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Abstract. The purpose of this paper is to investigate the equality problem of generalized
Bajraktarevi¢ means, i.e., to solve the functional equation
F-1) <P1(11)f($1) +-+ pn(tcn)f(mn)) — gD <q1 (z1)g(@1) + - + gn(@n)g(@n)
p1(z1) + -+ pn(2n) qi(z1) + -+ gn(zn)

(*)
which holds for all (z1,...,2n) € I"™, where n > 2, I is a nonempty open real interval,
the unknown functions f,g : I — R are strictly monotone, f(’l) and g(’l) denote their
generalized left inverses, respectively, and p = (p1,...,pn) : I — R’ and ¢ = (q1,...,qn) :
I — R% are also unknown functions. This equality problem in the symmetric two-variable
(i.e., when n = 2) case was already investigated and solved under sixth-order regularity
assumptions by Losonczi (Aequationes Math 58(3):223-241, 1999). In the nonsymmetric
two-variable case, assuming the three times differentiability of f, g and the existence of
i € {1,2} such that either p; is twice continuously differentiable and ps_; is continuous on
I, or p; is twice differentiable and p3_; is once differentiable on I, we prove that (*) holds
if and only if there exist four constants a, b, ¢,d € R with ad # bc such that
cfrd>0, g=YTT0 nd g =(efrdpe el
cf+d

In the case n > 3, we obtain the same conclusion with weaker regularity assumptions.
Namely, we suppose that f and g are three times differentiable, p is continuous and there
exist 4,5,k € {1,...,n} with ¢ # j # k # i such that p;, p;, pi, are differentiable.
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1. Introduction

Throughout this paper, the symbols R and R, will stand for the sets of real
and positive real numbers, respectively, and I will always denote a nonempty
open real interval. In the theory of quasi-arithmetic means the characteriza-
tion of the equality of means with different generators is a basic problem which
was completely solved in the book [7]. Using this characterization, the homo-
geneous quasi-arithmetic means can also be found: they are exactly the power
means and the geometric mean. In [2] (cf. also [3]) Bajraktarevi¢ introduced a
new generalization of quasi-arithmetic means by adding a weight function to
the formula of quasi-arithmetic means. He also described the equality of such
means (called Bajraktarevi¢ means since then) in the at least 3-variable setting
assuming three times differentiability. Daréczy and Losonczi [4], later Dardezy
and Péles [5] arrived at the same conlusion with first-order differentiability and
without differentiability, respectively, but assuming equality for all n € N. As
an application of the characterization of the equality, Aczél and Dardczy [1]
determined the homogeneous Bajraktarevi¢ means that include Gini means
which were introduced by Gini [6]. Losonczi [9] described the equality of two-
variable Bajraktarevi¢ means under sixth-order regularity assumptions and an
algebraic condition which was later removed in [10]. Using these results, the
homogeneous two-variable means were also determined by Losonczi [11,12].

The purpose of this paper is to extend the definition of Bajraktarevi¢ means
in a nonsymmetric way by replacing each appearance of the weight function
by a possibly different one. We also take strictly monotone functions instead
of strictly monotone and continuous ones.

Given a subset S C R, the smallest convex set containing S, which is iden-
tical to the smallest interval containing S, will be denoted by conv(S). For
our definition of generalized Bajraktarevi¢ means, we shall need the follow-
ing lemma about the existence and properties of the left inverse of strictly
monotone (but not necessarily continuous) functions.

Lemma 1. Let f : I — R be a strictly monotone function. Then there exists a
uniquely determined monotone function g : conv(f(I)) — I such that g is the
left inverse of f, i.e.,

(gof)lx)=2  (zel). (1)
Furthermore, g is monotone in the same sense as f, continuous,
(feg)y) =y  (yef)), (2)
and
liminf f(2) <y < limsup f(z) (y € conv(f(I))). (3)

z—g(y) z—g(y)
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Thus, if f is lower (resp. upper) semicontinuous at g(y), then (fog)(y) <y
(resp. y < (fog)(y))-

Proof. Without loss of generality, we may assume that f: I — R is a strictly
increasing function. Then f : I — f(I) is a bijection. The interval I is open,
therefore, f has a left and a right limit at every point x € I, which will be
denoted by f_(z) and fi(zx), respectively. We introduce the notation J, :=
[f=(x), f+(x)], where x € I. Then, for all elements u < z < v € I, we have
that

fr(u) < f-(2) < f(2) < fi(z) < f-(v).
From these inequalities, it follows that f(z) € J, holds for all x € I and
Jx N J, = 0 whenever u is distinct from .

The convex hull of f(I) is the smallest interval J C R containing f(I). The
opennes of I implies that inf f(I),sup f(I) ¢ J, hence J :=]inf f(I),sup f(I)[.
We show that

J=J . (4)
el
If « € I, then, for all u < z, we have f_(x) > fy(u) = inf,«; f(t) > inf f(I).
Similarly, fi(x) < sup f(I), therefore, J, C J. This proves the inclusion 2 in
(4). To prove the reverse inclusion in (4), let y € J. Define

z:=sup{u €I | f(u) <y}

Then, for all n € N, there exists u,, € I such that z — % < up and f(u,) < y.
Thus, u,, < z and hence u,, tends to x as n — oo. Therefore,

f-(z) < limsup f(un) <y.

On the other hand, let u,, € I be an arbitrary sequence converging to x such
that < u,. Then y < f(u,), whence we obtain

y < lim flun) = fi(2).

The above inequalities imply that y € J,, which completes the proof of the
inclusion C in (4).

Let y € J = conv(f(I)) be an arbitrarily fixed element. Then there exists
a uniquely determined element x € I such that y € J,, hence we define the
function g : J — I by the prescription g(y) := x.

Therefore, if x € T is an arbitrary element, then it is obvious that f(x) € J,
and hence g(f(x)) = z. Thus, Eq. (1) is valid for all 2 € I.

To see that g is nondecreasing, let y; < yo be arbitrary elements of J. Then
there exist elements x1,x9 € I such that y; € J,,. If zo were strictly smaller
than x7, then we would have

Y2 < fi(z2) < f-(21) < 1.
This contradiction shows that g(y1) = z1 < 22 = g(y2).
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To prove that g is continuous, let y € J and choose € > 0 so that g(y) £ ¢
be in I. Define W. :=f_(g(y) — &), f+ (g(y) + £)[ . Then

f-(g(y) —e) < [=(9(v)) <y < f+(9(y) < [+ (9(y) +¢€),

hence W, is a neighborhood of y. By the monotonicity of g, for w € W,, we
have that

9(y) —e=g(f~(9(y) —©)) < g(w) < g(f+(9(y) +¢€)) = g(y) + ¢,
which yields that ¢ is continuous at y.

If y € f(I), then there exists a uniquely determined element x € I such
that f(x) =y and hence, using (1), we get that

(fog)y) =f((go f)(z)) = f(z) =y,
which shows that (2) holds for all y € f(I).
To see that (3) is valid, let y € J. By the definition of g(y), there exists a
unique element v € I such that y € J, and ¢g(y) = v. Then, for all z < v = g(y),
we have

flx) < fi(z) < f-(v) <.
Therefore, upon taking the left limit z — v — 0, we get
liminf f(z) = lim f(z) <y,
z—g(y) z—g(y)—0
which proves the left hand side inequality in (3). The verification of the right
hand side inequality is completely analogous, therefore it is omitted.

Finally, we prove the uniqueness of g. Assume that h : J — [ is a nonde-
creasing function which is the left inverse of f. We are going to show that h
coincides with g on J. Let y € J be arbitrary. Then there exists € I such
that f_(z) <y < fi(z) and g(y) = x. Let (z,,) be a strictly increasing and
(2!,) be a strictly decreasing sequence converging to x. Then, for all n € N, we
have

flan) < fo(2) <y < fo(@) < flar).
By the monotonicity of h, it follows that
2 = (ho f)(zn) < h(y) < (ho f)(z}) = =7,
Taking the limit n — oo, we arrive at
z < h(y) <z,

which proves that h(y) = 2 = g(y). O

The function g described in the above lemma is called the generalized left
inverse of the strictly monotone function f : I — R and is denoted by f(=1. Tt
is clear from (1) and (2) that the restriction of (=1 to f(I) is the inverse of f

in standard sense. Therefore, f(=1) is the continuous and monotone extension
of the inverse of f to the smallest interval containing the range of f.
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Given a strictly monotone function f : I — R and an n-tuple of posi-
tive valued functions p = (p1,...,pn) : I — R’}, we introduce the n-variable
generalized Bajraktarevic mean Ay, : I™ — I by the following formula:

<):= (=1) pl(xl)f(xl)_F' : ~+pn(x'n)f(xn) x—(z T n
Af717( ) f ( pl(x1)++pn(xn) ) ( ( 1y n) EI )a
()

and, to simplify the notations, we will use the following definition:

Ry p(x) = ‘
p1(®1) + -+ + pnlan)
Theorem 2. Let n > 2, f: I — R be strictly monotone and p = (p1,...,pn) :

I — R}, Then the function Ay, : I — I given by (5) is well-defined and it
is a mean, that is,

min(x) < Ay p(x) < max(x) (x=(21,...,2,) €I"). (7)

(6)

Proof. We may assume that f is strictly increasing (in the decreasing case the
proof is very similar). To show that, for all x = (z1,...,z,) € I", the formula
for Ay ,(x) is well-defined and (7) holds, consider the ratio Ry ,(x).

Due to the positivity of the values of p;(z;), we can see that Ry ,(x) is a

convex combination of the values f(x1),..., f(x,), therefore,
f(min(x)) = min(f(z1), ..., f(za)) < Ry p(x)
< max(f(xl)v"'7f(xn)) :f(max(x)). (8)

This shows that Ry ,(x) is an element of conv(f(I)), which is the domain of
fY and hence Af,(x) = f("V (R, (x)) is well-defined. Furthermore, using
that f(=1) is nondecreasing and is the left inverse of f, the inequalities in (8)
yield

min(x) = £V (f(min(x))) < fCV(Ry,(x)) < fOV(f(max(x))) = max(x).

This finally proves the mean value inequalities stated in (7). O

Theorem 3. Let n > 2, f: I — R be strictly increasing and p = (p1,...,pn) :
I — R%. Then, for all x = (x1,...,x,) € I", the equality y = Ay ,(x) holds if
and only if

(9)

sz(%)(f(z) — f(x1) {< 0 forzel, z<y,
i=1

>0 forzel, z>y.

If f is strictly decreasing, then the inequalities (9) hold with reversed inequality
S1gNS.

Proof. Assume that f: I — R is strictly increasing, let x = (z1,...,2,) € I"
and y = Aj,(x). If z < y, then f(z) < Ry,(x), because in the oppo-
site case we would have f(z) > Rj,(x) which implies 2 = fV(f(z)) >
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FEV(Rf (%)) = Ap(x) = y, contradicting the choice of z. Rearranging the
inequality f(z) < Ry ,(x), it easily follows that

> pilw)(f(2) — f(w:)) < 0.

In the case z >y, we get f(z) > Ry ,(x), which implies the second inequality
in (9).
Observe that the function

zp(z) = sz(xz)(f(z) — f(z:))
i=1

is strictly increasing. Therefore, it changes sign at most one point in I. If (9)
holds for y, then ¢ changes sign at y. On the other hand, as we have seen it
above, ¢ also changes sign at Ay ,(x). Hence y = A ,(x) must hold. O

Corollary 4. Let n > 2, f : I — R be continuous, strictly monotone, and
p = (p1,...,pn) : I — RY. Then, for all x = (x1,...,2,) € I", the value
y = Ay p(x) is the unique solution of the equation

D opil@)(f(y) = fla) = 0. (10)
i=1
Proof. The function
yH@@%ZE:m@Mﬂw*f@m

is strictly monotone and continuous. Therefore, it vanishes at most one point
in I. Applying Theorem 3, we obtain that ¢ changes sign at y = A, (x).
Thus, using that ¢ is continuous, ¢ vanishes at y = Ay ,(x). O

The next result establishes a sufficient condition for the equality of the
n-variable generalized Bajraktarevi¢ means. We will call this situation the
canonical case of the equality.

Theorem 5. Letn > 2, f,g: I — R be strictly monotone andp = (p1,...,0n) :
I - RY, q=(q1,-.-,qn) : I — R}. If there exist a,b,c,d € R with ad # bc
such that

cf+d>0, g=

and ¢ = (cf +d)p; (te{l,...,n})
(11)

hold on I, then the n-variable generalized Bajraktarevi¢c means Ay, and Ay 4
are identical on I".
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Proof. Let x = (x1,...,2,) € I be arbitrary. Using the formulas (11), for
z € I, we obtain that

Z qi(z:)(9(2) — g(z:))

e o ((af D) () )~ (0f (w2 B)(ef () )
= 2 )+ dmila) ( (ef @)+ d)(cf () +0) )
ad—bc -

= o (opE R @).

It shows that Y., ¢;(z;)(g(z) — g(x;)) changes sign at y if and only if
S pi(z)(f(2) — f(z;)) changes sign at y. Hence, applying Theorem 3,
Afp(x) = Ay 4(x) holds. The element x being arbitrary in I”, we get the
statement of the theorem. 0

With the aid of the following lemma, we can reduce the regularity assump-
tions in our statements. For the formulation of this and subsequent results, we
define the diagonal diag(I™) of I"™ and the map A,, : [ — diag(I™) by

diag(I") := {(z,...,z) eR" |z € I} and Ap(x) := (z,...,7) (x €I).

For all i € {1,...,n}, let e; € R™ denote the ith vector of the standard base
of R™, i.e., let ¢; := (6”)?:17 where § stands for the Kronecker symbol.

Given p = (p1,...,pn) : I — R and ¢ = (q1,...,qn) : I — R}, we will
also use the following notations:

do0
Po :=p1+ -+ Dn, qo:=q1+ -+ qn, and Tozzp—.
0

Lemma 6. Letn > 2, f,g: I — R be continuous strictly monotone functions,
and p = (p1,...,pn) : I = R}, ¢ = (q1,...,qn) : I — R}. Assume that there
exists an open set U C I™ containing diag(I™) such that Ay, = A, 4 holds on
U. Then the following two assertions hold.

(i) For alli € {1,...,n}, the function p; is continuous on I if and only if
the function q; is continuous on I.

(ii) Let k € N. Assume that f,g : I — R are k times differentiable (resp. k
times continuously differentiable) functions on I with nonvanishing first
derivatives. Then, for alli € {1,...,n}, the function p; is k times differ-
entiable (resp. k times continuously differentiable) on I if and only if ¢;
is k times differentiable (resp. k times continuously differentiable) on I.

Proof. In what follows, we will prove that the regularity properties possessed
by p; are transferred to the corresponding ¢;. The reverse statements can by
similarly verified.
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For i € {1,...,n}, denote
Ui = {(z,y) € I’ | Ap(z) + (y — x)e; € U}

Then U; is an open set containing diag(I?). By our assumption, we have that,
for all (z,y) € U,

Agq(Bn(x) + (y —z)ei) = App(An(z) + (y — )es).
This is equivalent to the following equality
(g0(x) — qi(#))g(=) + %:(y)9(y)
q0(7) — ¢i(x) + ¢i(y)
— (o -1 [ Polx) = pix)) f(x) + pi(y) f(y)
=] )< po(@) — pi(z) + pi(y)

) ((z,y) € U;).
(12)

Observe that, for z,y € I with = # y, the inequalities p;(z) < po(x) and
f(x) # f(y) imply that
(po(z) — pi(2)) f (=) + pi(y) f ()
po(x) — pi(z) + pi(y)

# f(y).

Therefore,
(gof™) <(po(w) —pi(@) (@) +pi(y) ()
po(z) — pi(z) + pi(y)
Thus, solving Eq. (12) with respect to ¢;(y), we get

) #9(y).

—1y( (Po(z)—pi (@) f(x)+pi (v) f(y)
(0 I G e mit) ) — 9() (2,y) € Ui, z # ).
s~ g
(13)

2:(y)=(q0(z)—qi(z))

Let g € I be an arbitrarily fixed point. The pair (z¢, () is an interior
point of U;, therefore, there exists © € T\ {x¢} such that (z,z¢) € U;. Then
the set

Vi={yel|(z,y) €l z#y}
is a neighborhood of g on which we have equality (13) for ¢;. Provided that
f and ¢ are continuous on I and p; is continuous at g, it follows that go f~!
is continuous on f(I) and hence the mapping

—1y (o) — pix)) f(x) + pi(y) f(y

= (go 7 (PPN ) £ p)I ) )
po(x) — pi(z) + pi(y)

is continuous at x. This shows that the right hand side of (13) is a continuous

function of y at xg and hence ¢; is continuous at xy. This proves the first
assertion.
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Provided that, for some k € N, the functions f,g : I — R are k times
differentiable (resp. k times continuously differentiable) on I with nonvanishing
first derivatives and that p; is k times differentiable (resp. k times continuously
differentiable) at x, it follows, by standard calculus rules, that gof ! is k times
differentiable (resp. k times continuously differentiable) and hence the mapping
(14) is also k times differentiable (resp. k times continuously differentiable) at
2o. This implies that the right hand side of (13) is a k times differentiable
(resp. k times continuously differentiable) function of y at x¢ and hence g; is
k times differentiable (resp. k times continuously differentiable) at xo. This
proves the second statement. O

The following theorem is of basic importance for our investigations.

Theorem 7. Let n > 2, f,g : I — R be continuous, strictly monotone and
p = (p1,-.-spn) : I — RY be a continuous function on I. Let further q =
(q1s---5qn) : I — R Assume that there exists an open set U C I™ containing
diag(I™) so that As, = Ay, holds on U and there exist a,b,c,d € R with
ad # be and a nonempty open subinterval J of I such that (11) holds on J.
Then q is continuous on I and (11) is also valid on I.

Proof. First of all, using Lemma 6 and the continuity of f, g and p, it is clear
that ¢ is continuous on I.

Assume that Ay, = A, , holds on some open set U containing diag(I™)
and for some constants a,b,c,d € R with ad # bc there exists a nonempty
open subinterval J of I such that (11) holds on J. We may assume that .J is a
maximal subinterval of I with this property. To complete the proof, we have
to show that J = I. To the contrary, suppose that J # I. Then one of the
strict inequalities

inf I <infJ =:« or sup J < sup [ (15)

must be valid. We may suppose that the first inequality in (15) holds.
Hence, due to the continuity of f, p1, and ¢1 at «, it follows from (11) that
q1(a) = (cf (@) + d)p1(a). Therefore, g1(a) > 0 implies that cf(a) +d > 0.
Consequently, using the continuity of all the functions, for all z € J := JU{a},
we get that

cf (z)+d>0, g(z) = M

= o) 1 d and qi(z) = (cf (z) + d)pi () (ie{1,...,n})

are valid. By the continuity of f, there is an element & € I with & < a such
that cf(z) +d > 0 for all x € I :=]a,a] U J. Define the functions g : I — R
and g : I — RY by

_ af(z) +b

i@= 0T M 6@ = @@ rdpE  @elic(n).

(16)
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Thus, for all € J, the equations

g(z) = g(x) and qi(z) = g;(x) (te{l,...,n}) (17)

hold. On the other hand, the maximality property of J implies that there is no
8 < a such that (17) is valid for all  €]3,a] U J. Furthermore, the equality
Af, = Ay qon U and Theorem 5 applied to the conditions (16) yield that

Agq(x) = App(x) = Ag 4(x) (18)
is also valid for all x € U := (I)*NU. The point (a, ..., ) is an interior point
of U, therefore, there exists r > 0 such that Ja —r,a+7["* C U and hence (18)
holds for all x € o — 7, + [

In what follows, we assume that ¢ is strictly increasing and hence g must
be also strictly increasing. The functions g and g are identical on [a, v + 7],
therefore, their inverses are also equal on [g(a), g(a + 7)][.

The following claim will be useful for the rest of the proof.

Claim. If x = (21,...,2y,) €|la—r,a+ 7" such that a < Ay 4(x), then

)
a(r)g(@) + -+ an(@n)g(@n) _ Q(z1)g(x1) +-- - + Gn(@n)g(2n) (19)
qi(z1) + -+ gnlzn) q1(z1) + -+ Gnlzn) .
Indeed, the condition on x implies that a < A, ,(x) < max(z) < a + r also
holds, hence g(Ay4(x)) = g(Ay,4(x)). On the other hand, in view of (18),
we have the equality A, ,(x) = Az 7(x). Therefore, g(Ay4(x)) = G(A45,4(x)),
which implies Eq. (19).
Let yo €]a, a+ r[ be fixed. Then the inequality g(«) < g(yo) implies that
g(a) ql(a)g(a) + (QO - qz)(yO)g(yO) (Z c {1’ o ,TL})
gi(e) + (g0 — i) (o)
Now, by the continuity of the functions g, q,...,q,, we can find a positive
number Jp := §(yp) < min(yp—a, a+r—yo) < r such that, for all x € Ja—dy, ]
and y € Jyo — do, Yo + dol,
ai(@)g(x) + (90 — a:)(¥)9(y) -
g(a) < N pr o (te{l,...,n}). (20)
Applying the inverse of g side by side to this inequality, it follows that a <
Agq(z1,...,20), where z; := z and z; = y for all j € {1,...,n}\ {i}.
Therefore, in view of the Claim above and equality (17), for all x € Ja — dg, @]
and y € Jyo — 60, Yo + do[, we have that

gi(x)9(x) + (90 = 4:)(W)9(y) _ @(x)g(x) + (g0 — 4i)(¥)9(y) Gefl... n}
gi(z) + (90 — 4:)(y) gi(z) + (90 — ¢:)(y) T
This equality can be rewritten as
qi(2)qi(2)(9(x)—g(x)) + (90— ) (¥)(q:(x)g(x)
— @i(2)g(x)) + (90 —4:)(¥)9(y)(@(z) —gqi(x)) = 0. (21)
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Consider the sets
S={z€la—raf:g(x) #g(x)}, Si={z€la—ral:q(x)#aq()} GEec{l,...,n}).
In the next step we show that
SNla—dp,a[=5;N]a = by, af (te{1,...,n}). (22)
If ¢ €)a—dp, a[\S, then g(x) = g(z). Using this, (21) simplifies to the product
equality
(90 — )W) - (9(x) — 9(y)) - (¢i(2) — @(x)) = 0.
The first factor is not zero, because it is the sum of positive terms. Using that
x < a<yy—d <y, the strict monotonicity of g implies that g(z) < g(y),
proving that the second factor is also not zero. Therefore, we must have ¢;(x) =
gi(z), which shows that x €]a — dg, @[ \S;. Conversely, if x €]a — §p, @[ \S;,
then ¢;(x) = @;(z). In this case (21) reduces to the product equality
() - (qi(x) + (90 — @) (¥)) - (9(x) — g(x)) = 0.
The first two factors are positive, hence we must have g(z) = g(z), which
proves that @ €]a — dp, @[ \S and completes the proof of equality (22). The
maximality of the interval J, in view of (22), implies that
sup SNJa — dp, a[=sup S; N]a — §p, [ = & (te{l,....,n}). (23)

Let i € {1,...,n} be fixed and y1,y2 €]yo — do, Yo + do[ be arbitrary such
that y; # y2. Replacing y by y; and y» in (21), and then subtracting the two
equations so obtained side by side, we get that

((q0 — @) (y1) — (90 — ¢:)(y2)) - (@i(z)g(x) — G:(2)g(z))
+((q0 — ai)(y1)g(y1) — (g0 — ¢:)(y2)g(y2)) - (@i(z) — qi(x)) = 0. (24)

Let x1, 29 €]a — dp, ] be arbitrary. Substituting « by 7 and then by zs in
(24), we get a homogeneous linear system of two equations of the form

& (ai(zr)g(ze) — Gi(wr)g(wr)) +n - (G(wn) —ai(ze)) =0 (k€ {1,2})25)

which is nontrivially solvable with respect to (&, 1), because the equalities
&=(q0 — ¢:)(y1)—(q0 — @:)(y2) =0 and 7n:= (90 — @)(¥1)9(y1) — (90 — @:)(y2)g9(y2) =0

cannot be satisfied simultaneously. Indeed, if £ = 0, then (g9 — ¢:)(y1) =
(g0 — ¢i)(y2) > 0. This equality together with n = 0 imply that g(y1) = g(y2).
The strict monotonicity of g then yields y; = y2, which contradicts the choice
of y1 and yo. Hence the determinant of the system (25) must be equal to zero,
that is,

ai(x1)g(w1) — Gi(21)g(x1) Gi(w1) — qi(w1)| _ 0
qi(z2)g9(x2) — Gi(22)g(w2) Gi(22) — qi(x2)|



R. GRUNWALD AND Z. PALES AEM

If 21,29 € SN]a — g, a[= S;N]a — dg, o are arbitrary, then g;(x1) # ¢;(x1)
and G;(x2) # qi(x2), therefore, the above determinantal equality can be rewrit-
ten as

qi(x1)g(r1) — Gi(w1)g(x1)  qi(x2)g(w2) — Gi(w2)g(22)
gi(z1) — qi(w1) B di(z2) — qi(w2) .
Therefore, there exists a real constant ¢; such that
_ qi(x)g(x) — Gi(x)g(x)
G —ale)
holds for all z € SN]a — dy, af. Solving this equation with respect to g(x), we
obtain that

_ gi(z)
xT) =
g(x) @)
is valid for all x € SN]a — dg, . Subsituting formula (26) into (21), for all
x € SN]a —dp,af and y €yg — do, Yo + do[, we arrive at the equation
(@i(2) — ai(2)) - (@(2)(9(z) + i) + (0 — @) (W) (9(y) + 1)) =0,
which simplifies to the identity

(9(x) +ci) —ci (26)

2i(x)(9(z) +ci) = —(q0 —a:)W)(9(y) +c)) (€ SNJa—do, e, y €lyo — do,y0 + do[)-

Therefore, there exists a real constant d; such that

qi(z)(g(x)+ei)=di= —(90—4¢:)(W)(9(y) + ci)  (z € SNJa—do,al, y €]yo — o, yo + do[)-

Using these equalities on the domain indicated, inequality (20) implies that
gi(®)g(x)+(q0 — @) W)9(y) _di — ciqi(x) — di — ci(q0 — ¢i) ()

g(a) < = =—q.
=T — ) 5@ T (a0~ 4))

(27)
Therefore, for all z € SN]a — dg, [, we have that g(z) < g(a) < —¢;, which
yields that d; < 0 and ¢;(z) = m This shows that ¢; is strictly increasing

on SNJa—1dp, af. As a consequence of this property, it follows that the equality
qi(z)(g(x) + ¢;) = d; uniquely determines the constants ¢; and d;. Indeed, if
qi(z)(g(x) 4+ ¢;) = d were also true for all z € SN]a — dp,a[ and for some
constants ¢; and d}, then subtracting the two equations side by side, we get
qi(z)(c; — ¢}) = d; — d. If ¢; # ¢}, then this last equality yields that ¢; is
constant, which contradicts its strict monotonicity. Therefore, ¢; = ¢} implying
that d; = d is also valid.

In the final step, instead of a fixed element yo € Jo, o 4 7], we take another
arbitrary element 3’ € Ja, a+r[. Repeating the same argument as above, there
exists a positive number §’ := 6(y’) and real constants ¢}, d; such that

qi(x)(g(@)+ci)=d; = —(q0 — q)W)(g(y) + <) (@€ Snla—d,a,yely’ =&,y +1).
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On the set SN]a — min(d,dp), o[, we have both ¢;(z)(g(x) + ¢;) = d; and
qi(z)(g(x) + ¢}) = d}. Due to the uniqueness property, it follows that ¢, = ¢;
and d} = d;. Therefore,

di = —(q0 — @) (W) (9(y) + ¢;) (28)

is valid for all y € |y’ — &', ¥’ + ¢’[, in particular, for y = y’. The point y’ being
arbitrary, we can see that (28) holds for all y € Ja, a+r[. Comparing the signs
of both sides, we obtain that g(y) + ¢; > 0 for all y € |a, a + r[. Upon taking
the limit y — a+ 0, it follows that g(a) + ¢; > 0. On the other hand, by (27),
we also have that g(«) + ¢; < 0, whence g(a) + ¢; = 0 follows. Using that (23)

holds, we may also take the limit z — a — 0 in the equality
ai(z)(g9(z) +ci) = d; (x € SN]a — by, a]),

whence we arrive at the equality d; = 0, which is the desired
contradiction. g

2. Partial derivatives of Bajraktarevié¢ means

In the next result we determine the partial derivatives of the Bajraktarevié
means up to third order at diagonal points of I under tight regularity assump-
tions. For instance, as stated below in assertions (1), (2b), (3c), we prove the
existence of partial derivatives of the form 0™ only assuming the (m —1) times
continuous differentiability of p;.

Theorem 8. Let n > 2, ¢ € {1,2,3}, let f : I — R be an ¢ times differentiable
function on I with a nonvanishing first derivative, and let p = (p1,...,pn) :
I — R". Then we have the following assertions.
(1) If ¢ =1,4 € {1,...,n}, and p; is continuous on I, then the first-order
partial derivative 0; Ay, exists on diag(I™) and
Pi
0;As,0 A, =—.
fp 7o
(2a) If £ =2, 4,5 € {1,...,n} with i # j, furthermore, p; and p; are differ-
entiable on I, then the second-order partial derivative 0;0; Ay, exists on
diag(I™) and

(pip;)" _ pipj "
0,0;Ar,0 A, = — - TR
Ui fp n p% p(Q) Iz
=2,1€{1,...,n}, and p; is continuously differentiable on I, then
2b) If¢ =214 1 dp; i t1 ly di tiabl 1, th
the second-order partial derivative 92 Ay, exists on diag(I™) and
/ _ . ) M. "
9245, 0 A, — 2pi(p02 pi) 1%(1902 Pi) L/
Po Py f
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(3a) Ift =3,4,5,k € {1,...,n} withi # j # k # i, furthermore, p;, p;, and py,
are differentiable on I, then the third-order partial derivative 0;0;0,A¢
exists on I™ and

PiDP}, + PipiPy + PiPpk o ivipe)” f”

3 + 3 T
Po Py f

PiPjPk f")z_f”'>
T (3(f’ )

(3b) If ¢ =3, 4,5 € {1,...,n} with i # j, furthermore, p; is twice differen-
tiable and p; is differentiable on I, then the third-order partial derivative
020, Ay, exists on I"™ and

&ajc‘)kAﬂp o An =2

2pip;(2pi — po) + p; (2(pF)* — pi'po)
3
20
(2p;p; + pip;)(2pi — po)  f”
+ 3 T
Po f

. n\ 2 "
2 (0n-m(F) i)

(3c) If t =3,i€{1,...,n} and p; is twice continuously differentiable on I,
then the third-order partial derivative 93 Ay, exists on diag(I™) and

3(po — pi) (pop!! — 2(p})?)

82-23jAf,p °oAp =

Pi(po — 2pi)(po —pi) f”

DPAp, 0N, = +3
Iv Py Y I
Pi (Po - pz‘) 1" 2 I
R (3171' (f’ — (po eri)*f, :

Proof. Let ¢ € {1,2,3}. Assume that f : I — R is an ¢ times differentiable
function on I with a nonvanishing first derivative. We have the following for-
mulas for the derivatives of f~!:

B 1 B o f// . N 3(f//)2 _f/f/// .
P =5 (P =gl () ="
( ) f/ ( ) (f/)B ( ) (f/)s
(29)
In this proof, let § denote the extended Kronecker symbol, which, for
1,7,k € N, is defined by:

1 ifi=y, 1 ifi=j5=k,
5ij = . and 5ijk = .
0 otherwise 0 otherwise.

Furthermore, in order to make the calculations shorter, we use the notation
R := Ry, where Ry, was defined in (6). Then A, = f~'oRs, = f"'oR.
To compute the partial derivatives of R, we introduce the notations

P('Ilv s 79377,) = pl(xl) + +pn(xn)7



Equality of generalized Bajraktarevié means

Qz1,.. ) = p1() f(@1) + -+ + plzn) f(@n).
Then R - P = (Q and we have that
Po A,=py, Qo An=pof, RoA,=f, and floRoA,=id.
(30)

To prove the first assertion of the theorem, let x € I be fixed. Then, using
the continuity of p; and the differentiability of f at x, we get

(R0 Ay)(x) = lim THAE@) + = 2)es) = B(An(2))

y—zT y—x

-y (G 12010 _ )

T po(z) — pi(x) + pi(y)
L ) W @)
S @ —p@ Iy B

Therefore, using standard differentiation rules, the last identity in (30) and
(31), we obtain

O;R bif! Di
A a9 (f—1 _ i _p’ _ Pi
81Af,poAnf5'l(f oR)oAnf (f’Of—loR)OA"f’ = o

This completes the proof of assertion (1).

For the proof of statement (2a), let i,7 € {1,...,n} with i # j be fixed
and assume that p; and p; are differentiable and f is twice differrentiable on
I. Then, for all o, 3 € {i,j} with a # 3, the partial derivatives 0, and 9,0p
of P and @ and hence of R exist at every point in I™. Furthermore, for all
(z1,...,2,) € I, we have that

OaP(x1,...,20) = Pl(xa), 0aQ(x1,. .., 20) = (Paf) (za),
0003P(x1,...,xn) =0, 0,08Q(z1,...,2,) =0. (32)

Differentiating the identity R - P = @ with respect to the jth and then with
respect to the ith variable, in view of the equalities in the second line in (32),
it follows that

0;0;R-P+0;R-0;P+0;R-0;P=0

holds on I™, whence, using (31) and (32), we arrive at

0,0;Ro0 A, = (_ 3jR-8iP;aiR~ajP> A
pjf/ / pif’ ’ (pipj)’f’

T R s 33

p(2J P Pg Pi p% ( )

Applying the chain rule, the first two formulas in (29) and then (30), (31),
(33), it follows that
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aiajAf,p oA, = (((f_1>// o R) -O;R - (%R + ((f_l)/ o R) . 8“9]}{) oA,
S ol opif L —(eapg)' S (epg)”  pipg S

(f2 po pof I I g I
To justify assertion (2b), let « € I be fixed. Let ¢ € {1,...,n} and assume
that p; is continuously differentiable and f is twice differentiable on I. Then
the partial derivative 9; of P and @) and hence of R exist at every point in
I". Differentiating the identity R - P = @) with respect to the ith variable, we
have that O;R- P + R - 0; P = 0;Q, whence

_ 9Q—-R-9;P
s

OiR

Using this, we obtain

(0?Ro A,) ()
OiR(An(z) 4+ (y — w)e;) — O R(An(2))
y—a y—x

, (o) =ps@) @) ()] ()
0if)' W) — e ) i) _pi(:v)f’(x)>

yooy — po(z) — pi(x) + piy) po(z)

< (po(z) — pi(x))pi(y)  fly) — f(z)
(po(z) —pi(z) +pi(y))*  y-—=z

1 (pif")(y) (pif')(z)
T (po(w) —pi(@) +pi(y)  po(2) >)

= lim

y—x

_ (o =p)pif" v 1 C(pif)(y) — (pif")(2)
B I (=) + Jim, (po(ff) —pi(x) + pi(y) y—x
B (pif')(x) pily) — pi(m)>
(po(w) — pi(z) + pi(y))po(z) y—x
- P;(po - pz')f/ pif”
- (2 2 + )(x). (34)

Applying standard calculus rules, the first two formulas in (29) and then (30),
(31), (34), we conclude

a?Af,poAn = af(f_l OR) oA,
= (U)o R) - @B + () 0 B) - 92R) 0 A,

" N\ 2 ’ Y e
(ff/)3 (I}Z){) _’_1(2]91'(100 pz)f +sz >

f I Po
Pi(po —pi) | pilpo —pi) [

2

Po P% f
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To prove assertion (3a), let 4,5,k € {1,...,n} with ¢ # j # k # i and
assume that p;, p; and py, are differentiable on I. Then, for all o, 5,7 € {1, 7, k}
with « # 8 # v # «, the partial derivatives 0n, 0,03 and 0,030+ of P, ) and

hence of R exist at every point in I"™. Furthermore, for all (zq,...,z,) € I",
we have the equalities in (32) and in addition
00030y P(1,...,2,) =0, 04030,Q(x1,...,x,) = 0. (35)

Differentiating the identity R - P = ) with respect to the kth variable, then
with respect to the jth variable and then with respect to the ith variable, in
view of the last two formulas in (32) and (35), we get 0;0,0xR - P + 0,0, R -
Ok P+ 0,0k R - 0;P + 0;0xR - 0; P = 0. Thus, applying the first formula in (33)
and (32), we arrive at

00RO P + 0i0kR - 0,P + ;0. R - aip) A
P
(pipy) P I+ (ipk) D "+ (pipn)'Pif

P
_ 2wy, + Pippl + pipipr) (36)
P '
Hence, using (29) and then (30), (31), (36), (33), we obtain
0:0;00 A1, 0 A,
= 0;0;0,(f "o R) o A,

= ((#)" o R) - R - 03k - 0u R+ ((F ") © R) - 90,04 R

8i8j8kR o An = (

+((F7)" 0 R) - (OB 000 + 0 R - 0,0 R + O R - 9,0, R) ) 0 A,

3= L1 pif' pif pef |1 (Pipipi + Pipipk + Pipipk) [

a (f1)° P m wo P I
_ f” <sz/ —(pipe)"f’ + pif’ ) —(pipk)"f’' + prf’ ) —(Pipj)'f/>
(f)3\ po Iz Po fa Po I
_ 2pm};z>§c + Pip;py + il Pk L opipipe) J" P (3( 1" )2 M )
e I o f f

To verify assertion (3b), let 4,5 € {1,...,n} with i # j and assume that
p; is twice and p; is once differentiable on I. Then, for all o, 8 € {i,j} with
the assumption o and 3 are not equal to j simultaneously, the partial deriva-
tives 0y, 0,05 and a?aj of P, @ and hence of R exist at every point in I™.
Furthermore, for all (z1,...,2,) € I, we have (32), (35), and in addition

O P(x1,...x) = pf (), 07Qx1,... 2) = (pif)" (i),
8128]P(:1:1,,xn) :0, 8128]62(581,71’”) =0. (37)
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Differentiating the equality R - P = () with respect to the jth variable, and
then with respect to the ith variable twice, using (32) and (37), we get
O?0;R- P+ 0R-0;P +20;0;R-0;P+ 0;R - 07P = 0.
Thus, applying (34), (32), (33), (31), and (37), we arrive at
B O?R-0;P + 20;,0;R - 0;P + 0;R - 0i2P) oA,

&@RoAn=<

P
_ _(2(2?0 —pi)pif L pif") P +2(pipj)'f' vy il o
I po ) Do P5 Po Po Do
2o (2pi — po) 4+ pi(2(p5)? — ppo)) f' — popit; £ (38)
_ d _
Py

Therefore, using (29) and then (30), (31), (38), (33), (34), we get

@@AMOAHZ(@fﬁ“oRyguW-@R+(Uﬂyom.@@R
(£ 0 R) - (20iR- %0, R+ O;R - 92R) ) 0 A,
_ 3(f//)2 _ flf/l/ . (pif/)2 . pjf/

(f)? Pg Po
1 (2P (2pi — po) + i (2(p})* — Pi'p0))f" — popip "
f o
_ (_ GPif" (i)' f’ n pif" po(2pif +pif") — (pz'pi)/f/)
(f1)3 Po I Po I
20ip(2pi — po) + 0 (2(p})* — pipo)  (2pipj 4 pip)(2pi —po)  f”
- 3 + 3 T
Py Po f

pivi (1o (LN f>
+ pg ((3171 p0)<f,> Di f, s

which completes the proof of case (3b).

To prove assertion (3c), let ¢« € {1,...,n} and assume that p; is twice
continuously differentiable on I. Then the partial derivatives 9;, 82 of P, Q
and hence of R exist at every point in I™. We have that

@Q-R-@P)_a%)P_Q-@p_a@Q.@P+sz@PV

P P2
Then, for all x,y € I, we get
O R(An(x) + (y — x)es)
(i )" (v)((po — pi) (@) + piy)) — (((po — pi) ) (@) + (pi f)(y)) D} (y)
((Po — pi)(x) + pi(y))?

&R:@(
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) _ 9 (po—p:) [)(x)+(p: f)(y) 2
_2(pzf)’(y)p;(y) 2 s @ e P W)

((po = pi)(x) +pi(y))?
~(po—pi)(@)(((po — pi) () + pi(v)P} () — 2(p)*(v)) s
- ((po — pi)(x) + pi(y))? () = A=)

L 2o~ pi) (@) (i f")(y) (pif")(y)
((po —pi)(x) +pi(y)?*  (po —pi)(x) +pily)

Therefore, using (39) and (34), the twice continuous differentiability of p;, we
obtain that

(39)

(0%R 0 A)(z) = lim D EAn(@) + (y —2)e) = S2R(An(a))

y—w y—x
i L (o= p)(@) (((Po — pa) (@) + P )P (y) — 2(p1)° () ot
_;sz—x( ((po — p) () + pi(v))3 (f(y) f(x))
L 2(po — pi) (x)(Pif") (y) (pzf ()
((po —pz)(w) +pz( D% (po— pi)(x) +piy)

oPi(Po — i
B g(Po - pI:)O(popZ - Z(pl)))f ) 3(po — pz)plf i
- ” + S BIRT  )),

Hence, applying (29), (31), (40), and (34), we conclude
R Appoln=0(f'oR)oA,
(((f Yo RYOR) + (1) 0 B)- 0 R+ (f™)" 0 RYGOR- 92R)) o A

3(f")? ff”’( po’)3

)

(f

< (po — pi) popz —2(p)°) f’ 4 3(po —z;)péf” N pif’”)
bo Po

pif’ pz(po pi)f pif”))
(f )3 <3 <2 po - Po

_ 3(po — pi) (pori’ — 2(p})?) L+ gPiPo =2p))(po —pi) f"

I I I
pz‘(po—pi)( (f”)2 )
= 3| % +pi
2 PAT (ot 1)
which completes the proof of assertion (3c). O

Lemma 9. Let n > 2 and f,g : I — R be differentiable functions on I with
nonvanishing first derivatives and i € {1,...,n}. Let p = (p1,...,pn) : I —

n

R% and q = (q1,...,qn) : I — R’} such that p; and q; are continuous on I. If
0;Asp = 0;A,,q holds on diag(I™), then
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% _pi

41
qgo Do (1)
holds on 1.
Proof. In view of Theorem 8, we have
B 9 Ay g0 Ay =0iAsp0A, =20,
do Po
O

Lemma 10. Let n > 2 and f,g : I — R be twice differentiable functions on
I with nonvanishing first derivatives. Let p = (p1,...,pn) : I — R’ and
q=1(q1,---,qn) : I — R} be continuous functions on I and assume that, for
all i € {1,...,n}, (41) holds on I. Let j,k € {1,...,n}. Then the following
two assertions hold.
(i) Provided that j # k and pj, pk, qj, qr are differentiable functions on I,
if 0;0kA;, = 0;0kAg4 holds on diag(I™), then there exists a nonzero
constant v such that, for all i € {1,...,n},

a9 =i f (42)
is valid on I.
(ii) Provided that j = k and pj, q; are continuously differentiable functions

on I, if 07 Ay, = 07 Ay holds on diag(I™), then there exists a nonzero
constant y such that, for alli € {1,...,n}, (42) is valid on I.

Proof. From Lemma 9 we obtain that ¢; = rop; holds for all i € {0,...,n}.
Assume that j # k. Then, using assertion (2a) of Theorem 8, we have that

(pjpr)”  pipe 1"

- — = 0;0kAfpo Ay =0;0kA, 00 A,
pg p% Iz J fp J 9,4
__(rBpjpr)’ _ répipR 9"
rgpg T
Thus, after reduction, we get that
1 1" 11 /
L9\ _n (43)
2\ 9 To
is valid on I. Hence, there exists v € R\ {0} such that
fl
To=\/7" ? (44)

holds on I, whence, by Lemma 9 again, it follows that, for all ¢ € {1,...,n},
(42) is valid.

If j = k, then, applying assertion (2b) of Theorem 8, with a similar calcu-
lation we arrive at the same differential equation for ry and conclude that (42)
is also valid in this case. 0
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For a three times differentiable function f : I — R with a nonvanishing
first derivative, we introduce its Schwarzian derivative S(f) : I — R by the

following formula:
_ sy
sin=2-3(L5). (45)

The following lemma plays a basic role in our proofs.

Lemma 11. Let f,g : I — R be three times differentiable functions on I with

nonvanishing first derivatives. Then S(f) = S(g) is valid on I if and only if

there exist a,b, c,d € R with ad # bc such that cf + d is positive on I and
_af+b
cf+d

(46)
holds on 1.

Proof. Denote the function g o f~! by . Then, by the well-known chain rule
for the Schwarzian derivative (see [8, Chapter 10]),

S(g) = S(po f)=(S(p)o f)-(f)*+S(f)
Therefore, S(f) = S(g) holds on I if and only if S(¢) = 0 is satisfied on
J = f(I). This latter equality however can be valid (again by [8]) if and only
if ¢ is a Mdbius transform on J, i.e., there exist a,b,c,d € R with ad # bc
such that cx +d > 0 and ¢(x) = g;j_’db for x € J. Substituting = by f(u),
these properties are equivalent to the positivity of the function ¢f 4 d and the
equality (46) on the interval I, respectively. O

Our first main result is contained in the following theorem. It completely
characterizes the equality of two generalized Bajraktarevi¢ means with at least
three variables.

Theorem 12. Letn > 3 and f,g : I — R be three times differentiable functions
on I with nonvanishing first derivatives. Let p = (p1,...,pn) : I — R} be a
continuous function on I and q = (q1,...,qn) : I — R7. Assume that there
exist i, j, k € {1,...,n} with i # j # k # i such that p;, p;, pi. are differentiable
functions on I. Then the following assertions are equivalent.
(i) The n-variable generalized Bajraktarevié means Ay, and Ay, are iden-
tical on I™.
(ii) There is an open subset U of I™ containing diag(I™) such that the n-
variable generalized Bagraktarevic means Ay, and Ag 4 are identical on
U.
(i) The function q is continuous, the functions g;,q;, q. are differentiable on
I, and the equalities

OApy=0Ay,  (LE{l,...,n—1}),
0;0; Ay, = 0,0;A4.q,
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0;0;0,As p = 0;0;0,A4.4

hold on diag(I™).
(iv) There exist a,b,c,d € R with ad # be such that cf 4+ d is positive on I,

af +b
9= F+d and g = (cf+dpe  (Le{l,...,n})
hold on I.

Proof. The implication (i)=-(ii) is obvious. Applying Lemma 6, it is also easy
to see that assertion (iii) follows from statement (ii). The implication (iv)=-(i)
is a consequence of Theorem 5. It remains to prove that assertion (iii) implies
statement (iv).

Without loss of generality, we can assume that i = 1, j = 2, and k = 3.
One can easily see that, if pAs, = 0pAg 4 holds for all £ € {1,...,n—1}, then
it is also valid for £ = n. Using Lemma 9, we have that ¢, = ropy holds for all
¢ €{0,...,n}. Hence, using the equality ¢, = r(ps + rop}, we get that

P15 + Phpaps + Piphps 2p1p2pé + p1phps + Pipaps [
Ji M s o

2
| Papaps <3<f”) B f'”)
I f! I’
= 818283Af,p o An = 61828314‘9’,1 o) An
o (p105ph + Pipaps + Piphps) | 7075 (PLp2aps + P1PhPs + Pip2ps)

2

=2 +4
ToP) ToP)
r0(r5)*p1p2ps
+6 T3
ToPo
16 r3ropLP2D3 ) q" n 27’3 (p1p2ps + p1php2 + Pip2ps) . q"
rory ropg g

2
7‘8’]91]92]93 3 ' g"
T3 2\ ) T o)
ToPo g g

Thus, applying (43) three times, after reduction, it follows that

17\ 2 " 7 7\ 2 " i i m\ 2 1"
1 1 1
LA L S O S I (A A WA A N i
r 3 2\f 9 gy g 39
is valid on I. Whence we obtain that S(f) = S(g) holds on I. Therefore, using

Lemma 11, there exist a,b,c,d € R with ad # be such that cf + d is positive
and (46) holds on I. Substituting (46) into (44), we get that ro = d(cf + d)

holds on I, where ¢ := |/ —25— > 0. Therefore,

qe =7rope = (0cf +od)pe (£ €{1,...,n}),
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and
_af+b  daf +b
I=frd def1od
which proves that assertion (iv) holds with the constant vector (@,b,é,d) :=
5 (a,b,c,d). O

Our second main theorem has two variants concerning the regularity
assumptions and characterizes the equality of generalized two-variable non-
symmetric Bajraktarevi¢ means.

Theorem 13. Let f,g: I — R be three times differentiable functions on I with
nonvanishing first derivatives. Let p = (p1,p2) : I — R2 and ¢ = (q1,¢2) :
I — Ri such that p1 # pa. Assume that there exists i € {1,2} such that one
of the following regularity conditions is satisfied.
(a) p; is twice continuously differentiable and ps3_; is continuous on I.
(b) p; is twice differentiable and p3—; is once differentiable on I.
Then the following assertions are pairwise equivalent.
(i) The two-variable generalized Bajraktarevié means Ay, and Ay 4 are iden-
tical on I?.
(i) There is an open subset U of I? containing diag(I?) such that the two-
variable generalized Bajraktarevic means Ay, and Ag 4 are identical on

U.
(iv) There exist a,b,c,d € R with ad # be such that cf + d is positive on I,
af +b
g=L =l dp ad = (ef +dp
hold on I.

Proof. The implication (i)=-(ii) is obvious. The implication (iv)=-(i) is a con-
sequence of Theorem 5. It remains to prove that (ii) implies statement (iv) in
both regularity settings.

Applying Lemma 6, one can see that we have the following assertions, from
statement (ii), under the regularity assumptions (a) and (b) of Theorem 13,
respectively.

(iii) The function g¢; is twice continuously differentiable, g3_; is continuous on
I, furthermore

0iAyp = 0;Ag,q, aEAf,p = 8@‘2Ag7q7 and 81‘3Af,p = 85’Ag7q

hold on diag(I?).
(iii)” The function ¢; is twice differentiable, ¢3_; is once differentiable on I,
furthermore

0iAyp = 0;Ag.q, G?Af’p = 82-2Ag’q, and 82-283,iAf’p = (r“)?(r“)g,iAg’q
hold on diag(1?).
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Without loss of generality, we can assume that ¢ = 1. Then, using the
first equation of (iii) or (iii)’ and Lemma 9, we have ¢; = rop,; for all j €
{0, 1,2}. Due to the equality ro = g;/p;, it follows that rg is twice differentiable.
Furthermore, by the second equation of assertion (iii) or (iii)’ we have that (43)
also holds by the second statement of Lemma 10. Observe that, differentiating
(43), we can obtain that

" " " m\ 2 ”\ 2 " 17
To_l(szg(f) +3<9> 2f.9>. (47)
ro A\ g I g g

Under the regularity assumption (a) of Theorem 13, the third equality in
condition (iii) and formula (3c) of Theorem 8 yield that

p2(6(1)° =3P (1 +p2)) L pipa(pr—p2) [ pipn <f”)2
2 Py f ps \f
L Pipa(2p1 £ p2) [
12 f

= 8:13‘4}‘,17 oAz = 8:131457@ o As
_Top2 (6r3(p1)? + 12roropipt + 6(r0)*pT — 3ro(p1 + p2)(rop! + 2rop| + rip1))

roP;
2 / ’ " 3.2 "\ 2
737“0172(7"0171 +rop1)(pr —p2) 9" ,ropip2 (97)
T3P g T3P g
ropip2(2p1 + p2) g
4+ T0P1p2(2p1 + p2) S (48)
ToPo g
Hence, from (48), using (43) and (47), it follows that
/ " " 2 17"\ 2 7"\ 2
_gP1pa(p1 — p2) (f_g> _3p1p2<<f> B (g) >
P g v I g
pip2(2p1 +p2) (f" 9"
t——— |\~
Po f g
2
L qPip2(p1 = p2) (f” B g”> L3 pip (f” B g”>
b g 2 po \f" ¢
2 2
3 p1p2 (pl + p2) 2Jl?/// 2g//l f// 3 g/l 2f” g//
1 3 \FEm iy ) o) ey
P f g / g "y
+§.P1p2(191 — p2) (f” B g”)g” —0
2 b 9]y 7

whence we get

1 pipa(p1 — p2) (f’” B gm) _ 3 pip2(p1 — p2) ((f”)z B (g”)2> ~0
2 P foog) A L2 f g ’
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which simplifies to

L) (55 g(g) <00 (49)
Do
Using that p; # po, by continuity, it follows that there exists an open nonempty
subinterval J C I such that py (z) # pa(2) holds for € J. Therefore, the above
equation implies that S(f) = S(g) holds on J. Thus, by Lemma 11, there exist
a,b,c,d € R with ad # bc such that cf + d is positive and (46) holds on J and
hence, by Theorem 7, this is also valid on I. Substituting (46) into (44), we

get that 1o = d(cf + d) holds on I, where § := /21— > 0. Therefore, with

the same argument as at the end of the proof of Theorem 12, we can see that
assertion (iv) holds with the constant vector (@, b,&,d) := d - (a,b, ¢, d).

Under the assumption (b) of Theorem 13, the third equality of condition
(iii)” and formula (3b) of Theorem 8 imply that

2p1p5(p1 — p2) + p2(2(p1)* — P (p1 + p2))

4 P2 pipa)(pr —p2)  f”

124 b2 !
| P1p2(2p1 — p2) (1"")2
b2 !
2 1"
—p;%”? : J; = 9102 Asp0 Ay
— P0sA,, 0 Ay = 2ro(rop1 + 7"6171)(7"317;2 + rop2)(p1 — p2)
ToPo
_ rop2(2(r8(p1)* + 2rorbpiph + (ro)*pt) — ro(ropt + 2r6pt + rEpy) (b1 +p2))
op
75 (2p2(roph + rop1) + pi(rops + rop2)) (pr —p2) g”
rop g
+T5’P1P2(3p; —p2) (9/:)2 B 7“8’];%52 . g'i/. (50)
ToPo g ToPo [Y

Hence, from (50), using (43) and (47), we arrive at
2p1p'ip2 — 2p1P3 + Piph — P1paph ( oy )

3

Do

g

2 2
p1p2(2p1 —p2) ([ 1" g’
=% =
Do ! g
_p%pz ( mog” )  2p1pip2 — 291p3 + piph — pipaph ( J g”)
3 /
Po f

A g
f// g// 2 f// )
P (5) ()

_|_1 p1p2( 1+p2)( f/” L
g’
1 p1p2(2171 (f” ) 3 pip2(p1 — )(f" g )9

4 o
2 Po I po I’ ? g B



R. GRUNWALD AND Z. PALES AEM

Therefore, we have that (49) holds, thus following a similar train of thought
as above, we get assertion (iv). O

Theorem 14. Let f,g : I — R be sixz times differentiable functions on I with
nonvanishing first derivatives. Let p : I — Ry and q : I — Ry be continuous
functions on I and assume that p is three times differentiable on I. Then the
following assertions are equivalent.

(i) The 2-variable generalized Bajraktarevic means Ay, ) and Ay qq) are
identical on I?.

(ii) There is an open subset U of I? containing diag(I?) such that the 2-
variable generalized Bajraktarevi¢ means Ay (, ) and Ay (4 q) are identical
on U.

(iil) The function q is three times differentiable and the equalities
NBArwp) = N0 Ag 0 (G €{1,2,3})

hold on diag(I?).
(iv) Either there exist a,b,c,d € R with ad # be such that cf + d is positive
on I,

_af+b
9=+ d
hold on I or there exist two polynomials P and Q of at most second degree

such that P and Q are positive on f(I) and g(I), respectively, and there
exist two constants o, 8 € R such that

and  q=(cf+d)p

g=G 'o(aFof+p), p=P 2of, and  q=Q iog

hold on I, where F and G denote a primitive function of 1/P and 1/Q),
respectively.

Proof. The implication (i)=-(ii) is obvious. Applying Lemma 6, it is also easy to
see that assertion (iii) follows from statement (ii). The proof of the implication
(iii)=(iv) is based on a result of Losonczi [9] (who classified the solutions into
1432 classes) and a recent characterization of the equality of two-variable
(symmetric) Bajraktarevi¢ means with two-variable quasi-aritmetic means by
Pales and Zakaria [13]. The proof of the implication (iv)=>(i) is also described
in the paper [13]. O
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