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Chapter 1

Introduction

1.1 Approximations vs. exact results

The importance of approximative methods in physics a matter of fact that is un-
questionable. Without them can not be treated any problem which is at least a
little realistic. However, the task and the purpose of theoretical physics is not the
solution of problems which are as realistic as possible. For example imagine for
a moment that one can write down a Hamiltonian which is a very realistic model
of the iron, taking into account almost all microscopic interactions between parti-
cles, and one can solve it. From the solution it can be seen that the material —
namely the iron — is ferromagnetic, and the Néel temperature is also determined
with high accuracy. And it is the result of a surely very complicated computation.
Was it worth to do? Have we known something new? The ferromagnetic feature
of the iron, including the precise value of its Néel temperature, is well known by
experimentally. But why it is a ferromagnet? This is the adequate question for
theoretical physics. For the answer we should point to the main microscopic fea-
tures of the iron that makes it magnetic. Perhaps this is common with Ni and
Co, too. The purpose is to construct a model of the ferromagnetism, or more
precisely the ferromagnetism of transition metals; may be other way leading to
ferromagnetism in very different materials. That means the understanding of this
phenomenon.

From this point we have to make distinction between the features of the model
and the features of the real material desired to describe by it. We should not beat
about the model at any coast to get a result which is observed in the real world.
We should deduce result related to the model only by controlled approaches. I
mean “controlled approach” the methods, which are either exact, or — at least —
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there is a reliable estimate about the error, e.g. exists a really small parameter for
perturbation computation. In the field of strongly correlated systems unfortunately
there are very few well-tried controlled approaches, and most of them work only
in one dimension. My purpose in this thesis is to give higher dimensional exact
results related to important models of many-body physics.

After this little bit philosophical introduction let’s see some concrete models
of strongly correlated systems and the interesting questions which motivate the
physicists — among them me — to study these models.

1.2 Motivation

Strongly correlated electron systems have been studied considerably in the last
decade. From the relatively new phenomenon about heavy fermions and oxide
superconductors till the perhaps oldest one not well-understood cooperative elec-
tronic phenomena, the ferromagnetism provide attractive problems for researchers
of solid state physics. The fundamental models to describe strongly correlated elec-
trons are given by the Hubbard model and the periodic Anderson model (Anderson
lattice).

The Hubbard model has a long history in describing the magnetism of mate-
rials since the works of Hubbard [7], Gutzwiller [8] and Kanamori [9]. The Hub-
bard model has evoked much attention after the discovery of high-T. supercon-
ductors [10]. Thus the importance of the Hubbard model of itinerant electrons is
increasingly being appreciated. One dimensional Hubbard model has been studied
in a very elegant way by Bethe Ansatz [11] and conformal field theory [12]. The
solutions revealed that the weak-coupling bosonisation theory [13] can well describe
the ground state of the Hubbard model in one dimension, which established the
concept of Luttinger liquid. In spite of the success for the one dimensional corre-
lated models, such as the Hubbard model and ¢ — J model, correlated electrons
in two or three dimension are still far from a complete understanding, due to the
fact that there are no many controlled approaches which are usable under these
circumstances. In the study of the Hubbard model, main topics are likely the
following:

e Magnetism: ferromagnetism or antiferromagnetism?
e Possibility of metal-insulator (Mott) transition.
e Possibility of superconductivity.

Chapter 3 and 5 of this thesis are connected with the first topic. In Chapter 3 I
study the effect of the non-on-site interactions to characterize their influence on the
stability of ordered phases, among them ferromagnetic and antiferromagnetic or-
derings. We succeeded in determining different parameter regions where the exact
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ground state wave function describes fully saturated ferromagnetic, paramagnetic
insulator, and several kinds of charge and spin density wave (antiferromagnetic)
phases. In Chapter 5 I study the simple Hubbard model without non-on-site inter-
actions. I try to shed light on the origin of Nagaoka’s ferromagnetism and discuss
the case with more than one hole.

The periodic Anderson model (beside the Kondo lattice Hamiltonian) is es-
tablished as a model to describe heavy fermions that show very characteristic be-
haviour. In heavy-Fermion systems with 4f or 5f atoms (such as Ce or U), the
proximity of the electronic orbital to the Fermi level confers a Kondo effect at low
temperature, i.e. an on-site compensation of localized magnetic moment by con-
duction electrons. A direct consequence is the observation at low temperature of
a very large effective electronic mass mx derived from the huge linear specific heat
coefficient v = C/T and a correspondingly large Pauli susceptibility. Simultane-
ously, the observation of the de Haas-van Alphen quantum oscillations [14] also
concludes in favour of the existence of heavy quasiparticles.

In addition to the Kondo effect, those systems are characterized by long-range
RKKY (Ruderman-Kittel-Kasuya-Yoshida) interactions between neighbouring lo-
cal moments mediated by conduction electrons. The competition between the
Kondo effect and the RKKY interactions leads to the possibility of either a non-
magnetic or a long-range magnetically-ordered ground state [15]. These ground
states are separated by a zero-temperature quantum phase transition point. This
transition is governed by the value of the exchange coupling between the spin of
the conduction electron and the local moment. One of the most striking properties
of the heavy-Fermion compounds discovered during these last years is the exper-
imental possibility to explore this quantum phase transition [16] by varying the
composition change, or by applying a pressure or a magnetic field. The observed
behavior at low temperature at this quantum critical point is at odds with that
usually expected from a simple Fermi liquid. The specific heat C' depends on T
as C/T ~ —Ln(T/Ty), the magnetic susceptibility as x ~ 1 — av/T, and the T-
dependent part of the resistivity as Ap ~ T [18] (instead of C/T ~ x ~ Const and
Ap ~ T? in the Fermi liquid state). Pressure or large magnetic fields are found to
restore the Fermi liquid behavior.

The origin of this non-Fermi liquid regime is a largely discussed problem. There
are three main interpretations which rely on (i) a single impurity multichannel
Kondo effect in which the internal degree of freedom is provided by the 4f or 5f
quadrupolar moment [17], (i4) a distribution of the Kondo coupling due to the
disorder leading to a distribution of the Kondo temperature P(Tk) [19] and (iii)
the proximity of a quantum phase transition [18, 20, 21].

As partially explained in the above the followings are the most interesting ques-
tions which are likely related to the periodic Anderson model:

e Fermi liquid state with heavy mass, and non-Fermi liquid state.



4 CHAPTER 1. INTRODUCTION

e Interplay between Kondo effect and the RKKY interaction.
e Magnetism: ferromagnetism or antiferromagnetism?
e Metal-insulator transition: Kondo insulator.

Chapter 4 is connected with the first topic. However, the model investigated by
me is not an original periodic Anderson model. The difference is that I take into
account hopping on the level of f-electrons. This leads to an effective band which
is completely flat in a special region of parameter space, and this feature remains
valid in the interacting case. Due to this feature we can give the exact ground state
in which the occupation number nj is continuous together with its derivatives of
any order.

1.3 Outline

This thesis deals with exact results related to strongly interacting, therefore usually
strongly correlated electron systems. It means mainly (except Chapter 5) zero
temperature properties: ground state wave function and energy. In the first Section
I illustrated why the exact solutions are so important in physics, especially in the
field I have worked. I sketched the difficulties of this duty, in consideration the
problem of D > 1. The previous Section exposed the models and questions which
are related to the topic of this thesis.

Chapter 2 explains the mentioned models in details: the general concepts of the
model building, the exact steps and the approximations that have to be done to
obtain a treatable model. Firstly, on the example of the tight-binding description, I
explained the general principle needed to get lattice models. Then, starting from a
highly general Hamiltonian which describes interacting electrons in solids, I derive
one and two band Hamiltonians. Truncating the interaction terms, — on the
line of tight-binding approximation, — I get models with nearest and next-nearest
neighbour interactions. Simple Hubbard model can be got as a final approximation.
I construe the circumstances under which the approximation steps can be done and
the features of the constructed models.

In Chapter 3 I deal with a Hubbard model extended with next-nearest neighbour
interaction terms to ascertain the effect of these interactions to the stability of or-
dered phases. By a method used by several authors in the last decade I determined
domains in the parameter space where the exact ground state is fully-saturated fer-
romagnetic state, different types of commensurate charge-density waves and spin-
density waves, furthermore a phase separation region were found, when the band
is half filled. I find that the next-nearest neighbour interactions have qualitative
importance in the sense that they can stabilize different types of spin and charge
orderings which could not be present in the phase diagram in the absence of these



1.3. OUTLINE 5

terms. Moreover they have quantitative importance, because they can strongly
modify the stability domains of all phases, which depend also on the dimension of
the system.

Results have been got by the same method are presented in Chapter 4. These
are connected to an interacting two band model, which is essentially a periodic
Anderson model. Every result of this Chapter is related to D = 2 dimension.
I found an interesting solution for this model, which can describe two different
physical situations depending on the filling and the values of the coupling constants:
a Mott insulator and a non-Fermi liquid phase. In the ground state the Fermi
surface can not be defined, because there is no discontinuity or any other non-
analycity of the occupation number in the momentum space. However, there is a
well-defined Fermi energy, where the density of states diverges. The ground state
is paramagnetic with large spin degeneracy. The results are valid at three-quarter
filling and above.

In Chapter 5 I analyze a simple one-band Hubbard model in U = oo limit in any
dimensions. The purpose is to understand why the Nagaoka state is stable for one
hole, and why not for more holes. For this purpose I developed a formalism which
deal with the charge and spin degrees of freedom separately, and directly shows
their interaction as well. I find that the rearrangement of particles (spins) with odd
parity permutations while the single hole is moving is impossible. Therefore, the
fermionic feature of electrons is not playing any role, and the system is equivalent
with a system of hypothetical hard core (U = oo0) half-spin boson system whose
ground state is trivially ferromagnetic. In the presence of more than one hole
this is not true any more and the complete separation of charge and spin degrees
of freedom is impossible. Based on our representation of the Hamiltonian, the
trace over the spin degrees of freedom can be computed exactly. The presented
procedure allows us to express the partition function, free energy, specific heat and
the expectation value of the square of the total spin. This allows to study the case
more than one hole.

A brief summary closes the main part of this thesis in English and Hungarian
language. There are even two Appendices, the first for some computational details
of Chapter 4, the other one for some well-known mathematical facts about the
symmetric group and its representations, which is used in Chapter 5.



Chapter 2

Models of interacting electron

systems

In this Chapter I derive the model Hamiltonians which I deal with in this thesis
and explain some important related problems which can be described by them.
I concentrate on questions which are in connection of the topic of next chapters,
but I think it is high enough to exemplify the reasons of so much theoretical effort
which are to find the “solutions” of these models.

In this thesis I deal with tight-binding Hamiltonians, like Hubbard model, pe-
riodic Anderson model, etc. First of all I explain the philosophy of tight-binding
description, then I introduce the second quantized formalism, and present the gen-
eral way, how can lattice models be got to describe some characteristic low energy
features of the electron system in a solid. Among the one-band models I present
the simple and extended Hubbard Hamiltonians, and the physics which is hoped
to be captured by them. In the frame of a detailed discussion of the ferromag-
netism, which is one of the longest-standing yet unresolved problems in the physics
of strongly correlated electron systems, I discuss Nagaoka’s theorem and related
works. Then I shed light on the reason why we introduce even further terms with
increased interaction range. After it I write about the periodic Anderson models
in a broader sense: models with two bands in one of which a Hubbard interaction.
Finally I discuss the non-Fermi liquid behaviour which is often based on multi-band
models (see e.g. Ref. [21]).
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2.1 Tight-binding description

Before introducing interacting many-electron Hamiltonians, we describe the corre-
sponding single-electron problem. A single atom has multiple electrons in different
orbits. When atoms come together to form a solid, electrons in the outermost orbits
become itinerant, while those in the inner orbits are still localized at the original
atomic sites. However, between these two situations, electrons in outer but not
the most outer orbits are mostly localized around the atomic sites, but tunnel to
nearby similar orbits with non-negligible probabilities. As an approximation, we
only consider the electrons in these orbits, which are expected to play essential
roles in determining various aspects of low-energy physics of the system. In this
way we get a lattice model in which electrons live on lattice sites and hop from one
site to another. This is the idea of the tight-binding description, which is a kind of
low-energy effective theory: we declare that electrons can live only on lattice sites,
leaving the possibility of the hopping between sites by tunneling process.

The question that how many atomic orbits play important role remains. For
simplicity it is often assumed that the essential physics can be captured by a single
non-degenerate (s) orbital, whereby all other orbits are neglected.! Of course,
actual atoms can have more than one orbits, and these orbits can be degenerated,
however, in some solids, the degeneracy in the original atomic orbit is lifted by
crystalline anisotropy. The philosophy behind the model building is that those
electrons in other states do not play significant roles in determining the low-energy
physics in which we are interested, and can be “forgotten” for the moment.

2.2 General lattice model of interacting electrons

Remaining the important ideas from the above philosophy we can proceed more
precisely to describe the electrons in solids. Instead of the atomic orbits, which are
not well-defined in a crystal, we can use more convenient one-particle states: the
Bloch states and the Wannier states. For our purpose a crystal is medium having
translational periodicity with L; periods in the j-th direction. Here j = 1,...D,
where D is the dimension of the system. We take into account periodic boundary
conditions, therefore it is convenient to label the lattice vectors by the elements of
the factor group A := ZP/(Ly,...,Lp). This medium has D linearly independent
vector d;-, so called primitive lattice vectors. All points related to each other by a
lattice vector ffi so that ffi = Z]P:l ijd; where i = (i1,...,ip) € A have identical

properties as a medium for electron motion. Assuming that ]%0 is the coordinate

I More precisely, in the band theory of electrons in solids, all other bands can be projected onto
one effective band. The single band approximation requires the existence of a band gap above the
effective band. Then the deviation of the coupling constants from their multi-band values can be
determined, in principle, by perturbation theory.
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of a fixed atom, the vectors R; are the coordinates of atoms. Hereafter we refer the
set {ﬁl :1 € A} as the lattice and R — or simplifying, shortly i — as the sites.
We denote the number of the sites by Ny = HJD:1 L;, and the sum over all the
sites by > _; instead of D ;4.

From the above mentioned translational periodicity follows that the one par-
ticle Hamiltonian, which contains kinetic energy and the ionic potential, have a
translational symmetry considering the lattice translations, therefore it commutes
with the lattice translation operators defined by

Ty (i) = (7 + By), (2.1)

where v is an arbitrary one-particle wave function. Every T; are unitary operators,
therefore their eigenvalues are in the complex unit circle. It is the custom to
represent these eigenvalues in terms of wave vector k, that is, to write

Ty = ey (2.2)

where k is an element of the reciprocal space, i.e., kE=2r Z?:l Aici;f, where d_i* is
the dual basis of J;-, ie., J;J; = 0;,;. Since all distinct eigenvalues of the lattice
translational operators arise choosing the va_[ues of A\; from an interval of length
unity, we see that all significant values of k are reached if k varies within one
primitive cell of the reciprocal lattice expanded by 2w, i.e., within the first Brillouin
zone. Hereafter the set of these k vectors from the first Brillouin zone is denoted
by A. Outside the first Brillouin zone we reach k values which are equivalent. With
this end in view, the } ;- is a shorthand notation instead of ) ;5.

As a short by-path, here we fix some conventions which will be convenient
in the following Chapters. Both A and A are handled as ordered sets, i.e., they
are endowed with a greater than relation. These orders are fixed but otherwise
arbitrary. If we do not say others, by definition, the multipliers of every non-
commutative product over A, [\, or some subsets of them stand in increasing order.
The products of which multipliers stand in decreasing order is denoted by prime
over the [, such as in equation (A.8). Finally, the following convention will be
used: the boldface lattice indices refer to the order of A, i.e., the first, second, i-th
and the last elements of A are denoted by 1, 2, i and Ny, respectively. When a
normal type letter denotes a natural number between 1 and N, then the boldface
letter denotes the appropriate lattice site respect to the order of A.

Bloch functions ©f 5 are the eigenfunctions of the Hamiltonian having lat-
tice translational symmetry, which are 51multane0usly eigenfunctions of the lattice
translation operators (2.1) with eigenvalues e The corresponding eigenvalues
of the Hamiltonian is denoted by €F s Due to the using of periodic (Born — von
Karman) boundary conditions there are not any technical difficulty to normalize
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the Bloch functions, which thus form an orthonormal system,
[ @763 7 05, 7) = b5 25)

These functions, like any physically meaningful function of E, must be periodic in
reciprocal space. This means, in general, that the Bloch functions can be written
as Fourier series of the form

o5 (7)) =

\/;TA Z Rl (7~ ) (2.4)
because the functions x have the property that they depend only on the difference
of R and 7. The function Xi,s (7) = xs(F— R;) is the Wannier function localized at
site i, because the probability density of an electron described by the wave function
Xi,s(7) is concentrated near the site i. It can be expressed explicitly through the
inverse of equation (2.4) as

Xi,s (7) mZekR (7). (2.5)

Dealing with many-particle systems we can introduce the more convenient occu-
pation number (in other word “second quantized”) formalism. Within this formal-
ism the Hamiltonian for electrons with spin ¢ interacting via a spin-independent
interaction V¢¢(7; — ) in the presence of an ionic potential V" () has the form
[7, 22] H=Hy+ ﬁint, where

=3 [ a9 |57+ V) 4 (2.6
Hip = %Z/dﬂ /dﬁz V(R — ) ig (FL)igr (72). (2.7)

Here ¢, (7) and ¢} (7) are the usual field operators and fi, (7) = ¢} (F)ib, (7) is the
local density. We note that the interaction term is diagonal in the space variables
71, T2, i.e. it depends only on the (operator valued) densities of the electrons at
site 7, 7> which interact via V¢ (7} — 7). The lattice potential entering the non-
interacting part (2.6) leads to a splitting of the parabolic dispersion into infinite
many bands which we enumerate by the index s, and the eigenfunctions of the
non-interacting problem — by the above definition — is the Bloch wave functions
<p,37s(f’) with the band energies €f s Constructing creation and annihilation op-

erators 62 oy ¢y . for electrons with spin ¢ in the band s with wave vector k

k,s,o
as

19,

it = [ 4o ), (2.8

7870-
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the non-interacting Hamiltonian can be written as

A i R
HO = Z 61}‘7301}'737(,61_573,0' (2.9)

iy
k,s,o

For the lattice representation of the Hamiltonian we use the Wannier basis instead.
We may introduce creation and annihilation operators c:r s.00 Cis,o for electrons
with spin ¢ in the band s at site i as

o= / A7 X, (F)P] (7). (2.10)

Due to the orthonormality of Bloch functions and the normalization constant
of the definition of the Fourier serious expansion (see the prefactor 1//Nj in
equations (2.4) and (2.5)) the Wannier functions are orthonormal, too. As a con-
sequence, the creation and annihilation operators — both in the direct and the
reciprocal space, defined by the formulas (2.8) and (2.10), respectively — are sat-
isfy the canonical anticommutation relations,

[65,370’65’73’70’]+ = [6%73707 62‘;737707]4- = 07 [6%87(776]}'/7817(,/]-1- = 51’57]’9’/ 5s,s’ 50,0’7
isor oot = (6, nl ole =0, &, 00 Geror]s = 015050 6500 (2.11)

It can be checked easily by direct computation based on the anticommutation
relations of the field operators.
The inverse relation of (2.10) is

DhR) = ZXISF),” (2.12)

Thereby the Hamiltonian may be written in lattice representation as [7]

2 : 2 : 2 :tsJ:Jcl s, a'cJ 5,0 +
1 81732733734 AT AT (2 13)
2 7Jmn 1317UCJ 82,0 Ic“ 154,0 ICm 183,07 )

$1,52,53,54 0,0’ i,j,m,n

where the matrix elements are given by
h? _. :
tass = [ |5 V) ) (2.14)

Vi / ar / 07 V(7 — )X, (F)X oy (72) X0 (72) Xemsa (7). (2.15)

We note that in contrast to the field-operator representation defined in the contin-
uum, the Wannier function representation does not lead to a site-diagonal form of
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the electron interaction, i.e. the interaction does not only depend on the densities
Ni,s,0 = éf s.0Ci,s,00 Dut contains explicit off-diagonal contributions which will be
discussed later.

2.3 One-band models

The Hamiltonian (2.13) is too general to be tractable in dimensions D > 1. Hence
it has to be simplified using physically motivated truncations [7]. In particular,
if the Fermi surface lies within a single conduction band, and if this band is well
separated from the other bands, and the interaction is not too strong it may be
justified to restrict the discussion to a single band (s1 = s2 = s3 = s4). In this case
the Hamiltonian (2.13) reduces to

H= Zthcwc”+ Z > Vijmn & a0 émo, (2.16)

0,0’ i,j,m,n

For the one and two-site terms we use special notations. The on-site interactions
is the Hubbard U:

U=Viijiji U= UZﬁi,Tﬁu, (2.17)

i
Because of the translational invariance the two-site matrix elements depend only
on the separation between sites. These matrix elements and the related interaction

terms are the followings.
The density—density interaction:

Vi=Voigiies V3 =Vi ) gy, (2.18)
i

where n; = Za fii,. The bond-charge-site-charge interaction, which describes a
density-dependent hopping

XJ = Vijiiitj, = 222 ( 1 o‘cl+J ,:,—’I'I,l o+ )().= 1+J gcha’ﬁL*U) . (219)

The next term corresponds to the direct quantum-mechanical exchange, the so-
called Heisenberg interaction,

1 _ T gl ~
Jj = Viityitid Jj=Jj E : E :Cw CitjorCior Cijo

55 1.
=—Ji Z (Sisiﬂ. + ,ﬂ) (2.20)

i
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where S; = : > ap Ci,a0aptig is the spin operator and & denotes the vector of Pauli
matrices. We have assumed only spin independent interactions in a non-relativistic
theory and this lead us to an isotropic Heisenberg interaction. However, neglected
effects, e.g. spin-orbit coupling, can lead anisotropy. Permitting of this possibility
we have the following terms

K=o Sy =SS SS). 2
i i

In Chapter 3, for the generality, our model contains these terms instead of the
isotropic interaction J’. (The additional density-density term which occurs in equa-
tion (2.20) has no importance, we can combine it with the term (2.18) redefining
the coupling constant V'.)

Finally, the last term describes the hopping of local pairs consisting of an up
and a down electron,

- O _ A oAt A .
Y5 = Viiitiitis Yi=Y; Z Z G oG, o Citi,—oCitj,o- (2.22)
o i

With the above definitions the two-site part of the Hamiltonian from equation
(2.16) becomes

A~

Vi+ X5+ J]+13)] + U, (2.23)

DN | =

H=> [T+

i

where the operator of the hopping term and its coupling constant are defined as
follows,

ti =ty D=2 ) 18] G (2.24)
o i

When we assume that the matrix elements does not depend on the direction of
the separation j of sites, only on the distance |j| then the sums over the two sites i
and i+j can be reduced to 3, .., where (n,m); means that the sites n, m are Ith
neighbours, i.e., for [ = 1 n and m are nearest neighbours, for [ = 2 they are next-
nearest neighbours, etc. Under this circumstances a general one-band Hamiltonian
which contains only two-site terms — allowing anisotropic Heisenberg interaction
— can be written as

H=Y (L+Vi+Xi+J7+J+Y) + U, (2.25)
l
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where

Ti=t0) > (@ ti0 + o), X = X0 > (e éio + 8], 610) (ig + i),
{dy o {dy o
Vi=V Z nifng, Vi =Y Z Z@I7Ué;r,,géi+j,—a@i+j,m
(i.d) {d)e o
Jp=—Jp Y SES;, TP = =Ty (SESE + 8YSY).
(L) (L)
(2.26)

For most purposes the general single-band Hamiltonians (2.16) and even (2.25)
are still too complicated. It is possible to make further simplifying approximation
on the line of the philosophy of tight-binding description [7]. Dealing with a nar-
row energy band the Wannier functions will closely resemble the atomic functions.
Furthermore, if the bandwidth is to be small these functions must form an atomic
shell which has a small radius compared with the inter-atomic distances. Taking
into account the weak overlap between neighbouring orbitals, one may expect that
the overlap between close neighbours is the most important. Therefore the site
indices in equation (2.16) are restricted to closely neighbour positions, which leads
in equation (2.25) that [ is restricted to small numbers, or in case of direction de-
pendent couplings, in equation (2.23) j does not run over its all possible values A,
only over a small set N, where A/ determines the neighbours of sites with which
they interact: {i+j:j € N} are the “important” close neighbours of a given site
i. In this line we get extended Hubbard models with only nearest-neighbour inter-
actions, or nearest and next-nearest neighbour interactions. On bipartite lattice in
the first case three and four-site terms from equation (2.16) does not remain, and
usually these terms are neglected other cases, too.

Among all interactions (2.17-2.22) the Hubbard interaction is certainly the
strongest. Hence, in a final truncation step one may try to neglect all the other
interaction terms, leaving simultaneously the nearest-neighbour hopping only. This
leave us to the (simple) Hubbard model, the simplest correlation model for lattice
electrons.

2.4 Hubbard model

The Hubbard model describes a tight-binding electron model in which electrons
hop around the lattice and interact with each other through short-range repulsive
interactions. The full Hamiltonian of the single-band Hubbard model is simply

A

H=T+U (2.27)
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(Further usual simplification to write only the nearest neighbour hopping T) instead
of the whole T, but it is not essential.) Both T and U can be easily diagonalized.
The difficulty is, however, that electrons behave as “waves” in T, while they behave
as “particles” in U. How do they behave in a system whose Hamiltonian is a sum
of these totally different Hamiltonians? This is indeed a fascinating problem which
is deeply related to the wave-particle dualism in quantum physics. We might say
that many of the important models in many-body problems are minimum models
which take into account both the wave-like nature and the particle-like nature of
matter.

From a technical point of view, the wave-particle dualism implies that the
Hamiltonians 7" and U do not commute with each other. Even when each Hamilto-
nian is diagonalized, it is still highly nontrivial (or impossible) to find the properties
of their sum. Of course, mathematical difficulty does not automatically guarantee
that the model is worth studying. A truly exciting characteristic of the Hubbard
model is that, though the Hamiltonians T and U do not favor any nontrivial order,
their sum H = 7' + U is believed to generate various types of nontrivial order in-
cluding antiferromagnetism, ferromagnetism, and superconductivity. When we sum
up the two innocent Hamiltonians T and U , competition between their wave-like
and particle-like characters takes place, and one gets various interesting “physics”.
To confirm this fascinating scenario is a challenging problem in theoretical and
mathematical physics.

2.4.1 The question of ferromagnetism and the Hubbard
model

The Hubbard model was originally introduced in an attempt to understand itiner-
ant ferromagnetism in 3d-transition metals [7, 8, 9]. The expectation was that in
this model ferromagnetism would arise naturally since in a polarized state the elec-
trons do not interact at all. However, it soon became clear that in a ferromagnetic
state the kinetic energy is also reduced. This makes the stability of ferromagnetism
in the Hubbard model a particularly delicate problem. Indeed, the kinetic energy
with nearest neighbour hopping usually favors antiferromagnetism. Lieb’s exact
result [23] leads also to antiferromagnetism for all regular bipartite lattices, how-
ever it can lead to ferro- (or ferri-, instead) magnetism on decorated lattices. At
half filling (n = 1) and on bipartite lattices antiferromagnetism is a generic effect
since it appears both at weak coupling (Hartree-Fock mean-field theory) and strong
coupling (Anderson’s superexchange mechanism). Hence it arises naturally in any
perturbational approach and is tractable by renormalization group methods [24].
In spite of this, ferromagnetism is a non-trivial strong coupling phenomenon which
can not be investigated by any standard perturbation theory.

The above discussion shows that, to understand the microscopic origin of itin-
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erant ferromagnetism, non-perturbative techniques are required. Unfortunately,
there are not many controlled approaches (see footnote on page 3) of this type
available. Rigorous mathematical methods (for recent review see Refs. [25, 26],
numerical methods [27], and variational approaches [28, 29, 30, 31] are the ones
most frequently used.

A well-known exact theorem is due to Nagaoka [32, 33] and Thouless [34]. It
provides explicit, but highly idealized conditions under which ferromagnetism is
stable in the Hubbard model. It proves that for infinitely large repulsive Hubbard
U the macroscopic degeneracy of the ground state at half filling (when the number
of electrons is exactly equal with the number of lattice points, hereafter denoted
by Ny) is lifted by a single hole, i.e., when N = Ny — 1. In this case the saturated
ferromagnetic ground state is stable for any value of the hopping ¢ on square, simple
cubic and bcc lattices, and for ¢ < 0 on triangle, fcc and hep lattices. A very elegant
and fully general proof was given by Tasaki [35] based on the Perron—Frobenius
theorem. For the Nagaoka mechanism to work the lattice needs to contain loops
along which the hole can move. Once the hole moves, the maximal overlap between
the initial and the final state clearly occurs in a ferromagnetic configuration. The
problem is that Nagaoka’s proof does not even extend to two holes, that a single hole
is thermodynamically irrelevant, and that the limit of U = oo is highly unrealistic.

Several theoretical results state the instability of Nagaoka’s ferromagnetism for
two holes. [30, 31, 36] Most of these works are essentially based on variational
arguments where one constructs sophisticated variational states with total spin
S = Nx/2 — 1 which have lower energy than the ferromagnetic state (S = Nj/2).
Siits extended this result up to six holes for bee lattice and up to for holes for
triangular lattice. [30] These proofs are very sensitive to the boundary conditions.
They can be chosen so, that those variational wave functions have no lower en-
ergy than Nagaoka’s state. It is understandable considering the proximity of the
highly degenerated half-filled point. Compared to this point the few hole means an
O(1/Ny) perturbation, while the boundary conditions O(1/L) (L is the linear size
of the system). It emphasizes again that these results — as well as Nagaoka’s one
— are hold for non-thermodynamic systems, and one need much daring to draw a
conclusion about the magnetic properties of the system in thermodynamic limit.

We mention an other statement related to the two hole case. [37] In the cited
reference the author states that the singlet ground state in the two hole case has
lower energy than the energy of Nagaoka’s state. We will return to this question in
Chapter 5 and show that the argument which support this statement is completely
wrong.

A step into the direction of thermodynamically relevant result was taken by
Trugman [38] and Tian, Shen and Qui [39]. However, they still not study ther-
modynamic situation, but the number of holes N} does not remain finite as the
size of the lattice goes to infinity. The more general conditions is in Ref. [40]:
when Nj < (NaA)® with 0 < a < 2/(D + 2) then the gap between the energy of
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the Nagaoka state and the actual ground state vanishes as Ny — oco. We do not
interpret, however, these results as proofs of stability of Nagaoka’s ferromagnetism
since they do not rule out the possibility of paramagnetism, because it can happen
that states with zero spin became degenerated with the ground state, too. E.g.,
the trivial case with ¢; ; = 0 is not a ferromagnet, however there is no gap between
the ground state energy and the fully polarized ferromagnatic state.

Finally a note about the sign of the hopping amplitude. It is usually assumed
that #;; < 0. However, there are neither theoretical consideration nor many ex-
amples which can verify it. Furthermore, in case of bipartite lattice this sign can
be changed by a gauge transformation: redefining the annihilitaion and creation
operators as éiﬁ =G ifi€e Ay and éiﬁ =¢(, ifi€ Ap, where A=A 4UAR is
the bipartite resolution. In case of ¢; 5 < 0 the band-energy minimum is the single
point k = 0 while in the opposite case it is in the border of the Brillouin zone, and
thus can be highly degenerate. The physical intuition can be different in the two
cases. The assumption t;; > 0 leads to ferromagnetism for more general lattice
structures, and Tasaki’s proof for Nagaoka’s theorem shows that from mathemati-
cal point of view it is a more “natural” assumption. As Lieb wrote: ”If this upsets
anyone’s physical proclivity, that is a pity.” [41]

2.4.2 The importance of next-nearest neighbour interactions

Keeping only the Hubbard interaction is the result of an extreme truncation of the
interaction in the general Hamiltonian (2.16). All interactions beyond the purely
local part are totally neglected. The interaction in the simple Hubbard model is
therefore very unspecific — it does not depend on the lattice at all and hence not
on the spatial dimension. The lattice structure enters only via the kinetic energy.
Therefore the stability of ordered phases, — ferromagnetism, antiferromagnetism,
etc., — in the Hubbard model can be expected to depend in a sensitive way on
the precise form of the kinetic energy. Keeping interactions with longer range the
model contains more information about the lattice structure. From this point of
view the importance of the next-nearest neighbour terms are non-negligible.
Considering the spin ordering, the Heisenberg interaction caused by direct
quantum-mechanical exchange of electrons can easily lead to ferromagnetism or
antiferromagnetism. However, since this interaction is rather weak (Hubbar in
Ref. [7] estimated J; ~ 45 eV for 3d-metals, ie., J{ << U) it cannot be the
sole origin of itinerant ferromagnetism in systems like Fe, Co, Ni. Nevertheless it
may be qualitatively important. It can stabilize magnetic orderings in a system
with more or less ferromagnetic or antiferromagnetic tendencies; it may give the
ultimate push. It is therefore unjustified to neglect the exchange interaction for
merely quantitative reasons. In this context the importance of the nearest and
next-nearest couplings are comparable. It can be seen also from exact stability cri-
teria for ferromagnetism in systems described by extended Hubbard model which
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contains couplings between arbitrary sites deduced by Strack and Vollhardt [42].
The relation between the nearest and next-nearest Heisenberg couplings can deter-
mine the kind of the magnetic ordering.

Similar things can be told about the role of the density-density terms V. They
can stabilize different charge orderings. The pair-hopping terms Y, can be impor-
tant from the point of view of superconductivity. From theoretical side, at the level
of exact results, this question was analyzed in Refs.[43, 44], however only nearest
neighbour terms were considered. Nevertheless experimental results suggest that
the next-nearest neighbour interactions play an important role in superconductiv-
ity.

Moreover, from quantitative point of view, direct experimental results support
that the next-nearest neighbour interactions are not negligible. Their presence is
clearly signaled in different experiments, for example in Auger core-valence line
shapes experiments [45] that even allow the direct observation and measurement
of interparticle interaction strength and its distance dependence in valence bands
of solids [46], angle resolved photoemission data [47], interpretation of two magnon
Raman scattering intensity peaks [78, 49|, study of antiferromagnetic ordering
[50], phonon-assisted superexchange interactions connecting second — and third
— neighbours [51]. The importance of next to nearest neighbour contributions in
the hopping term is also emphasized [52, 53].

2.5 The periodic Anderson model

However the Hamiltonian (2.16) are quite general, and very elegant to deduce
models hoped to be relevant to describe some system directly from (2.16), but the
model building is mainly based on experimental results and physical intuition which
is more closer to the tight-binding picture. This is the reason why we do not deduce
the periodic Anderson model from (2.16) which does not contain hybridization
terms between the bands due to the definition of the Bloch states from Section 2.2.
As a consequence, the Wannier states — whose definition based on the Bloch states,
see equation (2.4) — do not necessary reflect the very well known features of the
atomic orbits.

The periodic Anderson model is established as a model to describe heavy
fermion systems. A suitable model of these systems must have the following basic
ingredients: a broad band of (5d,6s) conduction electrons, 4f electrons strongly lo-
calized at sites, and a hybridization between conduction band and f-electron states
to allow for transitions from the band into f-states and vice versa. Furthermore,
the strong correlation of the f-level has to be taken into account; for because of
their strong localization there exists a strong Coulomb repulsion between two f-
electrons at the same site making multi-occupancy of the degenerated f-levels of
each site highly unfavorable. This local correlation must be taken into account to
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assure that the filling of the f-shells and the formation of local magnetic moments
follows Hund’s rules. A common belief that to capture the essential physics it is
enough to take into account one conduction band and only a spin degeneracy of the
localized f-levels, though this is certainly not realistic?. So the model Hamiltonian
reads

H=H.+Hf + Hpyyp, (2.28)
where
H =T.=Y te ¢, (2.29)
ij,o

describes the conduction band;

Hy=E;y fl fic +UY afia], (2.30)

i,o i

describes the f-levels localized at sites i with uniform site energy Ey and on-site
repulsion U;

Hpp =V =" (Vi,j@}(,fna + Vi?}f?,a@w) (2.31)

1,J),0

describes the hybridization between conduction band and f-electrons. As usual we
denote the operator and the coupling of the hybridization by V as well like the
density-density interaction in a given band (see equation (2.18)). This does not
lead to confusion because in this thesis we do not deal with models which contains
these two kinds of interaction simultaneously.

Equation (2.28) defines the Hamiltonian of the periodic Anderson model. We
can generalize this model including a hopping on the f-level, and because of the
reason drawn up at the end of Section 2.3 we may take into account only the
interaction between closely neighbours. In this case the Hamiltonian is a sum of
the following terms:

T.= Z Zt.icé;r7aéi+jva’ Tf = Z Zt{fitafi-i-j,m

JEN i,0 JEN i,o
V=N idl, firio + Vi flotio) Vo = Y (Vodl , fio + Vil éi0),
JEN i,o i,o
- ~f T ~f Af
Ep=Eg Y i, U=UY i,
i,o i

(2.32)

2However, the maximum angular momentum degeneracy is usually reduced because of the
spin—orbit interaction and crystal field splitting.
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where nf = f1 (Tf, - is the particle number on the f level and N determines
the range of the interaction. For a given site i the hopping and hybridization is
taken into account between i and its neighbouring sites i+j where j € N. The
set N is symmetric in the sense that from j € N follows —j € N, too, because
the Hamiltonian have to be Hermitian. This implies also t_j = ¢}, but does not
require similar relation for the hybridization couplings. Such a generalized model
can be considered as a periodic Anderson model given in a direct space version, or
a two-band Hubbard model containing the contribution of the Hubbard U only in
one band, the other band being non-interacting. This type of model is analyzed in
Chapter 4.

2.5.1 Some basic (exact) properties of the model

The above defined model has several exactly solvable, relatively trivial limits. These
can serve as starting points of perturbative computations.

The limit U = 0 is exactly solvable. In this case there is no correlation between
the electrons with different spin, i.e., there are simply 2 independent spinless one
particle two-band systems. The one particle models can be diagonalized easily.
When ti{ j = 0 then the resulting f-electron spectral function consists of a peak
around Ey of width proportional to V?pg (po is the unperturbed conduction band
density of states).

In the limit of vanishing hybridization Vj; = 0 the conduction band is com-
pletely decoupled from the f-electron system, and we have a noninteracting band
and a Hubbard model. In this situation the t = 0 case is also exactly solvable,
because the f-electron systems at different lattlce sites are also decoupled. Each f-
electron system can be diagonalized trivially, and the resulting f-electron spectrum
is composed of delta peaks at energies ¢, Ey + U, and if the hybridization V is
small compared to U, one can expect well separated f-peaks near to Ey, Ey ,+U,
also in the general case of finite hybridization V.

The limit of vanishing band widths #{; = tf = 0 is also solvable, because it
completely decouples the different sites, and at each site one has to diagonalize a
finite matrix of dimension 16.

In the U = oo limit in D = 1 dimension the model is also exactly solvable with
the special choice of the parameters. We have only nearest-neighbour hybridization
(V) and hopping in both bands(#° and ¢/), the number of particles per site is two,
furthermore the following conditions are hold: t/ = V2/t! E; = 2t¢ — 4V2/te.
In this case the exact ground state is described by a non-magnetic and Gutzwiller
type wave function with ground state energy Eq = —4V?/t¢ [54]. The method used
in the cited reference is similar to ours used in Chapter 4.

However the number of exact results are very limited even in one dimension,
there are many approximative results. In the following I mention a few of the
properties the model is commonly expected to fulfill.
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It is well-known that the single-impurity Anderson model can be mapped on
the (single-impurity) Kondo model [55] if Ey lies far below and Ey + U far above
the chemical potential p (Schrieffer—Wolff transformation [56]). Thus the single-
impurity Anderson model should contain the Kondo effect for a certain parameter
regime. It has been predicted by several approximation methods, such as the mean-
field approximation [57] or the Gutzwiller approximation [58]. In these theories the
single-impurity Kondo-like exponent in the energy survives also in the lattice case
with slight modification.

When there are several magnetic ions or even a lattice of magnetic moments in
the metal there should be an effective interaction between the moments mediated
by a spin-polarization of the conduction electrons, namely the Rudeman—Kittel—
Kasuya—Yoshida or RKKY interaction. Thus the periodic Anderson model should
show magnetic order for certain parameters, a point not yet investigated except
within the frame of a mean-field treatment [59].

2.6 Non-Fermi liquid behaviour

The topic of non-Fermi liquid behavior in D > 1 dimensions and normal (non-
symmetry broken) phase is currently of great interest [60]. This is mainly due to
the large amount of experimental results, obtained in the last decade, showing non-
Fermi liquid behavior in the normal phase of a variety of materials, including D > 1
dimensional systems. Examples are: high T\ superconductors [61], heavy-fermions
[62], layered systems [63], quasi-one dimensional conductors, doped semiconduc-
tors, systems with impurities, materials presenting proximity to metal-insulator
transitions [64], etc. These results changed considerably our notion of interacting
Fermi systems. Indeed, until recently, Fermi-liquid theory seemed universally appli-
cable to all sufficiently pure interacting Fermi systems, and its main features even
to dirty systems, provided that their normal phase is not destroyed by a symmetry
breaking process [60]. This “dogma” has been based on high precision experimental
verifications in liquid He3 and simple metals [65].

The concept of Fermi liquid itself has been introduced by Landau many decades
ago [66] (for a thorough discussion see [67]), and in principle has the meaning that
in spite of the interactions, the low energy behavior can be well described within
a picture of almost noninteracting quasi-particles. Formulated in rigorous terms
[64, 68], in a normal Fermi liquid we have a one-to-one correspondence between the
non-interacting and interacting single-particle states (determined e.g., by a per-
turbation theory convergent up to infinite orders). Furthermore, a quasi-particle
pole is present in the single-particle propagator that gives rise to a step-like dis-
continuity of the momentum distribution function n; at the Fermi surface, whose

position is specified by a sharp Fermi momentum value EF. The so called Luttinger
theorem [69] is fulfilled for such a system. This means that the volume of the Fermi
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sphere is the same as that of the non-interacting system, that there is a well-defined
Fermi surface with a discontinuity of the conduction electron occupation number
at zero temperature, and that the quasi-particles at the Fermi energy have infinite
lifetime, i.e., the selfenergy imaginary part must vanish at the Fermi energy.

The observation of non-Fermi liquid behavior in the materials presented above
polarized a huge intellectual effort in the last decade [70] for the understanding
of this new fermionic state. In this field the theoretical interpretations are often
based on multi-band models [21], the presence of a some kind of gap in the normal
phase being clearly established in many cases and subject of intensive experimental
[71] and theoretical [21, 72] studies. However, despite the great number of papers
published in the field (see for example the references cited in [60] or [68]), and
the fact that the observed most interesting and important normal non-Fermi liquid
properties emerge in two spatial dimensions, (for example the normal phase of the
high T, superconductors), on the theoretical side, for pure systems, the existence
of a non-Fermi liquid state in a normal phase has been proved exactly only in
one dimension (i.e. Luttinger liquid [73]). The extension possibility of non-Fermi
liquid normal phase properties to 2D has not been demonstrated rigorously up
today. In fact, a rigorous theory of a non-Fermi liquid normal state in higher than
one dimensions is missing.

Driven by these facts, we were motivated to focus our attention on possible
non-Fermi liquid states in models described in the previous Section. Chapter 4
contains our related results.



Chapter 3

Extended Hubbard models:
the effect of the next-nearest

neighbour interaction terms

In this chapter we study extended Hubbard models to characterize the influence of
the next-nearest neighbour interactions on the stability of ordered phases. The be-
haviour of many body systems containing interparticle interactions with increased
interaction range is under an extensive study in the last period. The multiple mo-
tivations originate from the extremely interesting behaviour of systems with long
range interactions [80, 81]. Unusual properties arise in the presence of competing
forces [87] especially when short- and long-range interactions are present [82]. The
interpretation of material properties related to systems of grate theoretical and
experimental interest suggests that besides short-range interactions also the longer
range forces play important role in the development of the main physical properties
[79]. Finally, an increasing number of experimental facts indicate the presence of
longer-range couplings as well as short-range forces in different materials of interest
(see Section 2.4.2).

Connected to lattice models in dimensions higher than one, from the theoretical
viewpoint, the importance of the effects that could arise given by the presence of
the next-nearest neighbour couplings is known and often used [88, 79, 86]. These
couplings have qualitative importance even if they are weak. The Heisenberg inter-
action, i.e. the direct quantum mechanical exchange interaction between nearest
neighbours should be able to lead to ferromagnetism in a rather straightforward
way even in the case of itinerant electrons. [85, 25] The presence of next-nearest

22
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neighbour couplings can modify this result, and lead to different type of antiferro-
magnetic orderings.

All these considerations lead us to study an extended Hubbard model in D >
1 dimensions, presenting here exact results related to its phase diagram in the
presence of an increased interaction range up to next-nearest neighbour coupling
terms at zero temperature and half filling.

3.1 The model

Our Hamiltonian describes an extended Hubbard model supplemented with nearest-
neighbour and next-nearest neighbour terms. The Hamiltonian follows the form of
equation (2.25) but now we neglect the pair-hopping term, Y.

ﬁ=2[i}+Xl+Vz+ff+ffy +U. (3.1)
=1

The interaction terms and coupling constants are defined in equation (2.26).

The more restrictive assumption using in the following part of this chapter
is that X; = —¢; and Xo = —t». (Let us remember the remark at the end of
Section 2.4.1 about the sign of ¢.) In this case the number of doubly occupied sites
is conserved, i.e., [T + X, (7] =0, (but [T + X,ﬁ] # 0). This assumption, which
made possible the exact solution, seems to be a little artificial. However, since —t is
typically of the order of 0.2-2 eV the values of X and ¢ seem to be quite comparable.
This was explicitly shown for a square lattice of oxygen ions representing a CuQO-
plane [75].

During this chapter, only D-dimensional hypercubic lattices containing Ny lat-
tice sites are considered at half filling, i.e. n = (n) = (1/Nx)(3_; , M) = 1.

3.2 Procedure used

Concerning the procedure, we used a technique used by Brandt and Giesekus [77]
and developed by others [84, 44]. It is often used in the literature [76, 25, 85, 42, 43]
because it has the advantage to provide exact results in all dimensions related to
the ground state energy, Ey. The main idea is to deduce exact upper and lower
bounds for the ground state energy, — we denote them by EY and E{, respectively,
— and to compare these two bound values within the parameter space. Denoting
by A; the coupling constants (i =1, ...,p), we have

EL(Ay e Ap) < Eo(ALy ey Ap) < BEAL, ooy Ap). (3.2)
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From equation (3.2), with the condition E} = E¥ one can find domains Do (Ay, ..., Ap)
of the {\;} parameter space, inside which the ground state energy is exactly Ey.
Using the variational method for the upper bound, the ground state g is also
known for the analyzed region.

We deduced the lower bounds E}, transforming the model Hamiltonian H into a
Hy term with known ground state energy given by E} and additional contributions
expressed in terms of positive semidefinite operators:

ﬁ(Ala"'aA ) HO A1; ; +Zfz A1; ; 7 (33)

where

®|P;) >0

for all ¢ vector of the Hilbert space. We can consider the ground state energy of Hy
as a lower bound to the ground state energy of H under the conditions that the last
terms in equation (3.3) are positive simidefinites. Exact ground states can be ob-
tained in this manner by searching for such trial wave functions ¢) whose eigenvalue
given by every P, is zero, because in this case the upper bound E% = (| H|) / (|1)
given by the variational method is certainly coincide with the lower bound. Al-
though P; are positive semidefinite operators, the last term in equation (3.3) is
positive only if the f(A1,...,Ap) coeflicients are non negative. These conditions
lead to inequalities among the coupling constants that define the Do(A1, ..., Ap)
domains of the parameter space where v is the ground state wave function with
energy Eb = EY. We note, that in this way one can derive, in general, sufficient
but not necessary conditions. This is the reason why we can expand domains of
some phases, due to a better resolution (3.3) for a particular case.

3.3 The upper bound values

First of all we define D subdomains of the starting D-dimensional hypercubic lattice
denoted by Ap,m, (m =0,1,...,D — 1) with the following three conditions:

(a) The Ap ,, domain contains N /2 lattice sites.

(b) Ap,m build up a Bravais-lattice (but it is not obligatory that this is of hy-
percubic type).

(¢) Ifi € Ap,m, then ihas 2m nearest-neighbours that are also elements of Ap .

We generalize this definition of Ap ,, for the case m = D, however the three con-
ditions above can not be satisfied exactly in that case. Furthermore, we look like
slubberers, because our definition for this case is not unique, but this ununiquess
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does not lead to confusion. In connection with the wave functions which describe
charge-density wave phases (marked by C below) we dispense with the exact sat-
isfaction of condition (c¢), and we handle Ap p as a macroscopically compact half
of the lattice. In connection with the wave functions which describe spin-density
wave phases (marked by S below) we dispense completely with the satisfaction of
condition (a), and Ap p is the whole lattice in this case, by definition.

Using this notation we define two types of wave functions:

Vo= ] @, 10, (m=0,1,.,D), (3.4)
i€EAD m
vom= ] &+ II d,10, (m=0,1,..,D). (3.5)

i€Ap,m i¢AD,m

Let us make some remarks regarding these definitions. Because of (a) the above
defined wave functions correspond to half filling. Furthermore, as a consequence
of the definition of Ap ., the following statement holds: If ¢ € Ap ,,, then ¢ has
Zy — 4m(D — m) next-nearest neighbours that are also elements of Ap ,,, where
Zy = 2D(D — 1) represents the number of next-nearest neighbours. The number
of nearest neighbours is denoted by Z; = 2D.

As a consequence of our different definitions for Ap p for the spin and charge-
density wave cases, 1/1%7 p describes a phase separation in charge, i.e. a macroscopic
compact half of the lattice contains only doubly occupied sites, and the other half
of the lattice is completely empty. Surface corrections at the separation between
the empty and doubly occupied region of the lattice were neglected here, a fact
that emphasizes that our results relating to 1/1%7 p are exact only in thermody-
namic limit. In the same situation (m = D and N = N,), 1/)%717 describes the
fully saturated ferromagnetic phase, by definition. Otherwise, for m < D, ’I/Jgﬂn
and @Z’%,m describe different type of commensurate charge-density waves and spin-
density waves, respectively. They can be seen in Fig. 3.1 in D = 2 case.

The subdomain Ap ,, indexed with 0 < m < D can be characterized as follows.
It contains all sites of every second plane of the (a1, ..., ap) Miller-indexed lattice
planes family, and does not contain the sites that belong to the remaining interme-
diate planes. Here, among the «; indices there are D —m of which value is 1 and the
value of the remaining m indices is zero. In fact, there are 2(2 ) subdomains of the
lattice which satisfy the three defining conditions of Ap ;,. These can be obtained
each from other by rotations with /2 or by a shift with a lattice vector. (This
shift interchanges the planes which are contained by Ap ,,, and which are not.) We
use later on the notation {Ap n,,} denoting the set of these different subdomains
mentioned above.

Using the wave functions defined in equations (3.4,3.5) as trial wave functions
for the expectation value of H , the following upper bounds EY can be given at
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Figure 3.1: Exemplification of wave functions wgm and 1/’157,m in the D = 2 case.
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X1=—t1,X2=—t2,0§m§D:

VA VA D -2 Z
EDm = €bmNa = (71‘/1 + 5 Ve t Tme + [m(D —m) - g]Jf)NA ,
1
Ef i = Gma = (U +2mVi + (2 — 4m(D — m)]Va ) Ny (3.6)

We mention that in the presented conditions the trial wave functions represent
eigenfunctions as well.

3.4 The lower bound values

In order to describe simultaneously the studied cases we introduce the two-valued
index X € {C,S}. In this manner, ¢f = := ¢f . or ¢3 . depending on the
value of X'. The corresponding energies are denoted as K5, and the following

parameterizations within H are used:

A = {V’z B = {’Eiz Y= S hhi = {VJZ/VQE ry=c
J| ; G JEJJE E X =S.

In this Section we show that the wave functions I/Jﬁm defined in the previous
Section are exact ground states of the starting Hamiltonian. For this reason, as
mentioned in Section 3.2, the Hamiltonian is identically transcribed into the form
presented in equation (3. 3) in such a way that the lower bound is introduced via
Hy = Ef 7, where Ef5  are given in equation (3.6). This procedure is suitable
because of the half ﬁlhng condition.

Now we construct the P; operators. For this reason, first of all we define the
operators Q for m =0,...,D:

Bw=32 X (X W X W) vt Nan,

O {Apm} i€Ap N1 j¢Ap,mnQ

where ) o means summation over the unit cells of the lattice and ) , Ap.} Ieans
summation over the possible conﬁguratlons which satisfy the definition of AD .
Because of this summation, the presented QD,m operators can be handled without
specifying concrete coordinate axis. All Qﬁm operators are positive semidefinite
because they are sums of squared terms of self-adjoint operators. However Q% pis
an exception. Its positive semidefinite character can be verified using the Schwarz
inequality under the half filling condition.
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The introduced operators are linear combinations of H ﬁm (except for the extra
term of QF 1)):

D
ann + 5X705D7m2DNATAL = ZAlD7mI:IlX,
=0

where, provided that the lattice is hypercubic

!
L b 2 i D=1 \[1
Apm =2 14+4d10 Z( D D—-—m—i)\i)’ (3.7)

=0

k

We mention that, in equation (3.7), the (}) = 0 was considered for k < 0 or k > n.
The sum of the Qﬁm operators multiplied by positive coefficients are also pos-

itive semidefinite. This give us the possibility of defining the required operators 22
as follows:

m=0
D D R aB
= C¥ S (Y ol A )Y = 0w c"B12P N, (39)
(=0 m=0
where the normalization constants are C¢ = 1, C% =1 and ¢ = £,3,.. 2BEL

These unusual non-integer indices are used for later convenience. Expressing V;
and J; from the Hamiltonian in terms of Pg g we determine the coefficients o} g

in equation (3.8). Considering vanishing coefficients for H ;¥ with [ > 2 we get a
linear system of equations for ajj  which gives

ag,q:(m_q_gél)(z_q+%)aifQ7éD+§a anD’L,DJr%:W;
and we obtain
~DHY + {D*(D - 1)Hy if g = 2041
Py, = LAY + (D —2q)H{ + 3[(D —2¢)* + D — 1|Hg (3.9)
— b, %NAT} ifg=1,3,. . 221

Noticeably, in one dimension this procedure can be applied only for a Hamil-
tonian which does not take into consideration next-nearest neighbour interactions.
This is because Hs® cannot be expressed in terms of Pfq. However, in this Chapter
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we are interested in the effect of the next-nearest neighbour terms. As a conse-
quence, we restrict ourselves here to the cases D > 2.

Although the Hamiltonian (3.1) does not contain the Hg¥ term explicitly, its
coefficient in equation (3.8) is not zero. This coefficient is connected to the trans-
formation of the U Tl, X, and J “Y in positive semidefinite factors. For example, in
order to express U in terms of P; from equation (3.3) we use the following positive
semidefinite operators:

PC = 4J;]J; = Ny —2U U, PS5 :=20/U =V,y/Vo — Nat.  (3.10)

In connection with the kinetic energy terms, we use a generalization of the
operators introduced by Strack and Vollhardt in Ref.[84]:

- Ao .
Prin.g = Z ( i,j,a) ,_] ot Z (i — &, o)(f 6},0)7
<i7j>170' (17J>1:¢7
HS
Pkin.,l = Z ( ,_]a 7_]cr-'- Z f +fTU (fla+§l 0)7 (3'11)
<i7j>l7‘7 (17]>170'
where
o . . R R
ijo — Ci,o — Cjo + £j7o' - £i7o'7
Ag R . N R
Qiso=el, +, &, &,
éi,a = éi,aﬁi,—a-
We mention that the Pkm N operators introduced here are positive semidefinite by
definition. The operators T, and X; can be expressed in terms of operators (3.11)
and (3.10) provided that —t; = X;. We need this assumption to get the form of
equation (3.3) for the Hamiltonian which implies that all our final results are valid
in the restricted parameter region —t; = Xj.

Finally we should express the contributions J,"Y in terms of positive semidef-
inite operators. For this reason first of all we transform the isotropic Heisenberg
interaction J; := J;"¥ + (Jzy/.]z) J7 instead of JT¥. After this step, the remaining
anisotropic part (1—J%¥/J#).J7 can be expressed using Pp .- For convenience, the
obtained results will be given in terms of €35 . := €55 . (U, V1, Vo, Jf =J7¥, J5 = J5¥).
This means that the last two variables of eﬁm (which were originally J§ and J3)
have to be substituted for the anisotropic part of the Heisenberg couplings. We
have ef, , = €5, but €3, | # €} ..

For the isotropic part J; we introduce the following operators:

Ph=Y" Z((l = fig)(1 = Ry0) + ﬁi,uﬁj,u) (i~ — 75,—0),

(Lihy @
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and define the following terms

hc/)p

DN | =

~ ~ 1. ~
+ _ pl ] - _
PHeis.,l - PFl + gPF27 PHeis.,l -

3 (5 +5)°. (3.12)
oy

The operators Pp1 and Py, are self-adjoint projection operators, therefore PE
and Pgeis'l are positive semidefinite by definition.

Based on the operators defined in equations (3.8), (3.10), (3.11) and (3.12), in
the case when X; = —t; (I = 1,2) we can write the Hamiltonian in the form of
equation (3.3) as follows:

eis.l

2
J A~
H= (EDm_'_(SX SNAJwy n+Z|ny|PIs{g£s l )+Z_tlpkggn.,l
=1

+ Z (5§7m+2k - Eg,m)ﬂD,mPg,m—k

k=+1
+ Z 2ED 2k Eg,’fh)ﬂDymPg7m+k’

et

_ N N\ -

(8 = B + (Oris = dx,0) T = 2 )P, (3.13)

where the subscripts m £ x represent numbers mod(D + 1) and the following no-
tations were used:

- S, iftxX=C ifm=0orD,
X: ’ ’ = 227
{C, ifxX=25, B.m {1, otherwise

1, ifJ%Y >0, +,ifJ%Y >0,
ap = e ey sgn(J;") = e ey
3, if J7 <0, -, if JJ¥ <0,

2 2
= 1 - ~
J yzg E al|le|Zl, t=4 E —tlZl.

=1 =1

Finally, in equation (3.13), 1 represents the index which minimizes the en-
ergy Eﬁm for given X and D values respectively, that is m satisfies the following
equation:

X : X
€, = min {e 1+ 3.14
D,m OngSD{ D,m } ( )

We mention that sgﬁl (for a given D and X) is uniquely determined by the coupling
constant values. For further convenience we introduce the notation: K = 2[5%7,% -
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(E%ym, — U/2)]. The K quantity does not depend on U and #;, but is uniquely
determined by J7, JY, Vi (I =1,2) and the dimension D.

On the basis of equation (3.13) which has exactly the form of equation (3.3), one
can deduce the stability domains for wg{m, i.e. we can delimit the phase diagram
regions where the studied wave functions belong to the ground state.

3.5 Stability conditions for the considered phases

General conditions. The deduced equation (3.13) is valid only at —t; = X; (I =
1,2) for arbitrary D > 2 dimensions on hypercubic lattices. Furthermore ]38’ D
is positive semidefinite only at n = 1 and every presented wave function wgm
corresponds to half filling. Finally, the third term in equation (3.13) implies for
every case that t; < 0 (! = 1,2). The above mentioned conditions are general

conditions valid for every case presented below. We remark that Eﬁm 112 Eﬁm
and ey, > €3 5 inequalities which originate from the fifth term of equation
(3.13) do not represent restrictions for the stability domain of the ng’m functions.
This is because these inequalities are satisfied automatically due to the definition
of m presented in equation (3.14).

Equation (3.13) gives several important results depending on the values of the
indices and coupling constants. We discuss three different cases below.

(I) Stability conditions for the w%m phases in case of anisotropic Heisenberg in-
teraction. A ng’m wave function with 0 < m < D is the exact ground state of
the Hamiltonian defined in equation (3.1) with the E“g’m ground-state energy
given in equations (3.6) under the following conditions:

(A) Jf¥ =0, (I =1,2). This implies that e, = e and J* =0.

S ’
D,m
arbitrary m’. These inequalities depend only on the value of J7 and J3,
i.e. they describe the stability domain of 1/1§7m in the (Jf, J5) parameter
plane. Explicitly these conditions can be written as

(B) €}y < €Dy and €}, < €p) ;. This implies that €}, , <€ for

Ji <0, 2(D-1)J5 >J7, itm=0,
JE>0, —2(D-1)Ji < J?, ifm=D,
2(D-2m+1)J; < J7 <2(D-2m —1)J;, otherwise.

(C) €5 m — €D —1/2 > 0. Here we used €7, , = €7, 5. In this case the

following condition is satisfied:

U>US=K+1
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(IT) Stability conditions for the ferromagnetic phase in case of isotropic Heisenberg
interaction. The fully saturated ferromagnetic state denoted by 1/1%7 p 1s the
exact ground state of the Hamiltonian (3.1) with the ground-state energy
E%,D = [(Z1/2)V1 + (ZQ/Q)‘/Q — (Z1/8)J1 — (Z2/8)J2]NA if the following
conditions are satisfied:

(A) JY = Jf = J;y 20, (I = 1,2). This implies that 7, ,, = (Z1/2)V1 +
(Z2/2)Va and (Z1/2)Vi + (Z2/2)Va — J™ =€}, .
(B) U>U?
(ITI) Stability conditions for 1/1g7m phases. A @/ng wave function is an exact

ground states of the Hamiltonian (3.1) with energy Eﬁm if the following
conditions hold:

(4) €5, < €5y and €5, < €5, delimit the stability domains of

¢ in (Vi, Va) parameter plane. This condition is similar to (I.B), but
here —V; plays the role of J7 taking into account the sign convention in
the definition of Hamiltonian (3.1). Explicitly:

1>0, 2(D-1)V<J7, ifm=0,
2(D—2m —1)V2 <V} <2(D —2m+ 1)V, otherwise.
(B) The last term of equation (3.13) gives the following condition:
U<UY=K -t

Examples of the obtained results for D = 3 dimensions are presented in Fig. 3.2
and Fig. 3.3. The previous one shows the (U,V;) plane, and the later one the
(U, J§) plane of the parameter space.

In the following Section we present a study of the obtained results.

3.6 Study of the obtained results

We demonstrated the presence of
(a) a phase separation region
(b) different types of antiferromagnetic ordering

(¢) fully saturated ferromagnetic phase and
)

(d) different types of charge-density waves
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N v v

Figure 3.2: The (U, V}) plane of the phase diagram for Vo > 0 in D = 3 dimension.
The bold solid and broken lines delimit the deduced stability domains of the ordered
phases. The @/J%m phase situated above the bold broken lines is present in the
phase diagram only for J;"¥ = 0 or JY = J7 > 0. In the latter case, ¢}, 5, =
1/1%7 p denotes the ferromagnetic phase. For comparison we present the thin broken
line above which the ferromagnetic phase deduced in Ref. [84] for the isotropic
Heisenberg coupling case emerges. The notations is as follows: W_ = US|y, 24y, ;
W' =UC 0 ; Wy = W_+2t; W = W' +2f; A= V,Zy+1. For the definition
of UY and f see the text.

in restricted domains of the phase diagram. Case (a) in our knowledge is for the
first time signaled at the level of exact results in higher than one dimension in
Ref.[1, 2, 3]; cases (b), (c¢) and (d) were found with enlarged stability domains
in comparison with previous publications [84, 44, 43]. We obtained a complete
phase diagram in all D > 2 dimensions in the localized limit, for special values of
Heisenberg coupling constants. All obtained results emphasize the importance of
the next to nearest-neighbour effects.

In the anisotropic case the  and y spin components are completely irrelevant
because the Hamiltonian does not contain terms which depend on these spin pro-
jection. This means that the spins behave in this case as Ising spins. Therefore we
refer to this anisotropic case also as Ising-type coupling.
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Figure 3.3: The (U, Jf) plane of the phase diagram for J§ > 0 in D = 3 dimension.

The bold solid and broken lines delimit the deduced stability domains of the ordered

phases. The 97, ., (m = 0,1,2) states situated between the bold broken lines are

present in the phase diagram only for JY = 0. The ferromagnetic phase 93,

situated in the right upper corner is present only for JY = 0 or JY = J7 > 0.

The notation is as follows: W_ = U |y,24v, 3 W = US|v,z0 3 Wy = W + 2¢ ;
! = W' +2t; For the definition of U7 and { see the text.

We have written in Section 3.3. that the wave functions @/J%M with m < D
describe commensurate spin density waves. As the spin polarization is considered
to be along the z-axis, these are z-polarized antiferromagnetic phases. For Ising-
type spin coupling the deduced results (case I.) state that if U is large enough,
i.e. U > U?, the ground state is either the fully saturated ferromagnetic state (if
Ji > 0and —2(D — 1)J5 < Jf ) or one of the possible spin-density wave states
depending on the values of J7 and Jj. The ferromagnetic phase can be stable
for negative J3, but J;{ has to be positive. Contrary to these results, for isotropic
Heisenberg couplings we can state only that the fully saturated ferromagnetic phase
is stable when J7,J5 >0 and U > Uf, i.e. the stability domain is decreased, and
the spin-density wave phases are completely missing from the phase diagram.

Our results in connection with the charge-density wave phases and the phase
separation region are similar to the results obtained for the @/J%M phases in the
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Ising-type coupling case, but now —V; plays the role of J7?. The stability domains
for the 1/1g7m phases can be easily represented in this case in terms of V5 and Vj.
The phase delimitation lines are situated in the (Vz, V1) plane in a similar manner to
those present in the (J§, J§) plane (Ising case) for the 1/’%,m phases. However, there
are two important differences. The 17, , phases are stable for U > UZ? but the
dj?),m phases are stable for U < US. In other words the 1/1%’7” phases are situated at
the top, and the ’I/Jgﬂn phases at the bottom of the phase diagram with respect to the
U axis. We mention that U? > UY, because U? — US = 2¢ > 0. Emerging phases
were not deduced in the region of the phase diagram between these delimitation
bound U values. As a consequence, we cannot state anything about the stability of
the @/Jﬁm phases in this U domain, because our criteria for the emergence of a given
phase are sufficient, but not necessary conditions. However, in the localized limit
t — 0 and Ising-type couplings, at —t; = X; = J;”Y = 0(l = 1,2), we have UE = U?.
In this case, the deduced U value represents a first-order quantum phase transition
point between a @/J%M (spin-density wave or fully saturated ferromagnetic) and a
z/;g’m (phase separation or charge-density wave) phases. We emphasize that in this
case our calculations give the complete phase diagram of the system. For non-Ising-
type couplings this statement remains valid only in case of isotropic ferromagnetic
J'Y = J; >0, (I=1,2) couplings. The condition U7 = U remains valid only for
this case, and in this situation, only the stability of the fully saturated ferromagnetic
state can be stated (Q,ZJ%JH at mm = D). For non-Ising couplings the spin-density
wave phases are not stable therefore we do not know the phase diagram for large
positive U if the couplings are not ferromagnetic.

Another important difference between the @Z’%m phases in Ising-type coupling
case and the 1/1g7m phases is that the former phases are stable only for J;¥ =0 (I =
1,2), but every ’I/Jgﬂn phase can be in principle stable for arbitrary Heisenberg
coupling.

It is important to emphasize that, when two different deduced phases have
common delimitation boundary, the stability conditions becomes necessary and
sufficient conditions. For this reason for example, the surfaces separating the ferro-
magnetic phase from the antiferromagnetic phases 1/1%70 and 1/11%7 p_1, or the surfaces
separating different spin-density wave phases each from other represent necessary
and sufficient conditions for the emergence of the mentioned phases and indicate
first-order quantum phase transitions. The same can be stated about the separation
surfaces present between the ’I/Jgﬂn phases.

Concerning the effect of the extended interaction range on the phase diagram,
our results show that the longer-range terms increase the variety of ordered phases.
In this case, the presence of several different charge and spin density waves is due to
the non-zero next-nearest neighbour couplings. For example we mention that only
the non-zero value of Ay alone can stabilize all @/Jﬁm phases for 1 <m < D — 1.
Furthermore, the stability domain of every phase strongly depends on the value of
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next-nearest couplings. Even more, the next-nearest neighbour couplings enhance
the stability of those phases that are present in the phase diagram for vanishing
next-nearest neighbour terms. This is the case for example for the phase separation
region.

Concerning the effect of the increased interaction range, we mention that, for
E%m — J*¥ > 0, the V5 # 0 coupling increases the domain of the phase diagram
in the region U < 0 from where the charge-density wave or phase separation is
excluded, making room for other ordered phases (such as superconductivity), in-
dependently on the sign of V1, if V7 is small. However, if a%’m — J%¥ is comparable
with V5, based on V5 it is possible to erase completely other domains than charge-
density wave or phase separation in charge from the U < 0 region. In this balance,
the effect of the hopping terms is also present given by £.

The presented criteria for the emergence of the spin-density wave 1/11";70 and
charge-density wave 1,/130 phases in the presence of next-nearest couplings are gen-
eralizations of the results obtained by other authors [83, 84, 44, 74, 43] taking into
account only nearest-neighbour contributions.

Concerning the behaviour of the magnetic phases at J; = 0, (I = 1,2), it can be
shown that, in this case, the ferromagnetic and spin-density wave phases present
in our phase diagram change into a highly degenerate solution of the form

Yp = H éIT H é;& | 0), (3.15)
i€B  igB

with energy ep = (Z1 V1 + Z2V2)/2. This energy can be obtained from our e%m in
JP —0,(l =1,2) limit. In equation (3.15), B represents an arbitrary subdomain of
the starting lattice. In this limit our results reproduce the results of Refs. [84, 44].
In connection with the D dependences one can see that, at Vo > 0 and |V;| <
2(D — 1)V, case, increasing the dimensionality of the system, the @/J%M phases
penetrate more deeply in the phase diagram in the direction of the U = 0 point. At
the same time, for U < 0, the region from where the phase separation and charge-
density wave ordering are excluded becomes greater. These results emphasize that,
in the presence of V5 > 0, the U? critical value above which the ferromagnetic
domain is situated, decreases with increasing dimensions for D > 2, independently
of the sign of V;. Furthermore, at U < 0, the domain containing other orderings
than phase separation or charge-density wave extends to higher |U| values with
increasing D, above D = 2, for [Vi| > 2(D — 1)V2 > 0. In this manner, concretely
for the X; = —t; restricted parameter region, we extended the stability domain
of the ferromagnetic phase in comparison with the results deduced by Strack and

Vollhardt [84].



Chapter 4

Periodic Anderson model in

two dimensions

In this chapter we deal with a two-band Fermi system in two dimensions and look
for exact solutions. It is some new interesting phases that we find, which show
some characteristic features which differ from usual Fermi liquid behaviour.

We apply the method used in the previous Chapter, described in Section 3.2.
We find that it can be done in this more complicated case, too. In fact we got two
qualitatively different solutions: a completely localized and a non-localized one.
The solutions are valid on two surfaces of the parameter space, i.e. on restricted,
but continuous and infinite regions of the 7' = 0 phase diagram, extended from the
low U to the high U regions up to U = oo at U > 0.

The derived non-Fermi liquid state is given by a flat band effect in multi-band
systems with more than half filling. The obtained properties are extremely peculiar:
the system in case of the described solution possesses a well defined Fermi energy
ey under the conditions in which the EF Fermi momentum cannot be defined, and
the n; momentum distribution function is continuous together with its derivatives
of any order.The state is paramagnetic and non-insulating. The state emerges in
the proximity of a Mott insulating phase.

Concerning the flat-band features, we mention that such characteristics have
been clearly observed in different systems where strong electron interactions and
strong correlation effects play a main role. On numerical side, flat-band features
are present for example in results connected to 2D Hubbard model [90, 91, 92], or
2D ¢t — J model [93]. Experimentally flat-band features are seen in angle-resolved
photo-emission data of high T, cuprates [94, 95]. For layered systems angle-resolved
photo-emission often shows main bands without any sharp characteristics in nj; [96],

37
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or give results interpreted via flat-band features assumptions[97]. Band structure
calculations for these systems often reflect a Fermi level positioned exactly at the
bottom of a conduction band with large effective mass around its minimum, below
which a gap is present [63]. We further wish to mention that connections between
superconductivity and flat-band features were also clearly pointed out by Imada
et al. [98], and flat-band features can be seen as well in experiments related to
heavy-fermion materials[99]. On the technological side, for example Lammert et
al. [100] have shown that squashing carbon nanotubes, flat-band features can be
achieved around ep, where a mismatch of nearly isoenergetic k states may have
unexpected application possibilities.

4.1 Some basic notations and the Hamiltonian

In this Chapter we apply the notations for the lattice and sites introduced in
Section 2.2 taking into account explicitly the two dimensional situation. We denote
the two linearly independent unit length elements of A := Z?/(L,,L,) by x =
(1,0) and y = (0, 1), the primitive lattice vectors by d, and d_; We extend this
kind of notation for the unit cells — in other words “plaquettes” — of the lattice.
A plaquette will be labelled by boldface capitals, e.g. I, J, etc. We consider
the center point of a plaquette as a coordinate of it, denoted by R}. For the

consistent uniform notation we consider I as an element of Ay := (%, %) + Al

and similarly to the relation between i and Ri we have RI = Imd; + I,d,. The
four corners of a plaquette I are {I+06 : 0 € S5} where 6 = (0,,0,) and S5 =

{3.4),(-3.2).(3,-%),(-%,-1)}. On this line we denote Rs = 8,d, + 6,d,,

an(zi i; the f(z)ll(z)wing2 Z; is a sflortznotation instead of ) 5. S

Such as A, also Ay is handled as ordered set, i.e., it is endowed with a greater
than relation, which is coming down from the ordering of A by the following defini-
tion: I<J & I—(3,3) <J—(3,3). If we do not say anything else, by definition,
the multipliers of every non-commutative product over A, or some subsets of it
stand in increasing order. The products of which multipliers stand in decreasing
order is denoted by prime over the [], such as in equation (4.12).

We consider a 2D square lattice described by a two-band model. We denote
these bands by ¢ and f, and in expressions where we need a common notation by
b € {c, f}. The Hamiltonian is given in direct space as have been written in Section
2.5,

A A A~

H=Hy+U, Hy=T.+T;+Vo+V +Ey, (4.1)

!Here we consider Ap; as a subgroup of R?/(Lg, Ly) and this defines the sum of its elements
among themselves and with the elements of A.
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where the non-interacting terms have been denoted together by ﬁo, and the inter-
action term U is the usual Hubbard interaction at the f-electron level. The on-site
energy Ey for the second band fixes the relative energy of the two bands. These
terms together with the kinetic energy and hybridization terms can be written as
in equations (2.32), but in this Chapter we take into account, beside the on-site
hybridization VO, only nearest and next-nearest terms. Based on physical consider-
ations detailed in Chapter 2 the long-range terms being considered negligible small.
Therefore the set N/ — which determines the range of the interaction in equations
(2.32) — in this chapter is N = {x,—x,y,-y,x+y,—x—y,x—y,y — x}. We
take into account different couplings along different lattice directions, which allow
in fact the study of the system with distorted unit cell as well.

Our model is given by the following nineteen independent coupling constants.
The hopping amplitudes in the ¢ band are: t3, t5, t3. o, t5 . The remaining four
ones are determined by the Hermitian requirement of the Hamiltonian: ¢¢ , = (¢$)*,

tey = (t5)", toxy = (txiy)™s ty_x = (t%—y)*- The hopping amplitudes in the
f band are: tf, tJ, t}{ﬂ,, t,{fy, and again ¢t/ = (t)*, etc. The eight plus one

hybridization couplings are V;, j € N and V;, furthermore Ef and U. The last
two ones are clearly have to be real (again because of the Hermitian requirement),
but for the generality we do not take any other assumptions for the above coupling
constants.

Hereafter the operators of the total number of particles in a given band is
denoted by Ny = > bl l;i,g, and N := N, + Nf.

i,c “i,o

4.2 Main idea of the method

Our starting H from equation (4.1) represents a prototype of an interacting two
band system in 2D. To study this model we use the method described in Sec-
tion 3.2. We express the Hamiltonian as can be seen in equation (3.3) and search
for the ground state wave function as a vector in the kernel of positive semidefinite
operators. For this purpose we write the interaction term as

U=UP' +UN; —UN,, (4.2)
where
P =N"PF, B =Q-nf,—nf +nf@af). (4.3)

In the decomposition presented in equation (4.2) the operator P’ is a positive
semidefinite operator, because it is a sum of positive semidefinite terms. The
reason for this is simple. 15{ applied to a wave function gives one if on the site i
no f electrons are present, and gives zero, if on the site i at least one f electron is
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present. As a consequence, the spectrum of Pi’ is the set {0,1}, and P’ measures
the number of empty sites on the f-level, thus its kernel (null-space) consists of the
wave functions which do not contain empty sites on the f-level.

An other positive semidefinite terms is expressed as )y , ALJAIJ, — which is

positive semidefinite by definition, — where the operator AI - is build up as a linear

combination of the starting bt fermionic operators which create electrons on the
corners of plaquette L. The Ith plaquette operator for a fixed spin o can be generally
expressed as AI,U = ZM a1+6,501+6,0- We will build up from these operators the
Hamiltonian which is invariant under the lattice translations, therefore plaquette
independence will be considered for the emerging eight complex coefficients present
in AIJ, i.e., arys,p = as,p. Thus the plaquette operators become

A= Y assbriss (44

o befe,f}

The fl{a creates an electron into a one-particle state which is linear combination
of the eight original electron state of a plaquette. These new one-particle states
are not orthogonal, i.e., g1 5 := (0|AJ,JAIJ|O> # or,3. ( As usual, the normal type
letter 0 denotes the Kronecker delta function of its discrete variables and has not
any relation with the boldface letter d, which is a discrete vector.) Therefore the
operators AJ{J and ALU do not satisfy the canonical fermionic anticommutation
relations, instead

[A;U,AJ,J'M = 00,0' 91,3 [Are, Ay o]t = [A;U,A}Jrh =0, (4.5)

where based on the definition (4.4) of the A operators the matrix g can be expressed
with the parameters as

gI’J: Z Z a:§7ba5r’b. (46)

be{c,f} 8,8
8-8'=J-1

Our strategy is the following. Beside the term N the operator » AJ{ JALU

contains the same terms than the noninteracting Hamiltonian Hy, among them Ey,
which operator (with different coupling constant) also occurs in the (4.2) decom-
position of the interaction. When the parameters a5, can be chosen in such a way
— because it is allowed by the starting parameters of the Hamiltonian — that the
following equality holds,

—ZALTAIJ-FKN:I:IO-FUNJC, (4.7)
1o
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where K is a parameter, then based on equations (4.2, 4.5, 4.6) we have

H=P+UP +KN=2Ny > lasy|* — NaT, (4.8)
8,b
where
P=>"A,Al, (4.9)
1o

is a positive semidefinite operator. We search for the ground state under the
condition that the number of particles are fixed. The Hilbert space of the system
of N particles is denoted by . On this space N is a constant operator. When
the following three conditions

(a) there is a proper definition for ALJ, i.e. for asyp, which make the equation
(4.7) valid,

(b) U >0,
(¢) Hno:=Hn N ker P N ker P’ # {0}

are satisfied, then $ ¢ is the subspace of the ground states within . There is
some differences between the method sketched above and presented in Section 3.2.
Now there has no coupling constant dependent multiplier of P, but the expression
(4.8), which gives the Hamiltonian in terms of positive semidefinite operators, is
valid only in special values of the parameters, which allow the solution of equation
(4.7) for the parameters asp and K. This gives the condition (a) which together
with condition (b) gives a domain D, in the parameter space where we can give
lower bound for the ground state energy keeping only the constant and neglecting
the positive semidefinite terms. The condition (¢) assures the existence of a proper
state which gives the same energy as an upper bound. This terminology would
suggest that we follow the procedure written down in Section 3.2, namely that we
find an upper bound for the ground state energy using the variational method. But
the situation is not the same now. In the next Section we deduce the ground state
subspace determining the kernel of P and P’. We will see that the condition (c)
is satisfied only in IV > 3NN, case, thus it leads to a condition for the band filling.
Then in Section 4.4 we examine the conditions (a) and (b) which are conditions
for the model parameters. We write down the system of equations comes from
equation (4.7) and we discuss the physical properties of the model which allow the
solution of it.

4.3 The ground state wave functions

Now we study the situation when {AI ,10) : T € Ay} is a linearly independent
vector set. This is equivalent with detg # 0. This is an additional condition
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which is needed for us to determine $) . The above mentioned set can be linearly
dependent, such a case will be discussed in Section 4.6. Now we can define a dual
vector set which is created from the vacuum — by definition — with the operators
(ALo)t. The relation between the operators A with sub- and superscript is the
following:

(ALn)tjo) = ZgJ LAY Jo ALL10y =3 gaa(A7) o), (4.10)
J

where g'J is the inverse of grj, i.e., >L g"YgrL.3 = 0r3. Due to the definition
(4.10) the operators A with sub- and superscripts are anticommute,

4]

Io»

AJ’O—I]+ = 5070/517‘]. (4.].].)

As a further consequence of the linear independence of the vector set {/1}70|0> :
I€ Ay} we can realize that Gt :=([]; A] ) ([T; A |)# 0. The operator G, which
is the adjoint of Gt can be written as G —( H'I Ah) ( H'I AI,T)’ where the prime
over the ] indicates that the multipliers of the product stand in reverse order.
A wave function [¢) = G1Z10) with arbitrary operator ZT is in the kernel of
P. Tt is simple consequence of the commutation relations (4.5), likewise the reverse
statement, that every wave vector |¢) = ZAI|0) from the kernel of P can be written
as GTZ1|0), where ZT = GZ{/(detg)2. For the proving of this latter statement
take into account that from PZNO) = 0 follows that AIJZAﬂO) = 0 for every I and
o, therefore

o PGSAPI J
=11 ( Y. V)P gsrw s JAJ"r) Al
o PeSA J
~ (det 9)* Z{]0), (1.12)

where . Sa,, means summation over all the permutations P of the the set Ay,

and |P| is the parity of a permutation. We used in equation (4.12) that g1,g = g5 1.
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Thus we have determined the kernel of P: every state vector from it has the form
GTZT|O>, where Z1 is an arbitrary operator. 2

We have mentioned that a state vector |¢) is in the kernel of P’ if and only
if there is no empty site in the f-level. More precisely it means that expressing

|) in terms of IA)LU as a linear combination of operator products b;rlm bLm

every term of this linear combination have to contain the operators fitzr; for all i
with an arbitrary o;. Taking into account that expressing G in terms of 3;0 there

is a term which does not contain fT operators at all, we conclude that a vector
|) = GTZ1|0) € ker(P) is simultaneously in ker(P') as well if and only if ZT is a
linear combination of operators Fii ZI, where we used the notation F = [, f;rm

o)
with o = (Ui)?i"l, oi € {1,{}, and ZA:; are arbitrary operators. As a corollary,

every ground state vector, which can be determined by our method corresponds to
N > 3Ny, and the ground state vector at three-quarter filling can be written as a
linear combination of the following ones

[tho.o) = GTEL|0) (4.13)

In the Appendix A we show that these vectors not only generate the ground state
subspace but they are linearly independents, so these form a basis in 3y, 0.

With the condition that the particle number is N where N > 3Ny, a ground
state can be written as

o) = > G'FZ}|0), (4.14)

o

where the operators Z create N — 3N, particles from the vacuum, otherwise these
are arbitrary operators, consist of not only a simple product of creation operators
but its linear combination with complex numerical coefficients.

4.4 Conditions for the model parameters

In the previous Section we have seen that the condition (c¢) from Section 4.2 can be
satisfied when N > 3N, assuming that det g # 0. Now we examine the conditions
(a) which is formulated in equation (4.7). Writing down explicitly the two sides of
that equation we get the following system of nineteen equations for the parameters

2 We need it later therefore we mention here that on the same manner like the computation
(4.12) we can prove the equality GGT|0) = (det g)2|0). For this purpose we neglect the operator Z{'
and interchange the G and Gt operators, but the main concepts of the computation (4.12) remain
unchanged. In the last step we use that Al,U\O) = 0 for arbitrary I and o. As a consequence we
have ||GT|0Y|| = det g.
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as,p and K:

, .
=— Y asuasp bE{e,f}, Je{xy,x+y,x -y},
5,8’
5-5'=j
Vi=— D dheang, JEN, Vo= =2 d5c05 s,
5,5 8
5-8'=j

Ef+U =) (las.|” - las.sI), K=Y las.|>. (4.15)
[ [

Before we analyze the physical meaning of the condition that these equations have
to be solvable we make some remarks.

Choosing the parameters as, and U arbitrarily but satisfying the conditions
detg # 0 and U > 0 we can get proper model parameters from equations (4.15).
From mathematical point of view equations (4.15) define a quadratic mapping from
the space of eight complex variables as and the real variable U into the original
parameter space of the seventeen complex hybridization and hopping coupling con-
stants and the real Fy and U. From the domain of this mapping we exclude the
U < 0 half-space and the one dimensional complex submanifold in which det g = 0.
The image of this domain determines the values of the parameters in the original
parameter space for which we can solve the model. This is clearly a submanifold
which goes through the parameter space from small to large U.

Using the last two equations from (4.15) we can express the ground state energy
from equation (4.8) in terms of the original model parameters and K.

EOZKN+(2Ef+U—4K)NA (4.16)

This expression contains explicitly only two model parameters U and Ey, but
they are implicitly influenced by the others via equations (4.15), and the other
parameters influence the value of Ey via K, too.

Summarizing, we can state the following: if (a) the system of equations (4.15) is
solvable, (b) U > 0 and (c) from the solution of equations (4.15) we get det g # 0,
then fixing the particle number on a value N > 3N, the ground state of the
Hamiltonian (4.1) is degenerated, the ground states can be written as in equation
(4.14) and have energy (4.16).

To understand the physical background of condition (a) we Fourier transform
the equation (4.7). From the right hand side we get the usual E—space representation
of the non-interacting Hamiltonian, but the energy level of the f-band is shifted
by U due to the second term originated from the interaction. After Fourier trans-
formation the non-interacting term is not diagonal either, unlike equation (2.9),
because of the hybridization terms. As follows from the conventions of Section 2.2
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the Fourier transform of the operator IA)i7l7 is (compare the equations (2.4, 2.5, 2.8)
and (2.10) )

A 1 oA
by = > ekap, (4.17)

and the inverse relation is

o 1 s
biﬁ = Z eiszibl-c' o (418)

Thus the right hand side of the equation (4.7) takes on the form

Ho+UNp =3 hy, bt b (4.19)
Ro bl
where
Z tjceua%j Vo + Z V}e“mj
S L . N s (4.20)
k;b,b V]_g € s +U V]_g U+E;+ Z t{eszj
jenNn

To handle the left hand side of equation (4.7) we express AI,J with the Fourier
transformed operators (4.17):

. 1 s 1 - R
ALU = Z as.p Z 671kR1+5 b]-c* ey Z €7ZkRI Z Oé];:‘ bbE o (421)
s,b v NA P ’ V NA % ’ ’

where

ag, = Z als?be_“mts. (4.22)
s

Based on equation (4.21) we have
AT A " — * A7 A7
=) Al A, + KN ==Y ar o, bp i, K > by b, - (4.23)
Io E,a’ b.b! E7U b

From the comparison of equations (4.19) and (4.23) we conclude that the equation
(4.7), which is the formula of condition (a), in Fourier space can be written as

h + Kby (4.24)

— —af e
Bop = T b
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From this expression of the matrix h; one can immediately see that from the
diagonalization of the Hamiltonian Hy+UN ¢ — which means the diagonalization
of the matrix hj, as can be seen from equation (4.19) — two bands arise with
dispersion relations

Ep,=K-Ap  Ep,=K, (4.25)
where
Ap=3_ o | = 2K — e . — €, —U 2 0. (4.26)

b

We mention here that in the ground state, because of P'|y) = 0, the effective
Hamiltonian is H.y = Ho+UN;. With this notation we can write the Hamiltonian
(4.1) as

H=Hg+UP —UN,. (4.27)

Now we take into account the condition det g # 0. As we have mentioned, in
this case {AJ{J|0> : I € Ay} is a linearly independent vector set. The Fourier
transformation is a regular linear transformation, i.e. preserves the linear inde-
pendence. From equation (4.21) one can see that the Fourier transform of ALU is

Do Qs bl;,;g, therefore {3, o b320|0) : k € A} is also a lincarly independent set.
As a simple consequence ), a,abIA)E’g # 0 thus ), |cu,g7b|2 # 0 for all k. It means

that the diagonalized bands of ﬁeﬁ with dispersions (4.25) are not degenerated,
hence the operators given by this diagonalization, i.e., for which

efj‘ chksg ksa” (428)

§= 1]€,0’

are uniquely determined by the following expressions

o (o L. (0738
A i Ciet ak,fflc,cr A B f ko

e S TR et TR

As we expect, but it can be checked by direct computation, the canonical anticom-
mutation relations are hold for these operators and their adjoints, because C% o |0)

(4.29)

are eigenvectors with non-degenerated eigenvalues of the self-adjoint operator .Heﬁ
thus they are orthogonal each other, and they are also normalized due to the nor-
malization constant (Az)~'/2. Apart from this normalization the operators Cr |
are the Fourier transforms of AI,U. This is not surprising taking into account that
H.,g can be written by A{U as the left hand side of equation (4.7).
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In the light of the above we can consider the expression (4.19) of ﬁeﬁ as a
Hamiltonian of a non-interacting system which is similar to Hy but the value of
E; is substituted by Ey + U. As can be seen from the expression (4.28), this
non-interacting Hamiltonian describes a two-band system with one completely flat
band which energy is above the other, non flat band.

Finally we can restate our results in the following form: the ground states of
the Hamiltonian (4.1) are the states from equation (4.14) with energy (4.16) when
N > 3Ny, U > 0 and the Hamiltonian ﬁo + UNf has two non-intersecting bands
and the upper one is completely dispersionless.

In the following we discuss the physical properties of the deduced ground states.

4.5 Physical properties of the deduced ground state

4.5.1 Momentum distribution functions and ground state

expectation values of the Hamiltonian terms

Now we compute the momentum distribution functions and ground state expecta-
tion values of the terms from Hamiltonian (4.1). For this purpose it is enough to
compute the expectation value of ) E%JE’EU because the non-interacting terms
can be easily expressed by them and based on the decomposition (4.2) of the inter-
action it can be seen that for the expectation value of U it is enough to compute
the expectation value of N #, because P’ — due to its definition — gives zero on
the ground states. The operators ?A)E,a can be expressed by CA'EMT via the inverse

expressions of equations (4.29),

* * A
L ak',cck,lp + O‘k,fcm,a ;L a]afck,lm' - ak7ch,27U 4,50
Cho = A o el = A (4.30)
k F

~

therefore we need the expectation values of ¢l ¢

= , . To calculate them we
k,s,o ks o

express the ground state vectors with the operators C'%

,8,0
For the operator GT it is easily can be done based on the observation that it
contains product of AIJ over all the plaquette indices, and the Fourier transform

of AIJ is (AE)1/2CA'%7170, as we mentioned in the previous Section. Therefore

o = (Ileoci, ) (Lo, ) = (L2e) (L) (L)
k k k

k k
(4.31)
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The prefactor [ [ Ay gives the norm of the state vector G10) because the last two
operatorial parts in equation (4.31) create a normalized state from the vacuum,
since the operators C’Jr Fle and their adjoints satisfy the canonical anticommutation

relations. Comparlng it with footnote 2 in page 43 we can realize that detg =
[I; Az. We derived this relation for det g # 0 case but it remains valid in det g = 0
case, too. It holds true because from the linear dependency of the vector set
{Ar, : I € Ay} follows the linear dependency of {(A )1/2C'Jr L10) k e A},

which involves Ap = 0 for at least one k, since the non-zero vectors C’g L a|0> are

linearly independents. This again emphasizes that the condition det g # 0 means
that the gap between the bands of the Hamiltonian ﬁeﬁ is non-vanishing. Therefore
in case of N > 2NN every ground state of .Heﬁ is simply built up from a completely
filled lower band and a partially filled upper band in which the electrons can be
situated arbitrarily because it is dispersionless. The particle distribution in this
band is determined by the further condition that the interaction energy have to be
minimal, i.e. the ground state has to be in ker P’. The state vectors (4.13-4.14)
meet these two requirements simultaneously. The operator Gt fills up the lower
band of H. and F} assures that every site contains at least one electron.
Expressing FJr in terms of C’Jr o Ve get a linear combination of terms consisting

of the products of these operators In the bulldlng up of the ground states only
those terms play role which consist of only Cq , because G contains Cl for

77 770'

every k and o. The same is true for Z:f,. The terms of its expression which contain

ct L, are cancel out. Based on the above we conclude that

C’; 1,0 Ak 1 ¢T|1’Z}O> = |¥o), CE 1,0 k: 2 g|7/’0> (4.32)

for arbitrary ground state vectors from equation (4.14).
If a physical quantity has the property that its quantum mechanical expectation

value is uniform in the subspace of ground states then we denote it in this Chapter
by (.). In other words (X) := %, and the notation used on the left hand
side includes that the right hand side does not depend on 9y € Hn 0.
From equations (4.32) we can see that <C’1§,17oéﬁ71,0> =1land (CA’];LUCA'E%Q =0.
These results are valid for arbitrary N > 3N, cases. Furthermore, in case of 3/4

filling and with the additional condition that aj . # 0 for all k in Appendix A

based on the explicit expression of F't in terms of operators CA'I% we prove that

7870-

Z Fan Cino) =1 (4.33)

When there exists & for which aj . = 0 then the vectors (4.13) for all o are
not linearly independent, and the proof of equation (4.33) in Appendix A is not
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applicable. It seems to be not only a technical difficulty. It is a matter of fact that
the result (4.33) with its all consequences equations (4.34) and (4.35) do not remain
valid in this case. Therefore in the following part of this Section all discussion is
related to the o . # 0 case, which involves Az # 0, so hereafter this condition
becomes more restrictive.

Now we can accomplish the program written down in the first paragraph of this
Section. We use the equation (4.33) therefore the results below are related to the
case of 3/4 filling and o, # 0. From the results of the previous paragraph and
equations (4.30) we get

|O‘Ec|2 K_EEC
< Clca'> 1+ : =1+ - ’
E: Ag 2K —€; . —e;,— U

€Iy
az |2 K—¢ . —U
= (T ) =1+ B —re et
k %
e, = bR _ % 4.34
<; fk7Uck7‘7 AE 2K — T U’ (4:34)
and the ground-state expectation values of different Hamiltonian terms become
I | kc| K_EEC
(L) = DK — g O (1+ =) = D e —x =
E k k k
~ |oz,; |2 K — EE -U
() = DK = By = U =g, ) (14 =3 ) = Do(eg - E)—t—
E E
R aﬁ i + VO)O‘ijO%c + (a;;fa,ac + V()*)O‘Zﬂca’af
(V)= _Z A-
E
__ Z 2|VE|2 - (V]‘:‘/U + ‘/()*VE) :
B S
Voor ,ap +Vy a~ KT VEVe + VIV
- B tke ™ Vo RS _ 0 0o Vi
(Vo) = Z f _ Z k7 Dk
— Ay — Ay
E k
o f| — € s U
=e () =B (i ).
| k f| K — EEf -U
U S 4.35
Z U A (4.35)

k

where we used that the dispersion relation € b summing over the whole Brillouin
zone gives the meaning of the band, i.e. 0 for the ¢-band and E; for the f-band.
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The value of the constant K is given via the solution of equations (4.15) and
Aj > 0 is also given in terms of the original coupling constants in equation (4.26)
via equation (4.20).

First of all the most conspicuous feature of the above results that both bands
are partially filled and the momentum distribution functions nj, are continuous
together with their derivatives of any order. Therefore Fermi momentum is not
definable thus the system has not Fermi surface. These show that our system
is not a usual Fermi liquid. To get more details about these properties we are
motivated to examine the spin contributions to gy Investigating the ground state

expectation value of i, = % JZA)E , We can realize that — due to the same feature

)

of Cl, Cray
3N, case, but depends on the index o of the basis vectors of ¢ from equation
(4.13). Nevertheless, we can compute the limit ( , )o := limr—o(fi; , )7 which
has a discontinuity at the Fermi surface for Fermi liquids. Here (.); denotes the
finite temperature expectation value with the canonical density operator, i.e., for

an observable X it is defined by

— it is not uniform in the subspace of the ground states eitherin NV =

A

N Tr(X e ®sT
(X)p o= X T (4.36)
Tr(e_ IcBT)
therefore
fJTr X
&> . &> N,0
(K)o i= Jim () = 220 (4.37)
HN.0

Here the subscript $,0 under the Tr means that the trace have to be taken over
the ground state subspace, and not over the whole Hilbert space Hn. Based on
the above one can see that from the existence of the expectation value (X) follows

that (X)o = (X). That is why we immediately obtain from equations (4.32) that
(C’i A o =1 and (CA'% L JC' o = 0. Moreover, at the end of Appendix A

k,l,aCE7170> E7Z,J>
we prove that (C% ) UC’E 9500 = % independently on . All in all, we conclude that

nj, » = ni /2. Therefore neither ny , ~—makes possible to define Fermi momentum.

In case of N> 3N, the quantum mechanical expectation value of ) CA'% ) UCA'EJ,J
is not uniform in H o any more, but the T' — 0 limit of its finite temperé,ﬁure ex-
pectation value is well defined and usable to study the momentum distribution
functions in this case. By the same procedure than above we obtain continuous
ng , functions again. The reason is the same as in 3/4 filling case. The electrons of
a ground state wave function are created from the vacuum by three operators. As
we have seen the electrons created by 13'; assure the minimalization of the inter-

action energy and do not cause any irregularity in k-space. Every other electron



4.5. PHYSICAL PROPERTIES OF THE DEDUCED GROUND STATE 51

moves in the potential of these electrons driving by the effective Hamiltonian ﬁeﬁ.
The lower band of this Hamiltonian is completely filled due to the electrons created
by G1, thus Z} can create electrons only in the upper band which is completely
flat, so there is no reason to have Fermi momentum.

In the end we notice that the total momentum distribution function is com-
pletely uniform in E—space: ng =2, ﬁ/?,b> = 3. As a check, from this result we
get back N = 3N,. Furthermore summing up all contributions from equations
(4.35) we reobtain the ground state energy (4.16) with N = 3N,. To prove it,
based on equations (4.24,4.26) one can get for the sum of the terms from equations
(4.35) — which is the ground state expectation value of the Hamiltonian (4.1) —
that Ey = EyNo+) (K —Ap). The equivalence of this and equation (4.16) comes
straightforward using the second expression of Ay from (4.26) and } ¢z . = 0 and

ZE 6,—57f = EfNA.

4.5.2 Localized and non-localized solutions

Going on the discussion of the N = 3N, and . # 0 case now we examine
separately the on-site contribution to the ground state energy, and the contribution
of the electron motion between the sites. For this purpose we decompose the
Hamiltonian into sum of on-site — in other words localized — terms and non-
localized terms which describe the moving of the electrons.

H = Hype + Hioo, Hipe :=Vo+ E; + U, Hoypoo :i=Te + Ty + V. (4.38)

Taking into account the equation (4.26) and that ) ;ep = ZE(EEf —Ef) =0,

from equations (4.35) we obtain the ground state expectation value of ﬁmov:
(H >—Zi+22(2K—E —U—A~)—Zﬁ (4.39)
mov/) — : A]'c’ . f k/ — A]_c, )
E i E

where
P; = —[Klag ;> + (K = Ef = U)|ag > + Voo ap  +Viag ap ] (4.40)

Substituting into the above formula of P; the last three equations from (4.15) which
give the expressions of Vy, £y +U and K in terms of the parameters as 5, we obtain

PE = — Z |a57ca,;7f - a57fa,37c|2 <0, (4.41)
[

A~

from which we get (H,,.00) < 0 immediately. .
We examine under which circumstances (H,,0,) can be zero. Clearly, it is zero

if and only if P; = 0 for all E, ie., ascof ;= a8, Qg for all k¥ and 8. In our case
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(aj . #0) it is equivalent with as ; = pas. where p € C is a constant. Therefore
in this case the definition (4.4) becomes

= Z as.cdiys s, where dig =&+ pfio. (4.42)

The operators er , anticommute with each other, therefore every non-vanishing
term of the product [[; ALT is proportional with the operator []; dA;fJ. Comparing

the norm of the state vector created from the vacuum by GT and by IL dA.LT IL dl 1
we conclude that contracting the numerical coefficients of these previously men-
tioned non-vanishing terms we have to get v/det g apart from a factor coming from
the normalization of the operators ci;'g All in all, we have

A det g
T = 7t
G (1+|p?) NA Hd LT Hd i)- (4.43)

We conclude that all ground state wave vectors from the equation (4.13) can be
written as a product of one-site three particle states, so they describe a completely
localized state. This means that from (flmov> = 0 follows that ni|tbo) = 3o,
in other words, the ground-state vectors has no component in which the electron
distribution is not uniform in the lattice.

The localization of the electrons implies under every circumstances that neither
of any individual hopping term ij (its definition is a reasonable generalization of
the definition (2.24) for ¢ and f bands) or of any non-on-site hybridization term
gives contribution to the ground state energy, therefore (Hpo,) = 0. But in the
studied case the reverse statement is also true, so we can say that (flmov> =0
holds if and only if every individual non-on-site term of the Hamiltonian has zero
ground state expectation value, and it is equivalent to the fact that the ground
state wave function is completely localized, i.e. it can be written as a product of
on-site few-particle states, and finally the sufficient and necessary condition of it is
that there exists a constant p which is independent of § for which

as,f = pas,.c, peC (4.44)

As a consequence, when (4.44) does not hold then the ground state wave function
is not completely localized and the ground state expectation values of the moving
terms give negative contribution to the ground state energy, since in this case the
system preserves some movement of the electrons to decrease the ground state
energy, while the momentum distribution function is continuous. Therefore the
system is in a non-Fermi liquid normal state. (There is no any symmetry breaking
to lead this situation.)

The localized case, in which the electrons are immovable, do not describe a liquid
state of the electrons, instead it represents a Mott-insulator. The expectation values
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(4.35,4.34) remain valid, but due to the validity of (4.44) which implies o, F=pag,
these expectation values become simpler:

2+ p? _ 1+20p? < TR >_ p
Nie ™ 1+ |p|27 ng e = 1+ |p|2 ) ;fﬁyack,a T 14 |p|2’
<TC> =0, (Tf> =0, <V> =0,

-~ (Vo +pVg)Na 1+2p> - p?
VWy=——F"——— (Ef)=E¢N, , (U N ~.
( 0) 1+p2 < f) fAVA 1+|p|2 < > A1+|p|2
(4.45)

This is the situation in N = 3N and Qg . # 0 case. However, the above
distinction between the localized and non-localized situation is maintainable for
arbitrary cases. The observation that the operator Gt can be re-written in the
form (4.43) makes us possible to generalize our localized solution to det g = 0 case,
when there exists k for which the gap Ay between the flat and the other band of

the effective Hamiltonian I:IEﬁ is zero. Further discussion of this gapless case is
presented in Section 4.6.

4.5.3 Magnetic properties

As we have seen in Section 4.4 the effective Hamiltonian has a flat band. Flat
band models are often used to explain ferromagnetism. [101] This fact, inter alia,
motivate us to examine the magnetic properties of the ground states from equation
(4.14). The important features of the above mentioned models, that the single
electron ground state of the noninteracting Hamiltonian is very degenerated. The
wave functions of these single electron ground states — however they have a small
support, i.e, they vanish except on a small subset of the lattice containing few
sites — overlap, therefore in general two electrons being in different single electron
ground states can have interaction energy. The mechanism leading to ferromagnetic
ground state is the following: switching on the repulsive on-site interaction the
much degeneracy splits, and only those states remain ground states for which the
interaction energy is minimal, in the most cases especially zero. Actually this is
only the fully saturated ferromagnetic state in which the on-site interaction does
not have effect on electrons because two electron can not be in the same site due
to the Pauli principle.

The similarity between the above sketched situation and our case is that treating
ﬁeﬁ as the Hamiltonian of a non-interacting system we get a flat band. Though
the lower band has normal dispersion, thus the single electron ground state is not
very degenerated, putting more than 2N, electrons into the system the lower band
becomes fulfilled due to the first 2.V, electrons, and considering the remaining ones
we can say that their single electron ground states are degenerated. Furthermore,
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the inverse Fourier transforms of the operators AEC;E , , Create from the vacuum

9 )0-
such one particle eigenstates of ﬁeﬁ, of which wave functions are nonvanishing only
in a small part of the lattice, namely on a plaquette.

However, the ground states from equation (4.14) show a typical paramagnetic
behaviour, because our model essentially differs from the models of flat-band fer-
romagnetism. On the one hand, with the operator I:IEﬁ we have taken into account
the interaction in some sort. The original non-interacting Hamiltonian Hy has
no flat band, it describes a usual non-interacting Fermi system, which has a non-
degenerated singlet ground state. Only the presence of the interaction leads to the
degeneracy. Switching on U, when its value reaches the special value for which our
solution is valid, i.e., for which the first equation of the last row of (4.15) becomes
valid, then the one-particle eigenstates of .Heﬁ become degenerated: every state in
the upper band with arbitrary k and o has the same energy. Nevertheless, it does
not mean that in the ground states of the interacting system the electrons can be
situated arbitrary in the upper band of erﬁ, because the ground states have to be
in the kernel of P'. The UP’ term of the interacting Hamiltonian splits the very
degenerated ground states of erﬁ. At first sight this is similar to the situation of
the flat-band ferromagnetism, where U splits the large ground state degeneracy of
the non-interacting Hamiltonian. But in our case the flat-band feature of ﬁeﬁ and
the switching on of U P’ can not be distinguished; both are consequences of the
interaction. On the other hand, the requirement that the ground state has to be
in the kernel of P’ leads to the presence of F}} in the equation (4.14). This oper-
ator creates homogeneous particle distribution: one electron into every site, with
arbitrary spin. In other words, this requirement determines the distribution of the
particles, but not their spin states. In other point of view we can say that the lower
band of ﬁeﬁ is completely filled, therefore effectively the operator FJ creates Np
electrons only in the upper band, and the distribution of these electrons in that flat
band is uniquely determined by the fact that — taking into account also the 2V
electrons in the lower band — there have not to be empty sites in the f-level. But
the spin states each of these N electron in the flat band are completely arbitrary.
It remains true for the other N — 3N, electrons created by Zl, but their states
are completely arbitrary, not only the spin state. They can occupy arbitrary state
which the previous 3N, electrons leaved empty. Clearly, such states there are only
in the upper band.

So, while the electrons of the lower band are in singlet state, because this band
is completely filled, the spin states of the electrons in the upper band are arbitrary.
This is a typical paramagnetic behaviour, which usually occurs at high temperature.
Every microscopic state has equal probability, the total spin is determined by the
fact that which macroscopic spin state can be realized by most microscopic states,
i.e., which has the greatest statistical weight. This is the state with minimal spin,
which suppresses all the others in thermodynamic limit, and the expectation value
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of the total spin normalized with the number of particles (or with the number of
sjtes) becomes zero. In other words the quantum mechanical expectation value of
S? is not uniform in the ground-state subspace $ N,0, but in thermodynamic limit

we have (1/N)y/(52)o = 0.
Now we show it explicitly in the N = 3N, and aj . # 0 case. We can see

that the state vectors from equation (4.13) are eigenvectors of S%, the eigenvalue
is determined by o. It is due to the fact that Gt creates singlet pairs in every
plaquette, so it creates as many up electrons as down ones. Therefore supposing
that the number of indices i for which o3 =71 is Ny, and the number of indices
i for which o3 =/ is N}, (Ny + Ny = Np,) then S*|too) = 2(Ny — N))[o,0)-
Therefore there are Np!/(N4IN,!) states among the states from equation (4.13)
with a given S%. These are linearly independent (see Appendix A), so they form a
basis in H3n, 0(S?), of which dimension is therefore Nx!/(N+!N,!). (Here 5 o(S?)
denotes the intersection of the ground sate subspace ) and the eigensubspace of
the operator S% described by the eigenvalue S?#.) Substituting the previous result
into the formula

. 1 ‘ R
5% = - ) 65? Tr 1 4.46
(570 Tr 1 Z 9any,0(S=S) ( )
$3N,,0 s

which can be get by comparing equations (5.9, 5.10) from Chapter 5 and the formula
(4.37) for the the zero temperature limit of the expectation value (.)7 we conclude
that

A 1 .
Sy = —nv-—— 652 dim $ S*=S
(570 dlmﬁaNA,o; 30 )
1 Na\2 [Ny 1 Na_n 3
= — 6( Ny — — = 6—272 = —Nj. (447
5N ZNA (T 2) (NT> 2Nx 8 ral
Ny

In the above formulas ) ¢ means summation over the all possible total spin values
from Spin =0 or 1/2 to Spee = N/2.

In general case, when the ground state is not a single non-degenerated state,
or T' # 0, we define the expectation value of the total spin S by the implicit
equation (S$2) = S(S + 1). This is the natural generalization of the quantum
mechanical definition for eigenvalues of S2. From the above result we can see that
the expectation value of the total spin normalized with the number of particles is
S ~ 1/+/Ny, which goes to zero in thermodynamic limit.

In the above case the reason of the paramagnetic behaviour is that the spin
states of every electron in the upper band of erﬁ are arbitrary, thus the total spin
of the system is also arbitrary between S,,;;, =0 or 1/2 and S,,4. = Na/2, more-
over Sy, has the greatest statistical weight. The situation becomes technically
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complicated when N > 3N, or 3k - ap . = 0. In these cases some electrons of
the upper band form singlet pairs, so S;,q. becomes less. But it remains true that
below S),q: all possible spin value occur among the ground states, and S,,;, has

the greatest statistical weight. As a consequence, the system is paramagnetic.

4.6 The gapless case

As we proved in Section 4.3 the condition (c) formulated in Section 4.2 can be
satisfied when det g # 0. In this case the subspace of the ground states is generated
by the vectors (4.14). The norm of these vectors are proportional with [] Aj (see
equation (4.31)) therefore when detg = []z Az = O then all these are the zero
vector which does not describe physical state, and the satisfaction of condition
(c) is not substantiated. Therefore up to this point only the detg # 0 case was
discussed, when the gap A between the flat and the other band of erﬁ is nonzero.
However, we can realize that under the circumstances when our solution de-
scribes localized state we can generalize the state vectors (4.13) for the gapless
case. It is based on the the observation that in the mentioned case the formula
(4.43) remains valid for GT. Nevertheless the right hand side of that formula goes
to zero as the gap goes to zero, but it is due to the scalar prefactor while the
operator remains unchanged. Neglecting this prefactor and redefining Gt as

Gt = H JIT H cih, when detg =0 and dpe C:as,f =pas. (4.48)
i i

the definition (4.13) gives non-zero vectors which are in H)3x, o = ker PNker P'. Tt
can be easily seen rewriting the operator P in terms of d; , based on the equation
(4.42), and using that d] _di =0.

i,oci,0

Actually the above means that in the localized case the ground state vectors
valid in A # 0 case survive the A — 0 limit, therefore every feature of these states
remains valid, including the expectation values (4.45). The only difference is that
the proof presented in Section 4.3 which prove that the states (4.13) generate the

whole ground state subspace is does not survive.

4.7 Discussion

We have presented an exactly solvable case of a two band model of fermions in
two dimensions. It is interesting in itself, regarding the absence of exact results
even in one dimension, moreover our solution has some peculiar features. First of
all, the momentum distribution functions ng, are continuous together with their
derivatives of any order. As a consequence, Fermi momentum — and so Fermi
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surface — can not be defined, nevertheless the Fermi energy is well defined. This
is not valid for a usual Fermi liquid.

In case of n = 3/4 filling we found two kinds of solution. In the first case the
electrons are immovable, each particle is localized to a site. The many-particle state
vector is a product of uncorrelated localized three-particle states. The expectation
values of every individual non-on-site term of the Hamiltonian are zero. Therefore
this solution represents a Mott insulator phase. In spite of this, in the second case
the many-particle state can not be built up from localized few-electron states; the
Hamiltonian terms which are related to the moving of the electrons are strictly
negative, i.e. the system preserves some electron motion to decrease the ground
state energy. In this case the system is in a metal-like state. Take into account that
the momentum distribution function is continuous, we can state that the system is
in a non-Fermi liquid normal phase.

In our case the absence of the Fermi momentum is due to a flat-band feature
in the following sense. Consider a model Hamiltonian H for which our solution
is valid, i.e. U > 0 and the equations (4.15) have solution for as;. The non-
interacting Hamiltonian Hy defined by equation (4.1) describes a usual Fermi gas,
but the formally non-interacting Hamiltonian H,y = Ho 4+ UN; describes a two
band system of which upper band is completely flat. The Fig.(4.1) shows the
relation of the Hamiltonians H, Hy and Heﬁ in the (U, Ey) plane of the parameter
space.

Starting from the parameter point of Hy and increasing the value of E; through
usual non-interacting Fermi systems we reach a special and somehow pathological
parameter point of .Heﬁ. In spite of the usual non-interacting Fermi systems the
ground state of H,y is highly degenerated (when n > 2) due to the flat upper
band. In ground states the lower band is completely filled, but the remaining
N — 2N, electrons can be situated in ( NZ_A;‘]‘VA) different manner, because every
momentum state with arbitrary spin has the same energy in the upper band. When
the interaction is switching on and the model is modified along the solid line this
degeneracy is splitting. The degeneracy becomes less, the ground states of the
interacting system represent a negligible fraction of the ground state subspace of
.Heﬁ, at least when 3 < n. It is a qualitative changing. If we want to describe it by
perturbation theory, we should use the technique valid in degenerated case. In our
case it leads to a diagonalization of a matrix, which is as large as the degeneracy of
the non-interacting ground state, and it is practically impossible. However, in the
n > 3 case, — and this is the non-trivial feature of this model which makes possible

the exact solution — there are 24N =N ( iVBANA) common ground state eigenvectors

of P and P’. These are the ground states of the interacting system. As we have
written in Section 2.4 the non-interacting term of the Hamiltonian and the operator
of the interaction do not commute with each other, therefore to find the spectrum
and even the ground state of their sum is a highly nontrivial problem. In the
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f[o/ Ey

Figure 4.1: The (U, Ey) plane of the phase diagram. Our solution is valid on
the half-line which starts from the U = 0, By = Y s(|as,c|* — |as,f|?) point (this
point is not contained by the half-line, yet) and crosses the U axis at the U =
Y s(las,c|? — |as,f|?) point. The other parameters satisfy the requirement that the
equations (4.15) have to be solvable.

special case presented in this Chapter, however, detaching a one-particle operator
from the interaction and attaching it to the non-interacting term we get two terms
of which have common ground states. Nevertheless the whole spectrum of the sum
of these terms is complicated, the ground states can be given due to the flat band
feature of the modified non-interacting term ﬁeﬁ.

The question may occur to somebody that what is the physical importance of
a solution which is valid in a pathological point in the parameter space. There-
fore important to emphasize the followings. First of all, this solution is valid in
a wide range of the parameter space from small to large Hubbard U. Certainly
there is a restriction among the parameters, but what remains is a hyper-surface
in the parameter space, and not only a point at all. Furthermore, the non-Fermi
liquid behaviour is always something special. The circumstances under which a
system shows non-Fermi liquid features are well-determined. Changing the chem-
ical compound or the pressure a little, the system returns to the normal Fermi
liquid behaviour. As often said, the non-Fermi liquid behaviour is not “robust”.



Chapter 5

Infinitely repulsive Hubbard
model near half filling

The physics of holes moving in a background build up from a great number of
electrons have received much attention in the last decade given by the connec-
tion of the problem with main questions arising from the study of strongly cor-
related systems [102]. Developments in several fields emphasize this aspect: the
behaviour of holes in antiferromagnetic background [103], metal-insulator tran-
sition [104], doping effects [105], ferromagnetism [85], high-T. superconductiv-
ity [106], colossal magnetoresistance [107], spiral states [108], generalized statis-
tics [109, 110], pairing mechanism and bound states [38] and polaronic effects [111]
are the main examples to be mentioned. From theoretical side the Hubbard-
type models are especially involved in the theoretical description starting from
the one-hole problem discussed by Nagaoka [32, 33], which has been continued
with two-holes studies [30, 36, 37], and many-hole analysis in various configura-
tions and circumstances [112, 31, 113, 39]. Despite the huge intellectual effort
spent in the field, exact results related to the above mentioned problem are ex-
tremely rare [112] and concern mainly non-thermodynamic situations. However,
in the above enumerated concrete applications mostly thermodynamic description
is needed mainly in strong-coupling limit. These situations have been treated in
the literature on the basis of various approximations (acceptable in restricted con-
ditions) such as complete separation of charge and spin degrees of freedom [37],
extended Gutzwiller wave functions [114], canonical transformations [115], gener-
alization of one-dimensional results to higher dimensions [31], restriction related to
the number of holes [113], unrestricted Hartree-Fock methods [105] or numerical
procedures such as exact diagonalization of small clusters [116] and diagonalization

39
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within a retained portion of the Hilbert space [106]. There have also been studies
on specific problems such as ferromagnetism [117].

Against the background of the above mentioned large spectrum of description
attempts, we are presenting an interesting aspect of the hole-motion in the simple
one-band Hubbard model in the limit of an infinitely large on-site repulsion U.
For this reason first of all we have deduced and presented an exact and explicit
Schrédinger equation for an arbitrary number of holes in the analyzed model. This
equation clearly emphasizes the role played by the charge and spin degrees of
freedom during the movement of the holes in the U = oo Hubbard model, being
mathematically based on the representations of the symmetric group of degree IV,
where IV represents the number of electrons within the system. The advantages
of the description presented are emphasized by the observations that firstly, the
emerging matrix elements can be found (or deduced in case of larger systems) from
standard textbooks of the group theory and, secondly, the analysis reduced the
concrete equation to be solved in subspaces fixed by a given but arbitrary total
system spin S of the initial large Hilbert space, allowing comfortable numerical
applications.

Our results clearly demonstrate that in the infinitely repulsive Hubbard model
the movement of holes is intimately influenced by the spin-background of the elec-
trons. As a consequence, in describing this process in the general case, the charge
and spin degrees of freedom cannot be entirely separated. Within the frame of
the presented formalism the Nagaoka mechanism of ferromagnetism becomes clear,
and the reason why it cannot survive the generalization for more than one hole.

After this step we next study the 7' # 0 properties of the system by showing
how the presented formalism helps us to deduce of the partition function Z and
some physical quantities based on a loop summation (i.e. path integral on lattice)
technique. Resembling technique was used in Refs. [118, 119]. The presented
formulae have the advantage that the trace over the spin degrees of freedom has
been taken exactly into account in terms of the characters of the representations of
the symmetric group (again accessible from standard text-books on group theory).
The emerging coefficients in our formulae can be reduced to coefficients obtainable
from numerical methods. The procedure is described in detail which is able even
to increase the efficiency of the usual Monte Carlo simulation methods.

In Ref. [119] the author have analyzed the magnetic behaviour of the system in
thermodynamic limit. However, his result is valid in thermodynamic limit, only in
the case Nj /Ny — 0 where N}, denotes the number of holes, and not for finite hole
concentration and 7' — 0. With the purpose of enhancing the study of magnetic
properties in the presence of a small hole concentration even at arbitrary finite
temperatures, in this Chapter we investigate the behaviour of a small system with
finite hole concentration, using Monte Carlo method at 7' # 0. The studied system
is a 10 x 10 lattice with periodic boundary conditions containing two holes. The
results show an increase of the magnetisation with the decrease of the temperature.
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5.1 Representation of the Hilbert space and the
Hamiltonian

Our Hamiltonian describes the one-band Hubbard model containing only nearest-
neighbour hopping in U = oo limit:

Hy =Y tHY =>"tP> (] 45, + ¢ ,é10)P, (5.1)
(i.3) (i) o

where t is hopping matrix element for nearest neighbour sites. The double occu-
pancy is projected out by P = > (1 —=n4474,,). We denote the number of electrons
by N, so the number of holes becomes N, = Ny — N. Furthermore, we need
permutations, therefore we fix some notations about them in Appendix B. Here we
notice only that the group of permutations of A is denoted by Sy, and the group of
permutations of the set {1,...,IN} is denoted shortly by Sn instead of Sgy . nj-
In this Chapter $ denotes the subspace of the Hilbert space of N electrons with
no doubly occupied site. The subspace of $ which is also eigensubspace of the
operator S* with eigenvalue S* is denoted by $Hx(S?), finally, when the total spin
S is also a good quantum number, the subspace is denoted by $Hn(S?,S).

5.1.1 The Hilbert space of the studied system

In our model the electrons can live only on lattice sites in two orthogonal states:
spin up and down. Because of the kinetic energy term, an electron hops from one
site to an other (while its spin state remains unchanged), changing, however, the
locations of the empty and occupied sites. Hereafter, we call the fix positions of
the occupied sites the charge configuration, which does not give an account the
electronic spin states, only their places. We denote the set of occupied sites, which
describes a particular charge configuration, by A., where A, C A and |A.| = N.
Iterating the action of the hopping term on a state several times, hopping around
the lattice electrons produce different charge configurations; in particular they can
produce the original configuration again. However, the spin up and spin down
electrons are commingled; therefore the spin configuration can be different from
that in the original state. We mean, that a spin configuration is described by the
fact that which sites are occupied by spin up and which by spin down electrons.
The spin configuration can be described by {o;}. The state vectors

(A, {oi})) = [] &, 10) (5.2)
ieA.

form a basis in Hy.
We would like to treat separately the spin and charge degrees of freedom, and
to formulate it in our notations. However, above we denote the spin configuration
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by {03}, where the domain of the index i — which is A, — depends on the charge
configuration. To avoid this technical difficulty we introduce a bijective function
R : A — A which rearrange the label of sites in the following manner. By definition,
the image of the set A, by the map R is {1,...,N}, and this map preserves the
order.! The image of A\A, (i.e. the indices of holes) is certainly {N +1,..., N, }.
Here the order is not important. Instead of A., hereafter we describe the charge
configuration by R which is the collection (i.e. a set) of the possible functions
R for a given A., differ from each other in the order of the indices of holes. The
composmon of R with a function P defined as PR := {PR : R € R} and similarly
={R~!': ReR} Inthe followings when we refer to R(@) (i € A.) we treat
7~2 through a representative R, that is R(i) := R(i), R € R. For i € A, it is well-
defined, therefore none of our results depend on the choice of that representative.
Fixing a charge configuration, the spin configuration can be described by an
ordered set of the up- and down-spin states: (o;)N ,, where o; € {1,!} indicates
the spin state of the electron situated in the i-th occupied lattice site, which was
labelled by R~ (i) originally. (Here we notice again, that R~ (i) is well-defined for
i < N). In this way, fixing the third component of the total spin S#, every spin con-
figuration can be obtained by a permutation from the following basic arrangement:
(EN, =1 b d ), where 09(1) =t ifi=1,. , N4 and (i) =}
if i=Ny+1,...,N. Here we use the notation Ny = N/2 + SZ. After it a spin
configuration (o3)N; can be described by a permutation P € Sy which rearranges
the basic arrangement (¢°(i))Y ; in such a way that 0°(P(i)) = ;. We emphasize
that here i denotes the i-th occupied site. This means that, in a state described by
a charge configuration R and a spin configuration P, the electron situated in the
site labelled originally by i is in the spin state o®(PR(i)). More precisely, there is
no one-to-one correspondence between the spin configurations and permutations,
not even if we fix the value of S*. A permutation uniquely determines a spin
configuration, but the reverse is not true. Let Q € SN be a permutation which
rearranges the elements of the subset (6°)~'(1) = {1,...,N,}, and rearranges the
elements of (¢°)7!(}) = {N4 +1,...,N} but does not interchange the elements
of these two subsets. It is clear that for arbitrary permutation P, P and QP de-
scribe the same spin configuration, because ¢°(P(i)) = o?(QP(i)) for all i < N.
Mathematically this means the following. The above defined permutations Q form
a subgroup Kg- C SN, and a right coset Pg: := {QP : Q € Kg-} is in one-to-one
correspondence with a spin configuration. Furthermore, we have the possibility to
define 0°(Ps- (i)) := 0°(P(i)), where P € Ps- is arbitrary. Therefore we can label
the basis vectors from equation (5.2) by R and Pg- as follows:

N
5 o)y - T et
|¢(R,Psz)>—i_ch 0).00(Pae ()0 (5.3)

'Remember that A is an ordered set. (About this convention and the notations by boldface
numbers see pg. 8.)
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We mention that the sign of the right hand side is fixed by the order of the
fermionic creation operators, which is determined by the fact that the map R
restricted to A, which is a well-defined function, preserves the order of the ordered
set A.

The above can be formulated in the following manner, too. The Hilbert space
of the studied system is isomorphic with a product of two spaces: Hn = H. @ Hs,
where §). describes the charge degrees of freedom and ) describes the spin degrees
of freedom. A basis of $). can be labelled by the different charge configurations
which were denoted by R, therefore we denote a basis vector of £, by |7~€), thus
9. is the complex Hilbert space generated by these elements as an orthonormal
basis. We mention that $. represents in fact a Hilbert space of a system of hard-
core spinless particles. We take into account the spin degrees of freedom by $);.
This space can be written as a direct sum of the spaces 94(S?), that is, $Hs; =
9s(—N/2) ® ... D H5(N/2); where H5(S7) is generated by the vectors |Ps:) as an
orthonormal basis. Here Pg- is a right coset of Sy respect to the subgroup Kg-.
The spaces $,(S*) are isomorphic with right ideals of the group algebra C[Sn] (for
more details see Appendix B). On this line the basis vectors defined by the usual
creation operators in equation (5.3) can be written as

[¥(R, Ps:)) = |R) ® |Ps:). (5.4)

Using this representation of the Hilbert space now we write down the Hamilto-
nian.

5.1.2 The Hamiltonian and Schrédinger equation

Now we study the change in a state vector from equation(5.3) during the motion
of the particles. Let the starting state be |R) ® |Ps-). When an electron hops
from site i to j, then the site i occupied earlier by an electron with spin ¢; becomes
empty, and the site j which was empty earlier becomes occupied by an electron with
spin oj, because the spin of the electron remains unchanged during the hopping.
The new charge configuration could be described by RP' because the image of the
set AL by RPM is the set {1,...,N}, and the image of A\A, is {N+1,...,N,}.
Here we denoted by Al the set of the occupied sites after the hopping. But the
map RPH does not preserve the order of the labels of occupied sites sufficiently,
therefore we need a permutation C(R;i,j) to write the new charge configuration
as R' = C(R;1,j)RPH which restricted to AL is already an order-preserving map.
The permutation C(R;1i,j) means in fact that in the expression (5.3) of the basis
vectors we rearrange the creation operators which involves a sign (—1)I¢(Ritd)I. The
permutation C(R; 1, j) is an element of S but it rearranges only the first labels from
1 to N, therefore it can be considered as an element of Sn. In the notation I want
to emphasize that this permutation depends on the starting configuration R too,
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not only on the bond (i,j) along which the electron hops, and these two facts
determine it uniquely.? Since the spin state of the electron remains unchanged
during the hopping, the electron situated after the hopping in site j = P#(i) is in
the spin state o} = 0; = 0°(Ps-R(i)) = 0°(Ps: RPU(j)). The charge configuration
after the hopping is R’ as we have written above. To recognize the final spin
state P4. we have to write the final spin state of the electron situated in site j as
oj =0’ (P5.R'(j)), while the spin states of the electrons in the other sites n, where

n € A, UA!, remains unchanged, i.e. on = 0°(Ps-R(n)) = 0°(P4.R'(n)) = o’,.

As a consequence, we have P%. = Ps:[C(R; i,j)]7", and we find that while an
electron hops from site i to j the initial state |R) ® |Pg-) changing as follows:

HY(IR) ® [Ps:)) = [R') © [P ]
= [C(R:L) RPY) @ (=1) W[ Py [C(R;1,§)] ). (5.5)

The above expression holds only if the initial vector |R) ® [Ps-) describes a state
in which i is occupied and j is empty.?

The mapping |R) — |R') is defined on the basis of $).. Linearly extended it
over the whole space we get a linear operator denoted by H ;Joo The index b refers

to the word boson’, because Hj o = 26 tflgf)o describes a hard-core spinless
boson system of N particles (or equivalently N, holes). In this context it can be
said that the holes moving as hard-core bosons influence the spin background. The
influence caused by a hopping of a hole along a bond (i, j) is described by a linear
operator which is the linear extension of the mapping |Pgs-) — |P4.) to the whole
9s(S7). It is actually a linear representation of the symmetric group Sn on $,(S%)
(see Appendix B) hereafter is denoted by T° . Finally we write the action of the
Hamiltonian (5.1) on the basis vector (5.4) as

Heo(|R) ©|Ps:)) = Dt Hyl [R) © T [C(R;1,§)|Ps: (5.6)
<i7j>
First of all we offer some remarks. We emphasize that the Hamiltonian pre-

sented in equation (5.1) cannot be written in the product form H,, # H.®H, and
the action of the Hamiltonian on $,(S#) depends on the charge configuration |R).

2 Supposing that i is the site from where the electron hops to site j, in fact C(’/é;i,j) is the
cyclic permutation CR(i)Q'R(j’), where, in j > icase j’ is the least index among the indices greater
than j for which 72~(j’) < N and, in j < i case, j’ is the greatest index among the indices smaller
than j for which R(j’) < N. In other words, j' labels the occupied lattice site whose index is
closest to j among the indices situated between i and j. By definition, the cyclic permutation
Ck&=D takes m to m 4 sgn(k — 1) if m is in the open interval ]k, 1], takes k to 1, and leaves m
unchanged if m is out of the closed interval [k, 1].

3When j is occupied and i is empty the equation (5.5) remains true with C(R;i,j) =
CRG—=RE) . For the meaning of the notation i’ see footnote 2.
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In fact we have Hid = Hb @ HiJ(R), therefore the eigenstates of H in general case
cannot be written in the form |¢.) ® |ps). As a consequence, there is no a priori
charge spin separation taken into account at the level of the description. However,
contrary to the Hamiltonian, the action of total spin operators does not depend on
|R), i.e. they act on $. as the identity operator. This is why the decomposition
of the Hilbert space into sectors characterized by a fixed total spin S can be done
within the space of the spin degrees of freedom: ), = ©s: (B H,(S7,5)). With
this notation we have H (5%, S) = H. ® H5(5%,.9).

The subspaces $5(S%,S) of the space $;(S%) are invariant subspaces of the
representation TS . The restriction of this representation to that subspaces is
denoted by Tg, which do not depend on S*. Therefore the action of the Hamiltonian
on 95(S5*,5) can be described by Ts. It is the reflection of that simple fact that
the Hamiltonian simultaneously commutes with the spin operators 52 and S7.
Let us denote by (Ts[P])nm the matrix elements of the operator Tg[P] in an
orthogonal and normalized basis of (5%, S) with arbitrary S#, and by (H ;JOO =

LA~ ~ ~ . Na
(Ri|HyL IR:) where Ry, Ry € {| RZ>}1(:I\£) are the above defined basis vectors in
9. indexed by integers. Now the Schrodinger equation becomes

Z QUm Z t(H;f)o)kl(Ts[C(ﬁl; i,))nm = Eagp. (5.7)

l,m (i.J)

Equation (5.7) gives the energy eigenvalues E connected to the eigenstates with
given total spin S.

Equation (5.7) shows explicitly the role played by the total spin S in the
Schrodinger equation. For example in the case when S = S,,,4., the representation
Ts,... is the alternating representation. In this case the dimension of H5(S%, Snaz)
is 1, and the matrix representing every even permutation is 1 and every odd permu-
tation is —1. For this reason, hard-core fermions with maximal spin do not differ
from spinless fermions (see also Ref. [109, 110]). The on-site interaction has no
effect on spinless fermions, therefore there is no difference between the behaviour
of hard-core and free particles in this case.

Another simple example is the one-dimensional case with open boundary condi-
tions. Numbering the sites of the chain in order one after another, the form of every
nearest neighbour pair is simply (i,i+ 1) in this case, and we have C(?NQ; Li+1) =
1 € SN whose matrix is the unity matrix for arbitrary representation. Therefore
there is no difference between the behaviour of hard-core bosons and fermions; so
the energy spectrum is independent of the spin and the statistics of the particles,
only every energy eigenvalue is (25 + 1)V-fold degenerate, S being the spin of the
particles. We notice here also that in case of closed chain the occurring additional
possibility that a particle can hop from site 1 to N (or vice versa) involves the
permutation C(R;1,N,) = CN=1 (or C*7N) which is odd when N is even and
even when N is odd. Therefore using periodic boundary condition in the case when
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N is odd, or antiperiodic boundary condition when N is even, the sign from the
fermionic feature of the particles are compensated by the boundary condition, and
thus the statistics does not play any role. The fermions behave as bosons in a ring
(with periodic boundary condition).

If D > 1 and S* # S, then the action of the Hamiltonian on the spin
background is highly non-trivial and influences the mobility and interaction of holes.
This type of situation was analyzed by a numerical technique by Trugman [106].
He showed that, on a Néel-type antiferromagnetic background, one hole is mobile
but two holes are less mobile than was previously considered. In the language
presented here this is due in fact to the permutation possibilities of spin positions
with mobile hole positions. Trugman’s results emphasized as well that the action
of the Hamiltonian is clearly seen also on the spin background, which cannot be
treated entirely separated from the movement of the holes within the system.

We note that the Schrodinger equation (5.7) essentially differs from Kuzmin’s
equation [37] for the purpose to solve the two-hole problem on singlet background.
In the mentioned reference the Schrodinger equation has been solved supposing
implicitly that the Hamiltonian has no action on the spin degrees of freedom, i.e.
spin background. This explains why Kuzmin obtains the result that on bipartite
lattices the Nagaoka state (the fully polarized ferromagnetic state) is degenerated
with the singlet state even in the one-hole case, in contradiction to Nagaoka’s origi-
nal result [32]. In the one-hole case the spectrum given by Kuzmin is really related
to a hard-core spinless boson system spectrum, instead of the singlet spectrum of
an electron system as Kuzmin said. This spectrum is equivalent to the spectrum
of a spinless fermion system. The latter is equivalent to the S,,4, spectrum of our
original electron system as presented above. The first equivalence is due to the fact
that — in case of bipartite lattice — for hard-core spinless particles (both bosons
and fermions), the N-hole problem is equivalent to the N-particle problem, and
in the one-particle case the statistics is unimportant. For more than one hole, it
is not the same whether we deal with bosons or fermions even for the hard-core
interaction. The ground-state energy of the bosons is always smaller [110]. In order
to exemplify the above, we mention that the equality presented by Kuzmin, namely

0=>" # (5.8)
k

€r+ep_k)

gives the spectrum of a spinless hard-core boson system consisting of two particles
(or equivalently two holes). Here €, is the one-particle dispersion relation and P is
the total momentum of the system. For the ground-state energy of the simplest non-
trivial two-dimensional case, the 2 x 3 lattice with periodic boundary conditions,
for t < 0 equation (5.8) gives Ey = —6.6468|t| while from equation (5.7) one finds
Ey = —6]t| which is connected to the S = S;;4, = 2 value of the total spin, and
E5=0 = —5.0212|¢| is the lowest energy value on singlet background. Furthermore
we note that in the two-particle case the spectrum of the hard-core spinless boson
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system is identical with the spin 1/2 fermion system’s singlet spectrum, therefore it
can be computed using equation (5.8). However, as presented here, in the S # Syqz
case the behaviour of the system described by equation (5.1) cannot be described
by hard-core particles and independent spin degrees of freedom. This is the reason
why the N-particle and the N-hole problems are not generally equivalent, and the
behaviour of a few holes is more complicated than the behaviour of a few particles.

5.2 Thermodynamic quantities

An asset of the representation presented in equation (5.6) is that the trace of (H,)"
over the spin degrees of freedom can be computed with this relation exactly. This
allows us to calculate the expectation values at T' # 0 of different thermodynamic
quantities. The procedure is presented as follows.

If we are interested in the magnetic properties of the model (5.1), we may
express for example the expectation value of the square of the total spin. We have

S
. 1 ny _H 1 A
2y . © 2,32 ) = = _Hoo
(8% = S Tr ($% 9 ) = 23" S(S+1) Y o e
S Sz=-8
N
LS e ot (5.9)
zZ o Hn(S7) ’
§r=—X
where the partition function is given by
el
Z=Te % = Y T e i, (5.10)
gon ON(5)
- 2

In equation (5.9) we used the fact that Tlrg)N(Sz7S)ca_%ro does not depend on S?
due to the SU(2) symmetry. The underscript of Tr means that the trace should be
taken only over the indicated subspace.

For finite lattices the Tr operation means a finite sum which can be interchanged
with the sum arising from the series expansion of the exponential function. This
trace can be computed in the basis defined by equation (5.3) starting from equations
(5.6). We have

Tr e_%—il<_—t>lx
o (5%) T \RT
YN S S S RIAM R (R B R) %

‘7551> |7§,> |7§,1> ‘7%1,1> <i17j1> <il7jl>
(Ps= T [C(Ri_1;11,d1)] - .. TS [C(Ru; in, j2) T [C(R; i1, 51)] | Ps=). (5.11)
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Hereafter let us denote by v a sequence of charge configurations R, ie., v =
(v(0),v(1),...,v(l = 1),~()) = (R,R1,...,Ri—1,R), for which () = v(0) and
Hézl(fy(i)|ﬁb,oo|7(i — 1)) # 0. We call [ the length of v. The set of all the v
of length I of which starting (and so also the end) point is R will be denoted by
Qg (1)

In the case when > (i) (R' |H J |R) # 0 there is precisely one nearest-neighbour

pair (i,j) for which (R’ |HbJOO|R> # 0. Therefore the loop v uniquely determines
a sequence of pairs of nearest-neighbour indices (i1, j1),..., (i;,j;) which gives the
only one non-zero contribution of the sums 3 532, 5,y in equation (5.11).
Denoting the product of permutations C (ﬁ, i,j) obtained from this non-zero term
by Py, ie. Py =C(Ri-1;i,31) - .- C(Ru; iz, j2)C(R;i1,j1), we have

o0 1 )
e’ Zl—(k—T) > X X PsTTPPs)

R YEQz () |Ps=)

‘Zu (m) S Y« (512)

R YEQz ()

where x° is the character of the representation Tg:.

By definition, P, is the permutation for which Pwﬁpi“jl ... Pd = R. This
is due to the fact that the starting charge configuration, (i.e. the right hand side)
and the final charge configuration (i.e. the left hand side) are the same, because
the loop is closed. It implies that P, = RPUt ... PiLitR=1 which means that P,
and Pidt  Pitdi gre in the same conjugate class C. Every character is constant
on an arbitrary conjugate class. Therefore the sum over Q5 (/) in equation (5.12)
has N, 7(5) (1) identical members, where N, 7(5) (1) represents the number of the loops
of length [ and of starting point R for which P+t ., Pivit ¢ C or, which is the
same, P, € C. Now we insert the results (B.7, B.8) related to the sum of the
characters x°~ and the equation (5.12) into equations (5.9, 5.10) and we obtain the
following expressions for the expectation value of the square of the total spin and
the partition function:

) l
&2y _ %le <k__1t“> Z ZN;QC)(Z) (=1)lcl (2Z§ilci) (lec> (5.13)
=0

R CCSn

4Let consider now the lattice A consisting of every different hole configuration R. We consider
two lattice points R and R’ nearest neighbours if they differ by only one hole position, and these
different hole positions are nearest neighbours in the original lattice A. The lattice that we obtain
in this way is a part of the DNy -dimensional hypercubic lattice, and + is a sequence of nearest-
neighbour lattice points in A;. For this reason, we call v a ‘loop’. In the N, = 1 case 7 is a loop
in the original lattice A.
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and
o0

z7=%"1 <_—t>lz 3 N @) (-1)l (QEfilci). (5.14)
N\RT) & 2o 7R

=0

In the above expressions |C| is the parity of permutations from the conjugate class
C and (C1,C5,...,Cy) describes their cycle structure, i.e. these permutations
contain C}; cycles of length .

From the partition function Z given in equation (5.14) we can compute the free

energy F' = —T'In Z and the specific heat ¢ = T%.

From equation (5.13) we correctly obtain paramagnetic behaviour at high tem-
peratures in thermodynamic limit. The first (i.e. { = 0) term of the I-sum becomes

dominant if T' increases; and N;ic) (0) = 1if C = {1}, otherwise N;éc) (0) = 0.
Therefore in high-temperature limit we have (S2) = 3N/4, so the value of the total
spin per particle is proportional to 1/ V/N.

Concerning the technical aspects in using equation (5.14) or equation (5.13) in
concrete applications we mention that, in order to deduce the coefficients V. 7(5) 0,

one should carry out the following procedure. We need to deduce a concrete ) ;g
contribution at a fixed [ value. For this:

1. Start from a fixed hole configuration R, and denote with different numbers
every site occupied by electrons.

2. A single step for a given hole means that we have to interchange the given
hole with a nearest-neighbour number.

3. Take [ steps with the holes in such a way, that finally get back the original
hole configuration (this is a loop of length ). In this process an arbitrary hole
can be moved in every step, the order of the steps being relevant. However,
by interchanging holes between them, we do not obtain new loops.

4. Determine the cycle structure of the permutation of the numbers for the
obtained loop (i.e. obtain the numbers C;). As a result of this analysis, we
have found one loop of length [ and a given cycle structure (Cy,Cs,...,Cn).

5. Go back to step 3. and find a different loop of the same length [ based on
the same starting hole configuration R. After this, we have another loop of
length [, and another cycle structure.

6. If you have taken into account every possible different loop starting from
the hole configuration R, the quantity N;ic) (1) have the meaning of how

many times this concrete C' conjugate class (i.e. cycle structure) has been
obtained in the procedure presented above. (A conjugate class C' is uniquely
determined by the common cycle structure of the permutations of that class.)
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7. All this being done, the summation ) -4 at a fixed [ and R means in fact
a summation over all possible cycle structures. For a concrete cycle structure
we may express » . C; and ). ,i*C;. The number |C| gives the parity of
all permutations which give the same cycle structure C' (as mentioned in
Appendix B, all different permutations with the same cycle structure have
the same parity).

Using this procedure up to a finite [, with a computer, a high temperature
expansion can be obtained. A partition function, free energy, specific heat or a
spin-square T # 0 expectation value can be deduced for a system with arbitrary
number of holes. Evidently, the calculation time increases with the size of the
system, with the number of holes and the order of the expansion.

5.3 The Nagaoka state

In order to analyze the temperature dependence of (S2?) we need the values of

N;ic)(l) as functions of . Comparing equation (5.14) with the formula for the
partition function Z derived in first quantized formalism we obtain

[e's] —t\! C
Sl n (@) Ny o)
T—0 67’5"0 T N!

(5.15)

for arbitrary conjugate class C' which can occur in equations (5.13, 5.14), where Ey
is the ground-state energy of the N-particle hard-core boson system.

Knowledge of the asymptotic behaviour given by equation (5.15) is enough to
analyze the T' dependence of the Nagaoka ferromagnetism (i.e. Np = 1 case). In
this situation, {2 (I) contains the loops of length [ of the lattice A. For one hole, Ris
uniquely determined by the position of the hole. The positions of the hole described
by 7(0) at the starting point of the loop and () = P,y (0)Pldt ... Pitdt at the end
point of the loop are the same. In the cases when Nagaoka’s theorem holds, namely
for square, sc, bec, fec and hep lattices, it can be seen that the parity |P,| = (—1)!
is always even when we use open boundary conditions, because there is no loop with
odd length in these cases. This means that the dynamic evolution controlled by the
Hamiltonian (5.1) is not able to permute the particles by odd permutations, given
by the presence of the hard-core potential acting between them. As a consequence,
the fermionic character of the particles has absolutely no effect in this case. This is
fully consistent with our previous statement (presented before equation (5.8) ) that
the S = S)4e spectrum of our original fermion system is equivalent to the spectrum
of a hard-core spinless boson system. Moreover, if bosons ‘existed’ with half spin,
then there would be no differences between the system consisting of these particles
with a hard-core potential on a square lattice and our original fermionic system
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in the one-hole case, because the permutations C(Ry;1,j) occur in the Schrédinger
equation (5.7) are always even, and in this case there is no difference between the
Schrodinger equations connected to particles with bosonic and fermionic statistics
if their spin is the same. As we mentioned above, the ground-state wave function
of a boson system is always symmetric; therefore the spin wave function is also
symmetric, i.e. the ground state is ferromagnetic. This is an interesting explanation
of Nagaoka’s theorem. Our formalism certainly gives back this result. It is obtained
by taking the 7" — 0 limit in equation (5.13), considering the asymptotic behaviour

of the coefficients IV, 7(-30) (1) given by equation (5.15) for the conjugate classes with

even parity and N;io) (I) = 0 for odd parity, furthermore using the result (B.6)
from the Appendix B. When we use periodic boundary conditions, we still have
|P,| = (=1)! (I is the length of v) which, however, can be odd, but only in the
case when the linear length of the lattice is odd at least in one direction, and v
goes through the boundary in this direction. In ¢t > 0 case, (—t)*(—1)I°l is always
positive; the sign coming from the odd parity of the permutation is compensated
by the sign obtained during the movement around odd steps, and therefore the
above arguments remains valid. The key feature now is the fact, that the parity of
P, is in one-to-one correspondence with the parity of the length of .

5.4 Cases with more than one hole

The existence of more than one hole permits arbitrary (even and odd) permutations
of the particles under dynamic evolution (independently of the length of the loop),
therefore the fermionic feature of them plays an important role in building up the
energy spectrum of the system. Using the asymptotic behaviour of N, %C)(l) from
equation (5.15) and the results of the Appendix B presented after equation (B.6),
the (52) value remains undetermined (i.e. 0/0), which in our interpretation is due
to the fact that Ey is not a possible energy for the fermionic system any longer.
The special similarity of the behaviour of the particles with bosonic and fermionic
statistics does not remain valid, therefore we can not draw conclusion about the
magnetic property of the system based on Nagaoka’s theorem. This is a qualitative
difference between the one-hole and two-hole cases. It is similar to the case when
the Hamiltonian has an extra symmetry at a special point, but the features of
the model could be very different even close to this point owing to the symmetry
breaking. If bosons had half spin, a system consisting of such hard-core bosons
on a lattice would be ferromagnetic even for an arbitrary hole concentration. This
statement remains valid for real bosons with integer (non-zero) spin as well and
the expectation value of the total spin goes to a macroscopical (but not to the
maximum) value when the temperature goes to zero, in this case.

In order to obtain information about the two-hole (or more-hole) case, a study
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of equation (5.13) is needed. The coefficients N;éc) (I) can be determined by the
Monte Carlo method. By random sampling we can obtain the percentage of loops
of a given length for which P, € C. Equations (5.14) and (5.13) have the advantage
that the trace over the spin degrees of freedom has already been taken. Hence we
need only to sample the loops, i.e. ‘world lines’ of holes, instead of the world lines
of our original electron system. This is advantageous since, because of the presence
of different possible electron spin configurations, the world lines of our original
electron system have 2V times more starting points than the hole loops.

We studied by this method a two-dimensional 10 x 10 lattice with periodic
boundary conditions in the presence of two holes. We took into account every
possible starting charge (hole) configuration. Because of the periodic boundary
conditions and the translational, rotational and reflection symmetries of the lattice,
there are 20 essentially different charge configurations instead of (130). Because
the contributions of the 2%8 different spin configurations, corresponding to a fixed
charge configuration, are taken into account analitycally by equations (5.14, 5.13),
we have taken into account every possible starting point of world lines of our original
electron system. Furthermore, starting from a charge configuration, we took into
consideration every path up to the length | = 14. Thus, we counted exactly every
loop up to [ < 14; therefore the coefficients of our high-temperature expansion are
exact up to 14th order in |¢|/kT. Then, we continued every path with random
directions up to ! = 100.

The results can be seen in Fig. 5.1. The solid curves show the result of the
high-temperature expansion with exact coefficients up to 14th order. Taking into
account further coefficients determined by Monte Carlo method up to 50th order
we obtain the broken (short-dash) curves, and up to 100th order we obtain the
broken (long-dash) curves. The expectation value of the square of the total spin
goes to 3N/4 = 73.5 (and not to zero) as T' goes to infinity. This is understandable,
because at very high temperature the likelihood of all possible states becomes equal
to 1/Z. (The spectrum of the Hamiltonian is bounded.) Therefore, the expectation
value of an arbitrary quantity goes to its simple algebraic average over all the states.
This gives the result mentioned above for (S2)). This means in fact paramagnetic
behaviour, because a smaller total spin value has greater thermodynamic weigh, i.e.
the dimension of the eigensubspace of 52 is greater, therefore the S = 0 subspace
is the greatest, and so this is the most probable value of the spin. For this reason,
the total spin (but not (S2)) per particle is proportional to 1/v/N which goes to
zero in thermodynamic limit.

Because of the inaccuracy and the complete neglect of the higher-order coef-
ficients in our expressions, the numerical error increases as the temperature de-
creases. Therefore we do not plot the ' — 0 temperature region in Fig. 5.1.
Nevertheless, in the presented region the results are correct since the higher-order
terms do not improve the lower-order contributions in this domain. At these tem-
peratures, however, owing to the Monte Carlo method itself, small numerical errors
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Figure 5.1: (a): Square of the total spin and (b): specific heat as functions of the
temperature measured in |¢| units. The solid (lower) lines show the result of a 14th
order high temperature expansion based on exact coefficients; the short-dash lines
(in the middle) show the result of an 50-th order high temperature expansion, the
long-dash (upper) lines of a 100-th order expansion based on coefficients determined
by the described Monte Carlo method.

are present.

The obtained results show that the spontaneous magnetization increases as the
temperature decreases. This tendency becomes stronger when we use more accurate
approximation. In the same temperature range, when (5'2> starts to increase, the
specific heat has a maximum. However this peak in the specific heat seems to be
significant — also in higher-order approximations the curves break down since the
specific heat has to go to zero in 7' — 0 limit, — but the increase in (S?2) is small,
nevertheless very fast.

Related to the-two and few-hole cases, in the literature it has been published
that the ground state can not have maximal spin [30, 31, 36]. This statement
is based on variational calculations. These calculations demonstrate that trial
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state exists with spin S = S,,4; — 1, which have a lower energy than the fully
polarized state with spin S;,4.. However, until now it was not possible to construct
variational state with spin S < S;,4e —2, which would have a lower energy than the
S = Spaz—1state. Thus, the above mentioned results do not exclude ferromagnetic
behaviour, only the highest spin value. None the less, our results suggest that
the very low spin values can be excluded as well, and the ground state is not a
singlet. As a conclusion, we may state that the system behaves at low temperature
as a not fully saturated ferromagnet. This conclusion is consistent with exact
diagonalization results for small clusters [120].



Summary

In this work I have presented exact results related to relevant and up-to-date prob-
lems of many-body physics. Important feature of these results are that they apply
to higher than one dimensional systems. I emphasized the importance of the exact
results, but I also underlined that in this field there are no standard well-tried
methods.

My results can be summarized in the following points.

e I generalized Brandt and Giesekus’s approach [77] to extended Hubbard
model which contains next-nearest neighbour interaction terms and I de-
duced a ground state phase diagram of the system. My results are valid in
all D > 1 spatial dimensions at half filling.

— A completely saturated ferromagnetic phase, different types of commen-
surate spin density waves, commensurate charge-density waves and a re-
gion with phase separation were found, the last one being in our knowl-
edge for the first time signaled at the level of approximation free results
in D > 1 dimensions.

— The stability domains of the fully saturated ferromagnetic phase, spin
and charge density waves were extended in comparison with previous
publications.

— The presented phase diagram is complete in the localized limit ¢; =
X; — 0 in all dimensions D > 1 for arbitrary value of fully anisotropic
or non-negative isotropic Heisenberg couplings.

— The obtained results clearly emphasize that the next-nearest neighbour
couplings have their role in building up the subtle balance between the
stability domains of different ordered phases in the parameter space,
introducing completely new phases or modifying considerably the emer-
gence regions for other phases within the phase diagram.

e Under the conditions in which even the exact solution for the one dimensional
periodic Anderson model is not known at finite U, I have presented exact
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solutions for two dimensional periodic Anderson model in the interacting
case. The described solutions are present on a surfaces of the T' = 0 parameter
space of the model. The physical properties of the solutions depend on the
values of the coupling constants and the filling. Two types of solution emerge:
a paramagnetic Mott insulator and a non-Fermi liquid type phase. Both
solutions describe the interacting U > 0 model, and the deduced ground-state
wave functions cannot be obtained perturbatively from the non-interacting
case.

— The first solution emerges at 3/4 filling and represents a paramagnetic
Mott insulator, the ground-state being completely localized.

— The second solution represents in two dimensions a new non-Fermi lig-
uid normal (non-symmetry broken) phase and emerges at N/Njy > 3/4
filling. In this phase the n; momentum distribution function is continu-
ous together with its derivatives of any order; it is a well defined Fermi
energy, but the Fermi momentum is not definable thus the system has no
Fermi surface. In the parameter space this phase emerges in the vicin-
ity of the above mentioned Mott insulating phase. The ground-state is
paramagnetic with large spin degeneracy. The reason of this interesting
behaviour is due to the fact, that the flat-band feature of the model
— which is given by the diagonalization of the formally non-interacting
Hamiltonian I:IEﬁ = I:IO +UN ¢ — remains valid also in the interacting
case. This partially filled band is situated above a normal band with
dispersion. Low lying excitations increases the number of particles at
the Fermi energy. In this process particles are removed from the lower
band and come up into the upper flat band.

e [ presented a technique to deal with the simple Hubbar model in the case of

infinitely repulsive interaction. The formalism treats separately the spin and
charge degrees of freedom at the level of description, showing explicitly the
effect of the spin background in the movement of the hole.

— The Hamiltonian can be reduced into invariant subspaces with given
value of the total spin and its z-component. I explicitly showed that the
matrix element of the Hamiltonian reduced into such a subspace can
be given using matrix elements of an irreducible representation of the
symmetric group of degree N. (N is the number of particles.) It can be
useful for numerical diagonalization for small clusters.

— I developed a high-temperature expansion technique in which the sum
over the spin degrees of freedom can be expressed exactly in terms of
characters of the symmetric group. Based on this technique the efficiency
of the world line Monte Carlo algorithm can be increased. By the limited
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computer capacity available for me I attempted to study the magnetic
properties of the model near half filling.

— Within the frame of the presented formalism the Nagaoka mechanism of
ferromagnetism becomes clear, and also the reason why it cannot sur-
vive the generalization for more than one hole: the fermionic feature of
particles does not play any role. The situation is similar for one dimen-
sional system with open boundary condition (the number of particles is
arbitrary), or in case of odd number of particles with periodic bound-
ary conditions, or in case of even number of particles with anti-periodic
boundary conditions.



Osszefoglalas

(The Hungarian summary of the thesis.)

Napjaink szilardtestfizikai és statisztikus fizikai kutatasainak sok kdzponti kérdése
az erGsen kolcsonhato, és ebbdl kifolyolag gyakran erGsen korrelalt allapota
elektronrendszer viselkedésének leirdsahoz kapcsolédik.  Prominens példak a
magas hémeérsékletd szupravezetés, szuperfolyékonysdg, kvantum Hall-effektus,
nehéz-Fermion rendszerek, nem-Fermi-folyadék viselkedést mutatd rendszerek, és
a leghétkdznapibb ide tartozd jelenség talan a ferromégnesség, amely Gsid6k
6ta ismert, de amelynek a teljes megértését6l még ma is messze vagyunk.
Ennek a legf6bb oka abban rejlik, hogy a fent emlitett problémak sok er&sen
csatolt részecskét tartalmazé kvantummechanikai rendszerekhez kapcsoldédnak,
amelyekben a széles skalan valtozo és igy nagy értéket is elérd csatolasi allandok
miatt a hagyomanyos kozelits eljarasok (pl. perturbacioszamitas) alkalmazasa —
ha egyaltalan lehetséges, — nehéz, az igy ad6do6 eredmények a paramétertérnek csak
egy szik tartomanyan érvényesek, és még ennek az érvényességi tartomanynak a
hatarai is sokszor nagyon bizonytalanok. Ezért ezen a tertileten kiilonosen értékesek
az egzakt megoldéasok, f6leg akkor, ha ezek a paramétertér széles tartomanyan
és nagy csatolasi allandok esetén is érvényesek. Azonban az erGsen korrelalt
rendszerek teriiletén az ismert egzakt megoldasi modszerek legnagyobb része csak
egy dimenzioéban alkalmazhat6 (pl. Bethe Ansatz).

PhD munkadm célja a fent leirt problematikus esetekben is alkalmazhaté j
tipusta egzakt modszerek kipréobalasa erdsen kolcsonhatd sokrészecskés rendszerek
népszeri modelljein, illetve ha csak lehetséges, ilyen jellegii moédszerek kifejlesztése
vagy tovabbfejlesztése. Az altalam vizsgalt modellek mindeddig a Hubbard-modell,
illetve annak valamilyen kib&vitett valtozatai, valamint a periodikus Anderson-
modell voltak.

Ennek keretében munkam elsé szakaszaban egy szisztematikusan elgszor Brandt
és Giesekus altal alkalmazott modszer [U. Brandt and A. Giesekus, Phys. Rev.
Lett. 68, 2648 (1992)] hasznalhatosagat vizsgaltam. A modszer lényege, hogy a
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variacios elvet — melynek segitségével fels6 hatar adhato az alapallapoti energiara
— kombinalva a Hamilton-operator konstans ill. pozitiv szemidefinit tagok
Osszegére bontasdval — amely a pozitiv szemidefinit tagokat elhagyva alsé hatéart
ad az alapallapoti energidra — meghatarozhaté a paramétertér olyan tartomanya,
amelyben az alapallapoti energidra vonatkozd egzakt alsé ill. fels§ hatarok
egybeesnek, igy megadjak annak pontos értékét. A hozza tartozd hullamfiiggvény
— a variaci6s elv hasznalatabol adéddéan — szintén ismert. Mivel korabban
ezt a modszert csak elsé szomszéd kolcsonhatasokkal kibgvitett Hubbard-modell
vizsgalatara hasznaltédk, de bizonyos elméleti és kisérleti tények arra utaltak, hogy
a méasodik szomszéd kolcsonhatasok fontossaga ezzel Gsszemérhetd, ezért a cél ennek
a kérdésnek a vizsgalata volt.

Kés6ébb ennek a moédszernek az alkalmazasaval tanulményoztam a periodikus
Anderson-modellt két dimenzioban. Ennek a kérdésnek a nehézségét jol mutatja,
hogy még az egydimenziés esetre vonatkozodan is nagyon kevés egzakt eredmény
talalhat6 az irodalomban. Az Aaltalam bemutatott megoldas kapcsolodik a
nem-Fermi-folyadék jellegii viselkedést mutaté rendszerek manapsig hatalmas
érdeklsdeést kivalto kérdéskoréhez.

Régota nyitott kérdés az erdsen korrelalt rendszerek egyik legalapvetSbb
modelljének tekinthet§ egyszert Hubbard-modell ferromagneses tulajdonsagai-
nak kérdése. Habar maéara bizonyossa valt, hogy nem ez a ferromagnesség
altalanos modellje, de elméletileg tovabbra is érdekes a ferroméagnesességhez
vezetd mechanizmusok keresése. Tovabba a modell tulajdonsagainak leirdsa az
erGsen kolcsonhatd hataresetben félig toltott sav kozelében a magas hémeérsékleti
szupravezetSk megértése szempontjabol is relevans lehet.

Eredmények

Tudomanyos eredményeimet az alabbi tézispontok tartalmazzak:

1. Altalanositottam Brandt és Giesekus modszerét masodik szomszéd koleson-
hatasokkal kib6vitett Hubbard-modellre, és ennek segitségével alapallapoti
fazisdiagramot adtam a modellre. Eredményeim tetszéleges egynél nagyobb

dimenzioban és félig toltott sav esetén érvényesek.[1, 2, 3

(a) A fazisdiagramban teljesen telitett ferromagneses fazis, kiilonb6z6
spin- és toltésstriség-hullamokat leiré fazisok stabilitasi tartomaényait,
valamint fazisszeparaciét mutat6 tartomanyt sikeriilt koriilhatarolnom.
Ez utobbira — kozelitések hasznalata nélkill — tudomésom szerint
korabban nem volt példa az irodalomban D > 1 dimenziés rendszer
esetén.
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(b)

(c)

A ferromagneses és a spin- illetve toltéssiiriség-hullam fazisok altalam
megadott stabilitasi tartomanyai szélesebbek az irodalomban korabban
megadottaknal, igy azok javitasanak tekinthet&k.

Lokalizalt hataresetben — amikor a Hamilton-operator semmilyen
mozgast leir6 tagot nem tartalmaz — a bemutatott fazisdiagram
teljes, ha a Heisenberg-kolcsonhatéas teljesen anizotrép, vagy izotrop és
csatolasi dllanddja nem negativ.

Az eredmények alatamasztjak, hogy a masodik szomszéd koélcsonha-
tasoknak jelent&s szerepiik van a rendezett fazisok stabilitdsi tar-
toméanyainak kialakitdsdban; erdsen befolyasoljak ezen tartoményok
hatarait, s6t olyan fazisok megjelenéséhez vezetnek, amelyek nélkiiliik
nem lennének stabilak.

2. Mindeddig periodikus Anderson modellre egydimenzids egzakt megoldas sem

volt

ismert olyan esetben, amikor a kolcsonhatas erGssége véges. Ebben

a dolgozatban én ismertettem egy két dimenzidéra vonatkozé eredményt,
amely az alapallapotot a paramétertér egy hiperfeliiletén adja meg, amelynek
mentén a kolcsonhatas erGssége tetszbleges értékek kozott valtozhat. Az a-
lapéallapotot leiré hullamfiiggvény perturbativ tton nem kaphato meg. A
megoldés fizikai tartalma a modellparaméterek értékétsl fiiggGen kétféle lehet:
paramagneses Mott-szigeteld, vagy nem-Fermi-folyadék tipusa. [6]

(a)

(b)

Az egyik tipusu megoldas haromnegyedig toltott sav esetén jelenik
meg, és paramagneses Mott szigetel6t ir le, lévén az alapallapoti
hullamfiiggvényben minden részecske teljesen lokalizalt.

A masik megoldas egy 1], nem-Fermi-folyadék jellegli normalis (nem
szimmetriasérts) fazist ir le haromnegyed vagy afeletti savbetoltottség
esetén. Ebben a fazisban az elektronok impulzustérbeli eloszlasfiigg-
vénye és az G Osszes derivaltja folytonos, és emiatt — habéar létezik
Fermi-energia — Fermi-feliilet és hozza tartozdé Fermi-impulzus nem
definialhat6. Ez a fazis a paramétertérben a Mott szigetel6t leird
fazis kozelében helyezkedik el, maga pedig erds spindegeneracioval
jellemezhet6 paramégnes. A fizikailag érdekes viselkedés bizonyos
értelemben egy lapos sav effektus eredménye. Ha a nemkolcsonhato
problémat gy modositjuk, hogy az f sav magassagit U-val, a
kolcsonhatas erdsségével eltoljuk, az igy adoédé Hamilton-operator
diagonalizalasabol egy teljesen lapos sdv adddik, amely a kolcsonhatés
teljes figyelembevétele esetén is megmarad, és igy divergenciidt okoz
az allapotstriségben a Fermi-energianal. Ez a lapos siv részlegesen
betoltott, és egy masik sav felett helyezkedik el, amely teljesen betoltott.
Az alacsony energidji gerjesztések a Fermi-energiaji részecskék szamat
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novelik azaltal, hogy elektronok ugranak fel az als6 savbol a felsd, lapos
savba.

3. Ismertettem egy olyan eljarast, amelynek a segitségével az egyszerd Hubbard-
modell végtelen erds kolcsonhatas hataresetében tanulmanyozhato. A
formalizmus — a leiras szintjén — szeparaltan kezeli a spin és a toltés sza-
badsagi fokokat, és explicit kifejezi a spinhattér hatasat a mozgo lyukra.[4, 5]

(a)

Explicit megmutattam, hogyan fejezhetGek ki egy meghatarozott spinnel
és spin vetiilettel jellemzett invaridns altérben adott béazisban a
Hamilton-operator maétrixelemei az N-ed fokd szimmetrikus csoport
bizonyos irreducibilis abrézolasainak méatrixelemeivel. (N a részecskék
szama.) Ez hasznos lehet kis rendszerekre vonatkozo numerikusan
egzakt diagonalizalasi feladatok esetén.

Kidolgoztam egy magas hémérsékletd sorfejtési eljarast, amelyben az
allapotosszeg kiszamitasahoz sziikséges Osszegzésnek a spin szabadsagi
fokokra vonatkozo része analitikusan kifejezhets a szimmetrikus csoport
karaktereinek segitségével. FErre alapozva noévelhets a “world line”
algoritmust Monte Carlo szimulacié hatékonysaga.

Az emlitett formalizmus keretében a ferromagnesesség Nagaoka-mecha-
nizmusa konnyen interpretalhaté: a rendszert felépité elektronok
fermion jellege nem jut érvényre a végtelen erds kolcsonhatas miatt,
ha csak egy lyuk van a rendszerben. A helyzet hasonlé egy dimenzioban
nyilt hatarfeltételek esetén (a részecskék szama tetszGleges), vagy
paratlan szamu részecske esetén periodikus hatarfeltételek mellett, és
paros szamu részecske esetén antiperiodikus hatarfeltételek mellett.



Appendix A

This Appendix contains some mathematical details related to the calculation of
momentum distribution functions and of Hamiltonian terms when N = 3N, and
Q. # 0 for all keA. Firstly we prove that the state vectors defined in equation
(4.13) form a basis in 93y, 0 in this case. For this purpose it is enough to show
that the set {[¢0,6) : & = (1)1, 01 € {1,4}} consists of 2V* pieces of linearly
independent vectors, since in Section 4.3 we have seen that every ground state can
be written as a linear combination of | ). Secondly we prove that the quantum

mechanical expectation value of the operator ) C’g ) UCA'»

Fog s uniform in Hzn, 0

and equal with 1, independently from k. Finally the equation (6'272700,37270)0 = %
will be verified, where the notation (.)o means the ' — 0 limit of the finite
temperature expectation value, according to the definition in Subsection 4.5.1.
The index o can have 2¥4 different values, according to the 24 different spin
configurations of the N, electrons situated in different sites. The operators 13';
creates orthogonal states from the vacuum: (0|F,, F}|0) = 0o/ ». The operators

ﬁ’j can be expressed in terms of operators C’% o Using equation (4.30) we obtain

=TS e),) T (et os 0~ )
i E

Substituting this result into the expression (4.13) of the ground state vectors
the terms which contain operators C% . cancel out due to the fact that G' contains

k) 70-

these operators for all k and o, as can be seen from equation (4.31). Therefore we

obtain
.0} = H(Zekff ApH-az CL, ) (A1)

In equation (A.1) the ground state wave vectors are expressed by the operators
Ct . (We get Gt from equation (4.31).) This is an advantage when we compute

k,s,o;
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the expectation values mentioned in the first paragraph of this Appendix. However,
difficult to handle these state vectors because they are not orthonormal vectors.
Further technical difficulty that in the formula (A.1) there is a sum under the
product, therefore we are going to expand out the product. More convenient to
handle separately the up and down spins. Therefore first of all we rearrange the
order of the product. (As we mentioned on page 8 in Section 2.2 the notation
I1; denotes an ordered product.) Considering an index o we denote by Q a fix
permutation® of A for which

——
(UQ(i))?iq_ = (UQ(I);UQ(Z); o ;JQ(NA)) = (T;T; v ;T; \Ir;*lf; . a*lr)

As we indicated above, the number of up spins in o is denoted by Ny thus the
number of down spins is Ny = Ny — Ny. Clearly N4+, N, and Q depend on o, but
contrary to Ny and IV the permutation Q is not uniquely determined by o. This
ununiquness does not influence our results. In the further formulas we regard Q as
a fix permutation among which are allowed by o .

Using the above defined notations the rearranged product from equation (A.1)
can be written as follows.

i i
NT * Na —a*
_ |Q| ikiRo( ki,c At ikiRo( ki,c At
(-1) H <Ze Q()(A~)% Eth) H <Ze Q()(A~)% E,,2,¢>
-1\ g i =N+ N 7 i

Here |Q| denotes the parity of the permutation Q. To avoid the confusion when
expanding out the products, we label the momentum summation indices by 1i for the
purpose to distinct the different summation indices occur in different multipliers of
the product [];. For a fix value of i, R; denotes a fix vector as defined in Section

2.2, contrary to l% of which value is not determined by i; El, ey ENA run over the
whole A.
Now we expand out the products in the previous expression of Fj .

—at
B = (1)@l szgu kvc At
Gl H( fan)

kNT

—ar
Z H <Z etk (A,;kl)g 1%;724)

ENT+17---7ENA1 Nt+1 ks i

1We treat a permutation as a bijective map from A onto itself.
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Because of the anticommutation relation of the operators CJr every non-zero

7 70-

term of the above sums fulfills that kl # kz F o F l~::NT and kNT+1 # kNTJ,_z #

= kNA Furthermore every term of the first sum for which the set {kl, . kNT}
is the same consists of the same operator multiplied by different scalar coeﬂicients
which we contract. Doing the similar procedure also in the second sum we get

Ny

Fi = (-1l Z [H < Z Pl)l?lgiﬁp(i)ﬁg(i)%)CT.,Z T] %

- - . 2
k1<m<kNT i=1 “PeS: kP(i))

Na L — O
1 . . P(i),c A
3 [ 11 ( 3 (_1)|7>|ezkp<lmg(.>701)0%“27J

- - . AN 2
kNT+1<"'<kNA i=N;+1 “PeS2 ( k’p(i))

= Z ( Z(_l)QPeiZiEp(i)ﬁQ(i)> <H (—Aag)c> o

El < 0 <L kN PES1QS2 i

IcNT+1< <kNA

(HCTUZ )( H e, > (A2)
i=N;+1
where S; denotes the group of permutations of the set {1,...,N3}, Sz denotes
the group of permutations of the set {N4++1,...,Nx}, and S; ® Sy denotes the
product of these groups. The < relation among the momentum summation indices
is defined by an arbitrary but fix order of A (see pg. 8).
In a very similar way as equation (A.2) was deduced one can get analogous
formula for FJ

Ny Na
AJ _ Z < Z (_1)|QP€iEiEP(i)RQ(i)> (Hfgi7T> ( H fl%;,i)'
Bi< oo <iin, (PESI®S: i=1 i=N;+1

kNT+1 <...< kNA
(A.3)
Now we prove the following statement which will serve as a lemma in the
followings.
Lemma: Assuming that we have two operators X, and Xf of which the state
vectors [[; C’Jr |0> and [, fJr |0) are eigenvectors with the same eigenvalue for

all possible values of iy € A and o € {11} 1€ A),ie.,
X2HCA'I{"20'|O>:I(E1’01’ kNA’UNA H i 20’
i

170'1

Xf Hf%mim) = I(Elaala kNA7UNA Hf];r (A4)
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then
(0]F7 X2 7110y = (0| E X E210), (A5)

where the F operators labelled by superscript o are defined as

(F° H(Ze“ﬂR #% ,gm) (A.6)

For the proof of the above lemma, first of all one can see that expanding equation
(A.6) we get a similar formula than equation (A.2):

(Fo)t = Z < Z (—1)|Q7’|ei2;137>(i)ﬁe<i>> (H (_Ao’j;)%> X

El < e < ENT PeES1®S2 i ki,c

ENT+1<"'<ENA

N4 Na
At At
< II CEhZT) ( II CEth) ’ (A'7)
i=1 i=N;+1

The remaining part of the proof is a straightforward calculation based on the
observation that from kl R kNT and kNT+1 < - < kNA, furthermore

ky<---< kl’\I,T and k{\I,T+1 < -+ < ky, follows that

Np+1
0| H Cn ,iH ki,2 ,THCTzT H k”zi
i=Nj i=Ny i=N;+1
Np+1 Ny
= (0] H fk o+ H fkaf/I 1 H f:: 4 5NT7N4H‘SEi7E;’ (A.8)
=Ny =Ny i=Np+1 i=1

where the prime over [] indicates that the product is in reverse order (see the
convention described in page 8 in Section 2.2). Therefore expanding both sides of
equatlon (A.5) usmg the expressions (A.2, A.7, A.3) the sums over the momentum
indices kl, . kN » which occur twice on both sides of equation (A.5) are reduced
to only one sum, and the second multipliers from equations (A.2) and (A.7) are
reduced to 1, hence the differences between the right and left hand side of equation
(A.5) vanish.

Herewith we directly certify the statements of the first paragraph of this
Appendix. The state vectors from equation (A.1) are not orthonormal vectors.
However the above results give us the possibility to define a set of vectors denoted
by superscript o for which (¢ |Y0 ') = 0o,0r. It follows that the vectors from
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(A.1) are linearly independent and so form a basis in 3, o of which dual basis is

{J9g) : o = (o)i4, o3 € {1,1}}, where

N

el
det g

¥5) = (F2)0). (A.9)

To compute the inner product of the ground state vectors with sub- and
superscript o we take into account that the operator G consists of only operators

CE 1., Which anticommute all CE 2.0 consisted by Fo and ]—' 7 therefore we can use

the result (4.12). Then we use the Lemma with X» = X; = 1, where 1 denotes the
identity operator therefore the conditions (A.4) are trivially satisfied.

o o GGT col it b
U 1000 = (O1F s 7L10) = (0177 £110) = (012 £410) = g o(A.10)
A very similar computation based on the Lemma with X, = C']I ) aék 2.0 and
Xf = fg Uf,; , gives that
W'ICL, Cra loe) = (O1Fw fi_f; ELI0). (A.11)

Based on this result we obtain that

(g IZCk 2o Cizolb0.0) = (0]Fo Zf* fr o Fdl
_ N_A Z o~ ik (R —Ry) Z<0|ﬁa,ﬂaﬁ,7gﬁg|o>
3’ v
]' 7’_‘ _"7 _‘-/
= Z o k(R —Ry) Z5a,crj5j,j’5ma’
3y U
= 60’,0”-

From this result immediately follows that the quantum mechanical expectation

value of the operator ) _ 6'272706',;7270 is uniform in $3n, 0 and equal with 1,

independently from k. An arbitrary element of fsn, 0 can be written as |¢g) =
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Y o Coltho,o) (co € C), thus

Wl G0 Gy olin) 2z crt0e| G, i)

o,o0’

(Wolto) ) - o (o orloo)

o,0'’

2 oo D Moo loe WE 13 C, Craalioe)
0,70,/ O'”
Z o Co (V0,07 [V0,0)

o,0’

=1 (A.12)

Finally we compute the zero temperature limit of the finite temperature

expectation value of C& ng 9.0 As we have written in Subsection 4.5.1 this

can be expressed with trace over the subspace of the ground states.

-BHAT A 5
li Tre ’ Ck 2, a'C’hz:U TrﬁSNA OCE 2, UCk727¢T
1m =
=0 Tre—6H TrmNA o

X WEICE, Cragltos)
B > o (U [to.0)

1 A A ~ ~
= o Z<0|F It i F30)
= o PSP Ze—“; DO1Ee £}, Fi e ELI0)

1 1 iR
:2NANAZ e 673 Z(SU"J

3

- ; (A.13)

where we used the results (A.10) and (A.11).



Appendix B

In this Appendix we present mathematical details related to the formulae deduced
and presented in Chapter 5. To begin we present an overview of the notations
and definitions used; then rather technical proofs follow. For more mathematical
details connected to the deduction procedure we refer the reader to the book by
Hamermesh [121].

A permutation of a set A is a bijective function P : A — A. We said that
P is a permutation of degree Ny where IV, is the cardinality of A. The product
of two permutations is defined by the standard composition of them as functions
(from right to left): (PQ)(i) := P(Q(7)). The set of all the permutations of A
endowed by this product form a group which is the symmetric group of degree
Ny. It is denoted by Sy. We denote the transposition by P4 which interchanges
two elements i,j € A. When A is an ordered set, and this is our case, we can
use the notation C'™4 for the cyclic permutation (shortly cycle) which takes m
to m + sgn(i—j) if m is in the open interval ]i,j[, takes i to j, and leaves m
unchanged if m is out of the closed interval [i,j]. When C'™ moves n symbols, i.e.
i—j+ 1 =n, then we call Ci™ an n-cycle.

Any permutation can be resolved into a product of transpositions. If this
resolution have an even (odd) number of factors, then the permutation is said
to be even (odd). The parity of a permutation P is denoted by |P| which is 1 if P
is even and —1 if P is odd. However, the resolution of a permutation is not unique,
its parity is well defined. Moreover, any permutation can be resolved uniquely
into independent cycles. The cycle structure of a permutation P is a sequence
(C1,C4,...) which means that P can be resolved into Cy 1-cycle, Cy 2-cycle, etc.
Certainly there is no cycle of length [ which is greater than the degree of the
permutation.

For A, C A we treat the group Sa, as a natural subgroup of Sy, that is the
restriction of a permutation P € Sy, C Sx to A is a bijection onto A, and the
restriction of P to A \ A, is the identity function. As a short notation we use
SN = 501,..N} C Sa.

88
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An element P of the group Sn is said to be conjugate to the element P’ if
we can find an element Q € Sy such that Q~1P'Q = P. This is an equivalence
relation between the elements of Sn. This can be used to separate Sn into classes
of elements which are conjugate to one another. These are the conjugate classes.
A conjugate class can be described by the cycle structure of the permutations
contained by it because two permutations have the same cycle structure if and
only if they are in the same conjugate class. Therefore we denote a conjugate class
of Sy by C = (C1,...Cn). Here the cycle structure of a permutation P € Sy is
defined as the cycle structure of the function P restricted to the set {1,...,N},
i.e. the Ny — N pieces of the 1-cycles are neglected. Thus we have Zf;l iC; = N.
From the above also follows that all permutations in the same conjugate class have
the same parity.

The group algebra C[Sn] is a complex Hilbert space generated by the elements
of Sy as an orthonormal basis. The associative but noncommutative product of
two elements of the group algebra defined by the convolution:

ab= ( 3 app)( 3 ,BQQ)

PESN QESN
- Z Z ozpﬂQ’PQ: Z ( Z aQﬂQ—lp)P.
PeSn QESN PeSn QESN

If a subalgebra & has the property that, for a in &, ab is also in & for any
elements b of the whole algebra, then & is called a right ideal. If e is an idempotent
element of the algebra (ee = e), then eC[Sn] = {e a : a € C[Sn]} is a right ideal,
because of the associativity of the group algebra. It remains true if e is only
essentially idempotent (e e = ce,c € C) because € = e/c is idempotent.

Now we verify that the Hilbert space generated by all the vectors |Pg:) is
isomorphic with a proper right ideal of the group algebra C[Sn]. (In the following
N and S* are fixed.) We recall that for fixed S* we denote by o° the following
function: ¢°(i) :=1 if i € {1,...,N;} (here Ny = N/2 + §%) and o°(i) :=]
it i € {N4+1,...,N}. Let us denote the subgroup of Sn the elements of
which permute the labels of the set (¢°)~'(1) by K4 = S(y0)-1(4). Similarly,
the permutations of K| = S,0)-1(;) permute only the (¢°)7*(]) labels. The
direct product of Ky and K| was denoted in Subsection 5.1.1 by Kg-, that is
Ks- = K4+ x K. Now one can see that

1
NS

is essentially idempotent, (|Kg:| = N4!N,! is the order of the subgroup Ks-);
therefore $(S*) := es-C[SNn] is a right ideal. For different permutations P and
Q the elements eg:-P and eg-Q of the ideal J(S?) are the same if and only if the
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permutations are in the same right coset with respect to the subgroup Kg- (i.e.
we can find an element P’ € Kg- such that P = P'Q), because in the expression
Ypers: PP'Q = Y puck,. P'Q = Y geo Q' the sum is taken over the right
coset Q = K- Q, and they form a disjoint cover of the group.

The previous paragraph prove that the map |Ps:) — eg-P is well-defined and
injective. Let us extend this map linearly over the whole $,(S%), which is the
space generated by the vectors |Ps:) as an orthonormal basis. Certainly we get a
surjective map onto &(S%), since the elements eg-P generate this ideal. Now we
show that this linear isomorphism also preserves the inner product. In the proof
we denote the inner product in the group algebra by (.,.).

(eSZPa €s= Q) =

S0
( \% |KSZ| S1€ZKSZ v |KS | Szeszz >
= |KSZ| > > Q) (B.2)

PeP Qe

If the right cosets Ps: = Kg-P and Qg- = Kg-Q are different, then they have no
common elements; therefore (P’, Q') = 0. (The elements P € SN are orthonormals
by definition.) If the right cosets Ps- and Qg- are the same then the sums have
| Ks=| different members which give 1 (in the case P’ = Q'), and the rest are zero;
so the final result is 1.

We showed that the Hilbert space §(S%) generated by the vectors |Pgs-) as an
orthonormal basis is isomorphic with &(S#). Based on the above defined Hilbert
space isomorphism we identify $s(S%) with $(S?) and we no longer distinguish
between the notations for the inner product and the operators that act on them.
We can regard a linear operator defined on J(S*) as an operator on $(S%) and
vice versa.

A homomorphism T from a group G into the group of the regular linear
transformations of a linear space is called a (linear) representation of the group.
The trace of the linear operator T[g] is called the character of the group element
g € G in the representation T and is denoted by x(g). Every character is constant
on an arbitrary conjugate class therefore we can define x(C) := x(g) where g € C
is arbitrary. The formula

T[Q]P := (-1)/¢PQ! (B.3)

defines a representation of the symmetric group in the group algebra. Here T[Q] is
a linear operator associated the @ € Sn by the representation T, and P is a vector
as an element of C[Sn]. This representation is fully reducible. It is clear from the
definition that every right ideal is an invariant subspace of this representation; thus
restricted the above defined linear operators T[Q] to the subspace J(S%) we obtain
also a representation (with lower dimension) of the symmetric group in &(S?).
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Taking into account the above defined identification of I(S?) and H(S*) we have
found a linear representation of Sy in $(S5*); we denote this reduced representation
by TS”. Comparing this representation and the effect of the Hamiltonian on a basis
vector |R) ® [Ps-) as can be seen from equation (5.5), it is clear that the effect
on the spin configuration can be described by the operator T° [C(R;1,j)], and we
obtain equation (5.6).

Now we compute the character of the representation TS .

V5 (P) = Y (Qs T P11 Q) = @ S (es- QT [Plles- Q)

Og= QeSN
1
=|K7| > (es=Ql(=1)Ples- QP = |K |2 Z Y (5195:9P7
5* QeSN 5+ QeESN S1,52€Ks=
|7’| \7’\
|K5:|2 Z Z 551952977 T = |KSz Z Z dgpo- 18- (B.4)

QeSN S1,52€Ks= QeSN SEKg=

Let us denote by C” the conjugate class which contains P. Every element P’ of
the conjugate class C7 appears as QPQ ! the same number of times. That is
why there are |Sn| /|C¥| permutations Q for which QPQ ' = P'. (]X| means
the number of the elements of the set X.) If P’ is in Kg-, then the second sum
in the last row of equation (B.4) has one non-zero element; otherwise it does not.
Therefore the character

»/1S81IC7 N K|

5
x~ (P)=(-1
P =D e ien
Y ot o
B Al IR
1 1 — Y12 "N N — YN

¢y +2ch+ -+ Ncy = N/2 + 57
C’1’+26121+-'-+NCIZ\’]:N/27SZ

=73 H<0P> (B.5)

Cly..-,CN
SN ici=N/2+ 57

where the cycle structure of the permutations of the conjugate class C” is described
by (CT,CY,...,C%). For the second equality see the equation (7-16) in Section
7-2 of Ref.[121]; the third can be obtained with simple computation.

We need the sum of these characters on an arbitrary conjugate class C C An
where Ay is the alternating group formed by all the even permutations of Sn.
Based on the first line of equation (B.5) we can see that

2 N!
> IC*(C) = K |ANnKSz|—— (B.6)
CCAN | |
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A similar sum over the conjugate class which has no common element with Ay
gives the result —N!/2. The even permutations form an invariant subgroup
in Sn; therefore every conjugate class is in Ax or disjoint from it. Hence
Yocsy ICIXT(C) = 0.

Based on the last line of equation (B.5) we can obtain:

N/2
S )= (—1)IC12%, Or (B.7)
S*=—N/2
Furthermore
N/2 1
Z (SZ)ZXSZ (C) = (_1)|C|2E£v=1 i (Z Zi20i> . (B.8)
P i=1

The representation T is not irreducible if S* # £S5z . (hereafter we use the
notations SZ,,. = Smaee = N/2). Certainly it can be verified in pure mathematical
way, but physically it is due to the SU(2) rotational symmetry in the spin space.
The operator S~ realizes a linear bijection between the spaces £,(S%,S) and
Hs(S* —1,8) if —S+1 < S% < S. Moreover [ﬁoo,S’_] = 0, therefore the
effect of the Hamiltonian is equivalent on the space $,(S%,5) and $,(S* — 1, 5).
The effect of the Hamiltonian on the space $5(S7,42) = 9s(Sias) Smaz) can be
described by the representation TSmes =: Ts,,..; hence it is true for the space
95(SZ,4e — 1, Smaz). However, the effect of the Hamiltonian on $4(S?,,. — 1) is
described by the representation TSma=—'. According to the above, the operators
Tmas~1[P] restricted to 9,(S%,, — 1,Smaez) forms the representation T, .,
thus 95(5%,,2 — 1, Smaz) is an invariant subspace of the representation TSma=—1,
Therefore Tmaee ! is not irreducible and thus it is fully reducible (because it is
a finite dimensional representation of a finite group). Therefore the orthogonal
complement of 95(S%,,, — 1, Smaz) which is $5(S%,.. — 1, Smaex — 1) is also an
invariant subspace. The restriction of T9me=—! to this subspace we denote by
Ts Continuing this process along this line, acting by S- again and again,
we obtain: TS = EB]sVﬁsz\TS-

In other words this means that the restriction of the linear operators T [P]
to 95(5*,5) form a representation of the symmetric group. This above defined
representation depending only on the value of S is denoted by Tg, and the effect of
the Hamiltonian on the spin configuration can be described by this representation.
The matrices of the representations Ts can be given by algebraic methods, see e.g.
[121]. These methods are usable only in case of few particles. In this case we can

use the Schrédinger equation (5.7) to obtain numerically exact energy eigenvalues.

maz—1"
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