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1 Introduction

The aim of this Thesis is threefold. First, to elaborate a (partly
new) calculative background for Lie derivatives in the framework of
Finsler bundles. Second, to apply the Finslerian Lie derivative, com-
bining with other technical tools, for studying curvature collineations
in spray manifolds. Third, to study projective and conformal (in par-
ticular, homothetic and Killing) vector fields on a Finsler manifold and
describe some interrelations between them.

The theory of the above-mentioned ‘geometric’ vector fields has a
vast literature. Let us quote here Mike Crampin. ‘The transformation
theory of sprays and Berwald connections was in vogue towards the
middle of last century — Chapter VIII of Yano’s book ‘The Theory of
Lie Derivatives and its Applications’ [34] gives an excellent survey on
the state of the art in 1957 — but went out of fashion; the subject has
been taken up again very recently by Lovas [17]. The definition of
an infinitesimal affine transformation of a Berwald connection is not
entirely straightforward, because a Berwald connection is defined on
a pull-back bundle (a pull back of a tangent bundle in fact). We feel
that a concept of the Lie derivative of a section of such a pull-back
bundle has not received the careful geometrical consideration that it
deserves.” (See the Introduction of [8]; the numbering of items [17],
[34] corresponds to the References in our Thesis.) In their just cited
paper, Crampin and Saunders make an attempt to remedy the defect
— and we continue their attempts here.

Going back to the historical roots, we mention that Gy. So6s impor-
tant paper ‘Uber Gruppen von Affinititen und Bewegungen in Finsler-
schen Rédumen’(|27]) has already been quoted in Yano’s monograph.
A good overview of the developments of the next two decades can be
found in R. B. Misra’s paper [23], written in 1981, revised and updated
in 1993. In a two-part paper, M. Matsumoto clarified and improved
some results of Yano in the framework of his theory of Finsler connec-
tions ([19], [20]). From the modern (and relatively modern, partly
tensor calculus based) literature, beside the paper of R. L. Lovas,
H. Akbar-Zadeh and J. Grifone works (|2], [3], [12], [13]) are worth
mentioning. Grifone applies systematically the ‘rpp : TTM — TM
tangent bundle formalism’, combining with the Frolicher—Nijenhuis cal-
culus of vector-valued differential forms; Lovas formulates and proves
his results in terms of the ‘pull-back formalism’. This Thesis, is some
sense, is a continuation of Grifone’s and Lovas’s work. The greater
part of the theory is developed on a pull-back of a tangent bundle,
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however, the concepts and techniques of the tangent bundle geometry,
including vertical calculus on 7'M, play an eminent role in our anal-
ysis. We use two types of Lie derivatives: the classical Lie derivative
on the tensor algebra of a manifold and the Lie derivative of Finsler
tensor fields with respect to projectable vector fields. (It turns out, as
is expect, that the two types are closely related.) We also need the
Lie derivative of a covariant derivative on a Finsler bundle as it has
been introduced in [17]. In this Thesis, we define the concept of the
Lie derivative of an Ehresmann connection H; after that we can speak
about H-Killing vector fields.

We say, roughly speaking, that a vector field X on a manifold M is
a curvature collineation of a curvature object C of a spray manifold if
Lx<C = 0, where X€ is the complete lift of X and L x- is the Finslerian
Lie derivative with respect to X¢. Curvature collineations play an
important role in the study of geometry and physics of classical space-
times; for an excellent account on the subject we refer to G. S. Hall’s
book [14], especially its last chapter. Similar investigations in the
context of spray manifolds are new.

Most of our results are summarized in 18.2 (in English) and in
19.2 (in Hungarian), that is why we do not touch them here. To make
the Thesis more readable, in Part I we briefly present the background
material used throughout the other chapters.



Part 1
Preliminary material

2 Manifolds and bundles

2.0 In general, we follow the notation and terminology of [29]. How-
ever, for convenience of the reader, we start here with some basic con-
ventions which will be followed throughout this Thesis.

2.0.1 The identity transformation of a set S is denoted by 1g. If
S — T is a mapping and A C S, then f | A denotes the restriction of
f to A. The (canonical) inclusion of A into S is j4 := 1g [ A. Given
two mappings ¢: M — S and ¢: M — T, (p,1)) denotes the mapping

M — S xT, p (¢(p),¥(p)). (2.1)

The product ¢, X 9 of two mappings ¢;: My — S; and py: My — S
is given by

P1 X 2 (s1,52) = (p1(81), pa(s2)); (2.2)

it maps M1 X MQ into Sl X 52.

2.0.2 The set {0,1,2,...} of natural numbers is denoted by N. The
symbols Z, @ and R denote the integers, rationals and reals, respec-
tively. If A C R, we write A* := A\ {0} and A, := {a € Ala = 0}.
Then A* = {a € Ala > 0}. Real-valued mappings will usually be
mentioned as functions.

2.0.3 For every n € N*| we write J, := {1,...,n}. The group of
permutations of J,, is denoted by S, and €(0) € {—1, 1} stands for the
sign of o € .5,,.

2.0.4 By aring we mean a commutative ring with unit element 1. The
zero element of a ring (and any additive group) will usually be denoted
by the same symbol 0.

2.0.5 Let R be a ring and V' a module over R (or an R-module for
short). Then V* := L(V,R) := {f: V — R| f is R-linear} is the dual
of V, Endg(V) := End(V) := {¢: V — V| ¢ is R-linear} is the ring of
endomorphisms of V.



10 2 MANIFOLDS AND BUNDLES

2.0.6 Let V be an R-module and £ € N*. The R-module of k-linear
mappings V* — R (resp. V¥ — V) is denoted by Ty(V) (resp. T(V))
and their elements are called covariant tensors (resp. wvector-valued
tensors) of degree k. Then Ty (V) = V*, T}(V) = End(V). We agree
that Ty(V) := R, T¢(V) := V. In this Thesis, by a tensor we shall
always mean a covariant tensor or vector-valued tensor, so we use the
term tensor in a restricted sense. The symbol ® will stand for tensor
product.

2.0.7 Let V be an R-module, and let A € T, (V)UTE(V), where k € N*.
Given a permutation o € Sy, we define a tensor 0 A by

(TA(U], c. ,Uk) = A(’Ug(l), c. ,Ua(k)). (23)

The tensor A is called symmetric (resp. alternating) if A = A (resp.
oA = €(0)A). Both the symmetric and the alternating tensors form
a submodule in Ty (V) and T}}(V). These submodules will be denoted
by Si(V) and S}(V) in the symmetric case, Ax(V) and AL(V) in the
alternating case.

2.0.8 Let V' # {0} be an n-dimensional real vector space. A wvol-
ume form on V is an element of A, (V) \ {0}. Given a volume form
€ A, (V), for every linear transformation ¢ € End(V') there exists a
unique scalar tr ¢ € R such that

Z (o, o o), ) = tr(p)p(v, ... v,), (2.4)

where vy,...,v, € V (see [10], 4.23). This scalar is called the trace
of ¢. Obviously, tr¢ depends linearly on ¢. We define the trace of
a vector valued tensor A € TH(V) (k € N*) as the covariant tensor
trA € Tp_1(V) given by

(trA)(ve,...,v-1) :=tr(v € V= A(v,v1,...,06-1) € V). (2.5)

2.0.9 We continue to assume that V' is an n-dimensional, non-trivial
real vector space. The nullspace of a tensor b € S3(V') is the subspace

Ny :={v e V|b(u,v) =0 forallueV}
of V. If N, = {0}, then b is called non-degenerate, and we write
Met(V') := {b € So(V)| N, = {0} }.
A tensor b € So(V) is positive definite if b(v,v) > 0 for all v € V' \ {0};
Euc(V) := {b € S5(V)| b is positive definite }.
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2.0.10 In coordinate terms, we shall use Einstein’s summation con-
vention in two forms. The weak form: ‘The summation sign is not
omiltted, but summation is understood over all repeated indices. Fre-
quently (but not always) the repeated index occurs exactly twice — once
up, once down.’(See [25], p. 10.) The standard form: Whenever a
term contains a repeated index, one as a superscript and the other as
a subscript, summation is implied over this index.

2.1 By a manifold we mean a second countable Hausdorff space en-
dowed with a maximal smooth atlas. The letter M will be deserved for

a manifold. The dimension of M is denoted by dim M. All manifolds
will be assumed at least 1-dimensional.

2.2 The set of k-times continuously differentiable mappings between
manifolds M and N is denoted by C*(M,N). Here k is a natural
number or k = oo with the convention that C°(M, N) stands for the
set of continuous mappings of M into N. Elements of C*°(M, N) are
called smooth mappings. If ¢ € C°°(M,N) has a smooth inverse, we
say that ¢ is a diffeomorphism. We write

Diff (M, N) := {p € C*(M, N)| ¢ is a diffeomorphism }

and Diff (M) := Diff (M, M).

2.3 The set of smooth real-valued functions on a manifold M is de-
noted by C*(M). If f, g € C*(M), X € R, and for any p € M

(f+9)p) = flp)+9), ANp) :=A(g9), (fg)p):=f®alp),

then these operations make C*°(M) into a ring and also an alge-
bra over R. The unit element of C*°(M) is the constant function
1: M - R, p—1(p) := 1.

2.4 A triple (E,m, M) is a (smooth) fibre bundle with typical fibre F,
briefly an F'-bundle, if E, M, F' are manifolds, 7 is a smooth mapping
of F into M, and the following condition of local triviality is satisfied:

(LT) For every point p € M there exists a neighbourhood U of p in M
together with a diffeomorphism : U x F — 7= }(U) such that

7(¢¥(q,v)) = q for all (¢,v) €U x F.
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Then E, M and 7 are called the total manifold, the base manifold,
and the projection of the F-bundle (E, 7, M), respectively. For each
point p € M, E, := 7 *(p) is the fibre over p (or through p). The
diffeomorphism ¢ in condition (LT) is a trivializing map for 7 (or for
E). A family (U;, ¥i)ier is called a trivializing covering for = (or for E
by abuse of language), if (U;);cr is an open covering of M and (¢;)er
is a family of trivializing maps ;: U; x F — 7= 1(U) for 7. We shall
frequently use the terms 'n: F — M is a fibre bundle’’7 is a fibre
bundle’, or, less consequently, "E' is a fibre bundle’.

2.5 Let (E;,m;, M;) be Fi-bundles, where i € {1,2}. A smooth
mapping ¢: Ey — Ey is called fibre preserving if m(z1) =
mo(22) implies mo(p(21)) = ma(w(22)) (21,22 € Ei). Equivalently, ¢
is fibre preserving if there exists a smooth mapping ¢g: M; — M,
such that g om = m 0 . We say that ¢p is the mapping induced
by the bundle map ¢ between the base manifolds.

2.6 A mapping s: M — E is a section of a fiber bundle n: E — M if
mos = 1y. The set of smooth sections of 7 is denoted by I'(7) or (by
abuse of notation) I'(E).

2.7 Let V be a finite-dimensional real vector space. A fibre bundle
(E,m, M) with typical fibre V is said to be a vector bundle of rank
dim V' if every fibre E, (p € M) is a real vector space, and there is a
trivializing covering (U;, 1;)icr for m such that the mappings

(Vi)p: V = Ep, v (%i)p(v) == i(p,v) (i € 1,p €Uy

are linear isomorphisms. A vector bundle 7’: E' — M is a subbundle of
a vector bundle 7: E2 — M if, for every p € M, E} is a linear subspace
of £y, and the induced inclusion mapping jp: ' — E, jp | B, =
jm; is smooth. (For the definition of jg see 2.0.1)

2.8 Let (Fy,m, M;) and (Ey, e, Ms) be vector bundles. A smooth
mapping ¢: E; — Fs is called a bundle map if ¢ is fibre preserving and
the restrictions , = ¢ [ (E1)p: (E1)p = (E2)ppp), P € My, are linear
mappings (g is the mapping induced by ¢, see 2.5). If My = M, =:
M and pp = 1, then we say that ¢ is a strong bundle map. A bundle
map @ called an isomorphism if it is a diffeomorphism; this holds if, and
only if, ¢ € Diff(M;, M,) and the restrictions ¢,: (E1), = (E2)ppp)
are linear isomorphisms.
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2.9 The set I'(7) of smooth sections of a vector bundle 7: E — M
forms a C°°(M)-module under the pointwise operations

(814 82)(p) = s1(p) + sa2(p), (fs)(p) == f(p)s(p), p € M,

where s,51,59 € I'(m), f € C°(M). The zero element of this module
is the zero section o defined by o(p) := 0, := the zero vector of the
fibre E,, p € M.

2.10 The fundamental lemma of strong bundle maps. Let
m: By — M and my: E5 — M be vector bundles over the same base
manifold M. If ¢: E; — F5 is a strong bundle map, then the mapping

O: () — I'(m2), s— P(s) :=pos

is C°°(M)-linear. Conversely, let ®: I'(m;) — I'(m2) be a module ho-
momorphism. Then there exists a strong bundle map ¢: Fy — FEs
such that

O(s) =posforall s el(m).

For a sketchy proof of this result, see [29], Proposition 2.2.31.

2.11 Let w: E — M be a vector bundle. A scalar product on 7 is a

mapping
g:p €M g, €Sy (E))

such that the function

9(s1,82): M = R, p = g(s1,52)(p) := gp(51(p), s2(p))

is smooth for each sy,s9 € I'(m). A vector bundle 7: E — M with
scalar product g is called semi-Euclidean if g, € Met(E,) for all p € M;
FEuclidean if g, € Euc(E,) for all p € M. Every vector bundle admits
a Fuclidean scalar product.

3 Tangent bundle and vector fields

3.1 A tangent vector to M at a point p of M is an R-linear function
v: C*°(M) — R such that

v(fg) =v(f)g(p) + f(p)v(g) for all f,g € C=(M).

Under the usual linear operations the tangent vectors form an n-
dimensional real vector space T,(M), called the tangent space of M
at p.
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3.2 Let (U,u) = (U, (u")?,) be a chart of M at a point p of M. Here
u'i=eou:U C M — u(ld) CR" = R;

(e')™_, is the canonical coordinate system on R”, i.e., the dual of the

canonical basis of R™. Then the functions ( a?ﬁ)p defined by

<aii>p(f) = (gj) (p) == Di(fou ") (u(p)), [feC®(M) (3.1)

Jut
of T,M. Using this basis, every tangent vector v € T, M can uniquely

be written in the form v ="  v(u") (B(Zi)p'

are the tangent vectors to M at p. The family (( < );;) is a basis
i=1

3.3 Let TM := |, 5/ 1,M (disjoint union) and define the projec-
tion 7: TM — M by 7(v) := p if v € T,M. The topology and the
smooth structure of M induce a unique (Hausdorff and second count-
able) topology and a smooth structure on T'M such that for every chart
(W) = (U, (u)y) on M,

{ (T U), (z,y) = (71 U), (2')iy, (4')in) (3.2)

rii=ulor, y'(v):=v(u)

is a chart on TM. We say that (7' (U), (z,y)) is the chart induced by
(U, u). The triple (T'M, 1, M) is a vector bundle with typical fibre R"
whose fibre over a point p € M is the tangent space T,M. The vector
bundle obtained in this way is called the tangent bundle of M; its total
manifold T'M is the tangent manifold of M. The tangent bundle of
TM will be denoted by 7pp: T'T'M — TM, or simply by 77y, or less
precisely by TT M.

3.4 Let ¢: M — N be a smooth mapping between manifolds. Given
any point p € M, the mapping

(90*)17: TPM — TSD(P)N? U= (@*)p(v)v (3 3)
(0:)p(v)(h) :==v(h o) for all h € C=(N) '

is a linear mapping, called the derivative of ¢ at p. The mapping
o TM — TN, .| T,M:=(¢s), (pEM)

is a bundle map with induced mapping (¢.)p = ¢ between the base
manifolds. This bundle map is the derivative of .
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3.5 A smooth section of the tangent bundle of M is called a wvector
field on M. The C°°(M)-module of vector fields on M is denoted by
X(M). Thus

X(M) :=T(TM) = {X € C®(M,TM)| 70 X = 1/}.

If U is an open subset of M, then a wvector field on U is a smooth
mapping X: U — TM such that 7o X = 1. They form a module
over C°(U) denoted by X(U). If, in particular, ¢/ is the domain of a
local coordinate system (u’)"_; of M, then the mappings

0
out

U — TM, pH(%) eT,M (ic.J,),
p

where the right-hand side is defined by (3.1), are vector fields on U,
called the coordinate vector fields of the chart (U, (u’)f;). A family
(X;)I, of vector fields on U is a frame field on U if ((X;),) is a basis
of T,M for all p € U. Thus the coordinate vector fields of a chart form
a special frame field on their domain.

As an example consider the real line R, endowed with its canonical
smooth structure defined by the single chart (R,r) := (R, 1g). The
coordinate vector field of this chart is the mapping

d d
—:teR — TR
dr eR= (dr)te =

where the tangent vectors (), (t € R) act as ordinary differentiations:

(di) (h) == K(1) for all h € C=(R). (3.4)
"/t
3.6 Given a vector field X € X(M), the mapping

feC®*M)— XfeC®(M)

is a derivation of the R-algebra C'*°(M): it is R-linear and satisfies the
Leibniz rule

X(fh) = (X[f)(h)+ fXh;  f,heCF(M).

Conversely, every derivation of C*°(M) comes from a vector field. Thus
vector fields on M can be freely interpreted as derivations in the algebra
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C*>°(M). The Lie bracket [X,Y] of two vector fields X, Y € X(M) is
the unique vector field such that

X,Y](f) = X(Vf) — V(X[) forall f € C®(M).  (3.5)

This bracket operation is R-bilinear, skew symmetric and satisfies the
Jacobi identity, making X(M) into a (real) Lie algebra. Moreover, for
f € C>(M) we have

X Y] = fIX, Y] = (V)X and [X, fY] = fIX, Y]+ (X[)Y.
(3.6 a-b)

3.7 Let po: M — N be a smooth mapping between manifolds. Two
vector fields X € X(M) and Y € X(N) are called p-related if

p.0X =Y og. (3.7)

Then we write X ;JY. We say that a vector field X on M is projectable
(by ) if there exists a vector field Y on N such that X ;;Y.

3.8 Let X1, Xy € X(M): Y1,Y; € X(N). If X;~Y; (i € {1,2}), then
(X1, Xo] > [Y1,Y3] (related vector field lemma). Suppose, in particular,
that ¢ € Diff(M, N). The push-forward of a vector field X € X(M)

by ¢ is
puX == p. 0 X ool € X(N); (3.8)

it is the unique vector field on N which is ¢-related to X. The mapping
wu: X(M) = X(N), X pzX
is a Lie algebra isomorphism, i.e., we have
e[ X, Y] = lppX, 0uY]; X,V € X(M). (3.9)
A vector field X on M is called invariant under a diffeomorphism 1)
of M,if X =X, ie, 9,0 X = X o).
4 Integral curves and flows

4.0 Throughout this section I C R is a nonempty open interval. To
obtain coordinate expressions, we use a chart (U, (u')?_;) on M and
the induced chart given by (3.2) on T'M.
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4.1 A smooth mapping a: I — M is also called a smooth curve in M.
The tangent vector (or velocity vector) é(t) € TowyM of avat t € I is
defined by

a(t)(f) = (a0 f)(t) = lim : . fecm(M).

Then we have

a(t) = (as), (%)t, tel (4.1)

The curve « is regular if &(t) # 0 for all t € I. If (U, (u'),) is a chart
at a(t) and o' := v’ o o, then

i) = Y00 (75) (42

i=1

4.2 Let a: I — M be a smooth curve. A wvector field along o is a
smooth mapping X : I — T'M such that X (t) € T,yM for all t € I,
i.e., 7o X = a. The set of all vector fields along a forms the C*°(1)-
module X, (M) :={X € C®(I,TM)| 7 o X = a}. The velocity vector
field
d

Y= (i, 0 — 4.3

&i=a,o (4.3)
of o is an example of a vector field along «. By the acceleration vector
field & € X4(TM) of a we mean the velocity vector field of the curve
a: I —TM,ie.,

If a(t) is in the chart domain U, then

6=y ((ai)'(t) (3, 7o ( 5})@@) A

=1

4.3 Let V be an n-dimensional, non-trivial real vector space, en-
dowed with the canonical smooth structure determined by a single
chart (V,¢), where p: V' — R”™ is a linear isomorphism. Given any
point p in V, V may be naturally identified with its tangent space
T,V via the mapping ¢,: V. — T,V,v — ,(v) = &,(0), where
a,(t) :=p+tv, teR.
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4.4 A curve a: I — M is an integral curve of a vector field X on M
ifa=Xoa, ie &) = X(a(t)) forallt e [.If Iis an open
interval containing I, then an integral curve a: I — M of X is an
extension of a if @ | I = . An integral curve of X is maximal if it
has no proper extension. A vector field on M is called complete if each
of its maximal integral curves is defined on the entire real line.

4.5 Let X be a vector field on M and let a point p € M be given. There
exists a unique integral curve ~y,: I, — M of X such that ~,(0) = p.
We say that the integral curve v, starts at p. A function f € C>(M)
is called a first integral for X € X(M) if X f = 0. This holds if, and
only if, X is constant along the integral curves of f, i.e., the function
foa: I — Ris constant for every integral curve a: [ — M of X.

4.6 Given a vector field X on M, there exists an open subset D(X) in
R x M and a smooth mapping ¢~ : D(X) — M satisfying the following
conditions:

(a) For each p € M, {t € R|(t,p) € D(X)} = I,, and the mapping
I, — M, t — ¢*(t,p) is the maximal integral curve of X starting
at p. Thus, in particular, ¢*(0,p) = p.

(b) For each t € R, Dy(X) := {p € M| (t,p) € D(X)} is an open
subset of M and the mapping

pr P €DU(X) = ¢f (p) =" (tp) €M
has the following properties:

(i) If (¢,p) and (s, ¢ (p)) are elements of D(X), then (s+t,p)
is also an element of D(X), and we have

X oo =k, (4.5)

(ii) @5 is a diffeomorphism of D;(X) onto D_;(X) with inverse
X
Pt

The mapping ¢~ is called the local flow of X; it is uniquely determined
by its (infinitesimal) generator X. In view of relation (4.5) we also say,
less precisely, that (o3 ) is the local one-parameter group generated by
X, whose tth stage is the (local) diffeomorphism ;X from D;(X) onto
D_(X). When the vector field X is clear from the context, we simply
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write (¢;). If X is complete, then D(X) = R x M, and the smooth
mapping ¢~ is called the global flow of X. In this case we have:

e = lars X 0@ = X, for all s,t € R( so the stages of @™ commute);
every stage ;- is a diffeomorphism of M with (o)™ = %,

We also say that (¢ )ier (or (¢¢)icr) is the (global) one-parameter
group generated by X. Fwvery vector field on compact manifold is com-
plete.

4.7 Let X be a vector field on M, and let ¢*: D(X) — M its local
flow. Suppose that (¢,p) € D(X). Then for every smooth function f
on M

(XDW)=lm (7 o &)~ /) = lm (£ o 0ult) = F2) (o

= (f20)'(0) = &(0)(f)

where o, is the maximal integral curve of X starting at p. If Y is
another vector field on M, then

X, Y)(p) = lim 7 (267, ~ Y ()

t—0

1 (4.7)
= lim — ((¢%)c 0 Y o (p) = Y(p))
We abbreviate formulas (4.6) and (4.7) as
1
Xf =lim—(f ol ~ f) (4.8)
—0 t
and 1
X,Y] = lim 1 (0%)4Y — V), (49)
respectively. Notice that relation (4.9) can also be written in the form
1
X,Y] = lim (Y 0¥ — (&), o). (410)
—

To see this, note first that

MHHYO% (g7 ) oY) =lim(p" ). ((p%)s 0 Y 0 g7 —Y)

t—0 ¢ t—0

= m (o). (G (#2)Y — V)

t—0
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Now let p € M be a fixed point and introduce the mappings
n: [p X TPM — M, (t,v) = n(tav> = (SOtX)*(U)

and
1
Z: I, —»T,M, t— Z(t) = ;(((90)—2)#5/% - Y;n)

Then Z is continuous and PH(]) Z(t) (41)
H

[X,Y],, so we obtain

lim (Y, ) — (21).(43)) = lim (£, Z(0)) = (0. lim Z(1))

t—0 t

= (903()*<[X7 Y]P) - [X7 Y]P?
as we claimed.

4.8 Let X and Y be vector fields on M with local flows ¢~ and ¢Y,
respectively. Then following assertions are equivalent: The Lie bracket
[X, Y] vanishes; ‘the vector field Y is invariant under the flow of X7,
ie.,

(PX)4Y =Y [ Di(X)

whenever Dy(X) # 0; ‘the local flows of X and Y commute’, i.e.,
©X 0l = Y o X whenever either side is defined.

5 Tensor fields and differential forms

5.1 Let M be a manifold. By a tensor field on M we mean a tensor
in

Te(X(M))UTHE(M)), k €N.
Then we write
Te(M) = Ti(X(M)),  Tp(M) =T (X(M))
In particular (see 2.0.6)

To(M) = C*(M), To(M)

= X(M), Ti(M) = X*(M) := (X(M))",
T1(M) = Endgesary (X(M)).

Instead of ‘tensor field on M’ we also say simply that ‘tensor on M’.
The elements of X*(M) are called 1-forms on M. If f € C*°(M), then

df: X(M) — C®(M), X v df(X) = X f (5.1)
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is a 1-form on M, the differential of f.
Given a tensor field A € T, (M) U TL(M) and a point p of M, A
has a well-defined value

A, € Ti(T,M) U THT,M)

at p (see, e.g., [24], pp. 37-38). Using this fact, we define the trace of
a tensor A € T1(M) as the smooth function

trA: M — R, p— (trd), :==tr(4,),

where the right-hand side is given by (2.5). This definition is extended
to tensors B € T,(M), k > 1, as follows: trB € T;,_;(M) such that

trB(Xy, ..., Xp) = tr(X € X(M) = B(X,X1,..., Xs_1)) € X(M).
(5.2)

5.2 The Grassmann algebra of a manifold The elements of
Ar(M) := Ap(X(M)) and Ay (M) := Ay (X(M))

are called k-forms and vector k-forms on M, respectively. Notice that
Ap(M) = {0} if & > n = dim M; we agree that A,(M) := {0}, if k
is a negative integer. We define the wedge product o A\ § of a k-form
a € A(M) and an [-form € A;(M) by

QAB(X17"'7Xk+Z)

1 5.3
= > 0)a(Xoq), - Xoe) B Ko1)o Xosn): (5:3)

O'GSk+l

Then a A € Ay (M). The wedge product makes the direct sum
A(M) := @}_yAr(M) into an algebra over the ring C*°(M), called the
Grassmann algebra of M. This algebra is

graded, i.e., a N € App(M) if a € Ap(M) and g € A(M);
associative, i.e., (a AB) ANy =aNA(BAy) for all a, B,y € A(M);
graded commutative, i.e., if o € A, (M) and 5 € A;(M), then

aAB=(-D"3na (5.4)

5.3 Derivations of the Grassmann algebra Let r € Z. An
R-linear mapping D: A(M) — A(M) is a graded derivation of degree
r of A(M) if
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(i) D(Ag(M)) C Agsr(M) for all k € Z;
(ii) for any o € Ax(M) and B € A(M) we have
D(a A B) = (Da) A B+ (=1)* a A DB. (5.5)
Lemma 5.3.1. Every graded derivation of the Grassmann algebra

A(M) is uniquely determined by its action on the smooth functions
on M and on their differentials.

For a proof we refer to [29], Lemma 3.3.23.

5.3.2 If Dy and D, are graded derivations of A(M) of degree r; and
ro, respectively, then their graded commutator

[Dh DQ] = D1 9 DQ - (-1)T1T2D2 o) D1 (56)

is a graded derivation of A(M) of degree r; + 5. The graded commu-
tator is graded anticommutative in the sense that

[Dy, Do) = —(—1)""2[Ds, D], (5.7)
and satisfies the graded Jacobi identity

(=1)""[D1, [D2, D3]] 4+ (=1)""[Dy, [Ds, D1]]

5.8
+ (—1)T3T2 [Dg, [Dl, DQH - O, ( )
where 7; is the degree of D;, i € {1,2,3}.

5.3.3 The classical graded derivations of A(M) are the substitution op-
erator ix, the Lie derivative Lx (X € X(M)) and the ezterior deriva-
tive d. Their degrees are -1,0 and 1, respectively, and they are defined
by the following formulas:

(ix)(Xo, ... Xp) = a(X, Xo, ..., Xp), (5.9)

(Lxa)(Xq,...,Xk) = X(a(Xy, ..., X))

; (5.10)
_Za(le . 7[XaXi]a 7Xk’)’
=1
k
dOé(Xo, ,Xk) - Z(_l) Xz a(X0> 7X17 . 7Xk)
=0 (5.11)

0<i<j<k
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ixf:=0,Lxf:=Xf df(X):=Xf;feC®M). (5.12 a-¢c)

In formulas (5.9)-(5.11), & € Ax(M), k > 1. In (5.11) the notation X;
means that the argument X; is deleted. These operators satisfy the
identities

(5.6

lix, iy] —)ZXOZy—l-’LYOZ)(—O (5.13)
[Lx,iy] = Lx oy —iy o Lx =i[xy], (5.14)
lix, ] ixod+doix =Ly, (5.15)
Lx,Ly]=Lx oLy —LyoLx=~Lxy, (5.16)
[Lx,d]=Lxod—doLx =0, (5.17)
& :=dod=0. (5.18)

6 Covariant derivatives

6.1 A covariant derivative on a vector bundle 7: £ — M is a mapping
D:X(M) xTI'(m) —» I'(r), (X,s)— Dxs

which is tensorial in X and derivation in s, i.e, which satisfies the
conditions Dyxs = fDxs, Dxfs = (Xf)s+ fDxs (f € C*(M)).
The smooth section Dxs is called the covariant derivative of s with
respect to X. The covariant differential of a section s € I'(7) is the

mapping
Ds: X(M) —TI'(m), X — Ds(X) := Dxs.
More generally, let £ € N* and suppose that
A: (T(r)F — C°(M) and B: (I'(7))* — I'(x)

are C°(M )-multilinear mappings. Then we say that A and B are
w-tensor fields of type (0,k) and (1, k), respectively. We define their
covariant differentials DA and DB by

DA(X,s1,82,...,8) := (DxA)(s1,...,8k) = X(A(s1,-..,5k))

i 6.1
—ZA(sl,...,DXsi,...,sk) (6.1)
and
DB(X,s1,...,8;) = (DxB)(s1,...,8) := Dx(B(s1,...,5k))
b (6.2)

—ZB(Sh---,DXSi,---,Sk),
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respectively. Then Dx A is also a type (0, k), Dx B is also a type (1, k)
m-tensor field.

If g is a scalar product on 7 (2.11), then a covariant derivative D
on m is called compatible with g or a metric derivative if Dg = 0.

Lemma 6.1.1 (localization). Let 7: E — M be a vector bundle and D
is a covariant derivative on w. Suppose that two sections si,s9 € I'()
coincide in a neighbourhood of a point p € M. Then

(Dxs1)(p) = (Dxs2)(p) for all X € X(M).

For a proof, see, e.g., [5], Lemma 1.3.
Using this lemma we may define the covariant derivatives of
(smooth) local sections of 7.

6.2 The curvature tensor field (briefly the curvature tensor) of a co-
variant derivative D on w: £ — M is the mapping

R: X(M) x X(M) x () — T(n),

6.3
(X,Y,s) = R(X,Y)s:= DxDys — DyDxs — Dix y]s. (6:3)

It can quickly be checked that R is C°°(M )-linear in all three arguments
and skew-symmetric in the first two arguments.

6.3 By a covariant derivative on a manifold M we mean a covariant
derivative

D: X(M) x (M) = X(M),(X,Y) — DxY

on its tangent bundle. Then we define the torsion tensor T € Ty (M)
of D by

T(X,)Y):=DxY —DyX — [X,Y]; X,Y € X(M). (6.4)
If T'= 0 we say that D is torsion-free or symmetric.
Given a chart (U, (u*)™;) of M, and using the localization lemma

6.1.1, we define the Christoffel symbols Fék e CU) (i,j,k € Jy,) of
D with respect to the chosen chart by

0 .0
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6.4 A diffeomorphism p: U — V between two open subsets of M is
called a local automorphism of a covariant derivative D on M if

Pu(DxY [U) = (Dy, oY) [V forall X|Y € X(M). (6.6)

Then we also say that ¢ is a (local) D-automorphism. We de-
fine a vector field X on M to be D-Killing if the stages of its local
one-parameter group are local automorphisms of D. We denote by
Killp (M) the set of D-Killing vector fields on M. (Here we follow the
terminology and notation of Serge Lang [16].)

Proposition 6.4.1. Let M be a manifold together with a covariant
derivative D on M. Then we have:

X € Killp(M) <= LxD =0. (6.7)
For a proof see, e.g., [26], 2.123 Proposition, (i).

6.5 Suppose that D is a covariant derivative on M. Given a vector
field X € X(M), let

(,CXD)(}/, Z) = ﬁx(DyZ) - DLXyZ - Dy(ﬁxz)

6.8
= [X,DyZ| — Dixy)Z — Dy[X, Z] (6.8)

It is easily checked that £Lx D is C*°(M)-linear in both of its arguments.
So LxD is a type (1,2) tensor field on M, called the Lie derivative of
D.

Lemma 6.5.1 (see [26], 2.123 Proposition (ii)). Let D be a covariant
deriwative on M with curvature R. If D s torsion-free, then

(LxD)(Y, Z) = (R(X,Y) + Dy(DX))(2) (6.9)
for all X,Y,Z € X(M). Thus
(LxD) =0 <= DyDX = R(Y,X) for allY € X(M).  (6.10)
(where R(X,Y) means the endomorphism
X(M) — X(M), Z— R(X,Y)Z := DxDyZ — DyDxZ — DixyZ.)

The proof is a straightforward calculation.
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7 Constructions on the tangent bundle

7.1 Throughout this section, M is an n-dimensional manifold,
7: TM — M is the tangent bundle of M, and 7o M : TTM — TM is
the tangent bundle of T'M. For local descriptions and calculations, we
fix a chart (U,u) = (U, (u*)?_,) on M, and consider the induced chart
(7Y U), (2, (y")™,) (see(3.2)) on TM. If f is a smooth function
on M, then f¥ := for and f: TM — R, v — f(v) := v(f) are
smooth functions on T'M, called the wvertical lift and the complete lift
of f, respectively. Locally,

c __ 7 8f o
f @Zy (% r). (7.1)

7.2 The vertical bundle of TT'M Given a vector v € TM, the
vector space

V,TM :=Ker(r,), := {w € T,TM|(7)p(w) =0} C T,TM  (7.2)

is called the wvertical subspace of T,,T M. The elements of V, TM are
mentioned as vertical vectors at v. Since (7.),: T,TM — TryM 1s a
surjective linear mapping, it follows that dim V,TM = dim T}, M =

n. A basis for V,TM is the family (( 4 ) )n . Let
v/ =1

oy’

VTM = UveTMTvTM, oy = Trm | VT M.

Then VI'M has a unique smooth structure such that 77,, becomes a
subbundle of 77y, (or TT'M). This vector bundle is called the vertical
bundle of 7rp. We denote by X¥(T'M) the C*(M)-module of smooth
sections of 77,,, and we call the elements of XV(T'M) vertical vector
fields on T'M. It is easy to show that for a vector field £ € X(T'M) the
following are equivalent:

(i) & € X(TM);
(i) £~ o, where o € X(M) is the zero vector field;
(iii) &£(fY) =0 for all f e C>®(M)

(see, e.g., [29], Lemma 4.1.28). From this and from the related vector
field lemma 3.7.8 we conclude immediately that

fl,fg S %V(TM) implies [51,52] S %V(TM),
and hence XV(T'M) is a subalgebra of the Lie algebra X(TM).
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7.3  Vertical lift Given a point p € M and two tangent vectors
u,v at p, define a tangent vector v (u) € T, TM by

v'(w) = (iy 0 ) (0), (7.3)

where i,,: T,M — TM is the canonical inclusion, and a: R — T,M is
a smooth curve given by «a(t) := u+tv, t € R. Applying (4.2), we find
that

(o)) = (' 0 00Y0) (55) + ' oinoa)0) (55)

ie.,

0= L0 (5) (7.4
Y/ u
Thus v'(u) is a vertical vector at u, called the vertical lift of v € T,M

tou € T,M. The vertical lift of a vector field X € X(M) is the vertical
vector field

XViueTM — X¥(u) = (X(r(u)"(u) € V,TM.
;0
IfX@ZX 5. then

0

XV = XioT)=—. 7.5
=Y (xen (7.5
This implies immediately that

(X+Y)=X"+Y", (fX)=f'X", (7.6)

for all X,Y € X(M), f € C=(M).
Lemma 7.3.1. Let X be a vector field on M.

(i) The vertical lift XV of X is the unique vertical vector field on
TM such that

XVfe=(X[f)" forall feC®(M). (7.7)
(ii) The vector field XV is complete, and its flow is given by

X (t,v) = v +tX(r(v)) forall (t,v) eRxTM. (7.8)
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7.4 The Liouville vector field We have a canonical vertical vector
field on TM, the Liouville vector field

C:TM —TTM, v+ C(v) :=v'(v). (7.9)

Locally,

.0
C = i 7.10
(M)Zy o (7.10)

Lemma 7.4.1. (i) The Liouville vector field is the unique vertical vec-
tor field on T M such that

Cfe= f° forall f € C*(M). (7.11)

(ii) Define the dilatations p; (t € R*) and positive dilatations p (¢ is
a real number) of TM by

pi(v) ==tv and pi(v) = e, (7.12)
respectively. Then
C~C, e, (g)x 0 C = C oy for all t € R, (7.13)
The Liouville vector field is complete, its flow is given by
oY (t,v) = e'v for all (t,v) € R x TM, (7.14)
i.e., the one-parameter group generated by C is (11} )icr.

7.5 The complete lift of a vector field Given a vector field X on
M, there exists a unique vector field X< on T'M such that for every
smooth function f on M,

Xf=(Xf) and Xf = (X[f) (7.15 a-b)
The vector field X°€ is called the complete lift of X. Locally, if

o,
X = X'—, th
) Z out’ en

(7.16)
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We have, in particular,

I\ 0
) = — 1€ J,. 7.17
<8u1) ot " © (7.17)
It can be seen immediately from (7.16), that X¢ is 7-related to X, i.e.,
woX°=Xor. (7.18)

A further consequence of (7.16) is that

(X +Y) =X+ YS, (fX)=f'X+ fX (7.19)
for all X, Y € X(M), f e C®(M). It can also easily be shown that
(pe) 2 X = (puX)° for all p € Diff(M). (7.20)

Lemma 7.5.1. Let X be a vector field on M with local flow ¢*. Then
the local flow pX°: Dxc CR x TM — TM of X is given by

O (t,v) = (¢X).(v)  for all (t,v) € Dxe. (7.21)

Otherwise stated, if X generates the local one-parameter group (¢7),
then X¢© generates the local one-parameter group ((p¥)s).

7.6 Formulas for Lie brackets For any vector fields X,Y on M
we have

XY, YY) =0, [XV,Y] = [X,V]", [XS, Y] = [X,Y]° (7.22 a<c)
[C,X"] =—X", [C, X =0. (7.23 a-b)

7.7 Homogeneity

7.7.1 Le@ C T'M be an open subset, and let 7 := 7 | TM. We
say that T'M is a conic subset of TM if 7(TM) = M and

1 (v) € TM for allv € TM, t € R. (7.24)

Obviously, T'M is a conic subset of itself. A further important example
is

TM = TM \o(M), o€ X(M) is the zero vector field.

Then we write 7 := 7 [ TM, and call 7: TM — M the slit tangent
bundle of M.
If (U, (u")?,) is a chart on M, then we define the induced chart

FLU), (#")";, (y')",) on TM in the same way as in (3.2). For sim-

—_—

plicity, the restriction of a vector field £ € X(T'M) to TM will usually
be denoted also by &.
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7.7.2 Let 7:\]\z/be a conic subset of TM, and let r be an integer. A
function F': TM — R is called positive-homogeneous of degree r (or
rT-homogeneous for short) if F o u,” = ¢™F for all t € R.

The following basic results are well-known:
(i) A Cl-function F: TM — R is r*-homogeneous if, and only if,
CF =rF (Euler’s theorem).
(ii) If a function F: TM — R is continuous on o(M) and 0*-
homogeneous, then it is fibrewise constant.
(iii) If F' € CY(TM,R) and F is 1T-homogeneous, then F' is fibrewise
linear, i.e., F' [ T,M € (T,M)* for all p € M.
(iv) If F € C*(TM,R) and F is 2*-homogeneous, then F' | T,M is a
quadratic form for all p € M.
(v) Suppose that r € N*, and let F': TM — R be an r*homogeneous
continuous function. Then its extension
Flv) if veTM

F:TM - R, v F(v) :=
0 if veo(M)

is a continuous function on TM. If r > 2 and F is of class C*, then F'
is also of class C'. For proofs see [29], 4.2.9 — 4.2.11.

7.7.3 We continue to assume that 7?]\\2[ C TM is a conic subset and
r € Z. A differential form w € A(TM), resp. a vector k-form L in

A,lf(m) is called r*-homogeneous if
Low=rw, resp. LoL = (r—1)L. (7.25 a-b)

In the special case L := ¢ € X(TM) = AL(TM) condition (7.25 b)
takes the form

[C,&] = (r—1)¢E. (7.26)

From this and from (7.23 a-b) it follows that the wvertical lift of a
vector field is 0T -homogeneous, the complete lift of a wvector field is
1*-homogeneous. Thus, in particular, for every i € J,,,

e 2]- [ ()] o o

-5 o
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f Z(Slaxz fnﬂ ) then

) i 0 n+ 0 nTi 4
.8 =3" ((05) -+ & {C a—} (O s+ € lc, W-D
(7.27),:(7.28) Z ((sz)ail + (C€n+z fn-i-z)a(z )

therefore £ is r*-homogeneous if, and only if, the component functions
& are (r — 1) -homogeneous and the component functions " are
r*-homogeneous.
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Part 11
Lie derivatives 1n Finslerian
setting

8 Finsler bundles and canonical construc-
tions

8.1 Let M be an n-dimensional manifold. Consider the tangent bundle

7: TM — M of M, and let 7: TM — M be a ‘conic subbundle’ of 7
as described in 7.7.1. Form the fibre product

TM %3 TM :={(u,v) € TM x TM| 7(u) = 7(v)},

and let 7™ := pr; | ™ Xy TM. Then 7: ™ Xy TM — TM turns
out to be a vector bundle of rank n over T'M with fibres

%71(11,) = {(U,U) S TT\/[XTM‘ v E T;(U)M} = {u} XT;(U)M = TT(’M)M

This vector bundle is called the Finsler bundle over TM. The most
important special cases are

w: TM X TM — TM — the Finsler bundle over T'M,
% TM xp TM — TM — the slit Finsler bundle.

8.2 Finsler vector fields The smooth sections of 7 are of the form

X =7, X):ueTMw— (u,X(u)) € TM x TM, (8.1)

TM>
where X € C“(m,TM) is such that 70 X = 7. We say that X is
the principal part of X. Elements of the C°°(T'M)-module I'(7) are
also called Finsler vector fields on T M. Finsler vector fields can be
identified canonically with their principal parts.

We have a canonical section § in I'(7) with principal part 1.
Thus o - B
0:TM —TM Xy TM, u— 6(u) = (u,u). (8.2)

If X € X(M), then

X =1z, X o7) :u € TM — (u, X (7(u))) (8.3)
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is a Finsler vector field on TM. Finsler vector fields of this type are
called basic. The C*(TM)-module T'(7) is locally generated by the
basic Finsler vector fields. If (U, (u')?,) is a chart on M with induced

chart (7~'(U), (")}, (y')izy) on TM, then

o= y— 4

X= Xlor)— if X :
Do (XTom)a if X e X(M), X =37 X' W (8:5)

Given a Finsler vector field X € I'(r) and a diffeomorphism ¢ of
M, the mapping

paX = (p. X p.) 0 X o (p,) 7" (8.6)

is also a Finsler vector field, called the push-forward of X by ¢ (or
more precisely, by (¢, X ¢,.). Here the ‘X’ is defined by (2.2). If
ga#)? — X, then we say that X is invariant under o (cf. 4.8). We
use the same terminology if ¢ is a diffeomorphism between two open
subsets of M. The following equalities can easily be checked:

0sX = 0uX (X € X(M)), ud =0. (8.7a-b)

8.3 Finsler tensor fields The elements of the Coo(ﬁ\//[)—modules
Tw(T(7)) and T}(T(7)) are called Finsler tensor fields of type (0,k)
and (1,k), respectively. Then, for example, a Finsler tensor field
AeTHT(T) (k=1)isa C‘X’(T]\/[) multilinear mapping from (I'(7))*
to I'(7). As a tensor field on a manifold, a Finsler tensor field also has

a well-defined value at each point of TM. To illustrate this, we con-

sider two examples.
(a) Let A € THTI'(7)). Then, for every v € TM,

A, € T ({v} X TryM) = T} (TyyM) = End(T(,) M)

such that (A(X))(v) = A,(X(v)) for all X € T'(7).
(b) If g € T5(I'(7)), then for every v € TM,

gy € TQ({U} X TT(U)M> = TQ(TT(U)M),
i.e., gy TrwyM x TryM — R is a bilinear function such that

g(X,Y)(v) = go(X(v),Y (v)) for all X,Y € (7).
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This interpretation makes it possible to define the crucial concept of
the trace of a Finsler tensor field A € T}(T'(7)) (k = 1) on the analogy
of 5.2. If k > 1, then trA € T;,_,(I'(7)) is given by

(trA) (X1, ..., K1) = (X = AX, X1, ..., X1 1)) €T(F).  (8.8)

8.4 The bundle maps i, j and J In what follows, for simplicity,
we consider the Finsler bundle 7: T'M X, TM — T M. However, our
constructions may be carried out without changes to the more general

case 7: TM ><MTM—>TM
Definition and Lemma 8.4.1. (i) The mapping
i: TM xy TM — VTM, (u,v) — i(u,v) := o' (u) (8.9)

1s a strong bundle isomorphism of the Finsler bundle ™ onto the
vertical bundle Ty, VI'M — T'M.

(ii) The mapping

Ji=(rra, ) TTM — TM X0 TM, w— (7rp(w), Te(w))
(8.10)
18 a surjective strong bundle map from the tangent bundle of T M
onto the Finsler bundle over T'M. Its kernel is the vertical bundle

of TTM.

(iii) The composite mapping joi : TM Xy TM — TM X TM
is the zero mapping, i.e., for all (u,v) € TM X TM we have
joi(u,v) = (1(u),0), where 0 € TryM is the zero vector.

(iv) The composite mapping
Ji=ioj: TTM — TM x TM — TTM (8.11)

1s a strong bundle map from TTM into itself, called the vertical
endomorphism of TT'M. We have

m(J) = Ker(J) = VTM, J? = 0. (8.12 a-b)
(v) The sequence

0= TM %y TM 5 TTM %5 TM xy TM -0 (8.13)
15 a short exact sequence of strong bundle maps in the sense that
i is injective, j is surjective and Im(i) = Ker(j).  (8.14)

(The zeros mean trivial vector bundles over T M, whose typical
fibre is the trivial R-vector space {0}.)
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For a proof we refer to [29], Subsection 4.1.3.
Now, by 2.10, it follows that we also have a short exact sequence

0— D(r) 5 X(TM) 5 D(x) - 0 (8.15)

of C°°(T'M)-homomorphisms, where, for simplicity, we denote the
module homomorphisms by the same symbols as the corresponding
bundle maps in (8.13). In this interpretation,

Ji=ioj: X(TM) — X(TM)

is an endomorphism of the C°°(T'M)-module of vector fields on T'M
such that
Im(J) = Ker(J) = XY(T'M). (8.16)

We say that a differential form o € Ay (T M) (resp. A € A, (TM))
is semibasic if
igea = 0 (resp. iggA=0and Jo A =0) for all £ € X(T'M). (8.17)
It can easily be seen that the mapping
AeTHI(x)) = End(I'(n)) = A:=io Aoje End(X(TM)) (8.18)

is a canonical isomorphism between the module of endomorphisms of
['(7) and the module of semibasic endomorphisms of X(T'M).

For a general discussion of such type of isomorphisms we refer to
[28], 2.22.

Lemma 8.4.2. Concerning the C*°(T M )-homomorphisms i, j and the
endomorphism J € End (X(TM)) we have

iX =X, jX‘=X, (8.19 a-b)
JX¢=X", JX' =0, (8.20 a-b)
[J, X =[J,X] =0, (8.21 a-b)

where X € X(M), and, furthermore
v=C, [J,0]=1J. (8.22 a-b)
The proof is routine.

Lemma 8.4.3. If ¢ is a smooth transformation of M, then

Pax 01 =10 (s X @), (s X u) 0 = j O Pus (8.23 a-b)
For a proof we refer to [29], Lemma 4.1.64.
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9 Vertical calculus

9.1 The vertical endomorphism J € A (T'M) = End(X(T'M)) induces
two graded derivations of the Grassmann algebra A(TM): a deriva-
tion iy of degree 0 and a derivation dj of degree 1. Referring to
Lemma 5.3.1, we define the derivation 73 by its action on smooth func-
tions and on their differentials:

igF :=0 and i3dF :=dF oJ forall F € C*(TM). (9.1)

Then the operator dy is defined as the graded commutator

5.6

d_] = [IJ,d] (:) iJOd_dOiJ. (92)
Then
dyF = iydF = dF oJ, dydF = —d(dF o J). (9.3 a-b)

9.2 Given a Finsler vector field X € I'(r), we define a derivation V%
prescribing its action on smooth functions and Finsler vector fields as
follows:

VLF = (iX)F = (dF oi)(X), F e C®(TM); (9.4)

n € X(TM) is such that jn=Y. '

Then V"}?? is well-defined: does not depend on the choice of the vector
field n satisfying jn = Y. The mapping

Ve Y el(m) — VLY € T'(m)
is R-linear and satisfies the Leibniz rule
V‘)’?FY = (V}(F)Y + FV}{Y. (9.6)

Now we extend the operator V;? to act on any Finsler tensor field in
such a way that Leibniz’s rule remains valid. For any Finsler tensor
field A € Ty (I'(7)) UT, (T'(7)) (k = 1) we define the tensor V%A of the
same type by
(VEA)(X, .., X)) o= VS (AX, ..., X))
k ~ = ~ (9.7)
=) AXG,L VX X

=1
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We say that V"XA is the canonical vertical covariant derivative, briefly

the vertical derivative, of A with respect to the Finsler vector field X.
The (canonical) vertical differential of A is the Finsler tensor field VYA
of type (0,k+ 1) or (1,k + 1) given by

VAKX, X1, .., Xi) == (VEA) (X1, ., Xp). (9.8)

Examples. (a) If F € C®°(TM), then VVF = dF o1, therefore
VYF(X) = X'F for all X € X(M). (9.9)

The 1-form dyF and the Finsler 1-form VYF' are related by
dyFF =V'Foj. B
(b) For every section X € I'(m) and vector field Y € X(M),

VLY =0. (9.10)

X

Indeed, V%Y = j[iX,Y<]. Since iX~0 and Y°~0, by the related
vector field lemma (3.7.8) it follows that [iX, Y] is vertical, hence
jixX, Yy =o.
(¢) The vertical differential of the canonical section is the identity trans-
formation of I'(m):

VY0 = lpm). (9.11)

This can be seen, for example, by an easy local calculation.

10 The classical Lie derivative

10.1 Let M be a manifold and let X € X(M). If A € T(M), then we
define the Lie derivative Lx A by (5.10) and (5.12 b). Thus, if k£ 2 1,

(LxA) (X1, ..., Xp) = X(AXy,..., X))
=) CAX, XX X (10-1)
If BeT,(M) (k=1), then we define
(ﬁxB)(Xl, e ,Xk) = [X,B(Xl, Ce ,Xk)]

_iB(le'”7[X>Xi]>~-7Xk), (10.2)



38 10 THE CLASSICAL LIE DERIVATIVE

If, in particular, B € End(X(M)), then we write
[B,Y]:=—-LyB, (Y € X(M)),

and we say that [B,Y] is the Frilicher-Nijenhuis bracket of B and Y.
From (10.2) we obtain

[B,Y]X = [BX,Y] — B([X,Y]); X € X(M). (10.3)

Lemma 10.1.2. Let A € T;(M), X € X(M). Given a point p € M,
we have

1
(LxA)p =lim = (((2)7A)p = 4p), (10.4)
where (¢X) is the local one-parameter group generated by X.

Proof. (cf. [21], pp. 147-148 and [24], p. 250). First we note that, for
small ¢ # 0, the difference quotient at the right-hand side of (10.4)
has meaning, because ¢;* is defined in a neighbourhood of p, and
((pX)*A), and A, are elements of the finite-dimensional real vector
space T;(T,M).

Note further that, on the analogy of (4.8) and (4.9), relation (10.4)
can be abbreviated as

1
LxA=lim ;((@()*A — A). (10.5)

Now we turn to the actual proof. To simplify the writing, we assume
that [ = 2. Then we have to show that

(LxA)p(Yp, Zp) = lim 1(((% ) A)p(Yos Zp) = Ap(Yy, Zp)), (%)
for all Y, Z € X(M). By (10.1), the left-hand side of (%) is equal to
XP<A(Y7 Z)) - Ap([Xv Y]pv Zp) - Ap(%? [X, Z}p)-

Adding and subtracting a suitable term, the right hand-side of (x) can
be manipulated as follows:

hml(/%f(p)((wf()*(%),(@f{)*(zp)) Ay (Yo Zox )

)(Y g((p), Z X(p)) Ap(}/;), Zp> =. L1 + L2.
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Here

(4.6)

Ly =lim H(A(Y, 2) 0 9 (0) — AV 2)(p) "2 X,(A(Y 2)).

To manipulate expression L;, we use the telescoping identity
Al v") — A(u,v) = A(u' — u,v") + A(u, v — v).

Then we find that

Ly = lim A ox (D) ((21)< (V) = Yox s (97 )+(Z))

t—)(]

+hm A X0 (Yox ) (07 ) (Zp) — Zsx ()

—4 <hm ) = Vo). )

F AVl = (). (Z) — Zps )

U —A((X Y ] Z) = A%, (X, 2)),
Thus
Li+ Ly =Ly + Ly = X,(A(Y, Z)) = Ap([X, Y], Zp) — Ap(Vy, [X, Z]p),
as was to be shown. O]

Lemma 10.1.3. Let B € End(X(M)) and X € X(M). Then for every
vector field Y on M,

(LxB)(Y) = lim l(w)ft);@eB(Y) — B((¢%)4Y), (10.6)

t—0 ¢
where (%) is the local one-parameter group generated by X.

Proof. We have immediately that

lim + (5%) 4 BY) ~ B((#%)4Y))
lim %«oﬁ)#Bm - B(Y)) - B(}g{g LX)y —Y)
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Equality (10.6) can be abbreviated as follows:
1
LxB=lm=(p%)y0B—Bo(p)y). (10.7)
5

The next result belongs to the folklore, but we were unable to find
a proof for it in the literature which was completely satisfactory for us.
Due to its key importance, after the preparations above, we include
here our own proof.

Proposition 10.1.4. Let B € End(X(M)), and let X be a vector field
on M with local flow

" D(X)CRx M — M.

Then Lx B = 0 if, and only if, B commutes with the derivative of every
stage of @~ i.e,
(@) 0 B=Bo (¢ ).,

where B is regarded as a smooth section of the vector bundle
U UpeMEnd(TpM) — M, 7(¢) :=m if Y € End(T,,M).

Proof. Suppose first that for every stage ©X of X we have (¢X).0B =
Bo (¢),. Then, for any Y € X(M),

(p*) g0 B—Bo(p*)u)(Y) = (%) 0 BY) o)
—Bo(pX)ioY ou) = ((¢¥) 0o B(Y) = Bo(pX,).0Y)oy} =0,

which implies by the previous lemma that Lx B = 0.
Conversely, suppose that LxB = 0. Choose a point p € M and a
tangent vector v € T,M. Note first that by our assumption, we have

[X,BY] = B[X,Y] for all Y € X(M).
Applying (4.10), we find that

t—0

X, BY], = lim - (BY),x) — (). (BY))

—lim BV, ) — (94 (B(Y,));

t—0 {

BIX, Y], = Bim (Vs ) — (#).(4,))

—lim (B — BU).(V)),

t—0 ¢t
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from which it follows that

lim(B(¢;)«(Y,)) — (97 )«(B(Y;)) = 0.

t—0

Thus Lx B = 0 implies that

lim (B o (¢).(0) — (7). 0 B@)) = 0. (+)

t—0

Now we define a mapping h: I, = T,M by

h(t) = (¢%))s 0 Bo (7 )«(v).

Our next goal is to show that h is constant.
Let ¢ € I, be arbitrary, and let, for short, w := (¢;¥).(v). Then

B(t) = limy h(t + Si — h(t)

iy PRes)e 0 B o (9i):(v) = (9%)e 0 B o (¢77)(v)
(). %(&5)*3 o () (w) - (¢a)s © B(w)

= (¢2))«(L(w)).

Continuing as in 4.7, we define the mappings
n: I, x T,M — T,M, (s,u) — n(s,u) := (¢~,).(u)

and

21, TM, s 2(s) = DoE2)(0) . (¢, 0 Blw)

Then 7(s, Z(s)) = (p¥,), Zled)=@—(e2):08W) o, wo obtain that

—s B

L(w) = limn(s, Z(s)) = n(0, lim Z(s))
Bo(¢p7)e(w) = (¢7)- 0 Bw) ¢ o

= lim =
s—0 S

Thus A/(t) = 0 for every t € I,,, and hence h is constant. Since h(0) =
B(v), our assertion follows. O
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11 The Finslerian Lie derivative

11.0 For simplicity, throughout this subsection we work on the Finsler
bundle w: TM Xy TM — TM. What we say remains valid without
any change in the more general context of Finsler bundles over T'M,
where T'M is a conic subbundle of T'M (see 8.1). The conventions
fixed in 7.1 will be in force. We say that a vector field £ on T M is
projectable if it is T-equivalent to a vector field on M, i.e., there exists
a vector field X € X(M) such that 7. 0 & = X o7 (cf. 3.7).

11.1 As a first step, we introduce the Lie derivative of a Finsler vector
field with respect to a projectable vector field on T'M. We note that our
Lie derivative concept — suggested by M. Crampin and D. J. Saunders
[8] — is a common generalization of the Lie derivatives with respect
to the vertical, the complete and (in the presence of an Ehresmann
connection) of the horizontal lift of a vector field on the base manifold;
see [28], Section 2.39 and [18], §2.

Definition and Lemma 11.1.1. Let § be a projectable vector field
on TM, and Y be a section in I'(m).

(i) If - _
LY :=i1[¢,iY], (11.1)

then 2537 is a well-defined section in I'(m), called the Lie-derivative of

Y with respect to §. N .

ii) The mapping L¢: U(m) — ['(7), Y — LY satisfies the product
3 3

rule

LFY = (EF)Y + FLY, FeC®(TM). (11.2)

(iii) If n is another projectable vector field on T M, then
[Le, L] = Liem); (11.3)
1.€.,

LeoLy(Z) = L,yoLe(Z) = LigyZ for all Z € T(n). (11.4)

(iv) We have the following formulae:

o —

Lxed =0, LxY =[X,Y]; X,Y € X(M). (11.5 a-b)
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Proof. (i) Since the vector field & is a projectable, we have { ~ X, where
X € X(M). On the other hand iY ~0, because iY € X¥(TM). Thus,
by the related vector field lemma (3 7.8) we conclude that [€, lY] 0,
and hence [¢, 1Y} is vertical. The injective C'°(T'M)-linear mappmg
i: I'(m) = X(T'M) is a bijection onto XV(T'M), so we have the inverse
mapping i~*: () — X(TM), and we can form the section i~*[¢,iY],
as was to be shown.

(ii)
LxeFY =i e, i(FY)) = i M, FaY)] "2 FiYe iV

+iYEF(GY)) = (EF)Y + FL.Y.

(iii) From the definition of Eg and va

Leo Ly(2) = Leli ' n,i2]) =i '[& [n, 1 Z]].
Interchanging ¢ and 7 and subtracting, we find that

LeoLy(Z) — LyoLe(Z) =i (& [n.iZ]] + [n.[iZ,€]))
1 (e ), iZ) = Ly Z,
as wanted.

(iv) Since X°€ is projectable (see (7.18)), formulae (11.5 a-b) have
meaning. We obtain by an easy calculation that

(8:220) .y (7.230)

Lxed =i '[X¢,id] (X<, C] 0.
and
LY =it xe,iv] C2Y i xe, v 2V 1 x v = XY,
which complete the proof. O

Proposition 11.1.2. Let X and Y be vector fields on M. We have
the following relations:
LxY = V%Y for all Y € I(r);
ioLye=Lxcoi;
Lxcoj=joLxe
Lo Ve = Vo Ly = Z[Xy]v
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Proof. (i) Let Y =jn, n € X(TM). Then, on the one hand,
iLxY =ilyjn == [XC, In).

On the other hand,
VLY =ivY jn D 31X ).

(821 (10.:

Since 0“2 [J, XV]n 2 [Jn, XV] = J[n, XV], and hence
JIXY,n] = [XY, In], (11.10)

the equality (1~1.6) follows.
(i) For every Y € I'(m),

ioLxe(Y):=[XiV] = Lx<(iY) = (Lxc 0 1)(Y).
(iii) Let n € X(T'M). Observe that, as above, we have

(8 2la)

0 [J XC] :[JmXC}_J[n’XC]a

whence
J[X€ 0] = [X<, In). (11.11)
Taking this into account,
iLxejn = X<, In] = J[X,n] = ILxen,

from which (11.8) follows.
(iv) Consider a section Z = j¢ € I'(m), where ¢ € X(T'M). Then
iZ = J(, and we obtain

(9.5), (11.1)

o (Lxeo VY — VY OEXC)( 7y OO S G ¢
— v, 3¢ Y (X 3y, Q) - iViIXe ¢
O X, .3 - 3 V,[Xacn (”“)’:‘””)
[V, (3¢ X e g [xe, v T2
= [[X,Y),iZ] = ilxyp 2.

(X, Y, 3]
—[JG X YT

This proves (11.9), and finishes the proof of the Proposition. O
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Remark 11.1.3. In formula (11.9), VY, and Z[va]v (1L5) ‘[ﬁ annu-
late the basic sections, so it follows that 7
VioLxZ=0 foralX,Y,ZeX(M). (11.12)

Obviously, this relation can also be checked by an easy direct calcula-
tion.

Proposition 11.1.4. Let X be a vector field on M, and let (p;) be
the local one-parameter group of X. Then, for a Finsler vector field
Y € I'(n), LxY = 0 if, and only if, Y is invariant under the stages
of (pi), i-e., for every possible t € R we have

((Pr)e X (#1)s) 0¥ =Y 0 (@1).

Proof. By (11.7), iLxY = Lx-iY. Since i is injective, this implies
that - N

Thus, taking into account 4.8 and Lemma 7.5.1, it follows that
Lx¥ =0 < ()0 (iY) = (iY) o (¢)..

Here (@) 01 G294, ((p1)s X (1)), so our assertion follows. O

11.2 Let & again be a projectable vector field on T'M. Now we extend
the derivation N N L
Le:T(m) = T(m), Y= LY

to a derivation of Finsler tensor fields of type (0, k) and (1, k).
(a) We set LcF = EF if F € C°(TM) =: Ty(I'(7)). We note that
relations (11.3) and (11.9) remain valid over C*°(T'M). This is obvi-
ous in the first case, while in the second case it can be seen an easy
calculation: for every smooth function F' on T'M we have

(LxcoVE = Lyco VL)F = XS(Y'F) — YY(X'F) = [X°, YY]F

7.22 b ~

"2V X YNF = L F,

as wanted.
(b) The Lie derivative of a Finsler tensor field

AeT(T(m) VT (I(m) (12 1)
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with respect to £ is defined by
(LA)(Xy,. .., X)) = Zg(A(Xl,.. , X))
(11.13)
—ZAXI,..., X)),
where X1,..., X, € I(n).

11.3 Now let D: X(T'M) x I'(r) — I'(r) be a covariant derivative
on the Finsler bundle 7 (for the general definition see 6.1). Given a

projectable vector field £ on T'M, we define the Lie derivative ENfD of
D by

(LeD)(n, Z) i= Le(DyZ) = DecoZ = Dy(LeZ) (1114
= Le(DyZ) = DigyyZ — Dy(LeZ),

where 7 € X(T'M), Z € I'(r). Then the mapping
LeD: X(TM) x T(m) = (), (0, Z) = (LeD) (1, Z)

is C°°(T'M)-linear in both of its argument. Indeed, for example, if
F e C>®(TM), then

(LeD)(Fn,Z) := Le(DpyZ) — Dig.pZ — Dipy(LeZ)

(3:60), (6.1) ~ ~ -~
Eg(FD Z) FDi¢pZ — (§F)DUZ — FD,(LcZ)
(11.2)
F(LeD)(n, Z),
as wanted.

11.4 We continue to assume that D is a covariant derivative on .
Consider a diffeomorphism ¢: U — V between two open subsets of M.
On the analogy of definition (6.6), if

pu((DeY) I 771 U)) = (Do) peionY) T 77H(V) (11.15)

for all £ € X(TM), Y € I'(r), then we say that ¢ is a (local) D-
automorphism. (The push-forward of a Finsler vector field was de-
fined in 8.2). To continue the analogy, a vector field X on M is
called D-Killing, if the stages of its local one-parameter group are D-
automorphisms, and the set of D-Killing fields is denoted by Killp (7).
Finally, the analogue of Proposition 6.4.1 is the following result:

X e Killp(r) < LxD=0. (11.16)
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Part 111
Lie symmetries

12 Semisprays and sprays
We follow the conventions described in 7.1

12.1 A mapping S: TM — TTM is called a semispray for M (or over
M) if it satisfies the following conditions:

(S1) 7rar © S = 1pp, de, S is a section of the vector bundle
TTM - TTM — TM.

(S2) S is of class C' on TM and smooth on TM.

(S3) 7. 0S8 = 1pp or, equivalently, JS = C.

If, in addition, we have

(S4) [C,S] =S, i.e., S is 2T-homogeneous, then S is called a spray.

A spray is said to be affine or (quadratic) if it is of class C? (and hence
smooth) on TM. A manifold together with a spray is called a spray
manifold.

If S: TM — TTM is a semispray, then it can be expressed locally

= Z ( i ;;) : (12.1)

where the semispray coeﬁiczents G': 771 (U) — R are of class C'! and

as

their restrictions to 77'(U) N TM are smooth. In the special case
when S is a spray, the spray coefficients G': 7=YU) — R are 2*-
homogeneous and hence, by 7.7.2 (i), we have

oGt .
>y i i € Jp. (12.2)

Suppose, finally, that S is an affine spray. Then the spray coefficients
G' are 27-homogeneous functions of class C?, so, in view of 7.7.2 (iii)
their restrictions G* | T,M (p € U) are quadratic functions. Thus
there exist smooth functions

'y —Ry i ke,
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such that
Zy y" ([, 07) and Fﬁk = sz. (12.3)

Lemma 12.1.1. Let S: TM — TTM be a semispray for M. Then
(i) SfY = fc forall f € C*(M);
(ii) [XY, S|~ X for all X € X(M);

(iii) [X<, 5] € X (TM) for all X € X(M).
Proof. For every v € TM,

(S3)

(5. 1)) = S@)(F o) = n(SEN() = w(f) = £(),
which proves (i). Given a smooth function f on M, we have

(i), 7.2 (7.7)

(XY, 5](for) = X¥(Sf) = S(XV[Y) (X[f)o

This implies that [XV, 5] ~X (see, e.g., [24], p.14). Similarly, we find
that

XV fC

X 8117 = XS = S WL Xepe— S(x fy”
RO (X - ()=

This implies (see 7.2) that [X€, S] is vertical, and completes the proof.
]

Lemma 12.1.2. Let S be a semispray for M. Then, for every vector
field & on T M,
J[J¢, 8] = J¢ (12.4)

(Grifone’s identity). In particular,
J[XY, 8] = X" forall X € X(M). (12.5)

For a proof, see [11], Proposition 1.7 or [29] Lemma 5.1.9 and Corol-
lary 5.1.10.

12.2 Automorphisms and symmetries

Lemma 12.2.1. If S: TM — TTM is a semispray and ¢ € Diff (M),
then (o) S = Qa0 S o ;! is also a semispray. This semispray is a
spray whenever S is a spray.
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Proof. We show that (p.)xS satisfies (S3) if S is a semispray, and
[C, () 2S] = (i) xS if S is a spray. Indeed, in the first case we find

T 0 (pu) S =TiopnoSop,t = (Top,).080¢,"

= (por)oSop ' =p.onoSop! (SZQ)SO*OSOZl:lTM,

as desired. Now suppose that S is a spray. Since (p.)xC = C (see
[29], (4.1.112)), we get

(3.9) (S4)
[C, () #S] = [(p) 0, (0) 5] = () #[C, S] =" (ps) 45,
as was to be shown. O

Definition and Lemma 12.2.2. Let S be a semispray for M.

(i) A diffeomorphism ¢ of M is called an automorphism of S if
S is invariant under ¢, € DMt (TM),i.e., (p.)uS = S. The
automorphisms of S form a group under composition.

(ii) Let o: U — V be a diffeomorphism between two open subsets of
M. We say that ¢ is local automorphism of S if S | (771 (U)) is
mvariant under ., i.e.,

() (STT7HU)) =S T (V).

(iii) A vector field X on M is called a Lie symmetry of S if the
stages of the local one-parameter group () generated by X are
local automorphisms of S.

(iv) A wvector field X € X(M) is a Lie symmetry of S if, and only if,
[X€,S] =0. The Lie symmetries of S form a subalgebra Lies(M)
of the Lie algebra X(M).

Proof. Only part (iv) requires some comments. If X generates the local
one-parameter group (¢;), then X°¢ generates the local one-parameter
group ((¢¢)«) by Lemma 7.5.1. So, as in 4.8, [X€, S| = 0 if, and only
if, the local one-parameter group of X consists of local automorphisms
of S.

If X,Y € Lieg(M), then we obviously have

AX +uY € X5 (M); A\ p€R.
Since
[X,Y]<, 8] (X<, v<], 8] € [[ve, 8], X9 — [[S, X<, <] =0,

[X,Y] also belongs to X?2,,(M), thus proving that Lieg(M) is a subal-
gebra of X(M). O

(7.2 ¢)
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The last part of 12.2.2 can also be found in Lovas’s paper [17] as a
part of his Proposition 5.2 and his Corollary 5.3, in the framework of
spray manifolds and with partly different proof.

Proposition 12.2.3 (cf. [7], Prop. 4.5.1). Let S be a semispray for
M with semispray coefficients G* (i € J,), cmd let X be a vector field
on M with local expression X [U = X2, 5ot -

(i) The vector field X is a Lie symmetry of S if, and only if, locally
we have

X' DX

XG :G<3u7" )_ﬁy“auram

or) (i€ J,)  (12.6)

(ii) If, in addition, S is a spray, then X € X2, (M) if, and only if,

02X 0X? ox" . 0XT

X Jk  Ouiouk oT+(

OT) jk—(WOT) Z"k_(WOT)G;T
(12.7)
(i, j, k € J,), where
oGt . oG". oG"

i. = — 7’. = J = B . 12
G] 8yl ) ij ayk ayjﬁyk ( 8)

Proof. Step 1 We check assertion (i). This is just a calculation:

W) ox" oy" ox" ox”
0 (7.15b), (7.16) ., 0 0

: 2 T
oy’ v |(XY) Oxt’ Ox"

[XC,S] |:Xc’yr a _2G71:| (3:6) yT’ |:XC’ a :| +(chr) a

)
oy

r zca 9 i 9 - T 9 i
Y [(X>a axr]HX)axz 26 {( )8xi’8yT]

o 0 .0 (7.1) 0X' 0

—92G" z XeGH) — ‘= :

¢ {( oy oy } (X5, Y (8u’“ OT) Oa
+y"

(0 . [0X° . 0 GX’ 0
Y \orr \Y \ow °7) ) ayi dur PIE
e 0 . 8X"o7_ O\ _ . 02X o 0
oy" Y\ ow oyt ) Y9\ urows oyt

2(

0X" 0 0
— +2G7 - :
26 (auT OT) oyt oy’

-207 X0 | 2G5

cGz>
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whence

I i o [OX 1, P*X" o)
—§[X 75](5) (XG -G (ﬁu’”) or)+§yy (au’“aus )) oy

Thus [X¢, S] =0 if, and only if, we have (locally) relation (12.6).

Step 2. We show that (12.6) implies (12.7). To see this, we differ-
entiate both side of (12.6) with respect to ¢/ and y*. We find, on the
one hand, that

a crY\ a c 7 [ i(7‘2_2b) a ! 7 crt
W(XG)_ L?yj,X}G + X6 [auﬂ"X] G+ X°G!
0X" % cri
= (auj OT) GT+X G],
therefore

0 0 ; 0xX" ; 0
— [ Xt ) = : i X¢ i X¢
o (a°@) = (ur o) o e ] & o

aXT ) aXT ) crYi
= (au] OT) Grk+ (WOT) G]r+X G]k

On the other hand,
o (o (¢ (7)) 370 (o)
oyk \ Oy’ ou” 2 our ou?
0 ox’ . 0PX
55 (G =7) &= (50w 7))
ox? . 0?2 X1
- (8u” ° T) G~ duiouk -
so our claim follows.
Step 3. Now we assume that S is a spray, and we show that in
this case (12.7) implies (12.6). Under our assumption the functions G

and G; are positive-homogeneous of degree 2 and 1, respectively, so we
have

Gy =2G', Giyf =G (12.9)

Now we multiply both sides of (12.7) by y/y*. Then the left-hand side
gives

(X°G)y'y" = X (Gy'y") — Gou(X(w?) )y — Gy’ (XE(u*))
(12.9), (7 15b) c i i Q k\c c i i r\c
2X°G" — GY(X7) = GL(XF) =2 (XG' = GL(X7)") .
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The right-hand side takes the form

2)(1’ ) Xi )
— (% (e] 7') yjyk + 2GT (Zur e} ’7') — 2Gi<Xr)c,

so we obtain that

ci r aXZ 82Xl i,k
XG =G (GUTOT)__(&N@U’“ >yy.

This proves our claim, and completes the proof of the proposition. [

We note that in the book |7] of Bucataru and Miron, Lie symmetries
of a semispray were defined by the condition 12.2.2 (iv), and were
characterized locally, by (12.6).

13 H-Killing vector fields

13.1 Ehresmann connections

13.1.1 Let M be a manifold and consider its sht tangent bun-
dle 7' TM — M. By an FEhresmann connectzon in TM we mean a
COO(TM)—hnear mapping H: D(7) — Z{(TM) such that

joH =1 (13.1)

INCN

The fundamental lemma of strong bundle maps (2.10) assures us that
‘H can be equivalently be regarded as a strong bundle map

4 TM xpy TM — TTM.
Then, for every v € %M,

Hy o= H | {0} x ToyM: {0} x Ty M = ToyM — T,1M

is an R-linear mapping, and condition (13.1) reads as follows: for all

(v,w) € TM x5 TM, joHy(w) ®2 (0,7, 0 Hyo(w)) = (v, w), ie.,

j o HU = 1Tq—(u)1\4 for all v € TM. (132)
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13.1.2 Let H: I'(1) — X(TM) be an Ehresmann connection in TM.

Then Z{h(%M) := Im(#) is a submodule of %(%M), and we have the
direct sum decomposition

X(TM) = X¥(TM) & X"(TM). (13.3)

Vector fields on T'M belonging to X"(T'M) are called horizontal (with
respect to H). Notice that horizontal vector fields do not form, in

general, a subalgebra of the Lie algebra %(COFM)
The mappings
h:=Hoj, Vzlxo —h, (13.4 a-b)
Vi=ilov: 2(TM) = X(TM) - T(7) (13.5)

are the horizontal projection, the wvertical projection and the vertical
mapping associated to H, respectively. Then h and v are indeed pro-
jections, i.e., we have h? = h and v? = v. The vertical mapping V has
properties

Voi=1.), Ker(V) = Im(H). (13.6)
Since C' = 1(5) by (8.22a), thus it follows that

V(C) =d. (13.7)

Obviously, h v and V can be also regarded as strong bundle maps. If
h, h[TTM VU.—V[TTM then h,, VUGEnd(TTM) and

hy(w) = H(v, (7)o (w)) for all w € T,TM. (13.8)

13.1.3 The horizontal lift of a vector field X € X(M) with respect to
an Ehresmann connection H: T'(1) — X(T'M) is

> (13.4)

XM =H(X) = H(GXC) h(X°). (13.9)

(In this formula, X and X°© are regarded as a section in I'(7) and

a vector field on T'M, resp.; for simplicity, we make no notational
distinction between them and the corresponding objects in I'(7) and
X(TM).) The horizontal lift X" of X is a projectable vector field,

X'~ X, ie,moX"=Xor. (13.10)
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Indeed, for every v € T'M we have

T« O Xh(U) = Tx O Ho X(”) (8:3) Ty O H(U7X © T(U))
= o Hy(X o7(v) " X or(v).

13.1.4 An Ehresmann connection #: ['(1) — X(TM) is called homo-
geneous if

[C, X" =0 forall X € X(M). (13.11)
By 4.8 and Lemma 7.4.1 (ii), this hold if, and only if,

()s 0o X" = X" o forall t € R. (13.12)

Then H, as a strong bundle map of TM x T'M into T'T'M, may be
continuously extended to mapping from T'M x,; T'M into T'T'M such
that

H(0,, w) = (04),(w) for all p e M, w e T,M.

Thus, in what follows, we shall always assume that a homoge-

neous Fhresmann connection is defined on the entire Finsler bundle
TM XM TM.

13.1.5 Given an Ehresmann connection #: I'(r) — X(TM) and a

Finsler vector field X € F(7or), we define a differential operator V%,
following the scheme of section 9.2. First we prescribe its action

on smooth functions by V}F = (HX)F (F ¢ COO(%M)); (13.13)
on Finsler vector fields by V%? = V[HX,iY] (Y € (7). (13.14)

Then the Leibniz rule VLFY = (VLF)Y + FVY is satisfied (cf.
(9.6)). The mapping

VP T(7) x I(7) = (), (X,Y) > VLY

defined by (13.14) is called the horizontal Berwald derivative (or h-
Berwald derivative for short) induced by H. In the next step, we
extend to the operators V% (X € (7)) to arbitrary Finsler tensor
fields in such a way that derivation property be satisfied. Finally, we
define the V"—differential of Finsler tensor fields, formally in the same
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way as the VV-differential in 9.2. Thus, for example, if Y € F(%),
g € TY(I'(x)), B € TXT'(x)) (k= 1), then the Finsler tensor fields

o

V'Y e Ti(l“(fr)) =~ End(I'(r)), Vg € T9((T(7)), V"B € T}, (I(m))
are given by

(V'Y)(X) := VY, (13.15)

(V"9)(X,Y, Z) = (Vig)(Y,2)
= (Hi)g(i}7 Z) - g(v}i}> Z) - g(i;7 V}Z)v

(13.16)
(V"B)(X, Y1, Ys,....Y)) == (VEB)(Yh,....Y)
~ - P . - (13.17)
1=1
It is useful to note that
iVhY = [X" VY] for all X,Y € X(M). (13.18)

13.1.6 Let an Ehresmann connection H be given in %M Putting
together the vertical derivative V¥ and the h-Berwald derivative V", we
obtain a particularly important covariant derivative on 7%, the Berwald
derwative V induced by H. To be explicit,

Vi X(TM) x T(7) = T(),

~ N N N N _ (13.19)
(&Y) = VY = VY + VLY =j[vE, HY] + V[h¢,iY].
Then we have especially
VigY =V%Y, V,3Y =Vhy. (13.20 a-b)

With the help of the induced Berwald derivative V, we define the
torsion T of an Ehresmann connection H by

T(X,Y) :=V,3Y -V, X —j/HX, HY]; X,Y eD(r). (13.21)
Evaluating on basic sections, we obtain the more attractive formula

iT(X,Y)=[X" V- [Y" X - [X,Y]; X,Y € X(M). (13.22)
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13.1.7 Coordinate description Suppose that H is an Ehresmann
connection in TM. Given a chart (U, (u")?;) on M, consider the

o—1 , v °
induced chart (7 (U), (z*),, (y*)i,) on T'M.
(a) There exist unique smooth functions

such that

9 a\" o 9
)= (Z) = L N e, 13.2
H(@u) (8u) o1~ Mgy I €7 (1.25)

We say that (N;) is the family of Christoffel symbols H with respect
o,
to the chosen chart. If X € X(M) and X m X'—, then

out’
. 0 . .0
h — 7 _ J z
X (M)(X OT)—axi (X OT)NJ—ayZ.. (13.24)
Thus
[C, X" = C’(X%T)g - C(XJOT)N?a
’ w | ox’ ’ IOy
=(X'or7)|C _8 ) — (X7 o 7)(CNY) 0
N "\ Ou? 179yt

. ; O \"] (7230) ; i i 0

from which we conclude, taking into account 7.7.2 (ii), that an FEhres-
mann connection is homogeneous if, and only if, its Christoffel symbols
are 1T -homogeneous functions.

(b) The Christoffel symbols of the induced Berwald derivative V
with respect to the chosen chart are the unique smooth function

o1
Nj.: 7 (U) — R such that

—_—

h a:N?

0 Iyk ik i
ar; Ou ou!

isz:a“a:aN;i
-2 Quk oul ) 7 Oyk oyk Oyt’

\Y

ik € J,.

Since




a7

it follows that
. ONi
Nj = a—yk; 1,7,k € J,. (13.25)

Now, taking into account (13.22), we find easily, that the components
of the torsion of H are

ON;  ONj
oyt Oyl

Th =N — N = (13.26)

/\

Then T(auma ) = kauz'
(c) Let Sy := H(d). Since

~ 'y , e} (13.23) ., O -0
— i B —— : i i o N
H(0) W) vy 0u1> yH (81#) 4 oxt v oy’

it follows (see 12.1) that Sy is a semispray with semispray coefficients

i Lo
G' = §y]Nj. (13.27)
We say that Sy is the semispray associated to H. If H is homogeneous,

then

; 1 NN N i (TA1),(a) 5o i
CG" = J(CrIN, + /Ny =y = 26

therefore Sy is a 2T-homogeneous, so it is a spray.

13.1.8 Let an Ehresmann connection H be specified in T'M, and let

5 € %(TM ) be a projectable vector field. For every Finsler vector field
Y € ['(7), the vector field [€,iY] is vertical, as we have seen in 11.1.1.

Thus
€.1Y] = v, iV] "2 v, v,
so it follows that
LY = V[¢,iY]. (13.28)
Since, as we have also seen above, the horizontal lift of a vector field
X € %(M) is prOJectable the Lie derivative operator Ly is defined.
For every Y € I'(n),

(13.28) ~ 13.14) ~

LY VIX"i¥] = VH(X),iV] "2V vy,
As a conclusion, we find that
Vi =Ly forall X € X(M). (13.29)

Now we add to Proposition 11.1.2 the following result.
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Proposition 13.1.1. With the notation above, we have
EXC o V% - V% o EXC = Z[Xc’yh]; X, Y € %(M) (1330)

Proof. 1t is clear that the left-hand side and the right-hand side

of (13.30) act in the same way on C*(TM). We show that
(Lxe0 Vi — Vo Lye) [ T(7) = Lixeyw | I(w) also holds; then our
claim follows. B

For every Finsler vector field Y € T'(7) we have

L~ ~ 5, (1314), (1L1) % .
1o(£XcOV;‘7—V;‘;OEXc)(Z) (1314 ¢ )1(£XcV[Yh,1Z])
—iVEITX€iZ] = [XOiV[Y",iZ]] — iV[Y", [X€,iZ]]
=[x, v[Y"iZ]) - v [X<,iZ) 2 XS (Y AZ)) + YR 2, X€)
Jacobi R c c st g

= _[1Z7 [X 7Yh“ = HX 7Yh]71Z] = 1£[XC,Y*‘]Z )
as was to be shown. In step (x) we used the fact that the vector fields
(YN iZ] and [iZ, X¢| are vertical. O

13.2 The Lie derivative of an Ehresmann connection

13.2.1 Let #: (1) — X(T'M) be an Ehresmann connection, and let

€€ %(%M) be a projectable vector field. We define the Lie derivative
LeH of H by

(LH)(Y) = Le(H(Y)) = H(LY) = [€,H(Y)] = H(LeY), (13.31)
where Y € I'(7).
Proposition 13.2.2. The Lie derivative
LeH: T(7) = X(TM), Y v (LeH)(Y)

has the following properties:

(i) It is C°(TM)-linear,

(ii) For every vector field X on M,

joLxeH =0, (13.32)

and hence L¢H is not an Ehresmann connection.
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(iii) If h is the horizontal projection associated to H, then for every
X e X(M),

Lxh = (LxH)oj. (13.33)

Proof. (i) The additivity of E{H is clear. To see the C’OO(%M)—
homogeneity, let Y € I'(7), F € C*(TM). Then

(LeH)(FY) = [6, H(FY)] = H(LFY) "2 [¢, FH(Y)]
—H((EF))Y + FLY) = <£F>H<Y> + FIEHY)] — (EF)H(Y)
— FH(LY) = F([&, H(Y)] — H(LeY)) = F(LH)(Y),

as wanted.

(i) For any X € X(M), Y e I'(%),
R ~. (13.31) , ~ . ~ =
(JoLxH)(Y) = "joLx(H(Y))—joH(LxY)

(11.8),(13.1) 5 . ~

ﬁXc(‘](H(Y))) - ZXC? == Exci} — Zxci\} = 0.
(iii) For every vector field n on %M, we have

<£Xch>< ) U2 £e(hn) — W(Lyen) = Lxe(H(in)) — HGLxen)
LY e (H(in) — H(Exe(in)) == (LxeH)(in) = (£x<H) 0 (n),

as was to be shown. O

Proposition 13.2.3. With the mnotation as above, choose
a chart (U, (u)?,) on M, and consider the induced chart

(T M), (), (y)r,) on TM. Then, for every wvector field
X on M,

I} oX [ OX*
(LxH) (a J> - ((Nf <8uk ° ) N (a j T>
, 9’ X’ 0
— XN g —_
XN; —y (aujﬁuk ° T)) oy’

where (N’f) 18 the family of Christoffel symbols of H with respect to the
0

out’

(13.34)

chosen chart and X XZ
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Proof. By (13.32) and (13.28)

(LxH) (%) = [X‘i (%)h] —HoV [XC,a%] .
[ @] bl bl

A RGN,

779y ou oud ou? 170yt
Yy 0X* 0 ' _ _(ox* _\ 0 rX N 9
g o) = \ow°) g ¥ \Guaw © By
con O L (OX! 9
— (X Nj)ayi —i—Nj <8uk OT) oy

B /3 Lo a1
wov e gu] < aeveilx g = [¥ o ]

oxk 9 \" oX* o \" oXk B
= — | ——— = — o —_— = — o _—

i OuF oui )\ ouk oui ° ) oxk

Xk 9
+M<az )%f

Thus, taking the difference [XC, (a%) } HoV [ ) ayj}, we obtain
the desired result. O]

We note that in [7], by abuse of notation, the ‘Lie derivative EXCN;’

was essentially defined by the right-hand side of (13.34); see loc.cit.
(2.46).

13.3 H-automorphisms and #H-Killing vector fields

Throughout, we assume that an Fhresmann connec-
tion H:T(n)— X(TM) is given in TM. We recall
that it can also be regarded as a strong bundle map
H:TM xpy TM — TTM.
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A diffeomorphism ¢: U — V between two open subsets of M is
called a (local) automorphism of H (or simply an ‘H-automorphism) if

over ;_I(U) Xy 7 H(U) we have
Qi ©H =H 0 (i X ) (13.35)

We say that a vector field X on M is an H-Killing vector field if its
local one-parameter group consists of H-automorphisms. We denote
by Killy (M) the set of all H-Killing vector fields on M.

Theorem 13.3.1. Let X be a vector field on M, and let (p;) be the
local one-parameter group generated by X. The following assertions
are equivalent:

(i) X € Killy(M).
(ii) For every stage @, of the local flow of X we have
(01)ee 0 =h o ())u, (13.36)
where h is the horizontal projection associated to H.
(i) LxH = 0.
(iv) Lx<h =0.

If one (and hence all) of these conditions is satisfied, then locally we
have

. 0X: . (0XF Xt
cATE k i k(2 1.9
XNi = N (auk OT> _Nk(auj or) —y (amam“)’”e‘]”

(13.37)

where (sz) is the family of Christoffel symbols of H with respect to a
chart induced by a chart (U, (u')™;) on M.

Proof. (i) <= (ii) By definition, X € Killy (M) if, and only if, for
every stage ¢, of the local flow of X we have

(#t)ex 0 H = H o (1) X (#1)4)- (*)

Since the strong bundle map j is surjective, this relation is equivalent
to

(t)ex 0 Hoj=Ho (1) X (p1):) 0
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Here Hoj=:h and ((¢¢)« X (©1)) 0] (8.238) J © (1), therefore (x) is

equivalent to (13.36), as we claimed.

(ili) <= (iv) This is clear since Lx<h=(Lx<H)oj by

Proposition 13.2.2 (iii), and j is surjective.

(iv) <= (ii) In view of Lemma 7.5.1, the local one-parameter group

of X¢1is ((¢¢)«). Thus, by Proposition 10.1.4, Lxch = 0 if, and only if

(p1)ex o =h o (¢). for every stage (o). of the local flow of X°¢.
The last statement of the theorem is immediate from Proposition

13.2.3. [

13.4 Lie symmetries of spray manifolds

13.4.1 Let M be a manifold, and suppose that S: TM — TTM is a
semispray for M. Then there exists a unique Ehresmann connection

‘H with vanishing torsion in T'M such that the horizontal lifts with
respect to H are given by

A~

1
XVz?MXyzéLWAﬂXﬂSM;XGXM@. (13.38)
The semispray associated to H is
~ 1
Sy :=H(0) = E(S +[C,S)).

For a recent proof of this fundamental result we refer to [29], Propo-
sition 7.3.4. We say that the connection H so defined is the semispray
connection associated to S. If the semispray coefficients of S with re-

, o—1 .
spect to a chart are the functions G* € C*°(7 (U)) as in 12.1, then
the Christoffel symbols of the associated semispray connection (with
respect to the same chart) are

A

Proposition 13.4.2. Let S: TM — TTM be a semispray for M, and
let H be the semispray connection associated to S. Then

X € Lieg(M) = X € Killy(M). (13.40)

Proof. We calculate the Lie derivative ZXC’H. Since EXC”H is C>°(TM)-
linear, it is sufficient to evaluate it on an arbitrary basic vector field
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Y. Then we find

(LxH) (V) "2V (XY = H(LxeV) 27 XV - H(X,Y))
U (v [, S]] - [XYE - [ Y] 8))
(722b c) ;([XC [YV7SH . HXC7YV],S]> _ %([XC, [YV’SH + [S, [XC7YV]]>

Since, by condition, [X€, S] = 0 (see 12.2.2 (iv)), the Jacobi identity
gives

0= [Xcv [YV’ SH + [YV7 [S’ XCH + [Sv [XC7YVH
1 C \% C \%
= §[X 7[Y 75”+[Sa [X >Y ]]7
thus concluding the proof. O]

Remark 13.4.3. Applying the argument of R. L. Lovas in [17], Propo-
sition 5.2, we show that the converse of implication (13.40) is also true

when S is a spray. Indeed, if ENXC”H = 0, then the calculation above
leads to

[XSL,YY] =0 forall Y € X(M).

Since [X€,S] is vertical by Lemma 12.1.1, this implies that [X€, 5] is
a vertical lift, and hence

c (7.23a)
[C,[X5, 8] =

—[X*, 5], (%)
On the other hand, using the Jacobi identity, the 2*-homogeneity of S
and the 1t-homogeneity of X¢, we find that

0 =[G, [X5, 51+ [XS,[S, Ol + [S,[C XF) =[O [XF5, 51) = [XF, 5],

whence [C,[X¢€, S]] = [X€,S]. Comparing this with equality (x), we
conclude that [X€, S] = 0, and hence X € Lieg(M).

13.4.4 Now suppose that (M,S) is a spray manifold. Then the con-
struction described in 13.4.1 leads to a homogeneous torsion-free
Ehresmann connection H: TM Xy TM — TTM (see also the end
of 13.1.4). This spray connection will be called the Berwald connec-
tion of (M,S). Then the semispray associated to H (13 1.7(c)) is

just the initial spray S. The Christoffel symbols GZ = 2= are smooth
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on 7 1(U) and continuous on 7~ 1(U). The Berwald derivative in a
spray manifold (M, S) is the covariant derivative V on 7 induced by
the Berwald connection #H according to (13.19). Its Christoffel sym-
bols with respect to an induced chart on TM are the 0T-homogeneous
functions

(13.24) aGé- B OG" o
gk dyk _Gyjay € C*(r (U)).

Our next theorem is a supplement to Lovas’s Proposition 5.2 in [17].

Theorem 13.4.5. Let (M, S) be a spray manifold, equipped with the
Berwald connection H associated to S and the Berwald derivative V
induced by H. Let h, v and V be the data defined by (13.4 a-b) and
(13.5). For a vector filed X on M, the following are equivalent:

(i) X € Lieg(M), i.e., X is a Lie symmetry of S;

(ii
(iii) X € Killy(M);

[X€, 5] =0;

)
)
)
(iv) LyH =0;

(v) Lxch=—[h, X =0;

(vi) Lxev=—[v,X]|=0;

(vii) LxeV = 0;

(viii) For every vector field Y on M;

(XY™ = [X,Y]"; (13.41)
(ix) For every vector field Y on M,

Exe Bn] = Eoxyy 3.0
(x) We have the commutation relation

LxcoV=VolLxe. (13.43)

Proof. We begin with some remarks.

(1) The equivalence of conditions (i), (v) and (vii) has already been
proven in Lovas’s cited paper [17].
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(2) We have shown for semisprays that (i) <= (ii), and for general
Ehresmann connections that (iii) <= (iv) <= (v). We note

that the equivalence of (v) and (vi) is evident, sincev=1_o. —
X(TM)

h, and | =0 for every £ € %(%M)

1%(’}M)’§]
(3) By Proposition 13.4.2 and Remark 13.4.3 (i) = (ii7) for every
semispray, and (iii) == (i) for sprays.
Thus, to complete the proof, it is enough to show the implications
(v) < (viii), (viii) < (ix) and (vi) <= (x). The equivalence
of conditions (i), (ii) and (iv) has already been proved in [17].
(v) <= (vii) For any vector field Y on M,

10.3)

h, Xve "EY ye, X — n[ye, X = [y", X< — h[Y, X]°
= [Yh7XC] - [Yv X]h>
so [h, X¢| = 0 implies that [X,Y]" = [X¢,Y"]. The converse is also

true, since

lh, X]Y" = [hY", X< — h[Y, X]" = 0,

and hence [h, X¢] | X¥(TM) = 0.
(11.3) ~

(vii) <= (ix) This is an immediate since [Lxe, Lyn] = = Lixe yh-
(vi) <= (ix) For any vector field £ on %M,

= 11.1) - e . 13.5) - e

iLxe(Vg) "= (X< i(ve)] "2 (X<, vel,

iV(Lx€) = v[XE, ¢,
S0 ZXC(Vf’) = V(Lx£) if, and only if,

0= [V§7Xc] - V[f,XC] = [VvXc]g'

This concludes the proof. O

14 Curvature collineations in a spray man-
ifold

Throughout this section, (M,S) is a spray manifold, H is
the Berwald connection in (M,S) and V is the Berwald
derivative induced by H. As always, we denote by h, v and
V the horizontal projection, the vertical projection and the
vertical map associated to H, respectively.
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14.1 In the language of classical tensor calculus, the basic curvature
data of a spray manifold were introduced by Ludwig Berwald in his
epoch-making, posthumously published paper [6], in an illuminating
manner. Here we follow his approach, but we use an index-free formal-
ism. In this spirit, we start with Jacobi endomorphism K € T}(T(w))
(called affine deviation by Berwald) given by

K(X):=V[S,H(X)], X eT(n). (14.1)

Next, with the help of K, we define the fundamental affine curvature
R € T}(I(7)) and the affine curvature H € T (I'(w)) by the formulae

R(X,V) = %(VVK()?,?) VKT, X)) (14.2)
and
H(X,Y)Z := -V'R(Z,X,Y). (14.3)

If C € {K,R,H}, X € ¥(M) and Lx.C = 0, then we say X is a

curvature collineation of C. Notice that
LxK=0 <= Ly-oK=KoLxe. (14.4)
Indeed, for every Y € I'(7) we have

(LxK)(Y) " Zo(K(V)) — K(LxeY).

Proposition 14.1.1. (i) Let K° be the semibasic 1-form corresponding
to the Jacobi endomorphism under the isomorphism given by (8.18).

Then B B

LxK'=0 < LxK=0 (X cX(M)).
(ii) A vector field X on M is a curvature collineation of K if, and only
if, K is invariant under the local flow of X in the sense that

((pr)s X (©1)4)) 0o K =Ko ((0r)« X (1))
for every stage ¢, of the local flow (here K is interpreted as a strong
bundle endomorphism of TM X TM ).

Proof. (i) Suppose that LxK = 0. Then

(8.18) (11.7) 14.4

EXCKO LxcoioKoj = ioEXcoKoj(:)ioKoEXcoj
(lés)ioKojoﬁxc:Kooﬁxc,
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which implies (as above) that £xK° = 0.

Conversely, suppose that £x<K® = 0. Then Ly o KO = K% o L,
and we obtain

ioLyKoj=LxK’=LycoioKoj=ioLxcoKoj.

Since i is injective, j is surjective, from this we conclude that EXC oK =
K o Lxc, and hence Lx.K = 0.
(ii) By part (i), Lemma 7.5.1 and Proposition 10.1.4,

ZXCK:() — (gpt)**OKOZKOo(gpt)**
< (p)wmoioKoj=io0Kojo ()

CELY o (). % (p1).) 0K oj=io Ko (). X (1)) 0
= (1)« X (1)) o K =Ko ((0r)« X (01)),

where ¢, is any stage of the local flow of X. m

Theorem 14.1.2. If a vector field X on M 1is a Lie symmetry of
S, then it is a curvature collineation of the Jacobi endomorphism of

(M, S).

Proof. Suppose that X € Lieg(M). Then, for every vector field Y on
M,

(1

(LxK)(V) = Lxe(K(V)) = K(£xe¥) "2V L (V[S, Y1)

VIS, H(Le V)] T 51 X vis Y] - VIS, HIX, Y
U39 51 1x, v[S, Y] — VIS, [X, Y]] = i L([XC, v[S, V1]
—v[S.1X, V] CEY (e, v[S, Y] - v, [XE, Y1)

Teebt i -1(1xe, v[S, Y] + vX©, Y, 9]
YRS, X)) B LY 1 (e VIS, Y] - VXS, [S, Y]
= i (v, X[,y 2 o,
so we have the desired equality Ly K = 0. [

Corollary 14.1.3. If X € Lieg(M), then LxR = 0, i.e., X is a
curvature collineation of the fundamental affine curvature of (M, S).

Proof. Since LxRis C"O( M)-linear in its both arguments, it is suffi-
cient to show that (Lx<R)(Y,Z) =0 for all Y, Z € X(M). By (11.13),
)

(LxR)(Y,Z)=LxR(Y,Z)) —R(LxY,Z) —R(Y,LxZ). ()
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We calculate the three terms at the right-hand side of (x):

- . o 1~ ~ o o~
(1) Lxe(R(Y,2) "= SLx(VK(Y . Z) = V'K(Z,1)

= SLx((VEK)(Z) — (V5K) (7)) "2 L9 (K(2)))
VLK) LV 0 Lxe(K(Z)) + Lo (K(2)))

1 - ~ -

—5(Vyo Lx(K(Y) - Lix,z(K(Y)));

(2) R(LxeV,Z) = %((V"K)(ZXC?, 7)) — (VK)(Z, LxeV)
= (Vi (K(2)) ~ V(K (LxY))

3 LxcY

(11.5b),(14.4) 1 =~ v x ~
= g(V@(K(Z)) — V3o Lx(K(Y))).

(3) Interchanging Y and Z in the above result,

R(Y,LxZ) = —R(LxZ,Y)

— LV (K(T)) - (VL 0 Ex(K(2)))).

3 [X.Z]
Thus we obtain that

3 times the right-hand side of (*)

=D

= VY o Lxe(K(2)) + Lixyp(K(2)) — ¥ o Lxe(K(
— Lix 7 (K(V)) = Vi (K(Z)) = Vg 0 £xe(K(T))

+ VS (K(V) = V% 0 Lye(K(2)) "2 Ve (K(2))

[X.2] XY
= Vg7 K(Y)) ~ V[VX/,?}(K(Z)) + Vi (K(Y) =0,
as was to be shown. 0

Notice that by (11.13) for all Y, Z € X(M) we have

~

LxR=0 < LxR(Y,2)=R(LxY,Z)+R(Y,LxZ).

Corollary 14.1.4. If X € Lieg(M), then LxH = 0, i.e., X is a
curvature collineation of the affine curvature of (M, S).
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Proof. By the previous corollary, X € Lieg(M) implies that LxR =

0. Now we evaluate the Lie derivative LxcH on an arbitrary triple
(Y, Z,U), where Y, Z U are vector fields on M. Then we find that

+(V'R)(U, LxY, Z)
(910), (11.5b) —Zxc(v (
HVER)(Y, £xZ) + (V' R)(V, 2)
—VY o Lxe(R(Y, 2)) — Loy (R(Y, 2)) + ¥

+v;7<R<?,ZXc2>>+v;XU<R<?,2>> Ly R(Y,2)

(11.9), (11.12)

(
)+ (VLR) (EXCY 7)
)

_Z[X,U}"<R(i}7 2)) = 07
as was to be proved. O

14.2 Projective relatedness First we recall that a geodesic of S is
a smooth curve v: I — M whose velocity vector field is an integral
curve of S, i.e., Soy =4. If a smooth curve v: I — M has a positive
reparametrization as a geodesic, i.e., there exists a smooth function
0: I — I with positive derivative such that v := y060: I — M is
a geodesic, then 7 is called a pregeodesic of S. Two sprays over M
are projectively related if they have the same pregeodesic. Projective
relatedness of sprays is an equivalence relations, the projective class of
S is denoted by [S]. Let S be another spray for M. By a classical
result of the geometry of paths, S € [S] if, and only if, there exists a

function P € C’OO(%M) such that
S=5-2PC. (14.6)

Then the projective factor P is necessarily 1T-homogeneous.

Let A be a Finsler tensor field constructed from S, and let A be
a tensor constructed from S € [S] by the same rule. If A = A for all
S € [S], then A is called a projectively invariant tensor of the spray
manifold (M,S). The fundamental projectively invariant tensors of
a spray manifold are the Weyl tensors W1, Wy, W3 and the Douglas
tensor D. We recall here their definitions:

W1 =K-K1-

! (VK - VYK) @ 5 (14.7)

n —+
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where K is the Jacobi endomorphism defined above, K := ﬁtrK,
ni=dimM =2, 1:=1_..
(m)
~ 1 ~ o~ ~ o~
Wz(X,Y) = g(val(X,Y) — VV Wl(Y,X)), (148)
Ws(X,Y)Z :=V'Wy(Z,X,Y);, X, YZelD(n). (14.9)

The tensors W1, Wy, Wy are called the Weyl endomorphism, the
fundamental projective curvature tensor and the projective curvature
tensor of (M, S), respectively.
To introduce the Douglas tensor, first we define the Berwald tensor
B € T}(T'(r)) of (M, S) by
B(X,Y)Z = (V'V'"Z)(X,Y)

14.10)
v h 5y oy (9-10) oy h (

Locally, with the notation of 13.4.4 (see also 13.1.7 (b)),

T T\ T . (LT ooy 0
B (c%j’ au’“) oul V% (leaui> ~OyF Oy

so the components of B with respect to an induced chart on T'M are
the (—1)"-homogeneous functions

i 3 Yi _
()]

)

0yl Oy 0y

where the functions G' are the spray coefficients of S. After this
preparatory step, we define the Douglas tensor of (M, S) by

1

——((V'uB)® 5+ (trB) o 1), (14.11)

D:=B -

where the symbol ® stands for the symmetric product without nu-
merical factor. For a coordinate description we refer to [29], Remark
8.4.25.

Next we show that if X € Lieg(M), then X is a curvature
collineation of the Weyl tensors, the Berwald tensor and the Douglas
tensor in the same sense as above.

Theorem 14.2.1. If X € Lieg(M), then LxW; = 0, i.e., X is a
curvature collineation of the Weyl endomorphism of (M, S).
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Proof. If X € Lieg(M), then L£x<K = 0 by Theorem 14.1.2. Taking

into account that Excl =0, Excg(n':&l) 0 and ZXC otr =tro EXC, we
readily find that
~ ~ 1 ~
c K]_ — c K ]_ — CK ]_ — .
,CX ( ) n—l(EX tr ) n_ltr(ﬁx ) 0
Next we show that
LxV'K = 0. (14.12)

For every vector field Y on M,

(LxV'K)(Y) = X(YV'K) — VK(LxY) = XS(Y'EK) — V'K[X, Y]
— XS(YYK) — [X,Y]'K = [XS, YK + Y'(XK) — [X,Y]'K
| 1 1 .
T2 yv(xK) = YY(XK) = =Y (ir LxK) =0,
n — n —

as we claimed. Taking these into account, we obtain

Zchl = — (EXC tI'VVK) X g

n—1

To finish the proof we show that Ly trV'K = 0. From Corollary
8.2.8 in [29],
trV'K = 3trR + V'trK.

By Corollary 14.1.3, LxR = 0. Thus
Lxetr V'K = 3trLxR + Ly V'K = Ly V'K = (n — 1) Lx V'K

(14.12)

=0,
which concludes the proof. O

Corollary 14.2.2. I[f X € Lieg(M), then X is a curvature collineation
both of the fundamental projective curvature and the projective curva-
ture of (M, S).

This can be shown in the same way as Corollaries 14.1.3 and 14.1.4,
so we omit the analogous calculation.

Proposition 14.2.3. If X € Lies(M) and B is the Berwald tensor of
(M,S), then LxB = 0.
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Proof. For any vector fields Y, Z, U on M,

(LxB)(Y,Z.0) " Lxe(B(Y,2)U) - B(LxY,2)U

“B(Y, Lxe 2)(7 B(Y,Z) Ly 105 £Xc((VVVhU)( v.2)
~(VVD)([X.Y].2)) — (V'VO)(Y,[X, Z])

(VWYL (Y, 2)) "2V Lxe(VEVED) — Vi Vil

~VyVh U - ViV Lyl ML g (E v D)

v h v h v -~
+Lixyp V0 - Vi Vs U — VY V[XZ]U—VA([,XCVAU)
VLol O et T+ VL T 2 0,

as was to be shown. O

Corollary 14.2.4. If X € Lieg(M), then LxD = 0, i.e., X 15 a
curvature collineation for the Douglas tensor.

Proof. By the previous proposition, Lxe kills the first and the third
member of the right-hand side of (14.11), so it remains only to show
that ENXC(V"trB) = 0. Given any three vector fields Y, Z,U on M, we
calculate:

(Lxe(V" trB))a? Z,U) = X(V'uB)(Y, Z,0))
—(VuB)([X,Y],Z,0) — (V't:B)(Y, Lx-Z, D)
—(V'uB)(Y, Z, LxU) = XY (eB(Z,0)) — [X, Y] (tB(Z,U))
YV (trB(LxeZ,0)) — YY(0B(Z, Lx0)) "E” vv(x<(6:B)(Z, D)

_tI'B(EXcZ; U) - tI‘B</Z\, Zxcﬁ)) — YV((EXC trB)(Z’ U))
= Y"((tr ZXcB)(Z’ [7)) Prop. 14.2.3 0.

This proves our assertion. [

The main results of this chapter have been published in our paper [31].
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Part IV
(Geometric vector fields on
Finsler manifolds

15 Basic objects of a Finsler manifold

Throughout this part, M is a manifold of dimension n = 2.

15.1 We recall that a positive continuous function F': TM — R is

called a Finsler function for M if it is smooth on T'M, 1T-homogeneous,
and the fundamental tensor

1 o
g:= 5VVVVF2 = V'VYE € TY(I'(7)) (15.1)

is fibrewise non-degenerate. A Finsler manifold is a pair (M, F'), where
M is a manifold and F' is a Finsler function for M. The function
E = %FQ is the energy function associated to F, or the energy of
(M, F). Clearly, it is 2"-homogeneous. An easy calculation shows
that the energy function can be obtained from the fundamental tensor

by

9(5,0) =2E. (15.2)

The Hilbert 1-form of (M, F') is
in the pull-back formalism 6, :=V'E = FV"F, (15.3)
in the try formalism O = djFE. (15.4)

The one-forms 60, and 0g are related by
Op =040] (15.5)
The two-form
wp = dip = ddyE € Ay(TM) (15.6)

is called the fundamental 2-form of (M, F). Its relation to the funda-
mental tensor is given by

wp(IE, 1) = gGE.3n); €n € X(TM). (15.7)

The non-degeneracy of g implies the non-degeneracy of wg, and vice
versa.
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Proposition 15.1.1. Let (M, F) be a Finsler manifold and X a vector
field on M. With the notation above,

(Lx<by) 0§ = Lx<Op, (15.8)
(Lx<9)(§&.3n) = (Lxwr)(IE,n). (15.9)

Proof. For every vector field £ on %M ,

(Lxb,)(i6) ¢ »CXC( <js>> —0,(Lxe(36)) "= Lxe(01(€))
—0,(Lxe 0§(€)) " £y (05(€)) — On(Lxe€) = (Lx<bi)(€),

whence (15.8). A little more calculation is necessary to prove (15.9).
Starting with the definition of the classical Lie derivative, we find

(Lxewp)(JEn) = Xwp(JE,n) — wp(LxI&,n) — wr(IE, Lxn)
11.8),(15.7) ¢ ce A
WD g (e, gn) — we(Lxed€ ) — 9GE, Lxein).

Observe now that the operators Lxc and J are interchangeable, i.e.,

LxcoJ=JoLx forall X € X(M). (15.10)

Indeed, io Lxe = Lxeoi by (11.7). Composing both sides of this
equality on the right with j and using (11.8), we obtain (15.10). Taking
this into account,

15.7 . . 11.8 ~ . .
wp(Lxed&n) = wp(TLxet,n) "= gGLx in) "= g(Lx-(36). jn).
Thus

(Lxewp)(JE,n) = Xg(3€, 3n) — 9(Lx<(E),n) — 9(i&, Lx<(jn))
= (Lx<9)(3€.in),

as was to be shown. ]

n(n—1)

15.1.2 Let w = wp A ... Awg (n factors). Then w:= 5(—1)" 2z w}
is a volume form on T'M, called the Dazord volume form for (M, F).

The divergence of a vector field £ on TM (with respect to w) is the

unique smooth function div¢ € C’OO(YO”M) such that L w = (divE) w
It can easily be shown that

divC = n; (15.11)

see, e.g., [32], Corollary 1.
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15.1.3 If (M, F) is a Finsler manifold, then there exists a unique spray
S for M such that

isddyE = —dE over TM. (15.12)

This spray is called the canonical spray of (M, F'). Thus every Finsler
manifold is a spray manifold at the same time. The Berwald connection
of this spray manifold is called the canonical connection of (M, F'). We
denote it by H; and h, v,V stand for the associated projection opera-
tors and the vertical mapping as in 13.1.2. The canonical connection
can be characterized as the unique torsion-free Ehresmann connection
for M which is compatible with the Finsler function in the sense that
dF o H =0, or, equivalently,

HX)F=X"F=0 foral X € X(M). (15.13)

With the help of the canonical connection, we define the Sasaki-Finsler
metric g° by

BS(En) = gGE.in) + g(VE V) EmeX(TM),  (15.14)

Then ¢° is a Riemannian metric tensor on TM.
We shall need the following technical result.

Lemma 15.1.4. If S is the canonical spray of the Finsler manifold
(M, F), then

wp(C,S) =2E, divs =0. (15.15 a-b)

Proof. Both equalities can be shown by a straightforward calculation:

we(C, 8) "2 4(35,35) = ¢(5,8) "= 2E;

Lowp = LsddyE "2 icdddyE + digddyE "2 digdds E
— _ddE =0,
therefore Lswg = 0, which implies (15.15D). O

15.2 Covariant derivatives on a Finsler manifold
Since every Finsler manifold (M, F') is a spray manifold (M, .S)
with the canonical spray, we have the Berwald derivative V of (M, S),
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induced by the canonical connection H. In general, it is neither v-
metric, nor h-metric, i.e., neither VVg nor Vg vanishes. We give
names to these objects. The type (0, 3) Finsler tensor fields

€ :=Vg¢g=V'V'WE and L,:=V'g=V"V'V'E
(15.16 a-b)

are called the Cartan-tensor and Landsberg-tensor of (M, F'), respec-
tively. We give the same names to the metrically equivalent tensors C
and L, defined by

g(C(X,Y), Z) :=C(X,Y,Z), and g(L(X,Y), Z) = L,(X,Y, Z).
(15.17 a-b)

We have three additional, important covariant derivatives on a
Finsler manifold: the Cartan derivative D€, the Chern-Rund deriva-
tive D" and the Hashiguchi derivative D¢, They can be defined as

follows:

~ ~ 1 ~ 1 ~
DEY = VY + 5(2(1}5, Y)+ 5L(jg, Y), (15.18)
~ ~ 1 ~
DEMY = V.Y + 5L(j,g, Y), (15.19)
DY := VY + %e(vg, Y). (15.20)

Notice that the Cartan derivative is metric, the Chern-Rund derivative
is h-metric, and the Hashiguchi-derivative is v-metric, i.e., we have

Dg=0; D{g=0, DEg=0 (X eT(n)). (15.21 a-c)

Proposition 15.2.1. With the notation above, for every vector field
X on M we have

LxC, = V"(Lxeg). (15.22)
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Proof. For any vector fields Y, Z, U on M

(11. 13 kg

(Lx<C)(Y,Z,0) = <Exc<vv N, 2,0) "2V Lie(Vo)(V, Z,0))
«2,0) = (Vo)Y,Z,LxU)
= EXC((Vyvg)( ,[7)) - (V[XY 9)(Z.0) — (Vyvg)(LxZ,0)

~

—(Vyg)(Z,LxU) "= Lxe(Vy(9(Z,0))) = Vixy(9(Z,0))
~Vy(g(L iZLﬁ)) —vyv(g(é;ifcﬁ)) 1L9) Yvﬁﬁc(g(é 0))
+Lix v (9(Z,0)) = Vixyp(9(Z,0)) — Vi (g(Lx<Z,U))

—Vyi(9(Z, LxU)) = Vv (Lxe(9(Z,0)) — g(LxZ,U)
13 ~ REN v REN
(7, Lx0)) "2V Vo (Lxeg)(Z,0)) = (VY Lxeg) (Y, Z,0).
This proves our assertion. O

Proposition 15.2.2. If XY, Z U are vector fields on M, then
9(LxC)(Y,2),U) = (Lx-C)(Y, Z,U) — (Lxeg)(€(Y, Z),U)

9(LxL)(Y,2),U) = (LxLy)(Y, Z,0) — (Lxeq)(L(Y,Z),U

~

Proof. From definition (15.17 a), £x<(C, (Y, Z, 17)) = CNXc(g(G(?, Z\), (7))
By the product rule for derivations, we have

Lxe(C(Y,Z,0)) = (LxC)(Y,Z,0) + C(LxY,Z, 1))
+ eb(?a EXCZ\7 ﬁ) + eb(i}7 27 EXCﬁ)a

Similarly,

So it follows that
(Lx<€)(Y,Z,U) — (Lxg)(C(Y,
+9(C(Y, Z), Lx<U) — Cy(Lx-Y,
— & (V. Z,Lx0)
— g(C(LxY,Z)U)) — (ea? Lx-Z)

= g(Lxe(C(Y,Z)) — C(LxY ., Z
= g((Lx€)(Y,2) D),

==



78 16 KILLING VECTOR FIELDS ON A FINSLER MANIFOLD

which finishes the proof of (15.23). Formula (15.24) can be shown in
the same way, so we omit the essentially identical calculation. O

16 Killing vector fields on a Finsler mani-
fold

16.1 To motivate our subsequent development, in this section we have
a look at the semi-Riemannian metrics. We recall that if M is a man-
ifold and g € TY(M) is a scalar product (resp. positive definite scalar
product) on the tangent bundle of M (see 2.11), then (M, g) is called
a semi-Riemannian (resp. Riemannian) manifold. We also say in this
case that g is a metric tensor on M. On a semi-Riemannian manifold
(M, g) there exists a unique torsion-free metric derivative D, called the
Levi-Civita derivative on M. Tt is characterized by the Koszul formula

29(DxY,Z) = Xg(Y,2) +Yg(Z,X) — Zg(X,Y)
- g(Xv [K Z]) +g(Y7 [Z7 X]) +g(Z7 [X7 Y]),

where XY, 7 € X(M).

(16.1)

16.2 On a semi-Riemannian manifold (), g) one can conveniently de-
fine the well-known differential operators of classical vector analysis:
gradient, divergence and Laplacian.

(i) The gradient of a function f € C°°(M) is the unique vector field
gradf € C*°(M) such that

g(gradf, X) =df(X) = Xf forall X € X(M). (16.2)
(ii) The divergence of a vector field X € X(M) is the smooth function

divyX = trDX 2 tr(Y € X(M) — Dy X € (M),  (16.3)

where D is the Levi-Civita derivative on M.
(iii) The Laplacian of a function f € C*(M) is

Af = div(gradf). (16.4)

Suppose for simplicity that g is a Riemannian metric, and let (E;),
be a g-orthonormal frame field over an open subset U of M. (‘g-
orthonormal’” means that g(E;, E;) = 6;;;1,j € J,. ) Then we have

ivX = Di X, E;). 16.
div (M)Zg( £,X, E) (16.5)

A similar formula is valid also in the semi-Riemannian case.



79

16.3 Let (M, g) be a semi-Riemannian manifold. A diffeomorphism
w: U — V between two open subsets of M is called a conformal trans-
formation if there exists a positive smooth function f: U — R such
that

o) (= (), 2 (v)) = [ (P)gp(u, v) (16.6)

holds for all p € U; u,v € T,M. Particular cases are homotheties
(or dilatations) when f is a nonzero constant function, and isometries
when f(p) = 1 for all point pin U. A vector field X on M is called com-
formal, homothetic and Killing if the stages of its local one-parameter
group are conformal transformations, homotheties and isometries, re-
spectively. A conformal vector field is proper if it is not homothetic.
We use the following notation:

Conf, (M) the set of conformal vector fields on M.

Dil, (M) the set of homothetic vector fields on M.

Kill,(M) the set of Killing vector fields on M.
The following results are well-known (see, e.g., [26]).

Proposition 16.3.1. Let (M, g) be a semi-Riemannian manifold and
X a vector field on M. Then

X € Conf,(M) <= Lxg=20g for someoc c C*(M). (16.7)
In particular,

X € Dily(M) <= Lxg=ag for some a € R*; (16.8)
X eKill,(M) <= Lxg=0. (16.9)

The function o in equality (16.7) is called the conformal function of
X.

Lemma 16.3.2. Suppose (for simplicity) that (M, g) is a Riemannian
manifold. If X € Confy (M), then the conformal function of X is
Ldivx.

Proof. Let (E;)!; be an orthonormal frame field over an open subset
U of M. Then

2 divx 'L ZZg (Dp, X, E))
(agn Z(Eg(X E;) + Xg(E;, E;) — Eg(E;, X))
+Z E;, [ X, E]) + 9(X, [E;, Ei]) + g(E;, [E;, X]))

= 229 i [B, X]).
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On the other hand, we have

(10.1)

(Lxg)(Es, E;) Xg(Ei, ;) — 29([X, Bi], B;) = 29(E;, [E;, X]).

Thus
2divX = Y (Lxg) (B E) "7 23 og(E, E) = 20n,

whence our claim. O

16.4 Let (M, F) be a Finsler manifold. A diffeomorphism ¢: U — V
between two open subsets of M is called a (local) isometry of (M, F')
if its derivative preserves the Finslerian norms of the tangent vectors,
ie.,

F((p)p(v)) = F(v) forallpeU, veT,M.

As in similar situations above, we say that a vector field on M is a
Killing vector field of (M, F') if the stages of its local one-parameter
group are ismotries. We denote by Kill(M) the set of all Killing vector
field of (M, F).

The following result is partly known (the equivalence of (i) and (ii)
is clearly folklore), and it will be generalized in the next section. How-
ever, because of its particular importance, we present it here together
with a complete proof.

Lemma 16.4.1. Let (M, F) be a Finsler manifold and X is a vector
field on M. The following assertions are equivalent:

(i) Lxeg =0; (v) Lx<0y = 0;
(iif) XF = 0; (vi) Lxewp = 0.

Proof. We organize our reasoning according to the following scheme:

(i) = (i) < ()
[

(vi) <= (iv) <= (v).

152

i)= (iii) 0 2 (£xeg)(3,8) =Y 2XB — 2g(Lx<3,0)
F(X°F). Since F' is positive, this implies that X<F = 0.

(115a IXE —
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(iii)= (iv) For every vector field Y on M,

(Lx<05)(YS) = X(05Y°) — 05(]X, YY)
= X(dyE(Y®)) — dsE([X,Y]°) = X (Y'E) — [X,Y]'E

= X YY)E + YV(X°E) - [X,Y]'E "2 yv(X°E) = 0.
Since, as can easily be seen, L0 | SEV(’_%M) = 0 for every Z € X(M),
our implication follows.

(15.6) w)

iv)=-(vi) Indeed, EchE = EXcdHE = dﬁXCQE = 0.

vi)= (ii) For any vector fields &, n on TM7 (L Xcg)(Jf,jn) (15.9)

vz)

(
(
(Lxewp)(JE, 1) =2 0
(iv) <= (v) This is clear from (15.5).
(i

)= (iii) Let (¢;) be the local one-parameter group of X. Then, by
Lemma 7.5.1, the local one-parameter group of X€is ((¢¢).). Thus
1
A fiy = (F o ()« F) ).

t—0 t

XF
(ili)== (i) Let, as above, (y;) be the local one-parameter group of X.

If XF =0, then

t—0 t

= 0. (%)
Given a tangent vector v € T,M, define the function

I, =R, t— f(t):=Fo(p)v),

where [, is the domain of the maximal integral curve of X. At every
t, € I,

f(t) — f(t,) . Fo (¢1)«(v) = Fo (‘Pto)*(v)_

t—to  t— 1o t—to t—to

= (P1)= (1) (P)(V) = (Prty)s(w)-

F(pr-t,)(w) = F(u) @ (16.10)
t—to—0 t—1,
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Thus f is a constant function. Since

f(0) = F((o)+(v)) = F(v),

it follows that F o (¢;).(v) = F(v) for all t € I,. This finishes the
proof. O]

Remark 16.4.2. Let (M, F') be a Finsler manifold, S its canonical
spray, and let ¢ € Diff (M). It was proved in [4] that if ¢ is an isometry
of (M, F'), then it is an automorphism of S, i.e., ¢,, 05 = Sop,.. From
this it follows immediately that every Killing vector field of (M, F) is
a Lie symmetry of the canonical spray of (M, F), i.e

Killp(M) C Lieg(M). (16.11)

Proposition 16.4.3. Let (M, F) be a Finsler manifold. If X is a Lie
symmetry of the canonical spray of (M, F'), then

LxLy, = V"L xeg. (16.12)
Proof. We recall that by Theorem 13.4.5 ,
X € Lieg(M) <= [X,Y"] = [X,Y]" forall Y € X(M).

We shall use this at step (x) in our calculation below. To begin with,
let Y, Z, U be vector fields on M. Next we calculate:

(LxL)(Y,Z,U) = (Lx(V"o)Y,Z,0) =" Lx(V"9)(Y, Z,
— (V")) (LxY,Z,U) — (V)Y ,LxZ,U) — (V") (Y, Z, LxU
U2 (V) (Z,0)) = (Vixyp9) (2, 0) = (Vyng) (LxeZ, )
~ (Vyrg)(Z, LxU) = Lxe(Vyn(9(Z,0)) — Lxe(g(Vy+Z,T))

— Lxe(9(Z, V) — Vixyp(g (Z, U))+9(V[X,Y]h2a U)
+9(Z,VixypU) = Vyn(9(LxZ,0)) + g(Vyn(LxeZ)),U)

+ g(LxeZ,VynU) = Vyn(9(Z, LxU)) + ¢(Vyn Z, LxU)

+ 9(Z, Vyn(Lxel)) L G (L xe(9(Z,0)) + Lixeyn(9(Z,0))

— Lxe(9(Vy2 Z,0)) = Lxe(g(Z,Vyn0)) — Lixyp(9(Z,0))
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~

+9(VixypZ,0) + 9(Z, VixypU) = Vyn(g(LxZ,0))
+9(Vyn(Lxe2)),U) + g(Lx-Z,VyU) — vm (Z,LxD))
4 g(VynZ, Lx0) + g(Z, Vyn(LxeD)) P
— Lxe(9(VnZ.0)) = Lxe(g(Z, VD)) +9(£[XC,Yh]27 0)
+9(Z, LixeynU) + 9(Lxe(Vyn2),U) = g(Lixeyn Z,0)
+ g(LxeZ,VynlU) + g(vyhz LxU)+ g(Z, Lxe(VynD))

~

— 9(Z, LixeynU)) = Vyn((Lxeg)(Z,0)) = (Lxg)(Vyn Z,U)
— (Lxeg)(Z,Vynl) = ( "Lxeg)(Y,Z,0).
This proves (16.12). O

Proposition 16.4.4. If X is a Killing vector field of (M, F), then

LxC =0, Lx€=0; (16.13 a-b)
LxL, =0, LxL=0. (16.14 a-b)
Proof. First we recall that X € Killp(M) <~ EXcg = 0 by Lemma
16.4.1, and X € Killp(M) = X € LiesM by Remark 16.4.2. Thus
(16.13a) follows from (15.22), (16.13b) is a consequence of (16.13a)

and (15.23). Equality (16.14a) can be seen from (16.12), and, finally
(16.14b) is an immediate consequence of (16.14a) and (15.24). O

Theorem 16.4.5. If X is a Killing vector field of a Finsler manifold,
then X is also a D-Killing field, where D € {V, DY, D¢ DHs},

Proof. Let X € Killp(M). Then we also have X € Lieg(M) (Remark
16.4.2), so by Theorem 13.4.5, EXCV = 0. We show that L‘XCDC =0.
For every £ € .'{(TM) and Y € X(M),

(11.13)
(Lx-DO)(E V)"

(15.18)

£XC(DCY) D Y — D{(LxY)
1+ . = -
' Lxe(VeY) + EXC( (VE,Y)) + SEx=(L(EY)) = Vi, .Y

CV(Lx£),Y) — %L(j(fxcg) —VeLxY — %e(vg LxY)

L(j¢, LxY) = (Lx<V)(£,Y) +

Theo.13.4.5, Prop.16.4.4

[N NN
l\D|H \_/

(ExC)VE,V) + 5 (ExL)E.T)
0.

We obtain in the same way that £xeD" =0 and L£xeDHs = 0. O
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17 Conformal and projective vector fields
on a Finsler manifold

17.1 Motivated by (16.7), we say that X € X(M) is a conformal vector

field of (M, F) if there exists a function o € C°(TM)N C‘X’(%M) such
that

Lyeg=o0g. (17.1)

Here g is the fundamental tensor of (M, F); the function o is called the
conformal function of X (cf. 6.3). We have chosen this definition for
the sake of simplicity. Of course, the conformal property of X can also
be expressed in terms of the local flow of X. If, in particular,

Lxg=ag, a €R (17.2)

then X is called a homothetic vector field of (M, F). When o« = 0, X is
a Killing vector field by Lemma 16.4.1. We denote by Confr(M) and
Dilg(M) the sets of conformal and homothetic vector fields of (M, F),
respectively. Obviously,

A vector field X on M is called a projective vector field of (M, F) if

(XS, 5] = pC for some ¢ € COTM)NC=(TM), (17.3)

where S is the canonical spray of (M, F'). For the geometric meaning
of this condition and some equivalent conditions we refer to section 7
of Lovas’s paper [17]. The set of projective vector fields of (M, F) will
be denoted by Projz(M). By Theorem 13.4.5, Lieg(M) C Projz(M).

Lemma 17.1.1. Let X be a conformal vector field of a Finsler mani-
fold with conformal function o. Then

X°E = oE, (17.4)

and the conformal function is the vertical lift of a smooth function on

M.
Proof. 2X°E (15.2) Xc(g(g, ~)) _ (ZXcg)(’& g) " QQ(EXCS, g) (17.1), (115 a)

0g(0,0) = 20E, whence (17.4). Applying this observation, we find
that C(X°F) = C(cF) = (Co)E + 20 E. On the other hand,

O(XE) = [0, XE + X(CE) "2" ox°p "2V 95 1.
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From these we conclude that Co = 0, and hence o is 0"-homogeneous.
This implies by 7.7.2 (ii) that there exists a smooth function f on M
such that o = for. O

The following result is the promised generalization of Lemma 16.4.1.
Its proof is similar to the proof of the lemma, but the technical details
are a little more complicated.

Theorem 17.1.2. Let (M, F) be a Finsler manifold. For a vector field
X on M, the following conditions are equivalent:

(i) X is a conformal vector field with conformal function o;
(i) XE=0 B, oeC%TM)NC>(TM);
(iii) Lxclp =00p, o€ COTM)NC®(TM);

(iv) Lxeb, =08, oeCOTM)NC>(TM);
(V) EchE:waE+de/\dJE, fGCOO(M>

Proof. The arrangement of our argument is displayed by the following
diagram:

(i) = (i)

(v) < (iii) <= (iv).

(i)== (ii) This has already been proved above.
(ii)== (iii) It can immediately be seen that

o

On the other hand, for every vector field Y on M, (Lx0z)(Y®) =
YY(X°E) (see the proof of (ili)== (iv) in Lemma 16.4.1). In our case,
Y(XE) Yy (oE) = (YV0)E + oY'E.

We saw in the proof of Lemma 17.1.1 that X°F = o F implies that o
is a vertical lift. So we have YVo = 0, therefore

(Lxcp)(Y) =0(YYE) = 0dyE(Y®).

This concludes the proof of the implication.
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(iii)=> (v) Lxewn = LyedOp "2 dLxelp Y d(o0p) = do A by +
ocd0g =ocwg +do Nd3sE.
It remains to show that the function o is a vertical lift. To do this,

we evaluate both sides of (iii) at an arbitrary spray S. Then, one hand,

(Lxe05)(S) = X(05(S)) — 0p((XC, S]) = X(dE(IS)) — dE(I[X%, S))
Lemma 12.1.1 (if)

2X°F.

On the other hand (00g)(S) = od,;E(S) = 20E, so it follows that
X°E = oE. This implies (see above) that o = f¥, f € C*(M).

(v)=> (i) For any vector fields &, n on T M,

(Lx<9)G&,3m) "= (Lxewn) (&, m) L (f*wp + (d ) A dy E)(JE,n)
= Pwp(IEn) + df (JE)ds E(n) — df* (n)ds EJE) = f'wp(IE,n)
+(JO(f)daE) — df () (FX)E = f9(i€,in),

because the vertical vector fields kill the vertical lifts of smooth func-

tions on M and J2 (8.120) 0. This proves what we wanted.

(ili) <= (iv) If Lx<0p = 0 0p, then for any vector field £ on %M7

i) (15.5

(Lx0,)36) "2 (Lxe0p)(©) D (0 05)(6) "2V 50, (56),

so we have EXCHg = 0 0,. The reverse of the implication can be proved
in the same way.
This concludes the proof of the theorem. n

We note that relation (v), as a characterization of conformal vector
fields on a Finsler manifold, was first announced by J. Grifone [13]. In
terms of the local flow (¢;) of X, condition (ii) can be expressed as
follows:

Eo(p). = (expotf)E, feC™(M),

for every possible t € R; cf. the equivalence (i) <= (iii) and its proof
in Lemma 16.4.1.

The above theorem was obtained in 2011. Two years later, our
condition (ii) was also be found by Libing Huang and Xiaohuan Mo
[15]. From Theorem 17.1.2 we obtain immediately the next

Corollary 17.1.3. If (M, F') is a Finsler manifold and X € X(M),
then the following conditions are equivalent:
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(i) X € Dilp(M), i.e., Lxcg = a g, for some a € R;

(ii) the energy function associated to F' is an eigenfunction of X€¢
with eigenvalue «, i.e., X°E = a E;

(iv) Lxe0, = ab,;
(V) Lxwp = awg.

In conditions (iii)-(v), « is a real number. With the choice o := 0 we
re-obtain a part of Lemma 16.4.1.

17.2 In this concluding subsection we mainly deal with vector fields
on M which have at least two of the properties ‘Lie symmetry’, ‘con-
formal’, ‘projective’, or one of them together with some additional

property.

Theorem 17.2.1. Let (M, F) be a Finsler manifold. If a vector field
X on M is a conformal vector field of (M, F) and, at the same time,
X is a Lie symmetry of the canonical spray of (M, F), then X is a

conformal vector field on the Riemannian manifold (TM,g°), where
S is the Sasaki-Finsler metric defined by (15.14). Briefly,

X € Confp(M) N Lies(M) = X¢ € Conf,s(T'M). (17.6)
Conversely, if X is a conformal vector field of the Riemannian man-
ifold (T M, g°), then X is a conformal vector field of (M, F):

Xce Confgs(%M) — X € Confr(M). (17.7)
Proof. Suppose first that X € Confp(M)NLieg(M). We calculate the
Lie derivative Lx<g®. For any vector fields £, on T M,
(Lxeg”)(& ) = Lxe(g°(&, ) — g% (Lxe&,n) — 9°(€, Lxen)
(15.14) o . .
' Lxe(g(G€. i) + Lxe(9(VE V) — g(LxeE. i) — 9(VLxE, V)

— g(i&,§Lxen) — g(VE, VLxen) VLD £ (g(Ge i)

+ Lxe(g(VE, V) — g(Lx<(jE),in) — 9(Lxe(VE), Vi)

— 9(G€, Lx<(in)) — 9(VE, Lx=(V)) = (Lxg)(i&, in)

+ (Lxeg)VE V) "ZY ag(ie, in) + 0g(VE, Vi) = 0g5(£,1).
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which proves that X¢ is a conformal vector field of (T'M, g°).
Conversely, suppose that X< € Conf,s(TM). Then

20 E =0 g(8,0) = 0 g(VC,VC) = 0 ¢°(C, C) "L (Lx¢%)(C, C)
= X%(¢°(C, C)) = 26°([X",C],C) = X(¢°(C, C)) = X4(5,0)
— 2X°F,

so we have X°E = oE. Thus, by Theorem (17.1.2), X is a conformal
vector field of (M, F). O

Theorem 17.2.2. Any homothetic vector field of a Finsler manifold is
a Lie symmetry of the canonical spray of the Finsler manifold. Briefly,

Proof. If X € Dilp(M), then by Corollary 17.1.3, X°E = « E, or,
equivalently, Lxc wp = awg for some real number . Thus

LxedE = d(X°E) = adB "2?

5.14 . . ;
( = ) —,CXCZS wWg + lxe,S|JWE = »CXch + U Xxe,S|WE,

—()éig WgE = —ig(awE) = —ig (,CchE)

therefore i(xc sjwrp = 0. Since wg is non-degenerate, this implies that
(X<, S] =0, and hence X € Lieg(M). O

This result, published in 2011 in our paper [30], was rediscovered
by Tian Huang-jia a few years later, see [33], Corollary 1.1.

Lemma 17.2.3. If X is a conformal vector field of the Finsler mani-
fold (M, F) with conformal function o, then the divergence of X with
respect to the Dazord volume form w (15.1.2) is

divX® =no. (17.9)
Proof. Choose a frame (X;)?_, on an open subset U of M. Then the
family (X}, X7)™, is a frame on 71 (U) C TM, and it can be shown
by an inductive argument that

(Lxewp) (XY, X7, ..., X, X5) =nowe(X), XT, ..., X)), X5).

This implies our claim. [
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Theorem 17.2.4. Let (M, F) be a connected Finsler manifold. If a
vector field X on M 1is both a projective and a conformal vector field
of (M, F), then it is a homothetic vector field, i.e.,

X € Projp(M) N Confp(M) = X € Dilp(M). (17.10)
Proof. Since X € Projz(M),

[XS,5] =4 C, forsome ¢ € COTM)NC®(TM),  (¥)

where S is the canonical spray of (M, F'). On the other hand, by our
condition X € Confp(M), Theorem 17.1.2 and Lemma 17.1.1

XFE=f'FE, feCc>®(M). ()
Thus we find
2WE = (CE) 2 [X¢,S|E = X(SE) — S(X°E) & Xx<(SE)

— (SfV)E _ fV(SE) Lemma:12.1.1(i
= —fL.

)B4+ XS(SE) — fY(SE)

In the last step we used the fact that S is horizontal with respect to

the canonical connection of (M, F) (see, e.g., [29] Corollary 7.3.6 ), so
15.1.3

we have SE "=" S(FS) = 0. Our result 2 E = — f°E implies that
¢ = —1 f°. Hence equality () takes the form

(X<, 8] = —%ch'. (%)

Now we calculate the divergence of both sides of (xx*x) with respect to
the Dazord volume form w. Applying the formula can be found in [1],
6.5F,

div[X©, S] = X°div§ — S divxe PRIy pe
As to the right-hand side, we have
) Loon i 1. L, c@san, iy no,o 1
div( 2fC’)—2f divC 2Cf = 2f 2f
1

Here, at step t, we used formula (8.4.28) in [29]. So it follows
(n —1)f¢ = 0, whence f¢ = 0 (because n = 2). This implies by
the connectedness of M that f is a constant function. So the confor-
mal function f¥ of X is also constant, and hence X € Dilp(M). O
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We note that this result, which is an infinitesimal version of Theo-
rem 2 in [32|, was also rediscovered by Tian (|33], Corollary 1.2).

Theorem 17.2.5. Let (M, F) be a Finsler manifold. Suppose that a
vector field X on M preserves the Dazord volume form w of (M, F),
€., Lxaw = 0. If, in addition,
(i) X is a projective vector field, then X is a Lie symmetry of the
canonical spray of (M, F);

(ii) X is a conformal vector field, then X is a Killing vector field of
(M, F).

Proof. Note first that our condition £xcw = 0 implies that div X = 0.
(i) Let X € Projp(M). Then

XS,8]=9C, e C(TM)NC=(TM), (*)
where S is the canonical spray of (M, F’). As a first step, we show that

Cy =1 over %M (%)
Using the Jacobi identity,
0= [Cv [XCWSH + [XC’ [Sv CH + [Sv [C’ XCH = [C’ [XC7 SH - [Xca S]v
hence
X<, 8] = [C, [x<, 8] D [C,pC] = (Cy)C.

Comparing this to (%), we obtain ().

Now, as in the proof of the preceding theorem, we calculate the
divergence of both sides of (x). Since in our case div X¢ = div.S = 0,
we have on the one hand

div[X€, S| = X¢(div S) — Sdiv(X€) = 0.
On the other hand,

div( O) = ¢ div C + O "2 (1 1),
So it follows that ¢» = 0, hence [X€, S] = 0. Thus X € Lieg(M).
(ii) We suppose that X € Confp(M). Then, by Theorem 17.1.2 and
Lemma 17.1.1, X°E = fYE, wheref € C*°(M). Since

(17.9) .. condition
nf' ="divX =0,

it follows that X°F = 0, and hence X“F = 0. So, by Lemma 16.4.1,
X € Killp(M).
This concludes the proof of the theorem. n
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Part V
Summaries

18 Summary

18.1 Notation and background
18.1.1 Let V be a module over a ring R and let £ € N. The R-module
of k-linear mappings V¥ — R (resp. V¥ — V) is denoted by T} (V)
(resp. THV)); To(V) := R, Tg(V) := V. Then Ty (V) =: V* is the
dual of V, T}(V) =: End(V) is the ring of endomorphisms of V.
18.1.2 Throughout, M is an n-dimensional smooth manifold where
n = 1orn 2 2. The symbols C*°(M) and X(M) stand for the ring
of smooth functions on M and the C*°(M)-module of vector fields on
M, respectively. We write
To(M) = Te(X(M)),  Tp(M) = T, (X(M)),

Ap(V) :={a € Tp(M)| « is alternating},

Ai(M) == {3 € TL(M)| B is alternating}.
Then A(M) = &p_ Ak( ) is the Grassmann algebra of M. We
agree that Ag(M) := {0} if k£ is a negative integer. An R-linear

transformation D is a graded derivation of A(M) of degree r € Z
it D(Ax(M)) C D(Agyr(M)), and

D(aAB) = (Da) AB+(~1)"aADB; € AM), B AM),
where A denotes wedge product. The classical graded derivations
of A(M) are the substitution operator ix, the Lie derivative Lx
(X € X(M)) and the exterior derivative d of degree -1, 0 and 1, re-
spectively.

18.1.3 The tangent bundle of M is 7: TM — M, the slit tangent
bundle is 7: TM — M, where TM C TM is the open set of nonzero

tangent vectors to M and 7 := 7 | TM. The derivative of a smooth
mapping ¢: M — N is denoted by ¢,, it maps T'M into TN. A vector

field £ on TM (or on T'M) is projectable if there exists a vector field
X on M such that 7,0 = Xor7. If , 0 =0 o7, where 0 € X(M) is
the zero vector field, then ¢ is called vertical. We use the notation
Xproj(TM) = {& € X(T'M)| € is projectable},
XV(TM) :={£ € X(TM)| ¢ is vertical}.
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18.1.4 Let f € C*(M), X € X(M). Then fY:= for € C*(TM) is
the vertical lift of f, the smooth function

[ :TM - R, v— f(v):=v(f)eR

is the complete lift of f. The vertical lift XV € XV(T'M) and the
complete lift X € X(TM) are the unique vector fields on T'M such
that for every smooth function f on M,

XVfe=(X[f), XYY =0, Xf = (X[)S, Xf" = (X[)"

The Liouville vector field C' € XV(T'M) is the unique vertical vector
field on TM such that Cf¢ = f€ for all f € C*°(M). A function

F e C’OO(%M) is kT-homogeneous if CF = kF (k € Z).
18.1.5 The vector bundles

7 TM %3y TM — TM and 7: TM xy TM — TM

are the Finsler bundles over TM and T M, respectively. The fi-
bre, e.g., of m over v € TM is the n-dimensional real vector space
{v} x Tr@yM = T} (,yM. The modules of smooth sections of these vec-

tor bundles are denoted by I'(7) and I'(7), respectively, and their ele-
ments are called Finsler vector fields. The elements of

Tu(D(m)) U TR (T(m)) (k € N)

are called Finsler tensor fields on T'M. We use the following typogra-
phy:

X,Y, ... — vector fields on M,

&,n,... — vector fields on TM (or on %M),
)?, lN/, ... — Finsler vector fields,

)A(, }A/, ... — basic Finsler vector fields,

5 — the canonical section in I'(r).

Here X (v) := (v, X(7(v))), 6(v) := (v,v) (v € TM).
18.1.6 We have the exact sequence of C'*°(T'M )-homomorphisms

0 — D(r) 5 X(TM) 5 I(x) = 0,
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~ ~

where i(X) = XV; j(X¥) =0, j(X) = X (X € X(M)), therefore

Im(i) = Ker(j) = X(T'M).

We have C' = i(9). The vertical endomorphism of X(T'M) is J :=1ioj.
It induces graded derivation dy of degree 1 of A(M) specified by

dyF :=dF oJ, dydF :=ddyF (F € C™(TM)).

18.1.7 We use the operator V¥ of the (canonical) vertical derivative.
It is defined in the following steps:

va({’ = (I)S)F (F e C*(TM)); )
VLY :=jliX,n], n € X(TM) is such that jn =Y

k
(VeA)(Y1, ... V) = V%AV, ... V) = Y AL, V%Y. YD),
=1

X

A € Ti(T(m)) U T, (T(r)).

18.1.8 An Ehresmann connection in TM is a C°(T M )-linear map-
ping H: T'(m) — X(T'M) such that joH = 1,..

Data: h:= Hojand v = 1}1(70“M) — h are the horizontal and verti-
cal projection associated to H, V := i~ o v is the vertical mapping,

X" := H(X) = hX© is the (H—)horizontal lift of X. An Ehresmann
connection H is homogeneous if [C, X" = 0 for all X € X(M). The
h-Berwald derivative V" induced by # is defined in the following steps:

1

h o (Y o0 (T . hvr . el
VYF = (HX)F (F € C*(TM)); V%Y :=V[HX,iY];

k

i=1

The mapping
Vi (£,Y) € X(TM) x I(m) = VY = V.Y + V&Y € I'(n)
is a covariant derivative, the Berwald derivative on .

18.1.9 A mapping S: TM — TTM is a semispray for M if it is of

class C', smooth on TM and satisfies the conditions 773 0 S = 17y,
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JS = C. If [C,S] = S, then S is called a spray. Every semispray
induces an Ehresmann connection H such that

1
H(X) = é(Xc + [XY,9]), X € X(M).
This connection is torsion-free in the sense that
Vi)Y = Vo X =3[H(X), HY)]; X,Y € T(7).

If S is a spray, then H is a homogeneous and is called the Berwald
connection of the spray manifold (M, S).

18.2 Results

18.2.1 Lie derivatives on a Finsler bundle Given a projectable
vector field £ € X,,0;(T’M), we define the Lie derivatives of Finsler
tensor fields with respect to £ in the following steps:

LeF = LoF =EF (F € C®(TM)); LY =i '[¢,iY];
k
(LeA)(Yr,. . Ya) = Le(AYr, . Y0)) — > AW, LeYi, .. V)

if A€ Tp(I(m)) UTE(D(m)).

If H is an Ehresmann Connectlon 111 TM then we define its Lie
derivative LeH by (LeH)(Y) := Le(H(Y)) — ”H(Eg ). The Lie deriva-

tive of a covariant derivative D: X(TM)x () — I'(x), (n, Z) — D, Z
with respect to £ is the mapping

{ LeD: X(TM) x D(r) = (), (n,Z) = (LeD)(n, Z),
(LeD)(n, Z) i= Le(DyZ) — DigyZ — Dy(LeZ).

We derived the useful formulae:

) (£e, 23] = Eign
2) LxY =[X,Y];
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(9) ZXC o V;l/ - V;l, o ZXc = E[Xc7yh}.

In the formulas above, £,n € X,0;(T'M); X and Y are vector fields on
M. In (8) and (9) we assume that an Ehresmann connection is also

specified in T'M. o
We showed that the vanishing of £x<Y has the following dynamical
interpretation:

Theorem 1. Let (¢;) be the local flow of X. Then LxY =0 if, and
only if, Y is invariant under (yy), i.e.,

((p)e X (p1)s) 0¥ =Y 0 (1),
for every stage ¢, of the flow.

18.2.2 H-Killing vector fields Let an FEhresmann connection
H: T(n) — X(T'M) be given. Note first that for every £ € Xp0;(TM),
the mapping L¢H: D(1) — X(TM), Y — (LH)(Y) is C°(TM)-
linear. If X € X(M), then jo Lxc = 0, so the Lie derivative of
an Ehresmann connection is definitely not an Ehresmann connection.
We say that a vector field X on M is H-Killing and we write that

X € Killy (M), if H is invariant under the local flow of X in the sense
that (@) 0 H = H o ((p1)« X (1)4), for every stage ¢; of the flow of

X. (Here H is interpreted as a strong bundle map from TM x,, T M
in TTM.) We have proved:

Theorem 2. For a vector field X on M, the following are equivalent:
(1) X € Killy(M), i.e., X is a H-Killing vector field,
(2) For every stage @, of the local flow of X,
(@1)sx o h =ho (1),
where h is the horizontal projection associated to H,
(3) LyH =0,
(4) Lxh =0.
If one (and hence all) of (1)-(4) is satisfied, then locally we have

’ 0X? - (0XF 02X
X <N k _ATE .k
Ny =4 (8u’g ° T) Ni ((’3u1 OT> Y (8u18u’“ ° T) ’
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where X' € C*(U) are the components of X relative to a chart
(U, (u')i=y) of M, and (N}) is the family of Christoffel symbols of H
relative to the induced chart (7(U), ((z)1, (y")™,)) on TM.

18.2.3 Lie symmetries Let S be a semispray for M. A vector field
X on M is a Lie symmetry of S, if S is invariant under the local flow of
X€, ie., (pr)s0S = So(p). for every stage o, of the flow of X. Then
we write X € Lieg(M). It is clear from the dynamical interpretation
of the classical Lie derivative that

X € Lieg(M) < [X, 5] =0.
We have: Lieg(M) C Killy (M), where #H is the Ehresmann connec-
tion induced by S.

Theorem 3. Let (M,S) be a spray manifold, endowed with the
Berwald connection H and the Berwald derivative V induced by H.
For a vector field X on M, the following are equivalent:

( ) X e Lles(M>, (6) x<v =10,
(2) [X<,5] =0, (7) LxV =0,
(3) X € Killy (M), (8) (XYM =X, Y],
(4) LxH =0, (9) [Lxe, Lyr] = Lixyyp,
(5) LXCh—O (10) ﬁchV VOLXC

In conditions (8) and (9), Y is any vector field on M. We note
that the equivalence of (1), (5) and (7) has already been proved by
R. L. Lovas [17].

18.2.4 Curvature collineations Let (M,S) be a spray manifold.
(A) The Finsler tensor fields K, R, H defined by

K(X) = V[S, H(X)],
R(X,V) = %(VVK()? Y) - V'K(Y, X)),
H(X,Y)Z = -V'R(Z,X,Y)

are the Jacobi endomorphism (or affine deviation), the fundamental
affine curvature and the affine curvature of (M, S), respectively. If
C € {K,R,H} and Lx.C = 0, then we say that X is a curvature

collineation of C.

Theorem 4. A vector field X on M is a curvature collineation of the
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Jacobi endomorphism of (M, S) if, and only if, K is invariant under
the local flow of X in the sense that

((0)« X (p1)x) o K =Ko ((01)« X (1))

for every stage @y of the local flow. (Here K is interpreted as a strong
bundle endomorphism of 7OT)

Theorem 5. If X € LiesM, then X is a curvature collineation of K,
R and H.

(B) A Finsler tensor field constructed from S is called projectively
invariant if it remains invariant under the projective changes

S~ §—2PC, PeC=(TM)

of S. The fundamental projectively invariant tensors of (M,S) are
the Weyl tensors Wy, W5, W3 and the Douglas tensor D defined as
follows:

(trV'K - VYK)®6 (K := ! trK),

W =K-K1, —

@ n41
o~ 1 - o~
WQ(Xay) = g(VVWI(va) -V WI(Y>X))7
W;(X,Y)Z = V"W, (Z,X,Y),
1 v ~
D =B - m((v trB) X (5 + (tI'B) ® 1F(7or))

In the last formula, B is the Berwald tensor of (M,S) given by
B(X,Y)Z = (VWV"Z)(X,Y), and the symbol ® means symmetric
product without numerical factor.

Theorem 6. If X € Lieg(M), then LxW; =0, i€ {1,2,3}.

Theorem 7. If X € Lieg(M), then LxB = 0, which implies that
LXCD = 0

18.2.5 Geometric vector fields on a Finsler manifold A posi-
tive continuouos function F: TM — R is a Finsler function for M if it

is smooth on T'M, 17-homogeneous and the fundamental tensor
1
g = §V"V"F2 = V'V'E

is fibrewise non-degenerate. A Finsler manifold is a pair (M, F') with
M a manifold and F' a Finsler function for M. First we recall some
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basic data:
(1) 8, := VVE or g := dyE = 6, 0 j — the Hilbert 1-form of (M, F).
(2) wg := dfp = ddjFE — the fundamental 2-form of (M, F').

(3) w := %(—1)"(751>wE A -+ Awg (n factors) — the Dazord volume

form of (M, F).

(4) The canonical spray of (M, F') is the unique spray S for M such that
igddyE = —dFE over TM. The canonical connection H of (M, F) is
the Berwald connection of (M, S), V stands for the Berwald derivative
induced by H.

(5) The Sasaki-Finsler metric g° on T'M is given by

g°(&n) = g(i&.in) + g(VE, Vn).

(6) G, := VVg = VYVYVVE is the Cartan-tensor of (M, F'); the type
(1,2) Cartan-tensor € is given by g(C(X,Y)Z) = &,(X,Y, Z).

(7) L, :== V"g = V"V'YV'E is the Landsberg tensor of (M, F); the
type (1,2) Landsberg tensor is given by g(L(X,Y)Z) = L,(X,Y, Z).
(8) D¢, D" and D** stand for the Cartan, the Chern-Rund and the
Hashiguchi derivative on (M, F'); they are given by

~ ~ 1 ~ 1 ~
DEY = VY + SC(VEY) + SL(j¢, V),

_ -~ 1 - ~ ~ 1 ~
DY = VY + 5L(jg, Y), DY :=V.Y + §€(V§, Y).

Definitions: A vector field X on M is a Killing vector field of (M, F')
if the stages ¢, of its local flow preserve the Finslerian norms of the
tangent vectors to M, i.e., F o (¢;). = F for every possible t € R. If

Lxeg = 0g, 0 € CUTM) N C>(TM),

then X is called a conformal vector field with conformal function o.
A conformal vector field is homothetic if its conformal function is con-
stant. We say that X is a projective vector field if

(XS, 8] = 9O, e CTM)NC=(TM).

Notation: Killg(M), Confr(M), Dilp(M) and Projx(M) are the sets
of Killing, conformal, homothetic and projective vector fields of (M, F),
respectively.

Theorem 8. (a) For every vector field X on M,
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1) (EXCQ )Oj = LXCWE;

(

(i) (£Xc )§€,3n) = (Lxewr)(IE,n);
(iii) EXch \YAd (EXC )
(
(

iv) 9((Lx<C)(Y,2),U) = (Lx<C)(Y,Z,U) = (Lxeg)(C(Y, 2),U);
V) 9((LxL)(Y, 2),0) = (LxLy)(V, Z,0) = (Lxeg) (L(Y, 2),T).

(b) If X € Lieg(M), then LxL, = V"(Lx<g).
(¢) If X € Killp(M), then

EXceb - O, EXCG = 0, ZXCLb == 0, EXCL = 0

Theorem 9. If X € Killp(M) and D € {V,D%, D" DHs} then
Lx<D = 0.

Theorem 10. (a) If X € Confp(M), then its conformal function is a
vertical lift.
(b) For a vector field X on M, the following are equivalent:
(i) X is a conformal vector field,
(i) X°E = 0B,
(111) EXCGE = O'QE,
(iv) Zxcﬁg = ob,,
(V) Lxwp = flup+dfY NdsE, f e C>®(M).
In conditions (ii)-(iv), o € CO(TM) N C>(TM).

Theorem 11. X € Confp(M) N Lieg(M) = X°¢ € Conf . (%M),

€ Conf,s(TM) = X € Confp(M).

Theorem 12. X € Dilp(M) = X € Lieg(M).

Theorem 13. X € Proj,(M)N Confp(M) = X € Dilp(M).
Theorem 14. (X € Proj,(M) and Lxe w = 0) = X € Lieg(M).
Theorem 15. (X € Confp(M) and Lxew = 0) = X € Killp(M).
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19 Magyar nyelvii 6sszefoglalé (Summary
in Hungarian)

19.1 Jelblések és hattérismeretek
19.1.1 Legyen V egy R gytrd folotti modulus és legyen £k € N. A
VE — R (ill. V¥ — V) k-lineéris leképezések R-modulusara a Ty (V)
(ill. TYHV)) jelolest hasznaljuk; To(V) := R, Tg(V) = V. Ekkor
Ti(V) =: V* a V modulus duélis modulusa, T} (V) =: End(V) pedig
V' endomorfizmus gytrtje.
19.1.2 M-mel mindvégig egy n-dimenzioés sima sokasagot jeloliink,
ahol n 2 1 vagy n = 2. C®(M) az M sokasag sima fliggvényeinek
gytrtje, X(M) az M folotti vektormezk C(M )-modulusa. Alkal-
mazzuk a

Ti(M) = Ti(X(M)),  Tp(M) =T (X(M)),

Ap(V) :={a € Tp(M)| « alternalo},

Ai(M) = {3 € TL(M)| Balternalo}

jeloléseket. Ekkor A(M) = @p_oAr(M) az M sokasidg Grassmann
algebraja. Megallapodunk abban, hogy Ax(M) := {0}, ha k nega-

tiv egész. Egy D R-linearis transzformécié r-edfoka (r € Z) gradalt
derivacioja A(M )-nek, ha D(Ax(M)) C D(Agyr(M)) és

D(aAB) = (Da) A B+ (1) a ADB; a€ A(M), § € AM)
itt az A szimbolum ékszorzatot jelol. A Grassmann algebra klasszi-
kus gradalt derivacioi az ix helyettesitési operator, az Lx Lie-derivalt
(X € X(M)) és a d kiils6 derivalt; ezek foka rendre -1, 0 és 1.

19.1.3 Az M sokasag érintényalabja 7: TM — M, a hasitott érin-
tényalabja 7 TM — M. Az utébbinél TM az M sokasag nemzerus

érintGvektorai alkotta nyilt részhalmaza T'M-nek, Ti=1 TM Egy
w: M — N sima leképezés derivaltjat ¢, jeloli, ez T'M-et T N-be ké-

pezi le. Egy TM-en (vagy T M-en) adott & vektormezs vetithets, ha
van olyan X vektormez6 M-en, hogy 7, 0 & = X o 7. Ha specidlisan
1.0 = ooT, ahol 0 € X(M) a zérus vektormezs, akkor -t vertikalisnak
mondjuk. Hasznéljuk az
Xproj(TM) :={& € X(TM)| £ vetithets},
XV (TM):={£ € X(TM)| ¢ vertikalis}.

jeloléseket.
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19.1.4 Legyen f € C*°(M), X € X(M). Ekkor f¥ := for € C®(TM)
f vertikalis liftje, az f<: TM — R, v— f(v) :=v(f) € R sima fligg-
vény pedig a teljes liftje. Az X vektormez6 XV € XV(T'M) vertikalis, ill.
X¢© € X(TM) teljes liftje az az egyetlen vektormezs T M-en, amelyre
tetszbleges f € C®(M) esetén

X = (XY, X = 00 Xf° = (XF) X = (Xf)"
Létezik egy és csak egy olyan C' € X¥(T'M) vertikalis vektormezd, hogy
Cf¢ = f¢ minden f € C*(M) fiiggvényre; ez a Liouville vektormezs
TM-en. Egy F € C°(TM) fiiggvény kT-homogén, ha CF = kF
(keZ).

19.1.5 A TM, ill. TM f5ltti Finsler-nyaldb a

7 TM 3 TM — TM és 7: TM x5, TM — TM
vektornyalab. Itt példaul a = nyaldb v € TM f{6lotti fibruma a
{v} x TryM = T;(yM n-dimenzi6s valos vektortér. E vektornyala-
bok sima szeléseinek modulusat T'(7), ill. T'(7) jeloli. T'(w) és D(m)
elemeit Finsler vektormezdknek; a Tj,(I'(7)) UTHI(7)) (k € N) modu-

lusok elemeit T'M-en adott Finsler vektormezdéknek hivjuk. A kovet-
kez6 tipografiai megoldassal éliink:

X,Y, ... — vektormez6k M-en,

& n,... — vektormezsk T'M-en (vagy %M—en),
)Z, EN/, ... — Finsler vektormezdk,

)A(, }A/, ... — bazikus Finsler vektormezsk,

5 — I'(m) kanonikus szelése.

Itt X (v) := (v, X(7(v))), 6(v) := (v,v) (v € TM).

19.1.6 A 0 — I'(7) = X(TM) 2 I'(r) = 0 sor, ahol i(X) = XY
J(XY) =0, j(X) = X (X € X(M)) C*°(TM)-homomorfizmusok eg-
zakt sora. Igy Im(i) = Ker(j) = XY(T'M), s kdzvetleniil adodik, hogy
C = 1(5) A J:=io0j endomorfizmus X(T'M) vertikalis endomorfiz-
musa. Ez A(T'M)-nek egy dy elsfokt gradalt derivaciojat indukalja,
amely a

dyF :=dF oJ, dydF :=ddyF (F € COO(TM))

elgirdssal értelmezhetd.
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19.1.7 Alkalmazzuk a (kanonikus) vertikalis derivalt V¥ operatorat,
melynek definicioja a kovetkezs 1épésekben adhaté meg:

ViF = (X)F (F € C¥(TM)), )
VY =j[iX,n], n € X(T'M) olyan, hogy jn =Y;

k
(VA (Y1, .. V) o= VS (AN, . V) = Y AN, VLY. YD),
=1

Xt

A€ Ty(I'(m)) U T (T()).

19.1.8 Egy T'M-beli Ehresmann-konnexio olyan H: (1) — X(T'M)
C°°(T' M )-lineéaris leképezés, amelyre jo H = Ly Adatai: h:=Hoj,

v=1 o —hésV:=i'!ovaH-hozcsatolt vertikalis és horizontélis
X(TM)

projekcid, valamint vertikalis leképezés; X := H()/(\') = hX°®az X
vektormez6 (H—)horizontalis liftje. Az Ehresmann-konnexi6 homogén,
ha [C, X" = 0 minden X € X(M)-re. A H altal indukalt V" h-
Berwald-derivalt a kévetkezd lépésekben értelmezhetd:

VLE = (HX)F (F € C®(TM)); V&Y :=V[HX,iY];

k
(VRA) (Y1, Ye) = VRAN, . Ye) = ) AN, .. VEY, L ).

i=1

AV (EY) € X(TM) x T(7) = VeV = V¥ + VY € T(7)

leképezés kovarians derivalt a T vektornyaldbon, a Berwald-derivalt.

19.1.9 Egy S: TM — TTM leképezés szemispray M folott, ha C*-
osztalyt, TM folott sima, és eleget tesz a 7rpy 0 S = 1y, JS =C
feltételeknek. Ha — rdadéasul — [C,S] = S, akkor S spray M f{6lott.
Minden szemispray indukal egy ‘H Ehresmann-konnexiot, melyre

5 1
H(X) = §(XC + [XY,S]), bdarmely X € X(M) esetén.
Ez a konnexi6 torzidmentes abban az értelemben, hogy tetszéleges

X , Y Finsler-vektormezskre

Vi)Y = Vo X = i[H(X), H(Y)] (TM fslétt).

Amennyiben S spray, igy H homogén, és azt mondjuk, hogy H az
(M, S) spray-sokasag Berwald-konnexioja.
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19.2 Eredmények

19.2.1 Lie-derivataltak Finsler-nyalabokon Megadva egy vetit-
het6 £ € X(T'M) vektormezét, a Finsler-tenzormezdk £ szerinti Lie-
derivaltjat a kovetkezs 1épésekben definialjuk:
LeF = LeF =EF (F e C(TM)); LY =i '[¢,iY];
k
(LeA) (Y1, ... Ye) = Le(AY, .. VR)) = ) AN, .. LY, i),
i=1
itt A € Tj,(I'(7))UT}H(I (). Bgy TM-beli H Ehresmann-konnexio L¢H
Lie-derivaltjat az

(LeH)(Y) = Le(H(Y)) = H(LY).

el6irassal értelmezziik; egy D: X(T'M) x I(r) = T(x), (1, Z) — D,Z
kovarians derivalt £ szerinti Lie-derivaltja az

LeD: X(TM) x D(x), (n,Z) = (LeD)(n, Z),
(LeD)(n, Z) i= Le(DyZ) = DigyZ — Dy(LeZ).
leképezés Levezettiik a kovetkezs hasznos formulékat:
(1) [Le, L) = = Lig);
(2) EXCY [X, Yl
(3) £Xc6 =0;
(1) Lx | D(r) = V% [ T(n):
(5) 10£Xc Lxeoi;
(6) Lxcoj=joLxs
(7) Lxe o Vi = Vi o Lxe = Lixyps
(8) Lxn | ( ) =V [ T(7);
(9) EXC o Vh V'}l, o »CXC = E[Xc7yh}.
A fenti formuldkban &, n € X,0;(TM); X, Y € X(M). (8)-ban és (9)-
ben foltessziik, hogy egy Ehresmann-konnexio is adva van T'M-ben.

Megmutattuk, hogy LxY eltlinésére a kovetkezd dinamikai interp-
retacio lehetséges

1. Tétel Legyen () az X vektormezd lokdlis folyama. LxY =0
pontosan akkor teljesil, ha'Y invaridns a folyammal szemben, azaz

((01)x X (1)) © Y=Yo ()5

minden szobajovd t € R esetén.
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19.2.2 H-Killing vektormez6k Legyen adva egy H Ehresmann-
konnexi6 T M-en. Jegyezzilk meg elGszor is, hogy tetszGleges
€ € Xpuoj(TM) esetén az LeH: D(n) — X(TM), Y — (LeH)(Y) le-
képezés C°°(T'M)-linedris. TetszGleges X € X(M) vektormezs esetén
joLxe =0, ami mutatja, hogy egy Ehresmann-konnexi6 Lie-derivéltja
méar nem Ehresmann-konnexié.

Egy X € X(M) vektormez&t H-Killing vektormezdnek neveziink és

azt irjuk, hogy X € Killy (M), ha H invarians X lokalis folyamaval
szemben, abban az értelemben, hogy minden sz6bajové valos t-re

(@t)ex 0 H =H o ((1)s X (¢1)4)-

(Itt H-t TM xpy TM — TTM erds nyalableképezésként interpretal-
juk.) Megmutattuk a kévetkezot:

2. Tétel Egy X € X(M) vektormezdre az aldbbi feltételek ekvivalensek:
(1) X H-Killing vektormezd,

(2) Ha X lokdlis folyama @y, akkor minden szébajovd t-re teljesiil,
hogy (p1)ex 0 h =ho (1),

(3) LxH =0,

Amennyiben (1)-(4) valamelyike - és igy barmelyike fenndll, gy

) OX? (OXF 92X
CATE __ k _ N? _ 2k
A=A (auk “) K (aua‘ OT) !/ (aua'auk OT)’

ahol az X' € C™(U) fiiggvények X komponensei M eqy (U, (u')r,) tér-
képére vonatkozoan, (Nj’) pedig H Christoffel-szimbolumainak csalddja
a TM-en indukdlt (771(U), ()1, (y)),)) térképre vonatkozdan.

19.2.3 Lie-szimmetridk Legyen S az M sokasag f6l6tti szemispray.
Egy X € X(M) vektormezd Lie-szimmetridja S-nek, ha S invarians
X¢ lokalis folyamaval szemben, azaz, (@1)w 0 S =S50 (¢), minden
sz0bajovs t-re, ahol (¢;) X lokalis folyama. Ekkor azt irjuk, hogy
X € Lieg(M). A klasszikus Lie-derivalt dinamikai interpretéciojabol
azonnal lathato, hogy

X € Lieg(M) <= [X, 5] =0.
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Amennyiben H az S altal indukilt Ehresmann-konnexi6, gy
Lieg(M) C Killy (M).

3. Tétel Legyen (M,S) spray-sokasdg, ellitva a H Berwald-
konnexioval és a H dltal indukdlt V Berwald-derivdlttal. Az M sokasdg
eqy X wvektormezdjére a kovetkezik ekvivalensek:

(1) X e Lies(M>, (6) EXcV =0,

(2) [X<,5]=0, (7) EXC =0,

(3) X € Killy(M), (8) [X, V"] = [X,V]",
(4) LxH =0, (9) [Lxe;L] = Lixyp,

(5) EXChZO, (10) LchV VOEXC

Itt (8)-ban és (9)-ben Y € X (M) tetszileges. Megjegyezziik, hogy
(1), (5) és (7) ekvivalencigdjat korabban Lovas Rezsé mar igazolta, 1d.
[17].

19.2.4 Gorbiileti kollineaciok (A) Egy (M, S) spray-sokasag Ja-
cobi endomorfizmusa (vagy affin elhajlési tenzora), fundamentéalis affin
gorbiilete és affin gorbiilete rendre az a K, R, és H Finsler tenzormezg,
amelyet a

- - -~ 1 -~ -~
K(X) = VS HX), RV = S(VKEY) - VKT, X)),
H(X,Y)Z := -V'R(Z,X,Y)

elGiras értelmez. Ha C € {K, R, H} és LxC = 0, akkor azt mondjuk,
hogy X gdrbileti kollinedcidja C-nek.

4. Tétel Fgy X € X(M) vektormezd pontosan akkor gorbileti kolli-
nedcidja az (M, S) spray-sokasdg Jacobi endomorfizmusdnak, ha inva-
ridns X (p) lokdlis folyamdval szemben, abban az értelemben, hogy

((01)x X (p1)s) o K =Ko ((01)x X (1)),

minden lehetséges valds t-re. (Itt K-t a T vektornyaldb erds nyaldben-
domorfizmusaként interpretdljuk.)

5. Tétel Ha X € LiesM, akkor X gorbiileti kollinedcioja a K, R és
H tenzoroknak.
(B) Egy, az S spraybél konstrualt Finsler tenzormezé projektiven in-

varians, ha nem valtozik az S spray S ~» S —2PC, P € C*(TM)
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projektiv valtoztatasai soran. Egy (M, S) spray-sokasag alapvets pro-
jektiven invaridns tenzorai a Wi, Wy, W3 Weyl-tenzorok és a D Doug-
las tenzor. Ezek definiciéi rendre a kovetkezok:

1 ~
W, =K - Ko — —1(trV"K - V'K)®o (K := trK),

) n -+ n—1
~ ~ 1 ~ ~ ~ ~

W2<X7Y) = g(vvwl(X7Y) -V Wl(Y7X))7

W;3(X,Y)Z := V'WL(Z,X,Y),

D:=B- (V'tB) ® 46 + (trB) © 1,

n—1 &)

Az utolso formulaban B a spray-sokasig Berwald-tenzora, amely meg-
adhato a B(X,Y)Z := (VYV'Z)(X,Y) el6irassal, a ® szimbolum pe-

dig numerikus faktor nélkiili szimmetrikus szorzatot jelol.
6. Tétel Ha X € Lieg(M), akkor LxW; =0, ie {1,2,3}.

7. Tétel Ha X € Lieg(M), akkor LxB = 0, és ebbdl kivetkezden
ﬁXCD - 0

19.2.5 Geometriai vektormezSk Finsler-sokasagokon Egy
F: TM — R pozitiv, folytonos fliggvény M {olotti Finsler-fiiggvény,

ha T'M-en sima, 1*t-homogén és a
1 VTV 2 A walt
g::§VVF = V'V'E

alaptenzor (fibrumonként) nemelfajulo. Egy Finsler-sokasag olyan
(M, F) par, amelyet egy M sokasag és egy M {6l6tti Finsler-fiiggvény
alkot. Néhany fontosabb adata:

(1) 0, := VVE vagy 0p := dyE =0,0j — (M, F) Hilbert 1-forméja.
(2) wg :==dbg = ddsE — (M, F) fundamentalis 2-formaja.

(3) w:= %(—1)"(";1>wE A -+ Awg (n tényezd) — a Dazord-féle térfo-

gati forma T'M-en.

(4) (M, F) kanonikus spray-je az az S spray, amelyet TM {5l6tt az
isddyE = —dFE feltétel hataroz meg. (M, F) H-val jelolt kanonikus
konnexibja az (M, S) spray-sokasag Berwald-konnexioja; V a kanoni-
kus lgonnexic’) altal indukalt Berwald-derivalt.

(5) TM-en a ¢°(&,m) = g(3&,jn) + g(V&,Vn) elsirassal értelmezett
Riemann-metrika a Sasaki-Finsler metrika.

(6) C, :=VVg = VYVYVVE a Finsler-sokasag Cartan-tenzora; C a vele
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metrikusan ekvivalens (1,2)-tipusii tenzor, amelyet a g(€(X,Y)Z) =
Gb(X Y, Z) formula értelmez.

(7) L, := VPg = V"V'V'E a Landsberg-tenzor; L a vele metrikusan
ekvivalens (1, 2)-tipust tenzor, amelyet a g(L(X,Y)Z) := L,(X,Y, Z)
formula ad meg.

(8) DY, D" és DM rendre a Cartan, a Chern-Rund és a Hashiguchi-
derivalt (M, F)-en. Ertelmezésiik:

~ ~ 1 ~ 1 ~
DEY =V Y + 5(f(vg, Y) + 5L(jg, Y),

~ -~ 1 ~ ~ ~ 1 ~
DEMY =V Y + §L(jg, Y), DY =V + 5@(1}5, Y).

Definiciok: Legyen X € X(M), és legyen (¢;) X lokalis folyama. Az
X vektormezs Killing vektormezdje (M, F')-nek, ha a ¢, transzforméa-
ciok megdrzik az érintényalabok Finsler norméjat, azaz F o (¢;). = F
minden szobajove t-re. Ha

Lxeg = 0g, ahol o € COTM) N C=(TM),

akkor azt mondjuk, hogy X konform vektormezd, amelynek a konform
fiiggvénye o. Ha a konform fiiggvény konstans, homotetikus vektorme-
2070l beszéliink. Az X vektormezs projektiv vektormezdje (M, F)-nek,
ha

XS, 8] = O, e CTM)NC=(TM).

Jelolés: Killg(M), Confp(M), Dilp(M) és Projr(M) rendre (M, F)
Killing-, konform, homotetikus és projektiv vektormezginek halmaza.

8. Tétel (a) Tetszileges X € X(M) vektormezd esetén
(i) (£X°9 )0j = Lxwp;
(i) (Lx<9)(i&.Jn) = (Lxew)(IE, 1);
(iii) EXc(fb VY (EXC 9; A B
(iv) 9(£x-C)(V, 2),0) = (Ex-&)(¥, 2.0) — (Ex-g)(€(
(v) 9((LxL)(Y, 2),0) = (LxLy)(Y, Z,

(b) Ha X € Lieg(M), akkor Lx<L, = V"(Ly<g).
(¢) Ha X € Killp(M), akkor

Zxceb - 0, Zxce - 0, ZXCLb - 0, EXCL - 0

9. Tétel Ha X € Killp(M) és D € {V,D¢, D" DHs}  akkor
EXCD - 0
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10. Tétel (a) Ha X € Confp(M), akkor X konform figgvénye verti-
kdlis lift. (b) Egy X € X(M) vektormezdre a kivetkezdk ekvivalensek:
(i) X € Confp(M),
(i) X°E = o,
(iii) XCGE = obg,
(iv) [,XCQ =00,
(V) Lxews = [wp +df* Nds B, f € C=(M).
(

)
Az (ii)-(iv) feltételekben o € C°(T'M) N C’OO(TM)

[}

11. Tétel X € Confp(M) N Lieg(M) = X € Conf,:(TM),
X¢ € Conf,s(TM) = X € Confp(M).

12. Tétel X € Dilp(M) = X € Lieg(M).

13. Tétel X € Proj,(M) N Confr(M) = X € Dilp(M).

14. Tétel (X € Proj,(M) és Lxe w = 0) = X € Lieg(M).
15. Tétel (X € Confp(M) és Lxew = 0) = X € Killp(M).
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