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1. Introduction

Let I denote a nonempty open subinterval of R throughout this paper. Given
n € N, a function M, : I — I is called an n-variable mean if

min(zy,...,z,) < M,(x) < max(x1,...,2,)
holds for all = (21,...,x,) € I"™. A function M : J7—, I"™ — I is said to be
a mean if, for all n € N the restriction M|;» is an n-variable mean.
The Jensen convexity (Jensen concavity) of means become a key property in

the investigation of Hardy-type inequalities (cf. [11-13]). An n-variable mean
M, : I"™ — I is said to be Jensen convez if, for all x,y € I",

T+ y) < My (@) + Ma(y)
2 2
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A mean M : Uf;l I™ — [ is said to be Jensen convex if, for all n € N, the
n-variable mean M,, := M|~ is Jensen convex.

Given p € R, the p** power mean or Hélder mean Hyp: UZOZI R — Ry is
defined by

n

)p it p #0,
($1~--$n)% ifp=0.

Hy(x) =

Concerning the convexity of Holder means we have the following classical
result.

Theorem A. Let n > 2 be fixed. Let p € R, and I be a subinterval of Ry. Then
the n-variable mean Hy|m is Jensen convex if and only if p > 1.

An important generalization of Holder means is the notion of quasiarith-
metic means. Given a continuous strictly monotone function f: I — R, the
quasiarithmetic mean Ay : |J;—, I"™ — I is defined by

) 1 (f(xl) +~~~+f(wn)> | W)

n
If pe R\ {0} and f(x) := aP for x € Ry, then Ay = H,,. If f(x) := loga for
z € Ry, then Ay = Hy, therefore, Holder means are indeed quasiarithmetic
means.

The Jensen convexity of quasiarithmetic means have been ultimately char-
acterized by combining the results of the papers [4,14].

Theorem B. Let n > 2 be fized and f: I — R be continuous and strictly
monotone. Then the n-variable mean Ays|in is Jensen convex if and only if
f is twice continuously differentiable with a nonvanishing first derivative and
either " is identically zero on I, or " is nowhere zero and f'/f" is positive
and convez on I.

Example 1.1. Consider now the quasiarithmetic mean generated by the func-
tion f: R — R given by f(z) := 2P, where p is the ratio of two odd integers.
Then f is strictly monotone on R and its inverse is given by f~!(z) = z'/P.
Obviously, the quasiarithmetic obtained this way is an extension of the power
mean H, to the domain (J,-  R™. If p < 1, then f is not differentiable at 0,
however, it is infinitely many times differentiable on Ry := R\ {0}, f” does
not vanish on Ry and (f'/f"”)(x) = x/(p — 1). Thus, if p < 1, then f'/f" is
positive and convex on (—oo,0), which, according to the above theorem im-
plies that Ay is a Jensen convex mean on (—o0,0). Since we have the identity
Ag(—z) = —Af(x), it follows that Ay is Jensen concave on (0,00). On the
other hand, for any a < 0 < b, the mean A is neither convex nor concave on
(a,b) (because f is not differentiable at 0 € (a, b)).
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Another generalization of Hélder means was introduced by Gini [6]. To
recall this definition, for ¢, € R, define the Gini mean Gy, : Uf;l R} — Ry
by

1
q q q—r
(xi kAL itq £
Sgr(w) := ¢ \T1 A o T
’ rilogzy + -+ zllogz, " ,
ex =r.
P P — I

The characterization of the convexity of Gini means can easily be deduced
from the general results of Losonczi [7] and it reads as follows.

Theorem C. Let g, € R. Then the mean G, , is Jensen convex if and only if
0 < min(g,7) <1 < max(q,r).

It is important to emphasize that for a fixed number of the variables, the
characterization is different as we have the result of Losonczi and Péles [8]:

Theorem D. Let q,7 € R. Then the 2-variable mean Sth& is Jensen convex
if and only if 0 < min(g,r) <1< qg+r.

A class of means which includes Gini as well as quasiarithmetic means
was discovered by Bajraktarevié in the papers [1,2]. Given a positive function
p: I — Ry and a continuous strictly monotone function f : I — R, the
Bagraktarevié mean By, : | Jo—; I"™ — I is defined by

(1) f(x1) + - +p(xn)f(xn)>
p(z1) + -+ p(zn) '

IfgreR qg#r fl&) =29, plx) =a" forz e Ry,orif g =r € R
and f(z) := log(x), p(x) := «? for « € Ry, then By, = G, . Therefore, Gini
means form a subclass of Bajraktarevi¢ means. On the other hand, if p is a
constant function, then one can see that By, = Ay and hence quasiarithmetic
means are also included in the class of Bajraktarevi¢ means.

Brpla) =" (p

The convexity of Bajraktarevi¢ means with sufficiently regular generating
functions was characterized by the following result of Losonczi [7].

Theorem E. Let p : I — Ry be a positive function and f : I — R be a
differentiable strictly monotone function with a nonvanishing first derivative.
Then the Bajraktarevic mean By, is conves if and only if the two-variable map
By I? — R defined by

p
Byp(w,u) =

1S convex.
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The notions of deviations and quasideviations were introduced by Dardczy
in [5] and by Péles [9], respectively. In what follows, we recall Definition 2.1
and Theorem 2.1 from the paper [9]. A two-variable function E : I? — R will
be called a quasideviation if E possesses the following three properties:
(D1) For all z,u € I, the equality sign E(z,u) = sign(z — u) holds.
(D2) For all 2 € I, the mapping I 3 u+— E(x,u) is continuous.
(D3) For all z,y € I with z < y, the mapping

E(z,u)
E(y,u)

(z,y) 2 urs

is strictly decreasing.

We say that E is a deviation (cf. [5]) if E possesses properties (D1), (D2) and,
instead of (D3), the following condition holds.

(D3’) For all € I, the mapping I > u — E(z,u) is strictly decreasing.

It is not difficult to show that every deviation is also a quasideviation. In order
to introduce quasideviation means, the following statement is instrumental (cf.
[9, Theorem 2.1]).

Theorem F. Let E : I? — R be a quasideviation. Then, for all n € N and

T1,...,Tn € I, there exists a unique element u € I such that
E(xi,u)+ -+ E(zy,u) = 0. (1.2)
Furthermore, min(zq,...,2,) < u < max(zy,...,2,) unless x1 = -+ = x,.
For n € N and z1,...,z, € I, the solution u of equation (1.2) is called the
E-quasideviation mean of x1,...,x, and will be denoted by Dg(x1,...,x,).

If f: I — R is strictly increasing and p : I — R is continuous then
E(xz,u) :=p(x)(f(z) — f(u)) is a deviation (and also a quasideviation) and a
simple computation yields that Dg = By ).

We say that a quasideviation E: I X I — R is normalizable (cf. [5]) if, for
all x € I, the function u — E(z,u) is differentiable at 2 and the mapping
x +— O E(z,z) is strictly negative and continuous on I. The normalization
E*: I x I — R of E is defined by

E(z,u)

O E(u,u)’
If E is normalizable, then E* is also a quasideviation, Dg = D g« and 02 E*(x, x)
= —1, therefore (E*)* = E*.

In the class of deviation means generated by normalizable quasideviations
the characterization of the Jensen convexity follows from a general result of
Daréezy [5].

E*(z,u) =

Theorem G. Let E: I x I — R be a normalizable quasideviation. Then Dg is
convez if and only if E* is convex on I X I.
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Without assuming normalizability, Péles [10, Theorem 11] obtained a gen-
eral theorem, which implies the following result.

Theorem H. Let E: [ x I — R be a quasideviation. Then Dg is convex if and
only if there exist two functions a,b: I xI — R such that, for all z,y,u,v € I,
r+vy u+v
2 2
Motivated by the characterization theorem about the Jensen convexity of
quasiarithmetic means, our aim is to establish a characterization of the Jensen
convexity of quasideviation and Bajraktarevi¢ means without any additional

reqularity assumptions, that is to generalize Theorems E and G. The main
starting point of our approach will be Theorem H.

) < a(u,v)E(z, u) + b(u,v)E(y, v). (1.3)

2. Main results

The following auxiliary result will be needed in the sequel.

Lemma 2.1. Let I C R be an open interval and f: I — R. If f(*5¥) < f(x)
for all x,y € I, then f is constant.

Proof. Take any element x of I and € > 0 such that  — 2¢,x + 2¢ € I. Now,
for all 6 € (—¢,¢), we have that x — 0,z + 0,2+ 20 € (v —2e,x+2¢) C I, and

flae) = f(EE5 =) < flo 4 0) = £(2H522) < f(a).

Consequently, f(z) = f(z+9) for all § € (—¢,¢). Thus f is differentiable at x
and f'(z) =0.

Since z was arbitrary, we obtain that f is differentiable on I and f’ is
identically zero on it. This implies that f is constant. U

To simplify the formulation of some of the results and also the proofs, we
introduce the following regularity property: A function f: I — R is called
nearly differentiable if, at every point of I, it has left and right derivatives
and the set of those points where these one-sided derivatives are different is at
most countable. It is well-known that convex functions admit this regularity

property.

Theorem 2.2. Let E : I? — R be a quasideviation. Then the following condi-
tions are equivalent to each other:
(i) The quasideviation mean Dy is Jensen conver.
(ii) For all w € I, the map x — E(z,u) has a positive right-derivative at
x = u, denoted by 9y E(u,u), and the mapping E*: I?> — R defined by

Et(x,u) = % is convex on I2.
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(iil) For all w € I, the map = — E(x,u) has a positive left-derivative at
x = u, denoted by 0] E(u,u), and the mapping E~: I*> — R defined by

- — By 2
E~(z,u) := B Bl 1S COnveT on I°.

Moreover, if any of the above equivalent conditions is satisfied then the quaside-
viation E and quasideviation mean Dg possess the following properties:

(a) E is continuous on I°.
(b) For allu € I, the function I > x — E(z,u) is conver.
(¢c) The function I > u v (0] E(u,u),0] E(u,u)) is continuous.

N
(d) The map I > u +— gl—giiu’u; is constant.
. E(u,u

(e) Dg is non-smaller than the arithmetic mean.

Proof. Now assume that the condition (i) is satisfied. In view of Theorem H,
we know that the quasideviation mean D g is Jensen convex if and only if there
exists two functions a,b: I? — R such that (1.3) holds. Interchanging the pair
(z,u) with (y,v), it follows that
E (:E + y’ u—+v
2 2
Adding the above inequality to (1.3) side by side, we get

) < v, E(y,0) + b, wE@w),  wyuvel

B(HL M) < cw ) B ) + o0, B, 0),  wyuvel
(2.1)
where ¢: I? — R is defined by
a(u,v) + b(v,u)
2 )
Putting y := 2 and v := w into (2.1) we obtain

E(x,u) < 2c¢(u,u)E(x,u), z,u €l

c(u,v) = u,v € I.

Then, by property (D1) of quasideviations, we get that, for each u € I, the
factor E(-,u) takes both positive and negative values, thus we can conclude
that
1
c(u,u):§, uel.
In the next step, substituting u := v into (2.1), we get

B(EEY ) < Bl + By
Therefore, for each fixed u € I, the function I 3 2 — FE(z,u) is Jensen convex.
On the other hand, this function is bounded from above by 0 on the open
interval (—oo,u)N 1. Thus, in view of the Bernstein-Doetsch Theorem [3], it is
convex. As a consequence, all such maps are nearly differentiable. Thus, for all

z,y,u € 1.
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(x,u) € I%, the one-sided partial derivatives 0, E(z,u) and 9] E(z,u) exist.
By applying property (D1) of quasideviations, we also get
0 E(u,u) > 0y E(u,x) > 0, uel. (2.2)

Next, putting y := v into (2.1) we get

E (x + 11’ u+v
2 2
Now, using (D1), we can obtain the double inequality

B(242, 552)

E(zi,u)

) < c(u,v)E(x,u), x,u,v € 1.

E(%2tv utv
G522 ¢ cuo) <

—_— =/ r1,To,u,v € I with 1 < u < xs.
E(z2,u)

(2.3)

Since E vanishes on the diagonal (by (D1)), we obtain

li 2 7 2
xll—>nqlr E(x1,u)
_ 1y B ) - E(t ) T —u
2 21 —u- oty wiv E(z1,u) — E(u,u)
_ a;E(u;v’ u—Q&-U)
207 E(u,u)
Similarly
T2+ ) + utv utv
iy P05 15E) 0T E(E )
To—uT E(xl,u) 281+E(’LL,’U/)

Upon taking the limits 21 — «~ and xs — u™ in the inequalities (2.3), in view
of the just proved equalities, we arrive at

ai&-E(u+v7 u+v) al—E(quu7 u+v)

2 2 2 2

I 2.4
207 E(u,u) 207 E(u,u) e (24)

< c(u,v) <

)

By (2.2), we can rewrite this inequality in the following way

OFE(r 1) _ o} B(uu)

— T S o , u,v € 1.
Oy BE(*2, w2y = 07 E(u, u)
Applying Lemma 2.1 to the function f(u) := %, we can see that f is
1 ’

constant, thus there exists a constant o € R such that 9; E(u, u) = ad; E(u,u)
for all u € I. Obviously a > 1 since 0] E(u,u) > 0] E(u,u) > 0. Therefore,
DRI adiE( e oiECR
20, E(u,u) 2a0; E(u,u) 20, E(u,u) ’ '
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Consequently, the inequalities in (2.4) yield

OF B(uty utv) - p(utv ut
c(u,v) = (5 2): il 2), u,v € 1.

20, B (u,u) 207 E(u,u)

Thus, using (2.1), the inequality (2.2) implies the following Jensen convexity-
type properties:

B(5% ) _1( E(z,u) E(y,v)
<z : : ’ y» Yy Wy el
6#E<“§”,“;“>—2(6mu7u> afE(u,m) ne
(2.5)
and
E Tty utv
ety (Pt PO ) et
a1 E( 2 v 2 ) 2 a1 E(’UJ,’LL) 61 E(U,U)

Equivalently, both E* and E~ are Jensen convex over I2. On the other hand,
the function F and hence also ET and E~ are bounded from above by zero
over the open set {(z,u) € I? | # < u}. Therefore, in view of the Bernstein—
Doetsch theorem, the Jensen convexity implies the convexity of both E+ and
E~, i.e., the conditions (ii) and (iii) hold, respectively.

To show the converse implications assume that (i) holds, that is, for all
u € I, the map x — FE(z,u) has a positive right-derivative at = v and E*
is convex over I2. Then (2.1) is satisfied with

ail-E( u+v u+v)

2 0 2
201 E(u,u)
which, by applying Theorem H, implies that Dg is Jensen convex. The proof
of the implication (iii)==(i) is analogous.

To prove the last statements of the theorem, assume that (i) (and hence
(i), (iii)) holds. As we have seen it in the proof, this implies that E is convex
in its first variable, i.e., (b) is valid. We have also verified assertion (d). It
follows from (ii) that the function E7T is convex, and hence it is continuous on
1%

To prove assertion (c), let ug € I be fixed and choose € I'\{ug}. Then,
using also property (D2) of quasideviations, it follows that the map

. E(x,u)
Et(z,u)

c(u,v) =

u = 0 E(u,u)
is continuous at ug. This proves that the map I 3 u + ;7 E(u, u) is continuous.
Similarly, we can see that the map I 3 u — 9y E(u,u) is also continuous and
hence assertion (c) is valid.

Using the equality E(x,u) = 0 E(u,u) - ET(z,u), the continuity of BT
(which is a consequence of its convexity) and property (c), we can conclude
that assertion (a) is also valid.
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Tt easily follows from property (b) of the quasideviation E, that (e) holds.
Indeed, if for all w € I, the function E(-,u) is convex, then there exists a
function h : I — R such that

h(u)(x —u) < E(z,u) (x,u € I).

According to the results of the paper [10, Theorem 7, condition (iv)], it follows
that Dg is non-smaller than the arithmetic mean. O

Theorem 2.3. Let E: I — R be a quasideviation and o, 3 € (0,00). Define
Eap: I? =R by

E,p(x,u) =

{aE(m,u) for x < u, (2.6)

BE(x,u)  forz > u.
Then E, g is a quasideviation. If, additionally, D is Jensen conver and o <
B, then so is Dg, ,.
Furthermore, if E is differentiable in the sense of Gateaux at every point
of the diagonal of I? and the map u — Oy E(u,u) is continuous, then DE, ;5 is
Jensen convez if and only if Dg is Jensen conver and o < 3.

Proof. The properties (D1) and (D2) of quasideviations are obviously satisfied.
To check (D3), let z,y € I with & < y. Then, for all u € (z,y), we have
Eop(z,u)  aFE(x,u)
Eozﬁ(yvu) ﬂE(yau) .
The right hand side is a strictly decreasing function of u because F is a quaside-
viation, therefore, so is the left hand side, which shows that E, s also possesses
property (D3).
Assume now that D is Jensen convex and a < 3. Then,

E, p(z,u) = max(aE(z,u), BE(x,u)), (z,u) € I,

and, according to condition (ii) of Theorem 2.2, the function ET is convex
over I2. On the other hand, for (z,u) € I?,

Eop(x,u) max(aB(x,u), BE(x,u))

E} 5(x,u) = 0F Eop(u,u) By B (u,u)
= % max (aEJr(l’, u), BE™T (x, u))
Therefore,
B, = Lok (aE*, BEY), (2.7)

B

which shows that Ei 3 is the maximum of two convex functions, and hence,
itself is convex. Thus, condition (ii) of Theorem 2.2 holds for E, g and hence
DE, ; is Jensen convex.
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Now assume that E is differentiable in the sense of Gateaux at every point
of the diagonal of I?, the map I > u — 9 E(u,u) is continuous and Dg, , is
Jensen convex. Then Eof 3 is convex.

To prove that a < 3, let u € I be fixed. Then we have that

ad E(u,u) = 07 Eq p(u,u) < 0 By p(u,u) = o1 E(u,u).

Since 01 E(u,u) > 0, it follows that o < 3.

The Jensen convexity of Dp, , implies that E is convex. In view of
formula (2.7), we can see that E+ is convex on both trlangles At :={(z,u) €
I’ | x <u} and A := {(z,u) € I? | * > u}. To prove that ET is convex
on I? =AtUA, it sufﬁces to show that ET is convex along any line which
crosses the dlagonal of I?.

Let u € I be fixed and let (0,0) # (v,w) € R? be arbitrary. Then the line
R >t (u+ tv,u + tw) crosses the diagonal of I? at (u,u). We are going to
show that the function e : T' — R defined by e(t) := ET (u+tv, u+tw) is convex
over the interval T := {t € R | (u + tv,u + tw) € I?}. The convexity of ET
over the triangles AT and A~ implies that e is convex over the subintervals
T = (—00,0] N T and T} := [0,00) N T. On the other hand, using the
continuity of the map u +— 9y E(u,u), we can get that

e(t) —e(0) Et(u+ tv,u + tw) E(u+ tv,u + tw)

lim = lim = lim
t—0 t t—0 t 1 O E(u+tw,u+ tw)t
1 . Elu+tv,u+tw) — E(u,u)
= im .
O E(u,u) t—0 t

By the Gateaux differentiability assumption on F, the limit on the right hand
side exists, therefore, e is differentiable at ¢ = 0. This property of e together
with its convexity over the subintervals T_ and 7% imply that e is convex over
T. Therefore, we have proved that ET is convex on I? and hence, the mean
Dg is Jensen convex. O

Corollary 2.4. Let f: I — R be a continuous, strictly increasing function and
a, 3 € (0,00) with a < 3. Then the function E, g: I? — R given by

alf(x) — f(u)) forz <uwu;
B(f(x) — f(u)) forz>u

is a quasideviation. Furthermore, D, , is Jensen convex if and only if a < 3,
f s twice differentiable with a positive derivative and

E.p(z,u) = { (2.8)

/
either f is nonvanishing and F is positive and convex or f"' =0

(2.9)
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Proof. Define E : I? — R by E(z,u) := f(x) — f(u). Then E is a deviation
and hence it is a quasideviation. Thus, by the first statement of Theorem 2.3,
we can see that E, g is a quasideviation.

Assume first that Dg, , is Jensen convex. Then, by assertion (b) of The-
orem 2.2, for all w € I, the map x — E, g(z,u) is convex on I. This implies
that af — a.f (u) is convex on (—oo,u) NI for all u € I, and hence, f is con-
vex on I. Therefore, f is nearly differentiable. We can now get, for all v € I,
that 9, E(u,u) = af’ (u) and 9] E(u,u) = Bf} (u). In view of assertion (d) of
Theorem 2.2, the ratio function

_ 0 E(u,u) B Bf(u)
O E(u,u)  af (u)

is constant on I. Since, except for countably many values of u, we have that
fi(u) = f’(u), the value of the above ratio equals the constant §/c. Thus,
for all u € I, we obtain that f’, (u) = f’ (u), which proves the differentiability
of f at every element of I. Thus E is also differentiable over I?, it is Gateaux
differentiable at the diagonal points of I?. Thus, in view of Theorem 2.3, it
follows that o < (8 and that the mean Dpg is Jensen convex. According to
Theorem B, it follows that Dg is Jensen convex if and only if f is twice
differentiable with a positive derivative and (2.9) holds.

Now assume to the converse that E, g is of the form (2.8) for some «, § €
(0,+00) with a < @ and a function f which satisfies (2.9). Then, by Theo-
rem B, Ay = Dg is convex and, due to Theorem 2.3, so is the mean
DE, 5 O

3. The case of Bajraktarevié¢ means

In what follows, the spaces of k times continuously differentiable functions
and k times continuously differentiable functions with a nonvanishing first
derivative (which are defined on the open interval I) will be denoted by C*(I)
and C*#(I), respectively.

Theorem 3.1. Let f : I — R be a strictly monotone and continuous func-
tion and p: I — Ry be a positive function. Then the following conditions are
equivalent to each other:

(i) The Bajraktarevi¢ mean By, is Jensen convex.
(ii) f € CY¥(I) and the mapping By ,: I* — R defined by
p(@)(f(x) = f(w))
By, (x,u) =
= )

is convex on I2.
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(pf) (z) = f(w)p'(z)

POIE) S s e YY)
(F) — F@) - (F Y ()~ 0w - P,
o oI )? oo

(iv) feC* (1), pe C\(I), and for all z,y,u,v € I,
((pf)’(w) —fWp'(z)  (pf) () — f0)p'(y) ) (x—y)

oW I 0)
()~ F@) @I (1) — (o)) ()
() (pf")(u)?
() = 1) - 0V () = () 0) - ()
) DRI0E Jiumizo

Proof. Without loss of generality, we may assume that f is increasing. Define
the quasideviation E: I? — R by E(x,u) := p(x)(f(x) — f(u)). Then we have
that 3f’p =Dg.

Assume that By, = Dg is Jensen convex. Then, according to assertion (a)
of Theorem 2.2, we get that E is convex in its first variable. That is, for all
u € I, the function pf — f(u)p is convex and hence it is nearly differentiable.
Let u, v be distinct elements of I, then

(pf — f(wp) — (pf — f(v)p)

f(v) = f(u) ’
which shows that p is also nearly differentiable. We also have that
pf— f(u)p
e O]

which shows that f is also nearly differentiable.
In view of these properties, for all u € I, we can obtain

0y E(u,u) = (pf — f(u)p) (u)
= Pl () f(u) + p(u) £ (u) = f(u)ply (u) = p(u) £ ().

Similarly,
Oy E(u,u) = p(u) f’(u).

N
By assertion (a) of Theorem 2.2, the ratio function u —» 2-E0%0

01 E(u,u
therefore, f! = cf’ for some constant ¢ € R. On the othér flanzi, f is differ-
entiable nearly everywhere, hence, ¢ = 1, which yields that f is differentiable
everywhere with a positive derivative. Assertion (ii) of Theorem 2.2 now gives
us that the function By, defined in assertion (ii) is convex. Thus, we have
proved the equivalence of assertions (i) and (ii).

is constant,
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Assume now that (ii) holds. It follows from the convexity of By, that, for all
x € I, the map u — By ,(x,u) is convex. Therefore, it is nearly differentiable.
For z,u € I, we have that

) = PO @) — )
p(u) By p(z,u)
For any fixed x € I, the function on the right hand side is nearly differentiable
with respect to u. Consequently, f is also nearly differentiable, in particular,
f’ is continuous.
Using the convexity of By, again, we can obtain that there exist two func-
tions r,s: I? — R such that

Byrp(y,v) = Brp(x,u) = r(z,u)(y — ) + s(z,u)(v —u), zy,u,0€el

(3.1)
After substituting y := x, inequality (3.1) implies that
(f(2) = F)((f)(w) = (f)(v) = )W) (f(v) = f(w) _ s(z,u) (v — )
(") () (pf")(w) ~ p() '

If v > wu, then dividing the inequality by (v — u) side by side, then taking the
right limit as v | u, we get

(f(w) = f(2)) - (pf) (w) = (f)(u) - f'(u) _ s(z,u)
(o) (w? =l TUEl
Repeating the above argument for v < u, we get that
st () = f@) - @I~ )W) S

p(x) ~ (pf")(u)? ’
Binding the above two inequalities, it follows that
(f(w) = f(@) - [(pf) ) (w) = (pf)_(w] >0,  zuel

Since x is arbitrary, this inequality can hold only if (pf’) (u) = (pf’)"(u) for
all u € I, which proves that pf’ is differentiable everywhere. It follows from
this property that, for all z,u € I,

(f(u) = f()) - (pf") (W) = (pf") (u) - f'(u)

S(I,U) :p(‘r) (pf/)(u)g = aQBf,p(xﬁu)'
(3.2)
Now taking (3.1) for v := u, we get
P)) = F0) =@ (@) = f@)

(pf")(u)
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Therefore, for all z,y,u € I with y > = we obtain

W) (f(y) = f(w) = p(x)(f(z) = f(u))

riwm) < /) (w)y — )
_ 1 wf)y) = ) . Py) —pz)
_(pf’)(u)( — S = >

Since both p and f are nearly differentiable, we can take the limit y \, = to
obtain

) (x) = f(u)ply (z)
(pf")(u)
Similarly, for all z,y,u € I with y < x, one gets
(f)y) — @f)x) . . ply) - p(%))
(pf’)(U)( y—z fw) y—x )
which, in the limiting case as y " x leads us to the inequality
)" (x) = f(u)p’ (x)
N T T R
From the inequalities (3.3) and (3.4), we can conclude that
(pf)(z) = flwpl(z) _ (f)~(2) — fwp(z)
(pf")(u) - (pf")(w)
We know that (pf’)(u) > 0, thus we can obtain that

()} () = fWpy(2) = (pf)-(2) = f(wp’(z),  zuel
By the differentiability of f, for all x,u € I, it follows that

Pl (@) f () +p(@) f'(z) — f(W)p (z) > p_(2)f(2) +p(a) f'(x) — f(w)pl(2),

which can equivalently be rewritten as

(f(z) = f) @y (z) —p_(2)) 20,  =zuel
Since u is arbitrary and f is strictly monotone, this inequality can only hold
if p/, (x) —p’ (x) = 0 for all x € I, which yields the differentiability of p on the
interval I. However, we have already proved that pf’ is differentiable, therefore
f must be twice differentiable.
Therefore, the upper and lower bounds for the function r given by (3.3)
and (3.4) are equal to each other, whence we get that

(pf) (x) = f(w)p'(z)
(pf")(u)

The differentiability of p and the twice differentiability of f imply that By, is

differentiable. On the other hand, it is well known that the partial derivatives of

a differentiable convex function are continuous. Therefore, 0 B¢, and 02By ),

are continuous over I2.

> r(u,x), x,u €. (3.3)

r(u,x) >

wel. (3.4)

, z,u €l

r(u,x) = = 1By p(z,u), x,u € I. (3.5)
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In view of formula (3.5), for all z,u, € I with & # u, we can obtain that

1oy OBy, u)(pf)(u) — (pf')(x)
pl(z) = :
f(x) = flu)
This shows that p’ is continuous everywhere except at x = u. But, since u
was an arbitrary element of I, we get that p’ is continuous on I and hence it
belongs to C*(I).
Using formula (3.2), for all z, u, € I with & # u, we can get that

mey L ((pf’)(U)QazBf,p(%U) + o) )W) f(w) )
f'(u) = =@ )W) ),
p(u) p(@)(f(u) = f(z))

which shows that f” is continuous everywhere except at u = x. Since x was
arbitrary, this implies that f” is continuous on I and hence it belongs to
C2#(I).

Now the inequality (3.1) can be seen to be equivalent to condition (iii),
hence the implication (ii)=-(iii) is verified. On the other hand, if (iii) holds,
then By ), is the pointwise supremum of affine functions and hence it is convex,
i.e., (ii) holds as well. The last condition expresses the monotonicity of the
gradient of By ,, i.e., for all z,y,u,v € I, the inequality

(01 By p(x,u) =01 By p(y, v))(x=y) + (02Byp(2,u) =02 B p(y,v)) (u=v) > 0

holds, which is also known to be equivalent to the convexity of By . O

4. Convexity of Gini means in subintervals

For g, € R, we need to introduce the following notations.

t9 —t" if ¢
if g #r,
Yor(t) =% q—7 teRy,
tilogt ifqg=r,

and

. (m)w if g#r and gr(¢g—1)(r —1) > 0,
ﬂqr = 1

1
exp(+> if g=rand g(¢—1) #0.
¢ q-1
Theorem 4.1. Letq,r € R, 0 < a < b < oco. Then the following three assertions
are equivalent to each other.
(i) The mean G, is Jensen convex on the interval (a,b).
(ii) The function 4, is convex on the interval [%,2].
(iv) One of the following conditions is valid:
(1) 0 < min(g,7) <1 < max(q,r);
(2) max(q,7) <1< q+7r and By, < §;
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(3) min(q,7) <0, 1 < g+r and By, > g;

(4) 1 < min(q,r) and B, > 2.
Proof. Let r < ¢ in the subsequent argument. The cases ¢ = r and ¢ < r can
be dealt with analogously and therefore, they are left to the reader.

Define f(x) := 297" and p(z) := 2" for € R;. Then the Bajraktarevi¢
mean By, equals the Gini mean G, ,. Therefore, to characterize the Jensen
convexity of Gg» on (a,b), we need to describe the Jensen convexity of By
on (a,b). According to Theorem E or to our Theorem 3.1 this property is
equivalent to the convexity of the following mapping

p(@)(f(z) = f(w) _ a"(z97" —u™")

e 0 O R P T

= () - ()) = v (D),

That is, Gq,r is Jensen convex on (a,b) if and only if, for all z,u,y,v € (a,b)
and ¢ € [0,1],

(tu+ (1 - t)v)vq,r(M) <t (2) 4 (L= o (2).

This inequality is equivalent to

( tu x (I—-tw g)
Tar tu+ (1—t)vu  tu+(1—tvov

- tu <£>+ (1—-1tw (g)
*tu—l—(l—t)v,yq’r u tu—l—(l—t)v’yq’r v/’

With the substitution w := £, z := ¥ and A := tu+(t+t)v
that the above inequality holds for all z,u,y,v € (a,b) and t € [0,1] if and
only if

one can easily see

Yar Qw + (1= X)z) < Aygr(w) + (1 = A)vg,0(2)

is valid for all w,z € (%, %) and A € [0,1], that is, if ,, is convex over the
interval (%, 2)

Thus, we have proved that assertion (i) is equivalent to assertion (ii).

The convexity of v, over (% é) is valid if and only if ~; ,.(t) > 0 for all

b’ a
te[4,2], e, if
qlg— D2 >r(r =12, te[e,L]. (4.1)

Substituting ¢ = 1, we get that (¢ — r)(¢ + r — 1) > 0, which implies that
1<qg+r.
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Then we have the following four possibilities for the location of (g, r) (keep-
ing in mind that r < ¢).

1) 0<sr<1<q¢ (2) r<g<l<g+r
(3) r<O0and1<qg+m; (4) 1<r<g

In case (1), the inequality (4.1) holds for all ¢ > 0, because the left hand
side is nonnegative and the right hand side is nonpositive and condition (1) is
equivalent to (iii)(1).

In case (2), we have that r,q € (0,1), therefore both sides of the inequality
(4.1) are negative, and hence it is equivalent to the following inequality

1 ’

ﬁq,rSEa te[

Qo

)

S

which turns out to be equivalent to (iii)(2).
In cases (3), and (4), we can see that both sides of the inequality (4.1) are
positive and it is equivalent to the following inequality

1 ’

D
ﬁqﬂ =1
which turns out to be equivalent to (iii)(3) and (iii)(4), respectively. O

te]

Qo

)

Sl

Corollary 4.2. Let q,r € R such that either g+ 1r < 1 or g+ 1r = 1 and
{g.7} # {0,1}. Then there is no 0 < a < b < oo such that Gy, is Jensen
convex on the interval (a,b).

Proof. Assume that G, , is Jensen convex on the interval (a, b). Then, accord-
ing to condition (iii) of the previous theorem, we have that g+r > 1. Therefore,
g+ r < 1 cannot be valid and thus ¢ 4+ r = 1 must hold. If (iii)(1) were valid,
then {¢,r} = {0,1}, which was excluded by the assumption of this corollary.
Thus one of the subconditions (2), (3) or (4) of condition (iii) has to be valid.
Due to the equality ¢ + r = 1, it follows that 3;, = 1, hence the inequalities
related to 3, imply that b < a, which is a contradiction. ]

We note that one could also prove that if ¢+ = 1 and {q,r} # {0,1}.
Then there is no 0 < a < b < oo such that G, , is Jensen concave on the
interval (a,b).
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