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Introduction

This thesis addresses some investigations of Finsler geometry and homoge-

neous Riemannian nilmanifolds.

Finsler geometry is a relatively recent area of geometric study when com-

pared to its basis in differential geometry. Riemann hinted in [40] a remark

at generalized case of Riemannian metrics, which later labeled Finsler met-

ric and denoted by F . Along the time lots mathematicians aimed to adjust

mathematical tools which were effective in Riemannian geometry such as

the theory of connections, Jacobi vector fields, sectional curvature to a more

general one. In 1918, Finsler devoted his Ph.D. dissertation to clear the way

to start that approach in the field of Finsler Geometry (see [23]). In Finsler

geometry, there exists many geometric objects that can not exist for a Rie-

mannian manifold such as the Cartan torsion C, the Berwald curvature B, and

the Landsberg curvature L, etc. These are said to be non-Riemannian quan-

tities because they vanish when F is Riemannian. In Riemannian geometry,

one of the most fundamental concepts is the Riemannian curvature tensor. It

defines how the manifold is curved, or how it differs from a Euclidean space.

In Finsler geometry, it can be expressed as a (1, 1)-tensor over the pullback

bundle π∗TM .

In [8], L. Berwald presented the concept of the stretch curvature tensor

and showed that it vanishes if and only if a vector’s length stays constant un-

der the parallel displacement along an infinitesimal parallelogram. Then, the

stretch curvature was studied by C. Shibata in 1978 [42], and M. Matsumoto in

1997 and 2004 (see [33, 34]). Shibata proved that a Kropina metric is a Berwald

metric if and only if the stretch curvature tensor vanishes under the condition

that the Kropina metric is positive-definite. Matsumoto aimed to provide a

fresh understanding of the stretch curvature within the framework of modern

Finsler connection theory. S. Bácsó and M. Matsumoto proved that a Douglas

metric with vanishing stretch curvature is R-quadratic if and only if its E-

curvature vanishes (see [7]). It is interesting to find conditions under which

Douglas metrics with vanishing stretch curvature reduce to Berwald met-
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2 INTRODUCTION

rics. A. Tayebi and T. Tabatabaeifar in 2015 [49] proved that every Douglas-

Randers metric with vanishing stretch curvature is a Berwald metric. B. Na-

jafi and A. Tayebi in 2017 [37] introduced a new non-Riemannian quantity

named mean stretch curvature. A Finsler metric with vanishing mean stretch

curvature is called weakly stretch metric. This class of Finsler metrics con-

tains the class of stretch metrics. In 2018, they showed that every complete

P-reducible weakly stretch metric with bounded Cartan torsion is a Lands-

berg metric. Furthermore, they classified complete weakly stretch surfaces

and showed that every complete weakly stretch surface is Riemannian or

Landsbergian [38].

In [46] A. Tayebi and B. Najafi showed that every homogeneous (α, β)-
metric is a stretch metric if and only if it is a Berwald metric. A. Tayebi

and H. Sadeghi characterized the stretch (α, β)-metrics with vanishing S-

curvature, more precisely they proved a regular non-Randers type (α, β)-
metric with vanishing S-curvature is stretchian if and only if it is Berwaldian

(see [48]). In [45] A. Tayebi N. Izadian proved that every Douglas-square

metric is a Berwald metric if and only if it is a weakly stretch metric. In

[44] with the authors M. Faghfuri and N. Jazer proved that every compact

Finsler manifold with posi-tive (or negative) relatively isotropic mean stretch

curvature is a weakly Landsberg metric. In [47] A. Tayebi with B. Najafi

classified the almost regular weakly stretch non-Randers-type (α, β)-metrics

with vanishing S-curvature. In [43] with M. Bahadori and H. Sadeghi proved

that a spherically symmetric Finsler metric is a stretch metric if and only if

it is R-quadratic. In [27] with F. Kamelaei and B. Najafi proved that every

homogeneous Finsler metric has relatively isotropic stretch curvature if and

only if it is a Landsberg metric. Recently, some properties of the weakly

stretch Finsler metric of the special Finsler metric were investigated (see[13,

50]).

The contribution of the first chapter of the dissertation is to use of the

Berwald curvature instead of the Cartan torsion, and the investigation of the

relationships among the classes obtained analogously to the Landsberg and

the stretch curvatures. This will enhance the understanding of the role of the

relevant tensors in characterizing the new classes of Finsler metrics.

Z. Shen [41, page 139] introduced a non-Riemannian quantity B̃ which
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is obtained from the Berwald curvature B by the covariant horizontal dif-

ferentiation along Finslerian geodesics. For a vector y ∈ TpM , define B̃y :

TpM × TpM × TpM → TpM by B̃y(u, v, w) := B̃i
jkl(y)u

jvkwl ∂
∂xi |x, where

B̃i
jkl := Bi

jkl|my
m.

The Finsler metric F is called B̃-metric if and only if B̃ = 0.

The goal of section 1.2 is to use the quantity B̃ to study a class of Finsler

metrics containing the class of Berwald metric. The quantity resulted from B̃
has the following form

Ki
jklm := 2

(
B̃i

jkl|m − B̃i
jkm|l

)
.

The family K := {Ky : y ∈ TpM} is called the stretch B̃-curvature. A Finsler

metric F is said to be B̃-stretch metric if and only if K = 0, where

Ky(u, v, w, z) := Ki
jklm(y)u

jvkwlzm ∂
∂xi |x. It is interesting to find some

curvature properties conditions under which a B̃-stretch metric reduces to a

B̃-metric (see Theorems 1.4, 1.5, 1.7, 1.8).

The aim of section 1.3 is to study a class of Finsler metrics that includes

the class of Douglas metrics. Finsler metrics in this class are known as gen-

eralized Douglas metrics. We prove that every generalized Douglas metric

with vanishing B̃-stretch tensor is a Douglas metric under the condition that

the mean Berwald curvature is horizontally constant along geodesics of F .

Then, we show that if (M,F ) is a Douglas Finsler manifold then the Finsler

metric F is an H-stretch if and only if it is a B̃-metric. The results of this

section are introduced in Theorems 1.20, 1.22, 1.23.

The second chapter of the dissertation is devoted to investigate homo-

geneous Riemannian nilmanifolds. Denote by M a connected Riemannian

manifold and by I(M) the Lie group of its isometries. If I(M) contains a

nilpotent Lie subgroup acting transitively on M , then M is called a homoge-
neous Riemannian nilmanifold. E. N. Wilson proved that there exists a unique

nilpotent simply transitive normal subgroup N of I(M) (see [52, Theorem

2]). Therefore the nilmanifold M can be treated as the nilpotent Lie group

N and the metric on M induces a left invariant metric ⟨., .⟩N of N . Let n be
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the Lie algebra of N . The metric on N determines a Euclidean inner prod-

uct ⟨., .⟩ on n and conversely. A metric Lie algebra is a Lie algebra endowed

with a Euclidean inner product. We denote by OA(n) the group of automor-

phisms of the Lie algebra n preserving the inner product ⟨., .⟩ on n and we

call it the group of orthogonal automorphisms. The isometry group I(N)
of (N, ⟨., .⟩N) is the semi-direct product N ⋊ OA(n) of the group N and

the group OA(n). As a result, there exists a one-to-one correspondence be-

tween isometry equivalence classes of homogeneous connected and simply

connected Riemannian nilmanifolds, and the classes of isometrically isomor-

phic metric nilpotent Lie algebras (cf. [52, Theorem 3]). Hence to find the

isometry equivalence classes of nilmanifolds is useful to work on nilpotent

metric Lie algebras. A nilpotent Lie group is called two-step nilpotent if the

lower central series of its Lie algebra has one non-trivial subalgebra. In this

sense two-step nilpotent Lie algebras are non-abelian Lie algebras which are

one step away from being abelian. The connected and simply connected two-

step Riemannian nilmanifolds of dimension at most 6 were intensively stud-

ied applying two-step nilpotent metric Lie algebras. Their isometry equiva-

lence classes and isometry groups are determined in [14, 26, 31]. In [22, 31]

the classification of the at most 5-dimensional Riemannian nilmanifolds of

higher nilpotency class and the determination of their isometry groups car-

ried out successfully by working on metric nilpotent Lie algebras of nilpo-

tency class greater than 2.

Among nilpotent Lie groups with higher nilpotency class the filiform Lie

groups play an essential role. An n-dimensional filiform Lie algebra has the

maximal possible nilpotency class n − 1. That is its lower central series has

n − 2 non-trivial subalgebra. The 3-dimensional non-abelian nilpotent Lie

algebra, the Heisenberg Lie algebra, is two-step nilpotent. At the same time

it is the unique filiform Lie algebra of dimension 3. One way to generalize

the Heisenberg Lie algebra leads to the notion of the Heisenberg type Lie

algebras (cf. [28]). These are two-step nilpotent Lie algebras but the dimen-

sion of the top step is enlarged. The n-dimensional filiform Lie algebras are

another generalization of the Heisenberg Lie algebra. In this case the num-

ber of steps grows up as the dimension increases (cf. [29], p. 2). In [22]

the isometry equivalence classes and the isometry groups of connected and
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simply connected filiform Riemannian nilmanifolds of arbitrary dimension

were thoroughly studied. It turns out that every filiform metric Lie algebra

(n, ⟨., .⟩) has a decomposition into orthogonal direct sum of 1-dimensional

subspaces which is preserved by all orthogonal automorphisms of (n, ⟨., .⟩).
Hence the isometry groups of the filiform nilmanifolds have the same di-

mension as the nilmanifolds (cf. [22, Corollary 5]). In particular the detailed

description for the isometrically isomorphic equivalence classes of standard

filiform metric Lie algebras and the isometry groups of the corresponding

nilmanifolds are given in [22, Theorem 7, Corollary 8 ]. Using this approach

in section 2.2 we make analogous consideration for the 6-dimensional con-

nected simply connected filiform nilmanifolds. Applying the classification

procedure given by [22, pp. 371-372], we find in Theorems 2.10, 2.13, 2.16,

and 2.19 the classes of isometrically isomorphic 6-dimensional filiform met-

ric Lie algebras and the group of their orthogonal automorphisms. To receive

these results we proceed as follows. Throughout this section we denote by

E6
a 6-dimensional Euclidean vector space equipped with a distinguished or-

thonormal basis E = {E1, E2, · · · , E6}.

We use the list of W. A. de Graaf in [16, pp. 646-647 ] to fix a basis (G1, · · · , G6)
of the non-isomorphic 6-dimensional filiform Lie algebras l6,k, k = 14, . . . , 18
such that their Lie brackets have the simple form (2.3).

Applying the Gram-Schmidt process to the ordered basis (G6, G5, · · · , G1)
in the metric Lie algebra (l, ⟨., .⟩) we receive an orthonormal basis F =
{F1, F2, · · · , F6} such that Fi =

∑6
k=i aikGk, where aik ∈ R, aii > 0. Con-

versely, each basisF = {F1, F2, · · · , F6} of lwith the shapeFi =
∑6

k=i aikGk,

aik ∈ R, aii > 0 becomes an orthonormal basis for an inner product on the

Lie algebra l. The inner products on Lie algebra l are determined by these

bases.

We compute the structure coefficients of the Lie brackets of the metric Lie

algebra (l, ⟨., .⟩) with respect to its basis F and we define a Lie bracket on E6

with the same structure coefficients with respect to its distinguished basis E .

The received metric Lie algebra on E6
depends on real parameters αi > 0, βj

and it is isometrically isomorphic to (l, ⟨., .⟩).
Finally, we find conditions on the real parameters αi > 0, βj , of metric Lie

algebras on E6
to obtain a one-to-one correspondence between the equiva-
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lence classes of isometrically isomorphic metric Lie algebras and a family of

metric Lie algebras on E6
.

Using the above steps the 6-dimensional filiform metric Lie algebras are iso-

metrically isomorphic to one of the metric Lie algebras given by the following

non-trivial Lie brackets with respect to an orthonormal basis E on E6
: (see

[21]):

The Lie algebra n6,14(αi, βj)

[E1, E2] = α1E3 + β1E4 + β2E5 + β3E6,

[E1, E3] = α2E4 −
(α5β1 + α2β7

α4

)
E5 + β4E6,

[E1, E4] =
α1α5

α4

E5 + β5E6,

[E2, E3] = α3E5 + β6E6,

[E2, E4] = β7E6,

[E2, E5] = α4E6,

[E4, E3] = α5E6,

(1)

such that αi > 0, i = 1, . . . , 5, βj ∈ R, j = 1, . . . , 7, and if the set J = {j ∈
{1, 4, 7} : βj ̸= 0} ≠ ∅, then βj◦ > 0 for the minimal element j◦ ∈ J ,

The Lie algebra n6,15(αi, βj)

[E1, E2] = α1E3 + β1E4 + β2E5 + β3E6,

[E1, E3] = α2E4 + β4E5 + β5E6,

[E1, E4] = α3E5 + β6E6,

[E1, E5] = α4E6,

[E2, E3] =
α2α5

α4

E5 + β7E6,

[E2, E4] = α5E6.

(2)

such that αi > 0, i = 1, . . . , 5, βj ∈ R, j = 1, . . . , 7, and if the set J = {j ∈
{1, 3, 4, 6, 7} : βj ̸= 0} ≠ ∅, then βj◦ > 0 for the minimal element j◦ ∈ J ,

The Lie algebra n6,16(αi, βj)

[E1, E2] = α1E3 + β1E4 + β2E5 + β3E6,

[E1, E3] = α2E4 −
(α3β1

α1

+
α2β8

α4

)
E5 + β4E6,

[E1, E4] = α3E5 + β5E6,

[E1, E5] = β6E6,

[E2, E3] = β7E6,

[E2, E4] = β8E6,

[E2, E5] = α4E6,

[E4, E3] =
α3α4

α1

E6.

(3)
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such that αi > 0, i = 1, . . . , 4, βj ∈ R, j = 1, . . . , 8, and one of the following

cases is satisfied:

1. β1 = β3 = β4 = β5 = β6 = β8 = 0,

2. β3 > 0 or β5 > 0, β1 = β4 = β6 = β8 = 0,

3. β6 > 0 or β4 > 0, β1 = β3 = β5 = β8 = 0,

4. β1 > 0 or β8 > 0, β3 = β4 = β5 = β6 = 0,

5. at least two elements of the set {β1, β3, β4, β5, β6, β8} are positive with

the exceptions (β1 > 0, β8 > 0), (β3 > 0, β5 > 0), (β4 > 0, β6 > 0),

The Lie algebra n6,17(αi, βj)

[E1, E2] = α1E3 + β1E4 + β2E5 + β3E6, [E1, E3] = α2E4 + β4E5 + β5E6,

[E1, E4] = α3E5 + β6E6, [E1, E5] = α4E6,

[E2, E3] = α5E6,
(4)

such that αi > 0, i = 1, . . . , 5, βj ∈ R, j = 1, . . . , 6 and if the set J = {j ∈
{1, 3, 4, 6} : βj ̸= 0} ≠ ∅, then βj◦ > 0 for the minimal element j◦ ∈ J .

Moreover, the Lie algebra n6,18(αi, βj) is defined by the same Lie brackets

such that the parameter α5 is missing.

The group of all isometries of the corresponding connected and simply

connected filiform nilmanifolds are given in Corollaries 2.11, 2.14, 2.17, 2.20,

2.21.

The purpose of sections 2.3, 2.4 is to study the totally geodesic subgroups

of connected simply connected 6-dimensional filiform Riemannian nilmani-

folds. The Levi-Civita connection of the metric Lie algebra (n, ⟨., .⟩) is defined

by

⟨∇XY, Z⟩ =
1

2
(⟨[X, Y ], Z⟩+ ⟨[Z,X], Y ⟩+ ⟨[Z, Y ], X⟩)

for left invariant vector fields X, Y, Z ∈ n. A subalgebra h of (n, ⟨., .⟩) is

totally geodesic if for all X, Y ∈ h one has ∇XY ∈ h. A subgroup H of

(N, ⟨., .⟩N) which passes through the identity e ∈ N is totally geodesic pre-

cisely if the corresponding subalgebra h is totally geodesic. The left cosets
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xH , x ∈ N , with respect to a totally geodesic subgroup H give a totally

geodesic foliation on N . The investigation of the geometry of two-step nil-

manifolds began with the works [18, 19] of P. Eberlein. He studies curvatures

and totally geodesic subgroups in non-singular two-step nilmanifolds. His re-

sults were generalized to the case where N does not have the non-singularity

condition in [17]. It is also discussed in [17, 19] criteria under which a subal-

gebra of a two-step nilpotent metric Lie algebra (n, ⟨., .⟩) is totally geodesic.

The work [36] is devoted to investigate totally geodesic subalgebras in two-

step nilpotent metric Lie algebras. P. T. Nagy and S. Homolya proved there

that for isomorphic Lie algebras n and n∗ there exists a bijective linear map

n → n∗ preserving the flat totally geodesic property of subalgebras. Although

the totally geodesic property of subalgebras is very sensitive with respect to

the change of the inner product of a metric Lie algebra their outstanding

result shows that the linear structure of totally geodesic subalgebras of two-

step nilpotent metric Lie algebras depends only on the isomorphism class of

the Lie algebra. The generating vector of a one-dimensional totally geodesic

subalgebra is called geodesic. They also determined geodesic vectors and flat

totally geodesic subalgebras in two-step nilpotent metric Lie algebras of di-

mension less than or equal to 6. In [29] M. M. Kerr and T. L. Payne extended

the study of the geometry of two-step nilmanifolds for two infinite families

of nilmanifolds belonging to filiform nilpotent Lie algebras with special in-

ner products. Their paper is an initial source to study curvatures and totally

geodesic subgroups of filiform nilmanifolds.

The continuation of their studies was presented by G. Cairns, A. Hinić

Galić and Y. Nikolayevsky in [11, 12]. There the authors gave several re-

sults on the possible dimensions of totally geodesic subalgebras of nilpotent

metric Lie algebras. They also found examples, where the obtained bounds

on the dimensions of totally geodesic subalgebras are attained. Furthermore,

they gave an example of a 6-dimensional filiform nilpotent Lie algebra which

does not allow any totally geodesic subalgebra of dimension greater than 2.

Using the classification of the non two-step nilpotent metric Lie algebras of

dimension at most 5 given in [36], A. Al-Abayechi and Á. Figula determined

the geodesic vectors and flat totally geodesic subalgebras in these metric Lie

algebras. They found that the flat totally geodesic subalgebras and geodesic
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vectors in non-filiform metric Lie algebras with one-dimensional center are

independent of the choice of the inner product (see [5]).

The aim in section 2.3 is to determine the sets of the geodesic vectors and

hence the one-dimensional totally geodesic subalgebras in the 6-dimensional

filiform metric Lie algebras. Applying the results (1), (2), (3), (4) describing the

classes of isometrically isomorphic 6-dimensional filiform metric Lie algebras

and the claim that a non-zero vector Y ∈ (n, ⟨., .⟩) is geodesic precisely if for

all X ∈ (n, ⟨., .⟩) one has ⟨[X, Y ], Y ⟩ = 0, in Theorems 2.22, 2.23, 2.24, 2.25

the set of the geodesic vectors is decomposed as the disjoint union of subsets

depending on the parameters αi, βj . In section 2.4 we deal with the question

under which conditions on the parameters αi, βj exists a flat totally geodesic

subalgebra of dimension greater than 1 in the class C of the six-dimensional

filiform metric Lie algebras. It follows from [12, Proposition 1.13 ] that for fil-

iform nilpotent metric Lie algebras there does not exist any totally geodesic

subalgebra of codimension one. From [12, Theorems 2.17, 2.18] it turns out

that only metric Lie algebras corresponding to the standard filiform Lie al-

gebra can allow a flat totally geodesic subalgebra of codimension 2. Some

filiform Lie algebras possess only low dimensional totally geodesic subalge-

bras independently of the choice of inner product.

Our investigation shows that in the class C with the exception of the met-

ric Lie algebras corresponding to the standard filiform Lie algebra the flat to-

tally geodesic subalgebras of all metric Lie algebras have dimension at most

two (see Theorem 2.26). A metric Lie algebra n6,14(αi, βj) defined on E6
by

the Lie brackets (1) allow a 2-dimensional flat totally geodesic subalgebra if

and only if either the parameters β3, β4 and β5 are 0 or the parameters β1 and

β7 are 0. In the former case the flat totally geodesic subalgebra is spanned

by the orthonormal basis vectors E1 and E6, whereas in the later case the

orthonormal basis vectors E2 and E4 generate the 2-dimensional flat totally

geodesic subalgebra (see Theorem 2.27). According to Theorem 2.28 a metric

Lie algebra n6,15(αi, βj) defined on E6
by the Lie brackets (2) possesses a 2-

dimensional flat totally geodesic subalgebra precisely if one has β5 = β7 = 0.

In this case the flat totally geodesic subalgebra is the subspace span(E3, E6).
For a metric Lie algebra n6,16(αi, βj), respectively n6,17(αi, βj) defined on E6

by the Lie brackets (3), respectively (4) the situation is more complex, it is
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discussed in Theorems 2.29, 2.30. A metric Lie algebra corresponding to the

6-dimensional standard filiform Lie algebra has a 4-dimensional flat totally

geodesic subalgebra if and only if the conditions β1 = β3 = β4 = β6 = 0,

β5 =
α2α4

α3
, β2 =

α1α3

α2
are satisfied. In this case the subalgebra has either the

form

span(E2 −
α1α3

α2α4

E6, E3, E4 −
α3

α4

E6, E5),

or

span(E2, E3 −
α2

α3

E5, E4, E6)

(see Theorem 2.36). The possibilities for the existence of 3- and 2-dimensional

flat totally geodesic subalgebras in a metric Lie algebra corresponding to the

6-dimensional standard filiform Lie algebra are described in Theorem 2.36

cases 2 and 3.



Chapter 1

Stretch Finsler metrics

Let (M,F ) be a Finsler manifold. The third-order derivative of

(
1
2
F 2
p

)
at

y ∈ TpM is called Cartan torsion. The Landsberg curvature L is a description

of how Cartan torsion C along geodesics changes. A Landsberg metric is a

Finsler metric that fulfills L = 0. In 1926, L. Berwald [8] introduced a Fins-

lerian quantity during the investigation on the generalization of Landsberg

curvature. This quantity is called a stretch curvature and is denoted by Σy.

Geometrically, a Finsler metric is stretch-type if and only if a vector’s length

stays constant under parallel displacement along an infinitesimal parallelo-

gram.

The structure of this chapter is as follows:

In section 1.1, we listed the basic notations and definitions of Finsler ge-

ometry that will be needed in the later sections of this chapter.

In section 1.2, we study a class of Finsler metrics containing the class

of Berwald (weakly Berwald) metric (respectively). A Finsler metric in this

class is called B̃-stretch (H-stretch) metric (respectively). First, we show that

every complete B̃-stretch metric (H-stretch metric) is a B̃-metric (H-metric).

Then we prove that every compact Finsler manifold with positive (negative)

relatively isotropic stretch B̃-curvature (stretch H-curvature) is B̃-metric (H-

metric).

The aim of section 1.3 is to study a class of Finsler metrics that includes

the class of Douglas metrics. Finsler metrics in this class are known as gen-

eralized Douglas metrics. We prove that every generalized Douglas metric

with vanishing B̃-stretch tensor is a Douglas metric under the condition that

the mean Berwald curvature is horizontally constant along geodesics of F .

Then, we show that if (M,F ) is a Douglas Finsler manifold then the Finsler

metric F is an H-stretch if and only if it is a B̃-metric.

11
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1.1 Basic concepts and tools

This section reviews some important definitions and concepts of Finsler man-

ifolds that are extensively used in next sections.

Throughout this chapter, M denotes a C∞
-smooth n-dimensional mani-

folds, (TM, π,M) denotes the tangent bundle, and by T M = TM \ {0} the

tangent manifold with zero section removed.

Let (U , φ = (xi)) be a local coordinate system at p ∈ M from a fixed atlas

of C∞
-class. We denote by (π−1(U), φ̄ = (xi, yi)) the induced local coordi-

nate system at ξ ∈ π−1(p) ⊂ TM . The linear map π̂ξ := (dπξ) : TξTM →
Tπ(ξ)M induced by the canonical submersion π is an epimorphism of lin-

ear spaces for each ξ ∈ TM . Therefore, its kernel determines a regular,

n-dimensional, integrable distribution

V : ξ ∈ TM 7→ VξTM ⊂ TξTM, (1.1)

where

VξTM := Ker(π̂)ξ = span

{
∂

∂yi
|ξ
}
,

which is called the vertical distribution. A non-linear connection on TM is a

vector bundle morphism

N : TTM → VTM.

The kernel of the morphism N is a vector subbundle of the tangent

(TTM, π̂, TM), denoted by HTM and called the horizontal subbundle. Its

fibers HξTM determine a regular n-dimensional distribution

H : ξ ∈ TM 7→ HξTM ⊂ TξTM,

which is supplementary to the vertical distribution (1.1). This means that for

every ξ ∈ TM we have the direct decomposition:

TξTM = VξTM ⊕HξTM. (1.2)
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Finsler spaces are an important field in modern differential geometry of the

tangent bundle (TTM, π, TM) of a manifold M . Contributions to the geom-

etry of these spaces have been made by by D. Bao, S.S. Chern and Z. Shen

[15], L. Berwald [9], M. Matsumoto [32] and H. Busemann [10].

Let xi = xi(t), a ≤ t ≤ b be the equations of a segment of a curve γ in

a coordinate neighborhood U . The length L of the segment is given by the

integral

L =

∫ b

a

F (x(t), ẋ(t)) dt.

The manifoldM equipped with such a notion of length is called ann-dimensional

Finsler manifold with fundamental function F (x, y) and denoted by (M,F )
if F satisfies the following conditions:

1. Regularity: F is C∞
on the slit tangent bundle T M , and C1

on TM .

2. Positive homogeneity: for any point p ∈ M the restriction Fp :=
F |TpM is positively homogeneous of degree one, i.e.,

F (p, λy) = λF (p, y), λ > 0, y ∈ T M.

3. Strong convexity: the n× n Hessian matrix

gij :=

([
1

2
F 2

]
yiyj

)

is positive-definite at every point of T M .

Let F be a Finsler metric on an n-dimensional manifold M . It induces a spray
G on TM . In local coordinates in TM , it is expressed by

G(y) := yi
∂

∂xi
− 2Gi(x, y)

∂

∂yi
.

The local functions Gi(x, y) satisfy Gi(x, ky) = k2Gi(x, y),∀k > 0. For a

non-zero vector y ∈ TpM , define the Cartan torsion of F as follows:

Cy : TpM × TpM × TpM → R,
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where

Cy(v1, v2, v3) :=
1

2

d

dt

[
gy+tv3

(v1, v2)
]
t=0

, v1, v2, v3 ∈ TpM.

For a vector y ∈ T M , Iy : TpM → R is defined by

Iy(u) :=
n∑

i=1

Cy(ei, ej, u)g
ij(y),

where {ei}ni=1 is basis vectors for TpM at p ∈ M . The family I := {Iy}y∈T M

is called the mean Cartan torsion. Assume the following conventions:

Gi
j :=

∂Gi

∂yj
, Gi

jk :=
∂Gi

j

∂yk
.

The local functionsGi
j are coefficients of a connection in the pullback tangent

bundle π∗TM which is called the Berwald connection. The derivatives of a

vector field V and a 2-covariant tensor T = Tijdx
i ⊗ dxj

is given by

V i
|m =

δV i

δxm
+ V sGi

sm, Vi|m =
δV i

δxm
− VsG

s
im,

Tij|m =
δTij

δxm
− TsjG

s
im − TisG

s
mj,

where
δ

δxm := ∂
∂xm −Gi

m
∂
∂yi

. A curve γ = γ(t) is a geodesic if and only if its

coordinates (γi(t)) satisfy

γ̈i + 2Gi ◦ γ̇ = 0,

where γ̇ = γ̇i ∂
∂xi .

The vector field Y (t) = Y i(t) ∂
∂yi

|γ(t) along γ(t), 0 ≤ t ≤ 1 is called

parallel if its covariant derivative is identically zero, i.e., it is a solution of the

differential equation

Dγ̇Y (t) :=

(
dY i(t)

dt
+Gi

j(γ(t), Y (t))γ̇j(t)

)
∂

∂yi
= 0.
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The parallel translation Pγ : TpM → TqM along γ(t) can be introduced as

follows: for any v ∈ TpM let Y be the parallel vector field along γ for which

Y (0) = v. Then Pγ(v) := Y (1).
For a non-zero vector y ∈ TpM , let us define By : TpM ×TpM ×TpM →

TpM by By(u, v, w) := Bi
jkl(y)u

jvkwl ∂
∂xi |x where

Bi
jkl :=

∂3Gi

∂yj∂yk∂yl
.

We have a (0, 2)-tensor, which is Ey : TpM × TpM → R by Ey(u, v) :=
Ejk(y)u

jvk, where

Ejk :=
1

2
Bm

jkm.

The quantities B and E are non-Riemannian quantities called the Berwald
curvature and mean Berwald curvature, respectively. A Finsler metric F is

said to be Berwald metric if B = 0, while if E = 0, it called weakly Berwald
metric.

There are some important classes of Finsler metrics containing the class

of Berwald metrics. For y ∈ TpM , let us define the Landsberg curvature Ly :
TpM × TpM × TpM → R and mean Landsberg curvature Jy : TpM → R by

Ly(u, v, w) := −1

2
gy(By(u, v, w), y), Jy(u) :=

n∑
i,j=1

Ly(ei, ej, u)g
ij(y).

In the local coordinates (xi, yi)

Ly(u, v, w) := Lijku
ivjwk, Jy(u) := Ji(y)u

i,

where

Lijk := −1

2
ymgml(y)B

l
ijk, Ji := gjkCijk.

Note that Ly(u, v, w) is symmetric in u, v andw and Ly(y, v, w) = 0. A Finsler

metric F is called a Landsberg metric (weakly Landsberg metric) if Ly = 0
(Jy = 0), respectively. It is easy that every Berwald metric is a Landsberg

metric.
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For y ∈ TpM , the stretch curvature Σy : TpM×TpM×TpM×TpM → R
is given by Σy(u, v, w, z) := Σijklu

ivjwkzl, where

Σijkl := 2
(
Lijk|l − Lijl|k

)
.

A Finsler metric is said to be a stretch metric if and only if Σ = 0.

We have the following relation

{Berwald metrics} ⊆ {Landsberg metrics} ⊆ {stretch metrics} .

The Douglas curvature is a non Riemannian projective invariant constructed

from the Berwald curvature. A Finsler metric is said to be a Douglas metric
if there exists positively 1-homogeneous function P (x, y) on M where the

spray coefficients Gi := Gi(x, y) of a Finsler metric F can be expressed in

the following form

Gi(y) =
1

2
Γi
jk(x)y

jyk + P (x, y)yi.

Douglas metrics are also characterized by vanishing Douglas tensor. Let

Di
jkl := Bi

jkl −
2

n+ 1

[
∂3

∂yj∂yk∂yl

(
∂Gs

∂ys
yi
)]

. (1.3)

The tensor D := Di
jkl(y)u

jvkwl ∂
∂xi |x is called Douglas tensor. A Finsler

metric is a Douglas metric if and only if D = 0 (see [6]). According to (1.3),

the Douglas tensor can be written as follows

Di
jkl = Bi

jkl −
2

n+ 1

{
Ejkδ

i
l + Ejlδ

i
k + Eklδ

i
j + Ejk;ly

i
}
,

where Ejk;l =
∂Ejk

∂yl
.

1.2 B̃-, and H-stretch metric

Z. Shen [41, page 139] introduced a non-Riemannian quantity B̃ which is

obtained from the Berwald curvature B by the covariant horizontal differ-

entiation along Finslerian geodesics. For a vector y ∈ TpM , define B̃y :
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TpM × TpM × TpM → TpM by B̃y(u, v, w) := B̃i
jkl(y)u

jvkwl ∂
∂xi |x, where

B̃i
jkl := Bi

jkl|my
m. (1.4)

The Finsler metric F is called B̃-metric if and only if B̃ = 0. In this case,

(M,F ) is called a B̃- Finsler manifold.

Definition 1.1. For a vector y ∈ TpM , we define Ky : TpM ×TpM ×TpM ×
TpM → TpM by

Ky(u, v, w, z) := Ki
jklm(y)u

jvkwlzm
∂

∂xi
|x,

where
Ki

jklm := 2
(
B̃i

jkl|m − B̃i
jkm|l

)
and “ | ” is the horizontal derivation with respect to the Berwald connection of
F .

The family K := {Ky : y ∈ TpM} is called the stretch B̃-curvature. A

Finsler metric F is said to be B̃-stretch metric if and only if K = 0. Espe-

cially, every B̃-metric is a B̃-stretch metric. Therefore, on the contrary, it is

interesting to find some topological condition on the manifold M such that

every B̃-stretch metric on M reduces to a B̃-metric.

Let us introduce a non-trivial example, where |.| and ⟨, ⟩ denote the Eu-

clidean norm and the inner product in Rn
, respectively.

Example 1.2. The Finsler function

F (x, y) =

(√
|y|2 − (|x|2|y|2 − ⟨x, y⟩2) + ε⟨x, y⟩

)2
(1− |x|2)2

√
|y|2 − (|x|2|y|2 − ⟨x, y⟩2)

on the unit ball Bn
is a B̃-stretch metric when n = 2 and n = 3. This can be

shown using the Finsler package and Maple program [53]. We guess it should

work in the general dimension but the calculation is very tedious and a bit

complicated.
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We have the following inclusions

{Berwald metric} ⊂
{

B̃-metric

}
⊂
{

B̃-stretch metric

}
.

The Finslerian quantity H was introduced by H. Akbar-Zadeh in 1988

[4] to characterization of Finsler metrics of constant flag curvature which

is obtained from the mean Berwald curvature E by the covariant horizontal

differentiation along geodesics. For a vector y ∈ TpM , Hy : TpM×TpM → R
is given by Hy(u, v) := Hjk(y)u

jvk, where

Hjk := Ejk|ly
l.

The Finsler metric F is called H-metric if and only if H = 0. Moreover, we

say that the Finsler manifold (M,F ) is a H-Finsler manifold.

Definition 1.3. For a vector y ∈ TpM , we define κy : TpM ×TpM ×TpM →
R, by

κy(u, v, w) := κjkl(y)u
jvkwl,

where
κjkl := 2

(
Hjk|l −Hjl|k

)
.

The Finsler metric F is called H-stretch metric if and only if κ = 0. We

have the following inclusion relations

{weakly Berwald metric} ⊂ {H-metric} ⊂ {H-stretch metric} .

In this section, we introduce the following results:

Theorem 1.4. Suppose that F is a positively complete B̃-stretch metric with
bounded Berwald curvature. Then F must be a B̃-metric and the Berwald cur-
vature is constant along any geodesic.

Theorem 1.5. Every complete H-stretch metric with bounded mean Berwald
curvature is a H-metric.
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Definition 1.6. Let (M,F ) be a Finsler manifold. The Finsler metricF is called
a relatively isotropic stretch B̃-curvature if its stretch B̃-curvature is given by

Ki
jklm := λF

(
Bi

jkl|m −Bi
jkm|l

)
,

where λ := λ(x, y) is scalar function on TM . In this case, (M,F ) is called
a relatively isotropic B̃-stretch manifold. If λ > 0 (λ < 0, λ = constant),
then F is said to be negative (positive or constant) relatively isotropic stretch
B̃-curvature (respectively). Furthermore, if the stretch H-curvature is given by

κjkl := λF
(
Ejk|l − Ejl|k

)
,

then F is said to be negative (positive, constant) relatively isotropic stretch H-
curvature if we have λ > 0 (λ < 0, λ = constant) (respectively).

In view of Theorem 1.4, every complete B̃-stretch metric is a B̃-metric.

Thus, a compact B̃-stretch metric reduces to a B̃-metric. We generalize this

result as follows.

Theorem 1.7. A compact Finsler manifold (M,F ) with negative (positive) rel-
atively isotropic stretch B̃-curvature is a B̃-Finsler manifold. More precisely, a
complete Finsler metric with constant relatively isotropic stretch B̃-curvature
and bounded B̃-curvature is a B̃-metric.

According to Theorem 1.5, every complete H-stretch metric is a H-metric.

Thus, a compact H-stretch metric reduces to a H-metric. We generalize this

result as follows.

Theorem 1.8. A compact Finsler manifold (M,F ) with positive (negative) rel-
atively isotropic stretch H-curvature is a H-Finsler manifold. More precisely, a
complete Finsler metric with constant relatively isotropic stretch H-curvature
and bounded H-curvature is a H-metric.

Proof of Theorems 1.4, 1.5, 1.7, 1.8

In what follows we are going to prove Theorem 1.4. We need the following
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Proposition 1.9. Let (M,F ) be a Finsler manifold. Suppose thatF is B̃-stretch
metric and γ = γ(t) is a geodesic. Put B(t) := Bγ̇(U(t), V (t),W (t)), where
U(t), V (t) and W (t) are the parallel vector fields along γ. Then, the following
equation holds:

B(t) = B̃(0)t+ B(0). (1.5)

Proof. Let p be an arbitrary point ofM , y, u, v, w ∈ TpM and γ : (−∞,∞) →
M be the unit speed geodesic passing from p and

dγ
dt
(0) = y. For U(t), V (t)

and W (t) are the parallel vector fields along γ with U(0) = u, V (0) =
v,W (0) = w we put

B̃(t) := B̃γ̇(U(t), V (t),W (t)).

By definition of B̃-curvature, we have

B̃(t) = B′(t). (1.6)

Let

B̃
′
(t) := B̃

′
γ̇(U(t), V (t),W (t)).

Since F is B̃-stretch metric, then we have

B̃
′
(t) = 0,

which implies that B̃(t) = B̃(0). By (1.6), the proof is complete.

Lemma 1.10 ([41, Lemma 7.3.2]). Let (M,F ) be a Finsler manifold. Assume
that γ : [a, b] → M is a geodesic from p to q. Then the parallel translation Pγ

preserves the inner product gγ̇ , i.e.

gγ̇(b) (P (u), P (v)) = gγ̇(a) (u, v) , u, v ∈ TpM.

Now let us begin to prove Theorem 1.4.

Proof of Theorem 1.4. For an arbitrary unit vector y ∈ TpM and an arbitrary

vector v ∈ TpM , let γ = γ(t) be the geodesic with γ̇(0) = y, and V (t) be the

parallel vector field along γ with V (0) = v.
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Then by Proposition 1.9 we get

B(t) = B̃(0)t+ B(0).

Suppose that Berwald curvature is bounded at p ∈ M , i.e.

∥B∥x:= sup
y∈T M

 sup
v∈TpM

By(v)[
gy(v, v)

] 3
2

 < ∞.

Using Lemma 1.10, we get that

W := gγ̇(t)(V (t), V (t))

is a positive constant. Thus

|B(t)|≤ W
3
2∥B∥< ∞.

Let us put t → +∞. Then, we get

B̃y(v) = B̃(0) = 0.

Therefore B̃ = 0. This completes the proof.

It is clear that every Finsler metric with vanishing B̃-curvature has van-

ishing H-curvature, that means, every B̃-metric is a H-metric. By Theorem

1.4 a B̃-stretch Finsler metric reduces to a B̃-metric. Then, we get the follow-

ing

Corollary 1.11. Let (M,F ) be a Finsler manifold. Then, every B̃-stretch metric
is a H-metric.

Proposition 1.12. Let (M,F ) be a Landsberg manifold. If the Riemannian
curvature R = 0, then the Finsler metric F is a B̃-stretch metric.

Proof. Since (M,F ) is Landsberg space then the horizontal covariant deriva-

tives of Berwald and Cartan connections coincide, i.e.

Gh
ij = Γh

ij.
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We have

gjk|h = 0. (1.7)

Differentiating (1.7) with respect to yl, we get

2Cjkl|h −
(
Br

hklgrj +Br
hjlgrk +Br

jhkgrl
)
+Bhjkl,

where Bh
ijk =

∂Gh
ij

∂yk
.

We have the property that the tensorBr
hjlgrk = Bkhjl is totally symmetric.

Then we get

Cjkl|h = Bjkhl.

Equivalently

Ch
jk|l = Bh

jkl.

Now, we have

B̃h
jkl = Bh

jkl|my
m = Ch

jk|l|my
m.

Since R = 0, Ch
jk|l|m = Ch

jk|m|l holds, so

B̃h
jkl = Ch

jk|m|ly
m = 0.

Taking into account Ch
jk|my

m = 0. Therefore, we obtain K = 0.

To prove Theorem 1.5, we need the following

Proposition 1.13. Let (M,F ) be a Finsler manifold. Suppose that F is H-
stretch metric. Then, for any geodesic γ = γ(t) and any parallel vector field
V = V (t) along γ, the function E(t) := Eγ̇(V (t)) must be in the following
form:

E(t) = H(0)t+ E(0).

Proof. Let γ : [0,+∞] → M be the geodesic parameterized by the arc length

on M with the start point γ(0) = p and the tangent vector γ̇(0) = y. Suppose

that U = U(t), V = V (t) are two parallel vector fields along γ = γ(t) with

U(0) = u, V (0) = v.

Since F is H-stretch metric, then we get κ = 0, that means

Hjk|l = Hjl|k. (1.8)
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Contracting (1.8) with yl, we have

Hjk|ly
l = 0.

Let

H(t) := Hγ̇(U(t), V (t)) = Hjk(γ(t), γ̇(t))U
j(t)V k(t). (1.9)

We have H(t) = E′(t), by (1.9)

E′′(t) = H′(t) = Hjk|lγ̇
l(t)(γ(t), γ̇(t))U j(t)V k(t) = 0.

Thus yields E(t) = H(0)t+ E(0).

Let us start to prove Theorem 1.5.

Proof of Theorem 1.5. Let (M,F ) be complete Finsler manifold. Suppose that

F is H-stretch metric. Take an arbitrary unit vector y ∈ TpM and an arbitrary

vector v ∈ TpM . Let γ = γ(t) be the geodesic with γ(0) = p and γ̇(0) = y,

and W (t) be the parallel vector field along γ with W (0) = w. Then by

Proposition 1.13, we get

E(t) = H(0)t+ E(0). (1.10)

Suppose that Ey is bounded, i.e. there is a constant A < ∞ such that

∥E∥x:= sup
y∈T pM

 sup
v∈TpM

Ey(w)[
gy(w,w)

] 3
2

 ≤ A.

According to Lemma 1.10, one has

|E(t)|≤ AQ
3
2 < ∞

for some constant Q. Therefore E(t) is a bounded function on (−∞,∞).
Letting t → ∞ in (1.10), it implies that Hy(v) = H(0) = 0.

In view of Theorem 1.5, a H-stretch metric reduces to a H-metric. Tayebi

et al. in [44] proved that any H-metric is a B̃-metric for a Finsler surface

(M,F ). Then, we get the following corollary
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Corollary 1.14. Let (M,F ) be a Finsler surface. Then F is a H-stretch metric
if and only if it is a B̃-metric.

In the sequel the following results are used:

Theorem 1.15 ([30]). Suppose M is a compact, oriented manifold with a vol-
ume elementω . Then for every vector fieldX overM , we have

∫
M
(divX)ω = 0.

Theorem 1.16 ([30]). Suppose M is an oriented manifold with the volume
form ω and ∇ is a torsion-free connection where ∇ω = 0. Then for every vector
field X over M , y ∈ TpM with x ∈ M we have

(divX)x = −trace(Y → ∇YX) = ∇iX
i.

Proof of Theorem 1.7. Let p ∈ M , and y, u, v, w ∈ TpM , and γ : (−∞,∞) →
M is the geodesic with γ(0) = p and

dγ
dt
(0) = y and U(t), V (t) and W (t) are

parallel vector fields along γ such that U(0) = u, V (0) = v,W (0) = w.

We put

B̃(t) = B̃γ̇((U(t), V (t),W (t)).

B̃
′
(t) = B̃

′
γ̇((U(t), V (t),W (t)).

However, the Finsler manifold (M,F ) has non-negative (non-positive, re-

spectively) relatively isotropic stretch B̃-curvature or is constant. By the def-

inition and multiplying by yl, it is simple to get

B̃i
jkm|ly

l = λFB̃i
jkm, (1.11)

where λ := λ(x, y) is a negative (positive, respectively) or constant homoge-

neous function over T M .

First suppose λ := λ(x, y) is a negative (positive, respectively) function

over T M .

By putting

Γ(x, y) := B̃r
szmq B̃

szmq
r

we have

Γ̇(x, y) = Γ|ny
n
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= λFB̃r
szmqB̃

szmq
r + B̃r

szmqλB̃
szmq
r

= 2λFΓ. (1.12)

As F and Γ have positive values, if λ is negative (positive), then Γ̇ is

negative (positive). In view of Theorem 1.16, one gets

Γ̇(x, y) = Γ|ny
n = ξ(Γ) = div(Γξ).

Using Theorem 1.16, one obtains div ξ = 0 for every geodesic vector field

ξ = yi δ
δxi on unit tangent sphere bundle SM . Since M , SM are compact.

The volume form ωSM over SM is obtained from the volume form ω on M .

According to Theorem 1.15, we obtain∫
SM

Γ̇ωSM = 0.

Since Γ̇ is homogeneous function and its non-negative (non-positive) sign,

then Γ̇ = 0. By equation (1.12), we get Γ = 0. Hence B̃ = 0. In this case we

obtain that

B̃
′
= B̃i

jkm|ly
l = 0.

Thus

B̃(t) = B̃(0).
So Berwald curvature is equal to

B̃(t) = B̃(0)t+ B(0).

Letting t → ∓∞ and using ∥B∥< ∞, we get B̃(0) = 0. Thus

B̃(t) = 0.

Now, if λ = constant, the general answer to equation (1.11) is as follows:

B̃(t) = etλB̃(0).

Using ∥B∥< ∞ and letting t → ∓∞, this implies that

B̃(t) = B̃(0) = 0.

Thus, the second part of Theorem 1.7 is also proved.
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Corollary 1.17. Let (M,F ) be Finsler manifold. If F is an negative (positive)
relatively isotropic stretch B̃-curvature, then it is an H-metric.

Proof of Theorem 1.8. Let p ∈ M and y, u, v ∈ TpM . Let γ : (−∞,∞) → M
be the unit speed geodesic such that γ(0) = p, γ̇(0) = y. Suppose U =
U(t), V = V (t) are the parallel vector fields along γ with U(0) = u, V (0) =
v . Put

H(t) = H(U(t), V (t)),

H′(t) = H′(U(t), V (t)).

By assumption, F has non-positive (non-negative) relatively isotropic stretch

H-curvature. Then

Hjk|l −Hjl|k = λF
(
Ejk|l − Ejl|k

)
, (1.13)

where λ := λ(x, y) is a positive (negative) or constant function on TM .

Contraction with yk implies that

Hjl|ky
k = λFEjl|ky

k,

since Hjl = Ejl|ky
k
. Thus we get

Hjl|ky
k = λFHjl.

First let λ := λ(x, y) be a negative scalar function on TM . Put

ϕ := HznHzn.

Then we have

ϕ′ = 2λFϕ.

By definition, F and ϕ have positive value. If λ is negative (positive), then

ϕ′
is negative (positive). By Theorem 1.16, we get

ϕ′ = ϕ|my
m = ζ(ϕ) = div(ϕζ),
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where ζ = yi δ
δxi is a geodesic vector field on the unit sphere tangent bundle

SM and div(ζ) = 0. By Theorem 1.15, we get∫
SM

ϕ′ωSM = 0.

Thus the volume form ωSM on SM is obtained from volume form ω on M .

Since ϕ′
is homogeneous function, and its sign is negative (positive), then

ϕ′ = 0, and we have ϕ = 0. Hence H = 0. In this case

H′ = Ejl|ky
k = 0.

Thus H(t) = H(0), which implies that

H(t) = tH(t) + E(0).

Letting t → ∓∞, and using ∥E∥< ∞, we get H(0) = 0. Thus

H(t) = 0.

Now, suppose λ = constant, then the general answer of (1.13) is as follows

H(t) = H(0)exp(tλ).

Using ∥E∥< ∞ and letting t → ±∞ this implies that H(0) = 0, thus H(t) =
0.

Corollary 1.18. Let (M,F ) be Finsler surface. If F has a negative (positive)
relatively isotropic stretch H-curvature, then it is a B̃-metric.

1.3 Generalized Douglas curvature

One of the important quantities in Finsler geometry is Douglas’ curvature

which is an invariant tensor by a projective change ϕ : F → F̄ . S. Bácsó

and M. Matsumoto in [6] established the concept of Douglas space as an

extension of Berwald spaces by studying the geodesics curves in a Finsler

space. Additionally, they investigate the relationship between Douglas spaces
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and other particular Finsler spaces, including Wagner spaces and Landsberg

spaces. Douglas metrics can be characterized by

Gi =
1

2
Γi
jk(x)y

jyk + P (x, y)yi,

where Γi
jk(x) are local functions on M and P (x, y) is a local positively homo-

geneous function of degree one. The class of Douglas metrics is much larger

than that of Berwald metrics. The aim of this section is to study a class of

Finsler metrics that includes the classes of Douglas metrics.

Definition 1.19. We call the Finsler metric F a generalized Douglas metric if
and only if the quantity B̃-curvature in (1.4) is given by

B̃i
jkl := Bi

jkl + ωjkδ
i
l + ωjlδ

i
k + ωklδ

i
j + Ejk;ly

i, (1.14)

where ω is a smooth map M → ∧2TpM given by ω(p) := ωij(p)dx
i ∧ dxj at

any point p ∈ M .

We have the following

{ Berwald metric} ⊂ {Douglas metric} ⊂ {generalized Douglas metric} .

In the next result, we show that every generalized Douglas metric with

vanishing B̃-stretch tensor is a Douglas metric under the condition that the

mean Berwald curvature is horizontally constant along geodesics of F .

Theorem 1.20. Let (M,F ) be a generalized Douglas Finsler manifold. Suppose
that F is a B̃-stretch metric. Then F is a Douglas metric.

The converse of Theorem 1.20 is not true. Let us introduce a famous ex-

ample of Finsler metrics introduced by a physicist G. Randers in [39].

Example 1.21. Let |.| and ⟨., .⟩ be the Euclidean norm and the inner product
in Rn respectively. Let F = α + β be a Finsler metric with ∥βx∥α< 1 where

α =

√
|y|2 + ε (|x|2|y|2 − ⟨x, y⟩2)

1 + ε|x|2
, β =

√
−ε⟨x, y⟩
1 + ε|x|2

, ε < 0,
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and x ∈ Bn(δ) ⊂ Rn, δ = 1√
−ε
, y ∈ TxBn(δ). Putting ε = −1, we get a

metric called Funk metric which satisfies Fxs − FFys = 0. A Funk metric F

is a Douglas metric but it is not B̃-stretch.

Every Finsler metric with vanishing B̃-curvature has vanishing H-curvature.

Thus, every B̃-metric is an H-metric, and hence it is H-stretch metric. But

the converse might not hold. A. Tayebi et al. in [44] showed that it is true on

Finsler surfaces. We generalized this result as follows

Theorem 1.22. Let (M,F ) be a Douglas Finsler manifold with n ≥ 3. Then
every H-stretch metric is a B̃-metric.

Exploiting the above statements, the next result gives a formula involv-

ing the relation between the quantities stretch B̃-curvature and stretch H-

curvature. Namely, we have the following

Theorem 1.23. Let (M,F ) be a Douglas Finsler manifold. Then, the stretch
B̃-curvature of F is given by

Ki
jklm :=

2

n+ 1

{
κjlmh

i
k + κklmh

i
j

}
. (1.15)

Now we can proceed to prove the main result of this section:

Proof of Theorems 1.20, 1.22, 1.23

Proof of Theorem 1.20. Let F be a generalized Douglas metric,

B̃i
jkl = Bi

jkl + ωjkδ
i
l + ωjlδ

i
k + ωklδ

i
j + Ejk;ly

i. (1.16)

Differentiating (1.16) along the direction ys δ
δxs yields,

B̃i
jkl,sy

s = B̃i
jkl + ω

′

jkδ
i
l + ω

′

jlδ
i
k + ω

′

klδ
i
j, (1.17)

where ω
′
ij :=

δωij

δxs y
s
.

Plugging (1.16) into (1.17), we obtain

B̃i
jkl,sy

s = Bi
jkl+(ωjk+ω

′

jk)δ
i
l+(ωjl+ω

′

jl)δ
i
k+(ωkl+ω

′

kl)δ
i
j+Ejk;ly

i. (1.18)
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Since F is B̃-stretch, that is

B̃i
jkl,s = B̃i

jks,l, (1.19)

contracting (1.19) with ys yields

B̃i
jkl,sy

s = 0. (1.20)

By (1.18) and (1.20), we have

Bi
jkl = −1

[
(ωjk + ω

′

jk)δ
i
l + (ωjl + ω

′

jl)δ
i
k + (ωkl + ω

′

kl)δ
i
j + Ejk;ly

i
]
.

(1.21)

Contracting (1.21) with hm
i , one has

Bm
jkl = −1

[
(ωjk + ω

′

jk)h
m
l + (ωjl + ω

′

jl)h
m
k + (ωkl + ω

′

kl)h
m
j

]
. (1.22)

Multiplying (1.22) with
1
2
gmsg

ls
and using the following relations

glshls = n− 1 and gmsg
ls(ωjlh

m
k ) = gmsg

ls(ωklh
m
j ) = ωjk,

it implies that

Ejk =
−(n+ 1)

2
(ωjk + ω

′

jk). (1.23)

Alternatively, we can write (1.23) as

ωjk + ω
′

jk =
−2

n+ 1
Ejk. (1.24)

Plugging (1.24) in (1.21), we get

Bi
jkl =

2

n+ 1

{
Ejkδ

i
l + Ejlδ

i
k + Eklδ

i
j + Ejk;ly

i
}
.

We clearly have that F is a Douglas metric, which concludes our proof.

Now, we are going to prove Theorem 1.22.

Let us begin with the auxiliary lemma which turns out to be the key tool

in the proof of our theorem.
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Lemma 1.24. Let (M,F ) be a Douglas manifold. Suppose that F is weakly
H-stretch metric. Then for any geodesic γ(t) and any parallel vector field V (t)
along γ, the function B := Bγ̇(V (t)) must be in the following form

B(s) = sB̃(0) + B(0). (1.25)

Proof. By definition, we have

κjkl := Hjk,l −Hjl,k.

By assumption F is H-stretch metric, we obtain

Hjk,l = Hjl,k. (1.26)

Contracting (1.26) with yl gives rise the constancy of the rate of change of

the H-curvature along geodesic of F , i.e.

Hjk,ly
l = 0. (1.27)

Since F is Douglas metric, we have

Bi
jkl =

2

n+ 1

{
Ejkδ

i
l + Ejlδ

i
k + Eklδ

i
j + Ejk;ly

i
}
. (1.28)

Then

B̃i
jkl =

2

n+ 1

{
Hjkδ

i
l +Hjlδ

i
k +Hklδ

i
j + Eyi

}
, (1.29)

where E =
δEjk;l

δxs ys.
Taking a horizontal derivative of (1.29) along Finslerian geodesics implies

that

B̃i
jkl,ny

n =
2

n+ 1

{
Hjk,ny

nδil +Hjl,ny
nδik +Hkl,ny

nδij + E ′
yi
}
, (1.30)

where E ′
= δE

δxny
n
.

Contracting (1.30) with hm
i , one obtains

B̃m
jkl,ny

n =
2

n+ 1

{
Hjk,ny

nhm
l +Hjl,ny

nhm
k +Hkl,ny

nhm
j

}
, (1.31)
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By (1.27) and (1.31), we get

B̃m
jkl,ny

n = 0. (1.32)

From our definition of B̃y, we have B̃(s) = B′(s). We obtain

B′′(s) = B̃
′
(s) = 0.

Thus (1.25) follows. This completes the proof.

In the following, we are going to prove Theorem 1.22. The proof involves

applying Lemma 1.24 as follows:

Proof of Theorem 1.22. Let (M,F ) be a Finsler manifold. Take an arbitrary

unit vector y ∈ TpM and an arbitrary vector v ∈ TpM . Let γ(t) be the

geodesic with γ(0) = p and γ̇(0) = y and V (t) be the parallel vector along γ
with V (0) = v. Then by Lemma 1.24, we get

B(s) = sB̃(0) + B(0). (1.33)

Suppose that By is bounded. i.e., there is a constant D < 1 such that

∥B∥p:= sup
y∈TpM⋆

sup
v∈TpM

 By(v)[
gy(v, v)

] 3
2

 ≤ D. (1.34)

In view of Lemma 1.10, which yields that |B(s)|≤ DA
3
2 < ∞, for some

constant A. Therefore, B(s) is a bounded function on [0,∞). (1.33) implies

that B̃y(v) = B̃(0) = 0. Hence, F is a B̃-metric. Thus, the proof is done.

Bácsó and Matsumoto [6] showed that if the 1-form β is a closed, then

any Randers metric F = α + β is a Douglas metric. Then by Theorem 1.22,

we get the following.

Corollary 1.25. Let F = α + β is a Randers metric on a manifold M with
closed 1-form β. Then F is a B̃-metric if and only if it is a H-stretch metric.

Finally we prove Theorem 1.23 as follows:
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Proof of Theorem 1.23. Since F is a Douglas metric, we have

Bi
jkl =

2

n+ 1

{
Ejkδ

i
l + Ejlδ

i
k + Eklδ

i
j + Ejk;ly

i
}
. (1.35)

By taking horizontal derivatives of (1.35) and contracting with hm
i then re-

placing indices, one has

B̃m
jkl,s =

2

n+ 1
{Hjk,sh

m
l +Hjl,sh

m
k +Hkl,sh

m
j }, (1.36)

and

B̃m
jks,l =

2

n+ 1
{Hjk,lh

m
s +Hjs,lh

m
k +Hks,lh

m
j }. (1.37)

Subtracting (1.36) from (1.37), we get(
B̃m

jkl,s − B̃m
jks,l

)
=

2

n+ 1

{
(Hjl,s −Hjs,l)h

m
k + (Hkl,s −Hks,l)h

m
j

}
.

By definition of B̃-stretch and H-stretch metrics, we get (1.15).



Chapter 2

6-dimensional filiform nilmanifolds and the correspond-
ing metric Lie algebras

The main contribution of this chapter is to study the 6-dimensional filiform

Riemannian nilmanifolds and the corresponding metric Lie algebras. We or-

ganize it as follows:

In section 2.1, we collect the necessary notions, tools and results that will be

used in later sections.

In section 2.2, we use the Lie brackets of the non-isomorphic 6-dimensional

filiform Lie algebras given in [16]. We apply systematically the method de-

veloped in [22] to obtain the equivalence classes of isometrically isomorphic

filiform metric Lie algebras. We determine the isometry equivalence classes

of connected simply connected nilmanifolds on 6-dimensional filiform Lie

groups and compute the group of their isometries.

Our aim in the section 2.3 is to determine the sets of geodesic vectors in

6-dimensional filiform metric Lie algebras. This yields the one-dimensional

totally geodesic subalgebras of the 6-dimensional filiform metric Lie algebras.

To obtain this result we apply the description of the isometrically isomorphic

equivalence classes of filiform metric Lie algebras resulted in section 2.2 of

this chapter.

In section 2.4, we compute the flat totally geodesic subalgebras of dimension

greater than 1 of the six-dimensional filiform metric Lie algebras. With the

exception of the metric Lie algebras corresponding to the standard filiform

Lie algebra the dimension of the flat totally geodesic subalgebras of every

metric Lie algebra is at least one and at most two. Only some metric Lie

algebras corresponding to the standard filiform Lie algebra allow a flat totally

geodesic subalgebra of dimension four.

34
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2.1 Basic concepts and tools

For any Lie algebra n we define the lower central series of n by

n = ℓ0n ⊃ ℓ1n ⊃ . . . ⊃ ℓjn ⊃ ℓj+1n ⊃ . . . ⊃ {0},

where ℓj+1n = [n, ℓjn], j ∈ N. We say that a Lie algebra n is k-step nilpotent

if ℓkn = {0} but ℓk−1n ̸= {0} for some k ∈ N. If an n-dimensional Lie algebra

n is (n− 1)-step nilpotent, then it is called filiform. A filiform Lie algebra is

standard filiform, if it contains a basis {B1, ..., Bn} such that the non-trivial

Lie bracket relations are given by [B1, Bj] = Bj+1, j = 2, ..., n − 1. A Lie

algebra n is abelian if its Lie bracket is trivial [X, Y ] = 0 for all X, Y ∈ n (see

[24, 25, 51] for detailed study of these terminologies).

A metric nilpotent Lie algebra is a nilpotent Lie algebra endowed with a

Euclidean inner product ⟨., .⟩. Let N be the connected and simply connected

nilpotent Lie group having n as its Lie algebra. The inner product on n deter-

mines a left invariant Riemannian metric on the Lie group N and conversely

given a left invariant Riemannian metric ⟨., .⟩N on the Lie group N this deter-

mines an Euclidean inner product ⟨., .⟩ on n. An automorphism of (n, ⟨., .⟩)
is called orthogonal automorphism, if it preserves the inner product on n.

We denote by OA(n) the group of orthogonal automorphisms of (n, ⟨., .⟩). A

connected Riemannian manifold M which admits a transitive nilpotent Lie

group of isometries is said to be a Riemannian nilmanifold. For every Rie-

mannian nilmanifold M there exists a unique nilpotent Lie subgroup N of

the group I(M) of isometries of M which acts simply transitively on M (see

[52], Theorem 2). Therefore the Riemannian nilmanifold M can be treated as

the nilpotent Lie group N equipped with a left invariant metric ⟨., .⟩N . Fur-

thermore, the group I(N) of all isometries of (N, ⟨., .⟩N) is the semi-direct

product N⋊OA(n) of the group N and the group OA(n) such that (n, ⟨., .⟩)
is the metric Lie algebra corresponding to (N, ⟨., .⟩N). Therefore the classi-

fication of the connected and simply connected Riemannian nilmanifolds up

to isometry is equivalent to the determination of the classes of isometrically

isomorphic metric nilpotent Lie algebras. Hence the determination of the

isometry equivalence classes of nilmanifolds can be successfully carried out

by working in their metric Lie algebras ([52, Theorem 3]). Each filiform met-
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ric Lie algebra has a decomposition into the direct sum of one-dimensional

orthogonal subspaces such that this decomposition is preserved under all or-

thogonal automorphisms of the metric Lie algebra. This motivates the fol-

lowing definition.

Definition 2.1 ([22, Definition 2]). An orthogonal direct sum decomposition
n = V1⊕ . . .⊕Vn on one-dimensional subspaces V1, . . . , Vn of a metric Lie alge-
bra (n, ⟨., .⟩) is called a framing, if any orthogonal automorphism of (n, ⟨., .⟩)
preserves this decomposition. An orthonormal basis {G1, G2, . . . , Gn} of a met-
ric Lie algebra (n, ⟨., .⟩) is adapted to the framing n = V1⊕. . .⊕Vn if Vi = RGi

for i ∈ {1, . . . , n}. The metric Lie algebra (n, ⟨., .⟩) is said to be framed, if it
has a framing.

Theorem 2.2 ([22, Theorem 4]). Any filiform metric Lie algebra (n, ⟨., .⟩) of
dimension at least 4 has a framing.

In particular, any filiform metric Lie algebra possesses a descending se-

ries of ideals such that it is invariant under all automorphisms of n and the

dimension of the consecutive members of the series decreases by one. In this

case a framing can be found easily using this series. Hence every filiform

metric Lie algebra has a framing determined by ideals (see [20]).

The structure constants for isometrically isomorphic framed metric Lie

algebras are characterized as follows.

Lemma 2.3 ([22, Lemma 1]). Let (n, ⟨., .⟩) and (n∗, ⟨., .⟩∗) be isometrically iso-
morphic framed metric Lie algebras of dimension n with framings n = RG1 ⊕
. . . ⊕ RGn and n∗ = RG∗

1 ⊕ . . . ⊕ RG∗
n, where {G1, . . . , Gn}, respectively

{G∗
1, . . . , G

∗
n} are orthonormal bases. If the commutators [., .] of n and [., .]∗ of

n∗ are of the form

[Gi, Gj] =
n∑

k=1

aki,jGk and [G∗
i , G

∗
j ]

∗ =
n∑

k=1

a∗ki,jG
∗
k,

then aki,j = ±a∗ki,j for all i, j, k ∈ {1, . . . , n}. In particular, if aki,j, a∗
k
i,j ≥ 0,

then we obtain aki,j = a∗ki,j .



2.1. BASIC CONCEPTS AND TOOLS 37

Taking into account Lemma 2.3 the group OA(n) of a framed metric

nilpotent Lie algebra (n, ⟨., .⟩) is a subgroup of the group Z2 × . . .×Z2 such

that the number of the factors is less than or equal to the dimension of n. In

this case the connected component of the group I(N) of isometries of the

corresponding nilmanifold (N, ⟨., .⟩N) is isomorphic to the Lie group N .

We say that a submanifold M∗
of a Riemannian manifold M is totally

geodesic, if each geodesic of M∗
is a geodesic of M , too. A Riemannian man-

ifold M is called flat, if the Riemannian curvature tensor of M is everywhere

zero.

The exponential map exp : n → N is a diffeomorphism for a simply

connected nilpotent Lie group N . As the tangent space TeN can be identify

by n we can identify an element of n by a left invariant vector field on N .

Denote by ∇ξη the covariant derivative on n, where ξ, η are left invariant

vector fields on N . So ∇ξη is also left invariant. The Levi-Civita connection

∇ on the metric Lie algebra n is defined by

⟨∇XY, Z⟩ =
1

2
(⟨[X, Y ], Z⟩+ ⟨[Z,X], Y ⟩+ ⟨[Z, Y ], X⟩)

for all left invariant vector fields X, Y, Z ∈ n (cf. [35, (5.3), pp. 310]). A sub-

algebra h of (n, ⟨., .⟩) is called totally geodesic, respectively flat, if ∇XY ∈ h,

respectively ∇XY = 0 for all X, Y ∈ h. A totally geodesic, respectively flat

subgroup H of a Lie group N with left invariant Riemannian metric ⟨., .⟩N is

a Lie subgroup which is also totally geodesic, respectively flat as a subman-

ifold. A subalgebra h is totally geodesic, respectively flat if and only if its

exponential image H is totally geodesic, respectively flat submanifold in the

induced left invariant Riemannian manifold on the group N . We say that a

non-zero vector X ∈ n is geodesic if the generated subalgebra {tX; t ∈ R}
is totally geodesic. Throughout Chapter 2 we use the following criteria for a

subalgebra to be totally geodesic.

Lemma 2.4 ([12, Lemma 1.2, Remark 1.4]). A subalgebra h of a metric Lie
algebra (n, ⟨., .⟩) is totally geodesic if and only if one has

⟨[X, Y ], Z⟩+ ⟨[X,Z], Y ⟩ = 0 (2.1)
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for all Y, Z ∈ h and X in the orthogonal complement h⊥ of h in (n, ⟨., .⟩).
Furthermore, a non-zero vector Y ∈ (n, ⟨., .⟩) is geodesic precisely if for all
X ∈ (n, ⟨., .⟩) we have

⟨[X, Y ], Y ⟩ = 0. (2.2)

P. T. Nagy and S. Homolya proved the following useful relations between

abelian subalgebras and flat subalgebras as well as between flat totally geodesic

subalgebras and geodesic vectors.

Lemma 2.5 ([36, Lemmas 1, 2]). Let h be a subalgebra in the nilpotent metric
Lie algebra (n, ⟨., .⟩). The subalgebra h is flat if and only if it is abelian. The
subalgebra h is flat totally geodesic if and only if all non-zero elements of h are
geodesic.

Let (n, ⟨., .⟩) be a k-step nilpotent metric Lie algebra. The center ζ of

n is a proper subalgebra in the ideal ℓk−2n. Let ak−1 denote the orthogonal

complement of the center ζ in ℓk−2n. We obtain ℓk−2n = ak−1⊕ζ and ℓk−1n =
[ℓk−2n, n] = [ak−1, n] ⊆ ζ . Denote by aj the orthogonal complement of ℓjn in

ℓj−1n, j ∈ {1, 2, . . . , k − 2}. One gets n = ⊕k−1
j=1aj ⊕ ζ , [aj, n] ⊆ ℓjn and for

i < j we have [ai, aj] ⊆ ℓjn (see [5, pp. 662]).

Let (n, ⟨., .⟩) be a 6-dimensional filiform metric Lie algebra and

{E1, E2, · · · , E6} be its orthonormal basis on the Euclidean vector space E6
.

The lower central series of (n, ⟨., .⟩) is given by

ℓ1n = span(E3, E4, E5, E6),

ℓ2n = span(E4, E5, E6),

ℓ3n = span(E5, E6) and

ℓ4n = span(E6) which is the center ζ of n.

Hence we have

a1 = span(E1, E2),

a2 = span(E3),

a3 = span(E4),

a4 = span(E5) and n = ⊕4
i=1ai ⊕ ζ.

The following Lemma, which generalizes the results of [36, Lemma 4, Corol-

lary 5 ] was proved in [5, Corollary 2.4].
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Lemma 2.6. Let (n, ⟨., .⟩) be a k-step nilpotent metric Lie algebra, k ≥ 2. Each
non-zero vector in∪k−1

i=1 ai∪ζ is geodesic. Any subalgebra contained in∪k−1
i=1 ai∪ζ

is flat totally geodesic.

G. Cairns, A. Hinić Galić, and Y. A. Nikolayevsky proved the following claims

about the dimension of totally geodesic subalgebras of filiform metric Lie

algebras (see [12, Proposition 1.13, Theorems 1.17, 1.18 ]).

Proposition 2.7. a) Filiform nilpotent metric Lie algebras of dimension n do
not have any totally geodesic subalgebra of dimension n− 1.

b) An n-dimensional filiform nilpotent metric Lie algebra (n, ⟨., .⟩) possesses
a totally geodesic subalgebra of dimension n − 2 if and only if the Lie algebra
n is isomorphic to the standard filiform Lie algebra of dimension n ≥ 3.

The following result shows that there exists filiform Lie algebra which allows

only low dimensional totally geodesic subalgebras.

Theorem 2.8 ([12, Theorems 1.19 ]). Let n be the 6-dimensional filiform Lie
algebra defined by

[E1, Ei] = Ei+1, i = 2, . . . , 5, [E2, E3] = −E6.

For no choice of inner product, does n possess a totally geodesic subalgebra of
dimension greater than two.

2.2 Isometry equivalence classes and isometry group of
6-dimensional filiform nilmanifolds

In this section we consider the classification given by W. A. de Graaf in [16].

The 6-dimensional filiform Lie algebras are defined by the following non-
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vanishing commutators (see [16, pp. 646-647]),

l6,14 :[G1, G2] = G3, [G1, G3] = G4, [G1, G4] = G5, [G2, G3] = G5,

[G2, G5] = G6, [G4, G3] = G6,

l6,15 :[G1, G2] = G3, [G1, G3] = G4, [G1, G4] = G5, [G2, G3] = G5,

[G1, G5] = G6, [G2, G4] = G6,

l6,16 :[G1, G2] = G3, [G1, G3] = G4, [G1, G4] = G5, [G2, G5] = G6,

[G4, G3] = G6,

l6,17 :[G1, G2] = G3, [G1, G3] = G4, [G1, G4] = G5, [G1, G5] = G6,

[G2, G3] = G6,

l6,18 :[G1, G2] = G3, [G1, G3] = G4, [G1, G4] = G5, [G1, G5] = G6,

(2.3)

with respect to a distinguished basis {G1, G2, G3, G4, G5, G6} which is called

the canonical basis of the corresponding Lie algebra.

For the classification of 6-dimensional filiform metric Lie algebras up to

isometric isomorphisms, we take into account the following organized ap-

proach (see [22, pp. 371-372]):

[T1] Firstly, we consider the Gram-Schmidt process on the ordered basis

{G6, G5, G4, G3, G2, G1} in the metric Lie algebra (l, ⟨., .⟩) to obtain an

orthonormal basis F = {F1, F2, · · · , F6} expressed by

Fi =
∑6

k=i aikGk, aik ∈ R, such that aii ≥ 0.

[T2] We define a Lie bracket on the Euclidean vector space E6
with the same

structure coefficients with respect to its distinguished basis E as the

metric Lie algebra (l, ⟨., .⟩) has with respect to its basis F . The ob-

tained metric Lie algebra (n, ⟨., .⟩) on E6
determined by the structure

coefficients is isometrically isomorphic to (l, ⟨., .⟩).

[T3] Finally, we have to find conditions on the real parameters of metric

Lie algebras on E6
to get a one-to-one correspondence between the

equivalence classes of isometrically isomorphic metric Lie algebras and

a family of metric Lie algebras on E6
.

Our first aim is to study the 6-dimensional filiform Lie algebra l6,14.
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Definition 2.9. Let {E1, E2, E3, E4, E5, E6} be an orthonormal basis in the
Euclidean vector space E6. Denote by (n6,14(αi, βj), ⟨., .⟩), αi, βj ∈ R, i ∈
{1, . . . , 5}, j ∈ {1, . . . , 7} with αi ̸= 0 the metric Lie algebra defined on E6

given by the non-vanishing commutators

[E1, E2] = α1E3 + β1E4 + β2E5 + β3E6,

[E1, E3] = α2E4 −
(α5β1 + α2β7

α4

)
E5 + β4E6,

[E1, E4] =
α1α5

α4

E5 + β5E6,

[E2, E3] = α3E5 + β6E6,

[E2, E4] = β7E6,

[E2, E5] = α4E6,

[E4, E3] = α5E6.

(2.4)

The bracket operation (2.4) satisfies the Jacobi identity.

In what follows, let us present the following result, which states:

Theorem 2.10. Let ⟨., .⟩ be an inner product on the 6-dimensional filiform Lie
algebra l6,14.

1. There is a unique metric Lie algebra (n6,14(αi, βj), ⟨., .⟩) with αi, βj ∈ R
such that αi > 0 satisfying:

(a) (n6,14(αi, βj), ⟨., .⟩) is isometrically isomorphic to the metric Lie al-
gebra (l6,14, ⟨., .⟩),

(b) if the set J = {j ∈ {1, 4, 7} : βj ̸= 0} ̸= ∅, then βj◦ > 0 for the
minimal element j◦ ∈ J .

2. The group OA (n6,14(αi, βj), ⟨., .⟩) of orthogonal automorphisms of the
metric Lie algebra (n6,14(αi, βj), ⟨., .⟩) is the group:

(a) if the set J = ∅, then we receive
OA (n6,14(αi, βj), ⟨., .⟩) = {TEi = εEi, i ∈ {1, 3, 5, 6}, ε =
±1, TEj = Ej, j ∈ {2, 4}}≃ Z2,

(b) if the set J ̸= ∅, then we obtain that OA (n6,14(αi, βj), ⟨., .⟩) is
trivial.
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Proof. Firstly we apply the Gram-Schmidt process on the ordered basis

{G6, G5, G4, G3, G2, G1} yields an orthonormal basis {F1, F2, F3, F4, F5, F6}
of the metric Lie algebra (l6,14, ⟨., .⟩) such that the vectorFi is a positive multi-

ple ofGi modulo the subspace span(Gj; j > i) and orthogonal to span(Gj; j >
i). The orthogonal direct sum RF1 ⊕ . . . ⊕ RF6 is a framing of (l6,14, ⟨., .⟩).
Expressing the vectors of the new basis in the form Fi =

∑6
k=i aikGk with

aii > 0 we get

[F1, F2] = α1F3 + β1F4 + β2F5 + β3F6,

[F1, F3] = α2F4 −
(α5β1 + α2β7

α4

)
F5 + β4F6,

[F1, F4] =
α1α5

α4

F5 + β5F6,

[F2, F3] = α3F5 + β6F6,

[F2, F4] = β7F6,

[F2, F5] = α4F6,

[F4, F3] = α5F6,

(2.5)

where αi > 0, i ∈ {1, . . . , 5} and βj ∈ R, j ∈ {1, . . . , 7}. Changing the or-

thonormal basis as follow F̃1 = −F1, F̃2 = F2, F̃3 = −F3, F̃4 = F4, F̃5 =
−F5, F̃6 = −F6 we obtain

[F̃1, F̃2] = α1F̃3 − β1F̃4 + β2F̃5 + β3F̃6,

[F̃1, F̃3] = α2F̃4 +
(α5β1 + α2β7

α4

)
F̃5 − β4F̃6,

[F̃1, F̃4] =
α1α5

α4

F̃5 + β5F̃6,

[F̃2, F̃3] = α3F̃5 + β6F̃6,

[F̃2, F̃4] = −β7F̃6,

[F̃2, F̃5] = α4F̃6,

[F̃4, F̃3] = α5F̃6.

Thereupon, there is an orthonormal basis satisfying (2.5) such that if the set

J = {j ∈ {1, 4, 7}, βj ̸= 0} ̸= ∅, then we may assume that βj◦ > 0 for

the minimal element j◦ ∈ J . Therefore, the existence of metric Lie alge-

bra (n6,14(αi, βj), ⟨., .⟩) satisfying Theorem 2.10 (1) is proved. To prove the

uniquence, let T : (n6,14(αi, βj), ⟨., .⟩) → (n6,14(α
′
i, β

′
j), ⟨., .⟩) be an isomet-

ric isomorphism. The decomposition RE1 ⊕ . . . ⊕ RE6 is a framing of both

metric Lie algebras, where αi, α
′
i > 0, i ∈ {1, . . . , 5}. In view of Lemma

2.3, we have that αi = α′
i, i ∈ {1, . . . , 5} and |β′

j|= βj , j ∈ {1, . . . , 7}. Let

us consider T (Ei) = εiEi, εi = ±1, i ∈ {1, . . . , 6}. Thus we obtain from

[TEi, TEj]
′ = T [Ei, Ej], i, j ∈ {1, . . . , 6}, using the commutation relations
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(2.5), the equations

ε1ε2 (α1E3 + β′
1E4 + β′

2E5 + β′
3E6) =

α1ε3E3 + β1ε4E4 + β2ε5E5 + β3ε6E6,

ε1ε3

(
α2E4 − (

α5β
′
1 + α2β

′
7

α4

)E5 + β′
4E6

)
=

α2ε4E4 − (
α5β1 + α2β7

α4

)ε5E5 + β4ε6E6,

ε1ε4

(α1α5

α4

E5 + β′
5E6

)
=

α1α5

α4

ε5E5 + β5ε6E6,

ε2ε3 (α3E5 + β′
6E6) = α3ε5E5 + β6ε6E6,

ε2ε4 (β
′
7E6) = β7ε6E6,

ε2ε5 (α4E6) = α4ε6E6,

ε4ε3 (α5E6) = α5ε6E6.

(2.6)

From (2.6) it follows that ε1ε2 = ε3, ε1ε3 = ε4, ε1ε4 = ε2ε3 = ε5, ε2ε5 =
ε4ε3 = ε6, which implies that ε2 = ε4 = 1, ε1 = ε3 = ε5 = ε6. Hence we get

ε1ε2 = ε1 = ε5, ε1ε2 = ε1 = ε6, ε1ε4 = ε1 = ε6, ε2ε3 = ε3 = ε6. Therefore

we obtain that β′
2 = β2, β

′
3 = β3, β′

5 = β5, β
′
6 = β6. Assume that J ̸= ∅. If

β1 = β′
1 > 0, then one has the additional condition ε1ε2 = ε4. If β4 = β′

4 > 0,

then we get that ε1ε3 = ε6. If β7 = β′
7 > 0, then we have that ε2ε4 = ε6.

In all these cases we obtain that εi = 1, i ∈ {1, . . . , 6}. This proves that the

metric Lie algebra (n6,14(αi, βj), ⟨., .⟩) is uniquely determined.

Thus the only remaining part to be proved is that (2) holds. To this end,

let us consider the map Ei 7 −→ εiEi, which is an orthogonal automorphism

of (n6,14(αi, βj), ⟨., .⟩). In consequence, the system of equations given by (2.6)

is satisfied with αi > 0, i ∈ {1, . . . , 5}, β′
j = βj, j ∈ {1, . . . , 7}. Therefore,

in the case that J = ∅, which implies that ε2 = ε4 = 1, ε1 = ε3 = ε5 = ε6,

the group of orthogonal automorphisms of (n6,14(αi, βj), ⟨., .⟩) is isomorphic

to the group given by (2a). On the assumption J ̸= ∅, we obtain that εi =
1, i ∈ {1, . . . , 6}, which implies that the group of orthogonal automorphisms

of (n6,14(αi, βj), ⟨., .⟩) is trivial. This is emphasized that the part (2) is valid.

Hence Theorem 2.10 is proved.
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As an immediate consequence of the above theorem. We have the follow-

ing:

Corollary 2.11. Let (N6,14(αi, βj), ⟨., .⟩) be the connected and simply con-
nected Riemannian nilmanifold corresponding to (n6,14(αi, βj), ⟨., .⟩). The isom-
etry group of (N6,14(αi, βj), ⟨., .⟩) is

I(N6,14(αi, βj)) =

{
Z2 ⋉N6,14(αi, βj) ifJ = ∅,
N6,14(αi, βj) ifJ ̸= ∅.

Now, we treat the 6-dimensional filiform Lie algebra l6,15. Our method

yields the following:

Definition 2.12. Let {E1, E2, E3, E4, E5, E6} be an orthonormal basis in the
Euclidean vector space E6. Denote by (n6,15(αi, βj), ⟨., .⟩), αi, βj ∈ R, i ∈
{1, . . . , 5}, j ∈ {1, . . . , 7} with αi ̸= 0 the metric Lie algebra defined on E6

given by the non-vanishing commutators

[E1, E2] = α1E3 + β1E4 + β2E5 + β3E6,

[E1, E3] = α2E4 + β4E5 + β5E6,

[E1, E4] = α3E5 + β6E6,

[E1, E5] = α4E6,

[E2, E3] =
α2α5

α4

E5 + β7E6,

[E2, E4] = α5E6.

(2.7)

The bracket operation (2.7) satisfies the Jacobi identity.

Theorem 2.13. Let ⟨., .⟩ be an inner product on the 6-dimensional filiform Lie
algebra l6,15.

1. There is a unique metric Lie algebra (n6,15(αi, βj), ⟨., .⟩) with αi, βj ∈ R
such that αi > 0 satisfying:

(a) (n6,15(αi, βj), ⟨., .⟩) is isometrically isomorphic to the metric Lie al-
gebra (l6,15, ⟨., .⟩),

(b) if the set J = {j ∈ {1, 3, 4, 6, 7} : βj ̸= 0} ≠ ∅, then βj◦ > 0 for
the minimal element j◦ ∈ J .
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2. The group OA (n6,15(αi, βj), ⟨., .⟩) of orthogonal automorphisms of the
metric Lie algebra (n6,15(αi, βj), ⟨., .⟩) is the group:

(a) if the set J = ∅, then we obtain
OA (n6,15(αi, βj), ⟨., .⟩) = {TEi = εEi, i ∈ {1, 3, 5}, ε = ±1,
TEj = Ej, j ∈ {2, 4, 6}} ≃ Z2,

(b) if the set J ̸= ∅, then OA (n6,15(αi, βj), ⟨., .⟩) is trivial.

Proof. First off, our aim is to prove the existence property. To this end, we ap-

ply the Gram-Schmidt process on the ordered basis {G6, G5, G4, G3, G2, G1},

which yields the orthonormal basis {F6, F5, F4, F3, F2, F1} of l6,15 such that

the vector Fi is a positive multiple of Gi modulo the subspace span(Gj; j > i)
and orthogonal to span(Gj; j > i). The orthogonal direct sum RF1 ⊕ . . . ⊕
RF6 is a framing of (l6,15, ⟨., .⟩) and the vectors Fi, i ∈ {1, . . . , 6} of the new

basis can be written into the form Fi =
∑6

k=1 aikGk with aii > 0. Hence we

receive

[F1, F2] = α1F3 + β1F4 + β2F5 + β3F6,

[F1, F3] = α2F4 + β4F5 + β5F6,

[F1, F4] = α3F5 + β6F6,

[F1, F5] = α4F6,

[F2, F3] =
α2α5

α4

F5 + β7F6,

[F2, F4] = α5F6,

(2.8)

with αi > 0, i ∈ {1, . . . , 5} and βj ∈ R, j ∈ {1, . . . , 7}. Replacing the or-

thonormal basis {F1, F2, F3, F4, F5, F6} to {−F1, F2,−F3, F4,−F5, F6} we

get

[F1, F2] = α1F3 − β1F4 + β2F5 − β3F6,

[F1, F3] = α2F4 − β4F5 + β5F6,

[F1, F4] = α3F5 − β6F6,

[F1, F5] = α4F6,

[F2, F3] =
α2α5

α4

F5 − β7F6,

[F2, F4] = α5F6.

Thus, there is an orthonormal basis satisfying (2.8) such that if the set J =
{j ∈ {1, 3, 4, 6, 7}, βj ̸= 0} ≠ ∅, then we may assume that βj◦ > 0 for
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the minimal element j◦ ∈ J . Hence the existence of the metric Lie alge-

bra (n6,15(αi, βj), ⟨., .⟩) satisfying Theorem 2.13 (1) is proved. To verify that

(n6,15(αi, βj), ⟨., .⟩) is uniquely determined, let us consider an isometric iso-

morphism T : (n6,15(αi, βj), ⟨., .⟩) → (n6,15(α
′
i, β

′
j), ⟨., .⟩). The decompo-

sition RE1 ⊕ . . . ⊕ RE6 is a framing of both Lie algebras, where αi, α
′
i >

0, i ∈ {1, . . . , 5}. Therefore, according to Lemma 2.3, we have that αi =
α′
i, i ∈ {1, . . . , 5} and |β′

j|= βj , j ∈ {1, . . . , 7}. Let T (Ei) = εiEi, εi =
±1, i ∈ {1, . . . , 6}. Using the commutation relations (2.8) we obtain from

[TEi, TEj]
′ = T [Ei, Ej], i, j ∈ {1, . . . , 6}, the equations

ε1ε2 (α1E3 + β′
1E4 + β′

2E5 + β′
3E6) =

α1ε3E3 + β1ε4E4 + β2ε5E5 + β3ε6E6,

ε1ε3 (α2E4 + β′
4E5 + β′

5E6) = α2ε4E4 + β4ε5E5 + β5ε6E6,

ε1ε4 (α3E5 + β′
6E6) = α3ε5E5 + β6ε6E6,

ε2ε3

(α2α5

α4

E5 + β′
7E6

)
=

α2α5

α4

ε5E5 + β7ε6E6,

ε1ε5 (α4E6) = α4ε6E6,

ε2ε4 (α5E6) = α5ε6E6.

(2.9)

It follows that ε1ε2 = ε3, ε1ε3 = ε4, ε1ε4 = ε2ε3 = ε5, ε1ε5 = ε2ε4 = ε6,
which implies that ε2 = ε4 = ε6 = 1, ε1 = ε3 = ε5. Adopting these

relations one obtains ε1ε2 = ε1 = ε5, ε1ε3 = ε6 = 1. Therefore, we get that

β′
2 = β2, β′

5 = β5. Assume that J ̸= ∅. In case that β1 = β′
1 > 0 one has

the addition condition ε1ε2 = ε4. On the assumption that β3 = β′
3 > 0 we

obtain that ε1ε2 = ε6. Supposing that β4 = β′
4 > 0 we get ε1ε3 = ε5. The

condition β6 = β′
6 > 0 implies that ε1ε4 = ε6. If β7 = β′

7 > 0, then we have

ε2ε3 = ε6. In this setting, all these cases yield that εi = 1, i ∈ {1, . . . , 6}.

Hence we obtain that the metric Lie algebra (n6,15(αi, βj), ⟨., .⟩) is uniquely

determined, as it was desired, and with this proof of (1) ends.

We now discuss the second assertion, if the map Ei 7 −→ εiEi, εi =
±1, i ∈ {1, . . . , 6} is an orthogonal automorphism of (n6,15(αi, βj), ⟨., .⟩),
then the system of equations given by (2.9) is satisfied with αi > 0, i ∈
{1, . . . , 5} and β′

j = βj, j ∈ {1, . . . , 7}. Suppose that J = ∅, which yields
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that ε2 = ε4 = ε6 = 1, ε1 = ε3 = ε5. It follows that the group of orthogonal

automorphisms of (n6,15(αi, βj), ⟨., .⟩) is isomorphic to the group given by

(2a). On the assumption that J ̸= ∅, we obtain that εi = 1, i ∈ {1, . . . , 6}.

Therefore, the group of orthogonal automorphisms of (n6,15(αi, βj), ⟨., .⟩) is

trivial, which proves the inclusion (2b). Hence assertion (2) is proved. Thus,

the proof is complete.

Exploiting the above statement, we provide the following corollary:

Corollary 2.14. Let (N6,15(αi, βj), ⟨., .⟩) be the connected and simply con-
nected Riemannian nilmanifold corresponding to the metric Lie algebra
(n6,15(αi, βj), ⟨., .⟩). The isometry group of (N6,15(αi, βj), ⟨., .⟩) is

I(N6,15(αi, βj) =

{
Z2 ⋉N6,15(αi, βj) ifJ = ∅,
N6,15(αi, βj) ifJ ̸= ∅.

Now we consider the 6-dimensional filiform Lie algebra l6,16. We describe

the isometrically isomorphic equivalence classes of the metric Lie algebras

(l6,16, ⟨., .⟩) and the group of orthogonal automorphisms of the representa-

tives of these classes.

Definition 2.15. Let {E1, E2, E3, E4, E5, E6} be an orthonormal basis in the
Euclidean vector space E6. Denote by (n6,16(αi, βj), ⟨., .⟩), αi, βj ∈ R, i ∈
{1, . . . , 4}, j ∈ {1, . . . , 8} with αi ̸= 0 the metric Lie algebra defined on E6

given by the non-vanishing commutators

[E1, E2] = α1E3 + β1E4 + β2E5 + β3E6,

[E1, E3] = α2E4 −
(α3β1

α1

+
α2β8

α4

)
E5 + β4E6,

[E1, E4] = α3E5 + β5E6,

[E1, E5] = β6E6,

[E2, E3] = β7E6,

[E2, E4] = β8E6,

[E2, E5] = α4E6,

[E4, E3] =
α3α4

α1

E6.

(2.10)

The bracket operation (2.10) satisfies the Jacobi identity.

Theorem 2.16. Let ⟨., .⟩ be an inner product on the 6-dimensional filiform Lie
algebra l6,16.



48

CHAPTER 2. 6-DIMENSIONAL FILIFORM NILMANIFOLDS AND THE
CORRESPONDING METRIC LIE ALGEBRAS

1. There is a unique metric Lie algebra (n6,16(αi, βj), ⟨., .⟩) which is isomet-
rically isomorphic to the metric Lie algebra (l6,16, ⟨., .⟩) with the proper-
ties that αi > 0, i ∈ {1, . . . , 4} and one of the following cases is satisfied:

(a) βj = 0, j ∈ {1, 3, 4, 5, 6, 8},

(b) β3 > 0 or β5 > 0, βj = 0, j ∈ {1, 4, 6, 8},

(c) β6 > 0 or β4 > 0, βj = 0, j ∈ {1, 3, 5, 8},

(d) β1 > 0 or β8 > 0, βj = 0, j ∈ {3, 4, 5, 6},

(e) at least two of the elements of the set {β1, β3, β4, β5, β6, β8} are pos-
itive with exception of the pairs {β1 > 0, β8 > 0}, {β3 > 0, β5 >
0}, {β4 > 0, β6 > 0}.

2. The group OA (n6,16(αi, βj), ⟨., .⟩) of orthogonal automorphisms of the
metric Lie algebra (n6,16(αi, βj), ⟨., .⟩) is the following group:

(a) in case (1a), one has OA (n6,16(αi, βj), ⟨., .⟩) = {TEi = ε1Ei, i ∈
{1, 6}, TEi = ε2Ei, i ∈ {2, 4}, TEi = ε1ε2Ei, i ∈ {3, 5},
ε1, ε2 = ±1}≃ Z2 × Z2,

(b) in case (1b), one has OA (n6,16(αi, βj), ⟨., .⟩) = {TEj = Ej, j ∈
{2, 4}, TEi = εEi, i ∈ {1, 3, 5, 6}, ε = ±1}≃ Z2,

(c) in case (1c), we receive OA (n6,16(αi, βj), ⟨., .⟩) = {TEj = Ej, j ∈
{3, 5}, TEi = εEi, i ∈ {1, 2, 4, 6}, ε = ±1}≃ Z2,

(d) in case (1d), we obtain OA (n6,16(αi, βj), ⟨., .⟩) = {TEj = Ej, j ∈
{1, 6}, TEi = εEi, i ∈ {2, 3, 4, 5}, ε = ±1}≃ Z2,

(e) in case (1e), the group OA (n6,16(αi, βj), ⟨., .⟩) is trivial.

Proof. Firstly, we are going to prove the existence of the metric Lie algebra

(n6,16(αi, βj), ⟨., .⟩) which satisfies the inclusion (1). Applying the Gram-

Schmidt process on the ordered basis {G6, G5, G4, G3, G2, G1}, we get an or-

thonormal basis {F1, F2, F3, F4, F5, F6} of the Lie algebra l6,16 such that the

vectorFi is a positive multiple ofGi modulo the subspace span(Gj; j > i) and

orthogonal to span(Gj; j > i). The orthogonal direct sum RF1⊕ . . .⊕RF6 is
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a framing of (l6,16, ⟨., .⟩). Expressing the vectors of the new basis in the form

Fi =
∑6

k=i aikGk with aii > 0 we get

[F1, F2] = α1F3 + β1F4 + β2F5 + β3F6,

[F1, F3] = α2F4 −
(α3β1

α1

+
α2β8

α4

)
F5 + β4F6,

[F1, F4] = α3F5 + β5F6,

[F1, F5] = β6F6,

[F2, F3] = β7F6,

[F2, F4] = β8F6,

[F2, F5] = α4F6,

[F4, F3] =
α3α4

α1

F6,

(2.11)

with αi > 0, i ∈ {1, . . . 4} and βj ∈ R, j ∈ {1, . . . , 8}. The change of the

orthonormal basis F̃1 = −F1, F̃2 = F2, F̃3 = −F3, F̃4 = F4, F̃5 =
−F5, F̃6 = −F6 gives

[F̃1, F̃2] = α1F̃3 − β1F̃4 + β2F̃5 + β3F̃6,

[F̃1, F̃3] = α2F̃4 +
(α3β1

α1

+
α2β8

α4

)
F̃5 − β4F̃6,

[F̃1, F̃4] = α3F̃5 + β5F̃6,

[F̃1, F̃5] = −β6F̃6,

[F̃2, F̃3] = β7F̃6,

[F̃2, F̃4] = −β8F̃6,

[F̃2, F̃5] = α4F̃6,

[F̃4, F̃3] =
α3α4

α1

F̃6.

Applying another change as follows F̃1 = F1, F̃2 = −F2, F̃3 = −F3, F̃4 =
−F4, F̃5 = −F5, F̃6 = F6 we obtain

[F̃1, F̃2] = α1F̃3 + β1F̃4 + β2F̃5 − β3F̃6,

[F̃1, F̃3] = α2F̃4 −
(α3β1

α1

+
α2β8

α4

)
F̃5 − β4F̃6,

[F̃1, F̃4] = α3F̃5 − β5F̃6,

[F̃1, F̃5] = −β6F̃6,

[F̃2, F̃3] = β7F̃6,

[F̃2, F̃4] = β8F̃6,

[F̃2, F̃5] = α4F̃6,

[F̃4, F̃3] =
α3α4

α1

F̃6.

Accordingly, there is an orthonormal basis such that in commutators (2.11)

one has αi > 0, i = 1, . . . , 4, and one of the cases in assertion 1. is satis-

fied. This proves the existence of n6,16(αi, βj) with the properties in assertion

1. To prove the uniqueness of metric the Lie algebra (n6,16(αi, βj), ⟨., .⟩) let
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T : (n6,16(αi, βj), ⟨, ., ⟩) → (n6,16(α
′
i, β

′
j), ⟨., .⟩) be an isometric isomorphism.

The decomposition RE1⊕ . . .⊕RE6 is a framing of both metric Lie algebras,

where α1, α
′
1, α2, α

′
2, α3, α

′
3, α4, α

′
4 > 0. In view of Lemma 2.3, we obtain that

αi = α′
i > 0, i ∈ {1, 2, 3, 4} and |β′

j|= βj , j ∈ {1, . . . , 8}. Let T (Ei) = εiEi,

εi = ±1, i ∈ {1, . . . , 6}. Using the commutation relations (2.11) and the form

[TEi, TEj]
′ = T [Ei, Ej], i, j ∈ {1, . . . , 6}, we obtain straightforwardly the

following equations

ε1ε2 (α1E3 + β′
1E4 + β′

2E5 + β′
3E6) =

α1ε3E3 + β1ε4E4 + β2ε5E5 + β3ε6E6,

ε1ε3

(
α2E4 − (

α3β
′
1

α1

+
α2β

′
8

α4

)E5 + β′
4E6

)
=

α2ε4E4 − (
α3β1

α1

+
α2β8

α4

)ε5E5 + β4ε6E6,

ε1ε4 (α3E5 + β′
5E6) = α3ε5E5 + β5ε6E6,

ε1ε5 (β
′
6E6) = β6ε6E6,

ε2ε3 (β
′
7E6) = β7ε6E6,

ε2ε4 (β
′
8E6) = β8ε6E6,

ε2ε5 (α4E6) = α4ε6E6,

ε4ε3

(α3α4

α1

E6

)
=

α3α4

α1

ε6E6.

(2.12)

From (2.12) it follows that ε1ε2 = ε3, ε1ε3 = ε4, ε1ε4 = ε5, ε2ε5 = ε4ε3 = ε6,
which implies that ε4 = ε2, ε1ε2 = ε3 = ε5, ε6 = ε1. Using these relations

we obtain that ε1ε2 = ε5, ε2ε3 = ε1 = ε6. Therefore one has β′
2 = β2,

β′
7 = β7. If β1 = β′

1 > 0 or β8 = β′
8 > 0, then we get additionally ε1ε2 = ε4

or ε2ε4 = ε6. In both cases we obtain ε1 = ε6 = 1 and ε2 = ε3 = ε4 = ε5.
If β3 = β′

3 > 0 or β5 = β′
5 > 0, then we obtain in addition ε1ε2 = ε6 or

= ε1ε4 = ε6. Therefore in both cases we receive ε2 = ε4 = 1 and ε1 = ε3 =
ε5 = ε6. If β4 = β′

4 = 0 or β6 = β′
6 > 0, then we have in addition ε1ε3 = ε6

or ε1ε5 = ε6 and hence in both cases ε3 = ε5 = 1, ε1 = ε2 = ε4 = ε6.
Using these relations in assertion 1. of the Theorem

in case (1a) we get ε2 = ε4, ε1ε2 = ε3 = ε5, ε2ε3 = ε6 = ε1,
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in case (1b) we obtain ε2 = ε4 = 1 and ε1 = ε3 = ε5 = ε6,

in case (1c) we have ε3 = ε5 = 1 and ε1 = ε2 = ε4 = ε6,

in case (1d) we receive ε1 = ε6 = 1 and ε2 = ε3 = ε4 = ε5,

in case (1e) we get εi = 1, i = 1, . . . , 6.

Hence the system of equations (2.12) holds with β′
j = βj, j = 1, . . . , 7 in

cases (1a)- (1e) of the Theorem. Therefore the uniqueness of the Lie algebra

n6,16(αi, βj) in cases (1a)- (1e) is proved. This yields assertion 1.

At this stage, (2) is the only remaining part to be proved. To this end, we

consider the map Ei 7 −→ εiEi, εi = ±1, i ∈ {1, . . . , 6} which is an orthogo-

nal automorphism of (n6,16(αi, βj), ⟨., .⟩). Therefore, the system of equations

given by (2.12) is satisfied with αi > 0, i ∈ {1, . . . , 4} and β′
j = βj, j ∈

{1, . . . , 8}. Therefore in cases (1a)- (1e) the conditions for εi, i = 1, . . . , 6,

are given above. Taking this into consideration the group of orthogonal auto-

morphisms of n6,16(αi, βj) in case 1e is trivial, in cases (1a)- (1d) is isomorphic

to the group given by (2a) - (2d). This proves assertion (2). This completes

the proof of the theorem 2.16.

Due to the above discussion, we can conclude the following:

Corollary 2.17. Let (N6,16(αi, βj), ⟨., .⟩) be the connected and simply con-
nected Riemannian nilmanifold corresponding to the metric Lie algebra
(n6,16((αi, βj), ⟨., .⟩). The isometry group of (N6,16((αi, βj), ⟨., .⟩) is

I(ℵ6,16(αi, βj) =


Z2 × Z2 ⋉N6,16(αi, βj) if (1a) holds ,
Z2 ⋉N6,16(αi, βj) if (1b), (1c), (1d) are satisfied ,

N6,16(αi, βj) if (1e) holds .

Finally, we consider the 6-dimensional filiform Lie algebras l6,17 and l6,18
with their canonical basis {G1, G2, G3, G4, G5, G6}.

Definition 2.18. Let {E1, E2, E3, E4, E5, E6} be an orthonormal basis in the
Euclidean vector space E6. We denote by (n6,18(αi, βj), ⟨., .⟩), αi, βj ∈ R, i ∈
{1, . . . , 4}, j ∈ {1, . . . , 6} with αi ̸= 0 the metric Lie algebra defined on E6 by
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the non-vanishing commutators

[E1, E2] = α1E3 + β1E4 + β2E5 + β3E6, [E1, E3] = α2E4 + β4E5 + β5E6,

[E1, E4] = α3E5 + β6E6, [E1, E5] = α4E6.
(2.13)

Denote by (n6,17(αi, βj), ⟨., .⟩), αi, βj ∈ R, i ∈ {1, . . . , 5}, j ∈ {1, . . . , 6} with
αi ̸= 0 the metric Lie algebra defined onE6 given by (2.13) and by the additional
commutator

[E2, E3] = α5E6. (2.14)

The bracket operations (2.13) as well as (2.14) satisfy the Jacobi identity.

Theorem 2.19. Let ⟨., .⟩ be an inner product on the 6-dimensional filiform Lie
algebra l6,k, k ∈ {17, 18}.

1. There is a unique metric Lie algebra (n6,k(αi, βj), ⟨., .⟩), k ∈ {17, 18},
with αi, βj ∈ R such that αi > 0 satisfying:

(a) (n6,k(αi, βj), ⟨., .⟩) , k ∈ {17, 18}, is isometrically isomorphic to the
metric Lie algebra (l6,k, ⟨., .⟩), k ∈ {17, 18},

(b) if the set J = {j ∈ {1, 3, 4, 6} : βj ̸= 0}≠ ∅, then βj◦ > 0 for the
minimal element j◦ ∈ J .

2. The group OA (n6,17(αi, βj), ⟨., .⟩) of orthogonal automorphisms of the
metric Lie algebra (n6,17(αi, βj), ⟨., .⟩) is the group:

(a) if the set J = ∅, then we obtain
OA (n6,17(αi, βj), ⟨., .⟩) = {TEi = εEi, i ∈ {1, 2, 4, 6}, TE3 =
E3, TE5 = E5, ε = ±1} ≃ Z2,

(b) if the set J ̸= ∅, then OA(n6,17(αi, βj), ⟨., .⟩) is trivial.

3. The group OA (n6,18(αi, βj), ⟨., .⟩) of orthogonal automorphisms of the
metric Lie algebra (n6,18(αi, βj), ⟨., .⟩) is the group:

(a) if J = ∅, then we obtain
OA (n6,18(αi, βj), ⟨., .⟩) = {TE1 = ε1E1, TEi = ε2Ei,
i ∈ {2, 4, 6}, TEj = ε1ε2Ej, j ∈ {3, 5}, ε1, ε2 = ±1} ≃ Z2 ×Z2,
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(b) if J ̸= ∅, then we receive
OA (n6,18(αi, βj), ⟨., .⟩) = {TE1 = E1, TEi = εEi,
i ∈ {2, . . . , 6}, ε = ±1} ≃ Z2.

Proof. Depending on the method considered, we obtain an orthonormal ba-

sis {F1, F2, F3, F4, F5, F6} of l6,17, respectively l6,18 after applying the Gram-

Schmidt process on the ordered basis {G6, G5, G4, G3, G2, G1} such that the

vectorFi is a positive multiple ofGi modulo the subspace span(Gj; j > i) and

orthogonal to span(Gj; j > i). The orthogonal direct sum RF1 ⊕ . . .⊕ RF6

is a framing of (l6,17, ⟨., .⟩), respectively (l6,18, ⟨., .⟩). The vectors of the new

basis have the form Fi =
∑6

k=i aikGk with aii > 0. We get the metric Lie

algebras (l6,17, ⟨., .⟩) and (l6,18, ⟨., .⟩)

[F1, F2] = α1F3 + β1F4 + β2F5 + β3F6, [F1, F3] = α2F4 + β4F5 + β5F6,

[F1, F4] = α3F5 + β6F6, [F1, F5] = α4F6,
(2.15)

and for (l6,17, ⟨., .⟩) in addition

[F2, F3] = α5F6, (2.16)

where αi > 0 i ∈ {1, . . . , 5}, and βj ∈ R, j ∈ {1, . . . , 6}. Changing the

orthonormal basis as follow F1 7→ −F1, F2 7→ −F2, F3 7→ F3, F4 7→
−F4, F5 7→ F5, F6 7→ −F6 we obtain

[F1, F2] = α1F3 − β1F4 + β2F5 − β3F6, [F1, F3] = α2F4 − β4F5 + β5F6,

[F1, F4] = α3F5 − β6F6, [F1, F5] = α4F6,

[F2, F3] = α5F6.

Hence there is an orthonormal basis satisfying (2.15) such that if the set

J = {j ∈ {1, 3, 4, 6}, βj ̸= 0} ≠ ∅, then we may assume that βj◦ > 0 for the

minimal element j◦ ∈ J . Consequently, the existence of the metric Lie alge-

bras (n6,17(αi, βj), ⟨., .⟩), respectively (n6,18(αi, βj), ⟨., .⟩) satisfying Theorem

2.19 (1) is proved. Let T : (n6,k(αi, βj), ⟨., .⟩) →
(
n6,k(α

′
i, β

′
j), ⟨., .⟩

)
, k ∈

{17, 18}, be an isometric isomorphism. The decomposition RE1⊕ . . .⊕RE6

is a framing of both Lie algebras, where αi, α
′
i > 0, i ∈ {1, . . . , 5}. Hence,
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in view of Lemma 2.3, we have αi = α′
i, i ∈ {1, . . . , 5} and |β′

j|= βj for all

j ∈ {1, . . . , 6}. Let T (Ei) = εiEi, εi = ±1, i ∈ {1, . . . , 6}. Using the com-

mutation relations (2.15) and (2.16) we obtain from [TEi, TEj]
′ = T [Ei, Ej],

i, j ∈ {1, . . . , 6}, for (n6,17(αi, βj), ⟨., .⟩) and (n6,18(αi, βj), ⟨., .⟩) the equa-

tions

ε1ε2(α1E3 + β′
1E4 + β′

2E5 + β′
3E6) = α1ε3E3 + β1ε4E4 + β2ε5E5 + β3ε6E6,

ε1ε3(α2E4 + β′
4E5 + β′

5E6) = α2ε4E4 + β4ε5E5 + β5ε6E6,

ε1ε4(α3E5 + β′
6E6) = α3ε5E5 + β6ε6E6,

ε1ε5(α4E6) = α4ε6E6,

(2.17)

and in addition for (n6,17(αi, βj), ⟨., .⟩) the equation

ε2ε3(α5E6) = α5ε6E6. (2.18)

From (2.17) and (2.18) for the metric Lie algebra (n6,17(αi, βj), ⟨., .⟩) we re-

ceive that ε1ε2 = ε3, ε1ε3 = ε4, ε1ε4 = ε5, ε1ε5 = ε2ε3 = ε6. Therefore

one obtains that ε3 = ε5 = 1 ε1 = ε2 = ε4 = ε6. Using these relations we

have ε1ε2 = ε5 = 1, ε1ε3 = ε1 = ε6 hence β′
2 = β2, β′

5 = β5. Assume that

J ̸= ∅. If β1 = β′
1 > 0, then one has the additional condition ε1ε2 = ε4.

If β3 = β′
3 > 0, then we obtain ε1ε2 = ε6. If β4 = β′

4 > 0, then we get

ε1ε3 = ε5. If β6 = β′
6 > 0, then one has ε1ε4 = ε6. In all these cases we re-

ceive that εi = 1, i ∈ {1, . . . , 6}. Analogously to the previous case, one gets

εi = 1, i ∈ {1, . . . , 6} from (2.17) for metric Lie algebra (n6,18(αi, βj), ⟨., .⟩).
This proves the uniqueness of the Lie algebra (n6,17(αi, βj), ⟨., .⟩), respec-

tively (n6,18(αi, βj), ⟨., .⟩). Hence assertion (1) is proved.

If the map T (Ei) = εiEi, εi = ±1, i ∈ {1, . . . , 6}, is an orthogonal

automorphism of (n6,17(αi, βj), ⟨., .⟩), respectively (n6,18(αi, βj), ⟨., .⟩), then

the system of equations given by (2.17), respectively (2.18) is satisfied with

β′
j = βj, j ∈ {1, . . . , 6}. In the case (n6,17(αi, βj), ⟨., .⟩), if J = ∅, then we

obtain ε3 = ε5 = 1, ε1 = ε2 = ε4 = ε6. It follows that the group of orthog-

onal automorphisms of (n6,17(αi, βj), ⟨., .⟩) is isomorphic to the group given

by (2a). If J ̸= ∅, then εi = 1, i ∈ {1, . . . , 6}. Hence the group of orthog-

onal automorphisms of (n6,17(αi, βj), ⟨., .⟩) is trivial. This proves assertion
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(2). In the case (n6,18(αi, βj), ⟨., .⟩), if J = ∅, then we obtain ε1ε2 = ε5 = 1,

ε1ε3 = ε1 = ε6. It follows that the group of orthogonal automorphisms

of (n6,18(αi, βj), ⟨., .⟩) is isomorphic to the group given by (3a). If J ̸= ∅,

then εi = 1, i ∈ {1, . . . , 6}. Hence the group of orthogonal automorphisms

of (n6,17(αi, βj), ⟨., .⟩) is trivial. This proves assertion (3).Thus, the prove of

Theorem 2.19 is complete.

Corollary 2.20. Let (N6,17(αi, βj), ⟨., .⟩) be the connected and simply con-
nected Riemannian nilmanifold corresponding to the metric Lie algebra
(n6,17(αi, βj), ⟨., .⟩). The isometry group of (N6,17(αi, βj), ⟨., .⟩) is

I(N6,17(αi, βj) =

{
Z2 ⋉N6,17(αi, βj) ifJ = ∅,
N6,17(αi, βj) ifJ ̸= ∅.

Corollary 2.21. Let (N6,18(αi, βj), ⟨., .⟩) be the connected and simply con-
nected Riemannian nilmanifold corresponding to the metric Lie algebra
(n6,18(αi, βj), ⟨., .⟩). The isometry group of (N6,18(αi, βj), ⟨., .⟩) is

I(N6,18(αi, βj) =

{
Z2 × Z2 ⋉N6,18(αi, βj) ifJ = ∅,
Z2 ⋉N6,18(αi, βj) ifJ ̸= ∅.

2.3 Geodesic vectors of 6-dimensional filiform metric Lie
algebras

Our aim in this section is to determine the sets of geodesic vectors of the

six-dimensional filiform metric Lie algebras. According to Lemma 2.6, any

element belonging to ∪4
i=1ai ∪ ζ is geodesic. Therefore, we want to find the

sets of geodesic vectors not belonging to ∪4
i=1ai∪ζ . Let us introduce the sets:

C1 := {bE2 + cE3 + dE4 : b (α1c+ β1d) + cα2d = 0 : b, c, d ∈ R} ,
such that at least two of the numbers b, c, d are non-zero

with exception of the cases:

1. b = 0,

2. d = 0,

3. c = 0 with β1 ̸= 0,
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C2 :=
{
a(E1 −

α2

α5

E6) + cE3 + dE4 + eE5 : a ̸= 0, a, c, d, e ∈ R,

α5β1 + α2β7 = 0 = β4,

e = (β5a− α5c)
α2α4

α1α2
5

,

a(α1c+ β1d+ β2e−
α2β3

α5

)− c(α3e−
α2β6

α5

a) +
aα2

α5

(β7d+ α4e) = 0
}
,

C3 :=
{
a
(
E1 −

α2

α5

E6 + (
β5

α5

+
α1β4

α5β1 + α2β7

)E3 −
α2α4β4

α5(α5β1 + α2β7)
E5

)
+

dE4 : a ̸= 0, a, d ∈ R,

a(α1c+ β1d+ β2e+ β3f)− c (α3e+ β6f)− f(β7d+ α4e) = 0
}
,

C4 :=
{
aE1 + cE3 + dE4 + eE5 + fE6 : a ̸= 0, f ̸= −a

α2

α5

, f ̸= 0,

a, c, d, e, f ∈ R, e = (cα5 − aβ5)
fα4

aα1α5

,

d =
a

α5f + α2a

(α5β1 + α2β7

α4

e− β4f
)
,

a (α1c+ β1d+ β2e+ β3f)− c (α3e+ β6f)− f(β7d+ α4e) = 0
}
,

C5 :=
{
cE3 + dE4 + eE5 + fE6 : f ̸= 0, c ̸= 0, c, d, e, f ∈ R,

d =
−c

α5f

(α2α5

α4

e+ β7f
)
,

−c

α5f

(α2α5

α4

e+ β7f
)
(α3e+ β6f + cα2) + c(β4e+ β5f) + eα4f = 0

}
,
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C6 :=
{
bE2 + cE3 + dE4 + eE5 : b(α1c+ β1d+ β2e) + c(α2d+ γe)+

dα3e = 0, b, c, d, e ∈ R
}
, where γ = −

(α3β1

α1

+
α2β8

α4

)
in the case of

the metric Lie algebra n6,16(αi, βj), whereas γ = β4 in the case of

the metric Lie algebra n6,17(αi, βj) such that at least two of the

numbers b, c, d, e are non-zero with exception of the cases:

1. b = c = 0,

2. b = e = 0,

3. d = e = 0,

4. c = d = 0, β2 ̸= 0,

5. c = e = 0, β1 ̸= 0,

6. b = d = 0 with α3α4β1 + α1α2β8 ̸= 0 in the case of the metric

Lie algebra n6,16(αi, βj),

7. b = d = 0 with β4 ̸= 0 in the case of the metric Lie algebra

n6,17(αi, βj),

C7 :=
{
a
(
E1 −

β6

α4

E2

)
+ cE3 + dE4 + eE5 + fE6 : af ̸= 0, a, c, d, e, f ∈ R,

ae =
f

α3

(aβ6β8

α4

+ c
α3α4

α1

− aβ5

)
,

ac =
f

α1

(cβ7 + dβ8 + eα4)−
a

α1

(β1d+ β2e+ β3f) ,

ad =
a

α2

(
(
α3β1

α1

+
α2β8

α4

)e− β4f
)
+

f

α2

(aβ6β7

α4

− d
α3α4

α1

)
,

d(α2c+ α3e) = a
β6

α4

(α1c+ β1d+ β2e+ β3f) + ce
(α3β1

α1

+
α2β8

α4

)
− f (cβ4 + dβ5 + eβ6)

}
,
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C8 :={dE4 + eE5 + fE6 : d(α3e+ β6f) + eα4f = 0, d, e, f ∈ R},
such that at least two of the numbers d, e, f are non-zero

with exception of the cases:

1. f = 0,

2. d = 0,

3. e = 0 with β6 ̸= 0,

C9 :={bE2 + cE3 + dE4 + eE5 + fE6 : b(α1c+ β1d+ β2e+ β3f)+

c(α2d+ β4e+ β5f) + d(α3e+ β6f) + eα4f = 0, b, c, d, e, f ∈ R},
such that at least two of the numbers b, c, d, e, f are non-zero

with exception of the cases:

1. b = c = d = 0,

2. b = c = f = 0,

3. d = e = f = 0,

4. b = c = e = 0 with β6 ̸= 0,

5. c = d = f = 0 with β2 ̸= 0,

6. c = d = e = 0 with β3 ̸= 0.

Using the above sets we obtain:

Theorem 2.22. Let (n6,14(αi, βj), ⟨., .⟩) be the metric Lie algebra defined onE6

by the non-vanishing commutators (2.4) with αi > 0, βj ∈ R, i ∈ {1, . . . , 5},
j ∈ {1, . . . 7}. The geodesic vectors of (n6,14(αi, βj), ⟨., .⟩) not belonging to
∪4

i=1ai ∪ ζ are the non-zero elements of the set C1 ∪C2 ∪C4 in the case α5β1 +
α2β7 = 0 = β4, for α5β1 + α2β7 ̸= 0 these are the non-zero elements of the set
C1 ∪ C3 ∪ C4.

Theorem 2.23. Let (n6,15(αi, βj), ⟨., .⟩) be the metric Lie algebra defined onE6

by the non-vanishing commutators (2.7) with αi > 0, βj ∈ R, i ∈ {1, . . . , 5},
j ∈ {1, . . . 7}. The geodesic vectors in (n6,15(αi, βj), ⟨., .⟩) not belonging to
∪4

i=1ai ∪ ζ are the non-zero elements of the set C1 ∪ C5.

Theorem 2.24. Let (n6,16(αi, βj), ⟨., .⟩) be the metric Lie algebra defined onE6

by the non-vanishing commutators (2.10) with αi > 0, βj ∈ R, i ∈ {1, . . . , 4},
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j ∈ {1, . . . 8}. The geodesic vectors of (n6,16(αi, βj), ⟨., .⟩) not belonging to
∪4

i=1ai ∪ ζ are the non-zero elements of the set C6 ∪ C7.

Theorem 2.25. Let (n6,17(αi, βj), ⟨., .⟩) be the metric Lie algebra defined on
E6 by the non-vanishing commutators (2.13) and (2.14) with αi > 0, βj ∈
R, i ∈ {1, . . . , 5}, j ∈ {1, . . . 6}. The geodesic vectors of (n6,17(αi, βj), ⟨., .⟩)
not belonging to ∪4

i=1ai ∪ ζ are the non-zero elements of the set C6 ∪ C8. The
geodesic vectors of metric Lie algebra (n6,18(αi, βj), ⟨., .⟩) defined on E6 by the
non-vanishing commutators (2.13) with αi > 0, βj ∈ R, i ∈ {1, . . . , 4}, j ∈
{1, . . . 6} not belonging to ∪4

i=1ai ∪ ζ are the non-zero elements of the set C9.

Proof of Theorems 2.22, 2.23, 2.24, 2.25

Proof of Theorem 2.22. According to (2.2) a non-zero vector Y = aE1+bE2+
cE3 + dE4 + eE5 + fE6 ∈ n6,14(αi, βj) is geodesic if and only if one has

⟨[X, Y ], Y ⟩ = 0 for all X =
∑5

i=1 xiEi ∈ n6,14(αi, βj) or equivalently if and

only if the system of equations

bα4f = 0,
a(α1α5

α4
e+ β5f)− cα5f = 0,

a(α2d− α5β1+α2β7

α4
e+ β4f) + bα3e+ dα5f = 0,

a (α1c+ β1d+ β2e+ β3f)− c (α3e+ β6f)− f(β7d+ α4e) = 0,

b (α1c+ β1d+ β2e) + c(α2d− α5β1+α2β7

α4
e+ β4f)

+d(α1α5

α4
e+ β5f) = 0

(2.19)

is satisfied. Taking into account that αi ̸= 0, i = {1, . . . , 5} and assume that

f = 0 the system of equations (2.19) reduces to
ae = 0,
aα2d+ bα3e = 0,
a(α1c+ β1d)− cα3e = 0,

b (α1c+ β1d+ β2e) + c(α2d− α5β1+α2β7

α4
e) + dα1α5

α4
e = 0.

(2.20)

If a = 0, then from (2.20) we obtain be = 0 = ce, b(α1c + β1d) + cα2d +
dα1α5

α4
e = 0. In the case e = 0 = a = f the geodesic vectors of metric Lie
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algebra (n6,14(αi, βj), ⟨., .⟩) are the non-zero elements of the set

C1 := {bE2 + cE3 + dE4 : b (α1c+ β1d) + cα2d = 0, b, c, d ∈ R} .

For b = 0 the element Y = cE3 + dE4 ∈ C1 satisfies the condition α2cd = 0.

Since α2 ̸= 0 we receive that either c = 0 and the element Y = dE4 is

in a3 or d = 0 and the element Y = cE3 is in a2. If d = 0, then for the

element Y = bE2 + cE3 ∈ C1 the condition α1bc = 0 holds. As α1 ̸= 0
we obtain that either c = 0 and the element Y = bE2 is in a1 or b = 0 and

the element Y = cE3 is in a2. If c = 0 and β1 ̸= 0, then for the element

Y = bE2 + dE4 ∈ C1 the condition bd = 0 is satisfied. Hence we get

either b = 0 and the element Y = dE4 is in a3 or d = 0 and the element

Y = bE2 is in a1. Therefore the conditions for the set C1 are proved. In the

case b = c = 0 = a = f the vector Y = dE4 + eE5 is geodesic if and

only if either d = 0 or e = 0 and hence it lies either in a4 or in a3. If e = 0,

then from (2.20) one has ad = 0 = ac, b(α1c + β1d) + cα2d = 0. The case

a = 0 = e = f is discussed above. In the case d = c = 0 = e = f we receive

that any vector Y = aE1 + bE2 is geodesic since it lies in the set a1.

Now, we suppose that b = 0. In this case the system (2.19) of equations

reduces to the following
aα1α5

α4
e = f(cα5 − aβ5),

dα5f = −a(α2d− α5β1+α2β7

α4
e+ β4f),

a (α1c+ β1d+ β2e+ β3f)− c (α3e+ β6f)− f(β7d+ eα4) = 0,

c(α2d− α5β1+α2β7

α4
e+ β4f) + d(α1α5

α4
e+ β5f) = 0.

(2.21)

Assume that a = 0. The first and second equations of (2.21) give cf = 0 = df .

The case f = 0 = a is already discussed. In the case c = d = 0 = a the third

equation of (2.21) gives fe = 0. In this case the geodesic vector Y has either

the form eE5 ∈ a4 or the form fE6 ∈ ζ . If a ̸= 0, then the system (2.21) of

equations is equivalent to the following system:
α1α5

α4
e = f

a
(cα5 − aβ5),

d(α5f + α2a) = a(α5β1+α2β7

α4
e− β4f),

a(α1c+ β1d+ β2e+ β3f)− c (α3e+ β6f)− f(β7d+ eα4) = 0.
(2.22)
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Let f = −aα2

α5
. Putting this expression into the first and second equations of

(2.22) we receive

(aβ5 − cα5)
α2α4

α1(α5)2
= e, (2.23)

α5β1 + α2β7

α4

e+
α2

α5

aβ4 = 0. (2.24)

The substitution of (2.23) into (2.24) yields that

c(α5β1 + α2β7) =
a

α5

(
(α5β1 + α2β7)β5 + α1α5β4

)
. (2.25)

If α5β1 + α2β7 = 0, then the equation (2.25) gives β4 = 0. In this case

the geodesic vectors of (n6,14(αi, βj), ⟨., .⟩) are the elements of the set C2. If

α5β1 + α2β7 ̸= 0, then from equation (2.25) we obtain:

c = a
(β5

α5

+
α1β4

α5β1 + α2β7

)
. (2.26)

Putting (2.26) into (2.23) we receive

e = − α2α4β4

α5(α5β1 + α2β7)
a.

Hence in this case the geodesic vectors of (n6,14(αi, βj), ⟨., .⟩) are in the set

C3. If f ̸= −aα2

α5
, then from the first and second equations of (2.22) we have

e =
(
cα5 − aβ5

) fα4

aα1α5

, d =
a

α5f + α2a

(α5β1 + α2β7

α4

e− β4f
)
.

In this case the geodesic vectors of (n6,14(αi, βj), ⟨., .⟩) are the vectors of the

set C4 such that f ̸= −aα2

α5
is a real coefficient. For f = 0 the elements in

C4 have the shape Y = aE1 + cE3 with a ̸= 0 and satisfy the condition

α1ac = 0. Therefore we have c = 0 and hence the element Y = aE1 lies in

a1. The intersection C1∩C2∩C4 is empty because for the elements of C1 one

has a = 0 but for the elements in C2 ∪ C4 we have a ̸= 0. Moreover, for the

elements in C2 one gets f = −aα2

α5
, in contrast to this for the elements in C4

we have f ̸= −aα2

α5
. Hence the sets C2 and C4 are disjoint. Similarly we can

see that the sets C1, C3 and C4 are disjoint. This completes the proof.
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Proof of Theorem 2.23. Applying the commutators (2.7) the equation (2.2) gives

that the non-zero element Y = aE1 + bE2 + cE3 + dE4 + eE5 + fE6 ∈
n6,15(αi, βj) is geodesic if and only if for the real numbers a, b, c, d, e, f with

respect to a basis {E1, E2, E3, E4, E5, E6} the system of equations

af = 0,
aα3e+ bα5f = 0,
a(α2d+ β4e) + b(α2α5

α4
e+ β7f) = 0,

a(α1c+ β1d+ β2e)− c(α2α5

α4
e+ β7f)− dα5f = 0,

b(α1c+ β1d+ β2e+ β3f) + c(α2d+ β4e+ β5f)
+d(α3e+ β6f) + eα4f = 0

(2.27)

is satisfied. If a = 0, then the second and the third equations of (2.27) gives

bf = 0 = be. In the case f = e = 0 = a the vector Y = bE2 + cE3 + dE4 is

geodesic of (n6,15(αi, βj), ⟨., .⟩) if and only if it lies in the set C1. The validity

of the condition for the coefficients b, c, d in the case of the set C1 was shown

in the proof of the Theorem 2.22. In the case b = 0 = a the system (2.27)

reduces to:{
c(α2α5

α4
e+ β7f) + dα5f = 0,

c(α2d+ β4e+ β5f) + d(α3e+ β6f) + eα4f = 0.
(2.28)

Suppose that f = 0. From the first equation of (2.28) we receive that either

c = 0 or e = 0. In the case c = 0 = f = b = a the vector Y = dE4 + eE5

is geodesic of (n6,15(αi, βj), ⟨., .⟩) if and only if it lies either in a4 or in a3,

whereas if e = 0 = f = b = a the vector Y = cE3 + dE4 is geodesic of

(n6,15(αi, βj), ⟨., .⟩) precisely if it lies either in a2 or in a3. Assume that f ̸= 0.

From the first equation of (2.28) we obtain

d =
−c

α5f

(α2α5

α4

e+ β7f
)
. (2.29)

Substituting (2.29) into the second equation of (2.28) we receive that

−c

α5f

(α2α5

α4

e+ β7f
)
(cα2 + α3e+ β6f) + c(β4e+ β5f) + eα4f = 0.
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In this case the vector Y = cE3 + dE4 + eE5 + fE6 ∈ n6,15(αi, βj) with

f ̸= 0 is geodesic if and only if it lies in the set

C5 :={cE3 + dE4 + eE5 + fE6 : f ̸= 0, d =
−c

α5f

(α2α5

α4

e+ β7f
)
,

−c

α5f

(α2α5

α4

e+ β7f
)
(α3e+ β6f + cα2) + c(β4e+ β5f) + eα4f = 0}.

If c = 0, then the set C5 consists of the vectors Y = fE6, f ̸= 0, which are

in ζ . Therefore we obtain that c ̸= 0 and we get the set C5. Now, if f = 0,

the system (2.27) of equations reduces to
ae = 0,
ad+ α5

α4
be = 0,

a(α1c+ β1d)− α2α5

α4
ce = 0,

b(α1c+ β1d+ β2e) + c(α2d+ β4e) + dα3e = 0.

(2.30)

We discussed the case a = 0 = f above. In the case e = 0 = f , from the

second and the third equations of (2.30) one has ad = 0 = ac. The case

e = 0 = a = f is discussed above. In the case e = 0 = d = c = f any vector

Y = aE1 + bE2 is geodesic because it lies in a1. The intersection C1 ∩ C5 is

empty since for the elements of C1 one has f = 0 but for the elements in C5

we have f ̸= 0. This proves Theorem 2.23.

Proof of Theorem 2.24. According to (2.2) the vector Y = aE1 + bE2 + cE3 +
dE4+eE5+fE6 is geodesic of (n6,16(αi, βj), ⟨., .⟩) if and only if the following

system of equations

f (aβ6 + bα4) = 0,
a (α3e+ β5f) + f(bβ8 − cα3α4

α1
) = 0,

a
(
α2d− (α3β1

α1
+ α2β8

α4
)e+ β4f

)
+ f(bβ7 + dα3α4

α1
) = 0,

a (α1c+ β1d+ β2e+ β3f)− f (cβ7 + dβ8 + eα4) = 0,

b(α1c+ β1d+ β2e+ β3f) + c
(
α2d− (α3β1

α1
+ α2β8

α4
)e+ β4f

)
+d(α3e+ β5f) + eβ6f = 0

(2.31)
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is satisfied for a, b, c, d, e, f ∈ R. Firstly, we suppose that f = 0. Take into

account that αi > 0, i = 1, . . . , 4, the system (2.31) of equations gives ae =
0 = ad = ac. For a = 0 = f the vector Y = bE2 + cE3 + dE4 + eE5 is

geodesic of (n6,16(αi, βj), .⟨., .⟩) if and only if it lies in set

C6 :=
{
bE2 + cE3 + dE4 + eE5 : b(α1c+ β1d+ β2e)

+ c
(
α2d− (

α3β1

α1

+
α2β8

α4

)e
)
+ dα3e = 0, b, c, d, e ∈ R

}
,

If b = c = 0, then for the element Y = dE4 + eE5 ∈ C6 one has dα3e = 0.

As α3 ̸= 0 we obtain that Y lies either in a4 or in a3. If b = e = 0, then for

the element Y = cE3 + dE4 ∈ C6 we have cα2d = 0. Since α2 ̸= 0 we

obtain that Y lies either in a3 or in a2. In the case d = e = 0 for the element

Y = bE2 + cE3 ∈ C6 one gets bα1c = 0. As α1 ̸= 0 we receive that Y lies

either in a1 or in a2. In the case c = d = 0 for the element Y = bE2+eE5 ∈ C6

we receive bβ2e = 0. If β2 ̸= 0, then the element Y lies either in a4 or in a1.

In the case c = e = 0 for the element Y = bE2 + dE4 ∈ C6 we receive

that bβ1d = 0. If β1 ̸= 0, then the element Y lies either in a3 or in a1. In

the case b = d = 0 for the element Y = cE3 + eE5 ∈ C6 one obtains

ce(α3β1

α1
+ α2β8

α4
) = 0. If α3α4β1 + α1α2β8 ̸= 0, then we have ce = 0 or

equivalently the element Y is either in a4 or in a2. This proves the conditions

for the set C6. For e = d = c = 0 = f any vector Y = aE1 + bE2 is geodesic

of (n6,16(αi, βj), .⟨., .⟩) because it lies in a1.

Secondly, assume that aβ6+bα4 = 0. Hence we receive b = −aβ6

α4
. Putting

this expression into (2.31) one obtains that

ae = f
α3
(aβ6β8

α4
+ cα3α4

α1
− aβ5),

ad = a
α2

(
(α3β1

α1
+ α2β8

α4
)e− β4f

)
+ f

α2
(aβ6β7

α4
− dα3α4

α1
),

ac = f
α1

(cβ7 + dβ8 + eα4)− a
α1

(β1d+ β2e+ β3f) ,

a β6

α4
(α1c+ β1d+ β2e+ β3f) + ce(α3β1

α1
+ α2β8

α4
)

−f(cβ4 + dβ5 + eβ6) = d(α2c+ α3e).
(2.32)

Suppose that a = 0. Hence one has b = 0. From system (2.32) of equations

we receive fc = 0 = fd = fe. The case f = 0 = a = b is discussed above. If



2.3. GEODESIC VECTORS OF 6-DIMENSIONAL FILIFORM METRIC LIE
ALGEBRAS 65

c = d = e = 0 = a = b, then any vector Y = fE6 is geodesic since it lies in

ζ . Assume that a ̸= 0 the geodesic vectors of (n6,16(αi, βj), ⟨., .⟩) are in the

set C7 such that f is a real coefficient. If f = 0, then from (2.32) it follows

that e = d = c = 0. Hence any element Y = a(E1 − β6

α4
E2), a ̸= 0, lies in

a1. Therefore we may assume that f ̸= 0. The intersection C6 ∩ C7 is empty

since for the elements of C6 one has a = 0 and f = 0 but for the elements in

C7 we have af ̸= 0. This completes the proof.

Proof of Theorem 2.25. Using the commutators (2.13) and (2.14) the claim (2.2)

yields that the non-zero element Y = aE1+ bE2+ cE3+dE4+eE5+fE6 ∈
n6,17(αi, βj) is geodesic if and only if for the real numbers a, b, c, d, e, f with

respect to a basis {E1, E2, E3, E4, E5, E6} the system of equations
af = 0, ae = 0,
aα2d+ bα5f = 0,
a(α1c+ β1d)− cα5f = 0,
b(α1c+ β1d+ β2e+ β3f) + c(α2d+ β4e+ β5f) + d(α3e+ β6f)

+eα4f = 0
(2.33)

is satisfied. If a = 0, then the third and the fourth equations of (2.33) give

bf = 0 = cf . In the case b = c = 0 = a, the vector Y = dE4 + eE5 + fE6 is

geodesic of (n6,17(αi, βj), ⟨., .⟩) if and only if it lies in the set

C8 :={dE4 + eE5 + fE6 : d(α3e+ β6f) + eα4f = 0, d, e, f ∈ R}.

For f = 0 the element Y = dE4+eE5 ∈ C8 satisfies the condition α3de = 0.

Since α3 ̸= 0 we obtain that either d = 0 and the element Y = eE5 is in a4

or e = 0 and the element Y = dE4 is in a3. If d = 0, then for the element

Y = eE5 + fE6 ∈ C8 the condition α4ef = 0 holds. Since α4 ̸= 0 we

receive that either e = 0 and the element Y = fE6 is in ζ or f = 0 and

the element Y = eE5 is in a4. If e = 0 with β6 ̸= 0, then for the element

Y = dE4 + fE6 ∈ C8 the condition df = 0 is satisfied. Hence we get

either d = 0 and the element Y = fE6 is in ζ or f = 0 and the element

Y = dE4 is in a3. Therefore the conditions for the set C8 are proved. In the

case f = 0 = a the non-zero vector Y = bE2 + cE3 + dE4 + eE5 is geodesic
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of (n6,17(αi, βj), ⟨., .⟩) if and only if it lies in the set

C6 :={bE2 + cE3 + dE4 + eE5 : b(α1c+ β1d+ β2e) + c(α2d+ β4e)

+ dα3e = 0, b, c, d, e ∈ R}.

If b = c = 0, then the element Y = dE4 + eE5 ∈ C6 satisfies the condition

α3de = 0. Since α3 ̸= 0 we obtain that either d = 0 and the element Y = eE5

is in a4 or e = 0 and the element Y = dE4 is in a3. If b = e = 0, then for

the element Y = cE3 + dE4 ∈ C6 the condition α2cd = 0 holds. Since

α2 ̸= 0 we receive that either c = 0 and the element Y = dE4 is in a3

or d = 0 and the element Y = cE3 is in a2. If d = e = 0, then for the

element Y = bE2 + cE3 ∈ C6 the condition α1bc = 0 is satisfied. As α1 ̸= 0
we get either b = 0 and the element Y = cE3 is in a2 or c = 0 and the

element Y = bE2 is in a1. If c = d = 0 with β2 ̸= 0, then for the element

Y = bE2 + eE5 ∈ C6 the condition be = 0 holds. Therefore we get either

b = 0 and the element Y = eE5 is in a4 or e = 0 and the element Y = bE2 is

in a1. If c = e = 0 with β1 ̸= 0, then for the element Y = bE2+dE4 ∈ C6 the

condition bd = 0 holds. It follows that either b = 0 and the element Y = dE4

is in a3 or d = 0 and the element Y = bE2 is in a1. Finally, if b = d = 0 with

β4 ̸= 0, then for the element Y = cE3 + eE5 ∈ C6 the condition ce = 0
holds. Hence we have either c = 0 and the element Y = eE5 is in a4 or e = 0
and the element Y = cE3 is in a2. This proves the conditions for the set C6.

If f = e = 0, then from the third and fourth equations of (2.33) we obtain

that ad = 0 = ac. The case a = 0 = f = e is discussed above. In the case

d = c = 0 = f = e any vector Y = aE1 + bE2 is geodesic because it lies

in a1. The intersection C8 ∩ C6 is empty, because for any element of C8 one

has b = c = 0 and any element of C6 one gets f = 0. Hence the set of the

geodesic vectors of (n6,17(αi, βj), ⟨., .⟩) is shown.

In the case of the metric Lie algebra (n6,18(αi, βj), ⟨., .⟩) the system (2.33)

of equations is satisfied with α5 = 0. Therefore we obtain that af = 0 =
ae = ad = ac. The case f = e = d = c = 0 is discussed above. In the

case a = 0 the vector Y = bE2 + cE3 + dE4 + eE5 + fE6 is geodesic of

(n6,18(αi, βj), ⟨., .⟩) precisely if it lies in the set

C9 :={bE2 + cE3 + dE4 + eE5 + fE6 : b(α1c+ β1d+ β2e+ β3f)
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+ c(α2d+ β4e+ β5f) + d(α3e+ β6f) + eα4f = 0, b, c, d, e, f ∈ R}.

If b = c = d = 0, then the element Y = eE5 + fE6 ∈ C9 satisfies the

condition α4ef = 0. Since α4 ̸= 0 we obtain that either e = 0 and the

element Y = fE6 is in ζ , or f = 0 and the element Y = eE5 is in a4. If

b = c = f = 0, then for the element Y = dE4 + eE5 ∈ C9 the condition

α3de = 0 holds. Since α3 ̸= 0 we receive that either d = 0 and the element

Y = eE5 is in a4, or e = 0 and the element Y = dE4 is in a3. If d = e = f = 0,

then for the element Y = bE2+cE3 ∈ C9 the condition α1bc = 0 is satisfied.

As α1 ̸= 0 we get either b = 0 and the element Y = cE3 is in a2, or c = 0
and the element Y = bE2 is in a1. In the case b = c = e = 0 with β6 ̸= 0,

for the element Y = dE4 + fE6 ∈ C9 the condition df = 0 holds. Hence

we have either d = 0 and the element Y = fE6 is in ζ , or f = 0 and the

element Y = dE4 is in a3. If c = d = f = 0 with β2 ̸= 0, then for the

element Y = bE2 + eE5 ∈ C9 the condition be = 0 holds. Therefore we get

either b = 0 and the element Y = eE5 is in a4, or e = 0 and the element

Y = bE2 is in a1. Finally, if c = d = e = 0 with β3 ̸= 0, then for the element

Y = bE2+fE6 ∈ C9 the condition bf = 0 holds. It follows that either b = 0
and the element Y = fE6 is in ζ , or f = 0 and the element Y = bE2 is in a1.

This shows the conditions for the set C9. Hence Theorem 2.25 is proved.

2.4 Flat totally geodesic subalgebras of 6-dimensional fil-
iform metric Lie algebras

In this section, we describe the flat totally geodesic subalgebras of the 6-

dimensional filiform metric Lie algebras. As any non-zero vector in ∪4
i=1ai∪ζ

is geodesic, we focus on the study of subalgebras not belonging to ∪4
i=1ai∪ ζ .

Since any non-zero geodesic vector Y generates a 1-dimensional flat totally

geodesic subalgebra {tY, t ∈ R}, here we wish to find totally geodesic sub-

algebras of dimension greater than 1.
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2.4.1 Metric Lie algebras corresponding to non-standard filiform Lie
algebras

In this subsection, we deal with the filiform metric Lie algebras n6,14(αi, βj),
n6,15(αi, βj), n6,16(αi, βj) and n6,17(αi, βj).
We introduce the following theorem.

Theorem 2.26. The flat totally geodesic subalgebras of the non-standard fili-
form metric Lie algebras n6,k(αi, βj), k = 14, 15, 16, 17 have dimension at most
2.

To prove Theorem 2.26 we characterize the flat totally geodesic subal-

gebras of the filiform metric Lie algebras n6,k(αi, βj), k = 14, 15, 16, 17, as

follows:

Theorem 2.27. Let (n6,14(αi, βj), ⟨., .⟩) be the metric Lie algebra defined onE6

by the commutators (2.4). The flat totally geodesic subalgebras of dimension> 1
in the metric Lie algebra (n6,14(αi, βj), ⟨., .⟩) are the 2-dimensional subalgebras:

1. h2 = span(E1, E6) in the case β3 = β4 = β5 = 0,

2. h3 = span(E2, E4) in the case β1 = β7 = 0.

Theorem 2.28. Let (n6,15(αi, βj), ⟨., .⟩) be the metric Lie algebra defined on
E6 by the commutators (2.7). Then the unique flat totally geodesic subalgebra
of dimension > 1 in (n6,15(αi, βj), ⟨., .⟩) is h6 = span(E3, E6) in the case β5 =
β7 = 0.

Theorem 2.29. Let (n6,16(αi, βj), ⟨., .⟩) be the metric Lie algebra defined onE6

by the commutators (2.10). The flat totally geodesic subalgebras of dimension
> 1 in (n6,16(αi, βj), ⟨., .⟩) are the 2-dimensional subalgebras:

1. h2 = span(E1 − β6

α4
E2, E6) in the case β3 = 0, β4 =

β6β7

α4
and β5 =

β6β8

α4
,

2. h3 = span(E2 +
β8α1

α3α4
E3 − 1

α3
(β1 +

β8α1α2

α3α4
)E5, E4) if and only if for

αi, βj , i = 1, 2, 3, 4, j = 1, 2, 8 the equation

(α1)
2β8

α3α4

+
(
β1+

β8α1

α3α4

)(
− β2

α3

+
β8α1

(α3)2α4

(
α3β1

α1

+
α2β8

α4

)
)
= 0 (2.34)

holds,
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3. h5 = span(E3, E5) in the case α3α4β1 + α2α1β8 = 0,

4. h20 = span(E2 + k1E4 + k2E5, E3 + l1E4 + l2E5) if and only if the
equations

β7 + l1β8 + l2α4 + k1
α3α4

α1

= 0,

β1k1 + β2k2 + k1α3k2 = 0,

α2l1 − (
α3β1

α1

+
α2β8

α4

)l2 + l1α3l2 = 0,

α1 + β1l1 + β2l2 + α2k1 − (
α3β1

α1

+
α2β8

α4

)k2 + α3(k1l2 + l1k2) = 0

are satisfied.

Theorem 2.30. Let (n6,17(αi, βj), ⟨., .⟩) be the metric Lie algebra defined on
E6 by the commutators (2.13) and (2.14). The flat totally geodesic subalgebras
of dimension > 1 in (n6,17(αi, βj), ⟨., .⟩) are the 2-dimensional subalgebras:

1. h3 = span(E2 − β1+α3k2
α2

E3 + k2E5, E4), where k2 is a solution of the
equation

α3β4k
2
2 + (α1α3 + β1β4 − α2β2)k2 + α1β1 = 0, (2.35)

2. h5 = span (E3, E5) in the case β4 = 0,

3. h7 = span(E4 − α3

α4
E6, E5) in the case β6 = 0,

4. h8 = span (E4, E6) in the case β6 = 0,

5. h14 = span(E2 + k1E3 − β2+β4k1
α3

E4, E5), where k1 is a solution of the
equation

α2β4k
2
1 + (β1β4 + α2β2 − α1α3)k1 + β1β2 = 0, (2.36)

6. h15 = span(E3 − α2

α3
E5, E4) in the case β4 = 0.
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Proof of Theorems 2.27, 2.28, 2.29, 2.30

We need the following Lemmas.

Lemma 2.31. There does not exist any flat totally geodesic subalgebra of the
6-dimensional filiform metric Lie algebras containing the elementE5+lE6 with
l ̸= 0.

Proof. The vector Y = E5 + lE6, l ∈ R, is geodesic in a metric Lie al-

gebra n6,k(αi, βj), k = 14, · · · , 18, if and only if for all X ∈ n6,k(αi, βj),
k = 14, · · · , 18, one has ⟨[X, Y ], Y ⟩ = 0 (cf. (2.2)). Applying the commu-

tators (2.4) in the case of the metric Lie algebras n6,14(αi, βj), respectively

(2.10) for the metric Lie algebras n6,16(αi, βj) we obtain that ⟨[E2, Y ], Y ⟩ =
⟨α4E6, Y ⟩ = α4l = 0. Using the commutators (2.7) in the case of the met-

ric Lie algebras n6,15(αi, βj), respectively (2.13) for the metric Lie algebras

n6,17(αi, βj) and n6,18(αi, βj) we receive that ⟨[E1, Y ], Y ⟩ = ⟨α4E6, Y ⟩ =
α4l = 0. Since α4 ̸= 0 these imply that l = 0. Hence from Lemma 2.5 follows

the assertion.

Lemma 2.32. There does not exist any flat totally geodesic subalgebra of the
metric Lie algebras n6,k(αi, βj), k = 14, 16, 17, which contains the element
Y = E3 + k1E4 + k2E5 + k3E6, k1, k2, k3 ∈ R, with k3 ̸= 0.

Proof. According to (2.2) the vector Y = E3 + k1E4 + k2E5 + k3E6, ki ∈ R,

i = 1, 2, 3, is geodesic in a metric Lie algebra n6,k(αi, βj), k = 14, 16, 17,

precisely if for all X ∈ n6,k(αi, βj), k = 14, 16, 17, we get ⟨[X, Y ], Y ⟩ =
0. In n6,14(αi, βj), respectively in n6,17(αi, βj) one has ⟨[E4, Y ], Y ⟩ = α5k3,
respectively ⟨[E2, Y ], Y ⟩ = α5k3. Moreover one gets ⟨[E4, Y ], Y ⟩ = α3α4

α1
k3

in n6,16(αi, βj). As α3α4α5 ̸= 0 we obtain that k3 = 0. Using Lemma 2.5 the

assertion follows.

Lemma 2.33. The element E4+mE5+ lE6, m, l ∈ R, is geodesic in the metric
Lie algebras n6,k(αi, βj), k = 14, 15, 16, if and only if one has m = l = 0.

Proof. According to (2.2) the non-zero vector Y = E4+mE5+ lE6, m, l ∈ R,

is geodesic in a metric Lie algebra n6,k(αi, βj), k = 14, 15, 16, precisely if for

all X ∈ n6,k(αi, βj), k = 14, 15, 16, one has ⟨[X, Y ], Y ⟩ = 0. Applying
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the commutators (2.4) in the case of the metric Lie algebras n6,14(αi, βj) we

have ⟨[E3, Y ], Y ⟩ = ⟨−α5E6, Y ⟩ = −α5l. Using the commutators (2.7) in

the case of the metric Lie algebras n6,15(αi, βj) we receive ⟨[E2, Y ], Y ⟩ =
⟨α5E6, Y ⟩ = α5l. Taking into account the commutators (2.10) of the metric

Lie algebras n6,16(αi, βj) we obtain ⟨[E3, Y ], Y ⟩ = ⟨−α3α4

α1
E6, Y ⟩ = −α3α4

α1
l.

Since α3α4α5 ̸= 0 we get that l = 0. Taking this into account we obtain

⟨[E1, E4+mE5], E4+mE5⟩ = α1α5

α4
m in n6,14(αi, βj), ⟨[E1, E4+mE5], E4+

mE5⟩ = α3m in n6,k(αi, βj), k = 15, 16. As α1α3α5 ̸= 0 we obtain m = 0.

Since E4 ∈ a3 it is a geodesic vector which proves the assertion.

Lemma 2.34. There does not exist any flat totally geodesic subalgebra of the 6-
dimensional filiform metric Lie algebras n6,k(αi, βj), k = 14, 15, 16, 17, which
contains the vector Y = E2 + b1E3 + b2E4 + b3E5 + b4E6 with b4 ̸= 0.

Proof. Using (2.2) the vector Y = E2+b1E3+b2E4+b3E5+b4E6, bi ∈ R, i =
1, 2, 3, 4, is geodesic in a metric Lie algebra n6,k(αi, βj), k = 14, 15, 16, 17, if

and only if for allX ∈ n6,k(αi, βj), k = 14, 15, 16, 17, we obtain ⟨[X, Y ], Y ⟩ =
0. Since one has ⟨[E5, Y ], Y ⟩ = −α4b4 ∈ n6,k(αi, βj), k = 14, 16, and

⟨[E4, Y ], Y ⟩ = −α5b4 ∈ n6,15(αi, βj), as well as ⟨[E3, Y ], Y ⟩ = −α5b4 ∈
n6,17(αi, βj) we receive that b4 = 0. Hence from Lemma 2.5 follows the as-

sertion.

Lemma 2.35. The vector E1 + k1E2 + k2E3 + k3E4 + k4E5, ki ∈ R, i =
1, 2, 3, 4, is geodesic in a 6-dimensional filiform metric Lie algebra n6,k(αi, βj),
k = 14, 15, 16, 17, 18, if and only if we have k2 = k3 = k4 = 0. Moreover,
the vector E1 + k1E2 + E6, k1 ∈ R, is not a geodesic vector in the metric Lie
algebras n6,k(αi, βj), k = 15, 17, 18.

Proof. Applying (2.2) the vector Y = E1 + k1E2 + k2E3 + k3E4 + k4E5 is

geodesic in a metric Lie algebra n6,k(αi, βj), k = 14, 15, 16, 17, 18, if and only

if for all X ∈ n6,k(αi, βj), k = 14, 15, 16, 17, 18, we obtain ⟨[X, Y ], Y ⟩ = 0.

We have ⟨[E4, Y ], Y ⟩ = −α1α5

α4
k4 in n6,14(αi, βj) as well as ⟨[E4, Y ], Y ⟩ =

−α3k4 in n6,k(αi, βj), k = 15, 16, 17, 18. Since α1α5α3 ̸= 0 the claim (2.2)

gives that k4 = 0. Using this we obtain ⟨[E3, Y ], Y ⟩ = −α2k3 in n6,k(αi, βj),
k = 14, 15, 16, 17, 18. As α2 ̸= 0 we obtain from (2.2) that k3 = 0. Tak-

ing this into account we receive ⟨[E2, Y ], Y ⟩ = −α1k2 in n6,k(αi, βj), k =
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14, 15, 16, 17, 18. Because of α1 ̸= 0 it follows from (2.2) that k2 = 0. This

proves the first assertion. As ⟨[E5, E1 + k1E2 + E6], E1 + k1E2 + E6⟩ =
−α4 ̸= 0 in n6,k(αi, βj), k = 15, 17, 18, we obtain a contradiction to (2.2) and

the second assertion is proved.

Now we proof the following:

Proof of Theorem 2.27. In view of Proposition 2.7 any flat totally geodesic sub-

algebra of metric Lie algebra (n6,14(αi, βj), ⟨., .⟩) has dimension at most 3.

Hence firstly we determine the 2- and 3-dimensional abelian subalgebras of

the Lie algebra n6,14(αi, βj).
The 2-dimensional abelian subalgebras of n6,14(αi, βj) are:

h1 = span(E1 + k2E3 + k3E4 + k4E6, E5 + l1E6),

h2 = span(E1 + k1E2 + k2E3 + k3E4 + k4E5, E6),

h3 = span(E2 + k1E3 + k2E5 + k3E6, E4 + l1E5 + l2E6)

with β7 + l1α4 − k1α5 = 0,

h4 = span(E2 + k1E3 + k2E4 + k3E5, E6),

h5 = span(E3 + k1E4 + k2E6, E5 + l1E6),

h6 = span(E3 + k1E4 + k2E5, E6),

h7 = span(E4 + s1E6, E5 + l1E6),

h8 = span(E4 + l1E5, E6),

h9 = span(E5, E6),

(2.37)

whereas the 3-dimensional abelian subalgebras of n6,14(αi, βj) are:

h10 = span(E1 + k2E3 + k3E4, E5, E6),

h11 = span(E3 + k1E4, E5, E6),

h12 = span(E4, E5, E6),

h13 = span(E2 + k1E3 + k2E5, E4 + l1E5, E6)

with β7 + l1α4 − k1α5 = 0,

(2.38)

where k1, k2, k3, k4, l1, l2, s1 ∈ R. According to Lemma 2.31 the subalgebras

h9, h10, h11, and h12 are not flat totally geodesic because they contain the vec-
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tor E5+E6. Therefore the subalgebras h9, h10, h11, h12 are excluded. Because

the vector Y = E4 + l1E5 + E6 ∈ h8 ∩ h13 is not geodesic (see Lemma

2.33) the subalgebras h8 and h13 are not flat totally geodesic (cf. Lemma

2.4). Hence the subalgebras h8, h13 are excluded, too. Since the subalge-

bra h4 contains the vector E2 + k1E3 + k2E4 + k3E5 + E6 by Lemma 2.34

it is not flat totally geodesic. Hence h4 is excluded. Since the element Y =
E3 + k1E4 + k2E5 +E6 ∈ h6 is not geodesic (cf. Lemma 2.32) the subalgebra

h6 is not flat totally geodesic and hence it is excluded.

By the proof of Lemma 2.31 the vector Y = E5 + l1E6 ∈ h1 ∩ h5 ∩ h7 is

geodesic if and only if l1 = 0.

We treat the subalgebra h1. The vector E1 + k2E3 + k3E4 + k4E6 ∈ h1
is geodesic if and only if for b = e = 0, a = 1, c = k2, d = k3, f = k4 the

system (2.19) of equations is satisfied. From the second equation of (2.19) we

receive

k4(β5 − α5k2) = 0. (2.39)

Furthermore, the element E1 + k2E3 + k3E4 + k4E6 +E5 ∈ h1 is geodesic if

and only if for b = 0, a = e = 1, c = k2, d = k3, f = k4 the system (2.19) of

equations holds. The second equation of (2.19) gives

α1α5

α4

+ k4(β5 − α5k2) = 0. (2.40)

Taking into account (2.39), equation (2.40) yields the contradiction
α1α5

α4
=

0. Hence the subalgebra h1 is not flat totally geodesic and therefore it is

excluded.

Next we consider the subalgebra h5. The vector E3+k1E4+k2E6 ∈ h5 is

geodesic if and only if for a = b = e = 0, c = 1, d = k1, f = k2, the system

(2.19) of equations holds. From Lemma 2.32 one obtains k2 = f = 0. Using

this the fifth equation of (2.19) gives α2k1 = 0. Since α2 ̸= 0 we receive

k1 = 0. But the vector Y = E3 + E5 ∈ h5 is not geodesic because one has

⟨[E2, Y ], Y ⟩ = α3 ̸= 0. Therefore the subalgebra h5 is excluded, too.

We deal with the subalgebra h7. By Lemma 2.33 the element E4+ s1E6 ∈
h7 is geodesic if and only if s1 = 0. But in this case the vector Y = E4+E5 ∈
h7 is not geodesic (see Lemma 2.33). Hence the subalgebra h7 is excluded.
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Now we treat the subalgebra h2. The vector E1 + k1E2 + k2E3 + k3E4 +
k4E5 ∈ h2 is geodesic if and only if k2 = k3 = k4 = 0 (see Lemma 2.35).

The element E1 + k1E2 + E6 ∈ h2 is geodesic if and only if for e = c =
d = 0, a = f = 1, b = k1 the system (2.19) of equations holds. From the

first equation of (2.19) one has α4k1 = 0. This implies that k1 = 0 since

α4 ̸= 0. Additionally, the vector E1 + E6 ∈ h2 is geodesic if and only if for

b = c = d = e = 0, a = f = 1 the system (2.19) of equations is satisfied.

From the second, third, and fourth equations we get β5 = 0, β4 = 0, and

β3 = 0. Hence the assertion (1) of Theorem 2.27 follows.

Finally we consider the subalgebra h3. The vector E2 + k1E3 + k2E5 +
k3E6 ∈ h3 is geodesic if and only if for a = d = 0, b = 1, c = k1, e =
k2, f = k3 the system (2.19) of equations holds. In view of Lemma 2.34, one

has k3 = f = 0. Using this from the third equation of (2.19) we obtain

α3k2 = 0. As α3 ̸= 0 we receive k2 = e = 0. Applying this the fifth equation

of (2.19) gives α1k1 = 0. Since α1 ̸= 0 this yields k1 = c = 0. The element

E4+ l1E5+ l2E6 ∈ h3 is geodesic if and only if for a = b = c = 0, d = 1, e =
l1, f = l2 the system (2.19) of equations is satisfied. According to Lemma 2.33

we receive that l1 = l2 = 0. In addition, the vector E2 + E4 ∈ h3 is geodesic

if and only if for a = c = f = 0, b = d = 1 the system (2.19) of equations

holds. The fifth equation of (2.19) gives β1 = 0. Taking into account the

condition for the subalgebra h3 to be abelian, when l1 = k1 = 0 we receive

that β7 = 0. Therefore the case (2) of Theorem 2.27 is shown. This proves

Theorem 2.27.

Proof of Theorem 2.28. In view of Proposition 2.7, the dimension of the flat

totally geodesic subalgebras of (n6,15(αi, βj), ⟨., .⟩) is at most 3. Hence firstly

we determine the 2- and 3-dimensional abelian subalgebras in the Lie algebra

n6,15(αi, βj).

The 2-dimensional and the 3-dimensional abelian subalgebras of Lie al-
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gebra n6,15(αi, βj) are:

h2, h4, h5, h6, h7, h8, h9 in (2.37), h11 and h12 in (2.38),

h14 = span(E2 + k1E3 + k2E4 + k3E6, E5 + l1E6),

h15 = span(E3 + k1E5 + k2E6, E4 + l1E5 + l2E6),

h16 = span(E3 + k1E5, E4 + l1E5, E6),

h17 = span(E2 + k1E3 + k2E4, E5, E6),

h18 = span(E3 + k1E6, E4 + s1E6, E5 + l1E6),

(2.41)

where k1, k2, k3, l1, l2, s1 ∈ R. According to Lemmas 2.31, 2.33, the subalge-

bras h8, h9, h11, h12, h16 and h17 are excluded. The vector E1+k1E2+k2E3+
k3E4 + k4E5 ∈ h2 is geodesic if and only if k2 = k3 = k4 = 0 (see Lemma

2.35). But the vector Y = E1 + k1E2 + E6 ∈ h2 is not geodesic (see Lemma

2.35). Therefore the subalgebra h2 is not flat totally geodesic (cf. Lemma 2.5)

and hence it is excluded. The subalgebra h4 is not flat totally geodesic since

it contains the vector E2+ k1E3+ k2E4+ k3E5+E6 ∈ h4 (see Lemma 2.34).

Hence the subalgebra h4 is excluded.

Using the proof of Lemma 2.31 the vector E5+ l1E6 ∈ h5 ∩ h7 ∩ h14 ∩ h18
is geodesic if and only if l1 = 0. The vector E4 + s1E6 ∈ h7 ∩ h18 is geodesic

precisely if one has s1 = 0 (see the proof of Lemma 2.33). Using this it follows

from the proof of Lemma 2.33 that the vector E4 + E5 ∈ h7 ∩ h18 is not

geodesic. Hence the subalgebras h7, h18 are excluded, too.

Next we consider the subalgebra h5. The element E3+ k1E4+ k2E6 ∈ h5
is geodesic if and only if for a = b = e = 0, c = 1, d = k1, f = k2 the system

(2.27) of equations is satisfied. The fourth equation gives

β7k2 + α5k1k2 = 0. (2.42)

In addition, the vector E3 + k1E4 + k2E6 + E5 ∈ h5 is geodesic if and only

if for a = b = 0, c = e = 1, d = k1, f = k2 the system (2.27) of equations

holds. The fourth equation of (2.27) yields

α2α5

α4

+ β7k2 + α5k1k2 = 0. (2.43)
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Comparing (2.42) with (2.43) we obtain the contradiction
α2α5

α4
= 0. Hence

the vector E3 + k1E4 + k2E6 + E5 ∈ h5 is not geodesic and the subalgebra

h5 is excluded.

Now we treat the subalgebra h14. The element Y = E2 + k1E3 + k2E4 +
k3E6+E5 ∈ h14 is geodesic if and only if for a = 0, b = e = 1, c = k1, d = k2,
f = k3 the system (2.27) of equations is satisfied. From Lemma 2.34 we get

k3 = 0 = f . Using this the third equation of (2.27) yields the contradiction

α2α5

α4
= 0. Hence the vector E2 + k1E3 + k2E4 + k3E6 + E5 ∈ h14 is not

geodesic, which excludes the subalgebra h14 (cf. Lemma 2.5).

Next we treat the subalgebra h15. The vector E4 + l1E5 + l2E6 ∈ h15 is

geodesic if and only if l1 = l2 = 0 (cf. Lemma 2.33). The element E3+k1E5+
k2E6 ∈ h15 is geodesic if for a = b = d = 0, c = 1, e = k1, f = k2 the system

(2.27) of equations is satisfied. From the fourth and fifth equations of (2.27)

we get

α2α5

α4

k1 + β7k2 = 0, β4k1 + β5k2 + α4k1k2 = 0. (2.44)

The vector E3+E4+k1E5+k2E6 ∈ h15 is geodesic precisely if for a = b = 0,

c = d = 1, e = k1, f = k2 the system (2.27) of equations is valid. From the

fourth equation of (2.27) one has

α2α5

α4

k1 + β7k2 + α5k2 = 0. (2.45)

Comparing it with the first equation of (2.44) we obtain α5k2 = 0. Since

α5 ̸= 0 one gets k2 = 0. Using this from (2.45) we receive that also k1 = 0. But

the vector Y = E3+E4 ∈ h15 is not geodesic because ⟨[E1, Y ], Y ⟩ = α2 ̸= 0
which is a contradiction to (2.2). Therefore the subalgebra h15 is excluded.

Finally we treat the subalgebra h6. The element E3 + k1E4 + k2E5 ∈ h6
is geodesic if and only if the system (2.27) of equations are satisfied for a =
b = f = 0, c = 1, d = k1, e = k2. From the fourth and fifth equations of

(2.27) we obtain

α2α5

α4

k2 = 0, α2k1 + β4k2 + k1α3k2 = 0.

As α2α5 ̸= 0 we get k2 = k1 = 0. Using this the vector E3 + E6 lies in h6.
Moreover, it is geodesic precisely if for a = b = d = e = 0, c = f = 1 the
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system (2.27) is valid. From the fourth and fifth equations of (2.27) we receive

β7 = β5 = 0. Therefore the subalgebra h6 = span(E3, E6) is flat totally

geodesic in the case β5 = β7 = 0. Hence Theorem 2.28 is proved.

Proof of Theorem 2.29. According to Proposition 2.7 any totally geodesic sub-

algebra h of metric Lie algebra (n6,16(αi, βj), ⟨., .⟩) has dimension less than

or equal to 3. Firstly we determine the 2- and the 3-dimensional abelian sub-

algebras of the Lie algebra n6,16(αi, βj).

The 2-dimensional and the 3-dimensional abelian subalgebras of Lie al-

gebra n6,16(αi, βj) are:

h2, h3 with β8 + l1α4 − k1
α3α4

α1

= 0, h4, h5, h6, h7, h8 , h9 in (2.37),

h11, h12, h13 with β8 + l1α4 − k1
α3α4

α1

= 0, in (2.38),

h19 = span(E1 + k1E2 + k2E3 + k3E4 + k4E6, E5 + l1E6)

with k1 = −β6

α4

,

h20 = span(E2 + k1E4 + k2E5 + k3E6, E3 + l1E4 + l2E5 + l3E6)

with β7 + l1β8 + l2α4 + k1
α3α4

α1

= 0,

h21 = span(E1 + k1E2 + k2E3 + k3E4, E5, E6) with β6 + k1α4 = 0,

h22 = span(E2 + h1E4 + h2E5, E3 + k1E4 + k2E5, E6)

with β7 + k1β8 + k2α4 + h1
α3α4

α1

= 0,

(2.46)

where h1, h2, k1, k2, k3, k4, l1, l2, l3 ∈ R. The subalgebras h8, h9, h11, h12, h21
and h13 are excluded (see Lemmas 2.31, 2.33). Since the vector Y = E3 +
k1E4+k2E5+E6 ∈ h6∩h22 is not geodesic (cf. Lemma 2.32) the subalgebras

h6 and h22 are not flat totally geodesic. The subalgebra h4 is not flat totally

geodesic because the vectorE2+k1E3+k2E4+k3E5+E6 ∈ h4 is not geodesic

(see Lemma 2.34). The subalgebra h13 is not flat totally geodesic because the

vector E4 + l1E4 + E6 ∈ h13 is not geodesic (see Lemma 2.33).
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We treat the subalgebra h2. The vector E1+k1E2+k2E3+k3E4+k4E5 ∈
h2 is geodesic if and only if k2 = k3 = k4 = 0 (cf. Lemma 2.35). Using this

the vector E1 + k1E2 + E6 ∈ h2 is geodesic if and only if for a = 1, b =
k1, c = d = e = 0, f = 1 the system (2.31) is valid. From the first equation

of (2.31) we receive that k1 = − β6

α4
. Using this it follows from the second

equation of (2.31) that β5 = β6β8

α4
, whereas from the third equation of (2.31)

that β4 = β6β7

α4
. From the fourth equation of (2.31) we obtain that β3 = 0.

This proves case (1) of the Theorem 2.29.

Here we treat the subalgebra h3. The vector E4 + l1E5 + l2E6 ∈ h3 is

geodesic precisely if l1 = l2 = 0 (see Lemma 2.33). Using this, from the

condition β8 + l1α4 − k1
α3α4

α1
= 0 to be abelian the subalgebra h3 we receive

that k1 = β8α1

α3α4
. The element E2 + k1E3 + k2E5 + k3E6 ∈ h3 is geodesic if

and only if for a = d = 0, b = 1, c = k1, e = k2, f = k3 the system (2.31)

of equations holds. From the first equation of (2.31) we have k3α4 = 0. As

α4 ̸= 0 it follows that f = k3 = 0. Using this the fifth equation of (2.31)

yields

α1k1 + β2k2 − k1k2(
α3β1

α1

+
α2β8

α4

) = 0. (2.47)

The elementE2+k1E3+k2E5+E4 ∈ h3 is geodesic precisely if for a = f = 0,

b = d = 1, c = k1, e = k2 the system (2.31) of equations is valid. From the

fifth equation of (2.31) we obtain

α1k1 + β1 + β2k2 + k1

(
α2 − (

α3β1

α1

+
α2β8

α4

)k2

)
+ α3k2 = 0. (2.48)

Taking into account equation (2.47), equation (2.48) reduces to

β1 + k1α2 + α3k2 = 0. (2.49)

Putting the expression for k1 into (2.49) we obtain that k2 = − 1
α3
(β1+

β8α1α2

α3α4
).

Substituting the expressions of k1 and k2 into (2.47) for the parameters αi, βj ,

i = 1, 2, 3, 4, j = 1, 2, 8 of the filiform metric Lie algebra (n6,16(αi, βj), ⟨., .⟩)
we obtain equation (2.34). This proves case (2) of Theorem 2.29.

The vector E5 + l1E6 ∈ h5 ∩ h7 ∩ h19 is geodesic if and only if l1 =
0 (see proof of Lemma 2.31). We deal with the subalgebra h5. The vector



2.4. FLAT TOTALLY GEODESIC SUBALGEBRAS OF 6-DIMENSIONAL
FILIFORM METRIC LIE ALGEBRAS 79

E3 + k1E4 + k2E6 ∈ h5 is geodesic if and only if for a = b = e = 0, c = 1,

d = k1, f = k2 the system (2.31) of equations holds. The second, fourth and

fifth equations yield

k2
α3α4

α1

= 0, k2(β7 + k1β8) = 0, α2k1 + β4k2 + k1β5k2 = 0.

As
α3α4

α1
̸= 0, α2 ̸= 0 we receive that k2 = k1 = 0. The vector E3 + E5 ∈ h5

is geodesic if and only if for a = b = d = f = 0, c = e = 1, the system

(2.31) of equations is satisfied. The fifth equation gives
α3β1

α1
+ α2β8

α4
= 0.

Hence the subalgebra h5 = span(E3, E5) is flat totally geodesic if and only if

α3α4β1 + α2α1β8 = 0. This proves the case (3) in Theorem 2.29.

Next we deal with the subalgebra h7. By Lemma 2.33 the vector E4 +
s1E6 ∈ h7 is geodesic if and only if one has s1 = 0. But in this case the vector

E4 + E5 ∈ h7 is not geodesic (see Lemma 2.33). Therefore the subalgebra h7
is not flat totally geodesic.

In what follows, we consider the subalgebra h19. The vector E1+ k1E2+
k2E3 + k3E4 + k4E6 ∈ h19 is geodesic if and only if for a = 1, e = 0,

b = k1 = − β6

α4
, c = k2, d = k3, f = k4 the equations (2.31) holds. The second

equation of (2.31) gives

k4(β5 + β8k1 −
α3α4

α1

k2) = 0. (2.50)

Furthermore, the element E1 + E5 + k1E2 + k2E3 + k3E4 + k4E6 ∈ h19 is

geodesic if and only if for a = 1, e = 1, b = k1 = − β6

α4
, c = k2, d = k3, f = k4

the system (2.31) of equations is valid. From the second equation of (2.31) one

has

α3 + k4(β5 + β8k1 −
α3α4

α1

k2) = 0. (2.51)

Comparing (2.51) with (2.50) we obtain the contradiction α3 = 0, which ex-

cludes the subalgebra h19.

Finally, we consider the subalgebra h20. The element E2+k1E4+k2E5+
k3E6 ∈ h20 is geodesic if and only if for a = c = 0, b = 1, d = k1, e = k2, f =
k3 the system (2.31) of equations holds. By Lemma 2.34 one gets f = k3 = 0.

Applying this the fifth equation of (2.31) gives

β1k1 + β2k2 + k1α3k2 = 0. (2.52)



80

CHAPTER 2. 6-DIMENSIONAL FILIFORM NILMANIFOLDS AND THE
CORRESPONDING METRIC LIE ALGEBRAS

The vector E3 + l1E4 + l2E5 + l3E6 ∈ h20 is geodesic if and only if for

a = b = 0, c = 1, d = l1, e = l2, f = l3 the system (2.31) of equations is

satisfied. It follows from the second equation of (2.31) that
α3α4

α1
l3 = 0. Since

α3α4

α1
̸= 0 we receive f = l3 = 0. Using this the fifth equation of (2.31) gives

α2l1 −
(α3β1

α1

+
α2β8

α4

)
l2 + l1α3l2 = 0. (2.53)

Let us consider the vector E2 + E3 + (k1 + l1)E4 + (k2 + l2)E5 ∈ h20. It is

geodesic if and only for a = f = 0, b = c = 1, d = k1 + l1, e = k2 + l2 the

system (2.31) of equations is valid. From the fifth equation of (2.31) one has

α1 + β1(k1 + l1) + β2(k2 + l2) + α2(k1 + l1)

−
(α3β1

α1

+
α2β8

α4

)
(k2 + l2) + (k1 + l1)α3(k2 + l2) = 0.

(2.54)

Taking into account (2.52) and (2.53), equation (2.54) reduces to

α1 + β1l1 + β2l2 + α2k1 −
(α3β1

α1

+
α2β8

α4

)
k2 + α3(k1l2 + l1k2) = 0.

Therefore the subalgebra h20 is flat totally geodesic if and only if it satisfies the

conditions of the case (4) in Theorem 2.29. Thus Theorem 2.29 is shown.

Proof of Theorem 2.30. The Lie algebra n in Theorem 2.8 is isomorphic to the

Lie algebra l6,17 in (2.3) since the map E2 7→ E2, Ei 7→ −Ei, i = 1, 3, 4, 5, 6, is

an isomorphism n → l6,17. Hence the metric Lie algebra (n6,17(αi, βj), ⟨., .⟩)
does not have a totally geodesic subalgebra of dimension greater than 2 (cf.

Theorem 2.8). Therefore one needs to compute only the 2-dimensional abelian

subalgebras in the Lie algebra n6,17(αi, βj). These subalgebras are:

h2, h3, h4, h5, h6, h7 , h8, h9 in (2.37), and h14, h15 in (2.41),

According to Lemma 2.31, the subalgebra h9 is not flat totally geodesic be-

cause it contains the vector Y = E5 + E6. Hence the subalgebra h9 is ex-

cluded. By Lemma 2.35 the vector Y = E1+k1E2+k2E3+k3E4+k4E5 ∈ h2 is

geodesic precisely if k2 = k3 = k4 = 0. But the vector Y = E1+k1E2+E6 ∈
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h2 is not geodesic (cf. Lemma 2.35). By Lemma 2.5, the subalgebra h2 is not flat

totally geodesic and it is excluded, too. According to Lemma 2.34 the vector

Y = E2+k1E3+k2E4+k3E5+E6 ∈ h4 is not geodesic, which excludes the

subalgebra h4 (cf. Lemma 2.5). Since the vector Y = E3+k1E4+k2E5+E6 ∈
h6 is not geodesic the subalgebra h6 is not flat totally geodesic (see Lemma

2.32).

Next we deal with the subalgebra h3. The vector Y = E4+ l1E5+ l2E6 ∈
h3 is geodesic if and only if for a = b = c = 0, d = 1, e = l1, f = l2 the

system (2.33) of equations is satisfied. The fifth equation of (2.33) yields

α3l1 + β6l2 + l1α4l2 = 0. (2.55)

The element E2 + k1E3 + k2E5 + k3E6 ∈ h3 is geodesic if and only if for

a = d = 0, b = 1, c = k1, e = k2, f = k3 the system (2.33) of equation is

valid. From the third equation of (2.33) one has α5k3 = 0. As α5 ̸= 0 we

receive k3 = f = 0. Using this the fifth equation of (2.33) gives

α1k1 + β2k2 + k1β4k2 = 0. (2.56)

Additionally, the vector E2+E4+k1E3+(k2+ l1)E5+ l2E6 ∈ h3 is geodesic

precisely if for a = 0, b = d = 1, c = k1, e = k2 + l1, f = l2 the system (2.33)

of equations holds. The third equation of (2.33) gives α5l2 = 0. Since α5 ̸= 0
we get l2 = f = 0. Using this from the equation (2.55) we get α3l1 = 0. As

α3 ̸= 0 we obtain l1 = e = 0, and from the fifth equation of (2.33) we obtain

α1k1 + β1 + β2k2 + k1α2 + k1β4k2 + α3k2 = 0. (2.57)

Applying (2.56), equation (2.57) reduces to

β1 + α2k1 + α3k2 = 0.

The above equation gives k1 = −β1+α3k2
α2

. Putting this expression into (2.56)

we receive the second order equation (2.35). Hence the case (1) of Theorem

2.30 is proved.

The vector E5 + l1E6 ∈ h5 ∩ h7 ∩ h14 is geodesic if and only if l1 = 0 (see

proof of Lemma 2.31).
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In what follows we treat the subalgebra h5. The element E3 + k1E4 +
k2E6 ∈ h5 is geodesic if and only if for a = b = e = 0, c = 1, d = k1, f = k2
the system (2.33) of equations is satisfied. From Lemma 2.32 we get k2 =
f = 0. Using this the fifth equation of (2.33) gives α2k1 = 0. Since α2 ̸= 0
we obtain k1 = 0. The vector E3 + E5 ∈ h5 is geodesic precisely if for

a = b = d = f = 0, c = e = 1, the system (2.33) of equations holds. From

the fifth equation of (2.33) we get β4 = 0. This gives the case (2) of Theorem

2.30.

Now, we consider the subalgebra h7. The vector Y = E4 + s1E6 ∈ h7 is

geodesic precisely if for a = b = c = e = 0, d = 1, f = s1 the equations

(2.33) are satisfied. From the fifth equation we obtain

β6s1 = 0. (2.58)

Furthermore, the element E4 + s1E6 + E5 ∈ h7 is geodesic if and only if for

a = b = c = 0, d = e = 1, f = s1 the system (2.33) of equations is valid. It

follows from the fifth equation of (2.33) that

α3 + β6s1 + α4s1 = 0. (2.59)

Taking into account (2.58), equation (2.59) reduces to

α3 + α4s1 = 0. (2.60)

The equation (2.60) gives s1 = −α3

α4
. Putting this expression into (2.58) one

has β6 = 0. Therefore the case (3) of Theorem 2.30 is proved.

We treat the subalgebra h8. The vector E4 + l1E5 ∈ h8 is geodesic if

and only if for a = b = c = f = 0, d = 1, e = l1 the system (2.33) of

equations is valid. It follows from the fifth equation of (2.33) that α3l1 = 0.

As α3 ̸= 0 we get l1 = 0. The vector E4+E6 ∈ h8 is geodesic precisely if for

a = b = c = e = 0, d = f = 1 the system (2.33) of equations holds. The fifth

equation gives β6 = 0. Therefore the case (4) of Theorem 2.30 is shown.

Here we consider the subalgebra h14. The element E2 + k1E3 + k2E4 +
k3E6 ∈ h14 is geodesic precisely if for a = e = 0, b = 1, c = k1, d = k2, f =
k3 the system (2.33) of equations holds. From Lemma 2.34 it follows that

k3 = 0 = f . Using this the fifth equation of (2.33) gives

α1k1 + β1k2 + k1α2k2 = 0. (2.61)
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Moreover, the element E2 + k1E3 + k2E4 +E5 ∈ h14 is geodesic if and only

if for a = f = 0, b = e = 1, c = k1, d = k2 the system (2.33) of equations is

valid. From the fifth equation of (2.33) we receive

α1k1 + β1k2 + β2 + k1α2k2 + k1β4 + k2α3 = 0. (2.62)

Taking into account (2.61), equation (2.62) reduces to

β2 + β4k1 + α3k2 = 0. (2.63)

From (2.63) one has k2 = −β2+β4k1
α3

. Putting this expression into (2.61) we

receive the second order equation (2.36). Therefore the case (5) in Theorem

2.30 is proved.

Finally, we deal with the subalgebra h15. The vector E3 + k1E5 + k2E6 ∈
h15 is geodesic precisely if for a = b = d = 0, c = 1, e = k1, f = k2 the

system (2.33) of equations holds. From Lemma 2.32 one obtains α5k2 = 0. As

α5 ̸= 0 we get k2 = f = 0. Using this the fifth equation of (2.33) gives

β4k1 = 0. (2.64)

In addition, the element E3 + E4 + (k1 + l1)E5 + l2E6 ∈ h15 is geodesic if

and only if for a = b = 0, c = d = 1, e = k1 + l1, f = l2 the system (2.33)

of equations is valid. acoording to Lemma 2.32, we obtain l2 = f = 0. Using

this from the equation (2.55) we get α3l1 = 0. As α3 ̸= 0 we receive l1 = 0,

and from the fifth equation of (2.33) yields

α2 + β4k1 + α3k1 = 0. (2.65)

Applying (2.64), equation (2.65) reduces to

α2 + α3k1 = 0.

From the above equation one has k1 = −α2

α3
. Putting this expression into

(2.64) we receive that β4 = 0. This proves case (6) of Theorem 2.30. Hence

Theorem 2.30 is proved.
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2.4.2 Metric Lie algebras corresponding to the standard filiform Lie
algebras

In this subsection, we consider the filiform metric Lie algebra n6,18(αi, βj).
We prove the following result.

Theorem 2.36. Let (n6,18(αi, βj), ⟨., .⟩) be the metric Lie algebra defined onE6

by the commutators (2.13). The flat totally geodesic subalgebras of dimension
> 1 in (n6,18(αi, βj), ⟨., .⟩) are:

1. the 4-dimensional subalgebras

(a) h23 = span(E2 − α1α3

α2α4
E6, E3, E4 − α3

α4
E6, E5) in the case

β1 = β3 = β4 = β6 = 0, β5 =
α2α4

α3
, β2 =

α1α3

α2
,

(b) h24 = span(E2, E3 − α2

α3
E5, E4, E6) in the case β1 = β3 =

β4 = β6 = 0, β5 =
α2α4

α3
, β2 =

α1α3

α2
,

2. the 3-dimensional subalgebras

(a) h13 = span(E2 + k1E3 + k2E5, E4, E6) such that one of the
following cases is satisfied:

i. β1 =
α3

α4
β3, β5 =

α2α4

α3
, k2 = −β3+k1β5

α4
, and k1 is a solution of

the equation

β4β5(k1)
2 + k1(β2β5 + β3β4 − α1α4) + β2β3 = 0, (2.66)

ii. β5 ̸= α2α4

α3
, k1 = α3β3−α4β1

α2α4−α3β5
, k2 = β3(α2α4−α3β5)+β5(β3α3−β1α4)

α4(α2α4−α3β5)
,

and the equation

(α2α4 − α3β5)
(
(α1α4 − β3β4 − β2β5)(β3α3 − β1α4)

− β2β3(α2α4 − α3β5)− β4β5(β3α3 − β1α4)
2
)
= 0

(2.67)

holds,

(b) h16 = span(E3 − α2

α3
E5, E4, E6) in the case β4 = β6 = 0,

β5 =
α2α4

α3
,
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(c) h18 = span(E3, E4 − α3

α4
E6, E5) in the case β4 = β6 = 0,

β5 =
α2α4

α3
,

(d) h22 = span (E2 + l1E4 + l2E5, E3 + k1E4 + k2E5, E6) if and
only if the following equations

β1l1 + β2l2 + l1α3l2 = 0,

α2k1 + β4k2 + k1k2α3 = 0,

α1 + β1k1 + β2k2 + α2l1 + β4l2 + l1k2α3 + k1l2α3 = 0,

β3 + β6l1 + α4l2 = 0,

β5 + k1β6 + k2α4 = 0

hold,

(e) h28 = span(E2+k1E5+k2E6, E3+l1E5+l2E6, E4+s1E5+s2E6)
if and only if the following equations

β2k1 + β3k2 + k1α4k2 = 0,

β4l1 + β5l2 + l1α4l2 = 0,

α3s1 + β6s2 + s1α4s2 = 0,

α1 + β2l1 + β3l2 + β4k1 + β5k2 + k1l2α4 + l1k2α4 = 0,

β1 + β2s1 + β3s2 + α3k1 + β6k2 + k1s2α4 + s1k2α4 = 0,

α2 + β4s1 + β5s2 + α3l1 + β6l2 + l1s2α4 + s1l2α4 = 0,

β2k1 + β3k2 + β4l1 + β5l2 + α3s1 + β6s2 + k1s2 + k1k2α4

+ l1l2α4 + s1s2α4 = 0

are satisfied,

(f) h29 = span (E2 + k1E4 + k2E6, E3 + l1E4 + l2E6, E5) if and
only if the following equations

β1k1 + β3k2 + k1β6k2 = 0,

α2l1 + β5l2 + l1β6l2 = 0,

α1 + β1l1 + β3l2 + α2k1 + β5k2 + k1l2β6 + l1k2β6 = 0,

β2 + α3k1 + α4k2 = 0,
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β4 + α3l1 + α4l2 = 0

are satisfied,

(g) h30 = span(E2 + k1E3 + k2E6, E4 + s1E6, E5) such that one
of the following cases is satisfied:

i. β1 = α3

α4
β3, β5 = α2α4

α3
, k2 = −β2+k1β4

α4
, s1 = −α3

α4
and k1 is a

solution of the equation (2.66)

ii. β5 ̸= α2α4

α3
, k1 = α3β3−α4β1

α2α4−α3β5
, k2 = −β2(α2α4−α3β5)+β4(β3α3−β1α4)

α4(α2α4−α3β5)
,

s1 = −α3

α4
, and the equation (2.67) holds,

3. the 2-dimensional subalgebras

(a) h3 = span (E2 + k1E3 + k2E5 + k3E6, E4 + l1E5 + l2E6) if and
only if the following equations

α3l1 + β6l2 + l1α4l1 = 0,

α1k1 + β2k2 + β3k3 + k1β4k2 + k1β5k3 + k2α4k3 = 0,

β1 + β2l1 + β3l2 + α2k1 + k1β4l1 + k1β5l2 + α3k2

+ β6k3 + α4k2l2 + α4l1k3 = 0

hold,

(b) h4 = span(E2 + k1E3 + k2E4 − β3+k1β5+k2β6

α4
E5, E6) such that

the equation

(2.68)(α3k2 + β2 + β4k1)(k1β5 + k2β6 + β3)
− α2α4k1k2 − α1α4k1 − β1α4k2 = 0

is satisfied,

(c) h5 = span(E3 + k1E4 − β4+α3k1
α4

E6, E5), where k1 is a solution
of the equation

α3β6(k1)
2 + k1(α3β5 + β4β6 − α2α4) + β4β5 = 0, (2.69)

(d) h6 = span(E3 + k1E4 − β5+β6k1
α4

E5, E6), where k1 is a solution
of the equation (2.69),
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(e) h7 = span(E4 − α3

α4
E6, E5) in the case β6 = 0,

(f) h8 = span (E4, E6) in the case β6 = 0,

(g) h14 = span(E2 + k1E3 + k2E4 − β2+k1β4+k2α3

α4
E6, E5) such that

the equation (2.68) holds,

(h) h15 = span(E3 + k1E5 + k2E6, E4 + l1E5 + l2E6) if and only if
the following equations

β4k1 + β5k2 + k1α4k2 = 0,

α3l1 + β6l2 + l1α4l2 = 0,

α2 + β4l1 + β5l2 + α3k1 + β6k2 + k1l2α4 + l1k2α4 = 0

are satisfied,

(i) h20 = span(E2+k1E4+k2E5+k3E6, E3+ l1E4+ l2E5+ l3E6)
if and only if the following equations

β1k1 + β2k2 + β3k3 + k1α3k2 + k1β6k3 + k2α4k3 = 0,

α2l1 + β4l2 + β5l3 + l1α3l2 + l1β6l3 + l2α4l3 = 0,

α1 + β1l1 + β2l2 + β3l3 + α2k1 + β4k2 + β5k3 + k1l2α3

+ l1k2α3 + k1l3β6 + l1k3β6 + k2l3α4 + l2l3α4 = 0
(2.70)

are satisfied.

Proof. According to Proposition 1.13 b) the dimension of the flat totally geodesic

subalgebras of (n6,18(αi, βj), ⟨., .⟩) is at most 4. Firstly we list the 4-dimensional,

the 3-dimensional and the 2-dimensional abelian subalgebras of the Lie alge-

bra n6,18(αi, βj) defined by the commutators (2.13).

The 2-, 3- and 4-dimensional subalgebras have one of the following forms:

h2, h3, h4, h5, h6, h7, h8, h9 in (2.37), h11, h12, h13 in (2.38), h14, h15, h16, h17,

h18 in (2.41), h20, h22 in (2.46),

h23 = span (E2 + k2E6, E3 + k1E6, E4 + s1E6, E5 + l1E6) ,

h24 = span (E2 + s1E5, E3 + k1E5, E4 + l1E5, E6) ,

h25 = span (E2 + k1E4, E3 + k2E4, E5, E6) ,
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h26 = span(E2, E4, E5, E6),

h27 = span(E3, E4, E5, E6,

h28 = span (E2 + k1E5 + k2E6, E3 + l1E5 + l2E6, E4 + s1E5 + s2E6) ,

h29 = span (E2 + k1E4 + k2E6, E3 + l1E4 + l2E6, E5 + l1E6) ,

h30 = span (E2 + k1E3 + k2E6, E4 + s1E6, E5 + l1E6) ,

where k1, k2, l1, l2, s1, s2 ∈ R. By Lemma 2.35 the vector E1+k1E2+k2E3+
k3E4 + k4E5 ∈ h2 is geodesic precisely if k2 = k3 = k4 = 0. But the vector

Y = E1 + k1E2 + E6 ∈ h2 is not geodesic (cf. Lemma 2.35). According to

Lemma 2.5 the subalgebra h2 is not flat totally geodesic hence it is excluded.

For all elements of the remaining subalgebras we have a = 0. Since α5

is missing for the metric Lie algebra (n6,18(αi, βj), ⟨., .⟩), the system (2.33) of

equations reduces to the equation

b(α1c+ β1d+ β2e+ β3f) + c(α2d+ β4e+ β5f)+

d(α3e+ β6f) + eα4f = 0.
(2.71)

Acoording to Lemma 2.31, the subalgebras h25, h26, h27, h17, h11, h12, h9 are

not flat totally geodesic because they contain the vector E5+E6. Hence they

are excluded. According to the proof of Lemma 2.31, the vector E5 + l1E6 ∈
h14 ∩ h5 is geodesic if and only if one has l1 = 0.

The subalgebra h23 is totally geodesic precisely if for all Y, Z ∈ h23 and

X ∈ h⊥23 = span(E1, E6 − k2E2 − k1E3 − s1E4 − l1E5) equation (2.1) holds.

The subalgebra h24 is totally geodesic if and only if for all Y, Z ∈ h24 and

X ∈ h⊥24 = span(E1, E5−s1E2−k1E3−l1E4) equation (2.1) is satisfied. Since

the commutation relations of the element E6 − k2E2 − k1E3 − s1E4 − l1E5

and the elements of h23 as well as the element E5 − s1E2 − k1E3 − l1E4 and

the elements of h24 are zero, we may assume that X = E1. In addition, the

element X = E1 lies in the orthogonal complement h⊥i for all subalgebras hi,
i = 3, · · · , 30. Using the equation (2.1) we receive the following:

1. For Y = Z = E5+ l1E6 ∈ h23 ∩ h29 ∩ h30 ∩ h18 we have 2α4l1 = 0 and

hence l1 = 0.

2. Taking the elements Y = E4 + s1E6, Z = E5 in h23 ∩ h30 ∩ h18 we get

α3 + α4s1 = 0 and hence s1 = −α3

α4
< 0.
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3. For Y = Z = E4+s1E6 ∈ h23∩h30∩h18 one has 2β6s1 = 0 and hence

β6 = 0.

4. The elements Y = E3 + k1E6, Z = E4 + s1E6 in h23 ∩ h18 yield that

α2 + β5s1 + β6k1 = α2 − β5
α3

α4
= 0 and hence β5 =

α2α4

α3
> 0.

5. For Y = E3 + k1E6, Z = E5 in h23 ∩ h18 we obtain β4 + α4k1 = 0 and

hence k1 = − β4

α4
.

6. For Y = Z = E3 + k1E6 ∈ h23 ∩ h18, one has 2β5k1 = 0 and hence

k1 = 0 and β4 = 0.

7. For the elements Y = E2 + k2E6, Z = E5 in h23 we get β2 + α4k2 = 0
and therefore k2 = − β2

α4
.

8. For the elements Y = E2 + k2E6, Z = E3 in h23 we receive that

α1 + β5k2 = α1 − α2

α3
β2 = 0 and hence β2 = α1α3

α2
> 0, moreover

k2 = −α1α3

α4α2
< 0 .

9. Taking the elements Y = Z = E2 + k2E6 ∈ h23 one has 2β3k2 = 0
and hence β3 = 0.

10. For Y = E2+k2E6, Z = E4+s1E6 of h23 we obtain β1+β3s1+β6k2 =
β1 = 0.

Taking into account (1)–(10) the subalgebra h23 is flat totally geodesic if and

only if β1 = β3 = β4 = β6 = 0, β5 =
α2α4

α3
, β2 =

α1α3

α2
. Hence the case (1a)

is proved.

11. For Y = Z = E4 + l1E5 ∈ h24 ∩ h13 ∩ h16 we obtain that α3l1 = 0 and

hence l1 = 0.

12. For the elements Y = E4, Z = E6 of h24 ∩ h13 ∩ h16 we receive that

β6 = 0.

13. Taking the elements Y = E3 + k1E5, Z = E4 in h24 ∩ h16 one gets

α2 + α3k1 = 0 which implies that k1 = −α2

α3
< 0.
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14. For Y = Z = E3 + k1E5 ∈ h24 ∩ h16 we have β4k1 = 0 and hence

β4 = 0.

15. For the elements Y = E3 + k1E5, Z = E6 of h24 ∩ h16 one obtains

β5 + α4k1 = 0 which yields β5 =
α4α2

α3
.

16. For Y = E2+s1E5, Z = E3+k1E5 in h24 we receiveα1+β2k1+β4s1 =
0 and hence β2 =

α1α3

α2
> 0.

17. For Y = Z = E2 + s1E5 ∈ h24 one has s1β2 = 0 and hence s1 = 0.

18. Taking the elements Y = E2, Z = E4 of h24 we get that β1 = 0.

19. For the elements Y = E2, Z = E6 in h24 we receive that β3 = 0.

According to (11)–(19) the subalgebra h24 is flat totally geodesic precisely if

β1 = β3 = β4 = β6 = 0, β5 = α2α4

α3
, β2 = α1α3

α2
. Hence the assertion (1b)

follows.

Now we treat the subalgebra h13. According to (11)–(12) one has l1 =
β6 = 0. The element E2 + k1E3 + k2E5 ∈ h13 is geodesic if and only if for

b = 1, c = k1, e = k2, d = f = 0 the equation (2.71) is satisfied. This gives

the equation

α1k1 + β3k2 + k1β4k2 = 0. (2.72)

The element E2 + k1E3 + k2E5 + E4 ∈ h13 is geodesic if and only if for

b = d = 1, c = k1, e = k2, f = 0 the equation (2.71) is valid. Using equations

(2.71) and (2.72) we receive

β1 + k1α2 + α3k2 = 0. (2.73)

Furthermore, the element E2+k1E3+k2E5+E6 ∈ h13 is geodesic precisely

if for b = f = 1, c = k1, e = k2, d = 0 the equation (2.71) holds. Taking into

account (2.72) from equation (2.71) we get

β3 + k1β5 + k2α4 = 0. (2.74)

Hence we obtain k2 = −β3+k1β5

α4
. Putting this expression of k2 into (2.73) we

receive

k1(α2α4 − α3β5) = α3β3 − α4β1. (2.75)
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If β5 = α2α4

α3
, then from (2.75) we obtain β1 = α3

α4
β3 and from (2.72) we get

the second order equation (2.66). This proves case 2(a)i. If β5 ̸= α2α4

α3
, then

from (2.75) we have k1 = β3α3−β1α4

α2α4−α3β5
. Putting this into (2.74) we obtain k2 =

−β3(α2α4−α3β5)+β5(β3α3−β1α4)
α4(α2α4−α3β5)

. Substituting the expression of k1 and k2 into

(2.72) we receive equation (2.67). Hence case 2(a)ii is proved.

In what follows we address the subalgebras h16 and h18. Taking into ac-

count (1)–(6) for the subalgebra h18 and (11)–(15) for the subalgebra h16 it

follows from equation (2.71) that the subalgebra h18 in (2c) as well as the sub-

algebra h16 in (2b) with the conditions β4 = β6 = 0, β5 =
α2α4

α3
are flat totally

geodesic.

Now we consider the subalgebra h22. The vector E2 + l1E4 + l2E5 ∈ h22
is geodesic if and only if for b = 1, d = l1, e = l2, c = f = 0 the equation

(2.71) is satisfied. This gives the equation

β1l1 + β2l2 + l1α3l2 = 0. (2.76)

The element E3 + k1E4 + k2E5 ∈ h22 is geodesic if and only if for c = 1,

d = k1, e = k2, b = f = 0 the equation (2.71) holds. Hence we receive

α2k1 + β4k2 + k1k2α3 = 0. (2.77)

The vector E2 +E3 + (l1 + k1)E4 + (l2 + k2)E5 ∈ h22 is geodesic if and only

if for b = c = 1, d = l1 + k1, e = l2 + k2, f = 0 the equation (2.71) valid.

Using (2.76), (2.77) one has the following equation

α1 + β1k1 + β2k2 + α2l1 + β4l2 + l1k2α3 + k1l2α3 = 0. (2.78)

The element E2 + E6 + l1E4 + l2E5 ∈ h22 is geodesic if and only if for

b = f = 1, d = l1, e = l2, c = 0 the equation (2.71) is satisfied. Applying

(2.76) one gets

β3 + β6l1 + α4l2 = 0. (2.79)

The element E3 + k1E4 + k2E5 + E6 ∈ h22 is geodesic if and only if for

c = f = 1, d = k1, e = k2, b = 0 the equation (2.71) holds. Using (2.77) we

receive

β5 + k1β6 + k2α4 = 0. (2.80)
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The vector E2 + E3 + (l1 + k1)E4 + (l2 + k2)E5 + E6 ∈ h22 is geodesic if

and only if for c = b = f = 1, d = l1 + k1, e = l2 + k2 the equation (2.71) is

satisfied. This gives

(2.81)

α1 + β1l1 + β1k1 + β2l2 + β2k2 + β3 + α2l1 + α2k1
+ β4l2 + β4k2 + β5 + l1l2α3 + l1k2α3 + k1l2α3

+ k1k2α3 + l1β6 + k1β6 + l2α4 + k2α4 = 0.

Using the equations (2.76), (2.77), (2.78), (2.79), and (2.80), the equation (2.81)

holds. Therefore, conditions in case (2d) for the subalgebra h22 are proved.

Here we deal with the subalgebra h28. The elementE2+k1E5+k2E6 ∈ h28
is geodesic if and only if for b = 1, e = k1, f = k2, c = d = 0 the equation

(2.71) holds. From this we obtain

β2k1 + β3k2 + k1α4k2 = 0. (2.82)

The vector E3+ l1E5+ l2E6 ∈ h28 is geodesic if and only if for c = 1, e = l1,
f = l2, b = d = 0 the equation (2.71) is satisfied. This gives

β4l1 + β5l2 + l1α4l2 = 0. (2.83)

The element E4 + s1E5 + s2E6 ∈ h28 is geodesic if and only if for d = 1,

e = s1, f = s2, b = c = 0 the equation (2.71) holds. This gives

α3s1 + β6s2 + s1α4s2 = 0. (2.84)

The element E2 + E3 + (k1 + l1)E5 + (k2 + l2)E6 ∈ h28 is geodesic if and

only if for b = c = 1, e = k1 + l1, f = k2 + l2, d = 0 the equation (2.71) is

satisfied. Using (2.82), (2.83) we receive

α1 + β2l1 + β3l2 + β4k1 + β5k2 + k1l2α4 + l1k2α4 = 0. (2.85)

The element E2 + E4 + (k1 + s1)E5 + (k2 + s2)E6 ∈ h28 is geodesic if and

only if for d = b = 1, e = k1 + s1, f = k2 + s2, c = 0 the equation (2.71) is

satisfied. Using (2.82), (2.84) we get

β1 + β2s1 + β3s2 + α3k1 + β6k2 + k1s2α4 + s1k2α4 = 0. (2.86)
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The element E3 + E4 + (l1 + s1)E5 + (l2 + s2)E6 ∈ h28 is geodesic if and

only if for d = c = 1, e = l1 + s1, f = l2 + s2, b = 0 the equation (2.71) is

satisfied. Using (2.83), (2.84) we obtain

α2 + β4s1 + β5s2 + α3l1 + β6l2 + l1s2α4 + s1l2α4 = 0. (2.87)

The element E2 + E3 + E4 + (k1 + l1 + s1)E5 + (k2 + l2 + s2)E6 ∈ h28 is

geodesic if and only if for b = d = c = 1, e = k1 + l1 + s1, f = k2 + l2 + s2,
b = 0 the equation (2.71) is satisfied. Using (2.85), (2.86), and (2.87) we receive

β2k1+β3k2+β4l1+β5l2+α3s1+β6s2+k1s2+k1k2α4+ l1l2α4+s1s2α4 = 0.
(2.88)

This gives the case (2e).

Now we deal with the subalgebra h29. Taking into account (1) we get

l1 = 0. The element E2 + k1E4 + k2E6 ∈ h29 is geodesic if and only if for

b = 1, d = k1, f = k2, c = e = 0 the equation (2.71) holds. This gives the

equation

β1k1 + β3k2 + k1β6k2 = 0. (2.89)

The element E3+ l1E4+ l2E6 ∈ h29 is geodesic precisely if for c = 1, d = l1,

f = l2, b = e = 0 the equation (2.71) holds. Hence we obtain the equation

α2l1 + β5l2 + l1β6l2 = 0. (2.90)

The element E2 + E3 + (k1 + l1)E4 + (k2 + l2)E6 ∈ h29 is geodesic if and

only if for b = c = 1, d = k1 + l1, f = k2 + l2, e = 0 the equation (2.71) is

valid. Using (2.89) and (2.90) we receive the equation

α1 + β1l1 + β3l2 + α2k1 + β5k2 + k1l2β6 + l1k2β6 = 0. (2.91)

The elementE2+k1E4+k2E6+E5 ∈ h29 is geodesic precisely if for b = e = 1,

d = k1, f = k2, c = 0 the equation (2.71) holds. Using (2.89) one gets the

equation

β2 + α3k1 + α4k2 = 0. (2.92)

The elementE3+l1E4+l2E6+E5 ∈ h29 is geodesic precisely if for c = e = 1,

d = l1, f = l2, b = 0 the equation (2.71) is satisfied. Applying (2.90) one

obtains the equation

β4 + α3l1 + α4l2 = 0. (2.93)
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The equations (2.89), (2.90), (2.91), (2.92), (2.93) yield the case (2f).

Now we consider the subalgebra h30. Taking into account (1)–(3)we have

l1 = β6 = 0, s1 = −α3

α4
. The element E2 + k1E3 + k2E6 ∈ h30 is geodesic

if and only if for b = 1, c = k1, f = k2, d = e = 0 the equation (2.71) is

satisfied. This gives the equation

α1k1 + β3k2 + k1β5k2 = 0. (2.94)

The element E2 + k1E3 + k2E6 + E5 ∈ h30 is geodesic if and only if for

b = e = 1, c = k1, f = k2, d = 0 the equation (2.71) is valid. Using equations

(2.71) and (2.94) we obtain

β2 + k1β4 + α4k2 = 0. (2.95)

Since α4 ̸= 0 from equation (2.95) we receive

k2 = −β2 + k1β4

α4

. (2.96)

The element E2 +E4 + k1E3 + (k2 − α3

α4
)E6 ∈ h30 is geodesic precisely if for

b = d = 1, c = k1, f = k2 − α3

α4
, e = 0 the equation (2.71) holds. Taking into

account (2.94) from equation (2.71) we get

β1 −
α3

α4

β3 + k1(α2 − β5
α3

α4

). (2.97)

If β5 = α2α4

α3
, then from (2.97) we obtain β1 = α3

α4
β3 and from (2.94) we get

the second order equation (2.66). This proves case 2(g)i. If β5 ̸= α2α4

α3
, then

from (2.97) we have k1 = β3α3−β1α4

α2α4−α3β5
. Putting this into (2.96) we obtain k2 =

−β2(α2α4−α3β5)+β4(β3α3−β1α4)
α4(α2α4−α3β5)

. Substituting the expression of k1 and k2 into

(2.94) we receive equation (2.67). Hence case 2(g)ii is shown.

The vector E4+ l1E5+ l2E6 ∈ h3∩h15 coincides with the filiform metric

Lie algebra (n6,17(αi, βj), ⟨., .⟩). It is geodesic if the equation

α3l1 + β6l2 + l1α4l2 = 0 (2.98)

holds.
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Now, we deal with the subalgebra h3. The element E2 + k1E3 + k2E5 +
k3E6 ∈ h3 is geodesic if and only if for d = 0, b = 1, c = k1, e = k2, f = k3
the equation (2.71) is valid. Hence we get

α1k1 + β2k2 + β3k3 + k1β4k2 + k1β5k3 + k2α4k3 = 0. (2.99)

In addition, the vector E2 + E4 + k1E3 + (k2 + l1)E5 + (k3 + l2)E6 ∈ h3
is geodesic precisely if for b = d = 1, c = k1, e = k2 + l1, f = k3 + l2 the

system (2.71) is satisfied. Therefore we obtain

(2.100)

α1k1 + β1 + β2k2 + β2l1 + β3k3 + β3l2 + k1α2

+ k1β4k2 + k1β4l1 + k1β5k3 + k1β5l2 +
α3k2 + α3l1 + β6k3 + β6l2 + k2k3α4

+ k2l2α4 + l1k3α4 + l1l2α4 = 0.

Due to the equations (2.98) and (2.99), equation (2.100) becomes

β1 + β2l1 + β3l2 + α2k1 + k1β4l1 + k1β5l2
+ α3k2 + β6k3 + α4k2l2 + α4l1k3 = 0.

This proves case (3a).

Next we treat the subalgebra h4. The element E2+k1E3+k2E4+k3E5 ∈
h4 is geodesic precisely if for f = 0, b = 1, c = k1, d = k2, e = k3 the

equation (2.71) is satisfied. From this we get

α1k1 + β1k2 + β2k3 + k1α2k2 + k1β4k3 + k2α3k3 = 0. (2.101)

Additionally, the vector E2 + k1E3 + k2E4 + k3E5 + E6 ∈ h4 is geodesic if

and only if for b = f = 1, c = k1, d = k2, e = k3, the equation (2.71) holds.

Hence one obtains

α1k1+β1k2+β2k3+β3+k1α2k2+k1β4k3+k1β5+k2α3k3+k2β6+k3α4 = 0.
(2.102)

Applying (2.101), equation (2.102) reduces to

β3 + k1β5 + k2β6 + α4k3 = 0. (2.103)
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From (2.103) we obtain k3 = −β3+k1β5+k2β6

α4
. Putting this expression into

(2.101) we obtain equation (2.68). Hence the case (3b) is shown.

Below we consider the subalgebra h5. The vector E3 + k1E4 + k2E6 ∈ h5
is geodesic precisely if for b = e = 0, c = 1, d = k1, f = k2 the equation

(2.71) holds. This gives

α2k1 + β5k2 + k1β6k2 = 0. (2.104)

Additionally, the element E3+k1E4+k2E6+E5 ∈ h5 is geodesic if and only

if for b = 0, c = e = 1, d = k1, f = k2 the equation (2.71) is satisfied. From

this it follows that

α2k1 + β4 + β5k2 + k1α3 + k1β6k2 + α4k2 = 0. (2.105)

Comparing with equation (2.104), equation (2.105) reduces to

β4 + α3k1 + α4k2 = 0. (2.106)

From (2.106) one has k2 = −β4+α3k1
α4

. Substituting this expression into (2.104)

we have the second order equation (2.69) for k1. This gives the case (3c).

Now we consider the subalgebra h6. The element E3+ k1E4+ k2E5 ∈ h6
is geodesic precisely if for b = f = 0, c = 1, d = k1, e = k2 the system (2.33)

of equation is satisfied. Hence we receive

α2k1 + β4k2 + k1α3k2 = 0. (2.107)

Moreover, the vector E3 + k1E4 + k2E5 + E6 ∈ h6 is geodesic if and only if

for b = 0, c = f = 1, d = k1, e = k2 the equation (2.71) holds. This gives

α2k1 + β4k2 + β5 + k1α3k2 + k1β6 + α4k2 = 0. (2.108)

Using equation (2.107) equation (2.108) reduces to

β5 + β6k1 + α4k2 = 0. (2.109)

From (2.109) we obtain k2 = −β5+β6k1
α4

. Putting this expression into (2.107)

we have the second order equation (2.69) for k1. Thus, the case (3d) is proved.
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The proof of subalgebras h7 and h8 is coincides with the proof in Theorem

2.30 of metric Lie algebra (n6,17(αi, βj), ⟨., .⟩). Hence the cases (3e) and (3f)

are valid.

In what follows we deal with the subalgebra h14. The elementE2+k1E3+
k2E4 + k3E6 ∈ h14 is geodesic precisely if for a = e = 0, b = 1, c = k1, d =
k2, f = k3 the equation (2.71) is satisfied. This yields

α1k1 + β1k2 + β3k3 + k1α2k2 + k1β5k3 + k2β6k3 = 0. (2.110)

Furthermore, the vector E2 + k1E3 + k2E4 + k3E6 +E5 ∈ h14 is geodesic if

and only if for b = e = 1, c = k1, d = k2, f = k3 the equation (2.71) holds.

This gives

α1k1+β1k2+β2+β3k3+k1α2k2+k1β4+k1β5k3+k2α3+k2β6k3+α4k3 = 0.
(2.111)

Taking into account (2.110), equation (2.111) can be written as follows

β2 + k1β4 + k2α3 + α4k3 = 0. (2.112)

From equation (2.112) we obtain that k3 = −β2+k1β4+k2α3

α4
. Putting this ex-

pression into equation (2.110) we receive the equation (2.68). This proves the

case (3g).

Here we consider the case h15. The element E3 + k1E5 + k2E6 ∈ h15 is

geodesic if and only if for b = d = 0, c = 1, e = k1, f = k2 the equation

(2.71) is satisfied. From this we obtain

β4k1 + β5k2 + k1α4k2 = 0. (2.113)

Moreover, the vector E3 +E4 + (k1 + l1)E5 + (k2 + l2)E6 ∈ h15 is geodesic

precisely if for b = 0, c = 1, d = 1, e = k1 + l1, f = k2 + l2 the equation

(2.71) is valid. This gives

α2 + β4k1 + β4l1 + β5k2 + β5l2 + α3k1 + α3l1 + β6k2 + β6l2

+k1k2α4 + k1l2α4 + l1k2α4 + l1l2α4 = 0.
(2.114)

Exploiting equations (2.98) and (2.113), equation (2.114) reduces to

α2 + β4l1 + β5l2 + α3k1 + β6k2 + k1l2α4 + l1k2α4 = 0.
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This proves the case (3h).

Finally, we consider the subalgebra h20. The vector E2 + k1E4 + k2E5 +
k3E6 ∈ h20 is geodesic precisely if for c = 0, b = 1, d = k1, e = k2, f = k3
the equation (2.71) is valid. Hence we get

β1k1 + β2k2 + β3k3 + k1α3k2 + k1β6k3 + k2α4k3 = 0. (2.115)

The element E3+ l1E4+ l2E5+ l3E6 ∈ h20 is geodesic if and only if for b = 0,

c = 1, d = l1, e = l2, f = l3 the equation (2.71) holds. From this we receive

α2l1 + β4l2 + β5l3 + l1α3l2 + l1β6l3 + l2α4l3 = 0. (2.116)

Furthermore, the vectorE2+E3+(k1+l1)E4+(k2+l2)E5+(k3+l3)E6 ∈ h20
is geodesic precisely if for b = c = 1, d = k1 + l1, e = k2 + l2, f = k3 + l3
the equation (2.71) is satisfied. Therefore one obtains

(2.117)

α1 + β1k1 + β1l1 + β2k2 + β2l2 + β3k3 + β3l3 + α2k1
+ α2l1 + β4k2 + β4l2 + β5k3 + β5l3 + k1k2α3 + k1l2α3

+ l1k2α3 + l1l2α3 + k1k3β6 + k1l3β6 + l1k3β6

+ l1l3β6 + k2k3α4 + k2l3α4 + l2k3α4 + l2l3α4 = 0.

Taking into account (2.115) and (2.116), equation (2.117) reduces to

α1 + β1l1 + β2l2 + β3l3 + α2k1 + β4k2 + β5k3 + k1l2α3 + l1k2α3

+k1l3β6 + l1k3β6 + k2l3α4 + l2l3α4 = 0.
(2.118)

This gives (3i). Hence Theorem 2.36 is proved.



Chapter 3

Summary

The main contribution of this dissertation is some investigations on stretch

Finsler metrics and six-dimensional filiform nilmanifolds. The results of the

dissertation have been published in papers [1, 2, 3, 21]. The dissertation con-

tains two chapters. The first section of each chapter summarizes the concepts,

tools and methods necessary to understand the later sections (see Sections

1.1, 2.1).

Below we present a brief survey of our results as follows:

3.1 Stretch Finsler metrics

In this chapter of the dissertation, we investigate some properties of stretch

and Douglas curvature.

3.1.1 B̃-, and H-stretch metric

In this section, we deal with two classes of stretch metrics. By the covariant

horizontal differentiation along Finslerian geodesics of the Berwald curva-

ture B (mean Berwald curvature E), respectively. Z. Shen (H. Akbar-Zadeh

) proposed a non-Riemannian quantity B̃-curvature (H-curvature), respec-

tively (see [41, page 139]) and [4].

Extending this concepts,we can introduce the following

Definition 3.1. For a vector y ∈ TpM , we define Ky : TpM ×TpM ×TpM ×
TpM → TpM by

Ky(u, v, w, z) := Ki
jklm(y)u

jvkwlzm
∂

∂xi
|x,

where
Ki

jklm := 2
(
B̃i

jkl|m − B̃i
jkm|l

)
.

99
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Definition 3.2. For a vector y ∈ TpM , we define κy : TpM ×TpM ×TpM →
R, by

κy(u, v, w) := κjkl(y)u
jvkwl,

where
κjkl := 2

(
Hjk|l −Hjl|k

)
.

A Finsler metric F is said to be B̃-stretch metric ( H-stretch metric) if and

only if K = 0 (κ = 0), respectively.

Definition 3.3. Let (M,F ) be a Finsler manifold. The Finsler metricF is called
a relatively isotropic stretch B̃-curvature if its stretch B̃-curvature is given by

Ki
jklm := λF

(
Bi

jkl|m −Bi
jkm|l

)
,

where λ := λ(x, y) is scalar function on TM . In this case, (M,F ) is called
a relatively isotropic B̃-stretch manifold. If λ > 0 (λ < 0, λ = constant),
then F is said to be negative (positive or constant) relatively isotropic stretch
B̃-curvature (respectively). Furthermore, if the stretch H-curvature is given by

κjkl := λF
(
Ejk|l − Ejl|k

)
,

then F is said to be negative (positive, constant) relatively isotropic stretch H-
curvature if we have λ > 0 (λ < 0, λ = constant) (respectively).

The following results are based on the paper [2].

Theorem 3.4. Suppose that F is a positively complete B̃-stretch metric with
bounded Berwald curvature. Then F must be a B̃-metric and the Berwald cur-
vature is constant along any geodesic.

Theorem 3.5. Every complete H-stretch metric with bounded mean Berwald
curvature is a H-metric.

Theorem 3.6. A compact Finsler manifold with negative (positive) relatively
isotropic stretch B̃-curvature is B̃-Finsler manifold. More precisely, a complete
Finsler manifold with constant relatively isotropic stretch B̃-curvature and bounded
B̃-curvature is a B̃-metric.
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Theorem 3.7. Every compact Finsler manifold with positive (negative) rela-
tively isotropic stretch H-curvature is a H-Finsler manifold. More precisely, a
complete Finsler metric with constant relatively isotropic stretch H-curvature
and bounded H-curvature is a H-metric.

3.1.2 Generalized Douglas curvature

Douglas’ curvature is an invariant tensor by a projective change ϕ : F → F̄
established in 1997 by S. Bácsó and M. Matsumoto (see [6]). In this section,

we study a class of Finsler metrics that includes the class of Douglas metrics.

We introduce the following:

Definition 3.8. We call the Finsler metric F is a generalized Douglas metric if
and only if the quantity B̃-curvature in (1.4) has the form

B̃i
jkl := Bi

jkl + ωjkδ
i
l + ωjlδ

i
k + ωklδ

i
j + Ejk;ly

i,

where ω is a smooth map M → ∧2TpM given by ω(p) := ωij(p)dx
i ∧ dxj at

any point p ∈ M .

The following results are introduced in [3].

Theorem 3.9. Let (M,F ) be a generalized Douglas Finsler manifold. Suppose
that F is a B̃-stretch metric. Then F is a Douglas metric.

Theorem 3.10. Let (M,F ) be a Douglas Finsler manifold with n ≥ 3. Then
every H-stretch metric is a B̃-metric.

Theorem 3.11. Let (M,F ) be a Douglas Finsler manifold. Then, the stretch
B̃-curvature of F is given by

Ki
jklm :=

2

n+ 1

{
κjlmh

i
k + κklmh

i
j

}
.
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3.2 6-dimensional filiform nilmanifolds and the corre-
sponding metric Lie algebras

In this chapter of the dissertation we determine the isometry equivalence

classes of nilmanifolds on 6-dimensional filiform Lie groups. The represen-

tatives of these classes are 6-dimensional connected simply connected fili-

form Lie groups N equipped with a left invariant metric ⟨., .⟩N . We study

the isometry groups of the obtained filiform Lie groups N having left invari-

ant metric ⟨., .⟩N . Moreover, we investigate the geodesic vectors and the flat

totally geodesic subalgebras of the metric Lie algebras corresponding to the

received filiform Lie groups N with left invariant metric ⟨., .⟩N .

3.2.1 Isometry equivalence classes and isometry group of
6-dimensional filiform nilmanifolds

Our aim in this section is to classify the isometrically isomorphic equiva-

lence classes of 6-dimensional filiform metric Lie algebras (n, ⟨., .⟩) and to

determine the group OA(n) of all orthogonal automorphisms of the repre-

sentatives of the obtained classes. The semi-direct product N⋊OA(n) of the

connected simply connected Lie group N of n and the group OA(n) gives the

isometry group of the corresponding connected simply connected Lie group

N with left invariant metric ⟨., .⟩N induced by the Euclidean inner product

⟨., .⟩ of n. To proceed this classification we use the list of W. de Graaf in [16]

to fix a basis {G1, G2, · · · , G6} of the non-isomorphic 6-dimensional filiform

Lie algebras l6,k, k = 14, . . . , 18 and apply the classification procedure given

in [22], pp. 371-372. This procedure describes the representative of each iso-

metrically isomorphic equivalence classes of the 6-dimensional filiform met-

ric Lie algebras (l, ⟨., .⟩) as a filiform Lie algebra n isomorphic to l such that

the non-trivial Lie brackets of n are defined on the Euclidean vector space E6

with a distinguished orthonormal basis {E1, E2, · · · , E6} as follows:

Theorem 3.12. A metric Lie algebra (l6,14, ⟨., .⟩) is isometrically isomorphic
to a unique metric Lie algebra n6,14(αi, βj), αi > 0, i = 1, . . . , 5, βj ∈ R,
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j = 1, . . . , 7, defined on E6 by the non-vanishing commutators

[E1, E2] = α1E3 + β1E4 + β2E5 + β3E6,

[E1, E3] = α2E4 −
(α5β1 + α2β7

α4

)
E5 + β4E6,

[E1, E4] =
α1α5

α4

E5 + β5E6,

[E2, E3] = α3E5 + β6E6,

[E2, E4] = β7E6,

[E2, E5] = α4E6,

[E4, E3] = α5E6

such that if the set J = {j ∈ {1, 4, 7} : βj ̸= 0} ≠ ∅, then βj◦ > 0 for the
minimal element j◦ ∈ J .

Theorem 3.13. A metric Lie algebra (l6,15, ⟨., .⟩) is isometrically isomorphic
to a unique metric Lie algebra n6,15(αi, βj), αi > 0, i = 1, . . . , 5, βj ∈ R,
j = 1, . . . , 7, defined on E6 by the non-vanishing commutators

[E1, E2] = α1E3 + β1E4 + β2E5 + β3E6,

[E1, E3] = α2E4 + β4E5 + β5E6,

[E1, E4] = α3E5 + β6E6,

[E1, E5] = α4E6,

[E2, E3] =
α2α5

α4

E5 + β7E6,

[E2, E4] = α5E6.

such that if the set J = {j ∈ {1, 3, 4, 6, 7} : βj ̸= 0} ≠ ∅, then βj◦ > 0 for the
minimal element j◦ ∈ J .

Theorem 3.14. A metric Lie algebra (l6,16, ⟨., .⟩) is isometrically isomorphic
to a unique metric Lie algebra n6,16(αi, βj), αi > 0, i = 1, . . . , 4, βj ∈ R,
j = 1, . . . , 8, defined on E6 by the non-vanishing commutators

[E1, E2] = α1E3 + β1E4 + β2E5 + β3E6,

[E1, E3] = α2E4 −
(α3β1

α1

+
α2β8

α4

)
E5 + β4E6,

[E1, E4] = α3E5 + β5E6,

[E1, E5] = β6E6,

[E2, E3] = β7E6,

[E2, E4] = β8E6,

[E2, E5] = α4E6,

[E4, E3] =
α3α4

α1

E6.

such that one of the following cases is satisfied:

1. β1 = β3 = β4 = β5 = β6 = β8 = 0,
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2. β3 > 0 or β5 > 0, β1 = β4 = β6 = β8 = 0,

3. β6 > 0 or β4 > 0, β1 = β3 = β5 = β8 = 0,

4. β1 > 0 or β8 > 0, β3 = β4 = β5 = β6 = 0,

5. at least two elements of the set {β1, β3, β4, β5, β6, β8} are positive with
the exceptions (β1 > 0, β8 > 0), (β3 > 0, β5 > 0), (β4 > 0, β6 > 0).

Theorem 3.15. A metric Lie algebra (l6,17, ⟨., .⟩) is isometrically isomorphic
to a unique metric Lie algebra n6,17(αi, βj), αi > 0, i = 1, . . . , 5, βj ∈ R,
j = 1, . . . , 6, defined on E6 by the non-vanishing commutators

[E1, E2] = α1E3 + β1E4 + β2E5 + β3E6, [E1, E3] = α2E4 + β4E5 + β5E6,

[E1, E4] = α3E5 + β6E6, [E1, E5] = α4E6,

[E2, E3] = α5E6,
(3.1)

such that if the set J = {j ∈ {1, 3, 4, 6} : βj ̸= 0} ≠ ∅, then βj◦ > 0 for
the minimal element j◦ ∈ J . Moreover, a metric Lie algebra (l6,18, ⟨., .⟩) is
isometrically isomorphic to a unique metric Lie algebra n6,18(αi, βj) defined on
E6 by the non-vanishing commutators (3.1) such that the constant α5 is missing.

The groups of all isometries of the corresponding connected and simply

connected filiform nilmanifolds are given in Corollaries 2.11, 2.14, 2.17, 2.20,

2.21.

3.2.2 Geodesic vectors and flat totally geodesic subalgebras
of 6-dimensional filiform metric Lie algebras

This section is devoted to study the totally geodesic subgroups of connected

simply connected 6-dimensional filiform Riemannian nilmanifolds (N, ⟨., .⟩N).
A subgroup H of (N, ⟨., .⟩N) is totally geodesic if and only if the correspond-

ing subalgebra h is totally geodesic. The left cosets xH , x ∈ N , give a totally

geodesic foliation on N . A subalgebra h of (n, ⟨., .⟩) is totally geodesic if for

all X, Y ∈ h one has ∇XY ∈ h, where ∇ denotes the Levi-Civita connec-

tion of (n, ⟨., .⟩). Taking the representatives of the isometrically isomorphic
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equivalence classes of the 6-dimensional filiform metric Lie algebras given in

Theorems 3.12, 3.13, 3.14 and 3.15 first we determine the sets of the geodesic

vectors and hence the one-dimensional totally geodesic subalgebras in the

six-dimensional filiform metric Lie algebras. To do this we systematically use

the following claim: a non-zero vector Y ∈ (n, ⟨., .⟩) is geodesic if and only if

for all X ∈ (n, ⟨., .⟩) we have ⟨[X, Y ], Y ⟩ = 0. According to Lemma 2.6, any

non-zero element of the union C0 = ⟨E1, E2⟩ ∪ ⟨E3⟩ ∪ ⟨E4⟩ ∪ ⟨E5⟩ ∪ ⟨E6⟩ is

geodesic.

Theorem 3.16. Let the sets Ci, i = 1, · · · , 9, be defined as follows:

C1 := {bE2 + cE3 + dE4 : b (α1c+ β1d) + cα2d = 0 : b, c, d ∈ R} ,
such that at least two of the numbers b, c, d are non-zero
with exception of the cases:
1. b = 0,

2. d = 0,

3. c = 0 with β1 ̸= 0,

C2 :=
{
a(E1 −

α2

α5

E6) + cE3 + dE4 + eE5 : a ̸= 0, a, c, d, e ∈ R,

α5β1 + α2β7 = 0 = β4,

e = (β5a− α5c)
α2α4

α1α2
5

,

a(α1c+ β1d+ β2e−
α2β3

α5

)− c(α3e−
α2β6

α5

a) +
aα2

α5

(β7d+ α4e) = 0
}
,

C3 :=
{
a
(
E1 −

α2

α5

E6 + (
β5

α5

+
α1β4

α5β1 + α2β7

)E3 −
α2α4β4

α5(α5β1 + α2β7)
E5

)
+

dE4 : a ̸= 0, a, d ∈ R,

a(α1c+ β1d+ β2e+ β3f)− c (α3e+ β6f)− f(β7d+ α4e) = 0
}
,
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C4 :=
{
aE1 + cE3 + dE4 + eE5 + fE6 : a ̸= 0, f ̸= −a

α2

α5

, f ̸= 0,

a, c, d, e, f ∈ R, e = (cα5 − aβ5)
fα4

aα1α5

,

d =
a

α5f + α2a

(α5β1 + α2β7

α4

e− β4f
)
,

a (α1c+ β1d+ β2e+ β3f)− c (α3e+ β6f)− f(β7d+ α4e) = 0
}
,

C5 :=
{
cE3 + dE4 + eE5 + fE6 : f ̸= 0, c ̸= 0, c, d, e, f ∈ R,

d =
−c

α5f

(α2α5

α4

e+ β7f
)
,

−c

α5f

(α2α5

α4

e+ β7f
)
(α3e+ β6f + cα2) + c(β4e+ β5f) + eα4f = 0

}
,

C6 :=
{
bE2 + cE3 + dE4 + eE5 : b(α1c+ β1d+ β2e) + c(α2d+ γe)+

dα3e = 0, b, c, d, e ∈ R
}
, where γ = −

(α3β1

α1

+
α2β8

α4

)
in the case of

the metric Lie algebra n6,16(αi, βj), whereas γ = β4 in the case of
the metric Lie algebra n6,17(αi, βj) such that at least two of the
numbers b, c, d, e are non-zero with exception of the cases:
1. b = c = 0,

2. b = e = 0,

3. d = e = 0,

4. c = d = 0, β2 ̸= 0,

5. c = e = 0, β1 ̸= 0,

6. b = d = 0 with α3α4β1 + α1α2β8 ̸= 0 in the case of the metric
Lie algebra n6,16(αi, βj),

7. b = d = 0 with β4 ̸= 0 in the case of the metric Lie algebra
n6,17(αi, βj),
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C8 :={dE4 + eE5 + fE6 : d(α3e+ β6f) + eα4f = 0, d, e, f ∈ R},
such that at least two of the numbers d, e, f are non-zero
with exception of the cases:
1. f = 0,

2. d = 0,

3. e = 0 with β6 ̸= 0,

C7 :=
{
a
(
E1 −

β6

α4

E2

)
+ cE3 + dE4 + eE5 + fE6 : af ̸= 0, a, c, d, e, f ∈ R,

ae =
f

α3

(aβ6β8

α4

+ c
α3α4

α1

− aβ5

)
,

ac =
f

α1

(cβ7 + dβ8 + eα4)−
a

α1

(β1d+ β2e+ β3f) ,

ad =
a

α2

(
(
α3β1

α1

+
α2β8

α4

)e− β4f
)
+

f

α2

(aβ6β7

α4

− d
α3α4

α1

)
,

d(α2c+ α3e) = a
β6

α4

(α1c+ β1d+ β2e+ β3f) + ce
(α3β1

α1

+
α2β8

α4

)
−

f (cβ4 + dβ5 + eβ6)
}
,

C9 :={bE2 + cE3 + dE4 + eE5 + fE6 : b(α1c+ β1d+ β2e+ β3f)+

c(α2d+ β4e+ β5f) + d(α3e+ β6f) + eα4f = 0, b, c, d, e, f ∈ R},
such that at least two of the numbers b, c, d, e, f are non-zero
with exception of the cases:
1. b = c = d = 0,

2. b = c = f = 0,

3. d = e = f = 0,

4. b = c = e = 0 with β6 ̸= 0,

5. c = d = f = 0 with β2 ̸= 0,

6. c = d = e = 0 with β3 ̸= 0.

1. The geodesic vectors of the metric Lie algebra (n6,14(αi, βj), ⟨., .⟩), with
αi > 0, βj ∈ R, i ∈ {1, . . . , 5}, j ∈ {1, . . . 7} not belonging to C0 are
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the non-zero elements of the set C1 ∪C2 ∪C4 in the case α5β1 +α2β7 =
0 = β4, for α5β1 + α2β7 ̸= 0 these are the non-zero elements of the set
C1 ∪ C3 ∪ C4.

2. The geodesic vectors in the metric Lie algebra (n6,15(αi, βj), ⟨., .⟩) with
αi > 0, i = 1, . . . , 5, βj ∈ R, j = 1, . . . , 7, not belonging to C0 are the
non-zero elements of the set C1 ∪ C5.

3. The geodesic vectors of the metric Lie algebra (n6,16(αi, βj), ⟨., .⟩) with
αi > 0, i = 1, . . . , 4, βj ∈ R, j = 1, . . . , 8, not belonging to C0 are the
non-zero elements of the set C6 ∪ C7.

4. The geodesic vectors in the metric Lie algebra (n6,17(αi, βj), ⟨., .⟩) with
αi > 0, βj ∈ R, i ∈ {1, . . . , 5}, j ∈ {1, . . . 6} not belonging to C0 are
the non-zero elements of the set C6 ∪ C8.

5. The geodesic vectors of the metric Lie algebra (n6,18(αi, βj), ⟨., .⟩) with
αi > 0, βj ∈ R, i ∈ {1, . . . , 4}, j ∈ {1, . . . 6} not belonging to C0 are
the non-zero elements of the set C9.

Hence every 6-dimensional filiform metric Lie algebra has a flat totally geodesic

subalgebra of dimension at least 1. The criterion that a 6-dimensional filiform

metric Lie algebra possesses a flat totally geodesic subalgebra of dimension

greater than 1 gives strong restrictions on the structure constants αi, βj . Our

investigation shows that the 6-dimensional filiform Lie algebras not belong-

ing to the standard filiform Lie algebra possess flat totally geodesic subalge-

bras of dimension 1 or 2.

Theorem 3.17. Let C be the class of the 6-dimensional filiform metric Lie al-
gebras not corresponding to the standard filiform Lie algebra. The maximal
dimension of the flat totally geodesic subalgebras of a metric Lie algebra in C is
2. A metric Lie algebra n6,14(αi, βj) has the subalgebra h = span(E1, E6) as a
flat totally geodesic subalgebra if and only if β3 = β4 = β5 = 0. A metric Lie al-
gebra n6,14(αi, βj) allows the flat totally geodesic subalgebra h = span(E2, E4)
precisely if β1 = β7 = 0.

A metric Lie algebra n6,15(αi, βj) possesses the flat totally geodesic subalge-
bra h = span(E3, E6) if and only if β5 = β7 = 0.
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A metric Lie algebra n6,16(αi, βj) has the flat totally geodesic subalgebra
h = span(E1 − β6

α4
E2, E6) precisely if β3 = 0, β4 = β6β7

α4
and β5 = β6β8

α4
.

A metric Lie algebra n6,16(αi, βj) allows the flat totally geodesic subalgebra
h = span(E3, E5) if and only if α3α4β1 + α2α1β8 = 0. A metric Lie algebra
n6,16(αi, βj) has the flat totally geodesic subalgebra h = span(E2 +

β8α1

α3α4
E3 −

1
α3
(β1 +

β8α1α2

α3α4
)E5, E4) precisely if for αi, βj , i = 1, 2, 3, 4, j = 1, 2, 8 the

equation

(α1)
2β8

α3α4

+
(
β1 +

β8α1α2

α3α4

)(
− β2

α3

+
β8α1

(α3)2α4

(
α3β1

α1

+
α2β8

α4

)
)
= 0

holds. A metric Lie algebra n6,16(αi, βj) allows the flat totally geodesic sub-
algebra h = span(E2 + k1E4 + k2E5, E3 + l1E4 + l2E5) if and only if the
equations

β7 + l1β8 + l2α4 + k1
α3α4

α1

= 0,

β1k1 + β2k2 + k1α3k2 = 0,

α2l1 − (
α3β1

α1

+
α2β8

α4

)l2 + l1α3l2 = 0,

α1 + β1l1 + β2l2 + α2k1 − (
α3β1

α1

+
α2β8

α4

)k2 + α3(k1l2 + l1k2) = 0

are satisfied.
A metric Lie algebra (n6,17(αi, βj), ⟨., .⟩) processes the flat totally geodesic

subalgebras h = span(E4 − α3

α4
E6, E5) and h = span (E4, E6) if and only if

β6 = 0. A metric Lie algebra (n6,17(αi, βj), ⟨., .⟩) has the flat totally geodesic
subalgebras h = span (E3, E5) and h = span(E3 − α2

α3
E5, E4) precisely if

β4 = 0. A metric Lie algebra (n6,17(αi, βj), ⟨., .⟩) allows the flat totally geodesic
subalgebra h = span(E2+k1E3− β2+β4k1

α3
E4, E5) if and only if k1 is a solution

of the equation

α2β4k
2
1 + (β1β4 + α2β2 − α1α3)k1 + β1β2 = 0.

A metric Lie algebra (n6,17(αi, βj), ⟨., .⟩) possesses the flat totally geodesic sub-
algebra h = span(E2 − β1+α3k2

α2
E3 + k2E5, E4) precisely if k2 is a solution of
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the equation

α3β4k
2
2 + (α1α3 + β1β4 − α2β2)k2 + α1β1 = 0.

Now we describe the flat totally geodesic subalgebras of dimension > 1
of the metric Lie algebras belonging to the 6-dimensional standard filiform

Lie algebra.

Theorem 3.18. The maximal dimension of the flat totally geodesic subalgebras
of a metric Lie algebra n6,18(αi, βj) is 4.

A metric Lie algebra n6,18(αi, βj) has the 4-dimensional subalgebras h =
span(E2−α1α3

α2α4
E6, E3, E4−α3

α4
E6, E5) and h = span(E2, E3−α2

α3
E5, E4, E6)

as flat totally geodesic subalgebras if and only if β1 = β3 = β4 = β6 = 0,
β5 =

α2α4

α3
, β2 =

α1α3

α2
.

The 3-dimensional flat totally geodesic subalgebras of n6,18(αi, βj) are:

h = span(E3 − α2

α3
E5, E4, E6) and h = span(E3, E4 − α3

α4
E6, E5) precisely

if β4 = β6 = 0, β5 =
α2α4

α3
,

h = span(E2 + k1E3 + k2E6, E4 + s1E6, E5) such that one of the following
cases is satisfied:

1. β1 =
α3

α4
β3, β5 =

α2α4

α3
, k2 = −β2+k1β4

α4
, s1 = −α3

α4
and k1 is a solution of

the equation

β4β5k
2
1 + k1(β2β5 + β3β4 − α1α4) + β2β3 = 0, (3.2)

2. β5 ̸= α2α4

α3
, k1 = α3β3−α4β1

α2α4−α3β5
, k2 = −β2(α2α4−α3β5)+β4(β3α3−β1α4)

α4(α2α4−α3β5)
, s1 =

−α3

α4
and the equation

(α2α4 − α3β5)
(
(α1α4 − β3β4 − β2β5)(β3α3 − β1α4)−

β2β3(α2α4 − α3β5)− β4β5(β3α3 − β1α4)
2
)
= 0

(3.3)

holds,

3. h = span(E2 + k1E3 + k2E5, E4, E6) such that one of the following
cases is satisfied:
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(a) β1 = α3

α4
β3, β5 = α2α4

α3
, k2 = −β3+k1β5

α4
and k1 is a solution of the

equation (3.2),

(b) β5 ̸= α2α4

α3
, k1 = α3β3−α4β1

α2α4−α3β5
, k2 = β3(α2α4−α3β5)+β5(β3α3−β1α4)

α4(α2α4−α3β5)
and

the equation (3.3) holds,

4. h = span (E2 + l1E4 + l2E5, E3 + k1E4 + k2E5, E6) if and only if the
following equations

β1l1 + β2l2 + l1α3l2 = 0,

α2k1 + β4k2 + k1k2α3 = 0,

α1 + β1k1 + β2k2 + α2l1 + β4l2 + l1k2α3 + k1l2α3 = 0,

β3 + β6l1 + α4l2 = 0,

β5 + k1β6 + k2α4 = 0

are satisfied,

5. h = span (E2 + k1E4 + k2E6, E3 + l1E4 + l2E6, E5) if and only if the
following equations

β1k1 + β3k2 + k1β6k2 = 0,

α2l1 + β5l2 + l1β6l2 = 0,

α1 + β1l1 + β3l2 + α2k1 + β5k2 + k1l2β6 + l1k2β6 = 0,

β2 + α3k1 + α4k2 = 0,

β4 + α3l1 + α4l2 = 0

hold,

6. h = span(E2 + k1E5 + k2E6, E3 + l1E5 + l2E6, E4 + s1E5 + s2E6) if
and only if the following equations

β2k1 + β3k2 + k1α4k2 = 0,

β4l1 + β5l2 + l1α4l2 = 0,

α3s1 + β6s2 + s1α4s2 = 0,

α1 + β2l1 + β3l2 + β4k1 + β5k2 + k1l2α4 + l1k2α4 = 0,
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β1 + β2s1 + β3s2 + α3k1 + β6k2 + k1s2α4 + s1k2α4 = 0,

α2 + β4s1 + β5s2 + α3l1 + β6l2 + l1s2α4 + s1l2α4 = 0,

β2k1 + β3k2 + β4l1 + β5l2 + α3s1 + β6s2 + k1s2 + k1k2α4+

l1l2α4 + s1s2α4 = 0

are satisfied.

The 2-dimensional flat totally geodesic subalgebras of n6,18(αi, βj) are:

(a) h = span(E4 − α3

α4
E6, E5) and h = span (E4, E6) if and only if

β6 = 0,

(b) h = span(E2 + k1E3 + k2E4 − β3+k1β5+k2β6

α4
E5, E6) and h =

span(E2 + k1E3 + k2E4 − β2+k1β4+k2α3

α4
E6, E5) if and only if the

equation

(α3k2 + β2 + β4k1)(k1β5 + k2β6 + β3)
− α2α4k1k2 − α1α4k1 − β1α4k2 = 0

is satisfied,

(c) h = span(E3+k1E4− β4+α3k1
α4

E6, E5) and h = span(E3+k1E4−
β5+β6k1

α4
E5, E6), precisely if k1 is a solution of the equation

α3β6k
2
1 + k1(α3β5 + β4β6 − α2α4) + β4β5 = 0,

(d) h = span (E2 + k1E3 + k2E5 + k3E6, E4 + l1E5 + l2E6) if and
only if the following equations

α3l1 + β6l2 + l1α4l1 = 0,

α1k1 + β2k2 + β3k3 + k1β4k2 + k1β5k3 + k2α4k3 = 0,

β1 + β2l1 + β3l2 + α2k1 + k1β4l1 + k1β5l2 + α3k2+

β6k3 + α4k2l2 + α4l1k3 = 0

hold,
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(e) h = span(E3 + k1E5 + k2E6, E4 + l1E5 + l2E6) if and only if the
following equations

β4k1 + β5k2 + k1α4k2 = 0,

α3l1 + β6l2 + l1α4l2 = 0,

α2 + β4l1 + β5l2 + α3k1 + β6k2 + k1l2α4 + l1k2α4 = 0

are satisfied,

(f) h = span(E2 + k1E4 + k2E5 + k3E6, E3 + l1E4 + l2E5 + l3E6)
precisely if the following equations

β1k1 + β2k2 + β3k3 + k1α3k2 + k1β6k3 + k2α4k3 = 0,

α2l1 + β4l2 + β5l3 + l1α3l2 + l1β6l3 + l2α4l3 = 0,

α1 + β1l1 + β2l2 + β3l3 + α2k1 + β4k2 + β5k3 + k1l2α3

+ l1k2α3 + k1l3β6 + l1k3β6 + k2l3α4 + l2l3α4 = 0

hold.
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