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Introduction

This thesis addresses some investigations of Finsler geometry and homoge-
neous Riemannian nilmanifolds.

Finsler geometry is a relatively recent area of geometric study when com-
pared to its basis in differential geometry. Riemann hinted in [40] a remark
at generalized case of Riemannian metrics, which later labeled Finsler met-
ric and denoted by F'. Along the time lots mathematicians aimed to adjust
mathematical tools which were effective in Riemannian geometry such as
the theory of connections, Jacobi vector fields, sectional curvature to a more
general one. In 1918, Finsler devoted his Ph.D. dissertation to clear the way
to start that approach in the field of Finsler Geometry (see [23]). In Finsler
geometry, there exists many geometric objects that can not exist for a Rie-
mannian manifold such as the Cartan torsion C, the Berwald curvature B, and
the Landsberg curvature L, etc. These are said to be non-Riemannian quan-
tities because they vanish when F' is Riemannian. In Riemannian geometry,
one of the most fundamental concepts is the Riemannian curvature tensor. It
defines how the manifold is curved, or how it differs from a Euclidean space.
In Finsler geometry, it can be expressed as a (1, 1)-tensor over the pullback
bundle 7*T'M.

In [8], L. Berwald presented the concept of the stretch curvature tensor
and showed that it vanishes if and only if a vector’s length stays constant un-
der the parallel displacement along an infinitesimal parallelogram. Then, the
stretch curvature was studied by C. Shibata in 1978 [42], and M. Matsumoto in
1997 and 2004 (see [33, 34]). Shibata proved that a Kropina metric is a Berwald
metric if and only if the stretch curvature tensor vanishes under the condition
that the Kropina metric is positive-definite. Matsumoto aimed to provide a
fresh understanding of the stretch curvature within the framework of modern
Finsler connection theory. S. Bacsé and M. Matsumoto proved that a Douglas
metric with vanishing stretch curvature is R-quadratic if and only if its E-
curvature vanishes (see [7]). It is interesting to find conditions under which
Douglas metrics with vanishing stretch curvature reduce to Berwald met-
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rics. A. Tayebi and T. Tabatabaeifar in 2015 [49] proved that every Douglas-
Randers metric with vanishing stretch curvature is a Berwald metric. B. Na-
jafi and A. Tayebi in 2017 [37] introduced a new non-Riemannian quantity
named mean stretch curvature. A Finsler metric with vanishing mean stretch
curvature is called weakly stretch metric. This class of Finsler metrics con-
tains the class of stretch metrics. In 2018, they showed that every complete
P-reducible weakly stretch metric with bounded Cartan torsion is a Lands-
berg metric. Furthermore, they classified complete weakly stretch surfaces
and showed that every complete weakly stretch surface is Riemannian or
Landsbergian [38].

In [46] A. Tayebi and B. Najafi showed that every homogeneous («, /3)-
metric is a stretch metric if and only if it is a Berwald metric. A. Tayebi
and H. Sadeghi characterized the stretch («, )-metrics with vanishing S-
curvature, more precisely they proved a regular non-Randers type (o, 5)-
metric with vanishing S-curvature is stretchian if and only if it is Berwaldian
(see [48]). In [45] A. Tayebi N. Izadian proved that every Douglas-square
metric is a Berwald metric if and only if it is a weakly stretch metric. In
[44] with the authors M. Faghfuri and N. Jazer proved that every compact
Finsler manifold with posi-tive (or negative) relatively isotropic mean stretch
curvature is a weakly Landsberg metric. In [47] A. Tayebi with B. Najafi
classified the almost regular weakly stretch non-Randers-type («, 5)-metrics
with vanishing S-curvature. In [43] with M. Bahadori and H. Sadeghi proved
that a spherically symmetric Finsler metric is a stretch metric if and only if
it is R-quadratic. In [27] with F. Kamelaei and B. Najafi proved that every
homogeneous Finsler metric has relatively isotropic stretch curvature if and
only if it is a Landsberg metric. = Recently, some properties of the weakly
stretch Finsler metric of the special Finsler metric were investigated (see[13,
50]).

The contribution of the first chapter of the dissertation is to use of the
Berwald curvature instead of the Cartan torsion, and the investigation of the
relationships among the classes obtained analogously to the Landsberg and
the stretch curvatures. This will enhance the understanding of the role of the
relevant tensors in characterizing the new classes of Finsler metrics.

Z. Shen [41, page 139] introduced a non-Riemannian quantity B which
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is obtained from the Berwald curvature B by the covariant horizontal dif-
ferentiation along Finslerian geodesics. For a vector y € 7,M, define B,, :

T,M x T,M x T,M — T,M by B,(u,v,w) := By, (y)u/v w2,

«, Where

B;‘kl = B;’kl|mym'
The Finsler metric F is called B-metric if and only if B=0.

The goal of section 1.2 is to use the quantity B to study a class of Finsler
metrics containing the class of Berwald metric. The quantity resulted from B
has the following form

’Céklm =2 (Bji'k“m - B;'k:m|l> :

The family K := {K, : y € 7,M} is called the stretch B-curvature. A Finsler
metric F is said to be B-stretch metric if and only if K = 0, where
K, (u,v,w,2) = K, (pu/vbw'zm 5% |, It is interesting to find some
curvature properties conditions under which a B-stretch metric reduces to a
B-metric (see Theorems 1.4, 1.5, 1.7, 1.8).

The aim of section 1.3 is to study a class of Finsler metrics that includes
the class of Douglas metrics. Finsler metrics in this class are known as gen-
eralized Douglas metrics. We prove that every generalized Douglas metric
with vanishing B-stretch tensor is a Douglas metric under the condition that
the mean Berwald curvature is horizontally constant along geodesics of F'.
Then, we show that if (M, F') is a Douglas Finsler manifold then the Finsler
metric F' is an H-stretch if and only if it is a B-metric. The results of this
section are introduced in Theorems 1.20, 1.22, 1.23.

The second chapter of the dissertation is devoted to investigate homo-
geneous Riemannian nilmanifolds. Denote by M a connected Riemannian
manifold and by Z(M) the Lie group of its isometries. If Z(M) contains a
nilpotent Lie subgroup acting transitively on M, then M is called a homoge-
neous Riemannian nilmanifold. E. N. Wilson proved that there exists a unique
nilpotent simply transitive normal subgroup N of Z(M) (see [52, Theorem
2]). Therefore the nilmanifold M can be treated as the nilpotent Lie group
N and the metric on M induces a left invariant metric (.,.)y of N. Let n be
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the Lie algebra of /N. The metric on N determines a Euclidean inner prod-
uct (.,.) on n and conversely. A metric Lie algebra is a Lie algebra endowed
with a Euclidean inner product. We denote by O.A(n) the group of automor-
phisms of the Lie algebra n preserving the inner product (.,.) on n and we
call it the group of orthogonal automorphisms. The isometry group Z(N)
of (N,{(.,.)n) is the semi-direct product N x OA(n) of the group N and
the group O.A(n). As a result, there exists a one-to-one correspondence be-
tween isometry equivalence classes of homogeneous connected and simply
connected Riemannian nilmanifolds, and the classes of isometrically isomor-
phic metric nilpotent Lie algebras (cf. [52, Theorem 3]). Hence to find the
isometry equivalence classes of nilmanifolds is useful to work on nilpotent
metric Lie algebras. A nilpotent Lie group is called two-step nilpotent if the
lower central series of its Lie algebra has one non-trivial subalgebra. In this
sense two-step nilpotent Lie algebras are non-abelian Lie algebras which are
one step away from being abelian. The connected and simply connected two-
step Riemannian nilmanifolds of dimension at most 6 were intensively stud-
ied applying two-step nilpotent metric Lie algebras. Their isometry equiva-
lence classes and isometry groups are determined in [14, 26, 31]. In [22, 31]
the classification of the at most 5-dimensional Riemannian nilmanifolds of
higher nilpotency class and the determination of their isometry groups car-
ried out successfully by working on metric nilpotent Lie algebras of nilpo-
tency class greater than 2.

Among nilpotent Lie groups with higher nilpotency class the filiform Lie
groups play an essential role. An n-dimensional filiform Lie algebra has the
maximal possible nilpotency class n — 1. That is its lower central series has
n — 2 non-trivial subalgebra. The 3-dimensional non-abelian nilpotent Lie
algebra, the Heisenberg Lie algebra, is two-step nilpotent. At the same time
it is the unique filiform Lie algebra of dimension 3. One way to generalize
the Heisenberg Lie algebra leads to the notion of the Heisenberg type Lie
algebras (cf. [28]). These are two-step nilpotent Lie algebras but the dimen-
sion of the top step is enlarged. The n-dimensional filiform Lie algebras are
another generalization of the Heisenberg Lie algebra. In this case the num-
ber of steps grows up as the dimension increases (cf. [29], p. 2). In [22]
the isometry equivalence classes and the isometry groups of connected and



INTRODUCTION 5

simply connected filiform Riemannian nilmanifolds of arbitrary dimension
were thoroughly studied. It turns out that every filiform metric Lie algebra
(n,(.,.)) has a decomposition into orthogonal direct sum of 1-dimensional
subspaces which is preserved by all orthogonal automorphisms of (n, (., .)).
Hence the isometry groups of the filiform nilmanifolds have the same di-
mension as the nilmanifolds (cf. [22, Corollary 5]). In particular the detailed
description for the isometrically isomorphic equivalence classes of standard
filiform metric Lie algebras and the isometry groups of the corresponding
nilmanifolds are given in [22, Theorem 7, Corollary 8 ]. Using this approach
in section 2.2 we make analogous consideration for the 6-dimensional con-
nected simply connected filiform nilmanifolds. Applying the classification
procedure given by [22, pp. 371-372], we find in Theorems 2.10, 2.13, 2.16,
and 2.19 the classes of isometrically isomorphic 6-dimensional filiform met-
ric Lie algebras and the group of their orthogonal automorphisms. To receive
these results we proceed as follows. Throughout this section we denote by
[ES a 6-dimensional Euclidean vector space equipped with a distinguished or-
thonormal basis £ = {Ey, Es, - - -, Eg}.

We use the list of W. A. de Graafin [16, pp. 646-647 ] to fix abasis (G, - - -, G)
of the non-isomorphic 6-dimensional filiform Lie algebras s ., K = 14, ..., 18
such that their Lie brackets have the simple form (2.3).

Applying the Gram-Schmidt process to the ordered basis (Gg, G5, - - -, G1)
in the metric Lie algebra ([, (.,.)) we receive an orthonormal basis F =
{F\,Fy,---, Fs} such that F; = Zzzi a;1Gr, where a;, € R, a;; > 0. Con-
versely, each basis F = {F}, Fy, - - -, Fi} of [with the shape F; = Ezzi a;rGr,
a;r € R, a;; > 0 becomes an orthonormal basis for an inner product on the
Lie algebra [. The inner products on Lie algebra [ are determined by these
bases.

We compute the structure coefficients of the Lie brackets of the metric Lie
algebra ([, (.,.)) with respect to its basis F and we define a Lie bracket on [E°
with the same structure coefficients with respect to its distinguished basis &.
The received metric Lie algebra on E® depends on real parameters «; > 0, 3;
and it is isometrically isomorphic to ([, (., .)).

Finally, we find conditions on the real parameters co;; > 0, 3;, of metric Lie
algebras on [E° to obtain a one-to-one correspondence between the equiva-
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lence classes of isometrically isomorphic metric Lie algebras and a family of
metric Lie algebras on FES.

Using the above steps the 6-dimensional filiform metric Lie algebras are iso-
metrically isomorphic to one of the metric Lie algebras given by the following
non-trivial Lie brackets with respect to an orthonormal basis £ on E°: (see

[21]):

The Lie algebra ng 14(cv;, 5;)
[Eq, By = an Es + 51 Ey + BoEs + (3B,

[ ]
Ey, E,] = B7FEs
Q + o [ 2, L4 7L,
B, Ba] = 0oy - (W>E5 + 0B (B, Bs] = auE,
[E17E4] = a;a5E5 + 55E6, [E47E3] = a5E6>
4

suchthat; > 0,0 =1,...,5, 8, € R,j=1,...,7, andif theset J = {j €
{1,4,7} : B; # 0} # 0, then f3;, > 0 for the minimal element j, € J,

The Lie algebra ng 15(c, 5;) By, By = Qa0 By + 6,5,
(B, By] = a1 B3 + B1Ey + B2 Es + B3 Eg, Q4

[E1, Bs] = aoEy + B4Es + B5Es, [E, E4] = asEg.

[Ey, Ey] = a3 Es + B6 e,

[E1, E5] = auEg,

(2)

suchthat o; > 0,i=1,...,5,3; e R,j =1,...,7 and if the set J = {j €
{1,3,4,6,7} : B; # 0} # 0, then §;, > 0 for the minimal element j, € J,

The Lie algebra ng 16(c, 5;)

[Ela E2] =a b3 + 61E4 + ﬂgE{) + ﬁgEG, [EQ’ E3] = 67E67
asfB ool [E2, E4] = BsE,
[Er, B3] = agEy — < o + o )Es + B4 L, [E,, E5] = a4 Fg, (3)
51,5 = B 5 5,5y = 2,
1

[E17 E5] — /BGEfi?
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suchthata; > 0,0 =1,...,4,5;, € R,j =1,...,8, and one of the following
cases is satisfied:

L 1 =ps=P1=05=Ps=Ps =0,

2. B3> 00rf5>0,8 =B =ps=Ps=0,
3. Be>0o0rfBy4>0,0 =p;=0;=ps =0,
4. f1>00rfBs> 0,035 =Ps= 5= s =0,

5. at least two elements of the set {31, 33, 54, B5, B6, s } are positive with
the exceptions (51 > 0,8 > 0), (83 > 0,85 > 0), (84 > 0, 5 > 0),

The Lie algebra ng 17(c, 55)

(B, Bb] = an By + B1Ey + BoBs + Bs B, [Ey, B3] = awEy + BaBs + B5 B,
[Ev, Eu] = a3 Es + B6 B, [Eh, E5] = auE,

[, B3] = a5 Eg,

(4)
suchthata; > 0,0 =1,...,5,8; e R,j=1,...,6andif theset J = {j €
{1,3,4,6} : B; # 0} # 0, then 8;, > 0 for the minimal element j, € J.
Moreover, the Lie algebra ng 15(cv, ;) is defined by the same Lie brackets
such that the parameter a5 is missing.

The group of all isometries of the corresponding connected and simply
connected filiform nilmanifolds are given in Corollaries 2.11, 2.14, 2.17, 2.20,
2.21.

The purpose of sections 2.3, 2.4 is to study the totally geodesic subgroups
of connected simply connected 6-dimensional filiform Riemannian nilmani-
folds. The Levi-Civita connection of the metric Lie algebra (n, (., .)) is defined

by

1
for left invariant vector fields X,Y,Z € n. A subalgebra b of (n,(.,.)) is
totally geodesic if for all X,Y € h one has VxY € h. A subgroup H of
(N, (.,.)n) which passes through the identity e € N is totally geodesic pre-
cisely if the corresponding subalgebra b is totally geodesic. The left cosets
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xH, x € N, with respect to a totally geodesic subgroup H give a totally
geodesic foliation on N. The investigation of the geometry of two-step nil-
manifolds began with the works [18, 19] of P. Eberlein. He studies curvatures
and totally geodesic subgroups in non-singular two-step nilmanifolds. His re-
sults were generalized to the case where N does not have the non-singularity
condition in [17]. It is also discussed in [17, 19] criteria under which a subal-
gebra of a two-step nilpotent metric Lie algebra (n, (., .)) is totally geodesic.
The work [36] is devoted to investigate totally geodesic subalgebras in two-
step nilpotent metric Lie algebras. P. T. Nagy and S. Homolya proved there
that for isomorphic Lie algebras n and n* there exists a bijective linear map
n — n* preserving the flat totally geodesic property of subalgebras. Although
the totally geodesic property of subalgebras is very sensitive with respect to
the change of the inner product of a metric Lie algebra their outstanding
result shows that the linear structure of totally geodesic subalgebras of two-
step nilpotent metric Lie algebras depends only on the isomorphism class of
the Lie algebra. The generating vector of a one-dimensional totally geodesic
subalgebra is called geodesic. They also determined geodesic vectors and flat
totally geodesic subalgebras in two-step nilpotent metric Lie algebras of di-
mension less than or equal to 6. In [29] M. M. Kerr and T. L. Payne extended
the study of the geometry of two-step nilmanifolds for two infinite families
of nilmanifolds belonging to filiform nilpotent Lie algebras with special in-
ner products. Their paper is an initial source to study curvatures and totally
geodesic subgroups of filiform nilmanifolds.

The continuation of their studies was presented by G. Cairns, A. Hini¢
Gali¢ and Y. Nikolayevsky in [11, 12]. There the authors gave several re-
sults on the possible dimensions of totally geodesic subalgebras of nilpotent
metric Lie algebras. They also found examples, where the obtained bounds
on the dimensions of totally geodesic subalgebras are attained. Furthermore,
they gave an example of a 6-dimensional filiform nilpotent Lie algebra which
does not allow any totally geodesic subalgebra of dimension greater than 2.
Using the classification of the non two-step nilpotent metric Lie algebras of
dimension at most 5 given in [36], A. Al-Abayechi and A. Figula determined
the geodesic vectors and flat totally geodesic subalgebras in these metric Lie
algebras. They found that the flat totally geodesic subalgebras and geodesic
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vectors in non-filiform metric Lie algebras with one-dimensional center are
independent of the choice of the inner product (see [5]).

The aim in section 2.3 is to determine the sets of the geodesic vectors and
hence the one-dimensional totally geodesic subalgebras in the 6-dimensional
filiform metric Lie algebras. Applying the results (1), (2), (3), (4) describing the
classes of isometrically isomorphic 6-dimensional filiform metric Lie algebras
and the claim that a non-zero vector Y € (n, (., .)) is geodesic precisely if for
all X € (n,(.,.)) one has ([X,Y],Y) = 0, in Theorems 2.22, 2.23, 2.24, 2.25
the set of the geodesic vectors is decomposed as the disjoint union of subsets
depending on the parameters o, 3;. In section 2.4 we deal with the question
under which conditions on the parameters «;, 3; exists a flat totally geodesic
subalgebra of dimension greater than 1 in the class C of the six-dimensional
filiform metric Lie algebras. It follows from [12, Proposition 1.13 ] that for fil-
iform nilpotent metric Lie algebras there does not exist any totally geodesic
subalgebra of codimension one. From [12, Theorems 2.17, 2.18] it turns out
that only metric Lie algebras corresponding to the standard filiform Lie al-
gebra can allow a flat totally geodesic subalgebra of codimension 2. Some
filiform Lie algebras possess only low dimensional totally geodesic subalge-
bras independently of the choice of inner product.

Our investigation shows that in the class C with the exception of the met-
ric Lie algebras corresponding to the standard filiform Lie algebra the flat to-
tally geodesic subalgebras of all metric Lie algebras have dimension at most
two (see Theorem 2.26). A metric Lie algebra ng 14(;, 5;) defined on ES by
the Lie brackets (1) allow a 2-dimensional flat totally geodesic subalgebra if
and only if either the parameters (3, 34 and (35 are 0 or the parameters 3; and
B7 are 0. In the former case the flat totally geodesic subalgebra is spanned
by the orthonormal basis vectors £; and Fjs, whereas in the later case the
orthonormal basis vectors 5 and E, generate the 2-dimensional flat totally
geodesic subalgebra (see Theorem 2.27). According to Theorem 2.28 a metric
Lie algebra ng 15(cv;, 3;) defined on E° by the Lie brackets (2) possesses a 2-
dimensional flat totally geodesic subalgebra precisely if one has 35 = 7 = 0.
In this case the flat totally geodesic subalgebra is the subspace span(FEj3, Eg).
For a metric Lie algebra ng 16(cv;, 3;), respectively ng 17(cv;, 3;) defined on E°
by the Lie brackets (3), respectively (4) the situation is more complex, it is
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discussed in Theorems 2.29, 2.30. A metric Lie algebra corresponding to the
6-dimensional standard filiform Lie algebra has a 4-dimensional flat totally
geodesic subalgebra if and only if the conditions 5, = 5 = 5, = s = 0,
Bs = ‘”f:“, By = ‘”&—‘2"3 are satisfied. In this case the subalgebra has either the

[e%:
form

Q1003

span(Fy — Es, Es, &—%Eﬁ, Es),
4

Qo0ly
or

span( By, Eg—%Eg,, By, Ep)
3

(see Theorem 2.36). The possibilities for the existence of 3- and 2-dimensional
flat totally geodesic subalgebras in a metric Lie algebra corresponding to the
6-dimensional standard filiform Lie algebra are described in Theorem 2.36
cases 2 and 3.



Chapter 1

Stretch Finsler metrics

Let (M, F) be a Finsler manifold. The third-order derivative of (3F7) at
y € T,M is called Cartan torsion. The Landsberg curvature L is a description
of how Cartan torsion C along geodesics changes. A Landsberg metric is a
Finsler metric that fulfills L = 0. In 1926, L. Berwald [8] introduced a Fins-
lerian quantity during the investigation on the generalization of Landsberg
curvature. This quantity is called a stretch curvature and is denoted by X,
Geometrically, a Finsler metric is stretch-type if and only if a vector’s length
stays constant under parallel displacement along an infinitesimal parallelo-

gram.
The structure of this chapter is as follows:

In section 1.1, we listed the basic notations and definitions of Finsler ge-
ometry that will be needed in the later sections of this chapter.

In section 1.2, we study a class of Finsler metrics containing the class
of Berwald (weakly Berwald) metric (respectively). A Finsler metric in this
class is called B-stretch (H-stretch) metric (respectively). First, we show that
every complete B-stretch metric (H-stretch metric) is a B-metric (H-metric).
Then we prove that every compact Finsler manifold with positive (negative)
relatively isotropic stretch B-curvature (stretch H-curvature) is B-metric (H-
metric).

The aim of section 1.3 is to study a class of Finsler metrics that includes
the class of Douglas metrics. Finsler metrics in this class are known as gen-
eralized Douglas metrics. We prove that every generalized Douglas metric
with vanishing B-stretch tensor is a Douglas metric under the condition that
the mean Berwald curvature is horizontally constant along geodesics of F'.
Then, we show that if (), F) is a Douglas Finsler manifold then the Finsler
metric F'is an H-stretch if and only if it is a B-metric.

11



12 CHAPITER 1. STRETCH FINSLER METRICS

1.1 Basic concepts and tools

This section reviews some important definitions and concepts of Finsler man-
ifolds that are extensively used in next sections.

Throughout this chapter, M denotes a C'*°~-smooth n-dimensional mani-
folds, (T'M, m, M) denotes the tangent bundle, and by 7M = T'M \ {0} the
tangent manifold with zero section removed.

Let (U, p = () be alocal coordinate system at p € M from a fixed atlas
of C*-class. We denote by (7' (U), » = (z',y")) the induced local coordi-
nate system at £ € 7 !(p) C T'M. The linear map 7¢ := (dm¢) : TeTM —
Tr(eyM induced by the canonical submersion 7 is an epimorphism of lin-
ear spaces for each ¢ € T'M. Therefore, its kernel determines a regular,
n-dimensional, integrable distribution

V:¢&eTMw— ViTM C T, TM, (1.1)

where

. 0
VeI M := Ker(7)e = span{ayl. |§} :

which is called the vertical distribution. A non-linear connection on T'M is a
vector bundle morphism

N :TTM — VTM.

The kernel of the morphism A is a vector subbundle of the tangent
(TTM,7,TM), denoted by HT' M and called the horizontal subbundle. Its
fibers HeT'M determine a regular n-dimensional distribution

H:§e€eTMvw— HTM CT:TM,

which is supplementary to the vertical distribution (1.1). This means that for
every £ € T'M we have the direct decomposition:

T,TM = VT M & HeTM. (1.2)
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Finsler spaces are an important field in modern differential geometry of the
tangent bundle (TT'M, w, T M) of a manifold M. Contributions to the geom-
etry of these spaces have been made by by D. Bao, S.S. Chern and Z. Shen
[15], L. Berwald [9], M. Matsumoto [32] and H. Busemann [10].

Let ' = z'(t),a < t < b be the equations of a segment of a curve v in
a coordinate neighborhood Y. The length L of the segment is given by the
integral

,cz/ F(a(t), (1)) dt.

The manifold M equipped with such a notion of length is called an n-dimensional
Finsler manifold with fundamental function F(x,y) and denoted by (M, F)
if I satisfies the following conditions:

1. Regularity: F' is C* on the slit tangent bundle 7'M, and C' on T'M.
2. Positive homogeneity: for any point p € M the restriction F), :=
F |1, as is positively homogeneous of degree one, i.e.,

F(p,Ay) = AF(p,y), A>0,yeTM.

3. Strong convexity: the n x n Hessian matrix

.- (] )

is positive-definite at every point of 7M.

Let F' be a Finsler metric on an n-dimensional manifold M. It induces a spray
G on T'M. In local coordinates in 7'M, it is expressed by

26, y) L

)
Gly) =y oy

oxt

The local functions G*(z,y) satisfy G'(x, ky) = k*G'(x,y),Vk > 0. For a
non-zero vector y € 7,M, define the Cartan torsion of F' as follows:

C,: T,M x T,M x T,M — R,
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where

1d
2dt |:gy+ty3(vl,v2)]t:0, U1, V2,03 € T, M.

Foravectory € TM, I, : T,M — R is defined by

Cy(v1,v2,v3) 1=

Iy(u) = Z Cy(ei’ €5, u)gij(y)>

where {e;}?_, is basis vectors for 7,,M at p € M. The family I := {I,, },e7m
is called the mean Cartan torsion. Assume the following conventions:
IG"

sz = a—yj, szk :

G
=9/
The local functions Gij are coeflicients of a connection in the pullback tangent

bundle 7*1'M which is called the Berwald connection. The derivatives of a
vector field V and a 2-covariant tensor 7' = T};dz’ ® da? is given by

: oV* : oV?
WV = + VG, Vi = - ViG: .,
™o ™ dx™m
0T s s
ﬂj|m - (SCE_m - Tstim - T%Sijv
where M% = &Eim -G azi‘ A curve v = 7(t) is a geodesic if and only if its

coordinates (7'(t)) satisfy
342G 0y =0,
where § = 3 2.
The vector field Y (t) = Yi(t)a%i 4 along y(t),0 < t < 1is called
parallel if its covariant derivative is identically zero, i.e., it is a solution of the
differential equation

0

Dy (o) = (0 + 0.y 01 0) 5 =0
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The parallel translation P, : T,M — T,M along ~(t) can be introduced as
follows: for any v € 7,M let Y be the parallel vector field along «y for which
Y (0) = v. Then P, (v) :=Y(1).

For a non-zero vector y € 7,M, let us define B, : T, M x T,M xT,M —

T,M by B, (u,v,w) := By, (y)u/v*w' 2% |, where

. PG
B ' pyioyray

We have a (0, 2)-tensor, which is E, : T,M x T,M — R by E,(u,v) :=
Ejx(y)uiv*, where
1
Ejk = 53}7{37”

The quantities B and E are non-Riemannian quantities called the Berwald
curvature and mean Berwald curvature, respectively. A Finsler metric F' is
said to be Berwald metric if B = 0, while if E = 0, it called weakly Berwald
metric.

There are some important classes of Finsler metrics containing the class
of Berwald metrics. For y € 7,M, let us define the Landsberg curvature L, :
T,M x T,M x T,M — R and mean Landsberg curvature J, : T, M — R by

L,(u,v,w) == —%gy(By(u,v,w),y), J,(u) == Z L,(ei, e5,u)g" (y).

ij=1
In the local coordinates (z*, y*)
Ly(u7 v, U)) = Lljkuzvjwk7 Jy(u) = Jz(y)u27

where

1. ;
Liji, = —§y gml(y>le'jk7 Ji = gjkcijk'

Note that L, (u, v, w) is symmetric in u, v and w and L, (y, v, w) = 0. A Finsler
metric F' is called a Landsberg metric (weakly Landsberg metric) if L, = 0
(J, = 0), respectively. It is easy that every Berwald metric is a Landsberg
metric.
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Fory € T,M, the stretch curvature ¥, : T,M x T, M xT,M xT,M — R
is given by ¥, (u, v, w, 2) := X puviwz!, where

Sijwt =2 (Lijrp — Lujun) -

A Finsler metric is said to be a stretch metric if and only if ¥ = 0.
We have the following relation

{Berwald metrics} C {Landsberg metrics} C {stretch metrics} .

The Douglas curvature is a non Riemannian projective invariant constructed
from the Berwald curvature. A Finsler metric is said to be a Douglas metric
if there exists positively 1-homogeneous function P(z,y) on M where the
spray coefficients G* := G'(x,y) of a Finsler metric F' can be expressed in
the following form

. 1 . . .
G'(y) = §F§k(x)y]y’“ + P(z,y)y".

Douglas metrics are also characterized by vanishing Douglas tensor. Let

; ; 2 03 0G*
i = Biw =7 {ayjaykayl (8?/5 Y )} ' a3

The tensor D := D', (y)u/vFw! 2. | is called Douglas tensor. A Finsler

metric is a Douglas metric if and only if D = 0 (see [6]). According to (1.3),
the Douglas tensor can be written as follows

) . 2 ) ) . )
;’kl = B;kl - n——I—l{E]kélz + Ejlélzg + Ekl(5; + Ejk;lyz},

RIom
oyt -

where Fji; =

1.2 ]~3-, and H-stretch metric

Z. Shen [41, page 139] introduced a non-Riemannian quantity B which is
obtained from the Berwald curvature B by the covariant horizontal differ-
entiation along Finslerian geodesics. For a vector y € 7,M, define B, :
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where

T,M x T,M x T,M — T,M by B,(u,v,w) := Bij,(y)uv*w'

The Finsler metric /' is called B-metric if and only if B = 0. In this case,
(M, F) is called a B- Finsler manifold.

Definition 1.1. For a vectory € T,M, we define K, : T,M x T,M x T,M x

T,M — T,M by
i kom0
K, (u,v,w,2) = ICjklm(y)qu w'z pye |2,
where N
;klm =2 (ngum - B;’km|l>
and “ |7 is the horizontal derivation with respect to the Berwald connection of

F.

The family K := {K, : y € T,M} is called the stretch B-curvature. A
Finsler metric F' is said to be B-stretch metric if and only if K = 0. Espe-
cially, every B-metric is a B-stretch metric. Therefore, on the contrary, it is
interesting to find some topological condition on the manifold M such that
every B-stretch metric on M reduces to a B-metric.

Let us introduce a non-trivial example, where |.| and (,) denote the Eu-
clidean norm and the inner product in R"”, respectively.

Example 1.2. The Finsler function

(wy\? “ (PP~ ) +eley))
PP (ePIoP — (2.0)7)

on the unit ball B" is a B-stretch metric when n = 2 and n = 3. This can be
shown using the Finsler package and Maple program [53]. We guess it should
work in the general dimension but the calculation is very tedious and a bit
complicated.

F(z,y) =
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We have the following inclusions
{Berwald metric} C {ﬁ-metrie} C {ﬁ-stretch metric} .

The Finslerian quantity H was introduced by H. Akbar-Zadeh in 1988
[4] to characterization of Finsler metrics of constant flag curvature which
is obtained from the mean Berwald curvature E by the covariant horizontal
differentiation along geodesics. Foravectory € T,M,H,, : T,M xT,M — R
is given by H, (u, v) := Hx(y)u/v*, where

Hjj == Epy’.

The Finsler metric F' is called H-metric if and only if H = 0. Moreover, we
say that the Finsler manifold (M, F') is a H-Finsler manifold.

Definition 1.3. For a vectory € T,M, we define k, : T, M x T,,M x T,M —
R, by
Ky (1, v,w) = ki (y)uvF ',
where
ki = 2 (Hjep — Hjpe) -

The Finsler metric I is called H-stretch metric if and only if K = 0. We
have the following inclusion relations

{weakly Berwald metric} C {H-metric} C {H-stretch metric} .

In this section, we introduce the following results:

Theorem 1.4. Suppose that F' is a positively complete B-stretch metric with
bounded Berwald curvature. Then ' must be a B-metric and the Berwald cur-
vature is constant along any geodesic.

Theorem 1.5. Every complete H-stretch metric with bounded mean Berwald
curvature is a H-metric.
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Definition 1.6. Let (M, I) be a Finsler manifold. The Finsler metric F' is called
a relatively isotropic stretch B-curvature if its stretch B-curvature is given by

;‘klm = AF (B;kl\m - B;'kmﬂ) )

where \ := A(z,y) is scalar function on T M. In this case, (M, F) is called
a relatively isotropic B-stretch manifold. If A\ > 0(A < 0,\ = constant),
then I’ is said to be negative (positive or constant) relatively isotropic stretch
B-curvature (respectively). Furthermore, if the stretch H-curvature is given by

Kjk = AF (Ejw — Eji)

then F' is said to be negative (positive, constant) relatively isotropic stretch H-
curvature if we have A > 0 (A < 0, A = constant) (respectively).

In view of Theorem 1.4, every complete B- stretch metric is a B-metric.
Thus, a compact B-stretch metric reduces to a B-metric. We generalize this
result as follows.

Theorem 1.7. A compact Finsler manifold (M, F') with negative (positive) rel-
atively isotropic stretch B-curvature is a B-Finsler manifold. More precisely, a
complete Finsler metric with constant relatively isotropic stretch B-curvature
and bounded B-curvature is a B-metric.

According to Theorem 1.5, every complete H-stretch metric is a H-metric.
Thus, a compact H-stretch metric reduces to a H-metric. We generalize this
result as follows.

Theorem 1.8. A compact Finsler manifold (M, F') with positive (negative) rel-
atively isotropic stretch H-curvature is a H-Finsler manifold. More precisely, a
complete Finsler metric with constant relatively isotropic stretch H-curvature
and bounded H-curvature is a H-metric.

Proof of Theorems 1.4, 1.5, 1.7, 1.8

In what follows we are going to prove Theorem 1.4. We need the following
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Proposition 1.9. Let (M, F') be a Finsler manifold. Suppose that F is B-stretch
metric and v = 7(t) is a geodesic. Put B(t) := B (U(t),V (t), W(t)), where
U(t),V(t) and W (t) are the parallel vector fields along ~y. Then, the following
equation holds:

B(t) = B(0)t + B(0). (1.

al
~

Proof. Let pbe an arbitrary point of M, y, u,v, w € T,M and~y : (—o0, 00) —
M be the unit speed geodesic passing from p and C;—Z(O) =y. For U(t),V (t

and W (t) are the parallel vector fields along v with U(0) = u,V(0) =
v, W(0) = w we put

By definition of ﬁ-curvature, we have
B(t) = B'(t). (1.6)

Let Ny -
B (t) := Bﬁ(U(t), V(t), W (t)).

Since F is B-stretch metric, then we have

which implies that B(¢) = B(0). By (1.6), the proof is complete. O

Lemma 1.10 ([41, Lemma 7.3.2]). Let (M, F') be a Finsler manifold. Assume
that~ : [a,b] — M is a geodesic from p to q. Then the parallel translation P,
preserves the inner product g, i.e.

A0) (P(u)7 P(U)) = 85(a) (U, U) , U,V & TpM.

Now let us begin to prove Theorem 1.4.

Proof of Theorem 1.4. For an arbitrary unit vector y € 7, M and an arbitrary
vector v € T,M, let v = ~(t) be the geodesic with §(0) = y, and V (¢) be the
parallel vector field along v with V' (0) =
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Then by Proposition 1.9 we get

B(t) = B(0)t + B(0).
Suppose that Berwald curvature is bounded at p € M, i.e.

B,(v
IB|:= sup | sup 10
yeTM |veTpM [gy(v,v)]

Njw

Using Lemma 1.10, we get that
W=g.,(V(1), V(1))
is a positive constant. Thus
[B(t)|< W#[B]| < oo.

Let us put ¢t — +o00. Then, we get

B,(v) = B(0) = 0.

Therefore B = 0. This completes the proof.

]

It is clear that every Finsler metric with vanishing B-curvature has van-
ishing H-curvature, that means, every B-metric is a H-metric. By Theorem
1.4 a B-stretch Finsler metric reduces to a B-metric. Then, we get the follow-

ing

Corollary 1.11. Let (M, F') be a Finsler manifold. Then, everyfi—stretch metric

is a H-metric.

Proposition 1.12. Let (M, F') be a Landsberg manifold. If the Riemannian

curvature R = 0, then the Finsler metric F' is a B-stretch metric.

Proof. Since (M, F') is Landsberg space then the horizontal covariant deriva-

tives of Berwald and Cartan connections coincide, i.e.

h _ ph
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We have
gjk|h = 0 (1.7)
Differentiating (1.7) with respect to 3/, we get

2C1n — (Bhwgri + Bhjgrk + Bipegn) + Bhjni,

Elel
h ij
where Bjj), = 5.

We have the property that the tensor Bj, 19k = By ji is totally symmetric.
Then we get

Ciktih = Bikn-
Equivalently

J

h _ ph
C'k|l_Bjkl'

Now, we have

h h m h m
Bjy = Bjkl|my = C'kmmy .

J J
Since R = 0, C’j’?kmm = Ch holds, so

jklm|l

B]hkl = thk|m|lym = 0.

Taking into account C’Jhk'mym = 0. Therefore, we obtain K = 0. ]
To prove Theorem 1.5, we need the following

Proposition 1.13. Let (M, F') be a Finsler manifold. Suppose that F' is H-
stretch metric. Then, for any geodesic v = ~y(t) and any parallel vector field

V' = V/(t) along v, the function E(t) := E:(V(t)) must be in the following
form:

E(t) = H(0)t + E(0).

Proof. Lety : [0, +00] — M be the geodesic parameterized by the arc length
on M with the start point 7(0) = p and the tangent vector §(0) = y. Suppose
that U = U(t),V = V(t) are two parallel vector fields along 7 = 7(t) with
U(0) =u,V(0) =wv.

Since F' is H-stretch metric, then we get K = 0, that means

Hjwi = Hjye. (1.8)
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Contracting (1.8) with 7, we have

Hjpy' = 0.

J

Let
H(t) := H; (U (t), V(1) = H(4(8), 5(£)) 07 (1) V*(2). (1.9)
We have H(t) = E/(¢), by (1.9)

E"(t) = H'(t) = Hyrd' (t)(7(1), 7 () U7 ()VE(t) = 0.
Thus yields E(¢) = H(0)t + E(0). O

Let us start to prove Theorem 1.5.

Proof of Theorem 1.5. Let (M, F') be complete Finsler manifold. Suppose that
F'is H-stretch metric. Take an arbitrary unit vector y € 7}, M and an arbitrary
vector v € T,M. Let v = 7(t) be the geodesic with (0) = p and %(0) = v,
and W(t) be the parallel vector field along v with W(0) = w. Then by
Proposition 1.13, we get

E(t) = H(0)t + E(0). (1.10)

Suppose that E, is bounded, i.e. there is a constant A < oo such that

< A.

E
|E||z:= sup | sup 10

yeTpM |veTpM [gy(w, w)]%

According to Lemma 1.10, one has
IE(t)|< AQ? < oo

for some constant (). Therefore E(¢) is a bounded function on (—o0, 00).
Letting ¢ — oo in (1.10), it implies that H,(v) = H(0) = 0. O

In view of Theorem 1.5, a H-stretch metric reduces to a H-metric. Tayebi
et al. in [44] proved that any H-metric is a B-metric for a Finsler surface
(M, F). Then, we get the following corollary
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Corollary 1.14. Let (M, I') be a Finsler surface. Then I is a H-stretch metric
if and only if it is a B-metric.

In the sequel the following results are used:

Theorem 1.15 ([30]). Suppose M is a compact, oriented manifold with a vol-
ume elementw . Then for every vector field X over M, we have [, (divX), = 0.

Theorem 1.16 ([30]). Suppose M is an oriented manifold with the volume
formw andV is a torsion-free connection where V,, = 0. Then for every vector
field X over M,y € T, M withx € M we have

(divX), = —trace(Y — VyX) = V, X"

Proof of Theorem 1.7. Letp € M, and y, u,v,w € T,,M, and y : (—o0,00) —
M is the geodesic with v(0) = p and %}(0) =yand U(t), V(t) and W (t) are
parallel vector fields along «y such that U(0) = u, V(0) = v, W(0) = w.
We put _ _
B(t) = B;((U(t), V (1), W(1)).

B (1) = BL((U(t), V), W(1)).

However, the Finsler manifold (//, F') has non-negative (non-positive, re-
spectively) relatively isotropic stretch B-curvature or is constant. By the def-
inition and multiplying by v/, it is simple to get

By = AFB; (1.11)

J Jjkm>
where A := A(z, y) is a negative (positive, respectively) or constant homoge-
neous function over 7 M.

First suppose A := A(z,y) is a negative (positive, respectively) function
over T M.
By putting
[(x,y) = BT éﬁzmq

szmq

we have

[(z,y) = Tjy"
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= AFBL,,, By + Bl MBI
= 2\FT. (1.12)

As F and T have positive values, if \ is negative (positive), then I is
negative (positive). In view of Theorem 1.16, one gets

['(z,y) = T,y" = &) = div(T¢).

Using Theorem 1.16, one obtains div& = 0 for every geodesic vector field
£ =y 5‘; on unit tangent sphere bundle SM. Since M, SM are compact.
The volume form wg); over SM is obtained from the volume form w on M.

According to Theorem 1.15, we obtain

/ waM =0.
SM

Since ‘I" is homogeneous function and its non-negative (non-positive) sign,
then I' = 0. By equation (1.12), we get I' = 0. Hence B = 0. In this case we
obtain that

~1 ~.

Thus

So Berwald curvature is equal to
B(t) = B(0)t + B(0).
Letting ¢ — Too and using ||B||< co, we get B(0) = 0. Thus
B(t) = 0.
Now, if A = constant, the general answer to equation (1.11) is as follows:
B(t) = ¢B(0).
Using ||B||< oo and letting ¢ — Foo, this implies that
B(t) = B(0) = 0.

Thus, the second part of Theorem 1.7 is also proved. [
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Corollary 1.17. Let (M, I') be Finsler manifold. If I is an negative (positive)
relatively isotropic stretch B-curvature, then it is an H-metric.

Proof of Theorem 1.8. Let p € M and y,u,v € T,M. Let y : (—o0, 00) — M
be the unit speed geodesic such that y(0) = p, 4(0) = y. Suppose U =
U(t),V = V(t) are the parallel vector fields along v with U(0) = u, V(0) =
v . Put

H(t) = H(U(#), V (1)),

H'(t) =H(U(t),V(t)).

By assumption, F" has non-positive (non-negative) relatively isotropic stretch
H-curvature. Then

Hjpi — Hyye = NF (Ejii — Euge) (1.13)

where \ := \(x,y) is a positive (negative) or constant function on 7M.
Contraction with y* implies that

Huwy"® = \FEjuy",
since Hj = Ej”kyk. Thus we get
Huwy"® = \FHj,.
First let A := A(x,y) be a negative scalar function on 7M. Put
¢:=H"H,,.
Then we have

¢ = 2\F¢.

By definition, /" and ¢ have positive value. If \ is negative (positive), then
¢ is negative (positive). By Theorem 1.16, we get

¢ = Pmy™ = ((¢) = div(¢(),
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where ( = yi% is a geodesic vector field on the unit sphere tangent bundle
SM and div(¢) = 0. By Theorem 1.15, we get

gb/wSM =0.
SM

Thus the volume form wg); on SM is obtained from volume form w on M.
Since ¢ is homogeneous function, and its sign is negative (positive), then
¢’ = 0, and we have ¢ = 0. Hence H = 0. In this case

H = Ej”kyk = 0.
Thus H(¢) = H(0), which implies that
H(t) = tH(t) + E(0).
Letting ¢ — Foo, and using ||E||< oo, we get H(0) = 0. Thus
H(t) = 0.
Now, suppose A = constant, then the general answer of (1.13) is as follows
H(t) = H(0)exp(t\).

Using ||E||< oo and letting ¢ — +o0 this implies that H(0) = 0, thus H(¢) =
0. [

Corollary 1.18. Let (M, F') be Finsler surface. If F' has a negative (positive)
relatively isotropic stretch H-curvature, then it is a B-metric.

1.3 Generalized Douglas curvature

One of the important quantities in Finsler geometry is Douglas’ curvature
which is an invariant tensor by a projective change ¢ : F' — F. S. Bacs6
and M. Matsumoto in [6] established the concept of Douglas space as an
extension of Berwald spaces by studying the geodesics curves in a Finsler
space. Additionally, they investigate the relationship between Douglas spaces
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and other particular Finsler spaces, including Wagner spaces and Landsberg
spaces. Douglas metrics can be characterized by

G' = SU@)y'y" + Pz, y)y',

where I’ () are local functions on M and P(z, y) is a local positively homo-
geneous function of degree one. The class of Douglas metrics is much larger
than that of Berwald metrics. The aim of this section is to study a class of
Finsler metrics that includes the classes of Douglas metrics.

Definition 1.19. We call the Finsler metric I' a generalized Douglas metric if
and only if the quantity B-curvature in (1.4) is given by

Bjjy = By + wik; + wid}, + i + By’ (1.14)

where w is a smooth map M — N?*T,M given by w(p) := w;;(p)dz’ A da? at
any pointp € M.

We have the following
{ Berwald metric} C {Douglas metric} C {generalized Douglas metric} .

In the next result, we show that every generalized Douglas metric with
vanishing B-stretch tensor is a Douglas metric under the condition that the
mean Berwald curvature is horizontally constant along geodesics of F'.

Theorem 1.20. Let (M, ) be a generalized Douglas Finsler manifold. Suppose
that F' is a B-stretch metric. Then F' is a Douglas metric.

The converse of Theorem 1.20 is not true. Let us introduce a famous ex-
ample of Finsler metrics introduced by a physicist G. Randers in [39].

Example 1.21. Let |.| and (.,.) be the Euclidean norm and the inner product
in R™ respectively. Let F' = « + (3 be a Finsler metric with || 3, ||o< 1 where

o= VP e (Plyl® - (@,9)%) V—e(z,y)

1+ e|z|? 1+elz|?”’

, b=

e <0,
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and z € B"(0) C R", § = \/%7, y € T,B"(0). Putting ¢ = —1, we get a
metric called Funk metric which satisfies F,s — F'F;s = 0. A Funk metric F’

is a Douglas metric but it is not ﬁ—stret(:Nh.

Every Finsler metric with vanishing B-curvature has vanishing H-curvature.
Thus, every B-metric is an H-metric, and hence it is H-stretch metric. But
the converse might not hold. A. Tayebi et al. in [44] showed that it is true on
Finsler surfaces. We generalized this result as follows

Theorem 1.22. Let (M, F') be a Douglas Finsler manifold withn > 3. Then
every H-stretch metric is a B-metric.

Exploiting the above statements, the next result gives a formula involv-
ing the relation between the quantities stretch B-curvature and stretch H-
curvature. Namely, we have the following

Theorem 1.23. Let (M, F) be a Douglas Finsler manifold. Then, the stretch
B-curvature of I is given by

; 2 , .

? o— 2 1

gkim = {/‘ijlmhk + /‘iklmh]—} . (1.15)
Now we can proceed to prove the main result of this section:

Proof of Theorems 1.20, 1.22, 1.23

Proof of Theorem 1.20. Let I be a generalized Douglas metric,

B]i'kl - lekl + ij(sli + wﬂ(S,i + wkléj- + Ejk;lyi. (1.16)
Differentiating (1.16) along the direction y* 625 yields,
Bji’kl,sys = B;’k:l + ij(szi + szfsii + sz5§> (1.17)
where w;j = %ys.

Plugging (1.16) into (1.17), we obtain

B;‘kl,sys = B;‘kl—’_(wjk—i_w;k)dli—i_(wjl—i_w;'l)éli"i_(wkl+w;gl)5;+Ejk;lyi' (1.18)
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Since F'is ﬁ-stretch, that is

By = Bipss; (1.19)

J J

contracting (1.19) with y° yields
By (1.18) and (1.20), we have
;‘k;l =—1 [(ij + w;k)éf + (wjii + W;‘z)&g + (Wit + w;d)é; + Ejk;lfyi] :
(1.21)
Contracting (1.21) with A", one has

B, =1 [(wjk + W 4 (w4 W) B+ (o + w;l)hgﬂ] L (122)
Multiplying (1.22) with % gmsg" and using the following relations
g hs=n—1 and gnsg"(wph}") = gmsgls(wklh;‘n) = Wjk,
it implies that
—(n+1)

2
Alternatively, we can write (1.23) as

Ej. = (Wi + W) (1.23)

/ —2

Plugging (1.24) in (1.21), we get
i 2 i i i i
Bjkl = n——|—1 {Ejkél + Eﬂék + Ekldj + Ejk;ly } .

We clearly have that ' is a Douglas metric, which concludes our proof. [

Now, we are going to prove Theorem 1.22.
Let us begin with the auxiliary lemma which turns out to be the key tool
in the proof of our theorem.
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Lemma 1.24. Let (M, F) be a Douglas manifold. Suppose that F' is weakly
H-stretch metric. Then for any geodesic y(t) and any parallel vector field V (t)
along ~y, the function B := B (V (t)) must be in the following form

B(s) = sB(0) + B(0). (1.25)
Proof. By definition, we have
Kik = Hjpy — Hj .
By assumption F’ is H-stretch metric, we obtain
Hjpy = Hji g (1.26)

Contracting (1.26) with 3! gives rise the constancy of the rate of change of
the H-curvature along geodesic of £, i.e.

Hiy' = 0. (1.27)

Since F'is Douglas metric, we have
i 2 i i i i
Bjkl = n——|—1 {Ejk(Sl —I— Eﬂék + Ekléj + Ejk;ly } . (1.28)

Then 9
By, = 1 {H;0] + Hj6}, + Hud; + Ey'} (1.29)

where £ = —‘5?;’;;’ y°.
Taking a horizontal derivative of (1.29) along Finslerian geodesics implies
that

. 2 , ) , o
B;kl,nyn =11 1 {ij,nynézl + Hjny"op, + Hkl,nyn(S;- + & y’} . (1.30)
where £ = (;;—gny".
Contracting (1.30) with A", one obtains
2

By = nrl ienY R+ Hyny"hy' + Hkl,nynh;n} , (1.31)
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By (1.27) and (1.31), we get

From our definition of 1~3y, we have B(s) = B(s). We obtain

~/

B"(s) =B (s) = 0.
Thus (1.25) follows. This completes the proof. [

In the following, we are going to prove Theorem 1.22. The proof involves
applying Lemma 1.24 as follows:

Proof of Theorem 1.22. Let (M, F') be a Finsler manifold. Take an arbitrary
unit vector y € T,M and an arbitrary vector v € T,M. Let (t) be the
geodesic with v(0) = p and §(0) = y and V (¢) be the parallel vector along =y
with V' (0) = v. Then by Lemma 1.24, we get

B(s) = sB(0) + B(0). (1.33)

Suppose that B, is bounded. i.e, there is a constant D < 1 such that

B
IB|l,;= sup sup 10 - | < D. (1.34)

yETp My vETp M [gy(v, v)} 2
In view of Lemma 1.10, which yields that |B(s)|< DA? < oo, for some
constant A. Therefore, B(s) is a bounded function on [0, 00). (1.33) implies
that B, (v) = B(0) = 0. Hence, F' is a B-metric. Thus, the proof is done. [

Bacs6 and Matsumoto [6] showed that if the 1-form [ is a closed, then
any Randers metric F' = o + (3 is a Douglas metric. Then by Theorem 1.22,
we get the following.

Corollary 1.25. Let F' = o + [ is a Randers metric on a manifold M with
closed 1-form 3. Then F' is a B-metric if and only if it is a H-stretch metric.

Finally we prove Theorem 1.23 as follows:
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Proof of Theorem 1.23. Since F' is a Douglas metric, we have
) 2 . . . )
Bj, = " {E;x6i + Eji6; + Exi6 + Ejray'} - (1.35)

By taking horizontal derivatives of (1.35) and contracting with A" then re-
placing indices, one has

~ 2
Bﬁcl,s = n——l—l{ij’Sh;n + Hjl’sh? + Hklysh;n}, (1.36)

and 5
B;?]lcs,l - n—H{H]thZL + Hjs,lhzl + Hk57lh;rl}. (137)
Subtracting (1.36) from (1.37), we get

m m 2 m m
<Bjkl,s - Bjks,l) = n—‘H {(Hjl,s - Hjs,l)hk + (Hkl,s - Hks,l)hj } .

By definition of B-stretch and H-stretch metrics, we get (1.15). O



Chapter 2

6-dimensional filiform nilmanifolds and the correspond-
ing metric Lie algebras

The main contribution of this chapter is to study the 6-dimensional filiform
Riemannian nilmanifolds and the corresponding metric Lie algebras. We or-
ganize it as follows:

In section 2.1, we collect the necessary notions, tools and results that will be
used in later sections.

In section 2.2, we use the Lie brackets of the non-isomorphic 6-dimensional
filiform Lie algebras given in [16]. We apply systematically the method de-
veloped in [22] to obtain the equivalence classes of isometrically isomorphic
filiform metric Lie algebras. We determine the isometry equivalence classes
of connected simply connected nilmanifolds on 6-dimensional filiform Lie
groups and compute the group of their isometries.

Our aim in the section 2.3 is to determine the sets of geodesic vectors in
6-dimensional filiform metric Lie algebras. This yields the one-dimensional
totally geodesic subalgebras of the 6-dimensional filiform metric Lie algebras.
To obtain this result we apply the description of the isometrically isomorphic
equivalence classes of filiform metric Lie algebras resulted in section 2.2 of
this chapter.

In section 2.4, we compute the flat totally geodesic subalgebras of dimension
greater than 1 of the six-dimensional filiform metric Lie algebras. With the
exception of the metric Lie algebras corresponding to the standard filiform
Lie algebra the dimension of the flat totally geodesic subalgebras of every
metric Lie algebra is at least one and at most two. Only some metric Lie
algebras corresponding to the standard filiform Lie algebra allow a flat totally
geodesic subalgebra of dimension four.

34
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2.1 Basic concepts and tools
For any Lie algebra n we define the lower central series of n by
n=0M>MD>... D¢ DA . . D {0},

where (/Tn = [n, #/n], j € N. We say that a Lie algebra n is k-step nilpotent
if *n = {0} but /*~'n # {0} for some k € N. If an n-dimensional Lie algebra
nis (n — 1)-step nilpotent, then it is called filiform. A filiform Lie algebra is
standard filiform, if it contains a basis { By, ..., B, } such that the non-trivial
Lie bracket relations are given by [By, B;| = Bji1,j = 2,...,n — 1. A Lie
algebra n is abelian if its Lie bracket is trivial [X, Y] = O for all X, Y € n (see
[24, 25, 51] for detailed study of these terminologies).

A metric nilpotent Lie algebra is a nilpotent Lie algebra endowed with a
Euclidean inner product (., .). Let N be the connected and simply connected
nilpotent Lie group having n as its Lie algebra. The inner product on n deter-
mines a left invariant Riemannian metric on the Lie group N and conversely
given a left invariant Riemannian metric (., .) ;y on the Lie group N this deter-
mines an Euclidean inner product (.,.) on n. An automorphism of (n, (., .))
is called orthogonal automorphism, if it preserves the inner product on n.
We denote by O.A(n) the group of orthogonal automorphisms of (n, (.,.)). A
connected Riemannian manifold M which admits a transitive nilpotent Lie
group of isometries is said to be a Riemannian nilmanifold. For every Rie-
mannian nilmanifold M there exists a unique nilpotent Lie subgroup N of
the group Z(M) of isometries of M which acts simply transitively on M (see
[52], Theorem 2). Therefore the Riemannian nilmanifold M can be treated as
the nilpotent Lie group N equipped with a left invariant metric (., .) y. Fur-
thermore, the group Z(N) of all isometries of (N, (.,.)x) is the semi-direct
product N x OA(n) of the group N and the group O.A(n) such that (n, (., .))
is the metric Lie algebra corresponding to (N, (.,.)y). Therefore the classi-
fication of the connected and simply connected Riemannian nilmanifolds up
to isometry is equivalent to the determination of the classes of isometrically
isomorphic metric nilpotent Lie algebras. Hence the determination of the
isometry equivalence classes of nilmanifolds can be successfully carried out
by working in their metric Lie algebras ([52, Theorem 3]). Each filiform met-
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ric Lie algebra has a decomposition into the direct sum of one-dimensional
orthogonal subspaces such that this decomposition is preserved under all or-
thogonal automorphisms of the metric Lie algebra. This motivates the fol-
lowing definition.

Definition 2.1 ([22, Definition 2]). An orthogonal direct sum decomposition
n=Vi®...®V, onone-dimensional subspaces V1, ..., V,, of a metric Lie alge-
bra (n,(.,.)) is called a framing, if any orthogonal automorphism of (n, (., .))
preserves this decomposition. An orthonormal basis {G1, G, . .., G} of a met-
ric Lie algebra (n, (., .)) is adapted to the framingn = V1 ®...®V, if V; = R G,
fori € {1,...,n}. The metric Lie algebra (n, (., .)) is said to be framed, if it
has a framing.

Theorem 2.2 ([22, Theorem 4]). Any filiform metric Lie algebra (n, (., .)) of
dimension at least 4 has a framing.

In particular, any filiform metric Lie algebra possesses a descending se-
ries of ideals such that it is invariant under all automorphisms of n and the
dimension of the consecutive members of the series decreases by one. In this
case a framing can be found easily using this series. Hence every filiform
metric Lie algebra has a framing determined by ideals (see [20]).

The structure constants for isometrically isomorphic framed metric Lie
algebras are characterized as follows.

Lemma 2.3 ([22, Lemma 1]). Let (n, (.,.)) and (n*, (.,.)*) be isometrically iso-
morphic framed metric Lie algebras of dimension n with framingsn = RG; &
.. ®RG, andn* = RG] @ ... ® RG}, where {G,...,G,}, respectively
{G%,...,G*} are orthonormal bases. If the commutators [.,.] of w and ., .|* of
n* are of the form

(GG =) al;Gr and [G}.G])" =) a,Gi,
k=1 k=1

then aﬁj = ia*ﬁj foralli,j k € {1,...,n}. In particular, ifa%, at® >0,

i?j -
k :a*k.

then we obtain a;; i
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Taking into account Lemma 2.3 the group O.A(n) of a framed metric
nilpotent Lie algebra (n, (., .)) is a subgroup of the group Zs x ... X Zs such
that the number of the factors is less than or equal to the dimension of n. In
this case the connected component of the group Z(N) of isometries of the
corresponding nilmanifold (XV, (., .) ) is isomorphic to the Lie group N.

We say that a submanifold M* of a Riemannian manifold M is totally
geodesic, if each geodesic of M * is a geodesic of M, too. A Riemannian man-
ifold M is called flat, if the Riemannian curvature tensor of M is everywhere
zZero.

The exponential map exp : n — N is a diffeomorphism for a simply
connected nilpotent Lie group N. As the tangent space 7. N can be identify
by n we can identify an element of n by a left invariant vector field on N.
Denote by V.1 the covariant derivative on n, where £, 7 are left invariant
vector fields on N. So V¢ is also left invariant. The Levi-Civita connection
V on the metric Lie algebra n is defined by

(VxY,Z) = %(([X, Y], Z) + (2, X],Y) +([Z,Y], X))

for all left invariant vector fields X, Y, Z € n (cf. [35, (5.3), pp. 310]). A sub-
algebra b of (n, (.,.)) is called totally geodesic, respectively flat, if VxY € b,
respectively VxY = 0 for all X|Y € h. A totally geodesic, respectively flat
subgroup H of a Lie group N with left invariant Riemannian metric (., .) v is
a Lie subgroup which is also totally geodesic, respectively flat as a subman-
ifold. A subalgebra b is totally geodesic, respectively flat if and only if its
exponential image H is totally geodesic, respectively flat submanifold in the
induced left invariant Riemannian manifold on the group N. We say that a
non-zero vector X € n is geodesic if the generated subalgebra {tX;t € R}
is totally geodesic. Throughout Chapter 2 we use the following criteria for a
subalgebra to be totally geodesic.

Lemma 2.4 ([12, Lemma 1.2, Remark 1.4]). A subalgebra by of a metric Lie
algebra (n, (., .)) is totally geodesic if and only if one has

((X,Y],Z2)+([X,Z],Y)=0 (2.1)
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forallY,Z € b and X in the orthogonal complement b~ of b in (n,{.,.)).
Furthermore, a non-zero vector Y € (n,(.,.)) is geodesic precisely if for all
X € (n,{.,.)) we have

(X, Y],Y)=0. (2.2)

P. T. Nagy and S. Homolya proved the following useful relations between
abelian subalgebras and flat subalgebras as well as between flat totally geodesic
subalgebras and geodesic vectors.

Lemma 2.5 ([36, Lemmas 1, 2]). Let b be a subalgebra in the nilpotent metric
Lie algebra (n, (.,.)). The subalgebra b is flat if and only if it is abelian. The
subalgebra by is flat totally geodesic if and only if all non-zero elements of by are
geodesic.

Let (n,(.,.)) be a k-step nilpotent metric Lie algebra. The center ¢ of
n is a proper subalgebra in the ideal /*~?n. Let 4;_; denote the orthogonal
complement of the center ¢ in *~*n. We obtain /*~*n = a;_; & and /*~n =
[(*=2n,n] = [az_1,n] C (. Denote by a; the orthogonal complement of #/n in
G, 5 e {1,2,... )k —2}. One gets n = @f;llaj @ ¢, [a5,n] € #n and for
i < j we have [a;,a;] C n (see [5, pp. 662]).

Let (n,(.,.)) be a 6-dimensional filiform metric Lie algebra and
{E\, Ey, -, Eg} be its orthonormal basis on the Euclidean vector space [E°.
The lower central series of (n, (.,.)) is given by

('n = span(FEs, By, Es, E),
*n = span(FE,, Es, Eg),
(*n = span(Fs, Eg) and
¢*n = span(F) which is the center ¢ of n.

Hence we have

= span(Fs) and n = ©_a; © (.

The following Lemma, which generalizes the results of [36, Lemma 4, Corol-
lary 5 ] was proved in [5, Corollary 2.4].
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Lemma 2.6. Let (n, (., .)) be a k-step nilpotent metric Lie algebra, k > 2. Each
non-zero vector in Us_'a; U( is geodesic. Any subalgebra contained in U¥—'a; U¢
is flat totally geodesic.

G. Cairns, A. Hini¢ Gali¢, and Y. A. Nikolayevsky proved the following claims
about the dimension of totally geodesic subalgebras of filiform metric Lie
algebras (see [12, Proposition 1.13, Theorems 1.17, 1.18 ]).

Proposition 2.7. a) Filiform nilpotent metric Lie algebras of dimension n do
not have any totally geodesic subalgebra of dimension n — 1.

b) Ann-dimensional filiform nilpotent metric Lie algebra (n, (., .)) possesses
a totally geodesic subalgebra of dimension n — 2 if and only if the Lie algebra
n is isomorphic to the standard filiform Lie algebra of dimension n > 3.

The following result shows that there exists filiform Lie algebra which allows
only low dimensional totally geodesic subalgebras.

Theorem 2.8 ([12, Theorems 1.19 ]). Let n be the 6-dimensional filiform Lie
algebra defined by

[El;Ei] :Ei+17 7::27...,5, [EQ’E?J :—E6_
For no choice of inner product, does n possess a totally geodesic subalgebra of

dimension greater than two.

2.2 Isometry equivalence classes and isometry group of
6-dimensional filiform nilmanifolds

In this section we consider the classification given by W. A. de Graafin [16].
The 6-dimensional filiform Lie algebras are defined by the following non-
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vanishing commutators (see [16, pp. 646-647]),

6,14 :[G1, Ga] = G, [G1,Gs] = Gy, [G1,G4] = G5, [Ga, G3] = G5,
(G2, Gs] = G, [G4, Gs] = G,

6,15 :[G1, G2] = G, [G1,Gs] = Gy, [G1,G4] = G5, [Ga, G3] = G5,
[G1,G5] = G, [Ga,Gy] = G,

6,16 :[G1, G2] = Gs, [G1,G3] = Gy, [G1,G4] = G5, [G2,G5] = G, (2.3)
(G4, G3] = G,

6,17 :[G1, Ga] = G, [G1,Gs] = Gy, [G1,G4] = G5, [G1,Gs] = G,
(G, Gs] = G,

6,18 :[G1, Ga] = G, [G1,Gs] = Gy, [G1,G4] = G5, [G1,G5] = G,

with respect to a distinguished basis {G1, G, G3, G4, G5, Gg} which is called
the canonical basis of the corresponding Lie algebra.

For the classification of 6-dimensional filiform metric Lie algebras up to
isometric isomorphisms, we take into account the following organized ap-
proach (see [22, pp. 371-372]):

[T1] Firstly, we consider the Gram-Schmidt process on the ordered basis
{Gs, G5, Gy, G3,Go, Gy} in the metric Lie algebra (I, (., .)) to obtain an
orthonormal basis F = {F\,Fy,---,Fs} expressed by
F, = Zzzi a;1Gr, a;, € R, such that a; > 0.

[T2] We define a Lie bracket on the Euclidean vector space [E® with the same
structure coefficients with respect to its distinguished basis £ as the
metric Lie algebra ([, (.,.)) has with respect to its basis F. The ob-
tained metric Lie algebra (n, (.,.)) on E° determined by the structure
coeflicients is isometrically isomorphic to ([, (., .)).

[T3] Finally, we have to find conditions on the real parameters of metric
Lie algebras on [ES to get a one-to-one correspondence between the
equivalence classes of isometrically isomorphic metric Lie algebras and
a family of metric Lie algebras on E°.

Our first aim is to study the 6-dimensional filiform Lie algebra [ 4.
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Definition 2.9. Let {Ey, Fs, E3, Ey, E5, Eg} be an orthonormal basis in the
Euclidean vector space E°. Denote by (ng14(c, 35), (-, .)), i, B; € Ryi €
{1,...,5},5 € {1,...,7} with o; # O the metric Lie algebra defined on E°
given by the non-vanishing commutators

[Ey, Es) = aq B3 + B1Ey + BoEs + B3Es,

[ ]
[Ela E'3] — a2E4 _ (M) E5 + 54E67 [EQ,E4] = B7E67
o (B, E5] = auEg,
105
[Ey, Ey] = o Es + (5 E, [Ey, Es] = asEg.

The bracket operation (2.4) satisfies the Jacobi identity.
In what follows, let us present the following result, which states:

Theorem 2.10. Let (.,.) be an inner product on the 6-dimensional filiform Lie
algebra lg 14.

1. There is a unique metric Lie algebra (ng 14(0y, 5;), (., .)) witha;, B; € R
such that o; > 0 satisfying:

(@) (ne14(avs, Bj), (.,.)) is isometrically isomorphic to the metric Lie al-
gebra (Ig 14, (., .)),
(b) iftheset J = {j € {1,4,7} : B; # 0} # 0, then 8;, > O for the

minimal element j, € J.

2. The group OA (ng14(cv;, B;), (.,.)) of orthogonal automorphisms of the
metric Lie algebra (ng14(v;, 35), (., .)) is the group:

(a) if the set J = (), then we receive
OA (1'16714((1/1‘,,8]‘), <7>) - {TEZ = 6Ei7i € {1737576}a5 =
+1, TEJ = Ej,j S {2,4}}2 s,

(b) if the set J # 0, then we obtain that OA (ng14(cv, 5;), (., .)) is

trivial.
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Proof. Firstly we apply the Gram-Schmidt process on the ordered basis
{Gs, G5, Gy, G3,Go, G} yields an orthonormal basis { F1, Fy, F3, Fy, F5, Fg}
of the metric Lie algebra ([g 14, (., .)) such that the vector F; is a positive multi-
ple of G; modulo the subspace span(Gj; j > i) and orthogonal to span(Gj; j >
i). The orthogonal direct sum RF} @ ... & RFj is a framing of (lg 14, (., .)).
Expressing the vectors of the new basis in the form F; = Zzzi a;1, G, with
a; > 0 we get

[Fh FQ] = a1F3 + 51F4 + ﬁng, + ﬁ3F6, [F27 FS] — OégF5 4 56F67
[F’17F13]2052F‘4_<M)f‘%—|—ﬂ4}%7 [F27F4]:/87F67
s “ [Fy, F5] = auFs,
[F17F4] = » F5 + 55F6, [F4,F3] — Oé5F6,
(2.5)

where o; > 0,7 € {1,...,5} and 3; € R, j € {1,...,7}. Changing the or-
thonormal basis as follow Fy = —F, Fy = Fy, Fy = —F3, Fy=Fy, I5 =
—Fy, Fs = —Fg we obtain

[FbFQ] :alp3_ﬂlﬁ4+ﬁgp5+6gﬁﬁ, [ ]

[FhFZ’,] :CYQF4+ (M)ﬁ5—ﬁ4ﬁ6’ [F%F‘l] :_BYF&
[ ]
[ ]

Oy

[Fy, Fy) = a1a5ﬁ5 + B Fg,
Qy

Thereupon, there is an orthonormal basis satisfying (2.5) such that if the set
J ={j € {1,4,7},8; # 0} # 0, then we may assume that 5;, > 0 for
the minimal element j, € J. Therefore, the existence of metric Lie alge-
bra (ng14(c, B;), (.,.)) satisfying Theorem 2.10 (1) is proved. To prove the
uniquence, let 7' : (ng14(c, B),(.,-)) = (nea(af, B),(.,.)) be an isomet-
ric isomorphism. The decomposition RE; @ ... @ REj is a framing of both
metric Lie algebras, where a;,a; > 0,i € {1,...,5}. In view of Lemma
2.3, we have that o; = «aj,i € {1,...,5} and |B}|= B, j € {1,...,7}. Let
us consider T'(E;) = ¢;F;, ¢, = +1,4 € {1,...,6}. Thus we obtain from
[TE;,, TE;] =TI[E;, Ej],i,j € {1,...,6}, using the commutation relations
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(2.5), the equations
e1€9 (a1 B3 + B1Ey + By Es + B5Eg) =
16383 + Bies g + Paes By + Bace Es,
Es + ﬁzllEEi) =

a5 51 + o fr
Oy

asf] + Oézﬁé)

€1€3 <062E4 - ( o
4

ases By — ( )esEs + BaceEs,

[0518%:

E5 + 55E6> = €5E5 + Bsee L,

E1&4

(o
£9e3 (asBs + B Eg) = 04355E5 + Bece B,
e224 (B7Es) = Brec s,
€2€5 (044E6) = ayge L,
(a5 Eg) = aseebg.

(2.6)

From (2.6) it follows that E1E9 = £3,E1E3 = £4,E1E4 = E9€3 = E&5,E9E85 =
€463 = €6, which implies that e = ¢4 = 1, €1 = €3 = €5 = €4. Hence we get
E1€9 = €1 = €5, 1892 = &1 = €4, E1E4 — &1 = £, €983 — €3 = Eg. Therefore
we obtain that 85 = (s, 85 = 53, 85 = 05, B = 6. Assume that J # (. If
p1 = B1 > 0, then one has the additional condition €165 = 4. If B, = 3} > 0,
then we get that 165 = e¢. If f7 = 37 > 0, then we have that eoey = .
In all these cases we obtain that ; = 1,7 € {1,...,6}. This proves that the
metric Lie algebra (ng 14(cy, 5;), (., .)) is uniquely determined.

Thus the only remaining part to be proved is that (2) holds. To this end,
let us consider the map E; 1 — ¢; F;, which is an orthogonal automorphism
of (ng14(cv;, B5), (., .)). In consequence, the system of equations given by (2.6)
is satisfied with o; > 0,7 € {1,...,5}, 8} = B;,j € {1,...,7}. Therefore,
in the case that J = (), which implies that ey = ¢4 = 1,5; = £3 = &5 = &,
the group of orthogonal automorphisms of (ng 14(c, 5;), (., .)) is isomorphic
to the group given by (2a). On the assumption J # (), we obtain that &; =
1,7 € {1,...,6}, which implies that the group of orthogonal automorphisms
of (ng14(cv, B5), (., .)) is trivial. This is emphasized that the part (2) is valid.
Hence Theorem 2.10 is proved. [
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As an immediate consequence of the above theorem. We have the follow-
ing:

Corollary 2.11. Let (Ng14(cv;, B;), (.,.)) be the connected and simply con-
nected Riemannian nilmanifold corresponding to (ng 14(;, 5;), (., .)). The isom-

etry group of (Ng 14(cv, 5;), (., .)) is
Ly X N6,14(ai,ﬁj) ifJ = 0,
N 1a(ai, By) ifJ # 0.

Now, we treat the 6-dimensional filiform Lie algebra l5 ;5. Our method
yields the following:

Z(No 14, B5)) = {

Definition 2.12. Let { £, Es, E3, Ey, E5, Eg} be an orthonormal basis in the
Euclidean vector space E®. Denote by (ng15(cs, 5;), (., .)), i, B; € R,i €
{1,...,5},5 € {1,...,7} with a; # 0 the metric Lie algebra defined on ES
given by the non-vanishing commutators

Qo0ls

[Ey, Es) = aq E5 + B1Ey + B2 Es + B3 Es, [, B3] = ) Es + B7Eg,
(B, B3] = ao By + BaEs + B5E, (s, Ex] = s F.

[Eq, Ey] = asEs + (6L,

[Eb ES] - OC4E67

(2.7)
The bracket operation (2.7) satisfies the Jacobi identity.

Theorem 2.13. Let (., .) be an inner product on the 6-dimensional filiform Lie
algebra lg 15.

1. There is a unique metric Lie algebra (ng 15(cy, 5;), (., .)) witha,, 5; € R
such that o; > 0 satisfying:

(@) (ng15(v, B4), (.,.)) is isometrically isomorphic to the metric Lie al-
gebra (Ig 15, (., -)),
(b) if the set J = {j € {1,3,4,6,7} : 5; # 0} # 0, then 5;, > 0 for

the minimal element j, € J.
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2. The group OA (ng15(cv;, B), (.,.)) of orthogonal automorphisms of the
metric Lie algebra (ng15(, 35), (., .)) is the group:

(a) if the set J = (), then we obtain
OA(H6715(041',5J‘),<.,.>) = {TEZ = €Ei,i € {1,3, 5},5 = :tl,
TE]‘ = Ej,j S {2,4,6}} ~ 7o,

(b) if the set J # 0, then OA (ng15(cv, B5), (., .)) is trivial.

Proof. First off, our aim is to prove the existence property. To this end, we ap-
ply the Gram-Schmidt process on the ordered basis {Gg, G5, G4, G'3, G2, G1 },
which yields the orthonormal basis { Fy, Fs, Fy, F3, Fy, F1 } of l5 15 such that
the vector F; is a positive multiple of G; modulo the subspace span(G;; j > 1)
and orthogonal to span(G;;j > ¢). The orthogonal direct sum RF} & ... &
RF5 is a framing of (Ig 15, (., .)) and the vectors F},i € {1,...,6} of the new
basis can be written into the form F; = 22:1 a; G, with a;; > 0. Hence we
receive

Qo0
[Fi, B = i Fy + B1Fy + BoFs + BaFe,  [Fo, F3] = ;45F5+57F6,
[F1, F3] = agFy + BuFs + BsF, (Fy, Fi] = as F,

[Fy, Fy] = a3 F5 + Be L,

[F1>F5] = ayF,

(2.8)

with a; > 0,7 € {1,...,5}and §; € R,5 € {1,...,7}. Replacing the or-
thonormal basis {Fl, FQ, F37F4,F57F6} to {—Fl, FQ, —Fg, F4, —F5, FG} we
get

Q05
[Fy, Fy) = ayFy — BiFy + BoFs — BsFs,  [F2, B3] = . Fs — ik,
[Fl,Fg] :Oé2F4_54F5+ﬁ5F67 [F27F4] :a5F6.
[Fb F4] = 043F5 - 56F67
(I, Fs| = auF,

Thus, there is an orthonormal basis satisfying (2.8) such that if the set J =
{j € {1,3,4,6,7},5; # 0} # (), then we may assume that 3;, > 0 for
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the minimal element j, € J. Hence the existence of the metric Lie alge-
bra (ng 15(cv, 5;), (., .)) satisfying Theorem 2.13 (1) is proved. To verify that
(n615(ci, B5), (., .)) is uniquely determined, let us consider an isometric iso-
morphism 7' : (ng15(cs, 8j), (-,-)) — (ne1s(aj, B7), (., .)). The decompo-
sition RE; @& ... & REj is a framing of both Lie algebras, where o, o) >
0,7 € {1,...,5}. Therefore, according to Lemma 2.3, we have that o; =
aj,i € {1,...,5} and |B)|= B, 5 € {1,...,7}. Let T(E;) = by, & =
+1,7 € {1,...,6}. Using the commutation relations (2.8) we obtain from
TE;,TE;] =T[E;, E;].i,j € {1,...,6}, the equations

162 ( Es + B1Ey + B3Es + B5Es) =
a1e3E3 + BieaEy + Paes Es + Pae6E,
163 ( By + B1Es + L Eg) = aaeq By + facs Es + Bse6Es,
164 (3 E5 + B5Eg) = ases Es + Bece Es,
(a2a5 0
(
(

€9€3 o Es + 5§E6> = esEs + Pres s,
4

Qg

€1€5 CY4E6) = ayge L,

Oé5E6) = 06586E6.

(2.9)

It follows that e169 = €3,6163 = €4,6164 = €963 = €5,6165 = 964 = &g,
which implies that e = ¢4 = ¢6 = 1, &1 = €3 = ¢5. Adopting these
relations one obtains 165 = €1 = €5, €163 = €6 = 1. Therefore, we get that
By = Pa, Bt = B5. Assume that J # (). In case that 5; = 5] > 0 one has
the addition condition €;69 = €4. On the assumption that 83 = 5, > 0 we
obtain that €169 = £¢4. Supposing that 5, = ) > 0 we get e1635 = 5. The
condition g = f; > 0 implies that €164 = 4. If 57 = 5 > 0, then we have
€93 = £¢. In this setting, all these cases yield that ¢; = 1,7 € {1,...,6}.
Hence we obtain that the metric Lie algebra (ng 15(cv, 5;), (., .)) is uniquely
determined, as it was desired, and with this proof of (1) ends.

We now discuss the second assertion, if the map F;, +— ¢;F;,¢; =
+1,4 € {1,...,6} is an orthogonal automorphism of (ng15(cv;, 5;), (., .)),
then the system of equations given by (2.9) is satisfied with o; > 0,7 €
{1,...,5} and B; = f3;,j € {1,...,7}. Suppose that J = (), which yields
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that ey = ¢4 = €6 = 1, 61 = €3 = &5. It follows that the group of orthogonal
automorphisms of (ng 15(c;, 3;), (.,.)) is isomorphic to the group given by
(2a). On the assumption that J # (), we obtain thate; = 1,7 € {1,...,6}.
Therefore, the group of orthogonal automorphisms of (ng 15(cv;, 3;), (., .)) is
trivial, which proves the inclusion (2b). Hence assertion (2) is proved. Thus,
the proof is complete. [

Exploiting the above statement, we provide the following corollary:

Corollary 2.14. Let (Ng15(cv, 35), (.,.)) be the connected and simply con-
nected Riemannian nilmanifold corresponding to the metric Lie algebra

(n6,15(, Bj), (., .)). The isometry group of (Ne15(cv;, B;), (., .)) is

Zo X Ngis(c, B;) ifJ =0,
Ne s (s, B;) if J # 0.

Now we consider the 6-dimensional filiform Lie algebra [5 1. We describe
the isometrically isomorphic equivalence classes of the metric Lie algebras
(l6.16, (-, .)) and the group of orthogonal automorphisms of the representa-
tives of these classes.

I(N6,15<04i75j) = {

Definition 2.15. Let { £, By, E5, Ey, E5, Eg} be an orthonormal basis in the
Euclidean vector space E°. Denote by (ng16(c, 5;), (., .)), ai, B; € R,i €
{1,...,4},5 € {1,...,8} with a; # 0 the metric Lie algebra defined on ES
given by the non-vanishing commutators

(B, Eo] = can B3 + 1By + Bo s + B3 B, [ ]
By, Bs] = asEy — (a?ﬁl n a258>E5 + B.Es, [Esy, E4] = PsFs,
[, Es]
[ ]

a1 Q4 Es, = oy L,
[Ev, By = asEs + B5Eg, By By = Q30 .
(B, 5] = BeEs, ay
(2.10)

The bracket operation (2.10) satisfies the Jacobi identity.

Theorem 2.16. Let (.,.) be an inner product on the 6-dimensional filiform Lie
algebra (g 16.
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1. There is a unique metric Lie algebra (ng 16(cv;, B;), (., .)) which is isomet-
rically isomorphic to the metric Lie algebra (lg 16, (., .)) with the proper-
ties that o; > 0,4 € {1,...,4} and one of the following cases is satisfied:

(@) B; =0,5 €{1,3,4,5,6,8},

(b) B3 >0o0rps >0,8; =0,7 € {1,4,6,8},

(c) B >0o0rpy >0,0;=0,7 €{1,3,5,8},

(d) fp >00rfs >0,8;=0,j €{3,4,5,6},

(e) at least two of the elements of the set {51, B3, B4, Bs, 6, Ps } are pos-

itive with exception of the pairs {51 > 0,53 > 0}, {3 > 0, 55 >
0}, {81 > 0,5 > 0}.

2. The group OA (ng16(as, B;), (.,.)) of orthogonal automorphisms of the
metric Lie algebra (ng16(cvi, 55), (., .)) is the following group:

(a) in case (1a), one has OA (ng16(v;, B;), (.,.)) = {TE; = e1E;,1 €
{1,6}, TE, = eF;,i € {2,4}, TE;, = e1e9F;,1 € {3,5},
€1,&2 = :I:l}ﬁ ZQ X Zg,

(b) in case (1b), one has OA (ng16(cv;, B),(.,.)) = {TE; = E;,j €
{2,4}, TE; = eEy,i € {1,3,5,6}, ¢ = £1}~ Zy,

(c) in case (1c), we receive OA (ng 16(cvi, 5;), (.,.)) ={TE; = Ej,j €
{3, 5}, TEZ = €E7;,7: S {1, 2, 4, 6}, g = :l:l}ﬁ Zg,

(d) in case (1d), we obtain OA (ng 16(cv, 5;),(.,.)) ={TE; = Ej,j €
(1,6}, TE, = ¢E;,i € {2,3,4,5}, ¢ = +1}~ Z,,

(e) in case (1e), the group OA (ng16(cv;, B;), (., .)) is trivial.

Proof. Firstly, we are going to prove the existence of the metric Lie algebra
(n616(ci, B5), (.,.)) which satisfies the inclusion (1). Applying the Gram-
Schmidt process on the ordered basis { G, G5, G4, G3, G2, G1 }, we get an or-
thonormal basis { ', Iy, Fs, Fy, F5, Fs} of the Lie algebra 5 14 such that the
vector F} is a positive multiple of G; modulo the subspace span(Gj; j > i) and
orthogonal to span(G; j > 7). The orthogonal direct sum RF} &... &R Fg is
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a framing of (s 16, (., .)). Expressing the vectors of the new basis in the form
F;, = Zgzi a;x Gy with a; > 0 we get

[F]_aFQ] :a1F3+/81F4+/82F5+63F6’ [F27F3] :/87F6,
[Fl,Fg] = Fy — <a3ﬁ1 + a2ﬁ8>F5 + /64F67 [F27F4] = 58F67
[Fy, Fy] = asFs + 6 ;1 " £, 5] = ul,

 Fy) = asF5 + S5 F,

1,144 345 546 [F47F3] _ Oz3044F67
[F1, F5] = BsFs, o

(2.11)

with a; > 0,i € {1,...4} and 3; € R,j € {1,...,8}. The change of the
orthongrmal basis F1 = —F, Iy = Fy, F3 = —F3, Iy, = F,, F5 =
—F5, F6 = —F6 giVES

[F1, Fy) = an Fy — By Fy + BoF5 + Pk, [Ey, Fy) = B Fs,
[Fla F3] = auFy + (agﬁl + a258>ﬁ5 — BuF, [Fo, Fu] = —Bs L,
o “ [Py, F5] = auFy
[Py, Fy] = agbs + B5 Fg, ~’~_%%}
[Fy, F5] = — B Fs, [P, By] = a, ¥

Applying another change as follows F} = F, Fy = —Fy, Fy = —Fj, Fy, =
—F4, F5 = —F5, F@ = F6 we obtain

[FL ﬁ2] = oy Fy + B Fy + BoFs — B3k, [Fy, F3| = (7 Fg,
[F1, Fs] = aoFy — (Oésﬁl + a2ﬁ8>ﬁ5 — BuFs, P Ful = Bl
-~ - (}1 a [ ~2 ~5} = 044F6
[F17F4] = azF5 — P51, ~ 7 . a3a4,ﬁ
[Py, Fy] = — BTy, [Fa, Fy] = a;

Accordingly, there is an orthonormal basis such that in commutators (2.11)
one has a; > 0,7 = 1,...,4, and one of the cases in assertion 1. is satis-
fied. This proves the existence of ng 15(v;, ;) with the properties in assertion
1. To prove the uniqueness of metric the Lie algebra (ng16(cv, 5;), (., )) let
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T (ne16(vi, B5), -5 ) = (ne16(cf, B7), (., .)) be an isometric isomorphism.
The decomposition RE; & ... @ RE; is a framing of both metric Lie algebras,
where oy, o), ag, ab, as, af, ag, )y > 0. Inview of Lemma 2.3, we obtain that
o =a; > 0,4 €{1,2,3,4} and |B}|= B, 7 € {1,...,8}. Let T(E;) = &, B,
g; = =*1,i € {1,...,6}. Using the commutation relations (2.11) and the form
TE;, TE;] = T|[E;,Ej],1,j € {1,...,6}, we obtain straightforwardly the
following equations
162 (B3 + BBy + ByFs + By Eg) =
aesbiy + preaEy + Pacs Es + P3ee B,

Es + BQE(S) =

04351 04258

_|_

0435{ 04255,3)
(03] Qg

€1€3 (042E4 - (

ey — ( + )esEs + Bage s,
aq Uy

164 (a3Bs + B3 Fs) = ases Bs + Bsce s,

e1€5 (B5E6) = Boco s,

€2€3 (5§E6) = Bree s,

€284 (BéEﬁ) = PseeEe,

€265 (auFg) = auge s,

5453(QZ?4 E6> = a;?456E6.

(2.12)

From (2.12) it follows that E1E9 — £3,E1E3 — £4,E1E4 = E5,E9E85 — E€4E3 = &g,
which implies that €4 = €9,6169 = €3 = €5, €5 = £;1. Using these relations
we obtain that 169 = €5, €263 = €1 = £¢. Therefore one has 35 = [,
B = B7. I By = ] > 0 or fg = B > 0, then we get additionally €169 = ¢4
or 964 = €. In both cases we obtain ¢; = ¢g = 1l and 9 = €3 = ¢4 = &5.
If B3 = B5 > 0or B5 = PB; > 0, then we obtain in addition €169 = &4 or
= g164 = g¢. Therefore in both cases we receive e = ¢4 = l and g; = g3 =
g5 =¢e¢. If By = B} = 0 or Bg = B > 0, then we have in addition €165 = &4
or €165 = £¢ and hence in both cases e3 = 5 = 1,61 = &9 = ¢4 = €.

Using these relations in assertion 1. of the Theorem

in case (la) we get E9g = £y, E1E9 = €3 = €5, E2E3 — € = £1,
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in case (1b) we obtain g = ¢4 = 1 and €; = €3 = €5 = &,

in case (1c) we have e3 = ¢5 = l and €] = €5 = €4 = &g,

in case (1d) we receive 6 = g = l and ey = €3 = ¢4 = €5,

in case (le) we gete; =1,i=1,...,6.

Hence the system of equations (2.12) holds with 8} = 3;,j = 1,...,7 in
cases (1a)- (1le) of the Theorem. Therefore the uniqueness of the Lie algebra
ng,16(;, B;) in cases (1a)- (1e) is proved. This yields assertion 1.

At this stage, (2) is the only remaining part to be proved. To this end, we
consider the map F; +— ¢;F;,e; = £1,1 € {1,...,6} which is an orthogo-
nal automorphism of (ng 16(c, 5;), (., .)). Therefore, the system of equations
given by (2.12) is satisfied with a; > 0,7 € {1,...,4} and 8} = f3;,j €
{1,...,8}. Therefore in cases (1a)- (1e) the conditions for ¢;,7 = 1,...,6,
are given above. Taking this into consideration the group of orthogonal auto-
morphisms of ng 16(cv;, ;) in case le is trivial, in cases (1a)- (1d) is isomorphic
to the group given by (2a) - (2d). This proves assertion (2). This completes
the proof of the theorem 2.16. O]

Due to the above discussion, we can conclude the following:

Corollary 2.17. Let (Ngi6(v, 3;), (.,.)) be the connected and simply con-
nected Riemannian nilmanifold corresponding to the metric Lie algebra

(n616((cus, Bj), (., .)). The isometry group of (Ng16((cv, 5;), (.,.)) is

Zy X L % Ngj6(cu, B;)  if (1a) holds
T(Rg16(0, B5) = § Zo X Ngi6(au, 5;) if (1b), (1c), (1d) are satisfied
N6,16(O~/i7 B]) lf(le) hOldS .

Finally, we consider the 6-dimensional filiform Lie algebras [s ;7 and (g 15
with their canonical basis {G, G2, G3, G4, G5, G }.

Definition 2.18. Let { £, Es, E3, Ey, Es, Eg} be an orthonormal basis in the
Euclidean vector space E®. We denote by (ng1s(;, B;), (., ), i, B; € Ryi €
{1,...,4},5 € {1,...,6} witha; # 0 the metric Lie algebra defined on E® by
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the non-vanishing commutators

(B, Bo) = ar B3 + B1Ey + BoEs + B3Eg, [Ey, B3| = asEy + B4Es + 5 Eg,
(B, Ey] = asEs + Bs s, (B, Bs] = ayE.
(2.13)
Denote by (ng 17(cvi, 55), (., ), s, B € Ryi € {1,...,5},5 € {1,...,6} with
a; # 0 the metric Lie algebra defined on IE® given by (2.13) and by the additional
commutator
[EQ, Eg} = OZ5E6. (214)

The bracket operations (2.13) as well as (2.14) satisfy the Jacobi identity.

Theorem 2.19. Let (., .) be an inner product on the 6-dimensional filiform Lie
algebra lg i, k € {17,18}.

1. There is a unique metric Lie algebra (ng ;(cy, 5;), (., .)), k € {17,18},
with a;, B; € R such that o; > 0 satisfying:

(@) (ner(i,B)),(.,.)) .k € {17,18}, is isometrically isomorphic to the
metric Lie algebra (Ig 1, (., .)), k € {17,18},
(b) iftheset J = {j € {1,3,4,6} : B; # 0}# 0, then 3,;, > 0 for the

minimal element j, € J.

2. The group OA (ng17(a, B;), (.,.)) of orthogonal automorphisms of the
metric Lie algebra (ng17(v, 535), (., .)) is the group:

(a) if the set J = (), then we obtain
0A (ﬂ6?17(04i, Bj), <., >) = {TEZ =ck;,1 € {1, 2,4, 6}, TE; =
E3,TE5 = E5,€ = :tl} ~ ZQ,
(b) if the set J # 0, then OA(ng 17(cu, 5;), (-, .)) is trivial.
3. The group OA (ng1s(a, B;), (.,.)) of orthogonal automorphisms of the
metric Lie algebra (ng15(v, 55), (., .)) is the group:
(a) if J =0, then we obtain

OA(nga1s(i, 55),(.,.)) = {TEy = B, TE, = &k,
1€ {2,4,6},TEj = €1€2Ej,j S {3, 5}, €1,E2 = :|:1} ~ Do X Zig,
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(b) if J # (), then we receive
0A (n6,18(ai>ﬁj)a (,)) = {TkEy = E,TE; = ¢k,
i€{2,...,6},e =%1} ~ Z.

Proof. Depending on the method considered, we obtain an orthonormal ba-
sis { F, Fy, F3, Fy, Fy, Fs} of ls 17, respectively g 15 after applying the Gram-
Schmidt process on the ordered basis {Gg, G5, G4, G5, G2, G1 } such that the
vector Fj} is a positive multiple of G; modulo the subspace span(Gj; j > i) and
orthogonal to span(G; j > 7). The orthogonal direct sum RF} & ... ® RF}
is a framing of ([g 17, (., .)), respectively (I 1s, (., .)). The vectors of the new
basis have the form F; = Zizi a;x Gy, with a;; > 0. We get the metric Lie

algebras (Ig 17, (.,.)) and (lg 18, (., -))

[F1, F5) = an Fs + 1 Fy + BoFs + B3 Fs,  [Fi, Fs] = aoFy + aFs + P5F,
[Fi, Fy| = asFs + BeFs, [F1, F5] = ayFs,
(2.15)
and for (lg 17, (., .)) in addition

[Fy, B3] = a5 I, (2.16)

where o; > 04 € {1,...,5},and §; € R,j € {1,...,6}. Changing the
orthonormal basis as follow F} — —F,, Fy — —F,, F3 — F3, F, —
—F4, s — F5, Fg — —Fg we obtain

[Fy, Fyl = oqFs — 1 Fy + BoFs — BsFs, [Fi, F5] = auFy — BaFs + Bs s,
[F1, Fy] = asF5 — BeF, [F1, F5] = auFg,
[F2,F3] = a5 Fp.

Hence there is an orthonormal basis satisfying (2.15) such that if the set
J={j€{1,3,4,6},5; # 0} # 0, then we may assume that 3;, > 0 for the
minimal element j, € J. Consequently, the existence of the metric Lie alge-
bras (ng 17(cv, 3;), (., .)), respectively (ng 15(cv;, 3;), (., .)) satisfying Theorem
2.19 (1) is proved. Let T" : (ng (v, 55), (.,.)) — (n67k(a;,ﬂ;), (,)), ke
{17, 18}, be an isometric isomorphism. The decomposition RE; & ... & REs
is a framing of both Lie algebras, where a;,; > 0,7 € {1,...,5}. Hence,
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in view of Lemma 2.3, we have a; = aj,i € {1,...,5} and |3]|= f; for all
jge{l,...,6}. Let T(E;) = ¢;E;, ¢, = £1,4 € {1,...,6}. Using the com-
mutation relations (2.15) and (2.16) we obtain from [T'E;, TE;|' = T|E;, Ej],
i,j € {1,...,6}, for (ng17(cv, B;), (.,.)) and (ng1s(cv, B;), (.,.)) the equa-
tions

e162(o Es + 1By + B3 Es 4+ B3Es) = anesFs + Prea By + Poes s + P Eg,
e163(a By + By Es + By Eg) = anes By + Baes Es + Bsee Ee,
e164(osBs + BgEs) = azes Es + Pece Eg,
e165(asEg) = auee L,
(2.17)
and in addition for (ng17(a;, 5;), (., .)) the equation
e9e3(as Bg) = aseFg. (2.18)

From (2.17) and (2.18) for the metric Lie algebra (ng17(cv;, 535), (., .)) we re-
ceive that E1E9 = E3, €1E3 = &4, £1&4 = €5, £€1E5 = E9€3 = &p. Therefore
one obtains that 5 = €5 = 1 &1 = €3 = €4 = 4. Using these relations we
have e169 = €5 = 1, 165 = €1 = ¢ hence 35 = (s, 05 = (5. Assume that
J # (. If B = ] > 0, then one has the additional condition 15 = &4.
If B3 = B, > 0, then we obtain €165 = g¢. If 54 = ) > 0, then we get
e1e3 = 5. If B = B > 0, then one has €164 = &¢. In all these cases we re-
ceive thate; = 1,7 € {1,...,6}. Analogously to the previous case, one gets
g; = 1,4 € {1,...,6} from (2.17) for metric Lie algebra (ng 15(c;, 5;), (., .))-
This proves the uniqueness of the Lie algebra (ng17(ay, 5;), (.,.)), respec-
tively (ng 1s(cy, 55), (., .)). Hence assertion (1) is proved.

If the map T(E;) = ¢;E;,e; = £1,i € {1,...,6}, is an orthogonal
automorphism of (ng 17(a, 5;), (., .)), respectively (ng1s(c;, 5;), (., .)), then
the system of equations given by (2.17), respectively (2.18) is satisfied with
B = Bj,j € {1,...,6}. In the case (ng17(as, 35), (., .)), if J = (), then we
obtain €3 = €5 = 1, &1 = €3 = €4 = &¢. It follows that the group of orthog-
onal automorphisms of (ng 17(cv, 5;), (., .)) is isomorphic to the group given
by (2a). If J # (), thene; = 1,7 € {1,...,6}. Hence the group of orthog-
onal automorphisms of (ng17(cv, 5;), (.,.)) is trivial. This proves assertion
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(2). In the case (ng 15(v;, 55), (., .)), if J = 0, then we obtain 165 = &5 = 1,
g1€3 = €1 = ¢&¢. It follows that the group of orthogonal automorphisms
of (ng1s(cy, 5;), (.,.)) is isomorphic to the group given by (3a). If J # 0,
thene; = 1,7 € {1,...,6}. Hence the group of orthogonal automorphisms
of (ng17(cv, B5), (., .)) is trivial. This proves assertion (3).Thus, the prove of
Theorem 2.19 is complete. [

Corollary 2.20. Let (Ng17(, 535), (.,.)) be the connected and simply con-
nected Riemannian nilmanifold corresponding to the metric Lie algebra

(ng17(cv, Bj), (., .)). The isometry group of (Ne17(cv, 5;), (., .)) is

o JZa X Nejr(ew, By) ifJ = 0,
I(Nea7(ay, B) = {N(SJ?(%’ 8) T 40,

Corollary 2.21. Let (Ngs(cv, 5;),(.,.)) be the connected and simply con-
nected Riemannian nilmanifold corresponding to the metric Lie algebra

(ne,18(0y, B;), (., .)). The isometry group of (Neg1s(c, B;), (.,.)) is
Ly X Ly X Ng 18(%‘;53‘) ifJ = 0,
Z(N iy MPj) — 7 .
( 6,18(a BJ) {ZQ ¢ N6718(Oé1‘,6j) /LfJ 7£ @
2.3 Geodesic vectors of 6-dimensional filiform metric Lie
algebras

Our aim in this section is to determine the sets of geodesic vectors of the
six-dimensional filiform metric Lie algebras. According to Lemma 2.6, any
element belonging to U}_,a; U ( is geodesic. Therefore, we want to find the
sets of geodesic vectors not belonging to U?_,a; U(. Let us introduce the sets:

Cy :={bEy+ cEs+ dEy : b(anc+ [r1d) + caad =0 : b, c,d € R}
such that at least two of the numbers b, ¢, d are non-zero
with exception of the cases:
1.b=0,
2.d=0,
3.c=0with 5, # 0,
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Ch :Z{G(E1 — %E(j) +cE3+dEy+eE5:a#0,a,c,d,e € R,
07

asB1 + asfy = 0 = B,

(6510 7)
e = (Bsa — 0450)?(1%,
a(alc n Bld n 526 B oz253> . C(a3e _ agﬁﬁa) + @(ﬁﬂ + a4e) = ()},
(673 (673 (673
(%) Bs a1y 0By
Cy:=3alb) — —Es+(—+—F——7)E3 — Es )+
’ {CL( ! Qs 6 (045 asBi + 04257) ’ as(asfr + afr) 5)

dE;:a #0, a,d € R,
alarc+ Bud + Bae + Baf) — ¢ (e + fof) = (Brd + ase) = 0},

C4 SZ{CLE1+CE3+dE4+€E5+fE6:a%ou f#_a’%v f%()’
5

a,c,d,e, f €R, e=(cas— afs) fau ,
a0y
a o + «
_ < 561 2/376 _ ﬁ4f>,
asf + asa oy

a(aic+ fid + Bae + B3f) — c(aze + Bof) — f(Brd + cue) = 0}’

Cs :={0E3+dE4+eE5+fE6:f#0, c#0, c.dye, f €R,
S — <a2a56+57f>;

B a5f
—C <a2a5
Oé5f Qay

Qg

e+ /37f> (aze+ Bsf + cag) + c(Bae + Bsf) + eauf = 0},
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Cs ::{bEg +cEs+dE, + eFs : b(CYlC + fid + 526) + C(Oégd + 76)_'_

as i Q38

aq (671

daze =0, b,c,d, e € R}, where 7 = —( ) in the case of

the metric Lie algebra ng 14(cv, 5;), whereas v = f34 in the case of
the metric Lie algebra ng 17(cv, ;) such that at least two of the

numbers b, c, d, e are non-zero with exception of the cases:

1.b=c=0,

2.b=e=0,

3.d=e=0,

4.c=d=0, By #0,

5.c=e=0, p; #0,

6.b=d =0 with agayf, + ajasfs # 0 in the case of the metric

Lie algebra ng 16(cv;, 3;),
7.b=d =0 with B4 # 0 in the case of the metric Lie algebra

n6,17(aia /Bj)7
s ::{a(El _ @Eg) Y ¢Es+dEy+ ¢Es + fEg:af #0, a,c,d,e, f € R,
Qly
ae — i(aﬁfsﬁs n CO¢3CY4 B CL/85),

Qa3 Oy aq
ac = 1(057 + dﬁg + 6064) — i (ﬁld —+ 526 -+ ﬁgf) 5

aq (631

a [ asf s f(apBsBr Q30
ad:a_2<( aq + Oy )€_ﬁ4f>+04_2< Oy _dOzl >7
d(age 4+ age) = aﬁ—i (cve+ Brd + Pae + B f) + ce(ajfl + OZ?;)

— [ (Bs + dBs + efs) },
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Cs :={dEs+ eF5+ fEg : d(age + Bsf) + easf =0, d,e, f € R},
such that at least two of the numbers d, e, f are non-zero
with exception of the cases:

1. f=0,
2.d=0,
3. e =0 with 85 # 0,

Co :={bEy + cE3+ dE,;+ eEs + fFEs : b(anc+ B1d + Bae + B3f)+
C(OQd + 546 + /85f) + d(OégG + ﬁﬁf) + 60[4f = 07 ba c, da €, f € R})
such that at least two of the numbers b, ¢, d, e, f are non-zero

with exception of the cases:

l.b=c=d=0,
22b=c=f=0,
3.d=e=f=0,

4.b=c=e=0with 5 # 0,
5.¢c=d = f =0with 55 # 0,
6.c=d=e=0with 3 # 0.

Using the above sets we obtain:

Theorem 2.22. Let (ng14(cv, 3;), (., .)) be the metric Lie algebra defined on E°
by the non-vanishing commutators (2.4) witho; > 0, 5; € R, i € {1,...,5},
j € {1,...7}. The geodesic vectors of (ng14(cvi, 3;), (.,.)) not belonging to
UL a; U are the non-zero elements of the set C; U Cy U Cy in the case o531 +
a7 = 0 = By, for asBy + as 87y # 0 these are the non-zero elements of the set
CyUCs3UCly.

Theorem 2.23. Let (ng15(c, 3;), (., .)) be the metric Lie algebra defined on E°
by the non-vanishing commutators (2.7) witha; > 0,3; € R, i € {1,...,5},
j € {1,...7}. The geodesic vectors in (ng15(cv, 53;), (.,.)) not belonging to
U?_,a; U C are the non-zero elements of the set C; U Cs.

Theorem 2.24. Let (ng 16(cv, 3;), (., .)) be the metric Lie algebra defined on E°
by the non-vanishing commutators (2.10) witho;; > 0, 5; € R, i € {1,...,4},



2.3. GEODESIC VECTORS OF 6-DIMENSIONAL FILIFORM METRIC LIE
ALGEBRAS 59

j € {1,...8}. The geodesic vectors of (ng16(ci, 5;), (.,.)) not belonging to
UJ_,a; U C are the non-zero elements of the set Cg U Cf.

Theorem 2.25. Let (ng17(ay, 55),(.,.)) be the metric Lie algebra defined on
ES by the non-vanishing commutators (2.13) and (2.14) with o; > 0,03, €
R,i € {1,...,5},5 € {1,...6}. The geodesic vectors of (ng17(cv, 5;), (.,-))
not belonging to U}_,a; U ( are the non-zero elements of the set Cs U Cg. The
geodesic vectors of metric Lie algebra (ng 15(cv, 3;), (., .)) defined on E° by the
non-vanishing commutators (2.13) with a; > 0,5; € R,i € {1,...,4},j €
{1,...6} not belonging to U}_,a; U ( are the non-zero elements of the set C.

Proof of Theorems 2.22, 2.23, 2.24, 2.25

Proof of Theorem 2.22. According to (2.2) a non-zero vector Y = aFy +bF,+
cEs + dEy + eE5 + fEs € nga4(a, B;) is geodesic if and only if one has
(X,Y],Y) =0forall X = 37 2,F; € nga(ay, 5;) or equivalently if and
only if the system of equations

;

bayf =0,
a(o‘;{—j%e + B5f) —casf =0,
a(asd — 0‘561+f‘2’876+ﬁ4f) + base + das f = 0,
a(onc+ prd+ Bee+ Bsf) — c(ase + B f) — f(frd + aue) = 0,
b(aic+ frd + Bae) + c(aad — O‘“”&a;fﬁ?e + Buf)

+d(2%e + B5f) =0

(2.19)

is satisfied. Taking into account that o; # 0, i = {1,...,5} and assume that
f = 0 the system of equations (2.19) reduces to

\

ae =0,

acsd + basze = 0,

a(oyc+ Bid) — caze = 0,

b(arc+ Bid + Boe) 4 c(opd — 2s8ite2br oy 4 de%se = 0.

ay

(2.20)

If @ = 0, then from (2.20) we obtain be = 0 = ce, b(ajc+ fid) + caqd +
de%2e = 0. In the case e = 0 = a = [ the geodesic vectors of metric Lie
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algebra (ng14(cv;, 3;), (., .)) are the non-zero elements of the set
Oy :={bEy + cE3 +dEy : b(ajc+ Bid) + casd =0, b,c,d € R}.

For b = 0 the element Y = c¢F5 + dE, € C] satisfies the condition ased = 0.
Since ay # 0 we receive that either ¢ = 0 and the element Y = dFj is
in a3 or d = 0 and the element Y = cFE5 isin 4,. If d = 0, then for the
element Y = bE, + cE5 € () the condition a;bc = 0 holds. As «; # 0
we obtain that either ¢ = 0 and the element Y = bF5 isin a; or b = 0 and
the element Y = cEj3isinas. If c = 0 and B; # 0, then for the element
Y = bE, + dE, € C the condition bd = 0 is satisfied. Hence we get
either b = 0 and the element Y = dE, is in a3 or d = 0 and the element
Y = bE, is in a;. Therefore the conditions for the set ; are proved. In the
case b = ¢ = 0 = a = f the vector Y = dF, + eFjs is geodesic if and
only if either d = 0 or e = 0 and hence it lies either in 4, or in a3. If e = 0,
then from (2.20) one has ad = 0 = ac, b(ajc + pid) + casd = 0. The case
a =0 = e = f is discussed above. In the case d = ¢ = 0 = e = f we receive
that any vector Y = aFE; + bFj is geodesic since it lies in the set 4;.

Now, we suppose that b = 0. In this case the system (2.19) of equations
reduces to the following

a®%e = f(cas — afs),

d0454f = —a(aad — %&a;fz&e + Baf),

a(arc+ fid+ Pre+ Bsf) — c(ase + Bsf) — f(Brd + eas) = 0,

c(agd — a5ﬁ1+52576 + Buf) +d(*2Be+ B5f) = 0.

(2.21)

Assume that @ = 0. The first and second equations of (2.21) give cf = 0 = df.
The case f = 0 = a is already discussed. In the case ¢ = d = 0 = a the third
equation of (2.21) gives fe = 0. In this case the geodesic vector Y has either
the form eFE5 € a4 or the form fEg € (. If a # 0, then the system (2.21) of
equations is equivalent to the following system:

1050 — £ (cay — afy),
d(asf + aa) = a(%ﬁla;f%@ — Buf),

alone+ Bid + Poe+ Bsf) — c(ase + Bof) — f(Prd + ecs) = 0.
(2.22)
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Let f = —aZ?. Putting this expression into the first and second equations of
(2.22) we receive
oy
afs — ca =e, (2.23)
(afBs 5) o (on)?
as01 + « o
asbh +asbr L a8, = 0. (2.24)
iy (0731

The substitution of (2.23) into (2.24) yields that
a
clasfr + asflr) = . ((04551 + o f37)Bs + 0410z554)- (2.25)
5

If asB1 + agB7; = 0, then the equation (2.25) gives 54 = 0. In this case
the geodesic vectors of (ng14(cv;, 55), (., .)) are the elements of the set Cs. If
asf1 + asf7 # 0, then from equation (2.25) we obtain:

_ & a1 54
‘- a(% " asf1 + 04257)' (226)

Putting (2.26) into (2.23) we receive

_ CYQCY4/34 a
as(asfr + afr)

Hence in this case the geodesic vectors of (ng14(cv, 55), (., .)) are in the set
Cs. If f # —ag?, then from the first and second equations of (2.22) we have

o — <ca5 _a55> fay d— a (Oésﬁl +04257€_54f)'

a0’ asf + asa ay

e =

In this case the geodesic vectors of (ng14(, 55), (., .)) are the vectors of the
set Cy such that f # —ag? is a real coefficient. For f = 0 the elements in
Cy have the shape Y = aFE; + cE5 with a # 0 and satisfy the condition
ajac = 0. Therefore we have ¢ = 0 and hence the element Y = aF) lies in
1. The intersection C; N Cy N CYy is empty because for the elements of C' one
has a = 0 but for the elements in C; U Cy we have a # 0. Moreover, for the
elements in C one gets f = —ag‘é—i, in contrast to this for the elements in Cy
we have f # —ag?. Hence the sets 5 and () are disjoint. Similarly we can
see that the sets ', C's and Cj are disjoint. This completes the proof. [
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Proof of Theorem 2.23. Applying the commutators (2.7) the equation (2.2) gives
that the non-zero element Y = aF; + bFy + cFE3 + dEy + eFs + fEg €
n6.15( v, ;) is geodesic if and only if for the real numbers a, b, ¢, d, e, f with
respect to a basis { £y, Fs, F3, Fy, F5, Eg} the system of equations

( af = O?

aaze + bas f =0,

a(asd + Bie) + b(*2%%e + B7f) =0,

a(arc + fid + Bae) — c(®2%2e + Br f) — dasf = 0,

blare + Bid + Bae + B3 f) + c(aad + Bae + Bs f)

L +d(aze + G f) + easf =0
(2.27)

is satisfied. If a = 0, then the second and the third equations of (2.27) gives

bf =0 = be. In the case f = e = 0 = a the vector Y = bFy + cE3 + dF, is

geodesic of (ng 15(c, ;). (., .)) if and only if it lies in the set C;. The validity

of the condition for the coefficients b, ¢, d in the case of the set C'; was shown

in the proof of the Theorem 2.22. In the case b = 0 = a the system (2.27)

reduces to:

{ c(®2%e+ Brf) + dasf =0,
c(aad + Pae + Bsf) + d(ase + B f) + easf = 0.

(2.28)

Suppose that f = 0. From the first equation of (2.28) we receive that either
c=0ore=0.Inthecasec =0 = f = b = athevectorY = dE; + eEj5
is geodesic of (ng15(v, 535), (., .)) if and only if it lies either in a4 or in a3,
whereasif e = 0 = f = b = a the vector Y = cE3 + dFE, is geodesic of
(ng,15(0, B), (., .)) precisely if it lies either in a5 or in 3. Assume that f # 0.
From the first equation of (2.28) we obtain

d

_ —¢ (OéQO[g)
o f

Substituting (2.29) into the second equation of (2.28) we receive that

e+ ﬁ7f). (2.29)

Qy

—c <a20z5

Ef ” €+B7f>(00z2+0é36+56f)+C(ﬁ4e—|—ﬁ5f)+ea4f:0.
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In this case the vector Y = cE3 + dE, + eEs + fEg € ng15(y, ;) with
f # 0is geodesic if and only if it lies in the set

Oy i={eBy + dEy+eBs + fEy s £ #0, d= —(Z22c 4+ 5rf),
asf\ ay
% (a;j% + ﬁ7f> (aze + Bsf + cag) + c(Bae + Bs f) + easf = 0}.

If ¢ = 0, then the set C5 consists of the vectors Y = fFEs, [ # 0, which are
in (. Therefore we obtain that ¢ # 0 and we get the set C5. Now, if f = 0,
the system (2.27) of equations reduces to

ae =0,

ad + 52be = 0,

a(aic+ fid) — 2% ce = 0,

b(ayc + Brd + Pae) + c(agd + Bye) + dage = 0.

(2.30)

We discussed the case a = 0 = f above. In the case e = 0 = f, from the
second and the third equations of (2.30) one has ad = 0 = ac. The case
e =0 = a = f is discussed above. In the case e = 0 = d = ¢ = f any vector
Y = aF) + bE; is geodesic because it lies in ;. The intersection C; N Cf is
empty since for the elements of C'; one has f = 0 but for the elements in C5
we have f # 0. This proves Theorem 2.23. [

Proof of Theorem 2.24. According to (2.2) the vector Y = aF; +bEs + cFs +
dEy+eEs+ f Eg is geodesic of (ng 16(cv, 55), (., -)) if and only if the following

system of equations

([ f(aBs +bay) =0,

a (CY36 + 55f) + f(bﬁg — Cai—clm) = O7

a(azd — (22 + 228)e 1 B ) + f(bfr + d22) =0,

a(arc+ Bid + Bae + B3f) — f (cBr + dfs + eas) = 0,

bare+ Bid + fae + By f) + c(azd — (%22 4 2)e 4 6y )

{ +d(ase + B5f) +efsf =0
(2.31)
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is satisfied for a, b, c,d, e, f € R. Firstly, we suppose that f = 0. Take into
account that o; > 0, 7 = 1,...,4, the system (2.31) of equations gives ae =
0 = ad = ac. Fora = 0 = f the vector Y = bF5 + cF3 + dE, + eFj5 is
geodesic of (ng16(a, 5;), (., .)) if and only if it lies in set

Cs ::{bEg + cEs + dEy + eEs : b(ayc + frd + Pae)

(6% (0%
T
(03] iy

—|—c<a2d—( )e) + dase = 0, b,c,d,eGR},
If b = ¢ = 0, then for the element Y = dE, + eE5 € Cy one has dage = 0.
As a3 # 0 we obtain that Y lies either in a4 or in a3. If b = e = 0, then for
the element Y = cE5 + dE, € Cg we have casd = 0. Since ap # 0 we
obtain that Y lies either in 43 or in 4. In the case d = ¢ = 0 for the element
Y = bEy + cE5 € Cg one gets bajc = 0. As ay # 0 we receive that Y lies
either in a; or in 4. In the case ¢ = d = 0 for the element Y = bEs+eF5 € Cy
we receive bfye = 0. If By # 0, then the element Y lies either in a4 or in a;.
In the case ¢ = e = 0 for the element Y = bEs + dE, € Cg we receive
that b5;d = 0. If ; # 0, then the element Y lies either in a3 or in a;. In
the case b = d = 0 for the element Y = cE5 + eEs € Cg one obtains
06(0‘3’81 + O‘Qﬁs) = 0. If agayf; + ajanfs # 0, then we have ce = 0 or
equ1valently the element Y is either in 44 or in a,. This proves the conditions
for the set C. Fore = d = ¢ = 0 = f any vector Y = aF + bF, is geodesic
of (ng16(v, 5;), -(.,.)) because it lies in a;.

Secondly, assume that as+bay = 0. Hence we receive b = —%. Putting
this expression into (2.31) one obtains that

(e = L (aﬁeﬂs +Ca3a4 afs),

as

ad = %((a;—?l +ea)e 7 4 L(ehn g

GC— (Cﬁ7+dﬁ8+6064) — —(51d+526+53f),

als (rc+ Bid + Bae + Bsf) + ce(90 4 a2l

—f(cBa+ dBs + efs) = d(azc + aze).

(2.32)

Suppose that a = 0. Hence one has b = 0. From system (2.32) of equations

we receive fc = 0 = fd = fe. The case f = 0 = a = bis discussed above. If

\
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c=d=e=0=a=b,then any vector Y = fEj is geodesic since it lies in
(. Assume that a # 0 the geodesic vectors of (ng 16(c, ;). (.,.)) are in the
set C'; such that f is a real coefficient. If f = 0, then from (2.32) it follows
that e = d = ¢ = 0. Hence any element Y = a(E; — g—iEg), a # 0, lies in
1. Therefore we may assume that f # 0. The intersection Cs N C7 is empty
since for the elements of Cs one has a = 0 and f = 0 but for the elements in
C'; we have af # 0. This completes the proof. [

Proof of Theorem 2.25. Using the commutators (2.13) and (2.14) the claim (2.2)
yields that the non-zero element Y = aFy +bEs +cEs+dE,+eEs+ fEg €
ng 17(v, ;) is geodesic if and only if for the real numbers a, b, ¢, d, e, f with
respect to a basis { 1, Es, F3, Fy, 5, F} the system of equations

af =0, ae =0,

CLOéQd + bOé5f = 0,

a(aic+ fr1d) — casf =0,

b(ayc+ Bid + Boe + Bsf) + c(aod + Bae + Bsf) + d(ase + Bof)

+eayf =0
(2.33)

is satisfied. If @ = 0, then the third and the fourth equations of (2.33) give
bf =0 =cf.Inthecase b =c =0 = a, the vector Y = dF, + eFs + fFEg is
geodesic of (ng17(v, 55), (., .)) if and only if it lies in the set

Cg :={dE, + e¢Es + fEg : d(ase + Bsf) + easf =0, d,e, f € R}.

For f = 0 the element Y = dE, + eF; € Cs satisfies the condition asde = 0.
Since a3 # 0 we obtain that either d = 0 and the element Y = eFs is in a4
or ¢ = 0 and the element Y = dF, is in a3. If d = 0, then for the element
Y = eFs + fEs € Cg the condition ayef = 0 holds. Since ay # 0 we
receive that either e = 0 and the element Y = fFgisin ( or f = 0 and
the element Y = eFj5 is in a4. If ¢ = 0 with S5 # 0, then for the element
Y = dE, + fE; € Cs the condition df = 0 is satisfied. Hence we get
either d = 0 and the element Y = fFEgisin ( or f = 0 and the element
Y = dF, is in a3. Therefore the conditions for the set C are proved. In the
case [ = 0 = a the non-zero vector Y = bFEs + cE5 + dE, + eL; is geodesic
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of (ng 17(cy, 5;), (.,.)) if and only if it lies in the set

Cs :={bEy + cE3 + dE; + eEs : b(ayc + Bid + Bae) + c(aad + Bye)
+ daze =0, b,c,d, e € R}.

If b = ¢ = 0, then the element Y = dF, + eFs € Cy satisfies the condition
aszde = 0. Since a3 # 0 we obtain that either d = 0 and the element Y = eFj
isin a4 or ¢ = 0 and the element Y = dF, isinas. If b = e = 0, then for
the element Y = cE; + dE; € Cy the condition ased = 0 holds. Since
as # 0 we receive that either ¢ = 0 and the element Y = dF, is in a3
or d = 0 and the element Y = cE3isinay,. If d = e = 0, then for the
element Y = bE, + cE3 € Cy the condition a1bc = 0 is satisfied. As oy # 0
we get either b = 0 and the element Y = cEj3 is in 4 or ¢ = 0 and the
element Y = bFEs isin ay. If c = d = 0 with [y # 0, then for the element
Y = bE, + eE5 € Cy the condition be = 0 holds. Therefore we get either
b = 0 and the element Y = eFE’s is in a4 or ¢ = 0 and the element Y = bEj is
ina,. If c = e = 0 with 3, # 0, then for the element Y = bE,+dE, € C the
condition bd = 0 holds. It follows that either b6 = 0 and the element Y = dFE,
isin a3 or d = 0 and the element Y = bFE; is in a;. Finally, if b = d = 0 with
B4 # 0, then for the element Y = cE3 + eF5 € Cs the condition ce = 0
holds. Hence we have either ¢ = 0 and the element Y = eFE5isinasore =10
and the element Y = cFj is in 4,. This proves the conditions for the set Cg.
If f = e = 0, then from the third and fourth equations of (2.33) we obtain
that ad = 0 = ac. The case a = 0 = f = e is discussed above. In the case
d=c=0=f = eanyvector Y = al; + DE; is geodesic because it lies
in 4. The intersection Cg N Cj is empty, because for any element of Cg one
has b = ¢ = 0 and any element of Cj one gets f = 0. Hence the set of the
geodesic vectors of (ng17(cv, 55), (., .)) is shown.

In the case of the metric Lie algebra (ng 15(c, 5;), (., .)) the system (2.33)
of equations is satisfied with a; = 0. Therefore we obtain that af = 0 =
ae = ad = ac. The case f = e = d = ¢ = 0 is discussed above. In the
case a = 0 the vector Y = bFy + cFE3 + dE, + eE5 + fEg is geodesic of
(ng,18(0, B;), (., .)) precisely if it lies in the set

?9 I:{bEQ + CE3 + dE4 + €E5 + fE6 : b(OqC + 61d + 626 + ﬁgf)
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+ c(aad + Bye + B5f) + d(ase + Bsf) + easf =0, b,c,d, e, f € R}.

Ifb = ¢ = d = 0, then the element Y = eF5 + fE; € Cy satisfies the
condition ayef = 0. Since ay # 0 we obtain that either ¢ = 0 and the
element Y = fFEgisin (, or f = 0 and the element Y = eFs is in a4. If
b=c= f =0, then for the element Y = dE, + eF5; € Cy the condition
aszde = 0 holds. Since a3 # 0 we receive that either d = 0 and the element
Y =eFs5isinay,ore = 0and theelementY = dFE isinas. lfd =e = f =0,
then for the element Y = bE, 4 cE5 € Cy the condition o be = 0 is satisfied.
As ay # 0 we get either b = 0 and the element Y = cFj5isinas, or ¢ = 0
and the element Y = bFs is in a;. In the case b = ¢ = e = 0 with G5 # 0,
for the element Y = dE, + fEs € Cy the condition df = 0 holds. Hence
we have either d = 0 and the element Y = fFsisin (, or f = 0 and the
element Y = dFE,isinas. If c = d = f = 0 with Sy # 0, then for the
element Y = bE, + eE5 € Cy the condition be = 0 holds. Therefore we get
either b = 0 and the element Y = eFs is in a4, or ¢ = 0 and the element
Y = bE, is in a;. Finally, if c = d = e = 0 with 3 # 0, then for the element
Y = bE,+ fEg € Cg the condition bf = 0 holds. It follows that either b = 0
and the element Y = fFEgisin (, or f = 0 and the element Y = bFE) is in a;.
This shows the conditions for the set Cy. Hence Theorem 2.25 is proved. [

2.4 Flattotally geodesic subalgebras of 6-dimensional fil-
iform metric Lie algebras

In this section, we describe the flat totally geodesic subalgebras of the 6-
dimensional filiform metric Lie algebras. As any non-zero vector in U}_;a; U(
is geodesic, we focus on the study of subalgebras not belonging to U?_,a; U(.
Since any non-zero geodesic vector Y generates a 1-dimensional flat totally
geodesic subalgebra {tY,¢ € R}, here we wish to find totally geodesic sub-
algebras of dimension greater than 1.
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2.4.1 Metric Lie algebras corresponding to non-standard filiform Lie
algebras

In this subsection, we deal with the filiform metric Lie algebras ng 14(c;, 3;),
n,15( v, 5j), n6,16(ai7 53') and ng 17(a;, Bj)-
We introduce the following theorem.

Theorem 2.26. The flat totally geodesic subalgebras of the non-standard fili-
form metric Lie algebras ng ;,(v;, B;), k = 14,15, 16, 17 have dimension at most
2.

To prove Theorem 2.26 we characterize the flat totally geodesic subal-
gebras of the filiform metric Lie algebras ng (v, 5;), k = 14, 15,16, 17, as
follows:

Theorem 2.27. Let (ng 14(cv, 3;), (., .)) be the metric Lie algebra defined on E°
by the commutators (2.4). The flat totally geodesic subalgebras of dimension > 1
in the metric Lie algebra (ng 14(cvi, 5;), (., .)) are the 2-dimensional subalgebras:

1. by = span(E4, Es) in the case B3 = 4 = 5 = 0,
2. b3 = span(FEs, E,) in the case f; = 7 = 0.

Theorem 2.28. Let (ng15(cv, 5;), (.,.)) be the metric Lie algebra defined on
E® by the commutators (2.7). Then the unique flat totally geodesic subalgebra
of dimension > 1 in (ng 15(cv, B;), (., .)) is g = span(Es, Eg) in the case 5 =
pr = 0.

Theorem 2.29. Let (ng16(v, 3;), (., .)) be the metric Lie algebra defined on E°
by the commutators (2.10). The flat totally geodesic subalgebras of dimension
> 1in (ng16(cu, 55), (., )) are the 2-dimensional subalgebras:

1. by = span(E; — EQ, E¢) in the case B3 = 0, 4 = ’53—57 and (35 = 'Bg—fs,

2. b3 = span(Fy + gzzlE (ﬁ + BZZ‘;Z”)EE,, E4) if and only if for
a;, B, 1 =1, 2 3,4,7 =1, 2 8 the equation
aq)? a a L« a
( 1) 58+<ﬁ1+58 1)(_@+ 5821 ( 351+ 258)>:0 (2.34)
30y 30y az  (a3)’ay o oy

holds,
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3. b5 = span(Es, E5) in the case azoy 1 + asayfs = 0,

4. bog = span(Ey + k1 Ey + koEs, Es + 1 Ey + 5 E5) if and only if the

equations

Qs
Br + 11 8s + laay + k4 ;4 =0,
1

Biky + Boka + kiasks =0,

06351 i 06258

651 Oy

agly — ( )l2 + lhiasly; = 07

04351 i 04258

a7 Oy

ag + fily + Balo + asky — ( Vka 4 as(kila 4 l1ke) = 0

are satisfied.

Theorem 2.30. Let (ng17(cy, 5;),(.,.)) be the metric Lie algebra defined on
E® by the commutators (2.13) and (2.14). The flat totally geodesic subalgebras
of dimension > 1 in (ng17(cv, 5;), (., .)) are the 2-dimensional subalgebras:

1. b3 = span(Ey — 51’;—‘;3]‘;2153 + koFs, Ey), where ks is a solution of the
equation

azBuks + (araz + 1By — awfe)ky + a1 By = 0, (2.35)

2. b5 = span(E3, FEjs) in the case f, = 0,

SN

. br = span(Ey — $2Fs, Es) in the case 5 = 0,

4. bg = span (E,, Eg) in the case g = 0,

5. b1y = span(Es + k1 B3 — BQZ—?MEZ;, Es), where ky is a solution of the
equation

a2 Bukt + (B1Bs + azfa — araz)ky + 152 = 0, (2.36)

(o)

. b5 = span(E3 — 2 Es, E4) in the case B, = 0.
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Proof of Theorems 2.27, 2.28, 2.29, 2.30

We need the following Lemmas.

Lemma 2.31. There does not exist any flat totally geodesic subalgebra of the
6-dimensional filiform metric Lie algebras containing the element E5+1Eg with

1 0.

Proof. The vector Y = FE5 + [Eg, | € R, is geodesic in a metric Lie al-
gebra ng (v, B;), k = 14,---,18, if and only if for all X € ng (v, 5;),
k = 14,---,18, one has ([X,Y],Y) = 0 (cf. (2.2)). Applying the commu-
tators (2.4) in the case of the metric Lie algebras ng 14(v;, 5;), respectively
(2.10) for the metric Lie algebras ng 16(cv;, 3;) we obtain that ([Ey, Y], Y) =
(ayFg,Y) = a4l = 0. Using the commutators (2.7) in the case of the met-
ric Lie algebras ng15(c;, 3;), respectively (2.13) for the metric Lie algebras
n6717<051', 5J> and nﬁ,lg(()éi, 6]) we receive that <[E1, Y], Y) = <Oé4E6, Y> =
ayl = 0. Since oy # 0 these imply that [ = 0. Hence from Lemma 2.5 follows
the assertion. O

Lemma 2.32. There does not exist any flat totally geodesic subalgebra of the
metric Lie algebras ngy(cv, 5;), k = 14,16, 17, which contains the element
Y = E3 + k1E4 + /{ZQE5 + /{33E6, kl, ]{527 k?g S R, with k?g 7£ 0.

Proof. According to (2.2) the vector Y = E5 + k1 Ey + ko Es + ks Eg, k; € R,
i = 1,2,3, is geodesic in a metric Lie algebra ng (o, 5;), k = 14,16, 17,
precisely if for all X € ng (i, 5;), b = 14,16, 17, we get ([X,Y].Y) =
0. In ng 14(cy, 5;), respectively in ng17(c;, §;) one has ([E4,Y],Y) = asks,
respectively ([E»,Y],Y) = asks. Moreover one gets ([Ey,Y],Y) = %22k,
in ng 16(cv, ;). As asauas # 0 we obtain that k3 = 0. Using Lemma 2.5 the
assertion follows. [

Lemma 2.33. The element E,+mE5+1Eg, m,l € R, is geodesic in the metric
Lie algebras ng (v, B;), k = 14, 15,16, if and only if one hasm = [ = 0.

Proof. According to (2.2) the non-zero vector Y = Ey+mE;+1Eg, m,l € R,
is geodesic in a metric Lie algebra ng (o, 5;), k = 14,15, 16, precisely if for
all X € ngp(ay,B;), k = 14,15,16, one has ([X,Y],Y) = 0. Applying
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the commutators (2.4) in the case of the metric Lie algebras ng 14(cv, 5;) we
have ([E3,Y],Y) = (—a5Eq,Y) = —asl. Using the commutators (2.7) in
the case of the metric Lie algebras ng15(q, 5;) we receive ([E2,Y],Y) =
(a5 F6,Y) = asl. Taking into account the commutators (2.10) of the metric
Lie algebras 16 16(cv;, 3;) we obtain ([E3, Y], Y) = (—9% L, V) = —<aa],
Since asasas # 0 we get that [ = 0. Taking this into account we obtain
<[E17 E4 —|—mE5], E4 +mE5> = O‘é—j%m in 1’16714(0[1‘7 /Bj), <[E1, E4 +mE5]7 E4+
mEs) = agm in ng (o, B), k = 15,16. As ajazas # 0 we obtain m = 0.
Since F, € a3 it is a geodesic vector which proves the assertion. O]

Lemma 2.34. There does not exist any flat totally geodesic subalgebra of the 6-
dimensional filiform metric Lie algebras ng (v, 5;), k = 14,15, 16, 17, which
contains the vector Y = Fy + b1 E3 + by Ey + b3 Es + byEg with by # 0.

Proof. Using (2.2) the vector Y = Fo+b1 F3+boEy+b3FEs+byFs, b € R, i =
1,2, 3,4, is geodesic in a metric Lie algebra ng 5 (;, 5;), k = 14,15,16, 17, if
and only ifforall X € ng (v, 5;), k = 14, 15,16, 17, we obtain ([X, Y], Y) =
0. Since one has ([E5,Y],Y) = —auby € ngp(ay, 5;),k = 14,16, and
([E1,Y],Y) = —asby € ng15(0, 5;), as well as ([E3,Y],Y) = —asby €
ne17(c;, B;) we receive that by = 0. Hence from Lemma 2.5 follows the as-
sertion. L]

Lemma 2.35. The vector Fy + k1FEo + koFEs + ksEy + kyFEs, k; € R, i =
1,2, 3,4, is geodesic in a 6-dimensional filiform metric Lie algebra g (v;, 5;),
k = 14,15,16,17,18, if and only if we have ko = ks = k4 = 0. Moreover,
the vector Fy + k1 Fy + Fg, k1 € R, is not a geodesic vector in the metric Lie
algebras g (o, 5;), k = 15,17, 18.

Proof. Applying (2.2) the vector Y = Fy + k1 Fs + koFs + ksFEy + kaFs is
geodesic in a metric Lie algebra ng j,(ov;, 5;), k = 14,15,16,17, 18, if and only
if for all X € ng (i, B5), k = 14,15,16,17, 18, we obtain ([X,Y],Y) = 0.
We have ([Ey, Y],Y) = —%1%ky in ng 1y, ;) as well as ([E4,Y],Y) =
—asky in ng (v, 5;), k = 15,16,17,18. Since cyazaz # 0 the claim (2.2)
gives that k4 = 0. Using this we obtain ([E3,Y],Y) = —asks in ng 4 (v, 5;),
k = 14,15,16,17,18. As ay # 0 we obtain from (2.2) that k3 = 0. Tak-
ing this into account we receive ([Ey, Y], Y) = —aqks in ng (v, ;). k =
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14,15,16, 17, 18. Because of oy # 0 it follows from (2.2) that k; = 0. This
proves the first assertion. As ([Es, By + k1Es + Eg|, By + k1Fy + Eg) =
—oy # 0inng g (ay, B;), k = 15,17, 18, we obtain a contradiction to (2.2) and
the second assertion is proved. [

Now we proof the following:

Proof of Theorem 2.27. Inview of Proposition 2.7 any flat totally geodesic sub-
algebra of metric Lie algebra (ng14(c, 5;), (.,.)) has dimension at most 3.
Hence firstly we determine the 2- and 3-dimensional abelian subalgebras of
the Lie algebra ng 14(cvy, 5;).

The 2-dimensional abelian subalgebras of ng 14(c;, 3;) are:

b1 = span(E) + koEs + ksEy + kyEg,  Es + 11 Eg),

ho = span(E) + k1 By + koFs + ksEy + k4 E5,  FEg),

hs = span(Ey + k1 Es + koFs + ksFg, FEyi+ 1 E5 + 15Fp)
with 7 + Loy — k1as = 0,

f) = span(FEy + k1 E3 + ko Ey + ksEs,  Eg), (237)

span(E3 + k1 Ey+ koFs, Es+ 11 Eg),

an(Es + k1 Ey + koFs,  Eg),

[77 = span(E4 +s1Eg, Es+11FEs),

hs = span(E, + 1 E5, Eg),

ho = span(Es, Eg),

whereas the 3-dimensional abelian subalgebras of ng 14(c;, 3;) are:
hio = span(Ey + koEs + ksEy, Es, Eg),
b1 = span(Bs + k1 By, Es, Eg),
bi2 =span(Ey, Es, Eg), (2.38)
his = span(Ey + k Es + koEs,  Ey+ 11 Es,  Ejg)
with 87 + liay — ks = 0,

where £y, ko, k3, k4, 11,102,517 € R. According to Lemma 2.31 the subalgebras
B9, 10, h11, and b5 are not flat totally geodesic because they contain the vec-
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tor I5 + Es. Therefore the subalgebras by, b1, 11, h12 are excluded. Because
the vector Y = E; + [1E5 + Es € bg N b3 is not geodesic (see Lemma
2.33) the subalgebras hs and b3 are not flat totally geodesic (cf. Lemma
2.4). Hence the subalgebras hs, b3 are excluded, too. Since the subalge-
bra b, contains the vector Fy + ki F3 + ko gy + ksE5 + Eg by Lemma 2.34
it is not flat totally geodesic. Hence b, is excluded. Since the element Y =
Es+ k1 Ey+ ko Es + Eg € bg is not geodesic (cf. Lemma 2.32) the subalgebra
be is not flat totally geodesic and hence it is excluded.

By the proof of Lemma 2.31 the vector Y = E5 +[1Eg € b1 N hs N by is
geodesic if and only if /; = 0.

We treat the subalgebra b;. The vector Fy + koFs + ksEy + kyEg € by
is geodesic if and only if for b = e = 0,a = 1,¢ = ko, d = ks, f = k4 the
system (2.19) of equations is satisfied. From the second equation of (2.19) we
receive

ka(Bs — aska) = 0. (2.39)

Furthermore, the element E; + ko E's + ks By + k4 Eg + E5 € by is geodesic if
and only if for b = 0,a = e = 1,¢c = ko, d = k3, f = k4 the system (2.19) of
equations holds. The second equation of (2.19) gives

Q105

+ ka(Bs — askz) = 0. (2.40)
Qy

a1as

Taking into account (2.39), equation (2.40) yields the contradiction AL =
0. Hence the subalgebra h; is not flat totally geodesic and therefore it is
excluded.

Next we consider the subalgebra bs5. The vector Es + ki Ey+ ko E € b5 is
geodesic if and only if fora =b =e = 0,c = 1,d = ky, f = ko, the system
(2.19) of equations holds. From Lemma 2.32 one obtains k; = f = 0. Using
this the fifth equation of (2.19) gives ask; = 0. Since as # 0 we receive
k1 = 0. But the vector Y = E3 4+ E5 € b5 is not geodesic because one has
([E2,Y],Y) = a3 # 0. Therefore the subalgebra b5 is excluded, too.

We deal with the subalgebra b;. By Lemma 2.33 the element F, + s, g €
b7 is geodesic if and only if s; = 0. But in this case the vector Y = E,; 4 E5 €
b7 is not geodesic (see Lemma 2.33). Hence the subalgebra b7 is excluded.
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Now we treat the subalgebra hy. The vector £y + ki Es + ko B3 + ks By +
kysEs € bs is geodesic if and only if ks = ks = k4 = 0 (see Lemma 2.35).
The element £ + k1 Ey + Eg € bs is geodesic if and only if for e = ¢ =
d =0,a = f = 1,b = k; the system (2.19) of equations holds. From the
first equation of (2.19) one has ayk; = 0. This implies that k; = 0 since
ay # 0. Additionally, the vector Ey + Eg € b is geodesic if and only if for

=c=d=-e=0,a = f =1 the system (2.19) of equations is satisfied.
From the second, third, and fourth equations we get 55 = 0, 5, = 0, and
(B3 = 0. Hence the assertion (1) of Theorem 2.27 follows.

Finally we consider the subalgebra h3. The vector Ey + ki F5 + ko Fs +
ksEg € bs is geodesic if and only if fora = d = 0,b = 1,¢c = kj,e =
ko, | = ks the system (2.19) of equations holds. In view of Lemma 2.34, one
has k3 = f = 0. Using this from the third equation of (2.19) we obtain
agks = 0. As a3 # 0 we receive ko = e = 0. Applying this the fifth equation
of (2.19) gives ayk; = 0. Since ay # 0 this yields k&; = ¢ = 0. The element
E,+ 1L Es+1,Es € hsis geodesicifand onlyiffora =b=c=0,d=1,e =
ly, f = l5 the system (2.19) of equations is satisfied. According to Lemma 2.33
we receive that [; = [, = 0. In addition, the vector Fy + E, € b3 is geodesic
ifand only if fora = ¢ = f = 0,b = d = 1 the system (2.19) of equations
holds. The fifth equation of (2.19) gives 8; = 0. Taking into account the
condition for the subalgebra h3 to be abelian, when [; = k; = 0 we receive
that 8; = 0. Therefore the case (2) of Theorem 2.27 is shown. This proves
Theorem 2.27. O

Proof of Theorem 2.28. In view of Proposition 2.7, the dimension of the flat
totally geodesic subalgebras of (ng 15(c;, 3;), (., .)) is at most 3. Hence firstly
we determine the 2- and 3-dimensional abelian subalgebras in the Lie algebra

n6,15(06i, 5;‘)-

The 2-dimensional and the 3-dimensional abelian subalgebras of Lie al-
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gebra ng 15(ay;, B;) are:

f)z; bas b5, be, b7, bs, b in (2.37), b1y and byo in (2.38),
= span(FEy + k1 E3 + ko Fy + k3Eg,  Es + 11 Eg),

b15 = span(Es + k1 Es + koFg, Ey+ 11 E5 + [9Eyg), (2.41)

hie = span(Fs3 + k1 Es, Ey+ L4 Es, Eg),

bi7 = span(By + ks + ko By, Es,  Eg),

(

bis = span(fs + kB, Ey+ s1Es,  Es+ 11 Eg),

where ki, ko, k3, 11,12, 51 € R. According to Lemmas 2.31, 2.33, the subalge-
bras bg, b, b11, b12, h16 and b7 are excluded. The vector F + ki Fs + ko E3 +
ksEy + k4FEs € by is geodesic if and only if ks = k3 = k4 = 0 (see Lemma
2.35). But the vector Y = F + k1 Ey + Eg € b, is not geodesic (see Lemma
2.35). Therefore the subalgebra b, is not flat totally geodesic (cf. Lemma 2.5)
and hence it is excluded. The subalgebra h, is not flat totally geodesic since
it contains the vector Fs + k1 E3 + ko g + ks s + Fg € by (see Lemma 2.34).
Hence the subalgebra b, is excluded.

Using the proof of Lemma 2.31 the vector E5 + 11 Fg € hs N by N B4 N by
is geodesic if and only if [; = 0. The vector E, + s1Eg € h7 M h1g is geodesic
precisely if one has s; = 0 (see the proof of Lemma 2.33). Using this it follows
from the proof of Lemma 2.33 that the vector £, + E5 € b7 N hig is not
geodesic. Hence the subalgebras b7, ;5 are excluded, too.

Next we consider the subalgebra b5. The element E3 + ki Ey + ko Eg € b
is geodesic if and only if fora =b=e=0,c = 1,d = ky, f = k; the system
(2.27) of equations is satisfied. The fourth equation gives

Brks + askiks = 0. (2.42)
In addition, the vector Es + k1 Ey + ko Eg + E5 € b5 is geodesic if and only

iffora =0=0,c=e=1,d= ki, f = ko the system (2.27) of equations
holds. The fourth equation of (2.27) yields

Qolly

+ /87]1’2 + OZ5]<31]<32 =0. (2.43)
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Comparing (2.42) with (2.43) we obtain the contradiction “2*> = (. Hence
the vector E's + k1 Ey + ko Eg + E5 € b5 is not geodesic and the subalgebra
b5 is excluded.

Now we treat the subalgebra hy4. The element Y = E5 + k1 F5 + ko Ey +
ksE¢+ E5 € h1yis geodesicifand onlyiffora =0,b=e =1,c = ki, d = ko,
f = k3 the system (2.27) of equations is satisfied. From Lemma 2.34 we get
ks = 0 = f. Using this the third equation of (2.27) yields the contradiction
O‘;—T’ = 0. Hence the vector Fy + k1E3 + koEy + ksEg + E5 € by is not
geodesic, which excludes the subalgebra b, (cf. Lemma 2.5).

Next we treat the subalgebra hy5. The vector Ey + [ E5 + [;Eg € b5 is
geodesic if and only if [ = l5 = 0 (cf. Lemma 2.33). The element F5+ ki E5+
koEg € b15is geodesiciffora =b=d =0,c=1,e = ky, f = k the system
(2.27) of equations is satisfied. From the fourth and fifth equations of (2.27)

we get
Q205

” k1 + Brka = 0, Baki + Bsko + agkiks = 0. (2.44)
4

The vector F5+ Ey+k Es+kyFg € b5 is geodesic precisely if fora = b = 0,
c=d=1,e =k, f = ky the system (2.27) of equations is valid. From the
fourth equation of (2.27) one has

05187

k?l + 57162 + (15]{?2 = 0. (245)

Comparing it with the first equation of (2.44) we obtain asky = 0. Since
a5 # 0 one gets ky = 0. Using this from (2.45) we receive that also k1 = 0. But
the vector Y = E5+ Ej € b5 is not geodesic because ([E1,Y],Y) = ay # 0
which is a contradiction to (2.2). Therefore the subalgebra b5 is excluded.

Finally we treat the subalgebra hg. The element F5 + ki FEy + ko Fs € bg
is geodesic if and only if the system (2.27) of equations are satisfied for a =
b=f=0,¢c=1,d = ky, e = ko. From the fourth and fifth equations of
(2.27) we obtain

[65)0%3

/{32 = O, OéQk?l + 64]{72 + /{310(3]{72 =0.

Oy

As asas # 0 we get ky = k; = 0. Using this the vector F5 + Fj lies in bg.
Moreover, it is geodesic precisely if fora = b =d =e =0,c = f = 1 the
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system (2.27) is valid. From the fourth and fifth equations of (2.27) we receive
f7 = Bs = 0. Therefore the subalgebra hs = span(Fjs, Es) is flat totally
geodesic in the case 5 = ;7 = 0. Hence Theorem 2.28 is proved. O]

Proof of Theorem 2.29. According to Proposition 2.7 any totally geodesic sub-
algebra b of metric Lie algebra (ng16(cv, 55), (., .)) has dimension less than
or equal to 3. Firstly we determine the 2- and the 3-dimensional abelian sub-
algebras of the Lie algebra ng 15(cv;, ;).

The 2-dimensional and the 3-dimensional abelian subalgebras of Lie al-
gebra ng 16(a;, 3;) are:

. a3 .
b2, bs with 8g + l1oy — Ky Z 2 =0, ba, b5, b, by, bs , bo in (2.37),
1
. Qs )
b11, b1z, b1z with S5 + Loy — Fy Z 1 =0, in (2.38),
1

h19 = span(E1 + klEQ + kgEg + k3E4 + ]C4E6, E5 + Z1E6)

with /{71 = -,

Oy

hgo = span(EQ + k1E4 + k2E5 + k3E6, E3 =+ Z1E4 —|— l2E5 —|— lgEG)

with 67 + llﬁg + lQOé4 + k?l 05(3;044 == 0,

1

ho1 = span(Ey + ki Ey + koBs + ksEy, Es, Eg) with 85 + kjay = 0,
h22 = Span(E2 + h1E4 + h2E5, E3 + k1E4 + k2E5, E@')
a3ty 0

with 87 + k18 + kaay + Iy

g
(2.46)

where ]’Ll, hg, ]{51, ]{52, 1{33, ]{?4, ll, lg, l3 S R. The subalgebras bg, hg, f)u, 612, 621
and hq3 are excluded (see Lemmas 2.31, 2.33). Since the vector Y = F3 +
k1Ey+ ko Es+ Eg € b MNbhag is not geodesic (cf. Lemma 2.32) the subalgebras
b and hao are not flat totally geodesic. The subalgebra b, is not flat totally
geodesic because the vector Fy+ky Fs+ko By +ks Es+ Eg € by is not geodesic
(see Lemma 2.34). The subalgebra b3 is not flat totally geodesic because the
vector By + [ E4 + Eg € b3 is not geodesic (see Lemma 2.33).
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We treat the subalgebra hs. The vector By + k1 Eo+ ko Es+ksEy+kyEs €
b is geodesic if and only if ks = ks = k4 = 0 (cf. Lemma 2.35). Using this
the vector Fy + k1 Es + Egs € by is geodesic if and only if for a = 1,0 =
ki1,c =d =e=0,f =1 the system (2.31) is valid. From the first equation
of (2.31) we receive that k; = —g—j. Using this it follows from the second

equation of (2.31) that 35 = BeBs \whereas from the third equation of (2.31)

[e %]
that 5, = 52—57 From the fourth equation of (2.31) we obtain that 53 = 0.
This proves case (1) of the Theorem 2.29.
Here we treat the subalgebra h3. The vector Fy + [ F5 + [oFEg € b3 is
geodesic precisely if [; = [, = 0 (see Lemma 2.33). Using this, from the
Q3o

condition g + lyoy — Ky = 0 to be abelian the subalgebra 3 we receive

that k; = % The element Ey + k1 E5 + ko Es + ksEs € bs is geodesic if
and only if fora =d = 0,0 =1, ¢c = k1, e = ko, f = k3 the system (2.31)
of equations holds. From the first equation of (2.31) we have k3ay = 0. As
ay # 0 it follows that f = k3 = 0. Using this the fifth equation of (2.31)

yields

asf I o f3g
aq Y

The element Fy+ky Es+koE5+E, € b3 is geodesic precisely iffora = f = 0,

b=d=1,c= ky, e = ko the system (2.31) of equations is valid. From the

fifth equation of (2.31) we obtain

Oélk'l + ﬂzkz - ]ﬁkz( ) =0. (2.47)

03/81 4 azﬁs

aq Qay

arky + 01+ Boka + ki (Oé2 —( )k’g) + azky = 0. (2.48)

Taking into account equation (2.47), equation (2.48) reduces to
B1 + ko + azks = 0. (2.49)

Putting the expression for k; into (2.49) we obtain that ko = —(%3 (51 +%)
Substituting the expressions of k; and £, into (2.47) for the parameters «;, (3,
i=1,2,3,4,j = 1,2,8 of the filiform metric Lie algebra (ng 15(cv:, 3;), (., .))
we obtain equation (2.34). This proves case (2) of Theorem 2.29.

The vector E5 + 1 Fs € b5 N by N big is geodesic if and only if [} =

0 (see proof of Lemma 2.31). We deal with the subalgebra ;. The vector
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Es + k1 Ey + ko Eg € b5 is geodesic if and only if fora = b =¢ =0, ¢ = 1,
d = ki, [ = ks the system (2.31) of equations holds. The second, fourth and
fiftth equations yield

Q304

ks

o 0, Fko(Br+Fk1Bs) =0, oki+ Biky + kifsky = 0.

As % # 0, ay # 0 we receive that ks = k; = 0. The vector E3 + E5 € b
is geodesic if and only if fora = b =d = f = 0, ¢ = e = 1, the system
(2.31) of equations is satisfied. The fifth equation gives a;—ﬂl + 0‘26 & = 0.
Hence the subalgebra h5 = span(F3, F5) is flat totally geodesic if and only if
asayfy + asaq fs = 0. This proves the case (3) in Theorem 2.29.

Next we deal with the subalgebra h;. By Lemma 2.33 the vector EF; +
s1Eg € by is geodesic if and only if one has s; = 0. But in this case the vector
E; + E5 € by is not geodesic (see Lemma 2.33). Therefore the subalgebra b
is not flat totally geodesic.

In what follows, we consider the subalgebra 9. The vector E + ki Es +
koFEs + ksEy + k4Eg € byg is geodesic if and only if for a = 1,e = 0,
b=~k = ’86 ,c = ko,d = ks, f = k4 the equations (2.31) holds. The second
equation of (2 31) gives

k4(Bs + Bsky —

Furthermore, the element E1 + E5 + k1E2 + k2E3 + k3E4 + ]{74E6 € [)19 is
geodesicifand onlyiffora =1,e=1,0 =k = —& c=ko,d=ks, f =Fk4
the system (2.31) of equations is valid. From the second equation of (2.31) one

has

30y

k) = 0. (2.50)

(651

Q30

g + ka(Bs + Bek1 — ko) = 0. (2.51)

Comparing (2.51) with (2.50) we obtain the contrad1ct1on as = 0, which ex-
cludes the subalgebra bq.

Finally, we consider the subalgebra hy. The element Es + k1 Ey + ko E5 +
ksFEg € by is geodesicifand only iffora = c = 0,0 =1,d = kj,e = ko, f =
ks the system (2.31) of equations holds. By Lemma 2.34 one gets f = k3 = 0.
Applying this the fifth equation of (2.31) gives

Bik1 + Baka + krazks = 0. (2.52)
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The vector Fs + [1Ey + loFs + l[3Eg € by is geodesic if and only if for
a=b=0,c=1d = 1l1,e = ly, f = l3 the system (2.31) of equations is
satisfied. It follows from the second equation of (2.31) that #2*+/; = 0. Since
424 2£ 0 we receive [ = [3 = 0. Using this the fifth equation of (2.31) gives

agly — (04351 X aof3s

)lg + llaglg =0. (2.53)
Qi Qg

Let us consider the vector Fy + E3 + (k1 + 11)Ey + (k2 + l2) E5 € bog. Tt is
geodesicifand only fora = f =0,b=c=1,d = ky + l1,e = ko + 5 the
system (2.31) of equations is valid. From the fifth equation of (2.31) one has

ar + Pi(ks + 1) + Ba(ke + 1o) + sk + 1)

_(04351 &258)(k2 i l2) X (kl n ll)ag(kg n l2) —0 (2.54)

_l_
aq Oy

Taking into account (2.52) and (2.53), equation (2.54) reduces to

3 (0%
B 4 238
Qg Oy

a1 + Bili + Pala + agky — ( )kz + az(kily + likz) = 0.
Therefore the subalgebra by is flat totally geodesic if and only if it satisfies the
conditions of the case (4) in Theorem 2.29. Thus Theorem 2.29 is shown. [

Proof of Theorem 2.30. The Lie algebra n in Theorem 2.8 is isomorphic to the
Lie algebra [ 17 in (2.3) since the map Fy — Ey, F; — —FE;,i =1,3,4,5,6,is
an isomorphism n — [g 17. Hence the metric Lie algebra (ng 17(cv;, 5;), (., .))
does not have a totally geodesic subalgebra of dimension greater than 2 (cf.
Theorem 2.8). Therefore one needs to compute only the 2-dimensional abelian
subalgebras in the Lie algebra ng 17(cy;, ;). These subalgebras are:

h?a [)37 h47 {)57 hﬁv h? ) f)87 h9 in (237)7 and h147 bl5 in (241)7

According to Lemma 2.31, the subalgebra by is not flat totally geodesic be-
cause it contains the vector Y = FE5 + L. Hence the subalgebra fg is ex-
cluded. By Lemma 2.35 the vector Y = E +ky Eo+ko Fs+ksEy+kyEs € bais
geodesic precisely if by = k3 = k4 = 0. But the vector Y = Ey + k1 Ey+ Eg €
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b2 is not geodesic (cf. Lemma 2.35). By Lemma 2.5, the subalgebra b, is not flat
totally geodesic and it is excluded, too. According to Lemma 2.34 the vector
Y = Es+ ki Es+ ko Ey+ ksEs + Eg € by is not geodesic, which excludes the
subalgebra b, (cf. Lemma 2.5). Since the vector Y = Es+kEy+ ko Es+ Eg €
be is not geodesic the subalgebra fg is not flat totally geodesic (see Lemma
2.32).

Next we deal with the subalgebra 3. The vector Y = E, 41 E5+ [, Eg €
b3 is geodesic if and only if fora = b = ¢ = 0,d = 1,e = [1, f = [, the
system (2.33) of equations is satisfied. The fifth equation of (2.33) yields

Oégll + 56l2 + llOé4l2 =0. (2.55)

The element Fy + ki1 E3 + ko Es + k3Eg € b3 is geodesic if and only if for
a=d=0,b=1,¢c=ky,e =ky, [f = ks the system (2.33) of equation is
valid. From the third equation of (2.33) one has azk; = 0. As a5 # 0 we
receive k3 = f = 0. Using this the fifth equation of (2.33) gives

Oélkl + ﬁgkfg -+ k1ﬁ4k2 =0. (2.56)

Additionally, the vector Fy+ Ey+ ki Es+ (ko +11) E5 + [oEg € b3 is geodesic
precisely if fora = 0,b=d =1,c = ky,e = ko + 11, f = [5 the system (2.33)
of equations holds. The third equation of (2.33) gives aly = 0. Since a # 0
we get [; = f = 0. Using this from the equation (2.55) we get asl; = 0. As
ag # 0 we obtain [; = e = 0, and from the fifth equation of (2.33) we obtain

Oélkl + 51 + /BQkQ + klOéQ + k164l€2 + Oégkz =0. (2.57)
Applying (2.56), equation (2.57) reduces to
61 + OZQkZl + OZ3]€2 =0.

The above equation gives k; = —612—5;3]“2. Putting this expression into (2.56)
we receive the second order equation (2.35). Hence the case (1) of Theorem
2.30 is proved.

The vector Fs + 1 Eg € hs N h7 M1y is geodesic if and only if {; = 0 (see
proof of Lemma 2.31).
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In what follows we treat the subalgebra hs. The element F5 + ki E, +
koEg € b5 is geodesic if and only if fora =b=e=0,c=1,d =k, f = ks
the system (2.33) of equations is satisfied. From Lemma 2.32 we get ky =
f = 0. Using this the fifth equation of (2.33) gives ayk; = 0. Since as # 0
we obtain k; = 0. The vector £'3 + L5 € b5 is geodesic precisely if for
a=b=d=f=0,c=e =1, the system (2.33) of equations holds. From
the fifth equation of (2.33) we get 3, = 0. This gives the case (2) of Theorem
2.30.

Now, we consider the subalgebra h;. The vector Y = E, + s1Fs € by is
geodesic precisely if fora = b =c=e =0,d = 1, f = s, the equations
(2.33) are satisfied. From the fifth equation we obtain

Bes1 = 0. (2.58)

Furthermore, the element F; + 51 Eg + E5 € by is geodesic if and only if for
a=b=c=0,d=e=1,f = s; the system (2.33) of equations is valid. It
follows from the fifth equation of (2.33) that

az + Bgs1 + asgs; = 0. (2.59)
Taking into account (2.58), equation (2.59) reduces to
Q3 + ys1 = 0. (260)

The equation (2.60) gives s; = —52. Putting this expression into (2.58) one
has g = 0. Therefore the case (3) of Theorem 2.30 is proved.

We treat the subalgebra hs. The vector £y + [1E5 € bhg is geodesic if
and only if fora = b =c = f = 0,d = 1, e = [; the system (2.33) of
equations is valid. It follows from the fifth equation of (2.33) that a3l; = 0.
As a3 # 0 we get [y = 0. The vector E; + Eg € bg is geodesic precisely if for
a=b=c=e=0,d= f =1 the system (2.33) of equations holds. The fifth
equation gives 3 = 0. Therefore the case (4) of Theorem 2.30 is shown.

Here we consider the subalgebra 4. The element Fy + ki Es + ko Ey +
ksEg € b4 is geodesic precisely if fora =e =0,b=1,c =k, d =ky, [ =
k3 the system (2.33) of equations holds. From Lemma 2.34 it follows that
ks = 0 = f. Using this the fifth equation of (2.33) gives

041]{31 + 51]{72 + 1{31()[2]{32 = 0. (2.61)
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Moreover, the element Fs + k1 E3 + ko Ey + E5 € b4 is geodesic if and only
iffora=f=0,0=e=1,c=ky,d= ks the system (2.33) of equations is
valid. From the fifth equation of (2.33) we receive

arky + Biks + 8o + kiaoks + ki B4 + kaaiz = 0. (2.62)
Taking into account (2.61), equation (2.62) reduces to
B2 + Bak1 + azky = 0. (2.63)

From (2.63) one has ky = —622—?1“. Putting this expression into (2.61) we
receive the second order equation (2.36). Therefore the case (5) in Theorem
2.30 is proved.

Finally, we deal with the subalgebra b;5. The vector E5 + k1 E5 + ko Fg €
b5 is geodesic precisely if fora = b0 = d = 0,c = 1,e = ky, f = k; the
system (2.33) of equations holds. From Lemma 2.32 one obtains asky = 0. As
as # 0 we get ko = f = 0. Using this the fifth equation of (2.33) gives

Bakr = 0. (2.64)
In addition, the element FE3 + E; + (k1 + [1)Es + loEg € b5 is geodesic if
and only if fora = b =0,c =d =1,e = k; + l1, f = l5 the system (2.33)
of equations is valid. acoording to Lemma 2.32, we obtain I, = f = 0. Using

this from the equation (2.55) we get azly = 0. As ag # 0 we receive [; = 0,
and from the fifth equation of (2.33) yields

ag + Baky + asky = 0. (2.65)
Applying (2.64), equation (2.65) reduces to
o + ask; = 0.
From the above equation one has k; = —Z2%. Putting this expression into

(2.64) we receive that 5, = 0. This proves case (6) of Theorem 2.30. Hence
Theorem 2.30 is proved. [
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2.4.2 Metric Lie algebras corresponding to the standard filiform Lie
algebras

In this subsection, we consider the filiform metric Lie algebra ng15(c;, ;).
We prove the following result.

Theorem 2.36. Let (ng 15(cv, 3;), (., .)) be the metric Lie algebra defined on E°
by the commutators (2.13). The ﬂat totally geodesic subalgebras of dimension

i et B0 ) are

1. the 4-dimensional subalgebras

(a) haz = span(Ey — oaibg, Es,  Ey— $2Ee, Es) in the case
Bi=Ps=01= 56—0 55 2, B = 212,

(b) Yoy = span(E,, FE3— E5, E4, Eg) in the case f; = P35 =
Ba=Bs=0, 5 = 24, f = o

2. the 3-dimensional subalgebms

(a) b13 = span(Ey + k1 E3 + koEs, E4, Eg) such that one of the

following cases is satisfied:
L Bl = 3_253, /85 =
the equation
BBs(k1)? + k1(B2Bs 4 Bsfs — cnau) + BofBs = 0, (2.66)
ii, Bs # 29 | = _ asfz—aup ky = Bs(azaa—a3Bs)+Bs (Bzas—Brou)
asg

azas—aszfBs’ ay(azoy—as3fs) ’

204 ko = _BstkiBs ond ky is a solution of
3 Qg

and the equation

(aoay — a3fs) ((041044 — B384 — B235)(Bsas — Brows)
— BafBs(aray — afls) — Bafs(Paas — 51044)2> =0
(2.67)

holds,

(b) b1 = span(Es — g—§E5, E4, Eg) in the case By = [g = 0,
fs = 224,
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(c) bis = span(Es, FEy — S2Es,  Es) in the case 84 = 5 = 0,
Ps = 224,

(d) [)22 = span (E2 + 11E4 + l2E5, E3 + k1E4 + k2E5, Eg) ifand
only if the following equations

Bily + Bala + liasly = 0,

asky + Baks + k1keas = 0,

a1 + PBrk1 + Boka + asly + Bala + likeaz + kilaas = 0,
B3 + Bel1 + auly = 0,

Bs + k16 + kaay = 0

hold,

(e) bas = span(Ea+ki Es+koEg, Ez+liEs+laEe, Fits1E5+s9Es)
if and only if the following equations

Bak1 + B3ka + kiauks = 0,

Baly + Bsla + lyayly = 0,

a3s1 + Ps2 + s10452 = 0,

a1 + Baly + Bla + Paky + Bska + kilacy + likaay = 0,
B1 + Bas1 + B3s2 + azks + Beka + ki1saau + s1kaay = 0,
Qg + 481 + PBss2 + asly + Bela + l1 2y + 510204 = 0,
Bak1 + B3ka + Bali + Bsla + azsi + Besa + kise + kikaay

+ l1l2a4 + 818904 = 0

are satisfied,

(f) hgg = span (E2 + k1E4 + kQEG, Eg + Z1E4 + ZQEG, E5) ifand
only if the following equations

Brk1 + Bska + k1 fska = 0,

aoly + Bsla + 11 sl2 = 0,

ay + Bily + Bsla + aoky + Bska + kilafBs + lika B = 0,
P + aski + agky = 0,
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B4 + Oégll + oz4l2 =0

are satisfied,

(g) bso = span(FEy + k1 Es + ko Eg, Ey+ s1Eg, Es) such that one
of the following cases is satisfied:

. k .

i B = 3—353, Bs = afg“, 9 = —622—4164, $1 = —g—z and k; is a
solution of the equation (2.66)

a asfBz—aaf _ _ Be(asas—a3sfs)+Ba(Bsas—Brou)

ii. By 7& oy k= azai o;ﬁ; ko ay(azas—as3fs) ’

51 = —a—4 and the equation (2. 67) holds,

3. the 2-dimensional subalgebras

(a) b3 = span (Es + k1 E3 + ko Es + ksEg, FE4+ 11 FEs + [2Es) ifand
only if the following equations
agly + Bsla + liauly = 0,
arky + Boka + Bsks + k1 Baka + ki Bsks + kaauks = 0,
B1 + Bali + B3la + anky + k1 Baly + ki Bsla + gk
+ Beks + agkals + aygliks =0

hold,
(b) by = span(Es + ki1 Es + kyEy — %WE& Es) such that
the equation

(asks + B2 + Bak1) (k185 + ka6 + B3) (2.68)
— agaykiky — ajauky — Bragks =0
is satisfied,
(c) bs = span(Es + k1 Ey — —'8420;3’“ Es, Es), where ky is a solution
of the equation
asfs(k1)? + ki1 (asfs + Bafs — o) + Bafs = 0, (2.69)

(d) he = span(E3 + ki Ey — &Z—fﬁklE& Eg), where ky is a solution
of the equation (2.69),
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(e) b7 = span(E4 — o2 Eg, Es) in the case B = 0,

(f) bs = span(Ey, Es) in the case fg =0,

(g) []14 = span(Eg + k’lEg + k’gE4 — %WE@, E5) such that
the equation (2.68) holds,

(h) b15s = span(Es + k1 Es + ko Eg, E4+ 11 Es + [3FEg) if and only if
the following equations

Baky + Bska + kiaks =0,
asly + Bela + louly = 0,
ag + Baly + Bslo + asky + Beka + kilooy + likaoy = 0

are satisfied,

(i) bao = span(Ey+ ki By +koEs+ k3B, B3+ Ey+1:Es+13E5)
if and only if the following equations

Biky + Boka + Bsks + kiasks 4 ki Beks + kaasks = 0,
aoly + Baly + Bsls + Liagly + 11 Bsls + laoyls = 0,
aq + Bily + Bl + Bsls + asky + Baks + Bsks + kilaoss

+ l1l€2a3 + k’llgﬁ(j + l1]{?3ﬁ6 + k2l3a4 + l2l3a4 =0
(2.70)
are satisfied.

Proof. According to Proposition 1.13 b) the dimension of the flat totally geodesic
subalgebras of (ng 15(v;, 55), (., .)) is at most 4. Firstly we list the 4-dimensional,
the 3-dimensional and the 2-dimensional abelian subalgebras of the Lie alge-
bra ng 15(cv, §;) defined by the commutators (2.13).

The 2-, 3- and 4-dimensional subalgebras have one of the following forms:

b2, b3, b4, b5, b6, b7, bs, b in (2.37), b1, b2, b1z in (2.38), Bug, bis, bie, bu,
b1 in (2.41), b, hao in (2.46),

o3 = span (Ey + koFg, Es+ k1Es, FE4+s1Fs, Es+11Es),

bos = span (Ey + 51E5, Esz+kEs, Ey+0LEs, Eg),

o5 = span (Ey + k1 Ey, Es+ koFEy, FEs, Eg),
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hae = span(FEs, Ey, Es, Eg),

Bar = span(Eg,, Ey, E5, g,

hos = span (Fy + k1 Es + ko Eg, Es+ LW Es + [bFs, FEy+ s1Fs5 + soFg) ,
hoo = span (Fy + k1 Ey + koEg, FEs+ LW Ey+ 1oFEs, Es+11Es),

hso = span (Ey + k1 B3 + ko Es, FEy+ s1Es, Es+ 1 FEg),

where kq, ko, 1, (2, 51, 52 € R. By Lemma 2.35 the vector iy + ki Fy + ko s +
ksEy + kyE5 € by is geodesic precisely if ky = k3 = k4 = 0. But the vector
Y = By + k1Es + Es € by is not geodesic (cf. Lemma 2.35). According to
Lemma 2.5 the subalgebra b is not flat totally geodesic hence it is excluded.

For all elements of the remaining subalgebras we have a = 0. Since as
is missing for the metric Lie algebra (ng1s(c;, 5;), (., .)), the system (2.33) of
equations reduces to the equation

blarc+ Brd + Bae + B f) + c(aod + Bae + Bs f )+
d(ase + fsf) +easf = 0.

Acoording to Lemma 2.31, the subalgebras hss, hag, a7, 17, b11, b12, ho are
not flat totally geodesic because they contain the vector E5 + E. Hence they
are excluded. According to the proof of Lemma 2.31, the vector E5 + I Fg €
h14 N b5 is geodesic if and only if one has /; = 0.

The subalgebra b3 is totally geodesic precisely if for all Y, Z € b3 and
X € by = span(Ey, Eg — ko By — k1 E3 — s, B, — |} E5) equation (2.1) holds.
The subalgebra b, is totally geodesic if and only if for all Y, Z € by and
X € by, = span(E}, E5—s1 Ey—k1 E3—11 E4) equation (2.1) is satisfied. Since
the commutation relations of the element g — ko Fy — k1 F3 — 5154 — |1 E5
and the elements of ho3 as well as the element F5 — s1Fy — k1 F3 — |1 F4 and
the elements of hoy are zero, we may assume that X = F;. In addition, the
element X = ) lies in the orthogonal complement ;- for all subalgebras b;,
t =3, --,30. Using the equation (2.1) we receive the following:

1. ForY =Z =FEs+ 11 Eg € hgg N ng N bgo N b18 we have 2040, = 0 and
hence [; = 0.

(2.71)

2. Taking the elements Y = E;y + s1Fg, Z = F5in hag M h3o N hig we get
a3 + ay4s1 = 0 and hence s; = —z—i < 0.
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3. ForY =7 = E;+5s1Fg € hazsMNh3gNhig one has 2557 = 0 and hence

Bs = 0.
4. The elements Y = F5 + k1 Fg, Z = E4 + s1Fg in hog M by yield that

10.

Qg + 6531 + 66]{}1 = Qg — /8522—2 — (0 and hence 65 — @4 ()

a3

ForY = E5+ k1FEg, Z = E5 in hoz N bh1g we obtain 8, + a4k = 0 and

hence k| = —g—‘;.

. ForY = 7 = FE3+ k1Eg € hag N hig, one has 20551 = 0 and hence

k1:0andﬁ4:().

For the elements Y = Fy + ko Eg, Z = FEs in o3 we get o + ayky =0
and therefore ky = —g—j.

For the elements Y = FE5 + kyFg, Z = FEj3 in ho3 we receive that
oy + Bsky = aq — g—iﬁg = 0 and hence (5, = acly—‘;“ > (), moreover
ko = —9193 < (),

Qg2

. Taking the elements Y = Z = E5 + koEg € ho3 one has 283k, = 0

and hence 3 = 0.

ForY = E2+k2E6, Z = E4+81E6 0fb23 we obtain ﬁl +5381 +ﬁ6k2 =
B =0.

Taking into account (1)-(10) the subalgebra b3 is flat totally geodesic if and
onlyif 8 = B3 = B, = 36 =0, 5 = %22, By = acly—j«“‘) Hence the case (1a)
is proved.

11.

12.

13.

as ’

ForY =7 = E;+ 1 E5 € hay Nh13 N h1g we obtain that azl; = 0 and
hence [; = 0.

For the elements Y = E,, Z = Ejg of oy N h13 N b1 we receive that
Bs = 0.

Taking the elements Y = F3 + k15, Z = E4 in by N b1 one gets
s + asgky; = 0 which implies that k; = —g—i < 0.
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14. For Y = Z = E3 + k1E5 € bhoy N hig we have 5,k; = 0 and hence
By = 0.

15. For the elements Y = F3 + k1 E5, Z = FEg of hyy N b1 one obtains
Bs + ask; = 0 which yields 5 = "‘3—2‘2

16. ForY = E2+81E5, 7z = E3—|—]€1E5 in f)z4 we receive 041+52k1+ﬁ481 =
0 and hence (5 = >0

[0}

17. ForY = Z = E5 + s1E5 € by, one has s155 = 0 and hence s; = 0.
18. Taking the elements Y = FE,, Z = E, of o4 we get that 51 = 0.
19. For the elements Y = F,, Z = Ejg in by, we receive that 33 = 0.

According to (11)—(19) the subalgebra b4 is flat totally geodesic precisely if
b1 =pP3=04=0 =0, b5 = "‘;—2‘4 by = O‘;—;‘?’ Hence the assertion (1b)
follows.
Now we treat the subalgebra h3. According to (11)-(12) one has [; =
Bs = 0. The element Es + k1 E5 + ko5 € b3 is geodesic if and only if for
b=1,c=ky,e=kyd= f =0 the equation (2.71) is satisfied. This gives
the equation
Oélkl + 53]%’2 + k164l€2 =0. (2.72)

The element Fy + k1 F3 + koEs + E4 € b3 is geodesic if and only if for
b=d=1,c=ky,e=ky f =0 the equation (2.71) is valid. Using equations
(2.71) and (2.72) we receive

Bi+ kias + azks = 0. (2.73)

Furthermore, the element Fy + ki Es + ko Es + Eg € b3 is geodesic precisely
ifforb= f =1, c=ky, e = ky, d =0 the equation (2.71) holds. Taking into
account (2.72) from equation (2.71) we get

B3 + k105 + kacy = 0. (2.74)

Hence we obtain ky = —532—12155. Putting this expression of k5 into (2.73) we
receive
ki(agoy — azfs) = azBs — aufr. (2.75)
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If B5 = O‘;—‘;“*, then from (2.75) we obtain §; = 3‘—iﬁ3 and from (2.72) we get
the second order equation (2.66). This proves case 2(a)i. If 55 # a;—‘;“*, then

from (2.75) we have k; = 259519 pytting this into (2.74) we obtain ky =

agag—asfs’

_ Bs(agas—a3Bs)+B5(Bsas—Praa)
ag(azas—azfs)

(2.72) we receive equation (2.67). Hence case 2(a)ii is proved.

In what follows we address the subalgebras b4 and 5. Taking into ac-
count (1)—(6) for the subalgebra b5 and (11)-(15) for the subalgebra b it
follows from equation (2.71) that the subalgebra b5 in (2c) as well as the sub-
algebra b4 in (2b) with the conditions 8y = 5 = 0, (5 = 0‘2—‘;‘4 are flat totally
geodesic.

Now we consider the subalgebra fos. The vector Ey + [1 Ey + I3 E5 € hoo
is geodesic if and only if for b = 1,d = l;, e = l5, ¢ = f = 0 the equation
(2.71) is satisfied. This gives the equation

. Substituting the expression of k; and ks into

Bily + Balz + liasly = 0. (2.76)

The element E5 + k1 Ey + ko E5 € by is geodesic if and only if for ¢ = 1,
d = k1, e = ko, b = f = 0 the equation (2.71) holds. Hence we receive

042]{31 + B4/€2 + k1k2a3 =0. (2.77)

The vector Fy + E3 + (I + k1) Ey + (Io + k2) E5 € by is geodesic if and only
ifforb =c=1,d =10+ ki, e =1ls+ ko, f = 0 the equation (2.71) valid.
Using (2.76), (2.77) one has the following equation

ay + ik + Boka + anly + Baly + likoas + Kilaas = 0. (2.78)

The element Fy + Eg + 1 Ey + o E5 € bao is geodesic if and only if for
b=f=14d =1, e =l c= 0 the equation (2.71) is satisfied. Applying
(2.76) one gets

63 + /Bﬁll + a4l2 = 0. (2.79)
The element F3 + k1 Ey + ko5 + Eg € hoo is geodesic if and only if for
c=f=1,d= ki, e = kg, b = 0 the equation (2.71) holds. Using (2.77) we
receive

65 + klﬁﬁ + ]{72044 = 0. (280)
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+ (lo + ko) E5 + Eg € oy is geodesic if

The vector Ey + E + 1)E
= 1,d =1y + k1, e = ly + ko the equation (2.71) is

and only if for ¢ =
satisfied. This gives

(L + k
f p—
aq + Bily + Biky + Bola + Baka + B3 + aaly + ks

+ Baly + Baka + Bs + Lilsas + l1ksas + kylaas (2.81)
+ kikoos 4 11 Bs + k186 + Loy + Kooy = 0.

Using the equations (2.76), (2.77), (2.78), (2.79), and (2.80), the equation (2.81)
holds. Therefore, conditions in case (2d) for the subalgebra b, are proved.

Here we deal with the subalgebra hsg. The element Ey+ki E5+koEg € hog
is geodesic if and only if for b = 1, e = ky, f = ko, ¢ = d = 0 the equation
(2.71) holds. From this we obtain

Bak1 + Baka + krauks = 0. (2.82)

The vector 5 + 11 E5 + I3 Eg € bag is geodesic if and only if forc = 1, e = {4,
f =ls, b = d = 0 the equation (2.71) is satisfied. This gives

Bali + Bsla + liayly = 0. (2.83)

The element )y + s1E5 + soEg € bog is geodesic if and only if for d = 1,
e = s1, f = S92, b = ¢ = 0 the equation (2.71) holds. This gives

381 + /8682 + 81480 = 0. (284)

The element Ey + E3 + (ky + 1) Es + (ko + l2) Eg € bog is geodesic if and
onlyifforb =c=1,e = ky + l1, f = ko + l5, d = 0 the equation (2.71) is
satisfied. Using (2.82), (2.83) we receive

aq + Paoly + Bsly + Baky + Bska + kilaay + likaoy = 0. (2.85)

The element Fy + E4 + (k1 + s1)Es + (k2 + s2) Eg € bag is geodesic if and
onlyifford =0=1,e = ky + s1, f = ks + s2, ¢ = 0 the equation (2.71) is
satisfied. Using (2.82), (2.84) we get

B1 + Bas1 + B3sy + asky + Beko + kisaay + s1kaoy = 0. (2.86)
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The element E5 + Ey + (I3 + s1)E5 + (lo + s2)Fs € bag is geodesic if and
onlyifford =c=1,e =1+ s1, f = ls + s9, b = 0 the equation (2.71) is
satisfied. Using (2.83), (2.84) we obtain

Qg + 6451 -+ 5552 + Oégll + /BGZQ + l182054 + 81l2044 =0. (2.87)

The element E2 + E3 + E4 + (/{31 + ll + 81)E5 + (/{32 + lg + 82)E6 S f)gg is
geodesicifand onlyifforb=d=c=1,e =ky + 1y + s1, f = ko + l2 + 59,
b = 0 the equation (2.71) is satisfied. Using (2.85), (2.86), and (2.87) we receive

52k1 +63k2 +64l1 +ﬁ5lg + 38 +5652 + k182 + k1k2064 + l1l2064 + 8189014 = 0.
(2.88)
This gives the case (2e).
Now we deal with the subalgebra hog. Taking into account (1) we get
[y = 0. The element Es + k1 Ey + koEg € bag is geodesic if and only if for
b=1,d = ki, f = ks, c = e = 0 the equation (2.71) holds. This gives the
equation

Bik1 + B3k + k1 Bsks = 0. (2.89)

The element E5 + [ Ey 4 I3 Eg € bag is geodesic precisely if forc = 1, d = [,
f =13, b= e = 0 the equation (2.71) holds. Hence we obtain the equation

Oégll + 55[2 + llﬁ6l2 =0. (2.90)

The element Ey + E3 + (ky + 1) Ey + (ko + l2) Eg € bag is geodesic if and
onlyifforb =c=1,d = k1 + I3, f = ks + l5, e = 0 the equation (2.71) is
valid. Using (2.89) and (2.90) we receive the equation

ay + Bily + Bsly + agky + Bsky + kilafs + Lika s = 0. (2.91)

The element Fy+ky Ey+ko Fs+ Es € hog is geodesic precisely if forb = e = 1,
d = ki, f = ky, ¢ = 0 the equation (2.71) holds. Using (2.89) one gets the
equation

Bz + Oégk’l + O(4l€2 =0. (2.92)
The element E5+1y Ey+1s Eg+ Es € hog is geodesic precisely if forc = e = 1,
d = li, f = Iy, b = 0 the equation (2.71) is satisfied. Applying (2.90) one
obtains the equation

64 + Oégll + Ol4l2 = 0. (293)
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The equations (2.89), (2.90), (2.91), (2.92), (2.93) yield the case (2f).
Now we consider the subalgebra h3. Taking into account (1)-(3) we have
li = Bs = 0,51 = —22. The element Ey + ki E3 + ko € b3 is geodesic

4

ifand only if for b = 1, ¢ = ky, f = ks, d = e = 0 the equation (2.71) is
satisfied. This gives the equation

041]'6'1 + 53]{72 + k’165]€2 =0. (294)

The element Fy + ki1 Es + koEg + E5 € b is geodesic if and only if for
b=e=1,c=ky, f = ks, d= 0 the equation (2.71) is valid. Using equations
(2.71) and (2.94) we obtain

B2 + k184 + auky = 0. (2.95)

Since a4 # 0 from equation (2.95) we receive

_ Ba + k154
iy ’

ky = (2.96)
The element Fy + Ey + k1 B3 + (ko — %)EG € b3 is geodesic precisely if for
b=d=1,c=ky, f=k — g—i, e = ( the equation (2.71) holds. Taking into
account (2.94) from equation (2.71) we get

B — %53 + Ky (g — 55%)- (2.97)
Oy Oy

If 55 = az—i“ then from (2.97) we obtain 3; = g—iﬁg and from (2.94) we get
the second order equation (2.66). This proves case 2(g)i. If 55 # %224, then

a3

from (2.97) we have k; = 552=019% pytting this into (2.96) we obtain ks =

azag—a3fs

_ Ba(azaa—aspBs)+Ba(Bzas—Praa) Substituting the expression of k; and ks into
ay(azas—asfs)

(2.94) we receive equation (2.67). Hence case 2(g)ii is shown.
The vector By + 1 E5 + [s Eg € h3 N b5 coincides with the filiform metric

Lie algebra (ng 17(av;, 8;), (., .)). It is geodesic if the equation

Oégll + ﬁ612 + l1CY4lQ =0 (298)

holds.
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Now, we deal with the subalgebra h3. The element Ey + ki E5 + ko Es +
ksEg € b3 is geodesic if and only if ford = 0,0 = 1,¢c = ky,e = ko, f = k3
the equation (2.71) is valid. Hence we get

anky + Boke + Bsks + k1 Bake + k1 Bsks + kaauks = 0. (2.99)

In addition, the vector Fy + Ey + k1 Es + (ko + 1) Es + (ks + l2)Eg € b3
is geodesic precisely if for b = d = 1,¢c = ky,e = ko + 11, f = ks + 5 the
system (2.71) is satisfied. Therefore we obtain

arky + Bi 4 Boky + Baly + Bsks + Bsly + ki
+ k1Bako + k1 faly + k1 fBsks + ki fBsla + (2.100)
azky + asly + Beks + Bela + kakzoy
+ kolocy + liksay + Lilocy = 0.

Due to the equations (2.98) and (2.99), equation (2.100) becomes

B+ Baly + Baly + coky + k1 Baly + k1 Bsla
+ Ozgk’g + /Bﬁkfﬂ + (1/4]{?2l2 + oz4l1k3 = 0.

This proves case (3a).

Next we treat the subalgebra 4. The element Es + k1 Fs+ ko Ey+ ks Es €
b4 is geodesic precisely if for f = 0,b = 1,¢ = ky,d = ky,e = k3 the
equation (2.71) is satisfied. From this we get

Oélk'l -+ Blkg + ﬁ2k3 + k'lOéQkQ + k’154/€3 + kgagkg =0. (2.101)

Additionally, the vector Fy + k1 E3 + ko Ey + ks E5 + Eg € by is geodesic if
and only ifforb = f = 1, ¢ = ki, d = ko, e = k3, the equation (2.71) holds.
Hence one obtains

ki + Brka+ Baks+ B3 + krazks + k1 Baks + k1 B5 + kaaisks + ko S+ ksaa = 0.
(2.102)
Applying (2.101), equation (2.102) reduces to

B3 + k185 + k256 + aaks = 0. (2.103)
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From (2.103) we obtain k3 = M. Putting this expression into
(2.101) we obtain equation (2.68). Hence the case (3b) is shown.

Below we consider the subalgebra hs. The vector Fs + k1 Ey + ko Eg € b5
is geodesic precisely if for b = e = 0,c = 1,d = k1, f = ko the equation
(2.71) holds. This gives

agky + Bske + k1 Bks = 0. (2.104)

Additionally, the element Es + ki Ey + ko g + E5 € bs is geodesic if and only
ifforb =0,c=e=1,d = ky, f = ko the equation (2.71) is satisfied. From
this it follows that

okt + By + Bsko + ko + k1 Beks + auky = 0. (2.105)
Comparing with equation (2.104), equation (2.105) reduces to
Ba+ azky + asks = 0. (2.106)

From (2.106) one has ky = —542—04‘31“. Substituting this expression into (2.104)
we have the second order equation (2.69) for k;. This gives the case (3c).

Now we consider the subalgebra hg. The element E3 + k1 Fy + ko Fs € bg
is geodesic precisely if forb = f = 0,c = 1,d = k;, e = ko the system (2.33)
of equation is satisfied. Hence we receive

Ozgl{?l + 64]{72 + k1a3k2 = 0. (2107)

Moreover, the vector Fs + k1 Ey + ko Es + Eg € b is geodesic if and only if
forb=0,c= f =1,d = ki, e = ky the equation (2.71) holds. This gives

aoky + Baka + B5 + kiasks + k156 + auks = 0. (2.108)
Using equation (2.107) equation (2.108) reduces to
Bs + Bek1 + auky = 0. (2.109)

From (2.109) we obtain ky = —’352—5‘5’“. Putting this expression into (2.107)
we have the second order equation (2.69) for k;. Thus, the case (3d) is proved.
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The proof of subalgebras h; and b is coincides with the proof in Theorem
2.30 of metric Lie algebra (ng17(cv, 5;), (., .)). Hence the cases (3e) and (3f)
are valid.

In what follows we deal with the subalgebra h,4. The element Fy+ky E5+
koEy + ksEg € b4 is geodesic precisely if fora = e =0,0=1,c = k;,d =
ko, f = k3 the equation (2.71) is satisfied. This yields

arky + Bika + Bsks + kiqoks + k1 Bsks + ko Bsks = 0. (2.110)

Furthermore, the vector Fy + k1 E5 + ko oy 4+ ksEg + E5 € b4 is geodesic if
and only if forb = e = 1,¢ = ky,d = ko, f = k3 the equation (2.71) holds.
This gives

arky+ Brka+ Ba+ Bk + kycoka + k1 Ba+ k1 Bsks + kaas + ko Sk + cuaks = 0.
(2.111)
Taking into account (2.110), equation (2.111) can be written as follows

B2 + k104 + kaaz + asks = 0. (2.112)

From equation (2.112) we obtain that k3 = . Putting this ex-
pression into equation (2.110) we receive the equation (2.68). This proves the
case (3g).

Here we consider the case ;5. The element Fs + k1 E5 + ko FEg € b5 is
geodesic if and only if for b = d = 0,¢ = 1,e = ki, f = ko the equation
(2.71) is satisfied. From this we obtain

_ Botki1Batkaas
a

Bak1 + Bska + krauks = 0. (2.113)

Moreover, the vector F5 + Ey + (k1 + 1) E5 + (k2 + l2) Eg € b5 is geodesic
precisely if for b = 0,c = 1,d = 1,e = ky + Iy, f = ky + l5 the equation
(2.71) is valid. This gives

ag + Baky + Baly + Bska + Bsla + asky + asly + Beka + Bsle

(2.114)
+k’1]€2044 + k112a4 + l1k2a4 + l1l2&4 =0.

Exploiting equations (2.98) and (2.113), equation (2.114) reduces to

g + Baly + Bsla + asky + Beka + kilocy + likaay = 0.
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This proves the case (3h).

Finally, we consider the subalgebra hoy. The vector Ey + k1 Ey + ko E5 +
ksEg € by is geodesic precisely if for c = 0,0 = 1,d = ky,e = ko, f = k3
the equation (2.71) is valid. Hence we get

Biky + Baka + B3k + kiazks + ki feks + kaauks = 0. (2.115)

The element Fs3+11 B+ 13 Fs+13FEg € by is geodesic if and only if for b = 0,
c=1,d=1,e =ly, f = l3 the equation (2.71) holds. From this we receive

OéQll + ﬁ4l2 + 55l3 + l1a3l2 + 11/8613 + l2a4l3 =0. (2.116)

Furthermore, the vector E2+E3+(k‘1 +l1)E4+(l{}2+12)E5+(k3+l3)E6 € bgo
is geodesic precisely ifforb =c =1, d=ky + l1,e = ko + lo, f = k3 + I3
the equation (2.71) is satisfied. Therefore one obtains

ay + Pk + Bily + Boka + Balo + Baks + P3lz + sk
+ aoly + Bk + Bala + Psks + Bsls + kikac + kilaas (2.117)
+ likoaz + l1lpas + kiksBe + kilsfe + 11k3 6
+ lllgﬁﬁ + k2k3&4 + k2l30[4 + l2k3a4 + l2l3a4 = 0.

Taking into account (2.115) and (2.116), equation (2.117) reduces to

oy + Bl + Boly + Bsls 4+ aoky + Baks + Bsks + kiloas + l1kaos

2.118
+kil38s + liks B + kalsay + lalsay = 0. ( )

This gives (3i). Hence Theorem 2.36 is proved. [



Chapter 3

Summary

The main contribution of this dissertation is some investigations on stretch
Finsler metrics and six-dimensional filiform nilmanifolds. The results of the
dissertation have been published in papers [1, 2, 3, 21]. The dissertation con-
tains two chapters. The first section of each chapter summarizes the concepts,
tools and methods necessary to understand the later sections (see Sections
1.1, 2.1).

Below we present a brief survey of our results as follows:

3.1 Stretch Finsler metrics

In this chapter of the dissertation, we investigate some properties of stretch
and Douglas curvature.

3.1.1 ﬁ-, and H-stretch metric

In this section, we deal with two classes of stretch metrics. By the covariant
horizontal differentiation along Finslerian geodesics of the Berwald curva-
ture B (mean Berwald curvature E), respectively. Z. Shen (H. Akbar-Zadeh
) proposed a non-Riemannian quantity B-curvature (H-curvature), respec-
tively (see [41, page 139]) and [4].

Extending this concepts,we can introduce the following

Definition 3.1. For a vectory € T,M, we define K, : T,M x T,M x T,M x
T,M — T,M by

K, (u,v,w,2) = K;klm(y)ujvkwlzm

oz’ -

where

i — 9 i i
jklm jkllm jkm|l ) -

99
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Definition 3.2. For a vectory € T,M, we define k,, : T, M x T, M xT,M —
R, by

Ky (U, v,w) = Kjp(y)uvFu’,

where
Fjkr = 2 (Hjrp — Hupe) -

A Finsler metric F is said to be B-stretch metric ( H-stretch metric) if and
only if K = 0 (k = 0), respectively.

Definition 3.3. Let (M, I') be a Finsler manifold. The Finsler metric I is called
a relatively isotropic stretch B-curvature if its stretch B-curvature is given by

= AF (B jkllm — B;km|l) )

)
jklm . J

where A := A(z,y) is scalar function on T M. In this case, (M, F) is called
a relatively isotropic B-stretch manifold. If A > 0(A < 0,\ = constant),
then F is said to be negative (positive or constant) relatively isotropic stretch
B-curvature (respectively). Furthermore, if the stretch H-curvature is given by

kgt = AF (Ejw — Epi)

then F is said to be negative (positive, constant) relatively isotropic stretch H-
curvature if we have A > 0 (A < 0, A\ = constant) (respectively).

The following results are based on the paper [2].

Theorem 3.4. Suppose that F' is a positively complete B-stretch metric with
bounded Berwald curvature. Then F' must be a B-metric and the Berwald cur-
vature is constant along any geodesic.

Theorem 3.5. Every complete H-stretch metric with bounded mean Berwald
curvature is a H-metric.

Theorem 3.6. A compact Finsler manifold with negative (positive) relatively
isotropic stretch B-curvature is B-Finsler manifold. More precisely, a complete
Finsler manifold with constant relatively isotropic stretch B-curvature and bounded
B-curvature is a B-metric.
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Theorem 3.7. Every compact Finsler manifold with positive (negative) rela-
tively isotropic stretch H-curvature is a H-Finsler manifold. More precisely, a
complete Finsler metric with constant relatively isotropic stretch H-curvature
and bounded H-curvature is a H-metric.

3.1.2 Generalized Douglas curvature

Douglas’ curvature is an invariant tensor by a projective change ¢ : F — F
established in 1997 by S. Bacsé and M. Matsumoto (see [6]). In this section,
we study a class of Finsler metrics that includes the class of Douglas metrics.
We introduce the following:

Definition 3.8. We call the Finsler metric I is a generalized Douglas metric if
and only if the quantity B-curvature in (1.4) has the form

Bj‘kl = B;‘kl + wjkéli + wﬂé,i + wkl(5§ + Ejk;lyi,

where w is a smooth map M — N*T,M given by w(p) := w;;(p)dz* A dz? at
any pointp € M.

The following results are introduced in [3].

Theorem 3.9. Let (M, F) be a generalized Douglas Finsler manifold. Suppose
that F' is a B-stretch metric. Then F' is a Douglas metric.

Theorem 3.10. Let (M, F') be a Douglas Finsler manifold with n > 3. Then

every H-stretch metric is a B-metric.

Theorem 3.11. Let (M, F) be a Douglas Finsler manifold. Then, the stretch
B-curvature of I' is given by

Gklm “— n—+1 {”jlmhk + “klmhj} :
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3.2 6-dimensional filiform nilmanifolds and the corre-
sponding metric Lie algebras

In this chapter of the dissertation we determine the isometry equivalence
classes of nilmanifolds on 6-dimensional filiform Lie groups. The represen-
tatives of these classes are 6-dimensional connected simply connected fili-
form Lie groups N equipped with a left invariant metric (.,.)y. We study
the isometry groups of the obtained filiform Lie groups N having left invari-
ant metric (., .) y. Moreover, we investigate the geodesic vectors and the flat
totally geodesic subalgebras of the metric Lie algebras corresponding to the
received filiform Lie groups N with left invariant metric (., .) v.

3.2.1 Isometry equivalence classes and isometry group of
6-dimensional filiform nilmanifolds

Our aim in this section is to classify the isometrically isomorphic equiva-
lence classes of 6-dimensional filiform metric Lie algebras (n, (.,.)) and to
determine the group O.A(n) of all orthogonal automorphisms of the repre-
sentatives of the obtained classes. The semi-direct product N x O.A(n) of the
connected simply connected Lie group N of n and the group O.A(n) gives the
isometry group of the corresponding connected simply connected Lie group
N with left invariant metric (.,.)y induced by the Euclidean inner product
(.,.) of n. To proceed this classification we use the list of W. de Graaf in [16]
to fix a basis {G1, G, - - -, Gg} of the non-isomorphic 6-dimensional filiform
Lie algebras [5 ;, k = 14, ..., 18 and apply the classification procedure given
in [22], pp. 371-372. This procedure describes the representative of each iso-
metrically isomorphic equivalence classes of the 6-dimensional filiform met-
ric Lie algebras ([, (., .)) as a filiform Lie algebra n isomorphic to [ such that
the non-trivial Lie brackets of n are defined on the Euclidean vector space [ES
with a distinguished orthonormal basis { E'y, Fs, - - -, Eg} as follows:

Theorem 3.12. A metric Lie algebra (Ig 14, (.,.)) is isometrically isomorphic
to a unique metric Lie algebra ng14(v;, B), a; > 0,4 = 1,...,5, B; € R,
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j=1,...,7, defined on E® by the non-vanishing commutators

[Eq, By = onEs + 1By + BoEs + B3 B,

[ ]
[ElyES] — a2E4 — (M)EB + B4E67 [E27 E4] = 67E67
“ [Es, E5] = ay Eg,
a1 05
[Eh E4] = » E5 + 55E6; [E4, ES] — a5E6

such that if the set J = {j € {1,4,7} : 5; # 0} # 0, then 3;, > 0O for the
minimal element j, € J.

Theorem 3.13. A metric Lie algebra (lg 15, (., .)) is isometrically isomorphic

to a unique metric Lie algebra g 15(cy, 5;), a; > 0,0 = 1,...,5, B; € R,
j=1,...,7, defined on ES by the non-vanishing commutators
(65107
[E1, Es] = a1 B3 + B1Ey+ BoEs + 3B, [B2, B3] = a Es + BrE,
(B, B3] = agEy + B4Es + B5E, [Es, Ey] = a5 Eg.
(Ey, Ey] = asEs + (6L,
(B, Es] = ayFg,

such that if the set J = {j € {1,3,4,6,7} : 5; # 0} # 0, then 3;, > 0 for the
minimal element j, € J.

Theorem 3.14. A metric Lie algebra (g 16, (., .)) is isometrically isomorphic

to a unique metric Lie algebra ng16(cv;, 5;), oy > 0,7 = 1,...,4, 5; € R,
j=1,...,8, defined on ES by the non-vanishing commutators

(B, By = an By + 1By + BoEs + BB, [Es, B3] = (7 FEs,

[Ev, B3] = oo By — <a361 + aQﬁg)E5 + BaEs, B, B = By,

1 A4 [, Bs] = ayF,

Ei, Byl = asEs + (5 E,

[Ey 4]_ 3E5 + B5Eg [E4,E3]:a3a4E6.

[E17 E5] - BGEﬁu (03]

such that one of the following cases is satisfied:

1L pr=PBs=01=0s= 0= =0,
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2. f3>00rPBs>0,68 =pBs= 0= s =0,
3. B6>00rBy>0,58 =B3=03=pP=0,
4 B1>00rfBs>0,83=04=05= s =0,

5. at least two elements of the set {1, B3, B4, Ps, B, O} are positive with
the exceptions (ﬁl > 07ﬁ8 > 0), (53 > 0, 65 > O), <ﬁ4 > 0, 56 > O)

Theorem 3.15. A metric Lie algebra (Ig 17, (.,.)) is isometrically isomorphic
to a unique metric Lie algebra ng17(, 3;), a; > 0,4 = 1,...,5, B; € R,
j=1,...,6, defined on E® by the non-vanishing commutators

(B, Bo] = an By + B1Ey + BoEs + B3 Es,  [En, B3| = asEy + BuEs + B5 e,
[E1, Ey) = azEs + 6 Es, [E1, E5] = auE,
[, E3] = a5 E,

(3.1)
such that if the set J = {j € {1,3,4,6} : §; # 0} # 0, then 5;, > 0 for
the minimal element j, € J. Moreover, a metric Lie algebra (g s, (.,.)) is
isometrically isomorphic to a unique metric Lie algebra ng 15(cv;, B;) defined on
[E® by the non-vanishing commutators (3.1) such that the constant 5 is missing.

The groups of all isometries of the corresponding connected and simply
connected filiform nilmanifolds are given in Corollaries 2.11, 2.14, 2.17, 2.20,
2.21.

3.2.2 Geodesic vectors and flat totally geodesic subalgebras
of 6-dimensional filiform metric Lie algebras

This section is devoted to study the totally geodesic subgroups of connected
simply connected 6-dimensional filiform Riemannian nilmanifolds (N, (., .) v ).
A subgroup H of (N, (., .)n) is totally geodesic if and only if the correspond-
ing subalgebra § is totally geodesic. The left cosets t H, z € N, give a totally
geodesic foliation on N. A subalgebra b of (n, (., .)) is totally geodesic if for
all X,Y € hone has VxY € b, where V denotes the Levi-Civita connec-
tion of (n, (.,.)). Taking the representatives of the isometrically isomorphic
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equivalence classes of the 6-dimensional filiform metric Lie algebras given in
Theorems 3.12, 3.13, 3.14 and 3.15 first we determine the sets of the geodesic
vectors and hence the one-dimensional totally geodesic subalgebras in the
six-dimensional filiform metric Lie algebras. To do this we systematically use
the following claim: a non-zero vector Y € (n, (.,.)) is geodesic if and only if
forall X € (n,(.,.)) we have ([X,Y],Y) = 0. According to Lemma 2.6, any
non-zero element of the union Cy = (E}, Fo) U (E3) U (Ey) U (E5) U (Eg) is
geodesic.

Theorem 3.16. Let the sets Cy, i = 1,---,9, be defined as follows:

Cy :={bEs+ cEs+dEy : b(anc+ frd) + caad =0 : b, c,d € R},
such that at least two of the numbers b, c, d are non-zero
with exception of the cases:
1.b=0,
2.d=0,
3.c=0with 5, # 0,

O, ::{G(E1 — %Eﬁ) +cEs+dEy+eFs:a#0,a,c,d,e € R,
Qs

a5 + e = 0 = [y,

QpQiy
e = (ﬁ5a — @50)?0‘%,

33 a3 at _

a(agc+ prd + Pare — ) — c(aze — a) + —(frd + aue) = 0},
(673 (673 (0731
Q9 Bs a4 Qa0 3y
CZZ{CL(E——E+—+ Es — E>—|-
’ ! Qs ‘ (045 asf + 04257) ’ as(asf1 + aaf7) ’

dEy:a#0, a,d € R,
a(ane + fid + Bae + B3 f) — c(aze + Bof) — f(Brd + aue) = 0}’
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Cyi={aBy +cBy + dBs+ eBs + fEs 1 a £ 0, f # =2, f#0,
5

a,c,de, f €R, e = (cas — afs) fou ,
ac] s
a asf1 + agf
_ ( 501 2 7€—ﬁ4f>>
a5f+a2a iy

a(aic+ frd+ foe + Baf) — c(ase + Bof) — f(Brd + aue) = 0},

Cy ={cBy 4 dEy+ ey + [By: f 0. c £0. cod.e.f €R.
—C oy
d = ( 2 5e+ﬁ7f>,

asf

Oy
—C [
—< e+ 57f> (ase + Bof + caz) + c(Bae + Bs f) +easf = 0},
asf\ ay
Cs I:{bEg + cEs3 + dEy + eEs : b(ayc + [1d + Pae) + c(and + ve)+
daze =0, b,c,d, e € R}, wherey = — (Oé?ﬁl + OQBB) in the case of
aq Oy

the metric Lie algebra ng 16(cv;, B;), whereasy = [, in the case of
the metric Lie algebra ng17(cy;, 5;) such that at least two of the

numbers b, c, d, e are non-zero with exception of the cases:

1.b=c=0,

2.b=e=0,

3.d=e=0,

4.c=d=0, By #0,

5.c=e=0, f; #0,

6. b=d=0 with azasf, + ayasfs # 0 in the case of the metric

Lie algebra g 15(cvi, §;),
7.b=d =0 with 3, # 0 in the case of the metric Lie algebra

n6,17<05i7 53‘)7
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Cs :={dEs+ eEs + fEs : d(age + Bsf) + easf =0, d,e, f € R},
such that at least two of the numbers d, e, f are non-zero
with exception of the cases:
1. f=0,
2.d=0,
3. e =0 with B # 0,

Cy ::{a<E1 . g—iEQ) V cEs+dEy+ eEs + fEs:af 20, a,c,d,e, f €R,

ae = i <aﬂ658 + COQC&1 - CL35>,

Q3 iy (03]
ac =L (e 1 s+ eaw) = L (Brd + Boe + Baf).

(71 aq

a [ asf s I raBspBr Q30
ad:a_2<( o + oy )6_B4f> +a_2< oy —d o )’
d(age + age) = a& (e + Brd + Pae + B3 f) + ce(a?’ﬁ1 + 0@58) —

Qg aq Qg

f(eBa+ dps + eBy) |,

09 2:{bE2 + CE3 + dE4 + €E5 + fE6 : b(OélC + Bld + 526 + 53f)+
C(Oégd + 646 + 55.](.) + d(Oége + ﬁ(‘)f) + 6044f = 07 b7 C, d7 €, f € R}a
such that at least two of the numbers b, c,d, e, f are non-zero

with exception of the cases:

l.b=c=d=0,
22b=c=f =0,
3.d=e=f=0,
4.b=c=e=0with g # 0,
5.c=d=f=0with By # 0,

6.c=d=e=0with 33 # 0.

1. The geodesic vectors of the metric Lie algebra (ng 14(cv, 5;), (., .)), with
a; > 0,6, e Riie{l,...,5},j € {1,...7} not belonging to C are
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the non-zero elements of the set C; U Cy U Cy in the case as[31 + aa 37 =
0 = By, for asf1 + asfr # 0O these are the non-zero elements of the set
Ci1UCs3UCy.

2. The geodesic vectors in the metric Lie algebra (ng15(cv;, 5;), (.,.)) with
a; >0,1=1,...,5, 8, € R, j =1,...,7, not belonging to Cy are the
non-zero elements of the set Cy U Cs.

3. The geodesic vectors of the metric Lie algebra (ng16(v, 5;), (.,.)) with
a; >0,t=1,...,4, 8, € R, j =1,...,8, not belonging to C are the
non-zero elements of the set Cs U C5.

4. The geodesic vectors in the metric Lie algebra (ng 17(c, B;), (.,.)) with
a; > 0,6, e Riie{l,...,5}, j € {l,...6} not belonging to C are
the non-zero elements of the set Cs U Cs.

5. The geodesic vectors of the metric Lie algebra (ng15(cv;, 5;), (.,.)) with
a; > 0,8 e Rii e {1,...,4}, 5 € {1,...6} not belonging to Cy are
the non-zero elements of the set Cl.

Hence every 6-dimensional filiform metric Lie algebra has a flat totally geodesic
subalgebra of dimension at least 1. The criterion that a 6-dimensional filiform
metric Lie algebra possesses a flat totally geodesic subalgebra of dimension
greater than 1 gives strong restrictions on the structure constants «;, 3;. Our
investigation shows that the 6-dimensional filiform Lie algebras not belong-
ing to the standard filiform Lie algebra possess flat totally geodesic subalge-
bras of dimension 1 or 2.

Theorem 3.17. Let C be the class of the 6-dimensional filiform metric Lie al-
gebras not corresponding to the standard filiform Lie algebra. The maximal
dimension of the flat totally geodesic subalgebras of a metric Lie algebra in C is
2. A metric Lie algebra ng 14(v;, B;) has the subalgebra ) = span(E, E¢) as a
flat totally geodesic subalgebra if and only if B3 = B4 = 5 = 0. A metric Lie al-
gebrang 14(v;, B;) allows the flat totally geodesic subalgebra ) = span(Es, Ey)
precisely if f1 = B; = 0.

A metric Lie algebrang 15(v;, §;) possesses the flat totally geodesic subalge-

braty = span(Es, Eg) if and only if 55 = 57 = 0.
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A metric Lie algebra ng.16(;, B;) has the flat totally geodesic subalgebra
h = span(E; — —E2,E6) precisely if 3 = 0, By = %P7 and g5 = 6658

Qyq

A metric Lie algebra ng16(v, 5;) allows the flat totally geodeszc subalgebra
h = span(Es, Es) if and only if agay 51 + asai s = 0. A metric Lie algebra
n6 16(qi, B;) has the flat totally geodesic subalgebra b = span(Fy + 29 [y —

g0y
(5 + BZi;jQ)Eg), Ey) precisely if for oy, 5;, 1 = 1,2,3,4, j = 1,2,8 the
equatlon

(c1)*Bs n <51 N 58041042> ( B n Pson a3 n Ozzﬁs)) _0

2
Q30y 30y Qg3 (Oég) a4 Oy

holds. A metric Lie algebra ng16(cv;, 3;) allows the flat totally geodesic sub-
algebra ' = span(Ey + k1Ey + koFEs, Es + 11 Ey + I3 E5) if and only if the
equations

Br + L1 fs + laag + Ky A

I 0’
g

Bik1 + Baks + kiogks = 0,

as 04258

_|_
aq Qg

ay + Bily + Bals + asky — (

o+ Liagly =0,
04351 i 052B8

aq Oy

Oégll — (

)kQ + Oég(kllg + llkz) =0

are satisfied.

A metric Lie algebra (ng 17(cv;, B;), (., .)) processes the flat totally geodesic
subalgebras by = span(Ey — ¢2Eg, E5) and b = span (Ey, Eg) if and only if
B¢ = 0. A metric Lie algebra (nﬁ 17(aq, B5), (., .)) has the flat totally geodesic
subalgebras ) = span (L3, E5) and b = span(Es — (2 Es5, Ey) precisely if
B4 = 0. A metric Lie algebra (ng 17 (v, 3;), (., .)) allows the flat totally geodesic
subalgebra = span(Ey+ ki Fs5— &Z—i‘lklﬂl, E5) if and only if ky is a solution
of the equation

a2 Buki + (B1Bs + azfo — araz)ky + 512 = 0.

A metric Lie algebra (ng 17(cv;, B;), (., .)) possesses the flat totally geodesic sub-
algebra ) = span(E, — 512—‘;3’€2E3 + ko Es, E) precisely if ko is a solution of
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the equation

as Bk + (ras + B1Bs — aaBa)ks + oy 81 = 0.

Now we describe the flat totally geodesic subalgebras of dimension > 1
of the metric Lie algebras belonging to the 6-dimensional standard filiform
Lie algebra.

Theorem 3.18. The maximal dimension of the flat totally geodesic subalgebras
of a metric Lie algebra ng 15(cv;, B;) is 4.

A metric Lie algebra ng15(cv, 5;) has the 4-dimensional subalgebras ) =
span(Eg a1a3 E67 Eg, E4— E6> E5) and() = span(Eg, E3—3—§E5, E4, Eﬁ)
as flat totally geodeszc subalgebms ifand only if B1 = B3 = By = Bs = 0,
/B — a2a4 6 — o1a3

The 3- dzmenswrialﬂat totally geodesic subalgebras of ng 15(cv;, B;) are:

h = span(Fs — <2 2Fs, By, Es) and by = span(Fs, Ey — 3—2E6, Es) precisely
if Ba = P = 0, Bs = s,

h = span(Es + k1 E3 + kgEﬁ, E, + s1Es, Es) such that one of the following
cases is satisfied:

L pr= 3205, s = 2224, ko = 52’;—]‘:54 s1 = —%2 and k, is a solution of
the equation

BaBski + ki(B285 + B3B1 — o) + 235 = 0, (3.2)

2. By # @204 | = asfs—caf _ B2(a2aa—asfs)+Ba(Bsas—Praa) —

o3 ooy —aszfs’ ag(azas—asfs) > S1 =

—o and the equation
(a0 — asfs) (((11044 — B34 — Bafs) (B — Brau)— 33
3.3

BaBs(azcs — avsfs) — Bafs(Bsas — ﬁlam) —0
holds,

3. h = span(Es + k1 E3 + ko Es, Ey, Eg) such that one of the following
cases is satisfied:
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(@) Pr = 3203, B5 = <224, ko = —BR’J;—T& and k; is a solution of the
equation (3.2),

(b) B # 2224, ky = Qb0 f, — BSmwij{fj&jﬁi&%ﬁ)?’_Bm‘l) and

the equation (3.3) holds,

4. h = span <E2 + Z1E4 + 12E5, E3 + k’lE4 + ]{JQE5, E6) ifand only ifthe
following equations

Bili + Baly + liasly = 0,

aoky + Buks + k1keas = 0,

ay + Biky + Boky + anly + Baly + l1kaas + kilras = 0,
B3 + Bely + auly = 0,

Bs + k186 + kacy = 0

are satisfied,

5. h = span (E2 + k?lE4 + kQEG, E3 + l1E4 + ZQEG, E5) ifand only ifthe
following equations

Bik1 + Bska + k1Beks = 0,

agly + Bsly + 118612 = 0,

a1+ Pl + Bsla + aoky + Bska + kilafSs + L1k s = 0,
Bo + asky + agks =0,

Ba + asly + oyl =0

hold,

6. b = span(E2 + klEg, =+ kQEG, Eg + l1E5 + ZQEG, E4 + 81E5 + 82E6) lf
and only if the following equations

Baky + B3k + kiauks = 0,

Bali + Bsla + liayly = 0,

assy + fes2 + s1a452 = 0,

a1+ Paly + Bla + Paky + Bska + krlaa + likaay = 0,



112 CHAPTER 3. SUMMARY

B+ Bas1 + Bzsa + aski + Beka + kisaoy + sikaay = 0,
Qg + B451 + P52 + asly + Pela + l1s20 + s1lpay = 0,
Boky 4 Bska + Baly + Bsla + sy + Besa + kisa + k1kaoy+

l1l2a4 + 8182004 = 0

are satisfied.

The 2-dimensional flat totally geodesic subalgebras of ng1s(cv;, 5;) are:

(a) b = span(E, — 22 Fs, Es) and b = span (Ey, Eg) if and only if
Bs = 0,

(b) b = span(Ey + k1Es + koEy — Wf%, Es) and b =
span(Ey + k1 B3 + ko By — %‘W’Eﬁ, E5) if and only if the
equation

(agks + Bo + Bak1) (k1B + kofs + Bs)

— ook ke — ok — 51064162 =0

is satisfied,
(c) b = span(E3+ ki By — 2250 Ey B) and b = span(Es+ kB —
Bf’f“—i‘iklEg,, Es), precisely if ky is a solution of the equation

s B6k; + ki(azBs + Bafs — aaau) + Bafls = 0,

(d) [’J = span <E2 + klEg + k2E5 + kgEG, E4 + l1E5 + ZQE()‘) ifand
only if the following equations

asly + Bela + lhayly =0,

arky + PBoko + B3kz + kiBako + k1 Bsks + keauks = 0,
B1 + Bali + B3ly + aoky + k1 Baly + kiP5l + aska+
Beks + askaly + ayliks =0

hold,
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(e) b = span(Es3 + k1 Es + ko Eg, Ey+ 11 Es + I3Fg) if and only if the
following equations

Baky + Bska + kiasks =0,
asly + Bela + lauly = 0,
oy + Baly + Bslo + asky + Beka + kilooy + likooy = 0

are satisfied,

(f) [] = span(Ez + k1E4 + ]{TQE5 + k‘gE@, E3 + Z1E4 + ZQE5 + Z3E6)
precisely if the following equations

Bik1 + Boky + B3ks + kiasks + ki Beks + keasks = 0,

agly + Baly + Bsls + liazly + 11 Bslz + laayls = 0,

ay + Bily + Bala + Balz + agky + Bako + Bsks + kilpas
+ likoas + kql3Bs + l1ksB6 + kalzay + lalzay = 0

hold.
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