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Abstract

We prove that spectral synthesis holds on a discrete Abelian group G
if and only if the torsion free rank of G is finite.

1 Introduction.

Let G be a locally compact Abelian group and let C'(G) denote the linear
space of all complex valued continuous functions defined on G equipped with
the topology of uniform convergence on compact sets. By a variety on G we
mean a translation invariant closed subspace of C'(G). A nonzero continuous
function m € C(G) is called an exponential if m is multiplicative; that is, if
m(z +y) = m(x) - m(y) holds for every z,y € G. A function is a polynomial
if it belongs to the algebra generated by the continuous additive functions.
An ezxponential monomial is the product of a polynomial and an exponential.
If a variety is spanned by exponential monomials, then we say that spectral
(or harmonic) synthesis holds for this variety. If spectral synthesis holds for
every variety on GG, then we say that spectral (or harmonic) synthesis holds
on G.
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It was proved by M. Lefranc in [7] that for every finite n, spectral synthesis
holds on the group Z" equipped with the discrete topology. R. J. Elliot
claimed in [2] that spectral synthesis holds on every discrete Abelian group.
As it turned out, Elliot’s proof was defective. In fact, by a recent result of
the second author of this note [11], the statement is false. Let ro(G) denote
the torsion free rank of GG; that is, the cardinality of a maximal independent
system of elements of infinite order. In [11] it is shown that spectral synthesis
fails on every Abelian group G with ro(G) > w and a problem is formulated:
is it true that if spectral synthesis fails to hold on a discrete Abelian group,
then its torsion free rank is at least w ? In this paper we answer this question
in the affirmative, and thus obtain the following result.

Theorem 1. Spectral synthesis holds on a discrete Abelian group G if and
only if ro(G) is finite.

This result also verifies the conjecture formulated by the second author
in [12]: spectral synthesis holds on a discrete Abelian group if and only if any
complex bi-additive function on the group is a bilinear function of complex
additive functions.

As an immediate corollary of Theorem 1 we obtain the following.

Theorem 2. If spectral synthesis holds on the discrete Abelian groups G and
H, then it also holds on G x H. O

It would be interesting to find a direct proof of Theorem 2. In fact, such
a proof could simplify the proof of Theorem 1 considerably. As we shall see
in Section 3, in order to prove Theorem 1 it is enough to check that spectral
synthesis holds on the groups Q" x T', where n is a positive integer and T is a
torsion group. In possession of Theorem 2 it would be enough to prove that
spectral synthesis holds on Q and on every torsion group. The case of torsion
groups is relatively simple, using the compactness of their character groups
in the product topology (see [1], and Lemma 15 below). Also, the case of
Q is much easier than that of Q™ with n > 1; this is due to the fact that
the structure of ideals of Clx] is much simpler than those of Clz,...,z,] for
n > 1.

It should be noted that the statement of Theorem 2 is false for locally
compact Abelian groups. Indeed, by L. Schwartz’s celebrated theorem, spec-
tral synthesis holds on R with the usual topology (See [10], [4] and [5].) On
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the other hand, as D. I. Gurevi¢ showed, spectral synthesis does not hold
on R? (see [3]). Therefore, any proof of Theorem 2 must use some special
properties of varieties on discrete groups. In the next section we present two
such properties. First, we show that on discrete groups there is a complete
duality between the varieties and the ideals of measures, unlike on some lo-
cally compact groups. Also, on discrete groups, the restriction of a variety
to a subgroup is again a variety, while on a locally compact group this is not
necessarily the case. This latter observation (Theorem 3) is crucial in our
proof of Theorem 1.

2 Preliminaries.

The linear space C(G) endowed with the topology of uniform convergence
on compact sets is a locally convex topological vector space. The set M (G)
of all signed measures on G having compact support is a ring under the
operations of addition and convolution. If G is discrete, then every function
is continuous on G, and thus C(G) consists of all complex valued functions
defined on G. Also, in a discrete group a set is compact if and only if it is
finite, and thus M.(G) consists of all measures concentrated on finite sets.

We return to general locally compact Abelian groups. According to the
Riesz representation theorem, the continuous linear functionals on C(G) are

of the form f+— [ fdu (f € C(G)), where u € M.(G).
Let V' be a variety on GG, and put

VL:{MGMC(G):/fd,u:()forevernyV}.
G

It is easy to check that V1 is an ideal of the ring M.(G).

If I € M.(G) is an ideal then we shall denote by I the set of functions
f € C(G) such that [ fdu = 0 for every u € I. Then I+ is a variety on
G. Indeed, it is easy to see that I+ is a closed linear space. In order to
prove translation invariance, let f € I+, y € G and u € I be arbitrary.
If 4, denotes the Dirac measure concentrated at the point y, then we have
0y % € I, as I is an ideal. Thus

|t vyan= [ pae,sm=o.
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which proves that I+ is translation-invariant.

We shall also need the fact that V++ =V for every variety V. It is clear
that V C V1+ for every variety V. To prove the other inclusion, suppose that
f € V14 that is, fodu = 0 for every u € V4, but f ¢ V. Then the local
convexity of the space implies the existence of a continuous linear functional
L such that Lf # 0 and Lg = 0 for every g € V. Let u € M.(G) be such
that [,gdu = Lg for every g € C(G). Then p € V* and [, fdu # 0, a
contradiction.

It is obvious that I C I*+ holds for every ideal I C M.(G). The inclusion
can be proper, as the following simple example shows. Consider G = R with
the usual topology, and let I denote the ideal generated by the measures
o = 00— 01y (n=1,2,...). If f € I*, then f is periodic mod 1/n for every
n, and thus, by continuity, f must be constant. Therefore §y — d, € I++
for every a € R. However, o9 — 6, ¢ I if « is irrational. Indeed, for every
positive integer N there is a continuous function f such that f is periodic
mod 1/n for every n < N but f is not periodic mod «. This easily implies
that dyp — 0, does not belong to the ideal generated by u, (n < N). Now
09 — 0o € I would imply that dy — d,, belongs to an ideal generated by finitely
many of the measures p,, which is not the case.

Now we prove that if the group G is discrete, then I+ = I holds for
every ideal I C M. (G). We only have to prove I+t C I. If v € I*+, then
fodl/ = 0 for every f € I+. Suppose v ¢ I. Since I is a linear subspace
of M.(G) and v ¢ I, there is a linear map L : M.(G) — C such that L
vanishes on I and L(v) # 0. Let f(z) = L(J,) for every x € G. Then

Liw) = /G s 1)

for every u € M.(G). Indeed, (1) is true for p = 4, for every x € G by
the definition of f. If G is discrete, then every p € M.(G) is a finite linear
combination of measures concentrated on singletons, and thus (1) holds by
the linearity of both sides. Now, if € I, then [, fdu = L(u) = 0 by the
choice of L, and thus f € I*+. On the other hand, fG fdv = L(v) # 0, which
contradicts v € I++.

Let G be a locally compact Abelian group, and let V' be a variety on G.
If H is a closed subgroup of G, then we denote by V|g the set of functions

{fla: feV}



In general V|y need not be a variety, as the following example shows.
Let G = R with the usual topology, and let a be a fixed irrational number.
We define V' as the set of all functions f € C'(R) which are periodic mod
a. Clearly, V is a variety on R. We show that V| is not a variety on Z,
as Vz is not closed. To prove this, first we show that V|z is everywhere
dense in C(Z). Indeed, let g : Z — C be an arbitrary function and let U be
an arbitrary neighbourhood of g. Then there are a positive integer N and
a positive number ¢ such that U contains every function h : Z — C for
which |h(n) — g(n)| < € for every |n| < N. Now it is easy to see that there
exists a function f € V such that f(n) = g(n) for every |n| < N. Indeed,
the set S = {n+k-a:|n| < N, k € Z} is periodic mod «, and only
has a finite number of elements in the interval [0, a]. Let (z;);cz be a double
infinite sequence such that S = {z; : ¢ € Z} and z;,_y < z; for every i. Let
f(n+k-a) = g(n) for every |n| < N and k € Z. Then f is defined on S and is
periodic mod «. Extend f to R as a linear function in each interval [x; 1, z;].
It is easy to see that f is continuous and is periodic mod «; that is, f € V.
Since f(n) = g(n) for every |n| < N, it follows that f|; € U. This implies
that g is in the closure of V|7 and, as g was arbitrary, V|z is everywhere
dense in C'(Z). On the other hand, V|z # C(Z), since each element of V| is
bounded. Therefore, V|7 is not closed and, consequently, is not a variety on
Z.

In the next theorem we show that this phenomenon cannot occur in disc-
rete Abelian groups. For every u € M.(G) the support of u will be denoted
by supp p. Clearly, if p has finite support then supp u = {z : u({z}) # 0}.

Theorem 3. Let G be a discrete Abelian group, H a subgroup of G, and let
V' be a variety on G. Then

(i) Vg is a variety on H.

(ii) For every function f : H — C we have f € V| if and only if [, f du =
0 whenever u € V+ and supp p C H.

Proof. First we prove (ii). Suppose that f € V|y, u € V+ and supppu C H.
Let g € V be such that g|y = f, and let u = > | a;0,,, where a; € C and

i=1
x; € H for every i = 1,...,n. Since u € V+, we have

/Hfd/i_;%'f(l'i)_;ai'g(xi)_/ngu_O,
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which proves the ‘only if” part of the statement.

Next we prove the ‘if” part of (ii). Suppose that f : H — C satisfies
the condition formulated in (ii); we show f € V]y. If p € M. (G) and
= > a0, then we shall denote by ¢(u) the sum of those terms a;d,,
for which x; € G\ H. If there is no such term; that is, if supp u C H, then
we define ¢(u) = 0. Clearly, ¢ is a linear map from M, (G) into itself. We
put

-1Lfﬂu—¢w» (2)

for every u € V. Then L is well-defined; that is, if u,v € V+ and ¢(u) =

(1), then
/fdu "y /fdv— (3)

Indeed, ¢(u) = ¢(v) implies ¢(u — v) = 0; that is, supp (u — v) C H. Since
pu—v € V=, it follows from the condition imposed on f that fH fd(p—v)=0.

Thus [,, fdu = [, f[dv and, as ¢(p) = ¢(v), (3) holds.

Therefore, (2) defines a linear map L : ¢ (Vl) — C. Let L be a linear
extension of L onto M.(G), and define

) f(x), ifxreH,
g@)_{i(@), itz e G\ H.

Then g is an extension of f. We show that ¢ € V. If u € M.(G) and
=1 a0, then

/gduz/ gdu+/gdu
G G\H

=Y wgle)+ S

z,€G\H r,€H

=Y o L6 /fdu¢

{L'ZGG\H

:uwm»yéfau—wm>

If u € V*, then (2) gives

/g@zinD+/fﬂu—MM%=
G H



Thus g € V++ =V and f = g|g, which completes the proof of (ii).

Now (i) is an immediate consequence of (ii). Indeed, let I denote the set of
measures p € V1 satisfying suppu C H, and let J = {u|g : p € I}. Since
V4 is an ideal of M.(G), it is easy to check that J is an ideal of M.(H). By
(ii) we have V|g = J*, and thus V| is a variety on H. [J

We shall use the following notation. If f: X — C and g : Y — C, then
f ® g will denote the function defined by f(z)- g(y) for every (x,y) € X xY.

We shall need the following simple fact about varieties on products, when
one of the factors is finite.

Lemma 4. Let V be a variety on G x T, where G is a locally compact
Abelian group and T is a finite and discrete Abelian group. Let |T| =k, and
let v1,...,v be the characters of T. Then for every g € V there are functions
fisoo s Jk : G — C such that f; @ v, € V for everyt=1,...,k, and

g(z,t) = Zf,(a:)%(t) (4)

for every (x,t) € G x T.

Proof. It is well-known that the characters ~vq,...,v; are linearly indepen-
dent. Since the set CT = {f : T'— C} is a linear space of dimension k, it
follows that every element of C7 is a linear combination of 71, ..., 7. Then,
for every x € G there are numbers fi(x),..., fr(z) such that (4) holds for
every t € T.

T = {t, }le, then, by the linear independence of 71, ..., v, we find that
the determinant Det {~;(¢;)}¥;_, is nonzero. Substituting t+t; for ¢ in (4) we
obtain a system of linear equations, from which the unknowns f;(z)~;(t) can
be expressed as linear combinations of expressions of the form g(z,t+1¢;). As
the functions (x,t) — g(z,t +t;) belong to V, this proves that f; ® 3, € V

fori=1,... k. O

We note that the lemma above easily implies that if spectral synthesis
holds on a locally compact Abelian group G, then the same is true for G x T
for every finite discrete Abelian group 7.



3 Reduction.

In this section our aim is to show that if spectral synthesis holds on the groups
Q™ x T, where n is a positive integer and T is torsion, then it also holds on
every group satisfying ro(G) < oo. This is an immediate consequence of the
following two lemmas.

Lemma 5. Every Abelian group with finite torsion free rank can be embedded
into a group Q™ x T, where n = ro(G) and T is a torsion group.

Proof. Suppose that G is an Abelian group with n = r5(G) < oco. It is
well known [9, Theorem 10.23] that G can be embedded as a subgroup in a
divisible group H. Let H; denote the set of those elements x € H for which
max € G for a suitable positive integer m. Clearly, G C H;. It is easy to check
that H; is a divisible subgroup of H and ro(H;) = n. Let T denote the torsion
subgroup of H;. Then T is also divisible, and thus T is a direct summand of
H; by [9, Corollary 10.10]. Let H; = Hy x T, then H, is divisible, torsion
free and its torsion free rank is n. Consequently, Hs is a vector space over Q
of dimension n. Thus Hy is isomorphic to Q", which completes the proof. [

Lemma 6. If spectral synthesis holds on the discrete Abelian group G, then
the same is true for every subgroup of G.

Proof. Let H be a subgroup of G, and let V' C C(H) be a variety on
H. Let T, denote the operator of translation by . Then W = {f € C¢ :
(T f)|a € V for every x € G} is a variety on G. We claim that every function
f € V can be extended to GG as an element of W. Indeed, let U be a subset
of G containing exactly one element of each coset of H; we may assume
that U N H = {0}. If f € V, then the function g : G — C defined by
glu+z) = f(z) (ue U, z € H) belongs to W.

By assumption, the set of all exponential polynomials contained by W is
dense in W. Now, it is easy to check that the restrictions of these exponential
monomials to H constitute a dense subset of V, which proves that spectral
synthesis holds on H. [



4 Modules of polynomials.

Let D denote the ring of partial differential operators of n variables. Since the
partial derivatives of a polynomial are also polynomials, the ring Clzy, .. ., z,]
is a D-module. The submodules of C[zy,...,x,] are those linear subspaces
of Clxy,...,z,] which are closed under partial differentiation. These submo-
dules can be described as follows.

Lemma 7. Let M be a linear subspace of Clxy,...,x,]. Then the following
are equivalent.

(i) M is invariant under translations.

(ii) There exists a nonzero complex number s such that M is invariant
under translations by vectors of s - Z".

(iii) M is a submodule of Clxy, ..., ).

Proof. (i)==(ii) is obvious. Suppose (ii), and let p € M be arbitrary. If
the total degree of p is d, then Taylor’s formula gives

o, 1
Z(/{?S)Z ’ ﬁa_lep('rla s 7$n> - p(xl + kS;I% s 7xn) (5>

for every k = 0,1,...,d. Now (5) is a system of linear equations with unk-

nowns %%p(xl, .oy xy) (i =0,...,d). Since the determinant of this system
: 1

ot

ozt

tions of the functions p(xy + ks, xs,...,z,) (k = 0,...,d). By assumption,

ot

oz}

the same argument, %p € M for every j = 1,...,n and ¢ > 0; that is, M is
J

is non-zero, it follows that the partial derivatives

p are linear combina-

these functions belong to M for every k, and thus ==p € M for every 7. By

a submodule of C[zy, ..., x,]. This proves (ii)=>(iii).
The implication (iii)==(i) is an immediate consequence of Taylor’s for-

mula. [

The following statement is probably known, but we were unable to find
a reference. We are grateful to L. Rényai for communicating the following
proof.



Lemma 8. The module Clzy,...,x,] has the minimal condition. In other
words, if My D My D ... is a descending sequence of submodules of
Clx1, ..., xy,), then there is an N such that M; = My for every i > N.

Proof. We order the monomials z!' - --zi» according to the lexicographic
order of the n-tuples (i1,...,,). By the leading monomial of a nonzero poly-
nomial p € Clxy,...,r,] we mean the largest monomial that appears in p

with a nonzero coefficient.

For every submodule M C Clxy,...,z,| we denote by S(M) the set of
leading monomials of the nonzero elements of M. It is easy to see, using
the fact that M is closed under partial differentiation, that if mq,my are
monomials, ms is a multiple of my and my € S(M), then my € S(M).

We show that if My 2 My, then S(M;) 2 S(Ms). It is clear that S(M7) D
S(My). Let pg € My \ M, have a minimal leading monomial m, among all
polynomials p € M; \ Ms. Then my ¢ S(Ms). Indeed, suppose that mg is a
leading monomial of ¢ € Ms. Then pg — c-q € My \ M, for every ¢ € C, and
for a suitable ¢ the leading monomial of py — ¢ - ¢ is smaller than mg, which
is impossible. This proves mg € S(M;) \ S(Ms) and S(M;) 2 S(M,).

Now suppose that My 2 M, 2 ... is a strictly decreasing sequence of
submodules of C[zy,...,z,]. Then we have S(M;) 2 S(My) 2 .... Let
m; € S(M;) \ S(M;11) for every i > 1. It is not difficult to prove that in
every sequence of monomials (m;) there is an m; which is a multiple of some
m; with j < ¢ (see [8, the Theorem on p. 147]). In our case, however, this
would imply m; € M;, which contradicts m; ¢ M;,; D M;. O

5 Varieties on Z".

Let n be a fixed positive integer. In this section we shall write M for M (Z").
If peMand p=> a, i,  04..i,), then we put

P . . . 7:1 R in
qM - E all---ln xl mn :

The map p — ¢, is a ring isomorphism between M and the ring R, of
functions of the form z7' - - - zJr -q, where jy, ..., j, € Z and q € Clzy, ..., x,)].
If I ¢ M, then we put 7= {g. : p € I}. Obviously, if I is an ideal in M,
then 7 is an ideal in R,.
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Because of the isomorphism of the rings M and R, we could actually
identify them. We shall not do so; however, if A is an ideal of R,,, then we
shall write

At ={peM:q, € A}

Note that if A, B are ideals of R, and ANC|xy, ..., z,| = BNClxy, ..., z,)],
then A = B. Indeed, for every q € A there is a monomial p = x{l -+ such
that p-qis a polynomial. Then p-q € ANClzy,...,x,] = BNClxy,...,z,] C
B, and hence ¢ = (p-q) -z ---2;7» € B. Thus A C B, and the same
argument shows B C A.

Lemma 9. For every positive integer n, the family of all varieties on Z™
satisfies the minimal condition. In other words, if Vi1 D Vo D ... is a descen-
ding sequence of varieties on Z", then there is an N such that V; = Vi for
every 1 > N.

Proof. If V; D V, D ... is a descending sequence of varieties on Z", then
Vit C ViE C ... is an ascending sequence of ideals in M. Let I; = (V1) N
Clxy,...,x,) for every ¢ = 1,2,.... Then Iy C I, C ... is an ascending
sequence of ideals in Clzy, ..., z,| and thus, as C[xq, ..., x,] is Noether, there
exists an index N such that I; = Iy for every ¢ > N. Then, as we remarked
above, we have (V;)t = (Vy)* and V; = (Vy)t+ = (Vy)t+ = Vy for every
1> N. O

If c=(c1,...,¢,) € (C\{0})", then we shall denote by m, the function
Mme(T1, ..., xp) =cit - (x1,..., 2y €EZ). (6)

Clearly, m,. is an exponential on Z". A simple calculation shows that

Gler, e = [ medy ™)
Zn
for every p € M. Let V' be a variety on Z". Then it follows from (7) that
m. € V if and only if ¢ is a root of the ideal (V)"

In [7] Lefranc gives a condition for p-m € V for every polynomial p and
exponential m. The condition is formulated in terms of the partial derivatives
of ¢, (1 € V4). In order to make the formulas as simple as possible, we
shall slightly change the notation used by Lefranc. We denote z[% = 1 and

11



=2 (x—-1)--(x—i+1) foreveryi=1,2,.... Every p € Clay, ..., z,]
can be written uniquely in the form

Then we define

all‘f‘ i
D, = E iy iy e D.
: o da’ .. dain .. Ozin
Clearly, the map p — D, is a linear 1somorph1sm from C[zy,...,x,] onto D.

(Note, however, that p — D, is a not a ring isomorphism.) Now we prove
that

/}p@iz[&@ﬁﬂhu.ﬂ) (8)

for every p € Clzy,...,x,] and g € M. Since both sides of (8) are linear
in both p and p, it is enough to check the case when p = :c[ 1] -~aj7[§"] and
= d(j,,..j»)- Then both sides of (8) equals j[ nl, j,[I ], which completes the

.....

proof. The next lemma is an immediate corollary of (8).

Lemma 10. Let V be a variety on Z", and let p € Clzy,...,x,]. Thenp € V
if and only if D,(q,)(1,...,1) =0 for every p € V+. O

Lemma 11. Let V be a variety on Z™, and let (V) = AN B, where A and
B are ideals of R,,. Suppose that p € V, where p € Clxq, ..., x,). If (1,...,1)
is not a root of B, then p € A*.

Proof. By the previous lemma, it is enough to show that D,(q,)(1,...,1) =
0 for every measure p with ¢, € A. Let d denote the (total) degree of p.

Since (1,...,1) is not a root of B, there is a function ¢t € B such that
t(1,...,1) =1.1f s=1—t, then 1 — s € B, as

l—s™=1-s)1+s+...+8)=t- (1+s+...+3%.

If ¢, € A, then we have

(1-s™).q,e B-ACANB= (V)" (9)
Let 0 € M be such that ¢, = (1 — s™). Then ¢y., = (1 — s7)g,, and thus
o %y € VE by (9). Therefore, Dy(gosyu)(1,...,1) = 0 by Lemma 10. From

d+1. g, we obtain

Dy(g) (L, 1) = Dy(s™ - g,) (L., 1), (10)

Qoxp = qu — S

12



Since s(1,...,1) = 0 and the degree of the partial differential operator
D, equals d, it follows that the right hand side of (10) is zero. Thus
Dy(q,)(1,...,1) = 0, which completes the proof. [

Lemma 12. Let V' be a variety on Z", and let H be a subgroup of Z" of
finite index. Then

(i) M ={peClxy,...,x,] : plg € V]u} is a submodule of Clzy, ..., x,].

(ii) If p € Clay,...,z,] and plg € Vg, then [,, pd(v* pu) = 0 whenever
veM, pe€V=*, andsuppu C H.

Proof. Since H is of finite index, there is a positive integer N such that
N -7Z™ C H. 1t is clear that M is a linear subspace of C|xy,...,z,], and that
M is invariant under translations by elements of N - Z" C H. By Lemma 7
we obtain (i).

In order to prove (i) we may assume that v = d(;,. ;). Then

/pd(y*,u):/ p@ 4w+ g dpz, ). (11)

Since, by (i), the polynomial p(x1 + j1, . .., x, + Jn) belongs to Vg, it follows
from Theorem 3 that the value of the right hand side of (11) is zero. [J

For every ideal A C R,, and o € C\ {0} we define
A(a) ={p € R, : p(axy,2s,...,2,) € A};

it is an ideal of R,. If I is an ideal of M, then we shall write I(«a) = {p :

~

qu € I(a)}; then I(a) is also an ideal of M.

Lemma 13. Let H = {(z1,...,x,) € Z" : N | 21}, where N > 1. Let V be
a variety on Z", and let p € Clxy,...,x,]. Then plg € Vg if and only if

pe(InI(E)n...nIE")", (12)
where [ =V and e = >/,

Proof. We put I N I(s)N...NI(eN"1) = J. Suppose p € J*; we prove
plar € V]u. By Theorem 3 it is enough to show that [, pdu = 0, whenever
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pw € I and supppu C H. For such a p the exponent of x; in each term
of g, is divisible by N. Therefore, q,(e’21, 29, ..., 2n) = qu(21,...,2,) and
thus u € I(¢7) for every j. Then yu € J and hence, by p € J+, we obtain
[y pdp= [, pdu=0. This proves the ‘if” direction of the statement.

In order to prove the ‘only if’ direction, suppose p|g € V|y, and let p € J
be arbitrary. We have to show

/deu: 0. (13)

Let ¢ = g, then ¢ € f(&:j) for every 7 = 0,..., N — 1. We denote by ¢, the
sum of those terms of ¢ in which the exponent of 1 is congruent to £ mod N.
Then g = qo + ...+ gn_1. The condition ¢ € ](53) gives q(&/xy,...,1,) € I;
that is,

Qo+eq+e¥gp+.. +eWV Vigy =t € i (14)
for every j = 0,..., N — 1. The system of equations (14) has a nonzero
determinant, since the numbers 1,¢,...,eV¥ 7! are different. Thus each g, is a
linear combination of the functions ¢;, hence ¢, € I for every { =0,..., N —1.
Let p, € I be such that ¢,, = ¢,. Then pu = po + ... + py—1 and thus, in
order to prove (13) it is enough to show that on pd,ug = 0 for every f Since
q € I we have xl -qp € [ and the exponent of z; in each term of xl - qp 1S
divisible by N. If § = 0(_¢,...0), then 6 * p1p € I, and supp (6 * pg) C H. Since
p € Vg, we find, by (ii) of Lemma 12, that

/ pdpy = / pd (80,..0) % (6% pe)) =0,
zn zn

which completes the proof. [J
Lemma 14. Let N > 1 and 1 <1 <n be integers, and let
H={(x1,...,20,) €Z" : N | zq,....,N | x;}.

Let V' be a variety on Z", and let p-m € V|y, where p € Clxq,...,x,] and
m : H — C is an exponential. Then for every finite set F' C H and for every
n > 0 there are polynomials py,...,pr and exponentials my, ..., my defined
on Z™ such that mj|g =m and pj - m; € V for every j =1,...,k, and

<n (15)

for every x € F.
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Proof. We shall prove the statement by induction on %.

I. Let ¢ = 1; then H = {(z1,...,2,) € Z" : N | x1}. First we shall
assume that m = 1 on H. Then p|y € V|g. In Clxy,...,z,] every ideal is
the intersection of primary ideals, and thus

(VIO NClzy, ..., 2. = Q1N ... NQs, (16)

where ()1, ..., Qs are primary ideals. We shall prove the lemma by induction
on s. If s =0, then (VH)" =R, V* =M, V = {0}, p=0, and thus we
can choose m; =1 and p; = 0.

Suppose that s > 0, and the statement is true for s — 1. Let ¢ = e>™/N,
First we assume that each ideal Q; has a root ¢; = (%, 1,...,1), where ¢; is

an integer. It is easy to check that c; is also a root of (VL)A , and thus the
exponential m,, belongs to V' for every j = 1,...,s. Moreover, as Lefranc
proved in [7], the set of functions

{ij-mcj :p; € Clay, ..., 2], pj-me, EV(jzl,...,s)}

j=1
is everywhere dense in V. Since m.,|g = 1 for every j, the statement of the
lemma is true.

Next suppose that some of the ideals (); does not have roots of the form
(e%,1,...,1). We may assume that Q; is such an ideal.

Weput Vi=Tand J=1NI(e)N...NI(eN1). Then, by Lemma 13,
we have p € J*.

If Ais an ideal of C[zy,...,x,], then we shall denote by A* the ideal of
R, generated by A. Obviously,

By (16) we have I = (VHN =Qin...NnQ: Let K C M be the ideal

~

satisfying K = Q5 N ... N Q% Then
T=[QinQie)n...nQiN] n {f{ NEEN...nKEH]. an

Since @} does not have roots of the form (&7,1, ..., 1), it follows that (1,...,1)
is not a root of any of the ideals Q5(¢7) (j =0,...,N —1). Let r; € Q1(&’)
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be such that r;(1,...,1) # 0. Then r = ro---ry_1 € QTN QI(e)N...N
Q1(eN1) and r(1,...,1) # 0. Therefore, (1,...,1) is not a root of the ideal
QiNQi(e) N ... NQIEYY.

As we saw above, p € J*. Then (17) and Lemma 11 imply

pe[KNK@E)N...NKEY]".
Therefore, by Lemma 13, p|y € W|g, where W = K*. Since I C K, we
obtain W = K+ C I+ = V. Also,

KNClazy, ..., 2 =(@Q5N...NQ)NClzy, ..., x0] = RoN...NR,,

where R; = QfNClzy,...,x,] (2 <i <s). It is easy to check that R, ..., R
are primary ideals. Then, by the induction hypothesis, there are polynomials
p1,-..,pr and exponentials mq,...,my such that p; -m; € W C V and
m;|lg =1 for every j =1,...,k, and (15) holds for every x € F. This proves
the case when m = 1.

Now we consider the case when m is an arbitrary exponential on H. Let
c1 € C be such that ¢ = m(N,0,...,0), and let ¢; = m(0,...,0,1,0,...,0)
J

for every j = 2,...,n. It is easy to see that the exponential m,. defined by
(6) is an extension of m onto Z™. Let Vi = {f/m.: f € V}. Then V; is a
variety on Z", and p|y € Vi|g. Let the finite set FF C H and n > 0 be given.
We put ' = n/ max,ep |m.(z)|. As we proved above, there are polynomials
D1, - - ., Dk and exponentials my, ..., my such that p; - m; € V; and m;|g =1
for every j, and

<

p(e) = > pil)

for every x € F. Since p; - (mjm.) € V by p; - m; € V; for every j, the proof
of the case 1 = 1 is complete.

IT. Now let 1 < i < n, and suppose that the statement of the lemma is
true for .. We prove the statement for ¢ + 1. Let

A={(z1,...,2n) €Z" : N | z1,...,N | i1},
and let p, m, F,n be as in the lemma, with A in place of H. Let

B={(z1,...,2,) €Z" : N | z1,...,N | z;}.
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Then A is a subgroup of B, and there is an isomorphism ¢ from Z" onto B
such that
6NA) = ({01, 1) €T N | 1),

(We define ¢(zq,...,2,) = (Nxo,...,Nxit1,21,Tise,...,2,) for every
x1,...,x, € Z.) Therefore, the statement of the lemma remains true if we
replace Z™ by B and H by A. Since V| is a variety on B and pm € V|4, we
obtain the polynomials pq,...,pr and the exponentials myq,...,my defined
on B such that m;|4 = m and p; - m; € V|p for every j =1,...,k, and

k

) =) pi(@)

j=1

<n/2

for every x € F. By the induction hypothesis, the statement of the lemma
is true if we replace H by B. Thus, for every j = 1,...,k we obtain the
polynomials p; , and the exponentials m; , defined on Z" such that p;,-m;, €
V and m;|a = m; for every £ =1,...,s;, and

<n/(2k)

pi(x) = pie()
/=1

for every x € F. It is clear that the polynomials p;, and the exponentials
mje (j=1,...,k, £=1,...,s;) satisfy the requirements. [J

6 Varieties on Z" x T, where T is torsion.

Lemma 15. Spectral synthesis holds on Z™ x T for every positive integer n
and for every discrete torsion group T.

Proof. Let V be a variety on Z" x T, and let g € V be arbitrary. We have
to show that for every finite set F' C Z" x T and for every £ > 0 there is an
exponential polynomial ¢ € V such that |¢(y) — g(y)| < € for every y € F.
Let |F| = k,and let F} C Z" and F» C T be finite sets such that F' C F} x F5.

We shall denote by ‘H the family of all finite subgroups H C T satisfying
F, C H. Let H € 'H, and let 74, ...,7s be the characters of H. By Lemma 4,
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there are functions fi,..., fs : Z" — C such that f; ® v; € V|znxpg for every

1=1,...,s, and
t) = Zfi(l“)%(t) (18)

for every (x,t) € F. Now, the set of functions C!' = {f : FF — C} is a
linear space of dimension k. The functions ¢; = (fi @ vi)|lr (i = 1,...,s)
generate a linear subspace L of CI. Thus the dimension of L is at most k,
and it is generated by at most k£ of the functions ¢;. We may assume that
L is generated by the functions ¢y, ..., ¢x. Since, by (18), g|r € L, we have
g(y) = Zle ci¢i(y) for every y € F with suitable constants ¢;. Now we
have ¢;¢; = (¢;fi) ® v € V|znwpg for every i = 1,..., k. We have proved the
following statement: for every H € H there are characters vi,..., 7% € H
and there are functions fi,..., fr : Z™ — C such that f; ® v; € V|znyy for
every 1 = 1,...,k, and

k
= Zfz(ﬁ)%(ﬂ (19)

for every (z,t) € F.

If H e Handye I/-] then we shall denote by V(7) the set of functions
f:Z" — C such that f @ v € V]zaxpy. It is easy to check that V(v) is a
variety on Z". Note that if H C H', v € H v e ' and ~" is an extension
of 7, then V(v) D V(v). We shall refer to this property by saying that the
variety V() is a decreasing function of +.

For every H € ‘H let T'y denote the set of k-tuples (y1,...,7) € (H)
such that, for suitable functions f; € V(y;) (i =1,..., k), (19) holds for every
(x,t) € F. As we proved above, I'yy # () for every H € H.

Our next aim is to prove that there are characters xi,...,xx € T with
the following property: for every H € H, we have (x1|m,...,Xs|g) € Tn.
This will be shown by a compactness argument.

If y € T and t € T is an element of order d(t), then x(t) is a root of unity
of order d(t). Consider the product P = [[,.; X;, where X, is the set of roots
of unity of order d(t) equipped with the discrete topology for every ¢t € T.
Then P is a compact topological space, and T C P. The product space P*
is also compact.
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For every H € 'H, the set I'y is finite. Therefore, the set C'y of k-tuples
(p1,-..,pp) € P¥ such that (pi|g, ..., pelr) € Ty is a closed, hence compact
subset of P*. We show that if Hy,..., H,, € H, then Cy, N...NCy, # 0.
Indeed, if H denotes the group generated by Hy U...U H,,, then H is finite
(since T is torsion), and thus H € H. Let (7y1,...,7) € Iy, and let p; € P
be an arbitrary extension of v; to T (i = 1,..., k). It is clear that (p1,...,pk)
belongs to C'y, for every j =1,...,m.

Therefore, by the compactness of P*, we have Nper Cu # 0. Let
(X1,---,Xk) be a common element of each Cy (H € H). Then xq,..., X«
are characters of T. Indeed, let ¢1,t; € T be arbitrary, and let H € H be a
finite subgroup containing t; and ¢. Since x;|y is a character of H, we have
Xi(t1 + t2) = xi(t1) - x:i(t2), proving that x; is multiplicative. We also have
Xi(t) € X, for every t € T, and thus x; does not vanish. Therefore, y; is a
character for every i = 1,... k.

For every fixed i = 1,..., k, consider the family of varieties V (x;|n) (H €
H). Since the varieties on Z" satisfy the minimal condition, there is a finite
group B; € H such that V(x;|p,) is minimal among these varieties. Now,
as the variety V(7) is a decreasing function of ~, it follows that, whenever
H € H and B; C H then V(xi|lg) = V(xil,). Let B denote the group
generated by By, ..., By; then B € H. Then, for every H € H with B C H
we have V(x;|n) = V(xi|p) for every i =1,... k.

We selected xi,...,xx in such a way that (xi|s, ..., xx|5) € I's holds;
that is, there are functions f; € V(x;|p) such that

g(x,t) = Zfz(x)Xz(t) (20)

for every (z,t) € F. As we proved above, we have V(xi|5) = V(xi|m) for
every finite group H D B, and thus f; ® (xi|g) € V|znxn for every such H.
In other words, if H € ‘H and B C H, then there is a function gy € V such
that fi(z)xi(t) = gu(z,t) ((z,t) € Z™ x H). In particular, for every finite
subset of Z" x T, the function f; ® y; equals the restriction of an element of
V' to the given finite set. Since V' is closed, this means that f; ® x; € V.

We have proved the existence of functions f; and characters x; € T such
that f; ® x; € V for every i = 1,...,k, and (20) holds for every (z,t) € F.
Let W; denote the set of functions f : Z" — C such that f®y; € V. Then W;
is a variety on Z" containing f;. By Lefranc’s theorem [7], spectral synthesis
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holds on Z", and thus we can find, for every given ¢ > 0, an exponential
polynomial ¢; € W; such that |f;(z) — ¢;(z)| < e/k for every x € Fy. It is
clear that ¢; ® x; is an exponential polynomial on Z" x T" and we also have
P;@x; €V by ¢ € W;. Then ¢ = Zle(qbi@)g) is an exponential polynomial
belonging to V' such that |¢(y) — g(y)| < € for every y € F. This completes
the proof. [

Remark 16. Lemma 15 actually gives the following. If V is a variety on
7" x T, then V is spanned by all functions in V' having the form (pm) ® x,
where p is a polynomial, m is an exponential on Z™ and x is a character
of T.

Lemma 17. Let n, N be positive integers, and let
H=N-7Z"={(x1,...,x,) €Z" : N |x; (i=1,...,n)}.

Let T be a discrete torsion group, and let V' be a variety on Z" x T. Suppose
that (p-m) ® x € V|gxr, where p € Clxy,...,2,], m : H — C is an
exponential, and x € T. Then for every finite set F C HxT with |F| =k and
for every n > 0 there are polynomials p1, ..., pr and exponentials myq, ..., my
defined on Z™ such that mj|g = m and (p;-m;)@x € V foreveryj=1,... k,
and

<7 (21)

pe) = > pil)

for every (x,t) € F.

Proof. First we assume that T is finite. Let F; C H be a finite set such that
F C Fy xT and |Fy| < k. Let x1, ..., xs be the characters of T listed in such
a way that y = 1. Since (p-m) ® x € V|uxr, there exists a g € V such that
(p-m)® x = glgxr. By Lemma 4, there are functions fi,..., fs: Z" — C
such that f; ® y; € V for every ¢t = 1,...,s, and

gla,t) = Z filx)xi(t) (22)

for every (x,t) € Z" x T. If x € H, then (22) gives

s

pleym(z)x(t) =) _ filz)xi(t) (23)

i=1
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for every t € T'. Since the characters x; are linearly independent and y = x1,
we find that p(x)m(z)x(t) = fi(x)x(t) for every x € H. Therefore, we have
pm = filu.

Let V' (x) denote the set of functions f : Z" — C such that f ® y € V.
Then V(x) is a variety on Z". Since f; € V(x), we have pm € V(x)|g. Thus,
we may apply Lemma 14, and obtain the polynomials pi,...,p, and the
exponentials my, ..., m, defined on Z" such that p;m; € V(x) and m;|g = m
for every 1 =1,...,r, and

<n (24)

p(z) — Zpi(x)

for every x € Fy. By pym; € V(x) we have (p;m;) ® x € V for every i.
Since F' C Fy x T, this proves the statement of the lemma, apart from the
fact that r can be larger than k = |F|. In order to reduce the number r we
may apply the argument used in the previous proof. The set of functions
CH = {f: F; — C} is a linear space of dimension |F;| < k. The functions
v = (pimi)|p, (1 = 1,...,7) generate a linear subspace L of C'*. Thus the
dimension of L is at most k, and it is generated by at most k of the functions
;. We may assume that L is generated by the functions 1, ..., 1. Since

(%)

we have S(z) = Zle cihi(x) for every x € Fy with suitable constants c;.
Now we have ¢;10; = (¢;p;) - m; € V for every i = 1,..., k, which completes
the proof in the case when T is finite.

€L,

Py

Now let T" be an arbitrary torsion group. Let Fi C H and F, C T
be finite sets such that F' C Fy X F3. We shall denote by H the family
of all finite subgroups G C T satisfying F, C G. If G € H and v € G,
then we shall denote by V(7) the set of functions f : Z" — C such that
f®~ € Vlzaxg. It is easy to check that V() is a variety on Z". Note that if
GCG, veG, v €G and 7 is an extension of 7, then V(v) D V(). We
shall refer to this property by saying that the variety V(7) is a decreasing
function of ~.

For every G € 'H we define two sets of k-tuples as follows. D¢ will denote
the set of k-tuples (pymy,...,pxmy), where p; € Clzy,...,z,], m; is an
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exponential defined on Z™, m;|g = m and (p;m;) ® (x|g) € V|znxe for every
i=1,...,k and (21) holds for every (z,t) € F. Also, we shall denote by E
the set of those k-tuples (my, ..., my) for which (pymy,...,pymy) € D¢ for
some polynomials pq, ..., pr. As we proved above, Dg and Fg are nonempty
for every G € H. It is clear that if G, G’ € H and G C G’ then Dg D D¢ and
E¢ D Egi. Therefore, the intersections Dg, N...N Dg, and Eg, N...N Eg,
are nonempty for any G1,...,G, € H.

We prove that (\{D¢g : G € H} # 0. Since H = N - Z", it follows that
m only hashas only a finite number of extensions to Z" as an exponential.
Indeed, if m’ is an exponential on Z" with m/|y = m then for every z €
Z"™ the equation m/(z)Y = m/(Nz) = m(Nz) implies that the number of
possible values of m/(x) is at most NN. Since Z" is generated by n elements,
it follows that the number of possible exponentials defined on Z" is at most
N". Therefore, the set |J{Es : G € H} is finite. Then ({E¢ : G € H} =
Eg, N...N Eg, for some Gy,...,G, € H, and thus ({Eqg: G € H} # 0.

Let (mq,...,my) € ({Eq : G € H} be fixed. For every G € H we
shall denote by M;(G) the set of polynomials p € Clzy,...,z,| such that
(p-m;)®(x|g) € Vl]znxa. Clearly, M;(G) is a linear subspace of C[z1, ..., ;).
We show that M;(G) is invariant under translations by vectors of Z". Indeed,
let p € M;(G) and a € Z™ be arbitrary, and let f € V be such that

flznxe = (p-mi) @ (x|a)-

Since V is translation invariant, the function (x,t) — f(z + a,t) belongs to
V. Thus

1

p(x + a) - m;(z)x(t) = — plx + a) -mi(z + a)x(t) =

1
. t
for every (x,t) € Z" x G, which proves that the polynomial = — p(x + a)
belongs to M;(G).

Therefore, by Lemma 7, M;(G) is a submodule of C|xy, ..., z,]. It is easy
to see that M;(G) is a decreasing function of G.

For every fixed i = 1,..., k, consider the family of modules M;(G) (G €
H). Since the submodules of Clzy,...,z,] satisfy the minimal condition,
there is a finite group B; € H such that M;(B;) is minimal among these
modules. Now, as the module M;(G) is a decreasing function of G, it follows

that, whenever G € ‘H and B; C G then M;(G) = M;(B;) (i = 1,...,k).
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Let B denote the group generated by By, ..., Bg; then B € 'H, and for every
G € 'H with B C G we have M;(G) = M;(B) for every i =1,... k.

Since (my,...,mg) € FEp, there are polynomials py,...,p, such that
(p1ma, ..., pemy) € Dp. Then (pim;) ® (x|B) € V|znxp; that is, p; € M;(B)
for every i = 1,..., k. Now we prove that

(p1ma,...,pkmy) € Dg (25)

for every G € 'H. Let G € H be arbitrary; we may assume that B C G. Then
M;(B) = M;(G), and thus p; € M;(G) (i = 1,...,k), which implies (25).
Therefore, (p;im;)®(x|c) € V]znxg for every G € H. In other words, if G € H
and B C @G, then there is a function go € V such that p;(x)m;(x)x(t) =
ga(z,t) ((z,t) € Z™ x G). In particular, for every finite subset of Z" x T, the
function p;(z)m;(x)x(t) equals the restriction of an element of V' to the given
finite set. Since V' is closed, this means that (p;m;) ® x € V. This completes
the proof of the lemma. [J

7 Spectral synthesis on Q" x T, where T is
torsion.

Let T" be a discrete torsion group. In this section we complete the proof of
Theorem 1 by showing that spectral synthesis holds on Q" x T for every
positive integer n. Let

GZ:{(E,,@> Z/{Zl,...,knEZ}
7! 7!

for every i = 1,2,.... Then GG, Go, ... is an increasing sequence of subgroups
of Q" such that |J;2; G; = Q™. In addition, for every i < j there exists a
isomorphism ¢ from G; onto Z" and there is an integer N > 1 such that

o(G) ={(x1,...,2p) €EZ": N | xq,...,N | x,}.

This implies that the statement of Lemma 17 remains valid if we replace Z"
by G; and H by G;.

Now let V' be a variety on Q x T, and let g € V' be arbitrary. We have
to show that for every finite set F' C Q" x 7" and for every € > 0 there is a
exponential polynomial ¢ € V such that |p(y) — g(y)| < € for every y € F.
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Let |F| = k, and let iy be such that F* C G;, xT. By Theorem 3, V|Gi0XT is
a variety on G;,. Since G}, is isomorphic to Z", it follows from Lemma 15 that
spectral synthesis holds in V’Gio «7- In other words, we can find a exponential
polynomial ¢y € Vg, xr such that [g(y) — ¢o(y)| < &/2 for every y € F.
Moreover, by Remark 16, we may assume that ¢o(x,t) = Y ;_,(pi - m;) @ xi,
where p; € Clzy,...,x,], m; is an exponential defined on G;,, x € f, and
(pi-mi)@x; €V G;,x1 for every ¢ = 1,...,s. Clearly, it is enough to show
that for every ¢ there is an exponential polynomial ¢; € V' such that

|(pi - ma) (2)xi(t) — @il )| < /(2s)

for every (z,t) € F. Summing up: we have to show that whenever

e p is a polynomial,

e m is an exponential on G,

e Y is a character of T,

e (pm)® x € Vg, x1,

e ['C G,, x T is a finite set, and

o >0,

then there is an exponential polynomial ¢ € V' such that |(p - m)(z)x(t) —
W(x,t)| < e for every (x,t) € F. In the course of the following proof p, m, x, F’
and ¢ will be fixed. Let k denote the cardinality of F. We put
n =&/ maxper |m(x)|.

Let 7« > iy be given. As we remarked above, the statement of Lemma
17 remains valid if we replace Z"™ by G; and H by G;,. Since V|g,x7 is
a variety and (pm) ® x € Vg, xr, we obtain the polynomials pi,...,px
and the exponentials my, ..., m; defined on G; such that m;|g, = m and
(pjm;) ® x € V|g,xr for every j =1,... k, and

<n (26)

pe) = > pil)

for every (z,t) € F. Let = denote the set of k + 1-tuples (i, mq, ..., my) with
the following properties: (i) i > ig; (ii) my, ..., my are exponentials defined
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on G; such that mj|g, = m for every j =1,... k; (iii) there are polynomials
D1s- .., Dk such that (pjm;) @ x € Vg, xr for every j = 1,...,k, and (26)
holds for every x € F. As we proved, = contains k + 1-tuples (¢, mq,...,my)
for every i > 1.

We define a partial order on = as follows: if (i,mq,...,mg) and
(i',m},...,m) are elements of = then we write
(i, my, ... ,my) < (&,my,...,my)
if i <" and mf|g, = m; for every j = 1,... k. It is clear that this partial

order makes = a tree. Every level of = is finite. Indeed, if 7 is fixed then
there is an integer NV such that N - G; = G),. This implies that m only has
a finite number of extensions to (z; as an exponential, and thus the number
of k + 1-tuples (i, mq,...,my) € Z is finite.

By Konig’s lemma [6, 5.7. Lemma, p. 69], = has an infinite chain. That
is, there is a sequence of k + 1-tuples (i, mi,...,mf) € = (i > ig) such that

me, = m; (27)

for every i >igand j =1,... k.

For every ¢ > iy and j = 1,...,k we shall denote by MJZ the set of
polynomials p € Clzy, ..., x,] such that (p-m}) ® x € Vlg,xr. It is obvious
that M} is a linear subspace of Clzy,...,xz,]. It is easy to sce that M} is
invariant under translations by elements of G;. Therefore, by Lemma 7, M;
is a submodule of C|xy,...,z,] for every i and j.

For every i and j we have M D M;H. Indeed, if p € M;f“, then (p -
mé“) ® X € Vg, xr- By (27), this implies (p - m?) ® x € Vg, xr; that is,
p E M; Now it follows from Lemma 8, that for every j there is an index
i(j) such that M} = M;(j) for every i > i(j). Let i, = max{ig, i(1),...,i(k)}.

Then we have ]\@Z = M;l for every i > i;.

By the definition of = we can find polynomials p; € ]\/[;1 (j=1,...,k)
such that (26) holds for every z € F. If i > iy then M! = M}* for every j,
and hence (p; - m}) ® x € V|g,xr for every i >4, and j =1,... k.

It follows from (27) that for every j = 1,...,k there is a function m; :
Q" — C such that mj|g, = m§ for every i > ;. It is clear that m; is an
exponential on Q". By (p;m}) ® x € V|g,xr we can find a function g} € V
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such that gilg, = (pym}) ® x. It is easy to see that the sequence (g})i>s,
converges pointwise to the function (p;m;) ® x, and thus (p;m;) @ x € V.

Now ¢ = > (pjm;) ® x is an exponential polynomial belonging to V.
Taking into consideration that m; is an extension of m" and that F C
Gi, xT C Gy, x T, it follows from (26) that |(p-m)(z)x(t) — ¥ (z,t)| < € for
every x € F. This completes the proof. [
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