei az N -ed fokú szimmetrikus 
soportbizonyos irredu
ibilis ábrázolásainak mátrixelemeivel. (N a része
skékszáma.) Ez hasznos lehet kis rendszerekre vonatkozó numerikusanegzakt diagonalizálási feladatok esetén.(b) Kidolgoztam egy magas h®mérséklet¶ sorfejtési eljárást, amelyben azállapotösszeg kiszámításához szükséges összegzésnek a spin szabadságifokokra vonatkozó része analitikusan kifejezhet® a szimmetrikus 
soportkaraktereinek segitségével. Erre alapozva növelhet® a �world line�algoritmusú Monte Carlo szimulá
ió hatékonysága.(
) Az említett formalizmus keretében a ferromágnesesség Nagaoka-me
ha-nizmusa könnyen interpretálható: a rendszert felépít® elektronokfermion jellege nem jut érvényre a végtelen er®s köl
sönhatás miatt,ha 
sak egy lyuk van a rendszerben. A helyzet hasonló egy dimenzióbannyílt határfeltételek esetén (a része
skék száma tetsz®leges), vagypáratlan számú része
ske esetén periodikus határfeltételek mellett, éspáros számú része
ske esetén antiperiodikus határfeltételek mellett.



Appendix A
This Appendix 
ontains some mathemati
al details related to the 
al
ulation ofmomentum distribution fun
tions and of Hamiltonian terms when N = 3N� and�~k;
 6= 0 for all ~k 2 �̂. Firstly we prove that the state ve
tors de�ned in equation(4.13) form a basis in H3N�;0 in this 
ase. For this purpose it is enough to showthat the set fj 0;�i : � = (�i)N�i=1; �i 2 f"; #gg 
onsists of 2N� pie
es of linearlyindependent ve
tors, sin
e in Se
tion 4.3 we have seen that every ground state 
anbe written as a linear 
ombination of j 0;�i. Se
ondly we prove that the quantumme
hani
al expe
tation value of the operatorP� Ĉy~k;2;�Ĉ~k;2;� is uniform in H3N�;0and equal with 1, independently from ~k. Finally the equation hĈy~k;2;�Ĉ~k;2;�i0 = 12will be veri�ed, where the notation h:i0 means the T ! 0 limit of the �nitetemperature expe
tation value, a

ording to the de�nition in Subse
tion 4.5.1.The index � 
an have 2N� di�erent values, a

ording to the 2N� di�erent spin
on�gurations of the N� ele
trons situated in di�erent sites. The operators F̂ y�
reates orthogonal states from the va
uum: h0jF̂�0 F̂ y� j0i = Æ�0;�. The operatorsF̂ y� 
an be expressed in terms of operators Ĉy~k;s;�i . Using equation (4.30) we obtainF̂ y� =Yi �X~k ei~k ~Ri f̂y~k;�i� =Yi �X~k ei~k ~Ri(�~k)� 12 ��~k;f Ĉy~k;1;�i � ��~k;
Ĉy~k;2;�i��:Substituting this result into the expression (4.13) of the ground state ve
torsthe terms whi
h 
ontain operators Ĉy~k;1;� 
an
el out due to the fa
t that Ĝ 
ontainsthese operators for all ~k and �, as 
an be seen from equation (4.31). Therefore weobtain j 0;�i = ĜyYi �X~k ei~k ~Ri(�~k)� 12 (���~k;
)Ĉy~k;2;�i�j0i: (A.1)In equation (A.1) the ground state wave ve
tors are expressed by the operatorsĈy~k;s;�i . (We get Ĝy from equation (4.31).) This is an advantage when we 
ompute82



APPENDIX A 83the expe
tation values mentioned in the �rst paragraph of this Appendix. However,di�
ult to handle these state ve
tors be
ause they are not orthonormal ve
tors.Further te
hni
al di�
ulty that in the formula (A.1) there is a sum under theprodu
t, therefore we are going to expand out the produ
t. More 
onvenient tohandle separately the up and down spins. Therefore �rst of all we rearrange theorder of the produ
t. (As we mentioned on page 8 in Se
tion 2.2 the notationQi denotes an ordered produ
t.) Considering an index � we denote by Q a �xpermutation1 of � for whi
h(�Q(i))N�i=1 � (�Q(1); �Q(2); : : : ; �Q(N�)) = ( N"z }| {"; "; : : : ; "; N#z }| {#; #; : : : ; #):As we indi
ated above, the number of up spins in � is denoted by N" thus thenumber of down spins is N# = N� �N". Clearly N", N# and Q depend on �, but
ontrary to N" and N# the permutation Q is not uniquely determined by �. Thisununiquness does not in�uen
e our results. In the further formulas we regard Q asa �x permutation among whi
h are allowed by �.Using the above de�ned notations the rearranged produ
t from equation (A.1)
an be written as follows.F̂y� :=Yi �X~k ei~k ~Ri(�~k)� 12 (���~k;
)Ĉy~k;2;�i� == (�1)jQj N"Yi=1�X~ki ei~ki ~RQ(i) ���~ki;
(�~ki) 12 Ĉy~ki;2;"� N�Yi=N"+1�X~ki ei~ki ~RQ(i) ���~ki;
(�~ki) 12 Ĉy~ki;2;#�Here jQj denotes the parity of the permutation Q. To avoid the 
onfusion whenexpanding out the produ
ts, we label the momentum summation indi
es by i for thepurpose to distin
t the di�erent summation indi
es o

ur in di�erent multipliers ofthe produ
t Qi. For a �x value of i, ~Ri denotes a �x ve
tor as de�ned in Se
tion2.2, 
ontrary to ~ki of whi
h value is not determined by i; ~k1; : : : ; ~kN� run over thewhole �̂.Now we expand out the produ
ts in the previous expression of F̂y�.F̂y� = (�1)jQj X~k1;:::;~kN" N"Yi=1�ei~ki ~RQ(i) ���~ki;
(�~ki) 12 Ĉy~ki;2;"��X~kN"+1;:::;~kN� N�Yi=N"+1�X~ki ei~ki ~RQ(i) ���~ki;
(�~ki) 12 Ĉy~ki;2;#�1We treat a permutation as a bije
tive map from � onto itself.



84 APPENDIX ABe
ause of the anti
ommutation relation of the operators Ĉy~k;2;� every non-zeroterm of the above sums ful�lls that ~k1 6= ~k2 6= � � � 6= ~kN" and ~kN"+1 6= ~kN"+2 6=� � � 6= ~kN� . Furthermore every term of the �rst sum for whi
h the set f~k1; : : : ; ~kN"gis the same 
onsists of the same operator multiplied by di�erent s
alar 
oe�
ientswhi
h we 
ontra
t. Doing the similar pro
edure also in the se
ond sum we getF̂y� = (�1)jQj X~k1<���<~kN" � N"Yi=1� XP2S1(�1)jPjei~kP(i) ~RQ(i) ��~k�P(i);
(�~kP(i) ) 12 �Ĉy~ki;2;"��X~kN"+1<���<~kN� � N�Yi=N"+1� XP2S2(�1)jPjei~kP(i) ~RQ(i) ��~k�P(i);
(�~kP(i) ) 12 �Ĉy~ki;2;#�= X~k1 < � � � < ~kN"~kN"+1<: : :<~kN�� XP2S1
S2(�1)jQPjeiPi ~kP(i) ~RQ(i)��Yi ���~ki;
(�~ki) 12 ��� N"Yi=1 Ĉy~ki;2;"�� N�Yi=N"+1 Ĉy~ki;2;#�; (A.2)where S1 denotes the group of permutations of the set f1; : : : ;N"g, S2 denotesthe group of permutations of the set fN" + 1; : : : ;N�g, and S1 
 S2 denotes theprodu
t of these groups. The < relation among the momentum summation indi
esis de�ned by an arbitrary but �x order of �̂ (see pg. 8).In a very similar way as equation (A.2) was dedu
ed one 
an get analogousformula for F̂ y� :F̂ y� = X~k1 < � � � < ~kN"~kN"+1<: : :<~kN�� XP2S1
S2(�1)jQPjeiPi ~kP(i) ~RQ(i)�� N"Yi=1 f̂y~ki;"�� N�Yi=N"+1 f̂y~ki;#�:(A.3)Now we prove the following statement whi
h will serve as a lemma in thefollowings.Lemma: Assuming that we have two operators X̂2 and X̂f of whi
h the stateve
torsQi Ĉy~ki;2;�i j0i and Qi f̂y~ki;�i j0i are eigenve
tors with the same eigenvalue forall possible values of ~ki 2 �̂ and �i 2 f"; #g (i 2 �), i.e.,X̂2Yi Ĉy~ki;2;�i j0i = x(~k1; �1; : : : ; ~kN� ; �N�)Yi Ĉy~ki;2;�i j0i;X̂fYi f̂ y~ki;�i j0i = x(~k1; �1; : : : ; ~kN� ; �N�)Yi f̂y~ki;�i j0i; (A.4)



APPENDIX A 85then h0jF̂�0X̂2F̂y�j0i = h0jF̂�0X̂f F̂ y� j0i; (A.5)where the F̂ operators labelled by supers
ript � are de�ned as(F̂�)y :=Yi �X~k ei~k ~Ri (�~k) 12��~k;
 Ĉy~k;2;�i�: (A.6)For the proof of the above lemma �rst of all one 
an see that expanding equation(A.6) we get a similar formula than equation (A.2):(F̂�)y = X~k1 < � � � < ~kN"~kN"+1<: : :<~kN�� XP2S1
S2(�1)jQPjeiPi ~kP(i) ~RQ(i)��Yi (�~ki) 12���~ki;
 ��� N"Yi=1 Ĉy~ki;2;"�� N�Yi=N"+1 Ĉy~ki;2;#�: (A.7)The remaining part of the proof is a straightforward 
al
ulation based on theobservation that from ~k1 < � � � < ~kN" and ~kN"+1 < � � � < ~kN� , furthermore~k01 < � � � < ~k0N0" and ~k0N0"+1 < � � � < ~k0N� follows thath0jN"+1Yi=N�0 Ĉ~ki;2;# 1Yi=N"0 Ĉ~ki;2;" N"Yi=1 Ĉy~ki;2;" N�Yi=N"+1 Ĉy~ki;2;#j0i == h0jN"+1Yi=N�0 f̂~ki;# 1Yi=N"0 f̂~ki;" N"Yi=1 f̂y~ki;" N�Yi=N"+1 f̂y~ki;#j0i = ÆN";N 0" N�Yi=1 Æ~ki;~k0i ; (A.8)where the prime over Q indi
ates that the produ
t is in reverse order (see the
onvention des
ribed in page 8 in Se
tion 2.2). Therefore expanding both sides ofequation (A.5) using the expressions (A.2, A.7, A.3) the sums over the momentumindi
es ~k1; : : : ; ~kN� whi
h o

ur twi
e on both sides of equation (A.5) are redu
edto only one sum, and the se
ond multipliers from equations (A.2) and (A.7) areredu
ed to 1, hen
e the di�eren
es between the right and left hand side of equation(A.5) vanish.Herewith we dire
tly 
ertify the statements of the �rst paragraph of thisAppendix. The state ve
tors from equation (A.1) are not orthonormal ve
tors.However the above results give us the possibility to de�ne a set of ve
tors denotedby supers
ript � for whi
h h �0 j 0;�0i = Æ�;�0 . It follows that the ve
tors from



86 APPENDIX A(A.1) are linearly independent and so form a basis in H3N�;0 of whi
h dual basis isfj �0 i : � = (�i)N�i=1; �i 2 f"; #gg, wherej �0 i = Ĝydet g (F̂�)yj0i: (A.9)To 
ompute the inner produ
t of the ground state ve
tors with sub- andsupers
ript � we take into a

ount that the operator Ĝ 
onsists of only operatorsĈ~k;1;� whi
h anti
ommute all Ĉ~k;2;� 
onsisted by F̂� and F̂�, therefore we 
an usethe result (4.12). Then we use the Lemma with X̂2 = X̂f = 1̂, where 1̂ denotes theidentity operator therefore the 
onditions (A.4) are trivially satis�ed.h �00 j 0;�i = h0jF̂�0 ĜĜy(det g)2 F̂y�j0i = h0jF̂�0F̂y�j0i = h0jF̂�0 F̂ y� j0i = Æ�;�0(A.10)A very similar 
omputation based on the Lemma with X̂2 = Ĉy~k;2;�Ĉ~k;2;� andX̂f = f̂y~k;�f̂~k;� gives thath �00 jĈy~k;2;�Ĉ~k;2;�j 0;�i = h0jF̂�0 f̂y~k;� f̂~k;�F̂ y�j0i: (A.11)Based on this result we obtain thath �00 jX� Ĉy~k;2;�Ĉ~k;2;�j 0;�i = h0jF̂�0X� f̂y~k;�f̂~k;�F̂ y� j0i= 1N� Xj;j0 e�i~k(~Rj�~Rj0 )X� h0jF̂�0 f̂yj;�f̂j0;�F̂ y�j0i= 1N� Xj;j0 e�i~k(~Rj�~Rj0 )X� Æ�;�jÆj;j0Æ�;�0= Æ�;�0 :From this result immediately follows that the quantum me
hani
al expe
tationvalue of the operator P� Ĉy~k;2;�Ĉ~k;2;� is uniform in H3N�;0 and equal with 1,independently from ~k. An arbitrary element of H3N�;0 
an be written as j 0i =
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� j 0;�i (
� 2 C ), thush 0jP� Ĉy~k;2;�Ĉ~k;2;�j 0ih 0j 0i = X�;�0 
��0
�h 0;�0 jX� Ĉy~k;2;�Ĉ~k;2;�j 0;�iX�;�0 
��0
�h 0;�0 j 0;�i= X�;�0 
��0
�X�00 h 0;�0 j 0;�00ih �000 jX� Ĉy~k;2;�Ĉ~k;2;�j 0;�iX�;�0 
��0
�h 0;�0 j 0;�i= 1: (A.12)Finally we 
ompute the zero temperature limit of the �nite temperatureexpe
tation value of Ĉy~k;2;�Ĉ~k;2;�. As we have written in Subse
tion 4.5.1 this
an be expressed with tra
e over the subspa
e of the ground states.limT!0 Tr e��ĤĈy~k;2;�Ĉ~k;2;�Tr e��Ĥ = TrH3N�;0Ĉy~k;2;�Ĉ~k;2;�TrH3N�;0 1̂= P�h �0 jĈy~k;2;�Ĉ~k;2;� j 0;�iP�h �0 j 0;�i= 12N� X� h0jF̂�f̂y~k;� f̂~k;�F̂ y�j0i= 12N� X� 1N� Xj;j0 e�i~k(~Rj�~Rj0 )h0jF̂� f̂yj;�f̂j0;�F̂ y�j0i= 12N� 1N� Xj;j0 e�i~k(~Rj�~Rj0 )Æj;j0X� Æ�;�j= 12 ; (A.13)where we used the results (A.10) and (A.11).



Appendix B
In this Appendix we present mathemati
al details related to the formulae dedu
edand presented in Chapter 5. To begin we present an overview of the notationsand de�nitions used; then rather te
hni
al proofs follow. For more mathemati
aldetails 
onne
ted to the dedu
tion pro
edure we refer the reader to the book byHamermesh [121℄.A permutation of a set � is a bije
tive fun
tion P : � ! �. We said thatP is a permutation of degree N� where N� is the 
ardinality of �. The produ
tof two permutations is de�ned by the standard 
omposition of them as fun
tions(from right to left): (PQ)(i) := P(Q(i)). The set of all the permutations of �endowed by this produ
t form a group whi
h is the symmetri
 group of degreeN�. It is denoted by S�. We denote the transposition by P i;j whi
h inter
hangestwo elements i; j 2 �. When � is an ordered set, and this is our 
ase, we 
anuse the notation Ci!j for the 
y
li
 permutation (shortly 
y
le) whi
h takes mto m + sgn(i� j) if m is in the open interval ℄i; j[, takes i to j, and leaves mun
hanged if m is out of the 
losed interval [i; j℄. When Ci!j moves n symbols, i.e.i� j+ 1 = n, then we 
all Ci!j an n-
y
le.Any permutation 
an be resolved into a produ
t of transpositions. If thisresolution have an even (odd) number of fa
tors, then the permutation is saidto be even (odd). The parity of a permutation P is denoted by jPj whi
h is 1 if Pis even and �1 if P is odd. However, the resolution of a permutation is not unique,its parity is well de�ned. Moreover, any permutation 
an be resolved uniquelyinto independent 
y
les. The 
y
le stru
ture of a permutation P is a sequen
e(C1; C2; : : : ) whi
h means that P 
an be resolved into C1 1-
y
le, C2 2-
y
le, et
.Certainly there is no 
y
le of length l whi
h is greater than the degree of thepermutation.For �e � � we treat the group S�e as a natural subgroup of S�, that is therestri
tion of a permutation P 2 S�e � S� to �e is a bije
tion onto �e and therestri
tion of P to � n �e is the identity fun
tion. As a short notation we useSN := Sf1;:::;Ng � S�. 88



APPENDIX B 89An element P of the group SN is said to be 
onjugate to the element P 0 ifwe 
an �nd an element Q 2 SN su
h that Q�1P 0Q = P . This is an equivalen
erelation between the elements of SN. This 
an be used to separate SN into 
lassesof elements whi
h are 
onjugate to one another. These are the 
onjugate 
lasses.A 
onjugate 
lass 
an be des
ribed by the 
y
le stru
ture of the permutations
ontained by it be
ause two permutations have the same 
y
le stru
ture if andonly if they are in the same 
onjugate 
lass. Therefore we denote a 
onjugate 
lassof SN by C = (C1; : : : CN ). Here the 
y
le stru
ture of a permutation P 2 SN isde�ned as the 
y
le stru
ture of the fun
tion P restri
ted to the set f1; : : : ;Ng,i.e. the N��N pie
es of the 1-
y
les are negle
ted. Thus we havePNi=1 i Ci = N .From the above also follows that all permutations in the same 
onjugate 
lass havethe same parity.The group algebra C [SN ℄ is a 
omplex Hilbert spa
e generated by the elementsof SN as an orthonormal basis. The asso
iative but non
ommutative produ
t oftwo elements of the group algebra de�ned by the 
onvolution:ab � � XP2SN �PP�� XQ2SN �QQ�= XP2SN XQ2SN �P�QPQ = XP2SN� XQ2SN �Q�Q�1P�P :If a subalgebra = has the property that, for a in =, ab is also in = for anyelements b of the whole algebra, then = is 
alled a right ideal. If e is an idempotentelement of the algebra (ee = e), then e C [SN ℄ = fe a : a 2 C [SN ℄g is a right ideal,be
ause of the asso
iativity of the group algebra. It remains true if e is onlyessentially idempotent (e e = 
e; 
 2 C ) be
ause e0 = e=
 is idempotent.Now we verify that the Hilbert spa
e generated by all the ve
tors j �PSzi isisomorphi
 with a proper right ideal of the group algebra C [SN ℄. (In the followingN and Sz are �xed.) We re
all that for �xed Sz we denote by �0 the followingfun
tion: �0(i) :=" if i 2 f1; : : : ;N"g (here N" = N=2 + Sz) and �0(i) :=#if i 2 fN"+1; : : : ;Ng. Let us denote the subgroup of SN the elements ofwhi
h permute the labels of the set (�0)�1(") by K" = S(�0)�1("). Similarly,the permutations of K# = S(�0)�1(#) permute only the (�0)�1(#) labels. Thedire
t produ
t of K" and K# was denoted in Subse
tion 5.1.1 by KSz , that isKSz = K" �K#. Now one 
an see thateSz := 1pjKSz j XP2KSz P (B.1)is essentially idempotent, (jKSz j = N"!N#! is the order of the subgroup KSz);therefore =(Sz) := eSzC [SN ℄ is a right ideal. For di�erent permutations P andQ the elements eSzP and eSzQ of the ideal =(Sz) are the same if and only if the



90 APPENDIX Bpermutations are in the same right 
oset with respe
t to the subgroup KSz (i.e.we 
an �nd an element P 0 2 KSz su
h that P = P 0Q), be
ause in the expressionPP2KSz PP 0Q = PP002KSz P 00Q = PQ02 �QQ0 the sum is taken over the right
oset �Q = KSzQ, and they form a disjoint 
over of the group.The previous paragraph prove that the map j �PSzi ! eSzP is well-de�ned andinje
tive. Let us extend this map linearly over the whole Hs(Sz), whi
h is thespa
e generated by the ve
tors j �PSzi as an orthonormal basis. Certainly we get asurje
tive map onto =(Sz), sin
e the elements eSzP generate this ideal. Now weshow that this linear isomorphism also preserves the inner produ
t. In the proofwe denote the inner produ
t in the group algebra by (:; :).(eSzP ; eSzQ) =  1pjKSz j XS12KSz S1P ; 1pjKSz j XS22KSz S2Q!= 1jKSz j XP02 �P XQ02 �Q(P 0;Q0): (B.2)If the right 
osets �PSz = KSzP and �QSz = KSzQ are di�erent, then they have no
ommon elements; therefore (P 0;Q0) = 0. (The elements P 2 SN are orthonormalsby de�nition.) If the right 
osets �PSz and �QSz are the same then the sums havejKSz j di�erent members whi
h give 1 (in the 
ase P 0 = Q0), and the rest are zero;so the �nal result is 1.We showed that the Hilbert spa
e Hs(Sz) generated by the ve
tors j �PSzi as anorthonormal basis is isomorphi
 with =(Sz). Based on the above de�ned Hilbertspa
e isomorphism we identify Hs(Sz) with =(Sz) and we no longer distinguishbetween the notations for the inner produ
t and the operators that a
t on them.We 
an regard a linear operator de�ned on =(Sz) as an operator on H(Sz) andvi
e versa.A homomorphism T from a group G into the group of the regular lineartransformations of a linear spa
e is 
alled a (linear) representation of the group.The tra
e of the linear operator T[g℄ is 
alled the 
hara
ter of the group elementg 2 G in the representation T and is denoted by �(g). Every 
hara
ter is 
onstanton an arbitrary 
onjugate 
lass therefore we 
an de�ne �(C) := �(g) where g 2 Cis arbitrary. The formula T[Q℄P := (�1)jQjPQ�1 (B.3)de�nes a representation of the symmetri
 group in the group algebra. Here T[Q℄ isa linear operator asso
iated the Q 2 SN by the representation T, and P is a ve
toras an element of C [SN ℄. This representation is fully redu
ible. It is 
lear from thede�nition that every right ideal is an invariant subspa
e of this representation; thusrestri
ted the above de�ned linear operators T[Q℄ to the subspa
e =(Sz) we obtainalso a representation (with lower dimension) of the symmetri
 group in =(Sz).



APPENDIX B 91Taking into a

ount the above de�ned identi�
ation of =(Sz) and H(Sz) we havefound a linear representation of SN in H(Sz); we denote this redu
ed representationby TSz . Comparing this representation and the e�e
t of the Hamiltonian on a basisve
tor j ~Ri 
 j �PSz i as 
an be seen from equation (5.5), it is 
lear that the e�e
ton the spin 
on�guration 
an be des
ribed by the operator TSz [C(R; i; j)℄, and weobtain equation (5.6).Now we 
ompute the 
hara
ter of the representation TSz .�Sz(P) = X�QSzh �QSz jTSz [P ℄j �QSzi = 1jKSz j XQ2SNheSzQjTSz [P ℄jeSzQi= 1jKSz j XQ2SNheSzQj(�1)jPjeSzQP�1i = (�1)jPjjKSz j2 XQ2SN XS1;S22KSzhS1QjS2QP�1i= (�1)jPjjKSz j2 XQ2SN XS1;S22KSzÆS1Q;S2QP�1 = (�1)jPjjKSz j XQ2SN XS2KSzÆQPQ�1;S : (B.4)Let us denote by CP the 
onjugate 
lass whi
h 
ontains P . Every element P 0 ofthe 
onjugate 
lass CP appears as QPQ�1 the same number of times. That iswhy there are jSNj = jCP j permutations Q for whi
h QPQ�1 = P 0. (jX j meansthe number of the elements of the set X .) If P 0 is in KSz , then the se
ond sumin the last row of equation (B.4) has one non-zero element; otherwise it does not.Therefore the 
hara
ter�Sz(P) = (�1)jPj jSNjjCP \KSz jjKSz jjCP j= (�1)jPj X
01; 
001 ; : : : ; 
0N ; 
00N
01 + 
001 = CP1 ; : : : ; 
0N + 
00N = CPN
01 + 2
02 + � � �+N
0N = N=2 + Sz
001 + 2
002 + � � �+N
00N = N=2� SzCP1 !
01!
001 ! : : : CPN !
0N !
00N != (�1)jPj X
1; : : : ; 
NPNi=1 i
i = N=2 + SzNYi=1�CPi
i �; (B.5)where the 
y
le stru
ture of the permutations of the 
onjugate 
lass CP is des
ribedby (CP1 ; CP2 ; : : : ; CPN ). For the se
ond equality see the equation (7-16) in Se
tion7-2 of Ref.[121℄; the third 
an be obtained with simple 
omputation.We need the sum of these 
hara
ters on an arbitrary 
onjugate 
lass C � ANwhere AN is the alternating group formed by all the even permutations of SN.Based on the �rst line of equation (B.5) we 
an see thatXC�AN jCj�Sz(C) = N !jKSz j jAN \KSz j = N !2 : (B.6)



92 APPENDIX BA similar sum over the 
onjugate 
lass whi
h has no 
ommon element with ANgives the result �N !=2. The even permutations form an invariant subgroupin SN; therefore every 
onjugate 
lass is in AN or disjoint from it. Hen
ePC�SN jCj�Sz(C) = 0.Based on the last line of equation (B.5) we 
an obtain:N=2XSz=�N=2�Sz(C) = (�1)jCj2PNi=1 Ci : (B.7)Furthermore N=2XSz=�N=2(Sz)2�Sz(C) = (�1)jCj2PNi=1 Ci  14 NXi=1 i2Ci! : (B.8)The representation TSz is not irredu
ible if Sz 6= �Szmax (hereafter we use thenotations Szmax = Smax = N=2). Certainly it 
an be veri�ed in pure mathemati
alway, but physi
ally it is due to the SU(2) rotational symmetry in the spin spa
e.The operator Ŝ� realizes a linear bije
tion between the spa
es Hs(Sz; S) andHs(Sz � 1; S) if �S + 1 � Sz � S. Moreover [Ĥ1; Ŝ�℄ = 0, therefore thee�e
t of the Hamiltonian is equivalent on the spa
e Hs(Sz ; S) and Hs(Sz � 1; S).The e�e
t of the Hamiltonian on the spa
e Hs(Szmax) = Hs(Szmax; Smax) 
an bedes
ribed by the representation TSzmax =: TSmax ; hen
e it is true for the spa
eHs(Szmax � 1; Smax). However, the e�e
t of the Hamiltonian on Hs(Szmax � 1) isdes
ribed by the representation TSzmax�1. A

ording to the above, the operatorsTSzmax�1[P ℄ restri
ted to Hs(Szmax � 1; Smax) forms the representation TSmax ,thus Hs(Szmax � 1; Smax) is an invariant subspa
e of the representation TSzmax�1.Therefore TSzmax�1 is not irredu
ible and thus it is fully redu
ible (be
ause it isa �nite dimensional representation of a �nite group). Therefore the orthogonal
omplement of Hs(Szmax � 1; Smax) whi
h is Hs(Szmax � 1; Smax � 1) is also aninvariant subspa
e. The restri
tion of TSzmax�1 to this subspa
e we denote byTSmax�1. Continuing this pro
ess along this line, a
ting by Ŝ� again and again,we obtain: TSz �= �N=2S=jSzjTS .In other words this means that the restri
tion of the linear operators TSz [P ℄to Hs(Sz; S) form a representation of the symmetri
 group. This above de�nedrepresentation depending only on the value of S is denoted by TS, and the e�e
t ofthe Hamiltonian on the spin 
on�guration 
an be des
ribed by this representation.The matri
es of the representations TS 
an be given by algebrai
 methods, see e.g.[121℄. These methods are usable only in 
ase of few parti
les. In this 
ase we 
anuse the S
hrödinger equation (5.7) to obtain numeri
ally exa
t energy eigenvalues.
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