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Abstract. We determine systems of the first order ordinary differen-
tial equations such that their group of symmetries contains a three-
dimensional Lie subgroup G. We represent the basis vectors of the Lie
algebra g of G by vector fields in the three-dimensional real space. Two
cases are distinguished according to whether the infinitesimal generators
of g do not contain any component or contain component with respect
to the independent variable of the system.
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1. Introduction

Many research are done to find Lie symmetries for existing systems in physical
and biological sciences (see [14-17,22]). Applications of symmetry groups to
understand and solve differential equations go back to S. Lie’s work [11].
He observed that the knowledge of an appropriate group of symmetries of
a system of first order ordinary differential equations is useful to obtain its
general solution. Namely, if one knows a one-parameter symmetry group,
then one can find the solution by quadratures (indefinite integrals) from the
solution to a system of first order ordinary differential equations with one
fewer equation in it. By the knowledge of an n-dimensional solvable group
of symmetries we can reduce the number of equations by n (][9], p. 100,
[18], p. 154). Also many books have been dedicated to Lie’s method and its
generalizations (e.g., [1,5,7,8,19-21]).
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The determination of Lie algebras of vector fields, up to local diffeomor-
phisms, played an important role in the research of S. Lie. He classified the
Lie groups given by the Lie algebras of their infinitesimal generators which
act either on the complex line or on the complex plane (cf. [12], pp. 767—
773, [13], pp. 1-94, [4], p. 1164). Furthermore, he improved a method in [12,
Sect. X, p. 243-248] to receive the ordinary differential equations which ad-
mit a given Lie group as a group of their symmetries. Using his classifications
of Lie algebras of vector fields he demonstrated the power of this method in
§1-4. of [12, Sect. X, p. 249-273], where he classified the Lie groups, accord-
ing to the number of invariant first order differential equations. The possible
cases are: infinitely many, precisely 2, precisely 1 or none. In particular, N.
H. Ibragimov in [9, Chap. III] presented Lie’s method for the second order
differential equations such that the Lie algebra admitted by a given equa-
tion is defined by vector fields in the complex C2-plane. G. Czichowski in
[2] described three different actions of the group SL(2) on the real R2-plane,
gave the second order differential equations which are invariant under these
actions and discussed the connection between the problem to solve these dif-
ferential equations (using the symmetries) and to determine the type for the
SL(2)-action in the solution space.

When Lie symmetry method is applied for a given system in physics
or biology the main task is to use the infinitesimal symmetry condition (see
(2.76) in [18, p. 131] and Theorem 5 in [6, p. 59]) for the determination of
a sufficiently large group of symmetries of the given system and with the
help of this group to integrate the system. This procedure was carried out
successfully for example in the Lie symmetry analysis of the Kepler problem
and the Anderson’s HIV model (see [14,22]). The Kepler problem, which de-
scribes the interaction of two point particles with an inverse square law of
attraction, can be given by a system of three second order ordinary differen-
tial equations. The Lie algebra of its symmetry group contains the direct sum
of the 2-dimensional non-abelian Lie algebra g, and the simple Lie algebra
so3(R) as a proper subalgebra (see [21]). In [22] the Anderson’s HIV model
was translated into a system of first order non-linear ordinary differential
equations. After making a condition on the form of the infinitesimal genera-
tors of the symmetries it turns out that the symmetry group of this system
admits a solvable Lie subgroup such that its Lie algebra is isomorphic to the
direct sum R & go.

There is an alternative approach for study Lie symmetry group. It is
the classification of all ordinary differential equations allowing a given Lie
group as a subgroup of their symmetry group. The purpose of this paper is
to determine the systems of first order ordinary differential equations which
admit a given three-dimensional Lie group as their symmetry group such that
the infinitesimal generators of its Lie algebra are represented by vector fields
in the space R3. For the representation of the basis vectors of the solvable
three-dimensional Lie algebras we used the results in [3, pp. 161-162], whereas
to represent the basis vectors of the simple Lie algebras sly(R), so3(R) we
applied the results of [10, p. 385]. These representations are given by (11) in
Sect. 3.
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Systems of first order differential equations

Analogously to the Lie’s method, in Sect. 2 we formulate the appro-
priate necessary condition for a system of first order ordinary differential
equations allowing a given Lie group as a group of their symmetries. Here we
represent the infinitesimal generators of the Lie algebra of this Lie group in
the n-dimensional real space with respect to the coordinates yi,y2, ..., Yn.
First, we discuss the case when one of the coordinates y1,yo, ..., y, is the
independent variable x of the system and the generators of the Lie algebra
are considered as time-dependent symmetries. This means they can contain
component with respect to the direction 8%. Next, we investigate the case
when t is the independent variable, yi(t), y2(t), ..., yn(t) are the depen-
dent variables of the system and all generators of the Lie algebra are time-
preserving symmetries. That is, they do not contain any component in the
direction %. In Sect. 3 we apply it for the three-dimensional Lie algebras act-
ing on the three-dimensional real x, ¥y, z-space. In Sect. 3.1 we obtain for each
three-dimensional Lie algebra g the system of first order ordinary differential
equations which is invariant under the action of g such that the infinitesimal
generators of the Lie algebras are time-dependent symmetries. According to
whether y; = x, y2 = y, or y3 = z is the independent variable we have three
different tasks (see Theorem 1). It turns out that for some systems of first
order ordinary differential equations the equivalent second order systems de-
scribe motions of a particle under the action of a viscous force (see Remark
2). Section 3.2 is devoted to find the systems of first order ordinary differential
equations which are invariant under the action of a given three-dimensional
Lie algebra, the infinitesimal generators of which are time-preserving symme-
tries (see Theorem 2). In Sect. 3.3 we explain how one can find the solutions
of the systems of first order ordinary differential equations given in Theorems
1 and 2 using the given Lie algebras of the infinitesimal generators of their
symmetries. The obtained solutions are given in Proposition 1.

2. Preliminaries and methods

Symmetries of a differential equation are transformations that move continu-
ously a solution of the equation into another solution. Thus, for each symme-
try there exists a corresponding vector field (the infinitesimal generator of the
symmetry). The symmetries of a differential equation form a group, which
is called the symmetry group. We say that a symmetry is time-preserving
if its action on the time coordinate ¢ (it is the independent variable of the
differential equation) is trivial. In this case the infinitesimal generator of the
symmetry has no component in the direction % (see [6], pp. 60-61). If a
symmetry contains component in the direction of the time coordinate, then
we call it time-dependent symmetry.

We represent the basis vectors of the Lie algebra g of the symmetry
group G in the n-dimensional space R™ with respect to the coordinates
Y1, Y2, - - -, Yn- First, we treat these infinitesimal generators as time-dependent
symmetries of systems of the first order ordinary differential equations. Since
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every coordinate can be chosen as the independent variable (the time coordi-
nate) we have n different issues for finding those systems which are invariant
under the action of the Lie algebra g.

Let y; = = be the independent variable, and (Y1, Y2, -« Yi—1sYit1ys- - Yn) =
(y1,Y2, - --,Yn—1) be the dependent variables of the following time-dependent
system of first order ordinary differential equations:

fk(m7y1a"'7yn717y/17"'ay:1,71):Oa k:1a27"'an_1a (1)

with the notation y; = %, jed{l,...,n—1}
The infinitesimal generators of the Lie algebra g are the vector fields
0

Xl(%l/h cee 7yn71) = ¢l($7y17 e 7yn71)% + Z 04{(:7371117 e 7yn71)87y7
— g

[=1,...,r, where r is the dimension of g.
If x denotes the independent variable, then the first prolonged vector
field of X; with respect to & can be written as follows:

1
Xl( )(x,yl,...,ynflayi,-~-7il/;71)

n—1
; 0
1
- Xl + ZO‘?( )($7y17' .. >yn717yl17 R 7117/171)87%7
j J
where
ion=lg
i) _ 9 dag Py 3(;51 y
_ 99 o 2
o ox + s ayk (yk:) ( Z ayk ( )
is the first prolongation of the function a{, I=1,...,r,j=1,...,n—1.
The first order system (1) could admit the given group G with Lie
algebra g as its symmetries if and only if the functions fr, k =1,2,...,n—1,
satisfy the following system of partial differential equations
1 1
3fk - 3fk — imfi
Z Z Oy / =0, (3)
where [ =1,...,r.
Using the (2n — 1) x r-matrix
?1 P2 ¢3 ... Or
B N S
M=| o™ eyt eyt oaptt (4)
0&(1) aé(l) aé(l) oot
Oé;z—l(l) a;L—l(l) agL—l(l) o a:z—l(l)
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the system (3) of partial differential equations can be considered as the system
(G 5o B ) M =(0...0)"

0y1 OYn—1 8?!1 ayn,_1
of homogeneous linear equations in the variables %, %, cy 8§f ’“1, g£ k.
n— 1
- ai;fk . In order to get non-trivial solutions fx, k =1,2,...,n — 1, of the
n—1

system of equations provided by (3) the rank of the matrix M must be less

than or equal to 2n — 2. If rankM > n + 1, then the obtained solutions for

Ofk Ofk Ofk  Ofk Ofk o
the vectors ( dw gy Dyna Oy, oy, ) E=1...,

dependent. This means that the received systems of differential equations
contain less than or equal to n — 2 equations instead of n — 1 equations for
the n — 1 dependent variables y1, ..., y,—1. Hence, we require that

rankM < n+ 1. (5)

n — 1, are linearly

Now we investigate the case when the infinitesimal generators of the
Lie algebra g of the given real Lie group G are time-preserving symmetries.
Representing the basis vectors of g in R™ we deal with the following system
of first order ordinary differential equations:

Ji(@ (@), .y (@), 91 (@), -y (2) = 0, (6)
where z is the independent variable, y;(x), ..., y,(x) are the dependent vari-
ables, and y(z) = dyj(T), k=1,...,n. Let dim(g) = r. The basis elements

of g can be written as the vector ﬁelds

0
Xl(yl(x)v"'vyn Zal yl ,yn(x))@, lzl,...,T.
J

The formula

XM (@), .. yn(@), 94 (2), ..,y (@)

= X0+ 3o V(@) @) G @)@
j=1 J

with
ool
Z oy (@) (7)
yk
defines the first prolonged vector ﬁeld of Xj(y1(x),...,yn(x)), 1 =1,... 1,
with respect to the variable x. The system (6) admits the given group G

as its symmetry group precisely if the functions fr, £ = 1,...,n, fulfill the
following system of partial differential equations

i 3fk Z j(l)afk: 0. (8)

Jj=1

The system (8) is equivalent to the followmg system of homogeneous

linear equations of the variables g%, L, Ohe Of Of .

> Qyn’ Oyy’ T Oyl ”

of. | ofu 0 | Oh _ T
(B 50 G gl ) M= (0...0)7,
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where M is the (2n) x r-matrix

ol L. oal
o ... al
M = . (9)
IRTORSRPICE
ot @
To receive non-trivial solutions fr, &k = 1,...,n, of the system defined by

(8) it is required that for the rank of the coefficient matrix M one should

have rankM < 2n. The vectors (g% g% %? 255)7 k=1,...,n, are

linearly independent if
rankM < n. (10)

3. Results

In this paper we will consider the 3-dimensional Lie algebras as Lie algebras
of vector fields over 3-dimensional space R>.

The 3-dimensional indecomposable solvable Lie algebras gs.;, i = 1,2, 3,
4,5a,6,7a, and the Lie algebra R & gs, where go is the 2-dimensional non-
abelian Lie algebra, and their basis vectors can be found in [3, pp. 161-162].
The linear representations of the non-isomorphic Lie algebras gs3.3, g3.4, §3.54,
are given with the representation of the Lie algebra g3 5, such that a = 1 for
the Lie algebra g3.3, a = —1 for the Lie algebra g3 4, and a = R\ {1, -1} for
the Lie algebra g5, (see [3], pp. 161-162). The linear representations of the
non-isomorphic Lie algebras g3, g3.7, are given with the representation of
the Lie algebra gs 7, such that a = 0 for the Lie algebra g5, and a = R\{0}
for the Lie algebra g3z, (see [3], p. 162). Therefore, we consider the linear
representations of the Lie algebras g3.5, and g3.7, with a € R.

There are two non-isomorphic simple Lie algebras: sla(R) = g3.s and
s03(R) = g3.9. Their basis vectors can be found in [10, p. 385].

The non-trivial Lie brackets of the above Lie algebras are

R®ge: [Xo, X3]=Xo,

]
g3.1: (X2, X3] = X1,
g3.2: (X1, X3] = X1, (X2, X3] = X1 + Xo,
03500 [X1, X3] = X, [X2, X3] = aXo,
93.7a (X1, X3] = aX1 — Xo, [Xo, X3] = X1 +aXy,
938 ¢ (X1, Xo] = X1, [X1, X3] = —Xo, (X2, X3] = X,
939 (X1, Xo] = X, [X1, X3] = —Xo, (X2, X3] = Xi.

Their infinitesimal generators are
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R&® X —6 X —a X 78 +7¢9
g2 Xy = ) 2 = ; 3=y )
ox o o Oz
Cox =2 Xy = J X3 = 5+ 0
g3.1: 1_817 2_6 s 3_y8m 82’
X —6 X —é;; X 78 + (z + )76 + 78
: = = = x s
g3.2 1 9z’ 2 E 3 92 yax yay
X, =2 Xao D Xs= 2L va? yay? 11
5a * = = T~ Ta
g ' e ) T 9 T Tar T Yoy (11)
) d ) P
93.70a 0 X1 = —, Xo=—, Xz = —+(ax+y)— + (ay — ) —,
ox oy 0z ox dy
X —8 + o X 9 o X 9 + o
: =z xr— =y— — z— =r—
g3.8 1 oz 8y’ 2 yay 92’ 3 92 yé}z’
7] o e} 1%} e} 7]
X m eyt Xom 2 by Xy mr— — g
g3.9 1 y8x+18y’ 2 28y+y8z’ 3 Zé’x J,az

3.1. Time-dependent symmetries

Using the infinitesimal generators in (11) the matrix M in (4) reduces to
a 5 x 3 matrix. The condition rankM < 3 is always true. Hence, the rank
condition (5) of the matrix M is satisfied. Therefore, we have to solve (3) in
%];k, g£ ’I, gi ’;, g;j k. gj; £ and check if any solution yields a nontrivial system
of differential equations fi, fo.

We will suppose that the functions f;, fo have the following reduced

explicit form when x is the independent variable
Fi(z, v, v2,91,95) = ¥1 — 91(%,91,92) = 0,
f2(x7 Y1, Y2, 2/17 yé) = yl2 - 92(1'7 Y1, y2) =0.

(12)

Remark 1. In (12) the function f; is independent of y5 and fo does not
depend on yj.

Theorem 1. Systems of the first order ordinary differential equations invari-
ant under the action of the infinitesimal generators (11) are given by the
following systems of differential equations for the Lie algebra R & gs, and
g3, t=1,2,ba,7a,8,9:
1. if x is the independent variable, then

(a) fi(z,y) =y —Cie* =0, fod)=2"—Cy=0, C1,C5 €R,

(b) fl )_y/:()7 fQ(Z/):Z/—CQZO, CQGR,
hi(zy) =y —(z+C)7! —0,

Z)—Z—CQ(Z+01) =0, C,Cy €R,

(C)fly)—y—o fg(Z,Z)—Z*CQGZZO, CQGR,

(y
(
(
(
fl(zay/) = y - (Z"_Cl)il = 07
fa(z,2") =2 — 026_ (z+C)"t=0, C1,C €R,
(d) fl(zay/) :y 016 a—1)z Oa
fo(z,2") =2 —Che™* =0, C1,Cy €R,
(e) fi(z,y') =y +tan(z+ C1) =0,
fg(z,z') =2 — Coe™%(cos(z+C1))" 1 =0, C1,05 €R,
(f) fl(xa :y/_%zo7 f2(gj,z’z/):z/—§:0’ .’,13750,
f1(£r7yazvy ) :y, - = ;:*2%/5 =Y
fQ(xayaZ7Z/) = Z/ - ﬂgizlyz = 07

y#0, 2z#0 and 2% > 2yz,
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(g) fl(xvyay/) = y/ - % = 07 f2(.’L’,Z’Z/) =2 - i = Oa € 7£ Oa
2. if y is the independent variable, then
(a) fi(z,2") =2’ = Cre™* =0,

fg( >_Z/—02€_Z:0, C1,Cy € R,
() fi(z,2") =a"—2—-C1 =0,
fQ(Z)—Z—CQZO, OlchER
(¢c) fi(z,2') =2" —2-C1 =0,
fo(z,2)) =2 —Ce =0, C1,C2 €R
(d) fi(z,2') =2’ — Crelt=% =,
fQ(Z,Z/) =z - Coe™ % = O, Cl,CQ S R,
(¢) Filera’) = 2 — tan(z + Cr) =0,
fa(2,2") = 2/ — Cae™%(cos(z + C1)) "1 =0, C1,Cs €R,
(f) fl(y,JZ,Z,I/) =a — HETZ_ZZ}Z = Oa
fo(y,,2,2') =2 — xz_yzjm—z - 0, y#0 and z*>2yz,

y
(g) fl(y7xaxl) =2 — % = 07 f2(y7z72/) =2 - 5 = 07 Yy 7é Ou

3. if z is the independent variable, then
((l) fl( )—.’L‘ —Cl—O fg(z y’):y'—02e‘z:07 Cl,CQER,

(b) fi(z,a') =a'—Coz—C1 =0, foy) =y —Cor=0, C1,Cs € R,
(c) fl(z,z’) =a' — Cie? — Cre®z =0,
(Z,y/) =y — Coe* = =0, C,Cy €R,
(d) fi(z,2") =2'—=C1e* =0, fa(z,y) =y —Cee®* =0, C1,C5 €R,
(e) fl(z,a?’) x' — Cre**sin(z) — Cye**cos(z) = 0,
fa(z,y)) =y — Cre**cos(z) + Cre*sin(z) =0, C1,Cy € R,
() Filesa,yal) =o' = S22 g,
2
Polzayy) =y - TEEEEEE 20, 240 and 2 2 2y,
(g)fl(Zﬂfl’) m_gzov f2(zayay)_y_g: ) Z#O
Proof. 1) Let x be the 1ndependent Variable Y1 = ¥, Y2 = 2z be the dependent
variables, and y; = ¢y’ = @, yh =2 = dx Using the infinitesimal generators

given by (11) the functions ¢y, al, i=121=1,2,3, are

R®gs:¢=(1,0,0), 1=(0,1,y), a?=(0,0,1),

g3.1: 0= (1,0,y)7 ol = (07 1,0)7 o = (0’071>7

g32: ¢ =(1,0,2 +y), al =(0,1,y), a? =(0,0,1),

93500 ¢ = (1,0, ), al =(0,1,ay), a? =(0,0,1), (13)
93.7a * (rb = (1,0,&.% + y)a al = (Oa 1aay - l‘), Oéz = (0307 1)7

g3.8 - ¢ = (Z,O,y), al = (LE, 70)7 a2 = (Oa —Z,.’E),

g3.9: ¢ = (—y,0,2), al = (z,-2,0), a? = (0,y,—x),

where ¢: (¢17¢27¢3)? ol = (OZ%,OJ%,O&%), o? = (a%aagvag)-
Applying the formula (2) for (13) the first prolongations of the functions o,
j=1,2,1=1,2,3, are

R@go: o'W =(0,0y), a® = (0,0,0),
g3.1 - al(l) = (0707 _(y,)2)7 0[2(1) = (0707 _ylzl)7
93.2 : al(l) = (0707 _(yl)2)7 0[2(1) = (0307 _(1 + y/)zl)v
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g3.5q - o't = (0,0, (a = 1)y), a®) = (0,0, —2'),

gara: W =(0,0,—(1+()%), oV =(0,0,~(a+y)Z),
gss: oW =(1-y2y, —@)), oV =(=()? -1y,
gso: o'W =(1+) -2, —y7), V=7 y, -1+ ()?),

where o'(t) = (ai(l),aé(l),aé(l))

a2 = (a§(1>’a§(1)7a§<1>>_

Hence, the functions f; and fo fulfill the system (3) precisely if for fj,
k = 1,2, the following systems of partial differential equations hold:

Case System of partial differential equations
R g Y=o, Y=o, g+ ryfl=0
o ) ) ) ) )
g3.1 %:0’ ai;_o yfk+ fk_(y)Q fk y/ZIBJ;k_O
03 Of _ 0, Bk Z 0, (r4y)2 4yl 4 O ()22
(1+y)z’gf’f =0
93.5q 9 =0, % =0, maf’“+ayafk+af’“+(a 1)y’gf’7 A
0
93.7a % =0, % =0,
(ax+y)afk+(ay 2) G+ G —(1(y)?) G —(aty) ' G =
0
g3.8 af"%—araf’“-i-( y’z’)af’“ —(z’)Q%zo,
y%{; Bfk +y By Z/cz)ik =0,
yafk _|_x8fk _ (y )28fk + (1 _ y’z’)afk -0
g3.0 —y S a8+ (1+ (y))5E +y255 =0,
Bflc +y3fk lafk =0,

0 8 d 0
ZBQ xafzk ylzla{f_u*'())a{?f:o

Taking into account the first and the second equations in the cases
R & go and g3, @ = 1,2, 5a, 7a, the functions fi, k = 1,2, don’t depend on
the variables z, y. Using (12) the functions fi, k = 1,2, have the shape

fizy) =y —g1(2) =0, fa(2,2) =2 — g2(2) = 0. (14)
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Applying (14) the third equations in the cases R@gs and g3 4, ¢ = 1,2, 5a, 7a,
yield the following.

For R & go we obtain —g¢{(z) + 3’ = 0 and —g5(z) = 0. Hence, we get
g1(z) = C1e*, C1 € R and g2(z) = Cq, Cy € R. This proves the assertion la.

For g3.1 one has —g}(z) — (v/)> = 0 and —g}(z) — v’z = 0. The first
equation gives either g;(z) = 0, or g1(2) = (2+C1)~ 1, C; € R. Since from (14)
we have y' = g1(2), 2/ = g2(2), the second equation yields either —g}(z) = 0,
or —gh(2) — (2 + C1)"tga(z) = 0. Therefore, we receive either gs(z) = Co, or
g2(2) = Ca(2 + C1)7 L, C1, 0y € R. This shows the assertion 1b.

For g3.o we have —¢/ () — (y/)? = 0 and —g)(2) — (1+')2’ = 0. Solving
the first equation we obtain either g1(z) =0, or g1(2) = (2 + C1)™1, C1 € R.
Since from (14) we get vy’ = g1(z), 2’ = ga2(2), the second equation yields
either —gh(2) — ga(2) = 0, or —gh(2) — (1 + (2 + C1)"1)ga(z) = 0. Hence, we
obtain either gs(2) = Coe™?, or go(2) = Cae *(2+ C1) 7%, C1,Cy € R, which
proves the assertion lc.

For g3 5, we receive —gj(2z) + (a— 1)y’ = 0 and —g4(z) — 2’ = 0. Hence,
we have g1(z) = Crel® V% ) € R and go(2) = Cye™?, Cy € R. Therefore,
the assertion 1d is shown.

For g3.7, we get —g/(2) — ( +(y')?) = 0. Solving this Ricatti differential
equation we obtain ¢1(z) = —tan(z + C1), C1 € R. Using this the third
equation gives —gh(z) — (a+ ' )z' = —g4(z) — (a—tan(z+ Cy))z’ = 0 for the
function fy. Hence, one has gs(2) = Cae~%*(cos(z + C1)) 7L, C1, 05 € R, and
this proves the assertion le.

We multiply in the case gs.g, respectively in gs3.9, the first, the second
and the third equations with (—y), z, z, respectively, with z, x, y, and add
the obtained new equations. Moreover, it follows from (12) that the functions
f1, f2 have the form

Ny, zy) =y —g(z,y,2) =0, foz,y,2,2") =2 — g2(z,y,2) = 0.
(15)

According to (15) we get for f; and fo in the case g3, respectively in gs.o,
the system of differential equations

ay —z2(y) —y+yy's =0

24 2(y)2 —a2 —yy'2 =0
y(2V? —ax 4z -2y =0 ‘

2y +ay —y—y(2)? =0
(16)

} , respectively,

z42(y')?

z+yy’
into the second equation of (16), and simplifying the obtained equations we
receive

2 !’
Putting 2’ = Z@);%ﬂ, respectively, 2’ =

from the first equation

22z(y')? — (222 + 2y2)(v')* + 32zyy’ — y* = 0, respectively, (17)
(2y® +22°) () + 227y — y2* — y*) ()" + (2° + 22 — 229%)y/
—(2%y +y2*) = 0. (18)

Both Egs. (17) and (18) have the solution 3} = %, 2 # 0, and, hence, z; =
2, # # 0. The Eq. (17) has additionally the solutions y5 5 = TEV T2z Vi_%’z, z#
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2__
0, 2% > 2yz, and, hence, 2} 5 = ””:ngym, y # 0, 22 > 2yz, which satisfy

the system of partial differential equations in the case g3 g. Finally, if z = 0,
then the Eq. (18) has the solution y; = — %, too. But the second equation of

the second system of (16) gives the contradiction (24)* = — (% + 1). This
proves the assertions 1f and 1g.

2) Let y be the independent variable, y; = z, y2 = z be the dependent

variables, y§ = 2’ = % and yh = 2/ = Z—;. Using the infinitesimal generators

given by (11) the functions ¢, aj, j=121=1,2,3, are
l

R&gs: ¢=(0,1,1), ol = (1,0,0), a® =(0,0,1),

g3.1 : ¢ =(0,1,0), o' = (1,0,y), o? =(0,0,1),

932 ¢ =(0,1,y), ol = (1,0, 4+y), o?=(0,0,1),

g350: ¢ =1(0,1,ay), o' =(1,0,2), a® =(0,0,1), (19)
93.70 : ¢=(0,1,ay —z), o'=(1,0,ax+y), o®>=(0,0,1),

g3 : ¢ = (x,y,0), o' = (2,0,y), o? =(0,—2,2),
g3.9: ¢ = (z,—2,0), ol = (—y,0,2), 2=(0,y,—x),

where ¢ = (¢1, 2, ¢3), ol = (aLaiaé), o? = (a%7a27a3).

Applying the formula (2) for (19) the first prolongations of the functions o,
7=1,2,1=1,23, are

R&gs: 1(1)_(00—.%') o?M = (0,0,—-2"),

g1 : 1M =(0,0,1), o*M = (0,0,0),

g3 : ' =(0,0,1), oM =(0,0,-2"),

g350 0 ' =(0,0,(1—a)z), o?M = (0,0, —a2’),

gara:  o'W=(0,0,1+(')?), o* = (0,0, (2" — a)2),

g3.8 : oM = (2 — ()%, =2/, 1), o?V) = (=2 =27 1),

939 : = (—(1+ (@), 22, 2), V= (=22, 14 ('), =),

where a1 = (a}®, 05", ajV), 020 = (a]®, a3, a3V).

Hence, the functions f; and f, satisfy the system (3) precisely if for f,
k = 1,2, the following systems of partial differential equations are valid:
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Case System of partial differential equations

Ro S0 Y0 yoet oo 5 0

93.1 8 — o, %ch =0, y2 4 0fk + 28—

93.2 Pe=0, He=0 yo +( +y)afk + s 4 Ol
2! gﬁ’“ =0

93.5a 8 — o, %fyk —0, ayafk+xafk+afk+(1 a)a’ 2L
az' gf’f =

93.7a 8 — % —0,

af of. | Of 2\ 0f
(ay — )% ’“+(a9€+y) G+ 5+ 1+ (2)%) 52
+ (2 —a) ’af’“ =0
g3.8 é)fk +Zafk _|_( (x) )Bfk xlzlgfllc =0,
Bfk Ofk 19fk _ 9y /afk =0

yay Z@z x oz’
yafk+ 3fk_|_8fk_|_ /aflc _0

g3.9 Z‘%JZ“ y%ﬁ“ —(1+ (x) )8fk xlzlg]z”k =0,
afk _|_y8fk —‘r.’L"Z’af’“ +(1+( ) )g];,f —0,
D T

From the first and the second equations in the cases R & go and g3 ;,
i =1,2,5a, 7a, it follows that the functions fx, k = 1,2, don’t depend on the
variables z, y. From (12) it follows

filz,2")y=2" —g1(2) =0, fa(z,2') = 2" — ga(2) = 0. (20)

Using (20) the third equations in the cases Rdbgs and g3.4,7 = 1, 2, 5a, Ta,
give the following.

In the case R @ go we receive —gj(z) — 2’ = 0 and —gh(z) — 2’ = 0.
Hence, we get g1(z) = Cie %, C1 € R, go(z) = Coe™*, Cy € R, and this
proves the assertion 2a.

In the case g3 one has —gj(z) + 1 = 0 and —g5(z) = 0. Therefore, we
obtain gi(z) = z + C1, C1 € R, g2(2) = Cy, Cy € R, and this shows the
assertion 2b.

In the case g2 we have —gi(z) +1 = 0 and —gj(z) — 2’ = 0. Hence, we
receive ¢1(z) = 2+ C1, C1 € R and go2(2) = Coe™ %, Cy € R, which proves the
assertion 2c.

In the case g3.5, we obtain —¢1(z) + (1 —a)z’ = 0 and —g5(z) —az’ = 0.
Therefore, one has g;(z) = C1e'~®*, €} € R and g5(2) = Che~%*, Cy € R.
This gives the assertion 2d.

In the case g3.7, we have —g|(z) + (1 + (2)?) = 0. The solution of this
Ricatti differential equation is ¢1(z) = tan(z + Cy), C1 € R. Using this the
third equation yields —g4(z)+ (2’ —a)z’ = —gh(2)+ (tan(z+C1)—a)z’ = 0 for
the function f. Hence, we receive go(2) = Cae~%*(cos(2+C1)) "%, C1,Cs € R,
and this proves the assertion 2e.
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In the case g3.g, respectively in g3.9, we multiply the first, the second
and the third equations with (—y), z, z, respectively, with z, z, y, and add the
obtained new equations. It follows from (12) that the functions fi, k = 1,2,
have the shape

fl(xayazax/) =a' - gl(x7yaz) = 0’ fg(.’B,y,Z,Z/) =2z - 92(1'73%2) =0.
(21)

Applying (21) we obtain for f; and f5 in the case g3g, respectively in gs.g,
the system of differential equations

y(z')? —zz’ —y2' +2=0

yz +xx’s —z—2(z)? =0
zx’' — 2z +yx'2 =0 ’

} , respectively, o4 x(z,)Q gt — 22 =0
(22)

N2

Substituting 2’ = ZI;,(i )" from the first equa-
Y

tion into the second equation of (22), and simplifying the obtained equations

we receive

y(x') 2 —za' 42

, respectively 2’ =

y?(2") — Bxy(2))? + (222 + 2yz)a’ — 222 = 0, respectively, (23)
(@%y +y2°) (@)’ + 22y — 2® — 22%)(2")? + (y° + y2* — 22%y)a’
—(zy? +22%) = 0. (24)

In both cases we obtain as solution of the above equations x} = %, y # 0,
and, hence, z] = =, y # 0. The equation (23) has in addition two solutions

rhy/22—2y2 22 —yztay/22—2yz

Thg = — £ 0, 22 > 2yz, and, hence, 2y3 = —
y # 0, 22 > 2yz, which satisfy the system of partial differential equations in
the case gsg. Finally, if z = 0, then the Eq. (24) has the solution 25 = —%,
too. Using this the second equation of the second system of (22) gives the

contradiction (24)? = — (g—; + 1). This proves the assertions 2f and 2g.

3) Let 2z be the independent variable, y; = z, y2 = y be the dependent

variables, yj = 2/ = % and y) =y = %. Using the infinitesimal generators

given by (11) the functions ¢, o], j = 1,2, 1 =1,2,3, are

Rdgy: ¢=(0,0,1), «a'=(1,0,0), a® =(0,1,y),

931 ¢ =1(0,0,1), o'=(1,0,y), a? =(0,1,0),

932 ¢=1(0,0,1), oa'=(1,0,z+y), o*=(0,1,y),

g350: ¢ =1(0,0,1), «a'=(1,0,z), a? = (0,1,ay), (25)
93.70 : ¢ =1(0,0,1), ot =(1,0,ax+vy), o*=(0,1,ay — ),

938 : ¢ =(0,—z2,z), o' =(20,1y), o? = (z,y,0),

g3.9: ¢ =(0,y,—x), o' =(-y,0,2), o? = (r,-2,0),

) Birkhauser



K. Ficzere and A. Figula

Applying the formula (2) for (25) the first prolongations of the functions a{ ,
1=1,2,1=1,2,3, are

R®gs: o™ =(0,0,0), a?M =(0,0,),

gz1: o'W =(0,09), o*M = (0,0,0),

g3.2 o' =(0,0,2" + ), o®™ = (0,0,9),

@350 ot =(0,0,2"), o*M = (0,0, ay"),

93.7q : ol = (0,0,ax" + '), o) = (0,0,ay" —2'),

gss: o'W =(1L2y - (2)), oV = (@, 2/, —2'y),

gso: o'W = (=, =2y 1+ (), V=, —(1+ )%,y
where a'(1) = ( 1l ),aé(1)>, a2 = (af( ) a2 a2M)),

Using this the functlons f1, fa satisfy the system (3) precisely if for fg,
k = 1,2, the following systems of partial differential equations are fulfilled:

Case System of partial differential equations
R @ g2 e —0, o =0, Ye+ '3 _ g
9s.1 %:0 %i;:o, 38)} /Bfk_o
g3.2 %J;k =0, %J;k =0, %129 +($+y)dfk +y3f"
+ (@ +y) 5y 5 =0
9354 %JZ“ =0, %JZ@ =0, 3fk +x8fk +ay8f’° +m/8fk i
o
ay’ afyck =
93.7a 8 =, % —0,

8f’“wL(fzﬂch:L/)af’“+(ay— 2) G + (aa' +y )5l
+ (ay’ —x)afk—O

93.8 Dy’
Bfk +yafk +.’I] /Bfk =0,
3 12} el 0,
f’“+y G+ —(x))a’;’f o'y Gt =
439 —y e+ —y' B+ Gl =0,

2] o) 2] af
yaf; 3y B - (11 (/)8 =,

8fk +z(9fk +(1+( ))af)”-i-xly/g};k _

Taking into account the first and the second equations in the cases R gs
and g3, ¢ = 1, 2, ba, 7a, the functions fi, £ = 1,2, are independent of the
variables z, y. Hence, from (12) we get

filz2") =2"—gi1(2) =0, fa(z,y) =y —g2(z) = 0. (26)

Applying (26) the third equations in the cases R@® gs and g3, i = 1, 2,

5a, Ta, give the following.

) Birkhauser



Systems of first order differential equations

For R & g2 we obtain —¢{(z) = 0 and —g4(z) + 3y’ = 0. Hence, one has
q1(z) = C1, C1 € R and ga(z) = Cqe?, Cy € R, which proves the assertion
3a.

For g3.1 one has —g4(z) = 0 and, hence, g2(z) = Cs, Cy € R. Putting this
into (26) we get y' = Cs. Therefore, the third equation yields —g/(z) +y' =
—gi1(2) + C3 = 0 for f1, and, hence, we get ¢1(z) = Caz + Cy, C1,C5 € R.
This shows the assertion 3b.

For g3.o we have —g5(z) + 3’ = 0 and, hence, g2(z) = Cqe?®, Cy € R.
Substituting this into (26) we receive y’ = Cae*. Hence, the third equation
gives —gi(z) + (¢’ +¢') = —gi(2) + 2’ + Cae® = 0. This leads to the linear
differential equation ¢ (z) — g1(z) = Cse®. Solving the homogeneous part we
get g1(z) = Cre?, Cy € R, and, therefore, we obtain g1(z) = Cie* + Cae®z,
C4,C5 € R. This proves the assertion 3c.

For g5.5, we receive —gj(z)+2’ = 0 and —g5(z)+ay’ = 0. Therefore, we
get g1(z) = Cre?, C1 € R and ga(2) = Cae??, Cy € R. Hence, the assertion
3d is proved.

For gs.7, one has —gi(2) + az’ +y' = 0 and —g5(2) + ay’ — 2’ = 0.
From (26) we get 2’ = g1(z) and y' = g¢2(z). Putting these into the first
equation we obtain g2(z) = ¢}(z) — agi(z). Hence, one has g5(z) = ¢7(z) —
agi(z). Substituting the forms of #’, g2(2) and g5(z) into the second equation
and solving the obtained second order linear differential equation we get
g1(z) = Cre*sin(z)+Cae?cos(z), C1, Cy € R. Therefore, we receive ga(2) =
Cre®cos(z) — Cre*sin(z), C1,Cy € R, and this proves the assertion 3e.

In the case g3.g, respectively in gs3.9, we multiply the first, the second
and the third equations with (—y), z, z, respectively, with z, z, y, and add the
obtained new equations. From (12) we obtain that the functions fx, k = 1,2,
have the form

fl(xayvz7x/) = :E/ - gl(amy,z) = 07 fg(x,y,z,y') = y/ - 92(x7y72) = 0.
(27)
Applying (27) for f; and fo in the case gs.g, respectively in g3, we receive
the system of differential equations

xx' — 2@ ) + 2y —y=0

y(@)? —zy' a2’y +y=0
2xy —yr' — z22’y’ =0 '

} , respectively, ol a:(y/)Z n y:v/y/ =0
(28)

. r_ . r_ yt+y@)? :
Putting ¢y’ = , respectively y' = =75, from the first equation

into the second equation of (28), and simplifying the obtained equations we
receive

2(&)? +y—aa’
z

22(2")3 = Bxz(a")? + (227 4 2y2)a’ — 22y = 0, respectively, (29)
22z +y22) (@) + (2222 — 2% — 29?)(2))? + (22 + yPz — 20%2)2’
—(zy? +x2%) =0. (30)

The Egs. (29) and (30) have the common solution ) = Z, z # 0, and,

P
hence, y; = £, z # 0. Moreover, the Eq. (29) has two further solutions
_ z?—yztay/ax2—2yz

, z # 0, 22 > 2yz, and, hence, Yoy = — 2,

22

, _ mEky/2?2-2yz
o3 = 7/ =z
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z # 0, 22 > 2yz, which satisfy the system of partial differential equations
in the case gss. Furthermore, if y = 0, then the Eq. (30) has the solution

ry = —Z, too. It is excluded because the second equation of the second
system of (28) yields the contradiction (y')? = — (j_% + 1). This proves the
assertions 3f and 3g. 0

Corollary 1. Since the Lie algebra gs is an ideal of the Lie algebra R®gs from
Theorem 1 we obtain the following first order ordinary differential equations
which are invariant under the action of the infinitesimal generators X, =
9. Xy = 9 + 9.
oy’ 2 yay oz *
e ify is the independent variable, then fi(z,2') =2 —Ce™* =0, C €R,
o if z is the independent variable, then fi(z,y') =y —Ce* =0, C € R.

Remark 2. The equation of geodesics in an arbitrary coordinate frame of a
Riemannian space is a second order ordinary differential equation of the form

()" + Djy(@?) (%) + P(a’, (27)) = 0,

where F(z, (z7)) is an arbitrary function of its arguments and the functions
F; i are the coefficients of the connection of the space. It is also an equation of
motion with the action of a velocity dependent force (see [23]). We consider
the systems la—1le, 2a—2e in Theorem 1. The equivalent second order ordinary
differential equations can be obtained by expressing z from the equation f;
and substituting it into the equation f,. They have the form

u" = F(u'). (31)

In Eq. (31) the force depends on the velocity, i.e. it is a viscous force that a
fluid exerts on a particle. In particular, the second order system corresponding
to the system la is v’ = Cou/, Co € R, if we identify y With u. For a = 0
the second order system corresponding to the system 1d is u” = C2 (u )2,
Cy € R, (7 # 0. The first equation with Cy < 0 describes horlzontal motlon
with linear resistance, whereas the second equation with — 01 < 0 describes
that with quadratic resistance.

3.2. Time-preserving symmetries

Using the notations in Sect. 2, let « = t be the independent variable, y;(x) =
x(t), y2(x) = y(t), ys(x) = z(t) be the dependent variables, yj(z) = 2'(t),
yh(x) = y'(t) and y4(x) = 2/(t). Applying the infinitesimal generators in (11)
the matrix M in (9) reduces to a 6 x 3 matrix. In this case rankM < 3 is true.
Hence, the rank condition (10) is satisfied. Therefore, we have to solve (8)
in %7 88—2", %7 %, ‘g—];f, %, and check if any solution yields a non-trivial
system of differential equations fx, k = 1,2, 3.

We deal with systems having the reduced explicit form

filt,2(t),y(t), 2(t), 2 (1) = 2'(t) — g1(t, z(2), y (1), 2(1))
f2(t7x(t)7y(t)a Z(t)ayl(t)) = y/(t) - 92(t7x(t)’y(t)v Z(t))
fa(t,@(t),y(t), 2(t), 2/ (1)) = 2'(t) — g3(t, x(2), y (1), 2(1))

)

0
0, (32)
0

)

) Birkhauser



Systems of first order differential equations

that is in formula (6) the function f; is independent of the variables y'(t),

2'(t), the function fo is independent of x’(t), 2/(t), and the function f3 is
independent of 2’(t), ' (¢).

Theorem 2. If t is the independent variable, then systems of the first order
ordinary differential equations which are invariant under the action of the
infinitesimal generators (11) are

1. for R go

fi(t, 2(t), 2/ (t)) = 2/ (t) — CL(t)e*® — Co(t)e*P 2(t) = 0,
falt, 2(t), 4/ (1) = ¢/ (t) = Ca(t)e* ) =0, fa(t,2'(t)) = 2'(t) — Cs(t) =0,

<

4- for 8354

fit, 2(0),2' (1)) = /(1) = Cu (D) =0,
falt2(1). 4/ (1) = o/ (£) = Ca(B)e™™ ) =0, fo(t,2'(1)) = /(1) — Cs(t) =0,

5. for g3.74

filt,a(t),2'(t) = 2'(t) — C(t)=(t) = 0,
fat,y(t),y' (1) =o' (t) — C(t)y(t) = 0,
f3(t, 2(t),2'(t)) = 2'(t) — C(t)z(t) = 0,

where C1(t), Ca(t), Cs(t), C(t) are continuous real functions.

Proof. In the following we write shortly x(t) = x, y(t) =y, 2(t) = z, 2/(t) =
=) =y = ‘;—‘Z and 2/(t) = 2/ = % Applying the infinitesimal
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generators given by (11) the functions a{, i=12,31=1,2,3, are

R&ge: o' =(1,0,0), o = (0,1,y), o’ =(0,0,1),

931 o' =(1,0,y), o = (0,1,0), o’ = (0,0,1),
g93.2: ol = (1,0, 4 %), =(0,1,y), o® = (0,0,1),

9350 al =(1,0,2), o = (0,1, ay), o® =(0,0,1), (33)
93.74 ol = (1,0,az + 7), =(0,1,ay —z), o®=(0,0,1),

gas: o' =(20,y) = (z,9,0), a® = (0, ~z,2),
3.9 : al = (=y,0,2), o = (z,-2,0), o = (0,y, —x),

where o/ = (a{7a§,aé>7 j=12,3.
Using the formula (7) for (33) the first prolongations of the functions o,
j=1,2,3,1=1,2,3, are

Rdge: o™ =(0,0,0), o*M = (0,0,y), o*M =(0,0,0),
931 oM =(0,0,1), o*M = (0,0,0), o*M = (0,0,0),
932 oM = (0,02 +¢), P =(0,0,¢), a*M = (0,0,0),
gssa: o' =(0,0,2"), o*M = (0,0, ay), *M = (0,0,0),
93.7a ° ) = =(0,0,az" +7v), o?® = =(0,0,ay’ — ), M = = (0,0, O)
g o'W =(,09), o*M = (@,y,0), a*® = (0,-7,2'),
gao: o'W =(=¢,02) V= -20, V= (o,y, z),

where a/(V) = (a{(l) aé(l) g(1)>, j=1,2,3.

The functions fi, fo and f3 given by (6) fulfill the system (8) precisely
if for fr,k = 1,2,3, the systems of partial differential equations in Table 1
are satisfied.

Taking into account the first and the second equations in the cases R go
and g3, @ = 1, 2, ba, 7a, the functions f, k = 1,2,3, don’t depend on the
variables z, y. Using (32) the functions fi, k = 1,2,3, have the form

fl(ta 2, xl) =a' - gl(t7 Z)
20,2, ) =Y —@g2(l, 2
folt,zy) =y — ga2(t, 2)
f3(ta 2, Z/) =2z - 93(t7 Z)
Applying (34) the third equations in the cases R@® gy and g3, i = 1, 2,
5a, Ta, yield the following.
In the case R @ go we have —% =0, —% + 13 = 0, and
— 982 — 0. Hence, we receive gi(t) = Ci(t), ga(t,2) = Ca(t)e?, gs(t) =

Cs5(t), which proves assertion 1.
_ 89’%(?2) 0 and — 89%; 2)

0,
0, (34)
0.

In the case g3 one has = 0. Therefore, we
get go(t) = Ca(t) and g3(t) = C5(t). Using this it follows from (34) that 3’ =
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TABLE 1. Systems of partial differential equations when t is
the independent variable.

Case System of partial differential equations
93.2 % - 07 %fyk —0, (ery)afk +yafk Ny
+ (@ +y) 5 +y 5 =0
93.50 %ftk =0, %c _ 0’ xafk +ay6fk n Ofk +a:"9fk N
o)
ay’ aJ;k =
9 fé)
93.7a o =, 8];’6 -0,

(az+y)6fk Jr(ayix)akarBfk + (az’ er)gi]f
+ (ay’ —x)af":O

afk +xafk +Z/afk +I,/8flc 70

93.8 By’
yan;k 3fk _|_y/3fk Z/gJ;k =0,
yaaf; +1’ lafk er/{)fk —0
9 a o 2]
3.9 -y 3f; +z a];f y/ a];k +a' fk =0,
3fk +y8fk /afk =0,
Zdafk dfk Jrzlafk $/?9];k _

C5(t). Hence, the third equation yields —% +y = —w +Cy(t) =0
for f1. Its solution is g1 (t, z) = Ca2(t)z + C1(t). This proves the assertion 2.

In the case gso we receive % + % = 0, and, hence, one has
g2(t, z) = Ca(t)e*. Using this we obtain from (34) that ' = Cy(¢)e*. Hence,
the third equation gives —W +2 +y = —W + 2’ + Cy(t)e* = 0 for
f1- This leads to the partial differential equation W —g1(t, z) = Ca(t)e?,
the solution of which is gy (¢, z) = C1(t)e® 4+ Ca(t)e?z. Finally, for the function
f3 we have —% =0, and, g3(t) = C5(¢t). This proves the assertion 3.

In the case g3.5, we obtain —% +2' =0, —% +ay =0, and
7% = 0. Therefore, one has g (¢, z) = Ci(t)e?, ga(t, z) = Ca(t)e?*, and
g3(t) = C5(t). This shows the assertion 4.

In the case g3.7, one has —W—i—am’—i—y’ =0, —W—i—ay’—w’ =0,
and —% = 0. From (34) it follows 2’ = ¢g1(t, z) and ¢y’ = g2 (¢, ). Putting

: . . 0
these into the first e2quat10n we obtain go(t,2) = % — ag1(t, z). Hence,
one has 6926(;’2) =2 galz(ﬁ’z) - aagla(zt’z). Substituting the forms of 2/, g2(t, 2)

and 69287(,7) into the second equation and solving the obtained second order
partial differential equation we get g1 (¢, z) = C1(t)e**sin(z)+Ca(t)e**cos(z).

Moreover, we receive go(t, z) = C1(t)e**cos(z) — Ca(t)e**sin(z). Finally, the
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solution of the third equation is g3(t) = C3(t), and this proves the assertion
5.

In the case gs.g, respectively in gs.9, we multiply the first, the second
and the third equations with (—y), z, z, respectively, with z, z, y, and add the
obtained new equations. Taking into account (32) and arranging the received
new equations for fi, fo and f3 we get

l,/ y/ Z/
> .

€T )
Denote these quotients by the function C(t), the assertion 6 is proved. [

Corollary 2. The Lie algebra go is an ideal of the Lie algebra R @ go. Hence,
if t is the independent variable, then it follows from Theorem 2 case 1 that
system of the first order ordinary differential equations which is invariant
under the action of the infinitesimal generators X, = 8%’ Xo = ya% + % 1$
given by

At 2(t),5/(1) =y (t) — CLt)e” ™ =0,  folt, 2 (1) = 2/(t) — Ca(t) = 0.

3.3. Solutions of the systems of first order ordinary differential equations

Now we solve the systems of first order ordinary differential equations given
by Theorems 1 and 2 with the aid of the given Lie subgroups of their sym-
metry groups. To do this we use the following Theorem (see [18], Theorems
2.66 and 2.68).

Theorem 3. Let

Ay

—— =gz, y1,..., , k=1,...,n,

e gk(2, 1 Yn)
be a system of n first order ordinary differential equations. Suppose G is a
one-parameter group of symmetries of the system. Then there is a change of

variables (7,w) = @(x,y) under which the system takes the form

dwk
— =H e _ k=1
dr k(T7w17 s Wn 1)7

Thus the system reduces to a system of n— 1 first order ordinary differential

equations for wy, ..., w,_1 together with the quadrature

Wy (T) :/Hn(7'7w1(7'),...,wn,l(r))dT—&—c.

In particular, if the original system consists of q first order ordinary differ-
ential equations and is invariant under a q-dimensional solvable group, then
its general solution can be found by quadratures alone.

N

Proposition 1. The solutions of the systems of first order ordinary differential
equations given by Theorems 1 and 2 are the following:

if x is the independent variable, then
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la

1b

Ic

1d

le

1f

1g

y(r) = 81 CortCs 1 Oy, z2(x) = Cow + Cs, if Co #0,

ylx) = Clecf‘:z: +Cy, z(x)=0C3, if C2=0

y(z) = Cs, z(x) = Cox +Cy

y(z) = £VATED 4 0y,

2(z) = —01 +/C? +2Csx + 203 if Cy # 0,

y(£) = C’1+C'3x + 04, Z(l‘) = 03, C3 € R\ {—Cl}, Zf Cy=0
y(x) =Cs, z(z) =In|Coz + Cy|

Cox +C3 = e(®) ( ( ) +Cq — 1) , ng(l') +Cy = ez(w), if Cy#£0,

)= +C3x+04’ z2(x) =Cs, C3eR\{-C1}, if C2=0

y(x) = 65 (Cox +C3)* + Cy, 2(x) =In|Cox + C3, if a#0, C2#0
) = & In|Cox + C3|+Cy, 2(x) =In|Coz+ Csl, if a=0, Cy#0,

y(x) = Crel@ Vg + Cy, 2(z) =C3, if Co=0

Cox + C3 = e¥*®) (sin(z(z) + C1) + acos(z(z) + C1)) (a® + 1)_1

—Coy+Cy=e*®) (asin(z(z)+C1)—cos(z(x)+C1)) (a>+1)1,if Cy # 0,

y(z) = —tan(Cy + C3)ax + C4, z(x) = C5, Cs # { 2k+1 —Cy, k €

Z, if Cy =0

y(x) = Ciz, z(x)=Chzx, x#0

y(x) = QrF 9 ) = Lo £ ¥ 01 >0, C2#£0, y#

0, z#0

y(z) = Ciz, z(x) =Chx, x#0
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if y is the independent variable, then

2a

2d

2e

2f

29

2(y) = G In|Coy + Cs| + Cy, 2(y) =In|Cay + Cs| if Cy #0,
:17( ) = 016703y+04, Z( ) Cs, if Co=0
2(y) = 2Coy® + (C1 + C3)y + Cu, 2(y) = Cay + C3
z(y) = (02y+cg)én|czy+cg\ +(C1 — )y + Cy,
z(y) =In|Coy + C3l, if C2 # 0,
z(y) = (Cl +0)y+Cy, 2(y)=Cs, if C2=0
z(y) = ( (C2y+C'3)) + Cly,
z(y) = 11n|a(02y+03)|, ifa#0, Ca#0
(y) =

Gre2vtO 4 Oy 2(y) = Coy+Cs, if a=0, Cy#0

{E( ) Cle (1-a CSy + 04, Z(y) = 03, Zf 02 =0

Coy + Cs = e®*W) (sin(z(y) + C1) + acos(z(y) + C1)) (a® +1)71,
—Cha4Cy=e™W) (asin(z(y)+C1)—cos(z(y) +C1)) (a®>+1)~ 1, if Cy # 0,
r(y) = tan(Cy + C3)y + Cy, z(y) = C3, C3 # w - C1, k€
Z, if Cy =0

z(y) = Cry, z(y) =Cay, y#0
2(y) = ZyF VO, 2) =2 (o
0, z#0

z(y) = Cry, 2(y) = Cay, y#0

&
<

), C1>0, G £ 0, y A

if z is the independent variable, then

3a
3b
3c
3d

e
3f

39

.T(Z) =Ch1z+ Cs, y( ) Coe” 4+ Cy

.Z‘(Z) 1022 —|—C’1z—|—C'3, y(z) = C2Z+C4

x(z) = C’le +Ce*(z — 1)+ C3, y(z) =Cae* +Cy

2(z) = Cre* + O3, y(2) = 1Che* + Cy, if a#0

x(z) =Cre* +C3, y(z) =Cz+Cy, if a=0

x(2)=(Cre** (asin(z)—cos(z)) + Cze®* (sin(z)+acos(z))) (a®+1)71,
y(2) =(C1e* (sin(z)+acos(z)) — Cae?* (asin(z)—cos(z))) (a®+1)~*
x(2)=Ciz, y(z)=Csoz, 2#0

2(2) = CozF/C1, y(z) = %Z:F02m7 C; >0, C3eR, 240
x(z) =Ciz, y(z) =Caz, z#0
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if t is the independent variable, then

1 a(t)= [Ci(t)dt, y(t) = [Ca(t) f03<t>dtdt, 2(t) = [ Cy(t)dt

t) = [Ca(t) (fCS (t)dt)dt + [ Ci(t) y(t) = [Ca(t)dt, =(t) =
J Cs(t)dt .
3 a(t) = [C1(t)el Gt 4 f Cg t)el Cadt ([ Cy(t)dt) dt,
y(t) = [ Co(t)el CMdtqr  o(t f C3(t)dt
4 x(t) = [Ci(t)el GWdtar y(t) = [ Cy(t)e® CsWdtar  2(t) = [ Cs(t)dt
5 a(t)= [Ci(t)

t) afc?’(t)dtsm (f Cs(t)dt) dt
+fC’2()“fCB dtcos(fC’3 t)
= [Ci(t) Je Ca®dt g (ng( )
— [ Cu(t) “JCs Yt sin ([ Cs(t)dt) dt,
(t) = [ Cs(t)
6 z(t) = efc(t)df +Cy, y(t) = el CWat L 0y (b)) = el CO 4 Oy

where Cy,C,C3,Cy € R, and Cy(t),Ca(t),C5(t), C(t) are continuous real
functions.

Proof. The systems la—1le, 2a—2e, 3a—3e of 2 first order ordinary differential
equations in Theorem 1 and the systems 1-5 of 3 first order ordinary differ-
ential equations in Theorem 2 allow a 3-dimensional solvable Lie group as a
subgroup of their symmetry group. By Theorem 3 they can be solved using
quadratures. If x or y is the independent variable of the system, then one
can start to solve the separable differential equation fo. Putting the obtained
solution z into the differential equation f; one can find the solution for y
or x using indefinite integral. If z is the independent variable of the system,
then the solutions z(z) and y(z) can be found directly by indefinite integrals.
If ¢ is the independent variable, then we find first the solution z from the
differential equation fs by indefinite integral and after the substitution of z
into the differential equations fi, fo we obtain the solutions x, y applying
two further indefinite integrals.

Since the systems 1g, 2g, 3g of Theorem 1 and the system 6 in Theorem
2 consist of separable differential equations their solutions can be obtained
by elementary integration method.

Now we explain how the knowledge of a suitable symmetry group helps
in finding the solution of the system when the system allows the Lie group
SL(2) as a subgroup of its symmetry group and does not consist of separable
differential equations. These systems are listed in cases 1f, 2f, 3f of Theorem
1. They consist of 2 first order ordinary differential equations and admit a
2-dimensional solvable Lie group G as a subgroup of their symmetry group.
Hence, their solutions can be found by quadratures. The Lie algebra of G
has the basis vectors X; = Za% + x%, X5 = ya% — z% with the Lie bracket
[X1, X2] = X;. Therefore, we perform a reduction on the systems using the
infinitesimal generator X; (see [18], p. 156). First, we find new coordinates
by a suitable change of variables

T:(pl(zﬂﬁz); w1 :@2(3«"7%2)7 w2 :</73($ay72),
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such that the functions ¢, and @y are functionally independent invariants

of the one-parameter group of symmetries belonging to X, i.e. X1(p1) =

X1(p2) = 0, while the function @3 satisfies X;(p3) =1 (see [18], p. 155). To

obtain invariants ¢ and @2 (see [18], pp. 87-90) we solve the corresponding

characteristic system of ordinary differential equations
dz dxr dy

0 z T (35)

The general solution of (35) is z = kq, 22 — 2yz = ko, where kq, ko are real

2_
constants. Furthermore, one can see that ¢z = TRV o2y Vizyz satisfies X (p3) =
1. In the new coordinates
9 x £ /2? - 2yz
T=2z2 w;=x° —2yz, wWy=-—-—"—""—
z
the systems 1f, 2f, 3f, which do not consist of separable differential equations,
are equivalent to the systems

dwy  dwy/dx dwy  dwsy/dx
_— frd s —_— = = 0, (36)
dr dr/dx dr dr/dx
dwi _ dwi/dy dwy _ dws/dy _ F2\/uy (37)
dr  dr/dy 7 dr  dr/dy = 12
dwy  dwy/dz dwy  dwy/dz
dr — dr/dz 0 dr — dr/dz 0 (38)

respectively. The solution of (36) and (38), respectively (37), is
wi(17) =C1, wao(r)=Co C1,Co € R, respectively,

+£2/C4
T

wi (1) =C1, we(r) = +Cy, C; >0, Cy €R.

Finally, we need to express the obtained solutions in the original coordinates
x,y, z. The solutions of the systems 1f, 2f, 3f, which do not consist of separable
differential equations, are
e CavCy 1 Vi
y(@) = 5o F

2 2 ) z(x):@x:ta, 027&072/#07275();

9 2 2O
2(y) = Gy F VO, =) = AL T21

(

2
vz =Cz 3 V0, )= iz aVE Ger 220

where C7 > 0. The solutions of the systems listed in Theorems 1 and 2 are
found in the assertion. Hence, the proof is complete. ]
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