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Abstract. There are many results in the literature concerning linear com-
binations of factorials among terms of linear recurrence sequences. Re-
cently, Grossman and Luca provided effective bounds for such terms of
binary recurrence sequences. In this paper we show that under certain
conditions, even the greatest prime divisor of u, — aimi! — -+ — apmz!
tends to infinity, in an effective way. We give some applications of this
result, as well.
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1. Introduction

An integer sequence {uy }n>0 = {un (7, w, U, u1)}n>0 is a binary linear recur-
rence if the recurrence relation

Up = TUp—1 + Wlp—o (N >2) (1.1)

holds, where r,w € Z\{0} and ug, u; are integers not both zero. The polyno-
mial f(z) = 2% —rx —w attached to recurrence (1.1) is called the characteristic
polynomial of the sequence {uy,},>0. We denote the discriminant of f by A
and assume that A # 0. Let a and 8 be the roots of f with the convention

that |a| > |3|. Putting
c= t — Yo uof? and d= Yo — un

a—pf a—0
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it is well-known that the formula
U, = ca” +dg" holds for all n > 0. (1.3)

For later use we fix the notation
Y := max{|ugl, |u1l, |7, |w|}. (1.4)

The sequence {uy, }n>0 is called non-degenerate, if cdaf # 0 and o/ is not a
root of unity. Taking r = w = u; = 1, wy = 0 the sequence {uy},>0 becomes
the classical Fibonacci sequence usually denoted by {F),},>¢ for which a =
(1++/5)/2 and 3 = (1 —+/5)/2. Grossman and Luca [2] showed that for fixed
positive integers A and k, the Diophantine equation
k
Uy = Zaimi! with Ja;] < A (1.5)
i=1
implies that
n S Clv (16)

where ¢; = ¢1(k, A) is an effectively computable constant depending only on
k and A. Taking A = 1 and k& = 2, it was shown in the same paper that
F5 = 4! + 5! is the largest Fibonacci number which is a sum or difference of
two factorials. Further, in [1], it was shown that F7 = 1!+ 3!+ 3! is the largest
Fibonacci number which is a sum of three factorials.

Let S = {p1,...,p} be a finite set of primes labelled p; < -+ < p; and
P = p;(= max{p1,...,p}). We denote by . the set of all positive integers
whose prime factors are all in S. In particular, 0 € . but 1 € #. In [3], the
problem of representing u,, as a sum between a factorial and an element from
¥ was considered. Namely, it was proven that for given integers A, B, the
equation

Uy, = Am!+ Bs inn,méec Z and s € .

implies that n < ¢ holds for all solutions n which are non-trivial (see the
terminology of that paper for nontrivial; for example, when u,, = 2" + 1, the
solution with m; = 1, s = 2™ for any n when S = {2} is trivial). Here, ¢ is an
explicit constant depending only on A, B, S and the sequence u = {uy, },,>0.
As a numerical application, in [3] it was shown that Fpy = 8! + 253371 is the
largest Fibonacci number of the form F, = +m! + 223°5¢7¢; thus the largest
solution when u = {F,},>0, A=B=1and S ={2,3,5,7}.

2. Our Results

For an integer m denote by P(m) the greatest prime factor of m with the
convention that P(0) = P(+1) = 1. As before, {u,}n>0 is a non-degenerate
binary recurrence sequence. Further, let £ > 1 and A > 1 be fixed positive
integers.
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In view of Theorem 1 of Grossman and Luca [2] (see (1.5) and (1.6)) we have
that w,, — Zle a;m;! # 0 for all integers aq,...,ar with |a;] < A for i =
1,...,k, whenever n > c¢;. Therefore, it is natural to examine the parameter

k
P (un — Zamu!) . (2.1)
i=1

In this paper, we study the quantity (2.1) when u has A > 0 and w = +1.
Without loss of generality (or, replacing A by kA if needed) we assume that
the unknowns m; (i = 1,..., k) satisfy

mi > mo > - >myg > 1. (22)

Our main result below implies that

k
P unfg am;! | — 00 as n— oo
i=1

in an effective way. Namely, we have the following result.

Theorem 2.1. Let {u,},>0 be a non-degenerate binary sequence with A > 0
and w = +1. Assume that |a;] < A fori = 1,...,k and the unknowns m;
satisfy (2.2). Put c3 := 16(Y + 2)log(Y + 2), ¢4 := 5.6 - 1017 log?(Y + 2) and
let ny := nq1(k) be the largest integer solution of the inequality

n < 2.08 - (log(4(A + 1)) + 21.6¢4log” n)" .
Then

k
P (un - Zamzﬂ) > c5(n), (2.3)

whenever n > cg, where

1 1
[ n N [log(4A) 9 3
cs(n) = (ﬁ) (8 +2.7cylog" n

and
c¢ := max{cs,n1}.
As a direct consequence of Theorem 2.1, we have the following result.

Theorem 2.2. Let {u,},>0 be a non-degenerate binary sequence with A > 0
and w = £1 and let S = {p1,...,pi} be a finite set of primes. Put P :=
max{pi,...,pi}. We denote by .7 the set of all rational integers whose prime
factors are all in S. Further, let k > 1 and A > 1 be fized positive integers.
Consider the Diophantine equation

Up = aymy! + - 4 apmy! + bs, max{|ai|, |az],...,|ak],|0]} <A (2.4)
in integer unknowns (my,ma, ..., my,s) satisfying s € & and (2.2). Then

n < ¢7 := max{cg, cs}, (2.5)
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where cg and ¢4 are defined in the statement of Theorem 2.1 and
cg := max {22k+2 co log®F 2 ((2k + 2)2k+2 o), (4e2)2k+2}
with
co 1= 2.08 - (max{P, A})3**3 . (2¢, log(4A))* 1.

Finally, to show the strength of our above result we completely solve a
simple equation of the above shape.

Theorem 2.3. Let {F), } >0 denote the Fibonacci sequence and S = {2,3,5,7}.
Denote by & the set of all positive integers which have no prime factor outside
of S. Then all solutions of the equation
F,=mi!+ms!l+s inn,mp,me,s € N,m; >msg,s €. (2.6)

are given by

[n,m1,mo,s] € {[5,2,1,2],[6,2,1,5],16,3,1,1],[7,2,1,10],[7,3,1,6],[7,3,2,5],
8,2,1,18],[8,3,1,14],9,3,1,27],[9,4,1,9], 9, 4,2, 8], [9, 4, 3, 4],
[10,3,1,48],[10,4,1,30], [10,4, 3,25], [11,4, 1,64], [11, 3,2, 81],
[11,4,2,63],[12,5,3,18],[13,5,1,112],[13, 3,2, 225], [14, 5, 1, 256],
[16,3,1,980], [16, 6, 4, 243],[16,6,5,147],[17, 6, 2, 875],
[20,7,4,1701],[24,8,7,1008], [25, 4, 1, 75000], [25, 7, 1,69984] } .

3. Linear Forms in p-Adic Logarithms

In this section, we shall present the p-adic version of a lower bound for linear
forms in logarithms of algebraic numbers due to Kunrui Yu [10]. We begin by
recalling some basic notions from algebraic number theory. For an algebraic
number 7 of degree d over QQ, we define the absolute logarithmic height of n by
the formula

d
1 ,
h(n) = b <log lag| + E log max (1, n(z)|>> )
i=1

where ag is the leading coefficient of the minimal polynomial of 7 over Z and
n —s are the conjugates of 7 in the field of complex numbers.

Let L be an algebraic number field of degree dj, and denote by O the
ring of integers of L. Let m be a prime ideal in O and denote by e, the
ramification index of 7, and by f, the residue class degree of 7. For the unique
prime number p € Z such that 7 | pOr, we say that m lies above p. Further, it
is well known that

g

e

POJL = I | ’/Tilv
1=1
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where 71, ..., 7, are prime ideals of Or,. The prime ideal 7 is one of the primes
m;, say 71, and its e, equals e;. The number f, is the dimension of the finite
field O /7 over its prime field Z/pZ, or, equivalently, can be computed via
the formula # (Op/m) = p/~. In the special case L = Q we have 7 = p and
d]L = €r = f,T =1.

For a non-zero algebraic number v € L we write v, () for the exponent
of 7 in the factorization in prime ideals of the principal fractional ideal yOL.
It is well known that for every non-zero integer j and prime ideal 7 of Or, lying
above the rational prime p we have

. 1 .
vp(d) = — v (j)- 3.1
Let n1,...,m be non-zero algebraic numbers in L and let

l
A=T]n" -1, (3.2)
1=1

where dq,...,d; € Z.
With the above definitions and notations, Yu [10] proved the following
result.

Lemma 3.1. Let 7w be a prime ideal in O, lying above the rational prime p with
the convention that m = p and dp, = e, = fr = 1 if L = Q. Consider the linear
form A defined by (3.2) and let

D > max{|d4],...,|di],3}, (3.3)
and
H; > max{h(co;),logp} (1 <i<lI). (3.4)
If A #0, then
fr
ve(A) < 19(20V1 + 1dL)2(l+1)eﬁr_1p72 log(e®ldy)H, - -- H;log D.

(fxlogp)
(3.5)

Following Lenstra, Lenstra and Lovasz [5], we recall the definition of an
LLL-reduced basis of a lattice £ C R™. For a basis {b1, ba, ..., b, } of the lattice
L the Gram-Schmidt procedure provides an orthogonal basis {b},b5,... b5}
of £ with respect to the inner product (-,-) of R™ given inductively by

i—1
b :bi_zuijbj (I1<i<n), pi;= G bj*> (1<ji<i<n).
j=1 Jy

We call a basis {by,bs,...,b,} for a lattice L LLL-reduced if

1 . .
il <5 (1<i<i<n)
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and
* * 2 3 * 2 .
67 + pii-1b;_1 |7 > illeII (1<i<n),

where ||.|| denotes the ordinary Euclidean length.
To reduce the initial upper bounds for the parameters, we shall also need
the following three standard lemmas.

Lemma 3.2. Let by,...,b, be an LLL-reduced basis of a lattice L C R™. Then
ce := ||b1][?/2"7 L is a lower bound for the length of the shortest vector of L.

Proof. This is a simplified version of Theorem 5.9 of [9]. O

Lemma 3.3. Let aq,...,q, € R be real numbers and x1, ..., x, € Z with |z;| <
X;. Put X :=maxX;, S := 2?2—11 XZ?, T:=05+0.5- 2?:1 X, and assume
that

n
E ey

i=1

< coexp{—csH}

holds for some positive real constants co,c5, H and positive integer q. Let C' >
(nXo)™ and let L denote the lattice of R™ generated by the columns of the
matric

. Eann
0o ... 1 0

[Caq] ... [Cap-1] [Cay]

Let cg denote a lower bound on the length of the shortest non-zero vector of
the lattice L. If ¢2 > T? + S then we have either

H< \“/61 <10g(002)—log< c%—S—T)),
5

[Cav]
Coy,

Proof. This is Lemma VLI of [9]. O

or

x1:$2:--~:1’n71207 xn:—

Lemma 3.4. Let z € C with |z — 1| < a € (0,1). Then

—log(l —a)
a

|log z| < |z —1].

Proof. This is Lemma B.2 of [9]. O
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4. Preliminary Results on Binary Recurrence Sequences

The next lemma contains several known results which are very useful for the
estimates needed in the paper.

Lemma 4.1. Let {u,}n>0 be a non-degenerate binary recurrence sequence given
by (1.3) and let Y defined by (1.4). Then the following hold:

(i) max{h(), h(B), h(ca/B), h(c), h(d), h(c/d)} < 8log(Y + 2).

(ii) If n > c3 :=16(Y + 2)log(Y + 2) then u, # 0.
(iii) If n > c3 then |uy,| > |a|" 018" where ¢ := 4 - 10 log(Y + 2).

Proof. (i) is Lemma 8, (ii) is Lemma 9 and (iii) is Lemma 11 of [3]. O

The following lemma is also well-known (see for instance Lemma 1 of [2])
and it provides a lower bound for the p-adic valuation of factorials.

Lemma 4.2. Let p be a prime number and let m be a positive integer. If m > p,
then vp(m!) > 5.

The following lemma is an elementary result due to Pethé and de Weger
[7]. It will be used in the proof of Theorem 2.2. For a proof of Lemma 4.3 we
refer to Appendix B of [9].

Lemma 4.3. Let u,v > 0,h > 1 and x € R be the largest solution of x =
u +v(logx)". Then

x < max {Qh(ul/h + oM log(hPo)), 2 (ut/h + 262)h} .
In the proof of Theorem 2.1 we need an upper bound for the quantity of
the form v, (u,, — t), where t € Z.

Lemma 4.4. Let {uy,}n>0 be a non-degenerate sequence given by (1.3) with
A >0 and w = £1. Further, let Y defined by (1.4). If n > c3 then for prime
p and integer t with u, # t we have

2 .
B cap”logn, if t = 0;
vpltn = 1) < {c4p2 log nlog(4]t]), if t 0, (1)
where
ey = cy(Y) :=5.6-10"log*(Y +2). (4.2)
Proof. We have the representation
u, = ca” +dg", (4.3)
where 5
U — Up Ugx — U7
= — d d=—— 4.4
c P an P (4.4)

with cdaf # 0 and «/f is not a root of unity. Let L = Q(«). Let p be an
arbitrary but fixed prime and denote by 7 a prime ideal dividing p in L. Write
er and fr for the ramification index and for the residue class degree of m,
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respectively. Since aff = +1, it is clear that both of o and ( are units in
L = Q(«), and therefore v, (a) = v (6) = 0.
Suppose first that ¢ = 0.
Since v, () = 0, we have by (4.3), (3.1), e, > 1 and the additive property
of the function v,, that
Up(tn) = vp(up —t) = i1/,r (ca™ +dp") <vq(c) +vr(A), (4.5)

Cr

()

Let us bound the quantities of the right hand side of (4.5). Denote by N (Z)
the norm of the ideal Z. By (4.4), we clearly have

vr(e) < ve(ug — upf3),

where

and therefore
pVﬂ(C) < N(ﬂ.)’/w(c) SN(W)Vw(m—uoﬁ) < ‘N]L/Q (Ul _ Uoﬁ)’ < Y3 4 9y?2
< (Y +2)%

So,
3log(Y + 2
v (c) < M.
logp
We next bound v, (A) from above. If A = 0 then w,, = 0 also holds, which by
our assumption n > ¢z and (ii) of Lemma 4.1 leads to a contradiction. Thus,
we may suppose that A # 0. We apply Lemma 3.1 to bound v, (A) on choosing

(4.7)

—d
l:27771 = —n2= éadl :1ad2:nadL§27fTr §2aeﬂ' SQ,D:TL
C 6]

By (i) of Lemma 4.1, we can take
H, = Hy = max{logp, 8log(Y +2)}.

Applying Lemma 3.1, we get
2

(IOZ e (max{logp, 8log(Y +2)})*logn.
(4.8)

If max{log p, 8log(Y +2)} = log p we obtain by (4.5), (4.7), (4.8), the fact that
p=>2,Y >1,n> c3 and some routine calculations that

ve(A) <19 (20V3-2)5 - 21og (4¢°)

vp(un) = vp(u, —t) < 2.5-10" log(Y + 2)p? logn,
while if max{log p, 8log(Y + 2)} = 8log(Y + 2) we get
p(un) = vp(u, —t) < 3.72- 10" log? (Y + 2)p* logn,

leading to a sharper upper bound than stated in the case t = 0.
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Assume next that ¢t # 0. By 3 = wa™! = £a~! and (4.3), an easy
calculation gives

Up —t=ca” +dp" =ca"(a "z — 1)(a" "z — 1), (4.9)

where

t+ V2 —4wmed

2c '
Recall that L = Q(«) and fix w € {—1,1} as well as the parity of n. Define
the number field K by

K {L(\/tQ + 4ed), if wh = —1;

Z12 = (4.10)

4.11

L(Vt? — 4cd), if w™ = 1. (4-11)
Tt is clear that in both cases dg = [K : Q] < 4. Let p be a prime and let p be
a prime ideal in K dividing p. Write e, and f, for the ramification index and
for the residue class degree of p, respectively. Using (3.1), Eq. (4.9) gives

Up(uy —t) = elp (vp (ca™(@ ™21 — 1) (a ™22 — 1))). (4.12)

Since « is a unit also in K and e, > 1, by combining (4.12) with the additivity
of the function v, we get

Up(up —t) <vp(c) +vp(a™21 — 1) +vp(a "ze — 1). (4.13)

Putting A1 := a7 "2;—1 and Ay := a~"z5—1 inequality (4.13) can be rewritten
as

Up(tn —t) < vp(c) + vp (A1) + vp(Ag). (4.14)
Since [K : L] <2 and vy(c) < vp(ur — uof) we have

2
pup(c) < N(p)up(c) SN(p)up(u1—uoﬁ) < (‘NL/@(ul _UOB)’) < (Y3 —|—2Y2)2
< (Y +2),

> 6log(Y +2)
ogY +

vp(c) < ogp
We next bound v,(A;) for ¢ = 1,2. It is clear that A; = 0 (¢ = 1,2) holds
if and only if o™ = z; (i = 1,2), which by (4.9) is equivalent with u, = t.
However, this is excluded. Therefore A; # 0 for i = 1,2. Note, that if dx = 4,
the number field K is a biquadratic number field. It is well known that in this
case f, < 2. Hence, it is clear that for p € K we are in one of the following
cases

(4.15)

(fr=1lande, <4) or (f,=2ande, <2). (4.16)

In order to bound v, (A;) for ¢ = 1,2 from above we use twice Lemma 3.1 with
the parameters

1227dK§4>771 :04777222’17d1 :_nad2:1aD:n
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to bound v, (A1) and with
l=2,dg <4,m =a,ne =29,dy = —n,do=1,D=n
to bound v,(A2). By (i) of Lemma 4.1, we have h(a) < 8log(Y + 2) and
therefore we may choose in both cases
H, = max{logp, 8log(Y + 2)}. (4.17)
Further, by combining (4.10) and (i) of Lemma 4.1 with some well-known

properties of the absolute logarithmic height function A(.), we may write for
i=1,2 that

A=) < h((20) ") +h (¢ V2 = dwned) < log(d]t]) + 8log(Y +2) + h(y),

(4.18)
where v = V2 — 4w"cd. Since
ed — +ud + uourr — u?
A
we obtain
v =Vt2 —dwned = \/AtQ — 4wn(iui+ Yot ? — u%) .
Thus, a straightforward calculation leads to
1
h(y) < 5 log (JANE2 +4(uf + uolfus [r| + u}) ). (4.19)

Since A > 0, we have |a| > |3, which together with w = £1 = a8 implies
that |3] < 1. Further, since & = r — 3, we have |a| < |r| + |f] < Y + 1, which
together with A = (o — 3)? leads to

IA| < (Y 4 2)% (4.20)
Now, the combination of (4.19), (1.4) and (4.20) gives
1 1
h(y) < 5 log(Y +2) + 5 log ((Y L)+ 4Y2),

which since Y <Y +2,Y > 1,]t| > 1 implies that

h() < glog(Y +2)+ %log(4t2) + %log <1 + 112> : (4.21)
Since
1 log(4t?) _
log(al) <"
we get by (4.18), (4.21), Y > 1 and [t| > 1 that
max{h(z1),h(z2)} < 8.751og(4]t|) log(Y + 2). (4.22)

Thus, (4.22) shows that we may choose in both cases

Hy; = max{logp,8.751log(4|t]) log(Y + 2)}. (4.23)
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By (4.16), we may write
/ 4 2/2 2p?
eppp2§max{ p_ v/ }g r_. (4.24)
(fplogp) log”p log”p) ~ log”p
Applying Lemma 3.1 we get by (4.14), (4.15) and (4.24) that

6log(Y + 2 2p?
vp(up —t) < Glog(¥ +2) +2-19(20v/3 - 4)% log (8€°) - ”2
logp log P

x max{log p, 8log(Y + 2)} max{logp, 8.751log(Y + 2) log(4|t|) } log n,

which together with p > 2,V > 1,[t| > 1 and n > ¢3 > 48log 3 leads to the
desired upper bound. The proof of Lemma 4.4 is complete. O

The next lemma deals with sums of factorials in binary recurrence se-
quences. This was originally proved by Grossman and Luca (see Theorem 1 of
[2]). For our purposes, we need a totally explicit version of Theorem 1 of [2]
in the case where A > 0 and w = +1.

Lemma 4.5. Let {u,},>0 be the non-degenerate binary recurrence sequence
given by (1.3) with A > 0 and w = +1. Further, let k > 1 and A > 1 be
fixed positive integers. Consider the equation

Up = aymq! + - 4 apmy! where la;] <A (1<i<k) (4.25)
in integer unknowns (n,ms, ..., my) with
my >mo >0 >my > 1. (426)

Then we have n < min(cg, ng), where ng := ng(k) is the largest positive integer
solution of the inequality

n < 2.08- (log(44) + 21.6¢4log”n)" .

Proof. If n < c3, then the statement is automatic. So throughout the proof
we shall assume that n > c3. Consider the Eq. (4.25) satisfying assumption
(4.26). We may assume that there is no vanishing subsum on the right hand
side of (4.25); that is, that we have

S amil #£0 (4.27)
i€1Cq{1,2,....k}

for each non-empty subset I C {1,2,...,k}. Note, that (4.27) can be assumed
without loss of generality, since otherwise we obtain an equation similar to
(4.25) with fewer terms.

For j=1,...,k put

J
Nj = Zak+1_imk+1_i! (428)
i=1
We show by induction that

log |4N;| < (log(4A) + 21.6¢4log?n)” . (4.29)
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For j = 1 we have |[4N;| = |4apmy!|. Further, since n > c¢3, by applying Lemma
4.4 with t = 0 and p = 2, we obtain
va(uy) < 4cqlogn. (4.30)

Further, by (4.26) it is clear that
va(ty) = va(army! + - - - + apmy!) > va(my!).

If my, > 4-(4deq logn) then Lemma 4.2 yields vo(my!) > 4eq logn, contradicting
(4.30). Thus, my, < 4 - (4deqlogn) = 16¢4 log n, whence

log |[4N1| < log |4ay| + my logmy, < log(4A) 4 (16¢4 logn)log(16¢4 logn).
(4.31)
We may assume that n > 16c¢4, since otherwise we obtain n < 16¢4, which
is better than the stated inequality. Since for n > ¢3(> 48log3) one has
loglogn/logn < 0.35 we may write by (4.31) that

log [4N,| < log(4A) + 21.6¢4 log® n. (4.32)

Suppose now, that (4.29) holds for some 1 < j < k. By rewriting (4.25)
in the form
Up, —Nj :ak,jmk,j!+~--+a1m1!, (433)

we easily see by (4.27) that the right hand side of (4.33) is nonzero and hence
u, # Nj. Further, by (4.27) N; # 0 also holds. Therefore, we may apply
Lemma 4.4 with p = 2 and ¢ = N;. We obtain that

vo(un — Nj) < 4eqlog(]4N;]) logn. (4.34)
Further, by (4.26) it is clear that
vo(up — Nj) = vo(arma! + - - - + ag—jmp—_;!) > va(my_;!).
If my—; > 4-4cqlog(|4N;|) logn then Lemma 4.2 yields
vo(mp—j!) > 4cqlog(|4N;]) logn,
contradicting (4.34). Thus, my—_; < 16¢4 log(|4N;|) log n, whence

log [4ag—jmi—;| < log(4A) + (16¢4 log(|4N;|) logn) log(16¢4 log(|4N;|) logn).

(4.35)
We may assume that n > 16¢4log(|4N;]). Indeed, if n < 16¢4 log(|4N;]), we
then get by (4.29) that

n < 16¢4 (log(4A) + 21.6¢4 log? n)j .
Further, since j < k — 1 the above inequality implies that
n < 16¢4 (log(4A) + 21.6¢4 log? n)k71 ,

which is better than the stated bound for n. Since for n > ¢3(> 48log 3) one
has loglog n/logn < 0.35 we may write by n > 16¢4 log(|4N;|) and (4.35) that

log |[4ax_jmi_;| < log(4A) + 21.6¢4 log(|4N;]) log® n. (4.36)
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It is clear that
4Nj+1 = 4Nj + 4ak,jmk,j!,
and hence
[4Nj 41| < |[4N;| + [dap—jmp—;!]-
Thus,
[ANj 41| < |4N;] + exp{log(4A) + 21.6¢4 log(|4N;|) log® n},

which is equivalent to

AN, 41| < [AN;| + 4AJAN;|?1-6calog® n (4.37)
Now, (4.37) implies that

AN 41| < [4N;] + 4AJAN; [21-0csTo"n,
which leads to

log [4N; 11| < log(4A) + 21.6¢4 log® nlog [4N;|

1
o (1 * 4A\4Nj|21.6(:4(1og2 n)l) : (4.38)

Since A > 1,|N;| > 1 and 21.6¢4(log? n) — 1 > 1 one has

log (1 + 4A|4Nj|21.i64(10g2 n)1> <01,
which by (4.38) yields
log [4N; 11| < log(4A) + 21.6¢4 log® nlog [4N;| + 0.1. (4.39)
The combination of (4.29) and (4.39) gives
log [4N; 11| < log(4A) + 21.6¢4 log® n(log(4A) 4 21.6¢4 log® n)? +0.1. (4.40)

Finally, since
log(4A) + 21.6¢4 log? n(log(4A) + 21.6¢4 log? n)?
< (log(4A) + 21.6¢4 log® n)7 1 — 1,
we obtain by (4.40) that
)j+1

log [4N; 11| < (log(4A) + 21.6¢4 log® n , (4.41)

finishing the induction.
Recall that by assumption n > c¢3, which guarantees that wu, # 0. The
above inductive argument together with (iii) of Lemma 4.1 shows that

log4 + (n — c10logn) log |a| < log(4|u,|) = log |[4Ny|
< (log(4A) + 21.6¢4 log” n)k ,
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whence

1 1
n < (log(4A) + 21.6¢4 log® n)k 1 + cio logn _—
oglal  (log(44) + 21.6¢4 log?n)

which together with n > c3,log(44) > 0,]a| > (1 ++/5)/2,k > 1 and the
definitions of ¢1¢ and ¢4 implies

n < 2.08 - (log(44) + 21.6¢4 log?n)" . (4.42)

The lemma is proved. 0

5. Proof of Theorem 2.1
Proof of Theorem 2.1. Suppose that
n > c¢g = max{cs, nq }. (5.1)
Since ni > ng, Lemma 4.5 implies that
Up — (army! + -+ apmy!) # 0.

Thus, we may write

Up = ayma! + -+ apmyi! + s, (5.2)

where s # 0 is some integer, |a;| < A and
mi > mo > ...>my > 1. (5.3)
We let P := P(s). By employing an inductive argument similar to the one

applied in Lemma 4.5, we derive an explicit upper bound for n in terms of
P, Ak and Y in equation (5.2), leading to an explicit lower bound for P and
therefore also for P(u, — (aymy! + - - + apmyg!)).

We may assume without loss of generality that there is no vanishing
subsum on the right hand side of (5.2), that is that

Z a;m;l + s #0 (5.4)
i€lC{1,2,....k}
holds for each non-empty subset I C {1,2,...,k} and each § € {0,1}. Indeed,
if there is an index set I C {1,2,...,k} and 0 € {0, 1} such that
Z a;m;! +ds =0,
i€IC{1,2,....k}

then (5.2) implies that

Uy = Z a;m;!l +s, if§ =0,

i€{1,2,....k\I

et n (5.5)
Uy = Z a;m;!, iféd=1.

i€{1,2,....k}\I
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Now, (5.5) shows that for § = 1 we obtain an equation similar to (4.25) which
for n > ng cannot happen, while for § = 0 we get an equation similar to (5.2)
with fewer terms.

If |s| = m;! for some i = 1,...,k, then (5.2) leads to an equation of the
form

Uy = aymq! 4+ -+ ai_lmi_l! + (Cli + 1)m,‘ + aj1migpr + -+ akmk!,

which by Lemma 4.5 gives n < ny, which is a contradiction in view of (5.1).
Put my41 := 0 and let mg be such that max{|s|,m!} < mg!. By (5.1),
there exists an index 0 < 75 < k such that

mk+1,¢0! < ‘S‘ < mk+1,i0,1!7 (56)
and fori=1,...,k+ 1 we put

A1 —i M 1—i) if i <o,
ti=1{s, ifi—ig+1, (5.7)
A(kt1)—(i—1)M(k+1)—(i—1)}, 17 > g + 2.

For j=1,...,k+ 1, we set
J
Nj = th (58)
i=1
We show by induction on j that for 1 < j <k+1

log |4N;| < (log(4A) + 2.7c4 P* log? n)j . (5.9)
For j =1 we easily see that
if !
Nt = s, T|s|<mk,
agmy!, if |s| > myg!.

Case 1. |s| < my!.

In this case N1 = s. Recall that P = max{p : p | s}. By (5.1), we have
that u, # 0 and therefore by applying Lemma 4.4 with { = 0 and with each
prime factor p | s, we obtain v,(u,) < c4p® logn, which yields

vp(un) < caP%logn (p| s). (5.10)

On using (5.3) for every prime p we infer that
vplarmy!l 4+ - + apmy!) > vy (my!). (5.11)
If my > 2P(cyP?logn) = 2c4P3logn, then Lemma 4.2 and p < P show that

vp(my!) > 7;—; > ¢4 P?logn

holds for every p | s, which by (5.2), (5.10) and (5.11) forces
Vp(up) = vp(s) (5.12)
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to hold for every p | s. Thus, (5.12) and (5.10) imply
log(]s|) = Z vp(s)logp = Z vp(u,)logp < ey P*(logn)w(P)log P.
pls pls
Since w(P) < 2P/log P (see Corollary 1 in [8]), the above inequality leads to
log(4|N1|) = log(4]s]) < log 4 + 2c4P?logn. (5.13)
Suppose now that my, < 2c4P?logn. Then since my! < my'*, we may write
log(|4my!|) < log4 + (2c4P?logn)log(2c4 P* logn). (5.14)

If n < 2¢4P3, then P > n'/3(2¢,)~ /3, which is a sharper lower bound for P
than stated. Therefore, we may assume that n > 2¢, P? which combined with
(5.14) and with loglogn/logn < 0.35 which holds for n > nq, we get

log(|4my!]) < log4 + 2.7c4 P? log® n. (5.15)
Since log(|4N1|) = log(|4s|), we obtain from |s| < my! and (5.15) that
log(|4N,|) < log4 + 2.7¢4P? log® n. (5.16)

Case 2. |s| > my!.

In this case, N1 = apms!. If mi > 2csP3logn then using the same
argument as in Case 1, we get that log(4|s|) < log4 + 2c4P3logn, which
together with my! < |s| and |ag| < A implies that

log(|4N1]) = log(|4apmy!|) < log(|4ars|) < log(44) + 2¢,P3logn.  (5.17)
Assume now that my < 2c4P3logn. Then by the argument applied in the
corresponding part of Case 1, we obtain

log(|4N,|) = log(|4armyg!|) < log(4A) + 2.7¢, P log® n. (5.18)

Finally, (5.13), (5.16), (5.17) and (5.18) show that in fact the bound occurring
in (5.18) is appropriate for all cases proving the assertion for j = 1.
Assume now that (5.9) holds for some 1 < j < k + 1. Rewrite (5.2) as

Up — Nj = army! + -+ agmy! + 0s, (5.19)

where 6 € {0,1} and ¢ := £(0,j,k) = k+ 1 —j — 6. It is clear that Nj;; =
Nj +tj41, where

I if (5 = = !
b = {agmg., if (6=0)or (6§ =1 and |s| > my!), (5.20)

s, if 6 =1 and |s] < mgl.

Further, N; # 0 and u, — N; # 0 hold in view of (5.4). Thus, we apply Lemma
4.4 with t = Nj to obtain v, (u, — N;) < cap®log(|4N;|) log n, for every prime
p. I p|sthen p < P, so

vp(u, — Nj) < c4P?log(|AN;]|) log n. (5.21)
Using (5.3), we get that
Vp(almll + -4 agmg!) > Vp(mgl). (5.22)
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We wish to estimate log |4¢;11|. To do so, we split the proof into three cases
according to the value of ¢;41 (see 5.20).

Assume first that 6 =1 and |s| < my!.
Then tj11 = s. If my > 2P(cyP?log(|4N;])logn) = 2c4P3log(|4N;]) logn
then Lemma 4.2 and p < P shows that

m
vp(mel) > 2—; > ¢, P? log(]4N;|) log n (p|s),

which by (5.19), (5.21) and (5.22) forces

vp(un — Nj) = vp(s) (P s). (5.23)
Thus, (5.21) and p < P imply
log(|s|) Zyp )logp = Zyp U, — Nj)logp
pls pls

< ¢4 P? log(|4N;])(log n)m(P) log P.
Since w(P) < 2P/ log P, the above inequality leads to
log(|4t;+1]) = log(4]s|) < log4 + 2¢4P* log(|4N;|) log n. (5.24)

Suppose now that m, < 2c4P?log(|4N;|)logn. Then, by the same argument
as in the corresponding part of the case j = 1, we obtain

log(4my!) < log4 + (2¢4P? log(|4N;|) log n) log(2c4 P* log(|4N;|) log n).
(5.25)
If n < 2¢4P3log(|4N;]) then (5.9); i.e., the induction hypothesis and j < k
yield

n < 2c4P3(log(4A) + 2.7¢,P3log® n)F < (log(4A) + 2.7c4 P* log® n)**1,

which leads to a sharper lower bound for P than stated. Therefore, we may
assume that n > 2¢4 P?log(|4N,|), which by (5.25), |s| < my! and log(logn)/
logn < 0.35 gives

log(|4t;11]) = log(4s|) < log(4my!) < log4 + 2.7¢, P log(|4N;|) log® n.
(5.26)
Suppose now that 6 = 1 and |s| > my!.

In this case, we have t;41 = agmy!. If my > 2¢4P?log(]4N;|) log n, then by
the same argument as in the corresponding part of the previous case, we obtain
that log(]4s|) is “small” (by “small” we mean a quantity bounded polynomially
in both P and logn), that is

log(|4s|) < log4 + 2¢4P?log(|4N;]) log n,
which by [dags| > |dagmy!| gives

log(|4t;+1]) = log(dagmy!) < log(|4ass|) < log(4A) + 24P log(|4N;|) log n.
(5.27)
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Assume now that my < 2c,P?log(]4N;|)logn. By the same argument as in
the corresponding part of the previous case, we obtain that log(|4asmy!|) is
“small”, that is

log([4t;.1]) = log(4agmy!) < log(4A) 4 2.7c4 P?log(|4N;|) log® n.  (5.28)

Finally, suppose that 6 = 0. Then it is straightforward that ;11 = agm,!.
We apply Lemma 4.4 with ¢t = N; and with some prime p; | s. We get

Vp, (n, — Nj) < e4 P? log(|4N;|) log n. (5.29)
By (5.3) and (5.19) (with § = 0) it is clear that for p; (actually for each prime
p|s), we have
Vp, (Un — Nj) > vp, (my!). (5.30)
If my > 2c4P31og(]4N;|) logn then Lemma 4.2 and p; < P shows that
Vp, (mg!) > caP?log(|4N;|) logn,

which is a contradiction in view of (5.29) and (5.30). Therefore, we may suppose
that my < 2c4P3log(|4N,|) log n. By the same argument as in the correspond-
ing part of the previous case, we obtain that log(|4asm,!|) is “small”, that
is

log([4t;.1]) = log(4agmy!) < log(4A) 4 2.7c4 P?log(|4N;|) log® n.  (5.31)

Now (5.24), (5.26), (5.27), (5.28) and (5.29) show that in fact the bound oc-
curring in (5.29) is appropriate for all cases proving that

log(|4tj41]) < log(4A) + 2.7¢4P*log(|4N;]) log? n. (5.32)
Since N1 = N; +t;41, we obtain by (5.32) and the triangle inequality that
[AN; 41| < |4N;| + exp{log(4A) 4 2.7c4 P?log(|4N;|) log® n},
whence e
|AN; 11| < [4N;| + 4A|AN; |2 Teal log™n, (5.33)
Inequality (5.33) leads to
log [4N; 11| < log(4A) + 2.7c4 P? log(|4N;]) log® n

1
+ log (1 + AA[AN, 2 TesP® 10g2n_1>7

which by A > 1,|N;| > 1,P >2,n>n; and ¢4 > 5.6 - 1017 log? 3 yields
log [4N; 1| < log(4A) + 2.7¢, P log(|4N;|) log® n + 0.1. (5.34)

Further, by the combination of (5.34) with the inductive hypothesis (5.9),
we infer that

log [4N; 11| < log(4A)+2.7¢4 P3 log® n(log(4A)+2.7¢, P3 log® n)’ +0.1. (5.35)

Since for every uw,v € R with u > 1,v > 1 and every integer j > 1 one has
u+v(u+v) < (u+v)Tt -1, we get by (5.35)

log(4A) + 2.7¢4P3 log® n(log(4A4) + 2.7¢4P3 log? n)? 4 0.1




Vol. 78 (2023)  Additive Diophantine Equations with Binary Recurrences Page 19 of 32 116

< (log(44) + 2.7¢4P3log® n)’*1 — 0.9,
whence -
log [4N; 11| < (log(4A) + 2.7c4 P? log? n)JJr , (5.36)
finishing the induction.

Recall that n > ¢g = max{nq,cs}, which guarantees that u, # 0. The above
inductive argument together with (iii) of Lemma 4.1 shows that

log4 + (n — c10log n) log |a] < log(4fu, ) = log [N

< (log(4A) +2.7¢,P? log2 n) i ,
leading to
1 1
n < (log(44) + 2.7¢,P* log?n) """ + foosn I
log |af (log(4A) + 2.7¢,P3log” n)

which since n > ¢3,log(4A4) > 0,|al > (14++/5)/2,k > 1 and the definitions of
c19 and ¢4 implies that

n < 2.08 - (log(4A4) + 2.7c4P*log® n) s (5.37)
Finally, (5.37) and P > 2 yield
n < 2.08 - p3k+3 (Og(g) + 2.7¢4 log? n) ; (5.38)
which is equivalent to
n \ 373 [log(4A -1/3
P> (m) e <g;) +2.7¢4 log? n> . (5.39)
The theorem is proved. g

Remark. For the equation
F, = mq! +ma! +23°5°74,

where F), is the Fibonacci sequence, we may use (5.38) (or (5.39)) with k& =
2A=1,P=7Y =1,¢, =5.6-10"7log*(Y +2) = 5.6 - 10'7 log® 3 to obtain

n<2-10% (< 10%). (5.40)

6. Proof of Theorem 2.2

Proof. 1t is enough to show that assumption n > c¢g implies n < cg yielding
the desired upper bound (2.5); i.e., n < max{cg,cs} = ¢7.
Suppose that n > ¢ and rewrite Eq. (2.4) in the form

k
Wy — Zaimi! = bs. (6.1)
i=1
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We investigate the quantity P (un — Zle aim,-!); i.e., the greatest prime di-

visor of u,, — Zf_l a;m;!. On one hand, by (6.1) we have

(un Zalmz > = P(bs) < max{P, A}. (6.2)
On the other hand, since n > ¢g, Theorem 2.1 gives

P(bs) = (un Za mﬂ) > ¢5(n), (6.3)

where c¢5(n) is defined in the statement of Theorem 2.1. Now, the combination
of (6.2) and (6.3) yields

anrs (log(44 ht
n < 2.08 - (max{P, A})3+3 (Og;) +2.7¢q log? n> . (64)
By A > 1,n > ¢g and the definition of ¢4 we easily see that
1
+ < 0.74,
8-2.7-cylog’n  log(44)
which together with (6.4) yields
n < co - log? % n, (6.5)

with
co = 2.08 - (max{P, A})***3 . (2¢, log(4A))* 1.
Finally, by applying Lemma 4.3 to (6.5) with the parameters
r=n,u=0,v=cyg,h =2k+ 2,
we obtain that n < cg, where

Cg := max {22k+2 Cy log%‘|r2 ((Qk + 2)2k+2 09) , (4e2)2k+2} .

The theorem is proved. O

7. Preliminary Results on Fibonacci and Lucas Numbers
The recurrence sequence {Fy, },>o defined by
FO = O,Fl = 1,Fn = Fn—l + Fn_Q (n Z 2)

is called the Fibonacci sequence, and the elements belonging to this sequence
are called Fibonacci numbers. The recurrence sequence L,, given by

LO = 2, L1 = 1, Ln = Ln,1 + Ln,Q (n Z 2)
is called the companion sequence of the Fibonacci sequence, and the elements

belonging to this sequence are called Lucas numbers. We have o = (14+/5)/2
and 3 = (1 —+/5)/2 for the above sequences.
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In this section we collect results about Fibonacci and Lucas numbers
which are needed in the proof of Theorem 2.3.

Lemma 7.1. Let F,, denote the n*™ Fibonacci number.
(1) 2| F, < 3|n;

(2)

(3) 3 | F, <= 4-3*1|n;
(4) 5% | F, <= 5" |n;

(5) ™| F, < 8- 71 |n;
(6) 11% | F,, <= 10-11%71 | n;
(7) 13% | F, < 7-13k1|n;
(8) 17* | F,, <= 9171 |n;
(9) 19% | F,, <= 18-19%71 | n;
(10) 29% | F,, <= 14-29%"1 | n.

Proof. This is a simple consequence of the Main Theorem, Lemma 1 and

Lemma 2 of [4]. O
Lemma 7.2. Let L,, denote the n'* Lucas number. Then

vo(Ly) < 2.
Proof. This is a simple consequence of Lemma 2 of [4]. O

Lemma 7.3. Let N be a positive integer not of the form F,, for some positive
integer m. Then for all positive integers n > 3 one has

vo(F, — N) < 17301og(6N?) max{10, log n}?.
Proof. This is Lemma 1 of [1]. O

Lemma 7.4. Let n > 0 be an integer and m € {3,4,5,6,7,8,9,10,12,14, 18}.
Assume that

30! | F, — F,.
Then the the parity of n and m must be the same.

Proof. We have the following cases to consider:

o if m =3 then F,, =2 (mod 8) which by Lemma 7.1 implies that n = £3
(mod 12);

e if m =4 then 3 | F,, which by Lemma 7.1 implies 4 | n;

e if m = 5 then 5 | F,,, which by Lemma 7.1 implies 5 | n. If n would
be even, then by 10 | n we would get 11 | F,, and since 11 | 30! this
contradicts the fact F;,, = 5, consequently n must be odd;

e if m = 6 then we have 8 | F}, which by Lemma 7.1 implies 6 | n;

e if m = 7 then we have 13 | F,, which by Lemma 7.1 implies 7 | n and
if n would be even, then we would have 14 | n implying 29 | F,, which
together with F,,, = 13 contradicts 30! | F,, — Fy;

e if m = 8 then we have 7 | F,, which by Lemma 7.1 implies 8 | n;
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e if m = 9 then we have 17 | F,, which by Lemma 7.1 implies 9 | n and
if n would be even, then we would have 18 | n implying 19 | F,, which
together with F,,, = 34 contradicts 30! | F,, — Fi;

if m = 10 then we have 11 | F,, which by Lemma 7.1 implies 10 | n;

if m = 12 then we have 16 | F,, which by Lemma 7.1 implies 12 | n;

if m = 14 then we have 29 | F,, which by Lemma 7.1 implies 14 | n;

if m = 18 then we have 8 | F}, which by Lemma 7.1 implies 6 | n.

Thus, we have proved that the parity of n and m must be the same. O

Lemma 7.5. Let m < n be two nonnegative integers such that m = n (mod 2).
Let § := (—1)(m=")/2, Then,

Fn - Fm = F(n—&m)/QL(n—Q—Jm)/Q'
Proof. See Lemma 2 of [6]. O

Lemma 7.6. Let F,, denote the Fibonacci sequence.
(i) Assume that (p,k) € {(2,267),(3,168),(5,114),(7,95)} and let ma be an
integer with 1 < mo < 600. Then the congruence

F, =my! (mod p*)

has no solutions in integers 4 < n < 1077,

(ii) Assume that (p, k) € {(2,56), (3,36), (5,26),(7,21)} and let mo be an in-
teger with 1 < mo < 600. Then the congruence
F, =my! (mod p)

has no solutions in integers 4 < n < 10'°,

Proof. (i) The problem is finite since all parameters and unknowns in the
congruence are bounded. However, a direct computation is not possible
due to the size of the range of n. Thus, we used the constructive method
indicated below. For given msy and p we first we solved the congruence

F, =ms! (mod p)
by checking all values of 0 < n < 7(p), where m(p) denotes the pth Pisano-
period. Then we worked inductively. If the solutions of the congruence

F, =msy! (mod p*)
are sq,...,s; modulo m(p)p“~! then the solutions of the congruence

F, =msy! (mod p"T) (7.1)
must be among s; + jr(p)p*~t (i=1,...,t,7=0,1,...,p — 1) modulo
m(p)p*. Here one must be careful again, since computing the Fibonacci
number of index s; + jm(p)p*~! after a while is not possible, so instead
we computed recursively the values o T/7(PP" (mod I,) and g+ (@)p"

(mod I,,) where o and 3 are the roots of the companion polynomial of the
Fibonacci sequence and I,, denotes the ideal of the ring of integers of Q(«)
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(i)

u—1

generated by p* for u = 1,... k. Clearly as o (mod I,,) and /7P
(mod I,,) were already computed in the previous step, we only raised
adm@p" (mod I,,) to power p and multiplied the result by of (mod I,,)
to obtain a*+™(®)P" (mod I,,), and did the same for 3. This procedure
worked fast, and we could check the congruence

Qfitim@p” _ gsitin(p)p” = (= B)my!  (mod I,11)

to decide whether s; + jm(p)p*~! is a solution of (7.1) or not. The above
algorithm programmed in Magma proved our assertion for given ma, p, k
in under a few seconds.

The very same algorithm proves this statement in even less running
time. 0

8. Proof of Theorem 2.3
Proof. By (5.40) we infer that for any solution of the equation (2.6) we must

have

n <10,

We will split the analysis into cases.
Case I. Assume mq! > \/F,.

Then we have
F, < (my!)? (8.1)

and we further split our treatment of Case I. into subcases:
Case I(1). Assume m; < 10%.

Then we have

4
ml! < (ml)ml < 104‘10 ;

and by (8.1) we obtain

F, < (m)2 <10%1%" so n < 3.82810°.

By Lemma 7.1, we have

3.828 - 10°
vo(Fo) < 24 12(n/3) < 2+ log, 7 < 2+ logy “—— < 19,

3.828 - 105
v3(Fn) <1+uw3(n/4) <1 +log3% <1+ logs — < 12,

vs(Fy,) < vs(n) <logsn < logs(3.828 - 10°) < 8,

3.828 - 10°
vi(Fp) <14wv7(n/8) <1 +log7% <1+log, —g < 7.

Case I(1)(i). Assume mso > 49.
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Then we clearly have
va(mil 4+ mgl) > 47 > 1a(F,), wvs(mi!l+mal) > 22 > v3(F),),
vs(mil 4+ mal) > 12 > v5(Fy), vr(mi!l+ma!) > 8 > v7(F,).
Thus, Eq. (2.6) implies
va(s) = va(Fy), wvs(s) =vs(Fn),
vs(s) = vs(Fy), ve(s) = ve(Fn).

Now we compute the list £ of all values

(8.2)

my! 4+ mo! for 49 < mg < my < 10%
and we check for each 1 < n < 3.828 - 10° whether F,, — s € £, where

g = 9v2(Fn) gus(Fn) gvs(Fn) qvr(Fn)

Since the size of £ and the number of values for F), is large, and also the values
with which we need to do arithmetic are too large, instead of checking equality
we check congruences

F,—s=mil+my! (mod p)

for p = 20011, 20021, 20023. Denote the list £ mod p by L. First for every
u = 0,1,...,20010 we collected all indices ¢ such that Logo11[i] = u in a
list J,. Then for the smallest positive residue u = F,, — s (mod 20011) and
for all indices j in J[u] we checked if Logp21[j] = Fr — s (mod 20021) and
Looo23[j] = Fn — s (mod 20023) holds. If for all j in J[u] one of the above
congruences was false, then we excluded n from the list of possible solutions
(at least in this case). The computation took 1085s on an Intel Xeon W-2245
3.90GHz CPU processor and the only values for n which were not excluded
by this procedure were n = 198489, 228652, 375659. Then, as explained above,
s = 2v2(Fn)3vs(Fn) 5vs (Fn)7vr(Fn) ig fixed and we computed the value F,, — s. If
F, — s = mq! + mo! with my > mao, then my! is the largest factorial which is
smaller than F,, — s, and we checked that F},, — s —m1! is not a factorial, thus
excluding that value of n, too. In the three remaining cases we obtained the
following data:

n S mi

198489 2 11444
228652 3 12987
375659 1 20271

and we conclude that none of the values n = 198489, 228652, 375659 is a
solution in this case.

Case I(1)(ii). Assume 1 < mg < 48 and my > 56.
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Then we additionally have m; — mo > 8 which clearly implies
vp(ma! + ma!) = v, (ma!) forpe S.
Thus, whenever for every p € S either v,(ma!) # v, (F),) or

Fn m2!

Vp(mQ!) = VP(Fn) and pr(Fn) pup(ng) (HlOd p),
then we must have
vp(s) = min(v,(ma!), vp(Fy)) forp € S.

Thus, s is explicitly given. So, we compute F;,, — s and exclude all such values
of n for which F,, — s is not the sum of two factorials, as we did it in Case
I(1)(i). There are 1338980 cases when the pairs (n, mz) do not fulfill the above
conditions. For each such pair (n,ms) we compute for each p € S the value
v, (F,, —ma!) and we see that

vp(Fy, —ma!l) < 1, (56!) < vp(mql),
which implies that
Up(s) = vp(F, — ma!l) forpe S.

Thus, also in these cases s is explicitly given, and then we compute F;, — s and
exclude all such values of n for which F;, — s is not the sum of two factorials, as
we did it in Case I(1)(i). There are only 3 cases where the above procedure does
not work, namely (n,mz) = (1,1),(2,1),(3,2), when we do have F,, = ms!,
which clearly cannot lead to a solution. The computation of this case took
2018 s on a Intel Xeon W-2245 3.90 GHz CPU processor.

Case I(1)(iii). Assume 1 < mg < 48 and m; < 55.
Then

my! < 55%
and by (8.1) we obtain
F, < (my")? < 5510 o n<920.
Now for n < 920, 1 < mo < 48 and msy < my < 55 we check whether
F,—mi!l—myl €.,

and if yes, then we have found a solution of our equation. Altogether, we
found the solutions listed in Theorem 2.3. This case had a running time of a
few seconds. (Clearly, one could also check for the condition F,, < (mq!)? if
interested only on the solutions belonging to Case I.)
Case I(2). Assume m; > 10%.

In this case we still have (8.1) (i.e. F,, < (m1!)?) since we are in a subcase
of Case I. Further, recall that by (5.40) all solutions of the Eq. (2.6) have

n <107, (8.3)
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This together with Lemma 7.1 shows that

n 1077
va(Fy) <24 1v5(n/3) <2+ log, 3 <2+ log, 3 < 257,

n 1077
v3(Fp) <14 wvs(n/4) <1+ logs 1 <1+ logg - < 162,

vs(Fn) < ws(n) <logsn <logs(107") < 111,
n 1077
v7(F,) <14 wv7(n/8) <1+ log, 3 <1 +log, —5 < 92.

Case I(2)(i). Assume m; > 10* and my > 600.
Then we have
va(mal 4+ mal) > 596 > 1a(F,), wvs(mq!l+ mal) > 297 > v3(F),), -
vs(mil 4+ mgl) > 148 > v5(F,), wvz(ma! + ma!) > 98 > v7(F),). (84)
This proves that we again have (8.2) implying that
5 < 925731625111702
Using Lemma 7.3, we obtain
vo(F, — 5) < 17301og(65%) log? n < 173010g(2°1°332°52227184) 102 (1077)
< 10109,
This gives
ma

me Mo 10.9
R I N=w(F,—s) =1 .
5 + 1 + 5 = va(ma!) = vo(F,, — 8) 0

Thus, my < % -10199 < 10! and
my! < mir < (101110 < 1011107,
Hence,
mol + s < 1011~1011 4 925731625111792 - o 1011~1011.
Now we use again Lemma 7.3 to obtain
va(Fy, — (s +ma!)) < 17301og(6(s + ma!)?) logn
< 17301og(6 - 4 - 1022*10" ) 10g%(1077) < 102045,
and consequently

% < va(my!) = 1a(Fy, — (s + my!)) < 10294,

We get m; < 2-102°4 < 10208 and this implies
my! < mvlm < (1020.8)1020'8 < 1020.8-1020'8 < 101022-12'
Now we get

F,=my! +myl +5< 101022-12 + 1011.1011 4 925731625111792 - o 101022'12,
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SO
n < 10%.

We repeat the above procedure. Using Lemma 7.1, this shows that
n 1023
va(Fn) <24 1a(n/3) <2+ log, 3 S2+logy —— <77,

n 1023
v3(Fy,) <14 wv3(n/4) <1+ logg 1 <1+ logs - < 48,
vs(F,) < vs(n) <logsn < logs(10%) < 33,

n 10%
v7(Fp) <1+ wv7(n/8) <1+ log; 3 <1+log, —5 < 28.

By the assumption ms > 600 we get again (8.4) so equations (8.2) hold im-
plying that
va(s) <77, w3(s) <48,

vs(s) <33, wr(s) < 28.

Now using a short computer program we consider the equation

(8.5)

F,=mi'+ma! +s
modulo primes between 100 and 600. For each such prime p we have
F,=s (modp)

and the computer search shows that this congruence is fulfilled simultaneously
for all primes between 100 and 600 if and only if

s€{1,2,3,5,8,21,144}.
That is, we must have
s=F, form=1,23,4,568,12.
Now our Eq. (2.6) takes the form
F, — F,, = my! +my! (8.6)

with m = 1,2,3,4,5,6,8,12. By Lemma 7.4, in Eq. (8.6) the parity of n and
m must be the same. So, we can use Lemma 7.5 and we obtain

Fon—smy/2Lnyomy/2 = mal +mal,
where § = +1. Recall that since my > 600, we have
va(mq! 4+ ma!) > 596,
and since v5(Ly) < 2 (see Lemma 7.2), we obtain that
Va(Fln—smy/2) > 594.
However, this shows that

n>3-2°2 > 1077,
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which contradicts (8.3). So, we have shown that in Case I(2)(i) our equation
has no solution.

Case 1(2)(ii) Assume that m; > 10* and msy < 600.
Now we show that in this case

1/2(8) < 267, V3(S) < 168,

V5(S) < 114, V7(S) < 95. (87)

For if not assume for example that v5(s) > 267. Consider the Eq.(2.6) as a
congruence modulo 2257, Thus we obtain that for any solution of (2.6) fulfilling
the conditions of this subcase we have

F, =msy! (mod 2%°7).

However, by Lemma 7.6 (i), this has no solutions with 4 < n < 1077. But
solutions with n > 107" do not exist at all, and since m; is large n < 4 also
cannot happen in this case. So we conclude that if there exists a solution in
the present subcase, then it must have vo(s) < 267. A similar reasoning proves
the other inequalities of (8.7).

Now since s < 220731685114795
in Case I(2)(i). We have

m2! +s< 600! -+ 226731685114795 < 101410

we may use again the ideas implemented

and using again Lemma 7.3 we obtain
vo(F, — (5 4+ma!)) < 17301og(6(s + ma!)?)log? n
< 17301og(6 - 10%2°) 10g?(1077) < 10115,

Consequently,
% < V2<m1!) = V2(Fn _ (s +m2!)) < 1011.557

so we get my < 2- 101155 < 102, This implies

013.1

myl <mi" < (1012)107 < 1012107 < 10!
Now we conclude by
Fp=ml+mpl+s < 101077 4 600! + 226731085114795 < 9. 1010,
SO
n < 10",

Using Lemma 7.6 (ii) the same way as we used its statement (i) at the beginning
of this case, we obtain that

1/2(3) < 56, Vg(S) < 36,

vs(s) <26, wr(s) <21. (8.8)
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Now using a short computer program as in Case I(2)(i) we considered the
equation

F,=mi!'+ma! +s
modulo primes between 100 and 800. For each such prime p we have
F,=mo!l4+s (mod p)

and the computer search shows that this congruence is fulfilled simultaneously
for all primes between 100 and 800 if and only if

mo! + s € {2,3,5,8,13,21, 34, 55,144, 377,2584}.
That is, we must have
mo!l + s = Fyy for m =3,4,5,6,7,8,9,10,12, 14, 18.

The running time for this computation was 112s on a Intel Xeon W-2245
3.90GHz CPU processor.
Now our Eq. (2.6) takes the form

F, — F, =m! (8.9)

with m = 3,4,5,6,7,8,9,10,12,14,18. By Lemma 7.4, in Eq. (8.9) the parity
of n and m must be the same. So, we can use Lemma 7.5 and we obtain

Fln—sm)/2L(n+sm) /2 = mal,
where § = 1. Recall that by m; > 10* we have
va(mq!) > 9995,
and since by Lemma 7.2 we have v5(Ly) < 2, we obtain that
Vo (Fln—sm)/2) > 9993.
However, this shows that

n>3.2%% 5 1077

which contradicts (8.3). So we have shown that in Case I(2)(i) our equation
has no solution.

Case II. We assume my! < /F,.
Then from Eq. (2.6) with the notation s = 223°5°7? we obtain

1- 2“3b\/32c+17dof” = (V5 -m!+ V5 -mal +a ")a " (8.10)

and by the condition of Case II we have
1 —2930/5” 7dg | < (2v5V/F+a")a™" <

n 4
< (2{4/5015 + of") a "< —.

= "
a2

(8.11)
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We clearly may assume that n > 10, so 4/04"/2

we infer that

< 0.4. Now using Lemma 3.4

—log 0.6 6
—= 4 .a 2 <
0.4 @ o

w3

lalog2 4 blog 3 + (2¢ 4 1) log V5 + dlog 7 — nlog a| <

w3

The conditions of Lemma 3.3 are fulfilled with
n="5, a; =log2, as =1log3, az=IlogVb, as =log7, as=loga,
and
zi=a, xo=0b, 135=2c+1, 24=d, v5=-n, X =2-100 +1,
ca =6, c5 =05 loga, H=10", ¢=1.
Choosing C' = 10%*%° and using the LLL-algorithm implemented in Magma we
obtain an LLL-reduced basis of £. By Lemma 3.2 we get a lower bound c¢g for

the length of the shortest vector of L. Finally, Lemma 3.3 provides the upper
bound H < 3077. Now using Lemma 3.3 with

H =3078, Xog=2-3078+1, C =10%*

by the above procedure we infer that H < 219. Now we use once more Lemma
3.3 with H = 220, Xo =2-220+ 1, C = 10%*, and by the above procedure we
get

H < 199.

This shows that n < 200 and consequently, ms < m; < 36. So to conclude the
proof of our theorem for all natural numbers n < 200 and ms < m; < 36 with
F, — mi! — mo! > 0 we check whether there exist a,b, c,d € N such that

F, —my! —my! = 293574,

and we get exactly the solutions listed in Theorem 2.3. (Clearly, one could also
check the condition F,, > (m1!)? if interested only in the solutions belonging
to Case II). O
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