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1 Introduction 1

1. Introduction

In this dissertation, we consider representation problems of integers as expres-
sions involving exponential terms. We also give algorithms which can be used
to solve exponential Diophantine equations over Z and rings of integers of
number fields. As applications, by using our method we solve some Diophan-

tine problems, too.

First, we consider representation problems. Let aq, . . . , a; be distinct posi-
tive integers and put A = {ay, ..., a;}. Consider the set
A ={a" - ... a"|x1, ..., x; are non-negative integers}.

A natural question to ask is that at least how many elements do we need from
A’ to represent a given positive integer as their sum? If A consists of only one
number b then the question basically asks about the representation of positive
integers in the base b number system. If A consists of two primes, then we have
a so-called "double base" representation problem (as a related paper, see e.g.
the work of Dimitrov and Howe [23]]). If we define the function F'(k) (k € N)
to be the smallest natural number which cannot be represented as the sum of
less than k terms from A’, and FL(k) to be the function defined similarly,
except that A’ is replaced by A’, = A"U(—A’) and ask about the properties of
F(k) and F1(k), then we get a similar problem proposed by Nathanson [56]].
If for example A = {2}, then F'(4) = 15, since 15 = 23 + 22 + 2! 4 29 thus
we need at least 4 elements from A’ to represent 15. The problem however is
not trivial if A consists of more than one number. In the case when A consists
of primes, Hajdu and Tijdeman [38, 39] gave upper bounds for the function
F(k) and Fy (k).

In this dissertation, we give a lower and upper bound for F'(k) and F4 (k)
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in the case, where A consists of arbitrary integers. These results answer a
question of Nathanson [56] in the above setting, and extend the mentioned
results of Hajdu and Tijdeman. These bounds are relatively sharp, as well. The

corresponding results are given in Section 2.1

Another related topic is the analysis of integers which have only "few"
non-zero digits in a special number system (see e.g. papers by Erdds, Mauduit,
Pomerance, Sarkozy [26} 127,152,153, 154] and the references there). On the other
hand, if a number n has to hold certain other arithmetical property, it may hap-
pen that it must have "many" digits. This is the case when n belongs to some
recurrence sequence; see e.g. Bugeaud, Cipu and Mignotte [21], Luca [48] and
Stewart [78]] for effective results in this direction. In Section [2.2] we consider
multi-base representations. Senge and Straus [/1] proved that the number of
those integers, whose number of non-zero digits in two different bases b; and
by with log by /log by ¢ Q remains under some fixed bound, is finite. Later,
Stewart [78]] gave a more precise, effective version of this result (for an exten-
sion to the case of several number systems, see Schlikewei [69], and for num-
ber systems based on recurrence sequences see the papers of Peth6 and Tichy
(61} 162]]). In this subsection we go one step further and study representations
of integers which have only a "few" non-zero digits in different multi-base rep-
resentations simultaneously. For this, let .S be a finite set of primes, and write
Zs (resp. Z%) for the set of integers (resp. positive integers) having no prime

divisors outside S. We consider the representations of integers n of the form
n=uy+- -+ U

with uy,...u; € Zg. We write wg(n) for the minimal ¢ for which the above
equation holds. If n is positive and the numbers on the right hand side are el-

ements of Z¢, we write w¢ (n) instead. In Section [2.2| we prove effective and
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ineffective results regarding wg(n) and wg (n). To prove those theorems, we
need deep tools, including Baker’s method and the quantitative subspace the-
orem.

In Section[2.3|we consider the problem of representation of terms of binary
recurrence sequences as linear combinations of powers. Marques and Togbé
[50] determined all Fibonacci and Lucas numbers which can be written as
the sum of powers of 2, 3,5 under certain assumptions. Pethd and de Weger
[S9] gave an algorithm which can be used to solve the Diophantine equation
U, =wpi" -...-pim, where U, is a binary recurrence sequence with positive
discriminant. Pethd [58]] and Shorey and Stewart [[72] independently proved
that under certain natural assumptions, a linear recurrence sequence may con-
tain only finitely many perfect powers. In the case of some special, famous
sequences all perfect powers have been determined. In the case of the Pell
sequence P, Pethd [60] proved that it does not contain non-trivial powers.
Bugeaud, Mignotte and Siksek [22]] proved that the Fibonacci-sequence F),
contains only the powers 0, 1, 8, 144, and the only powers in the sequence of
Lucas numbers L,, are 1,4. Results of Peth6 and Tichy [62]] imply that there
are only finitely many Fibonacci numbers of the form p” + p¥ + p?, where p is
a fixed prime. Kovécs [42] found all combinatorial numbers of certain shapes
among the terms of F},, L,,, P, and @),, (the associated Pell-sequence). We give

a general finiteness result for the solutions of the equation
Uy = it + -+ bypl

in non-negative integers xy,...,x,. In our proofs we use Baker’s method

(more precisely we use a theorem due to Matveev [51]).
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In Chapter [3] we consider exponential Diophantine equations of the form
arbiit oo bt A bt bk = (A)

in non-negative integers i1, ..., T, ..., Tk, - - - , Lo, Where the coefficients,
bases and the right hand side are given non-negative integers. This equation
has a very rich literature. If £ = 2 then using Baker’s method one can give
explicit upper bounds for the exponents. (This follows from results of Gydry
[35} 36]. This result has lots of extensions, see e.g. the books [73] and [32],
and the references given there.) If £ = 3,4 then under some restrictive as-
sumptions, the solutions can still be determined (see results of Vojta [86] and
Bennett [8]]). However, in general, for £ > 3, the problem becomes signifi-
cantly more difficult. In this case the method of Baker fails and we need to use
the subspace theorem, which is ineffective, and is capable only to provide a
bound for the number of non-degenerate solutions. Here we refer to Evertse
[29], and again to the book of Evertse and Gy6ry [32] and the references given
there. It is important to note that there is no known algorithm in the litera-
ture, which would be capable to produce all the solutions of such an equation.
In Chapter [3] we give a heuristic algorithm, based upon exponential congru-
ences for the solutions of such equations. As a starting point, we consider the

congruences
albaﬁ1 o bflfélf 4+ 4 akbilfl . bz’gz =c (mod m) (B)

with some m € Z. It is easy to see that if for some m we have no solutions,
then we can immediately say that (A) also has no solutions. However, the
reverse statement is not at all obvious. Namely, what happens if we know

that congruence has a solution for every possible moduli? If we consider
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a polynomial Diophantine equation, then it is possible to have no solutions
despite of the fact that the corresponding congruence has solutions for every
modulus m. The most famous example is due to Selmer [70]. Consider the

equation
3X3 +4Y3 +52% =0

in X,Y,Z € 7Z. Selmer proved that although this equation has non-trivial
solutions modulo m for all m > 2, it has no non-trivial solutions in Z.

This problem is related to the so-called Hasse-principle, which states that
if a Diophantine equation has no solutions at all then there exists a modulus
m such that the corresponding congruence has no solutions modulo m. As
one can see from the example above, this principle is false if we consider
polynomial Diophantine equations. However, for equations of the type (A) it
is believed that the Hasse-principle is true; it is sufficient to think of a famous
conjecture of Skolem [75]. There are several results in the literature regarding
this conjecture. One of the most important is due to Schinzel [66]], who proved
that if £ = 1 then this conjecture is true.

In Section [3.1 we prove a slightly modified version of this conjecture, and
provide some support that it should hold. We prove that if we fix the bases and
coefficients in (A]) and

H ={ceZ : (A is not solvable, but (B) is solvable for all m},
then H has density zero inside the set
Hy={ceZ : (A)isnot solvable}.

Moreover, based upon this conjecture, we present an algorithm which can be
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used to find every solution of a given exponential Diophantine equation, pro-
vided it has only finitely many solutions. We give several concrete examples,

as well.

In Section [3.2] we consider a similar problem as in Section [3.1] with the
difference that instead of working in Z, now we work in the ring of integers
of an arbitrary algebraic number field. We present several theorems consider-
ing the exponential Hasse-principle in this number field case and provide an
extended algorithm which can be used to find the solutions of these types of
equations. Finally, we also give some numerical examples which demonstrate

the usability of our algorithm.

In Chapter 4] we present some applications of the theorems and methods
from the previous chapters. In Section we prove a classical conjecture of

Terai regarding the solutions of the equation
(4t + 1)* + (5t — 1)Y = (3t)7,

where ¢ is an arbitrary but fixed positive integer and z, y, z are unknown posi-

tive integers. In Section .2] we concentrate on the equations

U,=2"+3Y and U, =2"+ 3%+ 5%,

where U, is the n-th term of one of the Fibonacci-, Lucas-, Pell- or associated
Pell-sequence and z, y, z are unknown non-negative integers. In particular, we
extend a result of Marques and Togbé [S0]], and solve a problem of Sanches
amd Luca [65]]. In Section d.3| we turn to a related problem, namely we solve
the equation

B,+ B, + B, =b*

in non-negative integers u, v, w, 2 where B; is the i-th balancing number and



1 Introduction 7

be {2,357}

Finally in Section 4.4 we discuss applications regarding multi-base repre-
sentations. Namely, let S; and S, be disjoint non-empty sets of primes with
S1USy ={2,3,5} and let w (n) be defined as before. In this section we give
all solutions to the inequality

w, (n) + wi,(n) < 4.

The results of this dissertation are published in the papers [9,10} 12,1314,
16]]. As one can see, the main theme of our theorems is exponential equations
and representation problems related to exponential expressions. We note that
we have several other results: in [17] we obtain van der Waerden type theorems
for linear recurrence sequences; in [[18] we consider the problem of simulta-
neous approximation of linear forms in number fields by using the LLL algo-
rithm; in [15] we provide results concerning the distribution of polynomials
with bounded height; in [11] we prove theorems regarding exceptional units
in number fields. However, to keep the presentation coherent, these results are

not included in this dissertation.
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2 Representation problems

In this chapter of the dissertation we prove some theoretical results regarding
various representation problems, including problems concerning the represen-
tation of integers as power products, multi-base representations and represen-

tation of terms of recurrence sequences as linear combinations of pure powers.

2.1 Representing integers as sums of general power prod-

ucts

Let aq, ..., a; be distinct positive integers and put A = {a4,...,a;}. Let A’ be
the set of products of powers of elements from A, that is

A ={a" - ... @ | my,..., my are non-negative integers}

and let A, = A’U(—A’). Let F(k) (k € N) be defined as the smallest natural
number which cannot be represented as the sum of less than & terms from A’.
We define Fy (k) similarly as F'(k) except that we replace the set A’ with A’,..

Nathanson in Problem 2 of [56] asked for the growth properties of F(k),
in the particular case when the elements a; (i = 1,...,1) of A are primes.
Hajdu and Tijdeman [38, 39] proved several related theorems, both for F'(k)
and F (k). More precisely , they proved that for all £ > 1

kCoF < F(k) < Cr (kD)DK and k968 < Fy (k) < exp((k1)92)  (2.1)

hold, where Cj and C are positive absolute constants, €* > 0 is arbitrary, and
(' is a positive constant depending only on £*.
In this section we consider the general case, where the elements a; (i =

1,...,1) of Aare arbitrary positive integers. It is important to note that it seems
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to be more natural to consider the problem under this condition. On the one
hand, this is the case e.g. in [1]] and [37]]. On the other hand, since a part of the
argument goes modulo m (with some appropriate m), the extra assumption
that the numbers a; (i = 1,...,[) should be primes is irrelevant at many
points. To prove our results, among other things we need to extend classical
results of Tijdeman [84}[85]] concerning the gaps in A’ where the a; are primes,
to the case of arbitrary positive integers a; (i =1,...,1).

Now we state the main results of this section. Since we use a handful of
lemmas, we give them in a separate subsection (with the exception of Lemma
[2.1] since this result is connected to Theorem [2.3). Then we present the proofs
of these theorems.

2.1.1 New results

As usual, we call the positive integers ny, no, . . . , n; multiplicatively indepen-
dent, if

nttng?-oontt =1 (aq,...,04 €7)
occurs only when oy = = ... = oy = 0.

The first result concerns the non-degenerate case, where A contains a pair

of multiplicatively independent elements. This is Theorem 2.1 in Bertdk [9]].

Theorem 2.1. Let A, A', A!,, F'(k) and F1(k) be as above and suppose that A

has two multiplicatively independent elements. Then for every k > 1 we have:
i) F(k) > k¥ where C| is a constant depending only on A,

i) F(k) < Co(kl)XF* for every e > 0, where Cy is a constant depending

only on ¢,
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iii) F(k) < exp((kl)®®), where Cs is an absolute constant.

Noting that Fy (k) > F(k) holds for all £ > 1, one can observe that part
i) of the above theorem yields a lower estimate for F (k) as well. Comparing
Theorem [2.1| with (2.1I), we see that our result provides similar bounds for
F(k) and F. (k) as [39] but under more general circumstances.

The next result (Proposition 2.1 from our paper [9]) describes the degen-
erate situation, where the elements of A are pairwise multiplicatively depen-
dent. Comparing this result with Theorem [2.1] one can see that the behaviour

of F'(k) and F (k) are completely different in these cases.

Theorem 2.2. If all pairs of elements of A are multiplicatively dependent, then
there exist constants 1 < Cy < C5 depending only on A such that

CY¥ < F(k) < Fy(k) < CF forallk > 1.

The next theorem plays a key role in the proof of Theorem This result
extends classical theorems of Tijdeman [84, [85]] concerning the gaps in A’ in
the case where the elements of A are primes, to the case where the elements

of A are arbitrary positive integers. This is Theorem 2.2 in Bert6k [9].

Theorem 2.3. Suppose that A has at least two multiplicatively independent
elements and write 1 = a, < a)| < ... for the sequence of the elements of A'.
Then there exist a positive integer N and positive constants Cg, C; depending

only on A such that:
i) a,,, —a,> (loga Togays JOT al, >3,

i) a, ., —a, < (loga Tozacr Jor al, > N.
The following lemma (Lemma 3.5 in Bertok [9]) considers the case where

all pairs of elements in A are pairwise multiplicatively dependent.
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Lemma 2.1. Ifthe elements of A are pairwise multiplicatively dependent, then
there exists a positive integer b such that A’ contains only non-negative powers
of b. Furthermore, there exist non-negative integers Cg, Cy depending only on
A, such that for any non-negative integer 3 with 3 > Cy we have bV® € A'. In

particular; if a’, > b° then

oy — = (b= 1),

Proof. If the elements of A are pairwise multiplicatively dependent, then we
can find non-negative integers 7;, 7, such that a* = a}j holds for any ¢, 7 < [.
One can easily see that this means that there exists a positive integer b for
which a; = b% holds for every i = 1,...,[. If this number is not uniquely
determined then let b be the largest number for which the previous equality
holds.

To prove the second part of the lemma, observe that gcd(5y, 5o, . .., 5)
= 1 holds. Consider the Diophantine equation

Brxr + Paxa + ...+ Bz =B

in positive integers x1,...,x;, where [ is a fixed positive integer. It is well-
known (see e.g. [64]) that there exists a constant ¢; € N depending only on
B1, ..., B, such that for every 8 > ¢; the above equation is solvable. Thus
every number of the form b° with 3 > ¢; belongs to A’. By choosing Cy = ¢,

the statement immediately follows. O]

2.1.2 Lemmas

To prove the theorems we need several lemmas. The first one (Lemma 3.1 in

Bertok [9]) 1s a simple equivalent condition for multiplicative dependence of
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two integers. Since its proof is obvious, we omit it completely.

log u
log v

Lemma 2.2. Let v and v # 1 be positive integers. Then is rational if and

only if uw and v are multiplicatively dependent.

The next lemma (Lemma 3.2 in Bertdk [9]) concerns the convergents of

log u
logv”

case where v and v are primes. In fact the proof of this lemma is rather similar

numbers

Note that a similar statement is proved in [84], in the special

to that from [84]. However, for the convenience of the reader, and to keep the

presentation self-contained, we give the proof here, too.

Lemma 2.3. Let u,v # 1 be multiplicatively independent positive integers.

. 1 .
Write %, % ... for the sequence of convergents of %. There exists a constant

Cho, depending only on u and v such that for any © > 2 we have
Giv1 < qZ'CS log v.

Proof. 1f 1 > 2 then ¢; > 2. It is well-known that

1
qiqgi+1 '

pi  logu

Qi log v

Thus we have

log v

Ip; logv — g;logu| < (2.2)

qi+1

Note that by Lemma[2.2] we have |p; log v — ¢; logu| # 0. Thus by a classical
result of Baker [35] we get

[pilogv — g;logu| > exp{—cy(log H)},
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where H = max(p;, ¢;) and ¢, is a constant depending only on u and v. Since

B 1+ }giz, we get log H < c3logq; (i > 2), where c3 is a constant

depending only on u and v. Thus we obtain
Ip;logv — ¢;logu| > ¢ (i > 2), (2.3)

where ¢, is a constant depending only on u and v. With C',g = ¢4, the lemma

now follows from (2.2) and (2.3]). O

For the next lemma, let A\(m) denote the Carmichael function of an integer
m > 1. This is the smallest positive integer b such that for any integer a
for which (a,m) = 1 we have a® = 1 (mod m). The following lemma is
a generalization of Theorem 1 from [38] (and also an explicit version of a
theorem of Erd6s, Pomerance and Schmutz [28]]). This lemma is Theorem 2.2

in Bertok and Hajdu [12].

Lemma 2.4. There exist positive constants C'y; > 1 and C\5 such that for any
positive integer r and for every large integer i there is an integer m with r | m,
such that

logm € [logi + logr, (log i)™ + log 7]

and

A(m) < r(log m/r)c12 logloglogm/r.

Proof. Let r be an arbitrary positive integer, and let : be sufficiently large. By

Theorem 1 of [|38]] there exists an n such that
logn € [logi, (logi)“*'] and A(n) < (logn)“i2lesloglosn

where C1;, C1o are positive constants with C1; > 1. Put m := rn. Then
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obviously, | m. Furthermore, we immediately obtain
logm € [logi + logr, (logi)°™ + logr].

Finally, as it is well-known, for any positive integers a,b we have A(ab) <
aA(b). Hence

)\(m) S T)\(n) < 7n(logn)C’lglogloglo,g;n — T(logm/r)Clglogloglogm/r’
and the lemma follows. O

Remark 1. In fact, in the proofs of the theorems in this section we will use
Lemma [2.4] only with » = 1. However, later in Section [3] we will need this
result in its full generality.

Let now £ be a positive integer and let H 4, be the set of those integers n
which can be represented as the sum of at most k£ elements from A’. That is,

put

I
Hyp={n€Z|n=> dwith] <kandajc A (i=1,... 1)}
i=1
Moreover, forany H C Z and m € Z,m > 2 let H (mod m) be the set of

the residues of the elements of H modulo m, i.e.
H (modm)={i|0<i<m,h=1i (mod m)forsomeh e H}.

The following lemma is Theorem 1 from [39]]. This result tells us that there
exists a modulus m such that the elements of /1 4 j, cover only a "few" residues

modulo m.
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Lemma 2.5. Let C'1, A and k be as above. There is a constant Cy3 such that
for every sufficiently large integer 1 there exists an integer m with

logm € [logi, (logi)1'] and

|Hapr (mod m)| < (log m)Clskllogloglogm.

2.1.3 Proofs

Because in the proof of Theorem [2.1 we use Theorem 2.3 we prove the latter
result first.

Proof of Theorem[2.3} First we prove part i) of the statement. In case where
the elements of A are primes, it is a result of Tijdeman [84]]. If the elements of
A are not primes, then let P = {py, ..., p,} be the set of the prime factors of
the elements of A and put

P ={pf"...p0m" | o, ...« are non-negative integers}.

It can be easily seen that A” C P’. Thus part i) follows from the result of
Tijdeman [84].

To prove part ii) of the theorem, we follow the method of Tijdeman [85]].
Let v and v be multiplicatively independent elements of A, and write 1 =
rg < x1 < ... for the elements of the set {u"v®|r,s > 0}. For the rest of
the proof we note that from now on all constants depend only on u and v. Let
r =z, =u"v® > N, where N is chosen later. We may assume that u" > /.

Thus we have

log x

. 24
h= 2logu 24
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Let Z—g, %, ... be the convergents of ig%. As it is well-known, qq, q1, ... is a
monotone increasing sequence. Choose ¢ such that ¢; < r < ¢;; and suppose
that IV is so large that both n > 3 and 7 > 2. We distinguish two cases.

a) Assume first that

i L
b logu
¢ logv

Putting 2’ = u"~%v**Pi we have 2/ > x. Hence using well-known properties

of the convergents, we get

g_logu<g_pm: 1
¢ logv qi  Git+1 qiqi+1
Thus
/ Di lo
log£ = log v - =p;logv — ¢;logu < &Y
T udi qi+1

Using r < ¢;+1 and (2.4) we obtain

logzl - log v - log v < 2logulogv.
T Qit1 r log x

Hence we see that %’ has an upper bound depending only on u and v. Using

. . 1
that ' > x, and by the elementary properties of the function f(y) = %
(where y = ””;’) one can easily prove that

/ /
log£>c5 <£—1>.
x x
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It follows from the inequalities above, that

T < %
x log
Thus
Tpp <2 <z + c6i =, + c Tn_ (2.5)
log x log x,,
b) Now suppose that
pi  logu
— < .
¢  logv

Then as it is well-known, ’;—‘1 > logu Letting 2/ = u"~%-19%tPi-1_ we have
1

1 logv
2’ > x. Hence

Pi—1 logu<pi_1 Di 1

qi—1 a logv qi—1 q; B Qifl%'.

It follows that

/ Di—1 1
log = = log —— = p; 1 logv — gi_y log u < —=—
xT udi—1 5
By Lemma[2.3] we obtain

. c7
4 > ( qi+1 > .
log v

Using the above inequalities, (2.4) and r < ¢; 41, we get

logx—/ _ log v _ (logg)”” (2logu)“ (log v)tter
x qi dit1 (log x)e
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Thus similarly as in case a) there exists a constant cg such that

x x’
log — > cg <——1>.
x T

This yields
Too1 < T <z +cC — 2y 4 o (2.6)
s "logay™ ~ T P llog, )T |
Thus by (2.5) and (2.6), we have in both cases a) and b) that
< I for @, > N
Tpt1 S Ty + 010W7 or rn = IV.
For N sufficiently large this implies
T fi > N
xn+1<$n+w, or rp = 1V,
which proves the statement with C7 = c¢y,. L]

Proof of Theorem[2.2] First note that F'(k) < Fl (k) obviously holds for all
k > 1. To prove the lower estimate C§ < F(k), observe that by Lemma
in this case A’ contains only powers of b, further, A’ contains all powers of
b from some point on. Hence this part of the statement follows by a simple
calculation.

To prove the upper estimate F.(k) < CF, without loss of generality we
may clearly assume that by the above notation A’ = {b’[i = 0,1,2,...}. Let
k> 1landifb > 3thenletn = b1 + 052+ ..+ b+ 1. We show that
for any representation of n of the formn = a| + ... + a} (a, € A, i =
1,2,...,t) we have t > k. Let ¢ be minimal with this property and assume

that |a}| > |ab| > ... > |a}|- Because of the minimality of ¢ one can easily
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check that @/ = v*~! must hold. Now let n’ = n — b*~! and apply the same
argument for 7’ to determine a). By induction we get that @} = b*~1 al), =
b2 ... d,_, = b,a, = 1. Thus we get that F (k) < n < b*so C5 = b
is an appropriate choice. If b = 2 then we can use a similar argument with
n = 2262 4 2%%=4 1 1 1. In this case we have n < 4% and the statement
follows. [

Proof of Theorem 2.1} We follow the argument of Theorem 3 of Hajdu and
Tijdeman [39]]. The important difference is that by using Theorem[2.3] we can
prove a more general statement.

To prove part i) of Theorem [2.1) we use the greedy algorithm. Suppose that
we want to express the positive integer 7 as a sum of elements of A’. Let a, d},
be successive elements of A’ such that ¢} < n < d, and let ny := n — a}.

/

Then by Theorem 2.3[we have n; < a) —a} < —bor <

n
(logaf)c13 (logn)c13

number c¢13 > 0 depending only on A. Then we repeat this step for n, to get

with some

ng with ny < (kngﬁ' We can iterate this method and reduce the "rest" each
time by a factor at least (log n)'* until n; exceeds exp(+/log n). If n; is smaller
than exp(y/logn) we can reduce n;, n;,1, and so on, in each step by a factor
larger than some constant c;4 > 1 with ¢4 depending only on the smallest
element of A. We can repeat it as long as (logn;4;) > c17 where ¢7 is a

constant depending only on A. After the procedure, we find that

logn n Viogn

E<i4+j+cr<
cisloglogn  logcg

C17

elements of A’ suffices to represent n, which implies F'(k) > k“1k.
To prove part ii) of Theorem and give an upper bound for F'(k) we

study the number of representations of postive integers up to n as Z?Zl a; with
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a; € A" U {0}. Since the number of elements of A" U {0} not exceeding n is
at most (c;g log n)!, the number of represented integers is at most (c;g log n)*'.
If this number is less than n, then we are sure that some positive integer < n

is not represented. This is the case if

logn

kl < .
loglogn + log ¢15

Suppose n > (k1)1 Then it follows from the monotonicity of the function

log x

l()glog—a:+t:18 for large x that

logn (14 ¢e)kllog(kl)

> > ki
loglogn + c15 ~ log(kl) + log((1 + ¢) log(kl)) + c1s

for k!l sufficiently large. By choosing (5 suitably for the smaller values of kl,
it suffices for all values of kl that n > Cy(kl)(*+)*, Thus

F(k) < 02<kl)(1+€)kl

which proves part ii) of Theorem [2.1

To prove part iii) of Theorem [2.1] we consider representations by sums
of elements from A,. Let H}, be the same set as H 4, with the only dif-
ference that instead of working with elements of A’ we are now using the
elements of A’,. Choose the smallest positive integer ¢ > 10 such that j >
(log j)Cisktlogloglos s for j > 4. Then i < 2(logi)C1skllegloglosi \where (5 is

the same as in Lemma[2.3] It follows that
logi < ciokl(loglogi)(logloglogi),

whence log i < cookl(log(kl))(loglog(kl)) for some constants cj9 and cqo. By
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Lemma there exists an integer m with logi < logm < (logi)“1t such
that all representations in H , are covered by at most (log m )©1#tlegloalogm
residues modulo m. By the definition of ¢ and the inequality « < m, we see that
this number of residues is less than m, therefore at least one positive integer

"/, with aj € Al. Hence

n < m has no representation of the form ) | =155

logn < logm < (logi)“ < (cookl(log(kl))(loglog(kl)))“™ < (ki)

for some constant cy;. Thus (k) < exp((kl)°2') and part iii) of Theorem 2.1]
is proved with C5 = ¢o. O

2.2 Multi-base representations

It is an old problem to study integers having only a "few" non-zero digits
in some classical base b representation. A generalization of this problem is
the analysis of the so-called multi-base representations, when instead of lin-
ear combinations of powers of a fixed number b, one can combine products
of powers of fixed primes. For some related results see the papers of Adam,
Hajdu and Luca [1l], Dimitrov and Howe [25]], Hajdu and Luca [37]], Hajdu
and Tijdeman [38,139] and Nathanson [56]], and the references given there.

It is also an interesting question to study integers having only "few" non-
zero digits in different bases simultaneously. Senge and Straus [71] proved that
the number of those integers, whose number of non-zero digits in two different
bases by and by with log b, /logbs ¢ Q remains under some fixed bound, is
finite. Later, Stewart [78]] gave a more precise, effective version of this result
(for an extension to the case of several number systems, see Schlikewei [69],
and for number systems based on recurrence sequences see the papers of Pethd
and Tichy [61, 162]).
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In this section we consider the following problem. Let S be a finite set of
primes, and write Zg (resp. Z%) for the set of integers (resp. positive integers)
having no prime divisors outside .S. We consider the representations of integers
n of the form

n=u3+- -+ u 2.7

with uy,...,u; € Zg. Such a representation of n is often called a multi-base
representation. We write wg(n) for the minimal ¢ for which holds with
some uy,...,u; € Zg. If n > 0 and we also require that uy,...,u; € Z;C, we
then write w¢ (n) instead.

In this section we prove finiteness theorems for integers n with "small"
values of w{ (n) with respect to different sets S simultaneously. For the the-
oretical results we use Baker’s method concerning linear forms in logarithm
and a deep theorem of Evertse [30] bounding the number of non-degenerate
solutions of S-unit equations.

Similarly to Section @ we first state the theorems, then in a later subsec-

tion we prove these results.

2.2.1 New results

The first part of the following theorem (which is Theorem 2.1 in Bertdk, Ha-
jdu, Luca, Sharma [14]]) shows that for fixed disjoint sets of primes S, . . . , Sk,
and a fixed 7, there can only be finitely many integers n such that the sum of
the wg (n) (¢ = 1,...,k) is lower than T'. In the second part of the theorem
we give an effective upper bound for the number of such numbers. We note
that this result is an extension of the above mentioned result of Stewart [[/8]] to

the multi-base situation.

Theorem 2.4. Let k be a positive integer, Sy, ..., Sy be finite sets of primes



2 Representation problems 23

such that S1 N --- N Sy, = 0. Then for any T the inequality

w$ (n) +---+w§k(n) <T

is valid only for finitely many integers n. Furthermore, the number of such in-
tegers n is at most Cy = C14(T), k, s), where C14 is an effectively computable

constant depending only on T, k and s := |S1 U -+ - U Sy|.

Remark 2. It is important to note that the condition S; N --- N Sy, = () in the
above theorem is necessary. Indeed, if p € 51N - --N S, would hold with some

prime p, then for 7" := k£ > 1 we would have
wh (n) + o+ wh, () < T

for all n = p* (a > 0), since in this case wg (n) = 1 forall 1 <i < k.

The second result (Theorem 2.2 in our paper [14]) gives an effective lower

bound for w¢ (n) in a special case.

Theorem 2.5. Let ( be a positive integer, S1 = {p1,...,pe} and
Sy = {q}, where py, ..., ps, q are distinct primes. If n is a positive integer
with n > e such that wl, (n) = 1, then we have

Ci5loglogn

+
>
A logloglogn’

where C15 = Ci5(¢, p1,-..,pe, q) is an effectively computable positive con-

stant depending only on (, p1, . .., pe, q.

Remark 3. The condition ¢ ¢ S; is necessary. This can be easily checked

by a similar example as in Remark 2. Furthermore, we note that if the sets 5;
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consists of multiplicatively independent elements instead of primes, then after
the necessary modifications Theorems 2.4 and [2.5]still hold.

2.2.2 Lemmas

For the proofs of the theorems we need several lemmas and some notations.

Letay,...,a, € Q*. Consider the equation
a1T1 + -+ apxry = 0 (28)
inwzy,...,xy € Zg. A solution (1, ..., x,) of the above equation is said to be

non-degenerate if

Z a;x; # 0 for each non-empty I C {1,...,¢}

iel

and degenerate otherwise. Furthermore, two solutions (1, . .., x¢) and (y1, ..., yr)

of (2.8) are called proportional if for some z € Q*, we have
x;=zy;fori=1,... (.

Now we are ready to state the required lemmas and propositions. The first
lemma gives an upper bound for the number of non-degenerate solutions of
(2.8). This lemma is Theorem 3 of Evertse [30].

Lemma 2.6. Let s = |S|. Then equation (2.8) has at most
(235@ . 1)2)(2—1)35

non-degenerate solutions (x, . ..,x,) € 7%, no two of them are proportional.
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2.2.3 Proofs

Now we give the proof of Theorem[2.4] In fact, we prove a more general result,
which implies Theorem [2.4] Namely, we prove the following statement (which

is Proposition 3.1 in our paper [[14]]).

Proposition 2.1. Let k > 2 and let t,...,ty € N. Fori=1,... k, let
A= {%17 e 7%@}

be a set of t; positive integers. Then the number of positive integers n such that

for each i, there exist w;, ..., Uy, € Z;Z_ such that
N= Uiyt Qg U

is at most
(235(25 B 1)2>(k71)(t71)4s

Y

wheret =t; + -+ +tyand s = |S; U Sy U - - U S|

Proof. Let S =S US;U---USy. We prove the statement by induction on k.

Suppose that £ = 2. We will prove that the result holds in this case using
induction on t = t; 4 t5. Suppose that t = 2. Then ¢; = t, = 1. We now show
that the equation

a1,1U1,1 = G2,1U21 (2.9)

in (uy1,u91) € Zg X Z§ has at most one solution. Indeed, equation (2.9)

implies that
Yt _ %21
U2,1 a11
Hence the claim follows by the coprimality of u;; and us ;. Therefore, the

result holds when k¥ = ¢ = 2. Let ¢ > 3 and assume that the result holds



26 2 Representation problems

whenever ¢ + to < t — 1. We now consider the case ¢; + t5 = t. We have to

count the number of solutions of the S-unit equation
11U+ QUL = G21U2 1 A2, U, (2.10)
where uy ; € Z§ and uy; € Z . By Lemma this equation has at most
(255t — 1)2)@—1)35

non-degenerate solutions. Next, we count the number of classes of degenerate
solutions. (Observe that if t = 3, then (¢1,%2) = (1,2) or (2, 1) and hence all
the solutions are non-degenerate. Therefore, while counting degenerate solu-
tions, it is understood that ¢ > 4.) For a degenerate solution, there exists a
non-empty subset / of {1,...,¢;} and a non-empty subset J of {1,...,t2}
such that

Z ay;U1 4 — Z CLQJ‘UQ’]' = O, (211)

il jed

but no proper subsum in this equation vanishes. Fix 7, .J. We count the number
of solutions of (2.10) satisfying (2.11)). Since |I|+ |J| < t — 2, it follows from
Lemma [2.6|that the S-unit equation (2.11)) has at most

(235 (t . 3)2)(7&—3)35

classes of non-degenerate solutions. Furthermore, by the induction hypothesis,

E ayiti; — E asjug; =0

igl i¢J

the equation
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has at most
(235 (t B 3)2)(1673)43

solutions. Hence, given I, J, we obtain that there are at most

(235(75 o 3)2)s(t—3)3(t—2)

solutions. Varying I and J, we obtain that the total number of degenerate so-

lutions is at most

—_

2t(235(t . 3)2)s(t—3)3(t—2) < —(235(75 . 1)2)(1%—1)43'

[\

Thus, (2.10) has at most

4

(235(t i 1)2)(t—1)3s + %(235(75 N 1)2)(15—1)45 < (235(t i 1)2)(t—1) s

solutions. This completes the induction on ¢. Hence, the result holds for k£ = 2.

Now let k£ > 3. Suppose that the result holds for every k&’ with 2 < £/ < k.
That is, given £’ in the above range, we assume that the result is valid for all ¢
and for all choices of the sets A; and S;. Note thatt =¢; +---+ ¢, > k > 3.
We have to bound the number of solutions of the following system of S-unit

equations:

AU+ A Uy = AUz AU g, (2.12)

= Q Ukt + o0 T Qi Ukt

where u; ; € Zgi. We mention that similar systems of S-unit equations have

been studied by Evertse and Gydry [31]. However, their theorems cannot be
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used directly here, so we apply some other results. Namely, by Lemma [2.6]
the first equation in (2.12)) has at most

(2%t — 2)?)t=% (2.13)

non-degenerate solutions. For a degenerate solution, there exists a positive
integer [ < ¢ — 2 and distinct non-empty subsets [1,...,I; C {1,...,1},
Ji, ...,y C{1,... ta} such that form = 1,...,1,

Z ay;Uy1; = Z A2,;U2 4, (2.14)

i€1m 1€Jm

but no proper subsum vanishes. Fix I, ..., I}, Ji, ..., J;. We count the number
of solutions of the system (2.12)) satisfying the additional equations (2.14)). By
Lemma for each m = 1,...,[, equation (2.14) has, up to proportionality,
at most

(235 (t _ 3)2)(%3)33

non-degenerate solutions. Let ((u1)icr,,, (U2.)ics, ) be a solution of (2.14)
with ng((U’l,i>i€Im7 (u2,i)’i€Jm) = 1. Set

/
a,, = E a1,;U1; (: E a?,iUQ,i)~
i€l i€Jm

Then
{((Unmvr)ict,, (Untizg)ies,) = Um € Zg g, }

is precisely the set of solutions of (2.14) which are proportional to

((w14)iet,n» (U24)ics,,)- The problem is thus reduced to considering the fol-
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lowing system of equations in the variables Uy, ..., U, us 1 ..., Uy, :

/ /
CLlUl + -+ alUl = a31U31 + -+ A3,t5U3 ts

= Q1 Ug1 + 0 Qg Uk gy, -

Since (S1 N Sy) N S3N---N S, = (), we apply the induction hypothesis for

k' = k — 1 to conclude that the above system of equations has at most
(235(t N 2)2)(k—2)(t—2)4s
solutions. Hence, given I, ..., 1}, J1,..., J;, we get at most
(235 (t . 3)2)(t—3)3s(t—2) . (235 (t _ 2)2)(k—2)(t—2)4s

solutions. Therefore the number of classes of degenerate solutions is bounded
by

tt(235(t N 2)2)(k—1)(t—2)4s < (235(15 I 1)2)(19—1)(75—1)45. (2.15)

DN | —

Combining the above bound (2.15) with (2.13)), we obtain that the total number

of solutions is at most
(235(t B 1)2>(k—1)(t—1)4s'

This completes the induction and the proof of the proposition. ]

As we mentioned before, Theorem [2.4]is an easy consequence of Proposi-

ton



30 2 Representation problems

Proof of Theorem[2.4 Taking t; = wg (n) and A; = {1} foralli =1,... k
in Proposition [2.1] the statement immediately follows. O

Now we prove Theorem[2.5] For the proof we use a Baker type estimate of
Matveev [31]]. For its formulation we need to introduce some notations.

For an algebraic number « of degree D over (Q, the absolute logarithmic
height of « is defined by

D
1 .
h(a) = D <log ap + E log max(1, |a(z)|)> ,

=1

where ay > 0 is the leading coefficient of the minimal polynomial of o over
Z and o (i = 1,...,D) are the conjugates of . Note that in the special

case when o = p/q is a non-zero rational number with ged(p,¢) = 1, then

h(a) = h(1/a) = log max{|p|, |q|}.
The following result is due to Matveev [31].

Lemma 2.7. Assume that oy, . . ., «,. are positive real algebraic numbers in a

real algebraic number field of degree D, dy, . .., d, are rational integers, and

R 51 d
A=a'...aim—1

is not zero. Set
B > max{|d,|,...,|d|},

and
A; > max{Dh(w;), |log o;|,0.16}, foralli=1,...,r.

Then we have

|A| > exp(—1.4-30"r*°D?*(1 +log D)(1 +log B)A; - -+ A,).  (2.16)
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Now we are ready to give the proof of Theorem [2.5]

Proof of Theorem[2.5] We combine arguments of Luca [48] and
Stewart [78]] with some other considerations.

Let n be a positive integer with wg (n) = 1 and wg (n) = ¢, and write

U =N=0v1+ -+ (2.17)
with u; € ngl and vy, ..., v € ngz. Without loss of generality we may assume
thatv; > --- > v,

We write
u =pt.p), v=4"  (i=1,...,1). (2.18)

Let B be the maximum of the exponents appearing in (2.18]).
Equation (2.17) can be rewritten as

UL — VL = Vg + -+ + V4. (2.19)

Since u; # vy and v; # 1 (otherwise n = 1 or ¢ = n and the statement is
trivial), Lemma [2.7] yields

vy exp(—caz(1 +1log B)) < vy (uyvyt — 1), (2.20)
with g9 := co3h(p1) - - - h(pe)h(q)?, where
Coz 1= 1.4 - 30°P2(0 + 2)*°

is the constant appearing in the conclusion of Matveev’s theorem (2.16)) when
A involves r = ¢ + 2 rational numbers. (Note that D = 1.)
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Now we show that

% < exp(2jlogt(caa(1 +log B))’™1) (j=2,...,1). (2.21)

J

We prove it by induction. Combining inequality (2.20) with
vi(uvyt — 1) = up — o1 < toy
implied by (2.19), we get
Z—; < exp (logt + coo(1 4+ log B)) < exp (2(logt)caa(1 + log B)) .
Let now ¢ be arbitrary with 2 < ¢ < ¢, and assume by induction that

% < exp (2jlogt(ca(l +log B)' ")) forall j =2,...,i. (2.22)
J

Rewrite (2.17) as

Ul—Ul—"'—Ui:UH_l—f—""i‘Ut. (223)

Observe that by (2.18) and (2.22) (used with j = 7), we have

B1—B4 Bi—1—B;

v v +---+ +1

h(1+_2_|_...+_): (q 6—,3’- ):
fUl fUl q 1 i3

= log(qﬁl—ﬁi R qﬁz‘q—ﬁi + 1) < log(tqﬁl_ﬁi) _

=logt + log (ﬁ> < (2i + 1)(logt)(ca2(1 + log B)) 1.

)
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Hence, Lemma yields

vy exp(—(2i 4 1)(co2(1 + log B))") <

v v\ !

< vy (ulvfl (1—1——24_...4__2) _1) <
U1 U1

v v; v v\

< (1+—2+---+—’) (ulvfl (1+—2+---+i> —1).
(%] U1 U1 U1
The above inequality together with

-1
v V; _ v Uj
vy (1+U—2+--~+U—) (u1v11(1+v—2+-'-+v—> —1) ~
1 1 1 1

=up — v — - — v <ty
obtained from (2.23)), implies the inequality

(%1

o < exp (logt + (2i + 1)(logt)(cao(1 + log B)))
it1

< exp ((22 + 2)(logt)(ca2(1 + log B))Z) ;

which completes the induction step. Hence, our claim (2.21)) follows. Now
note that either B = (3, or B € {ay,...,a.}. In the latter case we have
28 < n < t¢%, so B1 > cuB — cyslogt, where cyy = log2/logq and
co5 = 1/logq. Since ¢ > 2, it follows that the inequality

B1 > coaB — ca5logt

holds both when B = 3; and when B € {ay, ..., a;}.
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Furthermore, log n/log(p; - - - pe) < B < logn/log2 showing that
loglogn — cog < log B < loglogn + cor, (2.24)

where ¢y := loglogmax{3,p; ...pe} and co7 := — loglog 2. Note that since
q & {p1,-..,pe}, it follows that v; = 1. Setting j = ¢ in (2.21) and taking

logarithms we get
Cou B — ca5logt < By < eastlogt(coa(1 +log B))' 1, (2.25)

where we can take o := max{1,2(log ¢)~'}. If the left-hand side of (2.23)) is
smaller than coy B/2, we get that

logt > co9 B,
where co9 := Ca4/(2¢a5), therefore
B
t > 7 > no,

where c39 := ca9/ log(py - - - p¢), which for large n is better than the inequality
we are after. If the left-hand side of (2.23) is at least co4 B/2, then by taking
logarithms we get

log B — 31 < (t — 1) log(ca2(1 +log B)) + logt + loglogt,

where c3; := — log(c24/2) + log cog. From here, we immediately get

log B

E> (Lol s



2 Representation problems 35

as B — oo. Combining this with (2.24), we get that for every ¢ > 0, taking
c32 := 1 — €, the inequality
logl
PR - -
log log logn
holds for all n > ny(e), where ny(e) is effectively computable in terms of ¢

and py,..., ps, q. Hence, the statement follows. ]

2.3 Representation of terms of binary recurrence sequences

as linear combinations of prime powers

In this section we consider the problem of representation of terms of binary re-
currence sequences as linear combinations of prime powers. We present some
theoretical results and in a different section we will give numerical exam-
ples as well. To start off we need to introduce some notations. The sequence
U, = U,(A, B,Uy, Uy) is called a binary linear recurrence sequence if the

relation
U,=AU,_1+ BU, 5 (n>2) (2.26)

holds, where A, B, Uy, U; are fixed integers with AB # 0 and |Uy|+ |U;| > 0.
The polynomial f(z) = x*> — Az — B is called the companion polynomial
of the sequence U,,. Let D = A? + 4B be the discriminant of f. We call D
the discriminant of the sequence U,,. The roots of the companion polynomial
are denoted by « and 3. From now on we shall always assume that |a| > ||

Using this notation, if D # 0 then as it is well known, we can write

_aa" —bp"

U, = - (2.27)
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forn > 0, where a = U; — Uy and b = U; — Uya. Note that « — 3 = VD.
The sequence U, is called non-degenerate, if abaf # 0 and o/ is not a root
of unity.

Let by,...,bs be fixed integers, and pi,...,ps be given primes. In this
section, under certain assumptions, we give a general finiteness result for the

solutions of the equation
Up = bipf" + - + byp™ (2.28)

in non-negative integers n, x1, . . . , . It is important to note that in our results
we do not require the primes to be distinct; in particular it is possible that
pi =p;foralll <i,j5 <s.

Marques and Togbé [50] gave all solutions of equation (2.28) with U,, be-
ing the Fibonacci or Lucas sequence, s = 3 and by = by = b3 = 1 and
p1 = 2,py = 3,p3 = 5. In their proof they used Baker’s method and a further
restriction, namely max(x1, z2, £3) = 3. In their approach, this restriction is
unavoidable. Pethd and de Weger [59] gave an algorithm on how to solve ex-
plicitly the Diophantine equation U,, = wp7* - ... - p’m, where U, is a binary

recurrence sequence with positive discriminant.

2.3.1 New results

The first theorem gives an effective upper bound for the number of solutions
of (2.28) under certain assumptions. This result (which is Theorem 2.1 in [16])
extends the result of Marques and Togbé [50] in a sense that in our theorem U,
can be an arbitrary non-degenerate binary recurrence sequence and the number
of primes on the right hand side of (2.28) can be arbitrary as well. However,

this result cannot be used to find all solutions of given equations directly.
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Theorem 2.6. Let U,, be a non-degenerate binary recurrence sequence with

a positive discriminant, p; < ps < --- < pg be given, not necessarily dis-
tinct prime numbers and by, ..., by be nonzero integers. Put T' = max |b; .
SUSS

Using the notations from before, assume further that log(|a/bs/D

), log|al
and log ps are linearly independent over the rationals.

Consider the equation

Uy = bipt + bopis? - + bp (2.29)
in non-negative integers n,xy, ..., %, Let 0 < & < 1, and write H_ for the set
of those solutions (n, 1, . .., ), for which xs = max z;, and x; < (1 —¢e)xg

158

for those i = 1,...,s — 1 for which p; = p,. Then H. is finite, and for all

(n,x1,...,xs) in H. we have
max{n, zi,...,rs} < Cig,

where C1g is an effectively computable constant depending only on ¢, A, B,
UO) Uly T} S) ps-

Remark 4. Obviously, if p, is greater than all the other primes p, ..., ps_1,
then H. is independent of <. Indeed, in this case forany 1 < i < s — 1 we

have p; # ps, thus the inequality x; < (1 — €)z, is not required.

Remark 5. The condition that log(|a/b,v/D)|), log |a| and log p, are linearly
independent over the rationals is necessary. (Though it possibly could be weak-
ened.) This is shown by the following example. Put A =5, B = —6, Uy = 0
andU; =1.Thena=3,=2,a=b= v/D = 1 and we have

Uy =3"—2" (n>0).
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Take s = 2, py = 2, po = 3, by = —1 and by = 1. Then the equation
Un - blpT1 + 62]332

has infinitely many solutions given by (n, z1,z2) = (n,n,n) (n > 0), which
belong to H, for any . Observe that now log(|a/bsv/D|), log || and log p,
are linearly dependent over QQ, however, all the other conditions of Theorem
are satisfied.

Furthermore, we would like to point out that the condition that U, is non-
degenerate is also necessary. This is related to the Skolem—Mahler—Lech the-
orem. Skolem [74] proved that the indices of the zero terms of U, is the union
of a finite set and finitely many arithmetic progressions. (Later, this result has
been extended to algebraic number fields by Mahler [49] and to fields of zero
characteristic by Lech [46].) In particular, if U,, is non-degenerate, then it con-
tains only finitely many zero terms. So this condition is rather important for

our present purposes. Indeed, consider the equation
U, = 5" — 3" — 2" (2.30)
in non-negative integers n, 1, r2, xr3 where Uy = 0, U; = 1 and

Up=Up1—Uys (n>2).

1—

b

In this case A = 1, B = —1. The characteristic roots of U,, are a =

and 3 = —H*Q/:Q’

fact, U, 1s given by:

2
, which are roots of unity, hence the sequence is degenerate. In

0,1, 1,0, —1, -1, 0, 1,...
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In particular, U,, = 0 if 4 | n, so equation (2.30) has infinitely many solutions
of the form (n, z1, z9, x3) = (4¢,1,1,1). This shows that the criterion that U,

is non-degenerate is necessary, indeed.

2.3.2 Proofs

The main tool to prove Theorem[2.6] is Baker’s method. In particular, we shall
use Lemma due to Matveev [S1]].

Proof of Theorem First, for later use observe that the assumptions imply
that

Ts—1

L1
[b1pf! 4 -+ by = bliis o by PR < (s - 1)Tpo0,
(2.31)
where 7" = max |b;| and
1<i<s
d; = min(e, 1 — Il)rng;((log(pi)/log(ps))).
If py = -+ = p, then we take 9; = €. Since D > 0 and U, is assumed to be
non-degenerate, we have
laf > 18]. (2.32)

Note that by our assumptions we also have |a| > 1. A simple calculation
shows that if

bs"

a™

1
< =

1- <
2

then n is bounded by a constant depending only on A, B, Uy, U;. Then since
by (2.31) we get that the right hand side of (2.29) tends to infinity as z; tends

to infinity, we obtain that x, is bounded by a constant depending only on
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A, B,Uy, Uy, s, ps. Hence the statement follows in this case. So we may as-

sume that b
1— > —.
‘ aa™ 2
Then (2.29) implies that
aa™ aa” bp"
< 1 — —| = |U,| < sTpi. 2.33
2\/5 \/E aa™ | | b ( )
This gives
log 2\/|;‘ST + x4 log ps
n < ) (2.34)
log |a
If
2v/DsT
log T > x4 log ps,
a

then the theorem trivially follows. So we may assume the contrary. Then by

(2.34)) we obtain

2z log ps
Zos o0 2.35
log |a] (2:39)

If | 5| > 1 we need more. In this case, if

2VDsT _ x,logpy(log|a| — log|5])

log
|al 2log | B

then the theorem easily follows. So we may assume the opposite. Then by
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234 we get

x4 log ps(log |a| 4 log | ])
2log |aflog | B]

Now we rewrite (2.29) as

nf:rzs_l

bipi* + -+ bs 1p§311+ \F

b \/_ B bspss

In the case of || < 1 we obviously have

i
If || > 1, then (2.36) implies
|6m|sn p*52zs
where
_, _ logfal +log|f]
dp=1-—
2log |

(2.36)

(2.37)

Note that 1 > d, > 0. Using the above inequalities together with (2.3T)), from

(2.37) we get

|A] < 033]93_6%7

where A = —4=a”p ™ — 1,6 = min{dy, &} and cs3 = (s — 1)T + |b|/V/D.

On the other hand, since by the assumption

0g la , loglal, logps
bs|v/D
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are linearly independent over the rationals, we have A # (. Hence, in view of

(2.35) Lemma[2.7] gives that
|A| > exp(—csqlog zy)

holds with some constant ¢34 depending only on A, B, Uy, U; and p;.
Combining the upper and lower estimates for |A|, we get an upper bound

for z, in terms of ¢, A, B, Uy, Uy, T, s and p,. Thus by using the

statement clearly follows. ]
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3 Exponential Diophantine equations

3.1 Exponential Diophantine equations over 7Z

Let ay,...,ax,b11,...,b10, ..., g1, ..., bge be fixed non-zero integers and c
be a fixed integer. In this section we consider the exponential Diophantine

equation
aibiit . Ot e apb b = c 3.1

in non-negative integer unknowns i1, ..., %1, ..., %k1, ..., Tre. This equa-
tion has a very rich literature. If £ = 2, then by using Baker’s method we
can give an explicit upper bound for the exponents. (This follows from re-
sults of Gyory [33, 136]; for extensions see e.g. the books [73] and [32]], and
the references given there.) Thus, in principle, we have an algorithm to find
all solutions in this case. This algorithm however usually yields very large
bounds for the exponents, thus to be able to actually determine all solutions
one needs to use other results (e.g. the Baker—Davenport lemma in [6]) to re-
duce the size of these bounds. However, if £ is at least 3, then this method fails
and we have only results which if effective, then require additional restric-
tions. See for example Vojta [86] who gave an effective method to determine
all non-degenerate solutions of S-unit equations in 3 unknown variables if the
cardinality of the set .S is at most 3. Later Bennett [8] extended this result to
the case k = 4, but still requiring the necessary condition that |S| < 3. By
using the p-adic subspace theorem of Schmidt and Schlikewei it is possible to
determine an upper bound for the number of solutions of S-unit equations in
k > 3 unknowns, but this result does not yield any information regarding the

size of these solutions. Our goal in this section is to prove theoretical and nu-
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merical results concerning equation (3.1)). First we propose a conjecture which
is a variant of a classical conjecture of Skolem [[75]].
Conjecture 1. Suppose that equation (3.1)) has no solutions. Then there exists

an integer m with m > 2 such that the congruence
arblt b 4 apbit bk = ¢ (mod m) (3.2)

has no solutions in non-negative integers i1, ..., L1, ..., Tkl, - - -, Tk
The classical conjecture of Skolem (see Schinzel [66]) concerns the equa-
tion

arbii .. 07+ aghy . b =0

thus our conjecture can be considered as a generalization of that one.

In this subsection we show that for any fixed aq,...,ax, bi1,..., b1,
ooy br1, - .., bre, the set of integers ¢ for which the above conjecture fails, has
density zero inside the set of those values ¢ for which equation (3.1I)) is not
solvable. Moreover, the appropriate moduli m can be chosen to have the extra
property that they are all divisible by r, for any preliminary chosen non-zero
integer r. The main tools in the proof are a variant of a classical result of
Erdds, Pomerance and Schmutz [28] concerning small values of Carmichael’s
A\-function, and a result of Addm, Hajdu and Luca [1]] about the number of
values ¢ up to any z, for which equation (3.1)) is solvable. Later on, we also
give some "numerical evidence" for the conjecture, by checking its validity for

a relatively large set of the parameters involved.

At the second part of the subsection we present a method which can be
used to solve these types of equations under some assumptions. Namely if
we assume that (3.1) has only finitely many solutions then first we find all

"small" solutions, then based on this list we transform the initial equation into
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a new one which (presumably) has no solutions. After this step if we take this
new equation and suppose that Conjecture 1 is true then our method makes it
possible to find a modulus m such that the congruence (3.2) has no solutions
modulo m. If we succeed, then we get an upper bound for at least one of the
variables in our original equation. It is important to note that this method works
if the left hand side of (3.1)) has no vanishing subsums (since in this case we
may have infinitely many solutions). At the end of this section we give some
concrete examples as well to demonstrate our method. Later on, in Section {4

we give some applications, as well.

3.1.1 New results

First we show that Conjecture 1 is true for "almost all" cases. The next theorem
is Theorem 2.1 in Bert6k and Hajdu [12].

Theorem 3.1. Let aq,...,a,b11,...,b10,...,bx1,...,br be fixed, and let H
be the set of right hand sides in (3.1) for which Conjecture 1 is violated, that

is
H ={ceZ : (3.) is not solvable, but (3.2)) is solvable for all m}.
Then H has density zero inside the set
Hy ={ce€Z : @.1) is not solvable}.

We also give some numerical evidence (which is Theorem 2.3 in Bertok
and Hajdu [12]]) which strengthens Conjecture 1.

Theorem 3.2. Let c be an integer with 0 < ¢ < 1000. Then Conjecture 1 is
valid for the following cases of equation (3.1):
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3 __

(1) pi* —p5* = cand pi* +p5*> —p3* = c where py, pa, p3 are distinct primes
less than 100,

(2) p{*+--+p. —pit = cwherep; < --- < p; are primes less than 30
with4 <t <8,

(3) pi'py* +p5°pi* —p5°ps® = c where p1, pa, p3, Da, D5, P is a permutation
of the primes 2,3,5,7,11,13,

(4) 271 4+ 3%2 4 5% 4+ 7% 4 1175 4 1376 4 1777 4 19*% — 23" = 55191.

Remark 6. The number 55191 in the last equation of Theorem [3.2]is special,
since for every number which is smaller than 55191 the equation has at least
one solution, so in fact 55191 is the first number for which the equation has no

solutions.

3.1.2 An algorithm for solving exponential Diophantine equations

In this section we present a heuristic algorithm which can be used to solve
equations of type (3.1). This algorithm allows us to find all solutions of ex-
ponential Diophantine equations regardless of the number of terms. As it was
mentioned before, we have an algorithm (based upon Baker’s method) to find
all solutions only when the number of the terms on the left hand side of equa-
tion is 2 (or under some further restrictrictions 3 or 4, see Vojta [86] and
Bennett [8]]). Thus our algorithm is much more general than these methods.
Suppose that in equation (3.1)) both the coefficients a; (1 < ¢ < k), the
bases b;; (1 <i < k,1 < j < /) and the constant c on the right hand side are
all fixed. We also suppose that the equation has only finitely many solutions.

This is the case when the equation has no solutions with vanishing subsums.
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Otherwise (since we work locally) it is not possible to find all solutions in

general by using this method.

The algorithm consists of four steps, namely:

@)

1)

(I10)

av)

Find all solutions to equation (3.1)) by an exhaustive search. [Note: Of
course, the search can provide only a suspected list of solutions. How-

ever, heuristically we can be "sure" that we have found all solutions.]

Choose any of the unknowns, z1; say, and based upon the suspected list
of solutions find an integer x( such that this number is larger than any of
the solutions for z1;. [Note: by choosing more than one unknowns we
can speed up the calculations, but this modification has no theoretical

significance. ]

Instead of equation (3.1)) consider the equation obtained from (3.1]) by
replacing the coefficient a; by a1b7. [Note: by the choice of xj, we

expect that the new equation has no solutions.]

Find an m such that the new equation has no solution already modulo
m. [Note: If Conjecture 1 is true, such a modulus exists. One can try to
find an appropriate m by the help of Lemma Observe that for the
unsolvability of the congruence modulo m the relation b7¢ | m should

hold, hence the importance of the divisibility property comes from.]

Later in this section we will provide some numerical results which demon-

strates the efficiency of our algorithm. For now we only give a very simple

example which helps to understand how this method works.

Suppose that we want to solve the equation

5 — 2V — 3° = 23,
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in z,y,z € N U {0}. Based on a simple search, say we try every integer
between 0 and 100 for z,y and z, we find that the only solution in this range
is (z,y,2) = (2,0,0). Heuristically we are "sure" that no other solutions exist
and by using our method we try to prove this. Since in the solution we found
the exponent of 2 is 0, instead of the original equation, consider the modified
equation

5% — 2.2 — 3% =23,

where x,yo, z are in N U {0}. If the assumptions are correct then this new
equation has no solutions. By choosing m to be 2 we can immediately see
that the modified equation has no solutions modulo m, which means that the
exponent of 2 is 0 indeed. By using this new information we can get rid of one

of the unknowns and get the equation
5" — 37 = 24.
By a similar argument as before we can write
5" —3-3% =24,

where x and z, are non-negative integers, suspecting that this equation has no
solutions. If we take m to be 3 we can immediately see that this equation has
no solutions modulo m (since the left hand side cannot be 0 modulo 3). This
means we were able to show that z = 0, thus we got rid of one more variable.
The remaining equation is 5* = 25 which gives x = 2.

As we mentioned before, this example is a very easy one, but it was perfect

to demonstrate the steps of our algorithm.

An interesting and important question may occur though: how did we find

the moduli m = 2 and m = 3? In this specific case it was quite easy, since the
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exercise was "made to be nice", but for harder equations guessing the moduli
will not work. One possible way to find the modulus is to use Lemma [2.4]
Later on we will discuss this problem in more details.

It is of utmost importance to emphasize that although at the start of the
procedure we could not be sure that the solution(s) what we found are the only
solution(s), but during the process we were able to fix the unknown variables
one by one. Thus if somehow we can find an appropriate modulus m then we
can be sure that we found every solution.

This strategy works, at least in principle, if there exists a constant A, such
that for all solutions of we have L 391,112 i<t z;; < A. This is the case, for
example, if (3.1)) has no solutions with vanishing subsum.

At this point we mention that one can find in the literature several sparse
results of this type; see e.g. the papers [20, 2, 3] and the references there. How-
ever, in these papers the appropriate moduli are found in a rather ad-hoc way
(just how we did in the example above), at least no clear strategy is explained
to choose them. In our results we could use the moduli provided by Lemma
We give an explanation in the proofs of the forthcoming theorems.

Now we give some theorems which show how the algorithm works. The
first result (which is Theorem 3.1 in our paper [12]) concerns the represen-
tation of zero as the sum and difference of powers of several distinct primes.

Note that this result is closely related to a question of Brenner and Foster [20].
Theorem 3.3.

1. Let 2 < t < b5 and let py,...,pi1 be distinct primes, with
pi <19 (i =1,...,t+ 1). Consider the Diophantine equations

t

xr; _  Tt41
E P; = DPiy1 -
=1
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For all the solutions of these equations we have min;<;<+1(x;) < 15.

2. The Diophantine equation
37+ 5%2 4 117 4 13" + 17 = 19Y
has only two solutions in (x1, o, T3, T4, T5,Y), given by

(xlv Lo, X3,T4,Ts, 3/) = (OJ 17 17 07 OJ 1)7 (17 07 07 17 07 1)

The next theorem (Theorem 3.2 in Berték and Hajdu [12]) concerns the
case where the primes on the left hand side are the same.

Theorem 3.4.

1. Let2 <t < 8and let p, q be distinct primes with p, ¢ < 19 and consider

the Diophantine equations

t
i=1
For all the solutions of these equations we have minlgigt(xi7 y) < 6.
2. The Diophantine equation
570 4 5% + 5% + 57 + 5% 4 5% 4 5% + 5" + 57 = 177
has only two solutions with x; < x;11 (i = 1,...,8), namely

(Z’l, T2, X3,T4,T5,Te, L7, T8, L9, y) :<07 07 07 07 07 07 07 17 17 1)7
(0,0,0,0,1,1,2,3,3,2).
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The final result in connection with (3.1) concerns the case where [ = 2.

This is Theorem 3.3 in our paper [12].
Theorem 3.5.
1. Let py,...,ps be distinct primes with p; < 19 (i = 1,...,6) and con-
sider the Diophantine equations
pipe’ + Pyt = pstpgt = 1
For all the solutions of these equations we have min, <;<¢(z;) < 5.

2. The Diophantine equation
271372 4 T — 117513 =1
has only two solutions in (x1, Ta, T3, T4, Ts, Tg), namely

(l’l, Ty, X3,T4,Ts, xﬁ) = (07 07 07 07 Oa 0)7 (07 27 17 07 07 1)

3.1.3 Proofs

We start with the proof of Theorem [3.1] For this, beside Lemma [2.4] we need
the following two results of Adam, Hajdu and Luca [1].

Lemma 3.1. Using the notation of Theorem write Hy(x) for the elements
h of Hy with |h| < x where x is a positive real number. Then for all large x

we have
#Hy(z) > 20 — Cy7(log )<

where C'; and C'g are constants depending only on the parameters k, a; and

bij occurring in (3.1)).
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Proof. The statement is a simple consequence of Theorem 1 of [1]]. ]

Lemma 3.2. Let m = ¢;*' - - - ¢%* where q, . .., q. are distinct primes, and let
b € Z. Then we have

#{b* (mod m):u >0} < A(m)+ max z;.

1<i<z

Proof. The statement is Lemma 1 in [1]. ]

We are now ready to prove the theorems.

Proof of Theorem[3.1} For a positive real number x set
H(z):={he€ H: |h| <z} and Hy(z):={h € Hy: |h| < z}.

We apply Lemma[3.2land Lemma[2.4]with r = 1 to prove our statement. Partly
we follow the argument of Theorem 1 of [39]; see also the proof of Theorem
3 in [1].

By Lemma 2.4 we can choose an integer m, satisfying
)\(m) < (log m)ClO log log ]Ogm.

We may assume that m is the largest integer below /x with this property.
Then by Lemma [2.4] we have that m > f(z), with some strictly monotone
increasing function f of z, tending to infinity as x goes to infinity.

Let m = ¢7" - - - ¢¥* be the prime factorization of m, where ¢, ..., g, are
distinct primes and x4, . . ., =, are positive integers. Write C'(m) for the residue

classes of those integers ¢ modulo m for which the congruence (3.2)) is solv-
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able. Lemma [3.2]implies that we have

#C(m) < (M(m) + max ;). (3.3)

1<i<z
On the other hand, we easily obtain that

1
)\(m) + max wz < log—m + (log m)C35 Iogloglogm‘ (3.4)

1<i<z og 2

Now by inequalities (3.3)) and (3.4) we get that
#C(m) < (logm)cselogloglosm (3.5)

where ¢3¢ is a constant depending only on £ and /.

Write now x = um -+ v where u is a positive integer and v is a positive real
number with v < m. Observe that by the choice of m, v and v here we have
that

logu > (log(u+1))/2 > (logz — logm)/2 > (logx)/4.

Assuming that z is large enough, we further have
x > 1.5¢37(log )%

where c37 and ¢35 are respectively C7 and Cjs in Lemma [3.1] Let now ¢ be
an arbitrary positive real number. Then, assuming that x is large enough, the

above inequalities imply
ex/3 > car(log )™ /2,

and

ex/3 > eum/3 >m > v.
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Finally, the lower bound m > f(z) also gives
ex/3 > eum/3 > u(logm)e loeloglogm
provided that x is large enough. Thus, since by (3.3) we have that
HH(2) < 2(u(logm)eoshostosm o y),

the statement immediately follows by comparing # H(x) and # H (x). O

Proof of Theorem[3.2] Since the proofs of the parts (1) to (4) are similar, we

only give details in case of (3). Also, here we consider only the equations
2713%2 4 5TTH — 11%13% = ¢ (3.6)

with 0 < ¢ < 1000. First, letting the exponents z; (i = 1,...,6) vary between
0 and 100, we find a list L (with #L = 224) of ¢ values for which we expect
equation (3.6) not to have solutions. (Note that in this case we could not find
solutions already with 0 < z; < 10 (« = 1,...,6), however, some other
equations in (3) do have solutions with 1H<1?<}% x; = 12.) At this stage, at least
we are certain that for integers ¢ with 0 < ¢ < 1000 not in the list L, equation
(3.6) is solvable. Now we investigate the values ¢ € L one by one. The smallest
such value is ¢ = 11, we shall work only with this, the others can be handled

similarly. Take the modulus
m := 7031324575728 = 2* - 3% . 17-19-37- 73 - 97 - 577.

Now we could simply say that as one can easily check, equation (3.6) has no

solutions modulo m. However, as this check is not that easy for some of the
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instances in (1) to (4), it is worth to do it in a sophisticated way. (In particular,
since the appropriate modulus m in some other cases can be much larger than
the one given above.)

First observe that all the factors of m have \ values composed exclusively
of 2-s and 3-s. (This is the choice indicated by the proof of Erdés, Pomerance
and Schmutz [28]].) This makes it possible to combine the information ob-
tained for the exponents z1, ..., s modulo the separate factors. (It is highly
not economic to work with m as a modulus directly.) For example, modulo 16
we immediately get that z; = 0 must hold, and we also get some congruence
conditions for the other exponents, modulo a power of 2 (since the orders of all
the factors modulo 16 are certainly powers of 2). Finally, using all the factors
as modulus, the resulting system of congruences proves to be non-solvable,
which shows that equation has no solutions indeed modulo m.

In all the other cases the proof goes along the same lines. As we mentioned,
in some cases one really needs to work with huge moduli. However, in all cases

we encountered the modulus

m=2%.32. H P

p—1=2u3v5w
3<p<20000
proved to be appropriate. The calculations have been performed by the pro-

gram package Magma [19]. Ol

Now we turn to the proofs of Theorems [3.3] [3.4] [3.5] These statements
have similar structures: they contain a "general" statement, and a "particular”
one. As we shall see, the proofs will deal only with the second parts of these
statements. The reason is twofold. On the one hand, the proofs of the "general"

statements would be rather similar to the those of the "particular" ones. On
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the other hand, giving the proofs of the first parts as well, would considerably
increase the length of the dissertation. (Indeed, already the proofs of the second

parts are rather detailed and lengthy.)

Proof of Theorem[3.3] To prove the theorem we use a program written in Sage
[777]. We only prove the second statement, the first part can be proved similarly.

First we find all solutions of the equation
37+ 5% 4117 + 13" + 17 = 197 3.7)

with z1,...,25,y < 15. By doing this we get two solutions, namely
(0,1,1,0,0,1) and (1,0,0, 1,0, 1). Let us assume that there are no more solu-
tions and instead of (3.7) consider the equation

3230 4+ 5. 5720 4 117 4 13- 1370 + 17170 = 19-19%.  (3.8)

Before we move on to the next step, we comment a few words about the above
equation. In our algorithm we mentioned that after we find "all" small solu-
tions we choose one of the exponents and try to give an upper bound for it.
However, in this equation we chose multiple exponents at the same time. This
step has no theoretical significance, however in most cases it can speed up
the computations. After concluding that the new equation has no solutions for
some modulus m we get multiple restrictions for the exponents which yields us
many sets of equations which need to be considered in a similar way. Another
important note is that we found out that the exponent of 19 can be 1, however
we only used 19-19% instead of 192 - 19% in the above equation (and similarly
we used 5 - 5720 instead of 52 - 5720, 113 instead of 112 - 11%30 and 13 - 13%4.0
instead of 132 - 13%40), We did this because the ) values of 5,13 and 19 are

"small", thus they can rule out quite a few equations. However, we found that
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11 is not a good modulus, thus we tried to avoid using that number. So in the
first step we were not trying to bound the exponents of 5, 13 and 19, instead
we were focusing on 3 and 17 and we just simply used the other numbers as
part of our moduli. This may lead us to some extra equations without solutions
(see the last equation below), but since this step speeds up the computations,

it is worth to have a few extra equations which can be handled quite easily.

If we determined all solutions of (3.7)) correctly, then (3.8]) has no solutions.
To prove it we have to find a modulus m such that the congruence

32370 4+ 5. 5720 4 11% 4 13- 13740 + 17-17%° =19 - 19 (mod m)
has no solutions. By using Lemma[2.4] we are able to find such modulus. Let
A=1{2,57,913,17,19,37,73,97,109, 163, 193, 257, 769 }.

By examining the congruence mod m* for all m* € A and comparing the re-
sults we find that it has no solutions, thus m = T[] .c.,m* =
469692490871958086293470 is an appropriate modulus. This means that
has no such solutions where x; > 1 and x5 > 0 and z, > 0 and x5 > 0 and

y > 0 simultaneously. This yields us six new equations, namely

572 4+ 117 + 13" + 17" =19Y — 1
572 4 117 + 13" + 17" =19Y — 3
3T+ 11"+ 13" 4+ 17 =19Y — 1
37 H 5" 11 417 =19Y — 1
37+ 5" 411" 413" =19V — 1
37 45" #1178 4+ 13" + 17" = 1.
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We only solve the first one, because the next four can be solved similarly and
the last one is trivial. The mentioned equation has only one "small" solution,
which is (1,1, 0,0, 1), thus we suspect that if the conjecture is true then there

exists a modulus m such that the congruence
5-5%20 4117 4 13- 13" + 17 =19V — 1 (mod m)

has no solutions modulo m. Similarly as before, the reason for using 5 - 572°
instead of 5% - 5720 is that we used 5 as part of our modulus because of its good

A value and not because we tried to bound the exponent for z5. Let now
A={2,3,5,7,13,37,73,97,109, 163, 193, 257, 769 }

and examine this congruence for every modulus m*, where m* € A. By doing
that we find that the congruence has no solutions with m = [] .., m* =
484718772829678107630. So we conclude that there are no solutions with
x9 > 0 and z4 > 0 simultaneously, which means that we were able to reduce

the number of unknowns by one. The remaining cases are

1178 413" + 17" = 19Y — 2
572 + 11" + 17" = 19Y — 2.

The first equation has no solutions modulo
m=2-3-7-37-73-97-109-163-193 - 257 - 433 = 4198924249980006414,

and because ged(m, 11,13,17,19) = 1 this branch will not give us new equa-

tions. The second one however has one "small" solution, which is (1, 1,0, 1).
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If we consider the congruence
572 + 117 + 17 - 17"° =19 — 2 (mod m)

withm =2-3-7-17-37-73-97-109- 163 then we find that it has no solutions,

so x5 = 0 and the remaining equation is
5" 411" =19 — 3

which still has one "small" solution, which is (1, 1, 1). If our assumptions are

correct, then the congruence
52.5720 4+ 117 = 19Y — 3 (mod m)

has no solutions with some m. By choosing m = 2°-33.52. 7. 31 this is true,

thus 2o < 2 which yields two new equations

117 = 19¥ — 4
117 = 19Y — 8.

The first one does not have any solutions modulo 3, and by choosing m =
20.33.52.72.112.17-23-31-37-43 - 61, the congruence

112-11%8° = 19¥ — 8 (mod m)

has no solutions either. This means that x5 = 0 or z3 = 1. If x5 = 0 then the
resulting Diophantine equation is not solvable, but if z3 = 1 then we get one of
the solutions, which is (x1, e, z3, x4, 5,y) = (0,1,1,0,0,1). By following

the same argument we can solve the remaining four non-trivial equations and
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get all the solutions. ]

Proof of Theorem We only prove the second part, since the first statement
of the theorem can be handled similarly. First observe that if all z; are greater
than 0, then the equation does not have any solutions modulo 5. So we have a

new equation:
5% 4 572 4 53 4 5T 4 55 4 56 4 5T 4 578 = 17Y — 1.

After finding the "small" solutions (which are the suspected solutions) choose
m=2-3-5-7-13-19-37-109 - 163 and consider the congruence

5. (571 + 5% 4 5% 4 5% 4 5% 4 5% 4 577 £ 5%) = 17Y — 1 (mod m).

This congruence has no solutions, which means that at least x; has to be 0, so

the new equation is
5" 4+ 5% 4 5" 4+ 5 4 576 4 5T 4578 = 17V — 2.

If our assumption is correct, then in this equation s < 3 and x5 = 0. If we
choose m =2-3-5%-7-13-19- 37 - 109 then the congruence

5% (5% 4 5% 4 5% 4 5% 4 5% 4 57 £ 5%) = 17Y — 2 (mod m).

has no solutions, so at least x5 has to be smaller than 3. Thus we have three
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new equations, namely

B2 4 57 4 5 4 5T 4 577 4 5 — |7V 3,
B2 4 57 4 5T 4 5T 4 577 4 5% — |7V 7,
B 4 57 4 5T 4 5T 4 577 4 5T = |7V — 27,

We only solve the first one, the method for the other two is similar. This equa-
tion has one "small" solution, which is (0,0,0,0,1,1,1).Letm =2-3-5-7-
13-19 - 37 - 109 and consider the congruence

5. (5% 4 5% 4 5% £ 5% 4+ 5% 4+ 5%) =17 =3  (mod m).

Since this does not have any solutions, we can take z3 = 0. By using the
same steps as above and the same m we get that x, = 0 too, thus the equation

simplifies to
5% 4 5% 4 577 + 5" = 17Y — 5.

Of course it can be seen modulo 5 that in this case x5 has to be 0 too, so the

remaining equation is
5% + 5" 45" =17 — 6

which has only one small solution, given by (0,1,1,1).If m =2-3-5-7-13-
19 - 37 - 109 then the congruence

5-(5% + 5 +5%) =17 —6  (mod m)
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does not have any solutions. So x5 = 0 and the implied equation is
5% 45" =17V — 7.
Similarly, if we let mtobe 2 - 3 - 52.7-11-13-19- 41 then
52. (5% 4+5%)=17" =7  (mod m)
is not solvable, so we have two new equations:

5% =17 — 8
5% = 17Y — 12,

The first one does not have any solutions at all, which can be seen modulo
2-3-7-13.Letm =2-3-5%.7-11-13. Then the congruence

52.5% =17 — 12 (mod m)

has no solutions, which means that either zg = 0 or xzg = 1. If xzg = 0
then there are no solutions and if zg = 1 then we get the only solution
(1, o, T3, T4, T5, T, T7, Tg, Tg,y) = (0,0,0,0,0,0,0,1,1,1). By solving the

remaining equations similarly, the proof is complete. ]

Proof of Theorem[3.5] Again, we deal only with the second statement. Since
its proof is very similar to the previous ones, we only give the list of moduli
and the appropriate bounds obtained from the congruences. The base equation

1S

271372 4 5T — 11%513% = 1.
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1. modulo 2: x; = 0.

2. modulo5-7-13-17-19-37-41-73-97-109-193: 23 =0o0rxz, =0
or z¢ = 0. From now on we only consider the case x3 = 0, because the

other two can be handled similarly.
3. modulo 13-17-19-37-41-73-97-109 - 193: x5 = 0.
4. modulo 3: x5 = 0.

5. The remaining equation is 74 — 11*®> = ( which is only solvable, if

x4 = x5 = 0.

The acquired solution in this case is (1, 2, T3, 24, 5, 26) = (0,0,0,0,0,0).
Using the same method we can give a bound for the exponents in the first part
of the theorem and solve the remaining equations in the second part, thus the

proof is complete. L

Remark 7. In the above theorems we used Lemma (based upon other
results from the literature) to find an appropriate modulus m. We now describe

some strategies about how to find an appropriate modulus.

1. If we choose a positive integer m such that for every prime factor p; of
m the number p; — 1 has only "small" prime divisors then \(m) will be
"small". A very nice example for this is the number m = 7031324575728
24.32.17-19-37-73-97-577. It can be seen that for all prime divisors
p; of m, p; — 1 1s divisible by at most the primes 2 and 3. For this m
the value A(m) is 576 which is quite low compared to the size of m.
(This idea is based upon Lemma [2.4] and its predecessors. Note that the

modulus m obtained in this way, can be efficient for general bases.)
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2. For equations where we have only a few different bases which are fixed
(e.g. the second equation from Theorem [3.4) we can use an elementary
method to find a good modulus. For the sake of better understanding
suppose that in the equation we have lots of v’s and w’s as bases, thus we
want to find a modulus m such that the order of v and w is small modulo
m. In this case we can proceed as follows. Take a positive integer A and
calculate m = ged(v4 — 1, w4 — 1). This number m is a modulus for
which the order of v and w are at most A. Of course, in general we need
to do this with more than two numbers to get an upper bound for the
orders, but the more numbers we involve, the harder it becomes to find a
non-trivial m in this way. (Note that in contrast with the above point 1,
the modulus m obtained this way is "good" only for specifically v and

w.)

We close this subsection with two remarks.

Remark 8. For the actual computations we start with a set consisting of num-
bers with "small" A-values. In our applications this set has more than 100 num-
bers. Then after finding the "small" solutions of the equation in question, we
expand this set based on this computation. For example if we find that in ev-
ery solution of an equation the largest power of say 2 is 17, then we put 2'®
into this set (sometimes we even use smaller powers of 2 as well, but this
only speeds up the computations, it has no theoretical value). Then we find the
"best" number m, from this set, by which we mean the modulus for which the
product of the orders of the bases is the smallest. We then find all solutions of
the equation modulo m;. Based on the solutions we modify the equation and
find the next "best" modulus from the list. We continue this method until we
either prove that we have no solutions or we have used up all the numbers from

the set. In the latter case we were not able to give a bound for any exponent.
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This means that either the set of moduli was too small or that we were not
able to find all "small" solutions at the beginning (possibly because there is a
solution with vanishing subsums).

Remark 9. Another important thing to mention is that based on our theorems
and algorithm we are able to find all solutions of a wide variety of exponen-
tial Diophantine equations if the equations have only finitely many solutions.
Based on results of e.g. Gy6ry and Evertse [32] we know that this is the case
if the equation has no solutions with vanishing subsums. If this is not the case
then the equation has infinitely many solutions. Thus our method does not
work for such equations. However, in some special cases the algorithm can be

used to bound the other variables. An easy example for this is the equation
2P -3+ -7"=0

in non-negative integers z, y, z, w. It can be seen that we have infinitely many
solutions of the shape (x,y, z,w) = (0,0, a,a), where a is an arbitrary non-
negative integer. However, it can also be seen that if x > 1 then the left side is
odd, thus modulo 2 we can conclude that x must be 0. Now if we try to solve
the congruence

1=3—7"4+7" (mod 3),

we notice that it has no solutions if y > 1, which means that y = 0, too. So we

are left with 7% = 7% from which we get that z = w.

3.2 Exponential Diophantine equations over number fields

In this subsection, we handle a similar problem as in Section[3.1] but instead of
working over Z, we now consider exponential Diophantine equations over the

ring of integers of an algebraic number field K. From now on let Ok denote
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the ring of integers of K and let vy, ..., ax, 811, .-+, 81, -+ Br1, - - -5 Pre bE
non-zero elements of K and v € K. Consider the equation

Pt Bt Bt Bt = (3.9)

in unknown integers i1, ...,%1¢,...,Tk1,- .-, Tke. Lhis equation is the ana-
logue of equation over number fields. The main difference (apart from
not working above 7) is that in (3.9) we do not restrict the exponents to be
non-negative integers. However, we can assume this, since we may split (3.9)
into several cases, replacing some of the /3;; by 1/4;; to achieve this property.
Furthermore, if some J;; is not in Ok, then we can write 3;; = 3;;/3}; with

ij» Bi; € Ok. Then clearing the denominators, we obtain an equation of the

fojrm (3.9) again, where the (3;; are algebraic integers. Hence, from this point
on we shall always assume that all the 3;; are in Ok, and that the unknown
exponents x;; are all non-negative integers.

Regarding the solutions of equation (3.9) for k£ = 2, 3,4 one may use sim-
ilar methods which were mentioned in Section (see e.g. results of Gyory
[35, 136] for £ = 2 or Vojta [86] and Bennett [8]] for £ = 3,4; or the book
of Evertse and Gy6ry [32]). Also, it is long known that (3.9) has only finitely
many solutions for any % for which the left hand side has no vanishing subsum.
Furthermore, the number of such solutions can be explicitly bounded in terms
of k and ¢ (see e.g. [34], [4] and for several related results [33]], [32], and the
references given there).

We propose the following conjecture which is the analogue of Conjecture
1 in Section3.11

Conjecture 2. Suppose that one of the following two properties hold:

(i) equation (3.9) has no solution in integers z;; (1 <i < k,1 < j <),
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(ii) none of the 3;; (1 < i < k,1 < j < /) is a proper unit (i.e. a unit
different from roots of unity) in Ok, and equation (3.9)) has no solution

in non-negative integers z;; (1 <i < k,1 < j </).

Then there exists an ideal 9t in Ok such that the congruence
a1t Bt apBt Bt =y (mod M) (3.10)

has no solutions in non-negative integers ;; (1<i<k1<j3</).

This conjecture is a variant of a classical conjecture of Skolem [/5]], but
the original formulation of Skolem is not completely precise. For an exact
formulation we refer to [66], pp. 398-399. The conjecture predicts a Hasse-
type principle for exponential Diophantine equations. Skolem’s conjecture has
been considered in several papers. Here we only mention those of Schinzel
[66,167,168], and Bartolome, Bilu and Luca [7] (see also the references therein).
Importantly, Theorem 2 of Schinzel [66]] also implies that in case of k = 1 the
conjecture is true.

This conjecture can be considered as an extension of Conjecture 1 from
Section [3.1] to the algebraic case. The main difference apart from working
over Z is that in Conjecture 1 it is enough to consider the case when the ex-
ponents are non-negative integers. Unfortunately, in the extended conjecture
this is not sufficient. To understand the necessity of the extra requirement, let
K = Q(+/2), and consider the equation

(1+V2)" + (1 +V2)Y = 2v2.

As one can easily check, this equation has no solution in non-negative
integers x,y. However, the corresponding congruence does have a solution

modulo 9, for any ideal 901 in Ok. The reason is that the above equation has
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solutions in integers, e.g. (x,y) = (1, —1). Since 1 + v/2 is a unit in Ok, we
can find a positive integer ¢ such that (1 + v/2)" = 1 (mod 9) for any IN.

Hence we get
(14+V2) + (1 +vV2)"=2v2  (mod M).

However, this phenomenon clearly occurs only if one of the numbers j;; is a
unit in Ok - otherwise we may find some modulus 91 such that none of the (3;;
is invertible modulo 901. Furthermore, if 3;; is a root of unity, and its exponent
x;; 18 negative in some solution, then we may clearly replace x;; by a positive
integer, to obtain another solution. Thus altogether it seems that the conditions
(i) and (ii) may be sufficient to guarantee Conjecture 2 to hold.

In this section we prove similar theorems as in Section[3.1] but for the more
general case. We prove among others that for any fixed «; and f;; (1 < ¢ <
k,1 < j < {), the set of v € Ok for which Conjecture 2 might fail, is "very
small". We extend our previous algorithm for solving exponential Diophan-
tine equations over number fields and show how it works by some numerical
examples. An interesting property of this algorithm is that under some circum-
stances we are able to solve equations where neither of the conditions (i) and

(i1) in Conjecture 2 is satisfied.

3.2.1 New results

We start with a theorem (which is Theorem 1 from our paper [13]) which
yields a good support for Conjecture 2. For any subset L of Ok and any
ideal 9 of Ok, write L (mod 90) for the natural embedding of the set L
into Ok /MOk. Finally, write N (9t) for the norm of the ideal 91 in Ok.

Theorem 3.6. Let oy, ..., Bit,--., 016, Bris - - -, Bre be non-zero ele-
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ments of Ok, and put
H={apij' .. . Bif+ FaBst . Bt rxy; > 01 <i <k 1<j<{)}

Then for any ideal A of Ok and any € > 0 there exists an ideal M such
that A | M, and |H (mod IM)| < N(M)=.

Remark 10. Choosing ¢ "very small", the above theorem shows that it is "very
unlikely" that (3.9)) is not solvable, but the corresponding congruence modulo
2N is solvable. Since for any € we can choose infinitely many 9, this assertion

seems to give a strong support for Conjecture 2 indeed.

Remark 11. The presence of 2l is important to guarantee that some of the
Bi; will not be invertible modulo 9t (or even, we can make some [3;; be zero
modulo 91). This will be important later on, in applying the conjecture to find

all solutions of (3.9) in the case where it does have solutions.

3.2.2 Lemmas

To give the proof of Theorem [3.6, we need some preparation. For an ideal J in
Ok, denote by ¢(J) the number of invertible elements in Ok /J. Note that if
K = @, then the ¢ function is Euler’s totient function. The following lemma
is a well-known property of the ¢ function; see e.g. Theorem 1.19 on p.23 of
Narkiewicz [53]].

Lemma 3.3. Suppose that J is an ideal in Og with 3 = pi* ...p*, where

p1,. .., Pg are distinct prime ideals in Og. Then we have

p(3) = N(p)" - N(pe)™ (N (p1) = 1) -+ (N(px) = 1),

where N (J) is the norm of J.
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For any ideal J in Ok, write
A(J) := Iem{ord;(a) | @ € Ok, «v is invertible in Ok /T},

where ord;(«) is the smallest positive integer ¢ with o' = 1 (mod J). Note
that if K = Q, then the )\ function coincides with Carmichael’s function. Obvi-
ously, for any ideal J, we have A(J) | ¢(J). Furthermore, as it is well-known,

see e.g. LasSak and Porubsky [45], we have the following assertion.

Lemma 3.4. Suppose that J is an ideal in Og with 3 = p7*'...p,*, where

P1,..., P are distinct prime ideals in Og. Then we have

A(T) = lem(A(py"), - ., Alpi"))-

We shall also need the following variant of a result of Erd6s, Pomerance
and Schmutz [28] concerning small values of Carmichael’s function due to
Pollack [63]]. (For other variants see e.g. [[1]], [38]] and Lemma [2.4])

Lemma 3.5. Let K = Q, and P be a set of primes of positive upper relative
density. For each k > (0, there are infinitely many square-free natural numbers

n which are divisible only by primes in P and which satisfy A(n) < n".

Combining the above lemmas with certain other assertions, we obtain the
following property of the A function defined over K. Note that this result
(Lemma 4 from Bertdk and Hajdu [13]) is a kind of extension of the above

mentioned results concerning Carmichael’s function over algebraic number
fields.

Lemma 3.6. For any 0 > 0 and ideal 2 in Oy there exists an ideal M in Ok
such that 2 | M and \(IM) < N (IM)°.
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Proof. To prove the statement, we closely follow arguments of Pollack [63],
with small modifications. Let P be the set of those primes p which split com-
pletely in KK, such that (p) and 2 are coprime ideals in O. It follows from
Landau’s prime ideal theorem [44] that P has positive upper density. Thus ap-
plying Lemma [3.5] with this set and some x > 0, such that k < dd, where d
is the degree of K, we obtain that there exists a positive integer n of the form
n =p;...px where py, ..., py are distinct primes from P, such that A\(n) < n”
and N (21)17° < n’~*, (Here and later on, A\(n) is to be understood over Q.)
Write 90T = (n)2d with this n, and let p; = p;1 ... pia (1 = 1,..., k), where the
p;; are prime ideals in K. Then using Lemmas and 3.4 we have

AN < A0Dlem(A(P11), - s A(P1d)s - - s APr1), -+ s A(Pra)) <

< )‘(Ql)lcm(90<p11)’ SR 7@(p1d)7 SR 7¢(pk1)’ SR 7¢(pkd)) =
= AWlem(p—1,...,pe—1) = A(Q)A(n) < N(2)n" < N(2A)°n = N(IM)°.

This proves the statement. []

In fact, we shall need a statement which shows that for all « € Ok, the
powers of o form a "small" set modulo some 91, and Lemma guarantees
this only for a with ged((a), ) = 1. To get such a statement, observe that
for any ideal J in Ok and o € Ok with ged((a), 9) = 1, we have

ord;(a) = #{a" (mod J): k € Z}.
We shall use the above notation for any o € Ok, and further write

L(J) = max{ord;(a) | « € Ok}.
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The next lemma (Lemma 5 from Bertok and Hajdu [13]) provides the neces-

sary extension. Note that similar statements can be found in [37] and in Section

(over Z).

Lemma 3.7. Let J = p{* - - - p,* be the prime ideal factorization of an ideal
J of Ok, and write t = max{ny,...,ne}. Then for all « € Ok we have
ordy(a) < \(TJ) + t.

Proof. Write () = qy* - - q¥ - pi* - - - p;*, where the g; are prime ideals with

q; # p;, and the exponents u;, v; are non-negative integers. We show that for

any © > A(J) there exists a y with 1 < y < A(J) such that ot = a¥t!

(mod 7). Given z, choose a y with 1 < y < A(J) such that ot = a¥**

(mod J'), where 3’ = [] p.“. Since ged(a, J') = 1 and A(J") < A(J), such
0

v;=

a y exists. Thus it remains only to prove that o*™ = a¥™ (mod J”), where

3" = ] pi. Since x,y > 0, this statement is trivial. O
v; 70

3.2.3 Proofs
In this section we present the proof of Theorem 3.6

Proof of Theorem[3.6] Take ad > 0, and using Lemma([3.6] choose an ideal 91
such that 21 | 9% and A(901) < N(9N)°. Here (by choosing some appropriate
ideal divisor B of 9t) we may further assume that N(90) is so large that
N(9)? > log(N(9M). Then, using Lemmal[3.7}, we get that

ordgp(a) < N(OM)° + log(N(M))/log 2
for any o € Ok. Thus

|H  (mod 9M)| < (N(IM)° + log(N (9N))/ log 2)**.
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Hence choosing o appropriately, the theorem follows. ]

3.2.4 An algorithm for solving exponential Diophantine equations over

number fields

Our algorithm for solving exponential Diophantine equations over number
fields is very similar to what we have seen in Section So without any
further explanation we simply give the steps needed to handle equation (3.9).

@

(1)

(I1I)

av)

We find the "small" solutions of equation (3.9). [Note: since the expo-
nents z;;, 1 < ¢ < k, 1 < j < £ can be negative numbers, we need to

check for the "small" solutions z;; € Z.]

We choose one of the unknowns, z;; say, belonging to some [3;; which
is not a unit. Using the list of solutions from step (I) we take an inte-
ger xy with z;; < xg in all known solutions. [Note: as a variant of the
method, at this point we could choose more exponents to speed up the
calculations.]

In place of equation (3.9), we consider the equation obtained by replac-
ing the coefficient o; with o; fjo. [Note: if the list of solutions is indeed
complete, then the new equation has no solutions in non-negative integer

exponents. |

We search for an 991 such that the new equation has no solution modulo
901. Having such an 901, we can conclude that z;; < z holds for all solu-
tions of (3.9). [Note: if Conjecture 2 is true, then such a modulus exists.
In the examples we shall show strategies how we try to find such an 901.
One method is based upon the proof of Theorem [3.6] As an important

point, observe that for the unsolvability of the congruence modulo 91
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the relation we need to have 2l := (3;) | 9 should hold, showing the
importance of the divisibility property.]

Remark 12. If we iterate this method, then after some steps we are left with
equations where all the remaining 3;; are units. Since our algorithm cannot
be used in this case we need to use another method to handle these equations
(e.g. if we only have two units remaining then we may apply Baker’s method
to find all solutions).

Remark 13. Note that the method might also work if there are solutions with
vanishing subsums: if there are terms which are not involved in such subsums,
then the corresponding exponents may be bounded as above, and the final
equation obtained can be solvable (e.g. by Baker’s method, if the number of

remaining terms is sufficiently reduced).

The rest of this section is devoted to numerical examples, and we also ana-
lyze our method from certain aspects. At the end of the section, we formulate
a theorem based upon these results and computations.

Let K = Q(\/E) where d is one of 2, 3, 5 and consider the equations

126 3657 = 1, (3.11)

where 3; = a; + b;v/d such that a; and b; are integers with max{|a;|, [b;|} <3
and z; is a non-zero integer for every ¢ = 1,2, 3. (We decided to exclude the
case when one or more exponents are zero, since in those cases we can use
e.g. Baker’s method to handle the equations.) Taking everything into account
we have 7 = 117649 equations for every d.

Our goal is that for any equations (3.11)) which is not solvable, give an ideal
M such that the equation has no solutions modulo 9I. Thus first we need to
exclude all equations which has a solution. For this, we do an exhaustive
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search for the exponent triple (x1, z2, x3) in some large domain. Namely, we
check the domain with max;_; » 3 |z;| < 100. Note that if some /; is a unit in
Ok, then we have to check the negative values of z; indeed. After this search
we are rather sure that we have found all equations which are solvable.
(Note that obviously, at this point we cannot be sure that this is really the case
- however, as we shall see later, this expectation is proved to be valid.) After
this step, we use three ideals for d = 2, 3,5 (9g, My 3, Mo 35). These ideals
are defined in the following way. Fixing d (and hence K), 91, is generated by
those ideals 91 in Ok which are prime ideals with norm less than 50 and (901)
has only 2 as a prime divisor. We define the ideals 915 5 and 9y 3 5 similarly
by simply expanding the list of possible prime divisors to 2,3 and to 2, 3, 5,
respectively. The use of these ideals is motivated by the following approach:
by collecting the mentioned generators, we get an ideal with "small" A-value.

We get that after using 9y, My 3 and My 35 most of the equations for
which we did not find solutions at the first stage, are not solvable. To handle
the remaining equations we extended the ideals 9y, My 3 and My 55 to be
generated by primes in Ok with the same property as before, but norm at
most 150. By using these new ideals we were able to prove that none of the
remaining equations have solutions.

We summarize our results in the Tables [I]2] and 3] We only work with
the cases where we have not found solutions at the first stage. Since for all
B = a; + byv/d we have max{|a;|,|b;|} < 3 then we need to work with
76 = 117649 possible equations. First we rule out those equations which have
solutions with max;—1 23 |;| < 100, and only keep the others. For example
for d = 2 after this step we get that 113361 equations have no solutions if the
exponents are "small". After this step we first consider these equations modulo
M, where the primes generating 1, have norms N < 50. The algorithm
proved that 92636 equations are unsolvable modulo 21,. Still using N < 50
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as a bound for the norms of the primes generating 9y, My 3 and My 35, we
get that out of the remaining 20725 equations 20173 are not solvable modulo
M, 5. By using My 3 5 we were not able to rule out all remaining equations,
the algorithm was unable to decide if 22 of them are solvable or not. Thus
we increased the bound for /V to 150 and started over. For 91, we did not get
any new information, but using 91, 3 was enough to prove that all remaining

equations are unsolvable, thus in this case we were not required to use 9y 3 5.

Solved | Remaining
oy, |V <50 [ 92636 | 20725
2 N<150 92636 | 20725
o N <50 | 20173 552
23 'N <150 | 20725 0
N <50 | 530 29
Moss <150 — —

Table 1. The results for d = 2.

Solved | Remaining
on, | 2V <50 [ 55223 | 58305
2 N <150 55223 | 58305
o, |V <50 | 57622 583
23 'N <150 | 57801 504
o N <50 | 380 203
235 'N <150 | 504 0

Table 2. The results for d = 3.
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Solved | Remaining
o N <50 | 44184 72165
* [N <150 44184 | 72165
N <50 | 56815 15350
Mo 3
N <150 | 71407 758
N <50 | 15326 24
Ma35
N <150 | 758 0

Table 3. The results for d = 5.

Summarizing our results, we obtain the following theorem.
Theorem 3.7. Let K = @(\/c_l), where d is one of 2,3,5 and consider the
equation

2657 =365 =1, (3.10)

in integers x1,To, x3, where 3; = a; + bi\/a such that a; and b; are integers
with max{|a;, |b;|} < 3 (i = 1,2,3). If equation (3.T1)) has no solutions then

there exists an ideal N such that the equation has no solutions modulo M.
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4 Applications

In this section we give some applications of the methods from Sections
and [3.2] to Diophantine problems which can be reduced to the solution of
exponential Diophantine equations. These problems are proposed by Terai
(83,180, 81, 182], Marques, Togbé [S0]], Luca [48] and others.

4.1 A complete solution of a conjecture of Terai

The first problem is related to a famous conjecture of Terai. Namely, let a, b, ¢
be positive integers with ged(a, b, ¢) = 1 and consider the Diophantine equa-

tion
a4+ b =¢f 4.1)

where z,y, z are unknown positive integers. This equation has been investi-
gated by several authors. In particular, Terai [80] conjectured that if a, b, c > 2
then equation (@.I) has at most one solution in (z,y,z) with z,y,z > 2
(see also [81) 82, [83]). This conjecture implies the classical conjecture of

JeSmanowicz [41]], saying that
(m? — n?)*" + (2mn)? = (m* +n?)*

has no solutions other than (z,y, z) = (2,2, 2), where m, n are positive inte-
gers withm > n, ged(m,n) = land m Zn (mod 2). Note that in this case
a=m?—n? b= 2mn, c = m? + n? form a reduced Diophantine triple, thus
(z,y,2) = (2,2,2) is always a solution.

As a related problem, Terai [83] investigated the equation

(4% + 1)* + (5t — 1)Y = (3t)7, 4.2)
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where ¢ is an arbitrary but fixed positive integer, and z, y, z are unknown pos-

itive integers. He proved the following.

Theorem A (Terai [83]). If0 <t <20 ort # 3 (mod 6) then equation (4.2))
has the only solution (x,y,z) = (1,1, 2).

Recently, Su and Li [76] investigated the cases where 3 | ¢. They obtained
the following result.

Theorem B (Su and Li [76]). Ift > 90 and 3 | t then the only solution to the
Diophantine equation (.2) is (z,y,2) = (1,1,2).

As one can see, combining Theorems A and B, we get the complete solu-
tion of equation for t < 20 and 90 < ¢.

Here we complete the solution of (4.2)). Solving the remaining cases and
putting it together with Theorem A and B we obtain the following theorem
(Theorem 1 from Berték [[10]])

Theorem 4.1. For any positive integer t, the Diophantine equation {.2) has

only one solution in x,y and z, namely (z,y,z) = (1,1,2).

The proof uses the method from Section[3.1] We note that in these specific
equations one could use Baker’s method to get bounds for the solutions, and
then by some reduction method all solutions could be obtained. However, our

approach is more elementary.

Proof of Theorem[d.1} In view of Theorem A and B, we only have to solve
[4.2) for20 <t <90 and t = 3 (mod 6), namely for

t =21,27,33,39,45,51, 57,63, 69, 75, 81, 87.
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Letting a = 4t + 1, b = 5t — 1, ¢ = 3t for these t’s, the equation can be

written as
a® + b’ = c°. 4.3)

Altogether we have twelve equations of type (#.3) to solve. We solve these
equations by using the algorithm presented in Section [3.1]

To prove Theorem 4.1} we show that (4.3) has no solution with z > 2. For

this purpose, instead of (@.3)), we consider the equation
a’ + b = (4.4)

in positive integers x, y, 2o. Our strategy is the following. We find an appropri-
ate modulus m such that (4.4) has no solutions modulo m. Then we conclude
that (4.3)) has no solutions with z = z5 + 2 > 3. Since a, b and c are all fixed

positive integers, the remaining cases where z < 3 can be checked easily.

To find appropriate moduli m, one can use primes p such that p — 1 are
composed only of "small" primes. As we described the construction of such

moduli at Section [3.1] we do not give details here.

Since every equation can be handled similarly, we only demonstrate the
solution for ¢ = 21. However, in this case we provide extensive data. We use

the program package Sage [[77] to perform the necessary calculations.

If t = 21 then the equation is

1765" 4 2204 = 63°.
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Following the strategy we consider instead the equation
1765 + 2204Y = 63* - 63, (4.5)

First consider this equation modulo 37. For the orders of the bases 1765, 2204, 63

modulo 37 we get
ord37(1765) = 3, ord37(2204) = ]_8, ord37(63) = 3.

Hence the exponents x, y, 2y are determinded modulo 3, 18, 3, respectively. It

can be checked that we have six solutions, namely
i) =1 (mod 3),y=16 (mod 18),zp=1 (mod 3),
i) =2 (mod 3),y=13 (mod 18),zp =1 (mod 3),
iii) z=0 (mod 3),y=7 (mod 18), 20 =2 (mod 3),
iv) =2 (mod 3),y =10 (mod 18),2 =2 (mod 3),
v) =0 (mod3),y=4 (mod 18),2=0 (mod 3),
vi) =1 (mod3),y=1 (mod 18),2=0 (mod 3).
After some calculations we get six new equations
i) 1765 - (1765%)™1 4 220416 . (2204!8)v1 = 633 - (63%),
i) 1765% - (1765%)" + 22043 - (220418)¥1 = 633 - (633)*,
iii) (1765%)%1 + 22047 - (2204'8)%1 = 63* - (633)7,

iv) 17652 - (1765%)7 + 220410 . (220418)1 = 63* - (633)%1,
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v) (17653)%1 + 22044 - (220418) = 632 . (63%)1,

vi) 1765 - (17653)% + 2204 - (220418)% = 632 - (633)=,

where z1, y; and 2; are positive integers.

We consider these equations modulo 193. We have
ordig3(1765%) = 16, ord;93(2204'%) = 2, ord;g3(63%) = 4.

It can be seen that the first two equations have no solutions modulo 193, and
the other four has two solutions each, where the exponents z1, y;, 21 are con-
sidered modulo 16, 2,4, respectively. We only take the fourth equation, the
other ones can be handled similarly. In this case we get that the two solutions

of the equation are
") x1 =15 (mod 16),y; =0 (mod 2),z; =1 (mod 4),
i) ©1=7 (mod 16),y1 =1 (mod 2),2; =3 (mod 4).
This leads us to the following two new equations:
") 17657 - (1765%8)%2 4 220410 - (22043%)v2 = 637 - (63'2)*2,

ii") 176523 - (1765%)72 4 220428 . (220436)¥2 = 6313 . (6312)72,

where 2, Yo and 25 are positive integers.

Now we work modulo 109. We have
ord;g9(1765%) = 9, ord;9(2204%°) = 3, ord;(63'%) = 1.

We obtain that the second equation has no solutions while the solutions of the

first eqation satisfiy

o =7 (mod9), y=0 (mod3), 2z, >0.
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The corresponding equation is
1765%%3 . (1765%%)™ + 22040 . (2204'%%)%s = 637 - (63'%)%.

Now modulo 3% we get that this equation has no solutions. We used the
number 3° because we want to prove that equation (#.2)) has no solutions with
z > 2. Since the equation has a solution with z = 2 and 3t = 3% - 7 we need to
put 3% in m, otherwise we are not able to rule out the possible solutions with
z < 2. We note that the modulus m = 35 - 37 - 109 - 193 works for the other
arising equations as well.

Hence we obtain that equation has no solutions modulo m, which
means that in the original equation z < 3 holds. This easily implies (x,y, z) =
(1,1,2).

For the remaining cases we only list the used moduli in Table {] [
t m
2713%.5.7-13-17-19-37-41-73-97-109 - 163 - 193 - 257 - 577
33 30.5-7-13-17-19-37-41-73-97-163 - 433

39 30.7-13-17-19-37-41-73-97-109 - 43

45 5%-7-13-17-19-41-97

51 30.7-13-17-19-37-41-73-97-109 - 163
5713°-5-7-13-17-19-37-73-97-109 - 163 - 193 - 433 - 577 - 769
63 39.5.7-13-17-19-37-73-109 - 433

69 30.7-17-19-37-73-97-109 - 163 - 193

75 30.7-17-19-37-73-97-109 - 163 - 257

81| 3%.7-17-19-37-41-73-97-109 - 163 - 193 - 257 - 433 - 577
87 30.7-19-37-41-73-109

Table 4. The used moduli for equation (#.2).
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4.2 Representing terms of binary recurrence sequences as

sums of powers

As our second application we give some results for binary recurrence se-
quences.

Searching for specific terms of linear recurrence sequences has a long his-
tory and a rich literature. A famous book addressing these kinds of problems
is [73]] or the reader may consult the papers [42, 150, |65] and the references
given there. Pethd [58] and Shorey and Stewart [/2] independently proved
that under certain natural assumptions, a linear recurrence sequence may con-
tain only finitely many perfect powers. In the case of some special, famous
sequences all perfect powers have been determined. In the case of the Pell
sequence F,, Pethd [60] proved that it does not contain non-trivial powers.
Bugeaud, Mignotte and Siksek [22] proved that the Fibonacci-sequence F;,
contains only the powers 0, 1,8, 144, and the only powers in the sequence of
Lucas numbers L,, are 1,4. Results of Pethd and Tichy [62] imply that there
are only finitely many Fibonacci numbers of the form p* + pY + p®, where
p is a fixed prime. Kovacs [42] found all combinatorial numbers of certain
shapes among the terms of F},, L,, P, and @),, (the associated Pell-sequence).
Sanchez and Luca [65], among others showed that the only Fibonacci number
of the shape £m/! £ 2%3Y5%7V is Fy, = 8! 425335971, Sanchez and Luca noted
that by their method they cannot solve the equation F;, = 2% + 3Y.

Finally we mention a result of Irmak and Szalay [40] who determined all
Tribonacci numbers which are close to the sum of powers of 2,3 and 5. For
other related results, see the references e.g. in our paper [16].

In this section first we concentrate on the equations U,, = 2* + 3Y and
U, = 2% + 3Y + 5% in non-negative integers x,y, 2 where U, is one of the

Fibonacci-sequence F;,, the Lucas-sequence L,, the Pell-sequence P, or the
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associated Pell-sequence (),,.

The second part of the first theorem extends the above mentioned result of
Marques and Togbé [50]. Namely, we get rid of the condition z > max(z, y)
in the equation

U, =243+ 5"

with U, = F,,, L,, and we consider the cases U, = P,,(Q,, as well. The
first part of the first theorem with U,, = F}, solves the previously mentioned
problem of Sanchez and Luca [65]. This result is Theorem 2.2 in [16].

Theorem 4.2. Let U,, be one of F,,, L,,, P,,, Q... Then the solutions of the equa-

tion
U, =2+ 39 (4.6)

in non-negative integers n, x,y are given by Table[3]

(n,2,y)
F, | (3,0,0),(4,1,0),(5,1,1),(5,2,0),(7,2,2), (11, 3,4)
L, (0,0,0),(3,0,1),(2,1,0), (5,1,2),
(7,1,3), (4,2,1), (13,9,2), (5,3,1)
P, (2,0,0),(3,1,1),(5,1,3),(3,2,0), (9,8, 6)
Qn (2,1,0),(3,2,1), (4,3,2), (4,4,0), (5,5,2)

Table 5. Solutions of equation (4.6).

Furthermore, still with U,, being one of F,,, L,,, P,,, Q),,, the solutions of the

equation

U,=2"4+3"+5° 4.7)
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in non-negative integers n, x,y, z are those occurring in Table 6]

<n7x’y7z>

F, (4,0,0,0), (5,0,1,0), (6,1,0,1), (9, 1,3, 1),
(6,2,1,0),(9,3,0,2),(12,4,1,3),(9,5,0,0

L. | (2,0,0,0),(4,0,0,1),(7,0,1,2),(5,0,2,0), (7,0,3,0),
(3,1,0,0),(6,2,2,1), (6,3,2,0), (6,4,0,0)

P, | (3,0,1,0),(5,0,3,0), (4,1,2,0), (5,0,1,2), (4,2, 1, 1),
(4,3,1,0),(6,6,0,1),(8,8,3,3), (10, 10, 6, 4)

Qn (2,0,0,0),(3,0,0,1)

Table 6. Solutions of equation (4.7)).

Remark 14. Note that the solutions of the equation U,, = 27 are also known
for these sequences: for U,, = F},, L,, they can be obtained from the already
mentioned results of Bugeaud, Mignotte and Siksek [22] (the solutions are
(n,z) = (1,0),(2,0),(5,3) and (n,z) = (0,2), (1, 0), respectively), for U,, =
P, the only solution (n,z) = (1,0) is given by the result of Pethd [60], while
for U, = @, the only solutions are (n,z) = (0,0) and (1,0), since all the

terms of (),, with n > 0 are odd and greater than one.

Proof of Theorem Since we apply the method from Section [3.2] for every
equation, we only demonstrate our approach for the case of F;, = 2% + 3. For
the remaining equations we only list the moduli used.

We rewrite the equation F),, = 2% 4 3Y as
a" — " =527 —/5.3V =0, (4.8)

where o = %5 and 8 = %g First we list all "small" solutions of this

equation, i.e. the solutions with n, a, b < 100. (Note that it is not necessary to

check for negative values of n, since o' = — 3. Thus we cannot have negative
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even solutions in n and if n is a negative odd number then we can simply take
its absolute value since equation (4.8)) remains the same.) In fact, we just find
the solutions given in Table [5] We observe that in every "small" solution the

exponent of 2 is at most 3, and instead of (4.8]) we consider the equation
a" — B — /520 2% —\/5.3Y = 0. (4.9)

We suspect that equation has no solutions in non-negative integers n, g, y.
To show this, we work in the ring of integers Ok of the number field K =
Q(+/5). We exhibit a modulus Mt € Ok such that #9) has no solutions al-
ready modulo 9. (Here, and elsewhere from this point on, all congruences are

to be taken in Ok.) As we shall see,
M=2*.5.7-13-17-19-29-31-37-43-73

is an appropriate choice. For this, consider equation (#.9) modulo 901, = 2*,
One can easily check that ordys(a) = ordys(f) = 24, ordys(3) = 4. Since
V/5-24.2% =0 (mod 2*), we only need to consider 24 - 4 = 96 possibilities.
By checking all these cases, we get that there are only eight solutions modulo

24, These solutions are given by

(n,y) = (1,0),(2,0), (4, 1), (11,2), (13, 2),

(14,2),(16,3),(23,0) (mod (24,4)),

where here and later on by

(up, ..., ug) = (v1,...,v) (mod (qq,...,qx))
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we mean that u; = v; (mod ¢;) for every i = 1,..., k. We consider only the
case n = 4 (mod 24) and y = 1 (mod 4), the other cases can be handled
similarly. Now putting n = 24ng + 4 and y = 4y, + 1, from {@.9) we get

ot (a2 — gt (BP0 — VB2 2% — /5.3 (31 = 0. (4.10)

Take M, = 5. As we have ords(a?!) = ords(5%!) = 5, ord5(2) = 4 and
ord;(3*) = 1, we need to consider 5 - 4 = 20 cases. By a simple computation

we get that
(no, xo) = (1,3),(2,0),(3,2),(4,1) (mod (5,4)).

We pick up the case ng = 3 (mod 5) and xy = 2 (mod 4), the other cases
can be treated similarly. Now letting ny = 5n; + 3 and zy = 4z + 2, (4.10)
yields

a6 . (&120>n1 _ 676 . (5120)111 _ \/g .96, (24)x1 _ \/g 3. (34)3/0 —0.
@.11)

We take M3 = 7. As one can easily check, we have ord;(a'??) = ord;(3'?") =
2 and ord;(2%) = ord;(3*) = 3. That is, we have to consider 2 - 3 - 3 = 18
cases. By doing this we get two solutions, namely

(n1,z1,y0) = (0,0,0),(1,2,2) (mod (2,3, 3)).

Taking the first triplet (the other one can be handled similarly), putting
ny = 2n9, r1 = 324 and yy = 3y;, we obtain

0476 . (a240)n2 _ /876 . (IB240)TL2 _ \/5 . 26 . (212)12 _ \/5 . 3 . (312)y1 — O (4]2)
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Now choose 9, = 13. Then ord;3(a®*?) = ord;3(8*"") = 7, and ord;3(2'?) =
ord;3(3'?) = 1. If we check all seven possibilities modulo 2, = 13, we get
that there are no solutions.

By following the same argument as above for the occurring possibilities,
using the factors of 9, we conclude that (4.9) has no solutions modulo m.
This implies that in (4.8)) we must have 2 < 3. From this point on one can use
the same method again to solve the four new equations (with z = 0, 1,2, 3).

In Table[7|we give the moduli used for the equations. Furthermore, we also
indicate what is the conclusion we can draw by the help of that modulus. In

the table we use the notation
My =7-13-17-19-29-31-37-73,

My =M -37-5- 1141 - 12289 - 17497 - 18433 - 65537,
My = M- 2113712289 - 17497 - 18433,
M, =M -2-37-11-41-12289 - 17497,
My =M -2'2.3-11-41-39367 - 65537,

where
M=7-13-17-19-29-31-37-43-73-97-109-163-193-257-433-487-577-

769 - 1153 - 1297 - 1459 - 2593 - 2917 - 3137 - 3457 - 3889 - 10369.
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seq. | representation modulus conclusion modulus conclusion
2% 4 3V My 21543 <3 - -
Fo | or | oy 4 sz oM, - 2597 r<5h om, -2-3% y<3
23S -109 - 193 - 769 97109 - 769
My - 31543 y<3 - -
L, v | ay -97-109 - 163-
203 193 - 257 - 433-
-487 - 577 - 769 - 3889
My - 2°- x <4 M, -2° 3% 112 y<3
2% 4+ 3Y 457 -97-109 - 193 41-61-67
71-109 - 271
2T 4 3Y Mo y <6 - -
P, . y - z <10 or N4 resp. y < 6 resp.
2P+ 3Y+5 M3 y<6 M z <11
3%.5.7-13 y <2 - -
T Y —
o, 2713 97109 - 193
22 x <1 3-7-11-13-17- y=0
T Y z >
SRR 19313773

Table 7. Used moduli and the conclusion drawn for the equations considered.

In the above table it can be seen that we only used our method to reduce

the number of unknown variables to two (n and either = or y for 2* 4+ 3Y or n

and z for 2% 4+ 3Y +5%). As it was mentioned before, it would be possible to use

the algorithm again and solve the equations completely. However, instead of

doing so we used a different approach, since in these special cases it was much

faster than our method. Namely, we used elliptic curves. This approach, as we

shall see, always becomes available whenever we can restrict two variables

from x, y, z. Then by the help of the identities

L2 —5F? =44 and 2P? - Q> =41

(4.13)
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one can reduce the problem to finding integral points on elliptic curves. We
demonstrate this method by exhibiting a particular case. Recall that in the case
of the equation F;, = 2% + 3¥ the local arguments implied x = 0,1, 2, 3. As an
example, we take x = 3, the other cases can be handled similarly. In this case

we need to solve the equation
E,=3+8. (4.14)

We can write y = 2k or y = 2k + 1 with some integer k. Put Y = L,, and
X = 3*. Then from the first identity in (#.13)) in the case of y = 2k we get

Y? =5X* +80X? + 320 & 4,
while for y = 2k + 1 we obtain
Y2 =45X* +240X% + 320 + 4.

Using the Magma [19] procedure IntegralQuarticPoints, we get the
integer solutions X, Y of these equations. Namely, if (X, Y") is a solution to

any of the above equations in non-negative integers, then it is one of
(X,Y) =(0,18),(9,199), (15,521).

Among these solutions we select those where X is a non-negative power of
3. In this case the only such solution is (X, Y) = (9,199). We conclude that
equation (4.14)) has the only solution y = 4 (with n = 11).

In the case of all the other equations (4.6) and (#.7), after reducing the
number of variables on the right hand sides to one, the above method worked
and provided the solutions in Tables [5| and [6] O
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4.3 A problem concerning balancing numbers

Now we turn to a problem related to balancing numbers. Namely we discuss
equations consisting of balancing numbers. The sequence of balancing num-
bers B, is defined by By = 0, By = 1 and B, 4o = 68,1 — B, (n > 0).
That is, the sequence is a special Lucas-sequence. Problems related to balanc-
ing numbers have a vast literature; see e.g. the papers [43,47,157,79] and the

references given there. We can write

_ B =5

B, =
B — B2

(n>0),

where 51 = 3 + 2v/2 and By =3 — 24/2. Consider the following equation
B,+B,+ B, =1V (4.15)

in non-negative integers u, v, w, z, where b € {2,3,5,7}. Such equations
(that is, representing powers as sums of terms of certain linear recurrence se-
quences) is of large recent interest, many papers deal with such questions. We
refer e.g. to the articles [16, 23| 24] and the references given there. In these
papers typically deep methods (such as Baker’s method) are combined with
certain reduction techniques. For finding all solutions of (.15]) we shall apply
the method from Section[3.21

For this, let K = Q(+/2), and rewrite (@.13)) as
BY = B3 + By — By + By — By = 4V2b". (4.16)

To find all solutions, first we perform an exhaustive search on the domain
max(|ul, |v], |w],|z]) < 100 to get all "small" solutions. (Since both 5, and (3,
are units in Ok, it is possible that (4.16]) has solutions with negative values of
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u, v, w, as well.) We obtained that in all solutions we got, we have

6, ifb=2,
1, ifb=3,
2 < (4.17)
1, ifb=5,
1, ifb="T.

We suspect that we have found all solutions - we only need to show this. For
this, we construct moduli (separately for the values b = 2, 3,5, 7) which show

that in fact holds for all solutions to (4.16) (and (4.15)). Since the pro-
cess is similar in all cases, we explain it in detail only for b = 2.

Since we can write 2 = (1/2)? in K, (#.16) can be reformulated as
By — By + By — By + BY — By = (V2)* 7.
Based upon (4.17) we suspect that here z < 6. If this is true, then the equation
BY = B3 + 87 — B3 + 81 — By = 2°(V2)* (4.18)

has no solution in integers u, v, w, z'. However, then by Conjecture 2 we should
be able to find a modulus 91 to show this. It turns out that the modulus appear-
ing in Table |8|is appropriate for this purpose. Hence we have that z < 6 for all
solutions to (@.15)). The solutions with z < 6 can be easily listed. Following
the same argument, we got that is valid in each case b = 2,3, 5,7, for

all solutions. The moduli used are given in Table

We got the moduli in Table [8|in the following way. First we put b* in the
moduli, where £ is the bound for z appearing in (4.17). This is an inevitable
step, since we want to prove that the modified equation (see equation (4.18))
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Modulus
29317 - 257 - 7681

32.5-11-13-19-29-v2- (1+3v2)-

(T+2v2) - (1+2v2) - (1 +4V2)
52.3-11-25- (1+4v2) - V2 (T+2v2) - (1 +2V2)

72.(1+2v2)-3-5-11-13-19-29-251- /2
7 (148v2) - (143v2) - (T+2v2)- (1 +7V2) -
(1+4V2)

Table 8. The moduli used for b = 2, 3,5, 7.

Tl W N

has no so solutions. After this step we tried to find a modulus with "small" A
value. For this we searched for prime ideals 201; (either generated by a rational
prime, or by a prime in O) such that p(9;) is divisible by "small" rational
primes only for all 7. After building a list of such ideals we used our algorithm
described in to prove that the equations have no solutions modulo M =
[T, 91;. We summarize the results of the calculations in the following theorem,
which is Theorem 2 in Bertok and Hajdu [[13].

Theorem 4.3. All solutions to equation (&.13)) are given in the following table

| W[ NN
ol lol e
e el Rl R S
| =N |
== O =W

Table 9. The solutions for equation (@.15).

Remark 15. Inequalities provide different bounds for the results of
(4.16) than what can be seen in the theorem above. The reason for this is that
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since o and (3 are units in Og we may have solutions (and in most cases we
actually have) with negative exponents. But in Theorem [4.3] we only list the
solutions for (4.15]), hence we only need those solutions of (4.16) where u, v

and w are non-negative integers.

4.4 Multi-base representations

Our last application is related to multi-base representations. It is a very old
problem to study integers which have only a "few" non-zero digits in some
kind of a number system. This problem becomes much more interesting and
harder if instead of using only one number as the base of the number system we
use a so-called multi-base representation, e.g. we want to express the number
c by using sums of powers of for example 2 and 3. For details and related
results, see Section [2.2]

Let S be a finite set of primes, and write Zg (resp. Zg) for the set of
integers (resp. positive integers) having no prime divisors outside S. A multi-

base representation of an integer n is an expression of the form
n=u +- -+ u (4.19)

with uy,...,u; € Zg. If S = {p} and we require that uy, ..., u; € Z&, we
can express n as sums of powers of p in multiple ways, with the shortest one
(namely, the one with fewest terms) being the usual expansion of n in base
p. As in Section for an integer n, we write wg(n) for the minimal ¢ for
which holds with some uy,...,u; € Zg. If n > 0 and we also require
that uy, ..., u; € Z§, we then write w§ (n) instead.

In Section we gave some theoretical theorems regarding wg(n) and

w} (n). Here we concentrate on numerical results. Using the method from
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Section [3.1] we prove the following theorem (Theorem 2.3 from our paper

[14]).

Theorem 4.4. Let Sy, S be disjoint non-empty sets with S; U Sy = {2, 3, 5}.
Then
w;(n) + wg’Q(n) <4

implies that

1 ifSy = {2} and Sy = {3, 5} thenn € {1, 2, 3, 4, 5, 6, 8, 9, 10, 12,
16, 18, 20, 24, 25, 32, 34, 36, 40, 48, 72, 80, 81, 96, 128, 130, 136,
144, 160, 258, 260, 288, 384, 640, 1152, 2050, 2052, 4104, 32832},

2. ifS1 ={3}and Sy = {2, 5} thenn € {1, 2, 3, 4, 5, 6, 9, 10, 12, 18,
27, 28, 30, 36, 54, 81, 82, 84, 90, 108, 162, 252, 270, 324, 729, 756,
810, 6561, 6570},

3. ifS; = {5y and Sy = {2, 3} thenn € {1, 2, 3, 5, 6, 10, 25, 26, 27,
30, 50, 125, 126, 130, 150, 625, 630, 650, 3125, 3126, 15625, 78750}

Proof of Theorem @4} If wg (n) + wg (n) = 2, then it is clear that the only
solution is n. = 1, so we suppose that wg (n) + wg, (n) > 3. We describe the
method in detail only in the case when S, = {3}, So = {2, 5}, the other cases
can be handled similarly. In this case we have five equations to solve, namely:
3 = 2U1. 5% 4 2¥2 . 5%
3T = 2V 5% 2¥2 . 5% 42U . 5%,
37 4372 = 291.5%,
3T 4 3% = 2U1.5% 4 2¥2. 5%
3 43" 43" = 291 .57,
To find all solutions of the above equations we apply the algorithm from Sec-

tion (3 We only concentrate on how to use it for the present equations. First
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by an exhaustive search we find all "small" solutions of the equations in non-
negative integers z;, v;, z;, (i = 1, 2, 3). Then after modifying the equations
appropriately we try to find a modulus m such that the modified equation has

no solutions modulo m. Consider the equation
3%1 = 9¥1 . 5*1 + Y2 . 572

in non-negative integers i, Y1, 21, Y2, 22. We may clearly assume that here
y1 < Yo, and 21 < 2o if y; = yo. By an exhaustive search we get that under this
assumption the equation has only five solutions with x1, y1, 21, ¥2, 20 < 100,

namely

(xla Y1, 21, Y2, 2’2) = (17 07 Oa 17 0)7 (27 Oa 07 37 0)7 (47 07 07 47 1)7
(2,0,1,2,0),(3,0,2, 1, 0),

yielding n = 3, 9, 27, 81. Note that 9 = 3* appears in two different solutions,
since 9 = 1 + 8 = 5 + 4. We suspect that the equation has no other solutions.
First it can be seen that if both y; and ¥, are greater than zero then this equation
has no solutions modulo 2. The same argument applies for z1, zo modulo 5,

thus we conclude that we have to solve the following two equations:

371 = 1 4 2% . 5% (4.20)
371 = 57 4 Qv 4.21)

Since in every "small" solution the exponent of 3 is at most 4, then instead of
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the equations above, we consider

35 L3710 — 1 4 QY2 5227 (422)
35 . 3710 — 571 4 21/2’ (423)

respectively, where every exponent is a non-negative integer. If our expecta-
tion is true, then these equations have no solutions. To prove this, we show
that these equations are already not solvable locally, modulo an appropriately
chosen modulus. About how to find such a modulus, we refer once again to
Section Now we only state that if we choose m tobe 3%-7-13-17-19-37-
73-97-109-163-193-257-433-487-577-769-1153-1297-2593-3457-10369,
then as one can check, equation (4.22) has no solutions modulo m. Thus, in
(4.20), x; has to be less than or equal to 4. By checking every possibility we
get that this equation has three solutions, namely

(1, Yo, 22) = (1, 1, 0), (2, 3, 0), (4, 4, 1).

Similarly, if m = 3°5-7-13-17-19-37-73-97-109-163-193-433-577-769, then
equation (4.23) has no solutions modulo m, thus we only have to check (4.21))
with z; < 4. In this case we get the remaining two "small" solutions. The other
equations can be handled similarly. Finally, we mention that an appropriately
chosen divisor of M = 216.310.58.7.13.17-19-163 - 37-433-193 - 97 -
73257109 - 577 - 769 - 487 - 1153 - 1297 - 1459 - 2593 - 2917 - 3457 - 3889 -
10369 - 1373 - 3137 - 12289 - 17497 - 18433 - 39367 - 52489 - 65537 - 50177 -
139969 - 147457 - 209953 - 331777 - 472393 - 114689 - 268913 - 470597 - 629857 -
746497 - 786433 - 839809 - 995329 - 614657 is sufficient for every equation

under investigation. ]
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5 Osszefoglalé

A disszertaci6 6 témakore az egész szamok exponencidlis kifejezésekkel tor-
ténd reprezenticids problémadinak vizsgélata. Az elméleti eredmények mellett
bemutatunk egy algoritmust melynek segitségével meghatarozhatjuk exponen-
cidlis Diofantikus egyenletek 6sszes megoldasat mind Z, mind pedig szdmtes-

tek egészeinek gydrje felett. Ezen eljarast alkalmazva pedig megoldunk tobb

Diofantikus problémat is.

Els6ként tekintsiik a reprezentacios problémakat. Legyenek a4, . . ., a; kii-
16nb6z0 pozitiv egészek és legyen A = {ay, ..., a;}. Tekintsiik az aldbbi hal-
mazt

A ={a" ... a"|x1, ..., x; nemnegativ egészek}.

Természetes problémaként meriil fel a kérdés, miszerint legkevesebb hany
elemre van sziikségiink A’-bSl ahhoz, hogy egy adott pozitiv egészet kifejez-
hessiink ezen elemek 0sszegeként? Amennyiben A csupdn egyetlen b szam-
bdl all, agy a kérdés lényegében a pozitiv egészek felirdsara korldtozodik a b
alapu szamrendszerben. Amennyiben A mindossze két primet tartalmaz, ugy
ugynevezett "két alapi" reprezentiacids problémardl beszélhetiink (kapcsolé-
dé6 irodalomként 1d. példaul Dimitrov és Howe [25] eredményeit). Definidljuk
az F'(k) (k € N) fiiggvényt tigy, hogy jelentse a legkisebb olyan természetes
szamot, melyet nem tudunk elGallitani k-ndl kevesebb A’-beli elem Gsszege-
ként. Legyen tovdabba I (k) hasonléan definidlva, azzal az eltéréssel, hogy
A’ helyett az A, = A’ U (—A’) halmazt hasznaljuk. Amennyiben F'(k) és
F. (k) tulajdonsédgaira vagyunk kivancsiak, dgy eljutunk egy Nathanson [56]

altal vizsgalt problémakorhoz.
A[2.T}es fejezetben als6 korldtot adunk mind F'(k)-ra, mind pedig Fy (k)-
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ra abban az altalanos esetben amikor A tetszdleges egészekbdl dll. Az alabbi
tételeket latjuk be.

2.1. Tétel (2.1-es Tétel [9]-ben). Legyenek A, A’', A, F(k) és Fy(k) a fentiek
szerint definidlva és tegyiik fel, hogy A tartalmaz két multiplikative fiiggetlen

elemet. Ekkor minden k > 1 esetén:
i) F(k) > k% ahol C, egy csak A-tol fiiggd konstans.

i) F(k) < Co(kD)IFR minden ¢ > 0 esetén, ahol Cy egy csak e-tdl fiiggd

konstans,
iii) F(k) < exp((kl)®?), ahol C5 egy abszoliit konstans.

2.2. Tétel (2.1-es Allitds [9]-ben). Amennyiben A elemei pdronként multipli-
kative fiiggdek, 1igy léteznek olyan, csak A-tol fiiggd 1 < Cy < C'5 konstansok,

hogy

Cy < F(k) < Fy(k) < C¥ minden k > 1 esetén.

Ezen eredmények megvalaszoljak Nathanson [S6] egy kérdését és kiter-
jesztik Hajdu és Tijdeman [38)139]] eredményeit. Az igy nyert korlatok tovabba
igen élesek.

A fentiekhez kapcsol6dé problémakor azon egészek vizsgélata, melyek va-
lamely specidlis szdmrendszerbeli eldallitdsdban csupan "néhdny" nem-nulla
szamjegy szerepel (kapcsolddé eredményekért 1d. tobbek kozott Erdds, Ma-
uduit, Pomerance, Sarkozy (26, 27,152, 53], 54] munkaiit, illetve az ott szerep-
16 hivatkozdsokat). A [2.2}es fejezetben tn. "tébbalapi" reprezentcios prob-
Iémakkal foglalkozunk. Ezen alfejezetben egész szamok olyan "tobbalapd”
szamrendszerbeli eldallitdsait vizsgaljuk, mely eldéllitdsoknak csupdn "né-

hany" nem-nulla szdmjegyiik van egyszerre tobb ilyen szamrendszerben. Eh-
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hez legyen S primeknek egy véges halmaza és jeldlje Zg (hasonldan Z1) egé-
szek (hasonléan pozitiv egészek) azon halmazat, melyeknek nincs S-en kiviili

primosztojuk. A fejezetben az egész n-ek
n=uy+- -+ U

alakd reprezenticidival foglalkozunk, ahol uq,...u; € Zg. Jelolje tovabba
wg(n) azt a legkisebb ¢ szdmot, melyre a fenti egyenletnek van megoldésa.
Amennyiben n pozitiv és az egyenlet jobb oldaldn szerepl$ szamok a Z hal-
maz elemei, Ggy a fenti jelolés helyett w{ (n)-t frunk. Az alfejezetben az aldbbi

tételeket bizonyitjuk.

2.4. Tétel (2.1-es Tétel [14]]-ben). Legyen k egy pozitiv egész, Sy, . . ., Sk pedig
primeket tartalmazo olyan véges halmazok, melyekre Sy N ---N Sy, = 0. Ekkor
bdarmely T'-re a

wg (n) +---+wé (n) <T

egyenlétlenség csupdn véges sok egész n esetén dll fent. Tovdbbd ezen egész
n-ek szdma legfeljebb C14 = C14(T, k, s), ahol C14 egy effektiven meghatd-
rozhaté konstans, mely csupdn T-t6l, k-t6l és s :== |S1 U - - - U S |-1dl fiigg.

2.5. Tétel (2.2-es Tétel [14]]-ben). Legyen { egy pozitiv egész és legyenek
D1, -, Do, q kiilonbozé primek. Legyen tovdbbd S1 = {p1,...,pe} és Sy =
{q}. Ha n egy olyan pozitiv egész, melyre n > e és w;rl (n) =1, ugy

Cis5loglogn
wgz(n) >
log log log n
ahol Ci5 = Ci5(0, p1,...,pe, q) egy effektiven meghatdrozhatd, csak
l, p1,...,pe, qértékétdl fiiggd pozitiv konstans.

A [2.3}as fejezetben binér rekurziv sorozatok elGéllitdsdval foglalkozunk
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hatvanyok linearis kombinacigjaként. Marques és Togbé [S0] bizonyos meg-
kotések mellett meghatdroztak az Gsszes olyan Fibonacci és Lucas szdmot,
melyek el6allnak, a 2, 3, 5 szdmok hatvdnyainak dsszegeként. Pethd és de We-
ger [59] kifejlesztettek egy algoritmust az U,, = wpi* - ... - p¥= Diofantikus
egyenlet megoldasara, ahol U, egy pozitiv diszkrimindnsud binér rekurziv so-
rozat. Pethd [58]], illetve Shorey és Stewart [72] egymadstol fliggetleniil belat-
tdk, hogy bizonyos feltételek teljesiilése mellett egy linedris rekurziv sorozat
csupan véges sok teljes hatvanyt tartalmazhat. Néhany specidlis rekurziv so-
rozat esetén lehetdség van meghatdrozni a sorozatban el6forduld Osszes tel-
jes hatvanyt is. A Pell sorozat esetén Pethd [60] belatta, hogy a sorozat nem
tartalmaz nem-trividlis hatvanyokat. Bugeaud, Mignotte és Siksek [22] bizo-
nyitotta, hogy a Fibonacci sorozatban csupédn a 0, 1, 8, illetve a 144 fordulnak
el6 mint teljes hatvanyok, mig a Lucas sorozatban csupdn az 1 és a 4 jelen-
nek meg. Pethd és Tichy [62] eredményei alapjan ismert, hogy csupan véges
sok olyan Fibonacci szam létezik, mely el6all p* + pY 4 p* alakban, ahol p
egy rogzitett prim. Kovdcs [42] megtalélta a Fibonacci, Lucas, Pell és asszoci-
alt Pell sorozatokban szerepl6 0sszes, bizonyos tulajdonsdgokkal rendelkez6

kombinatorikus szdmot. Ezen fejezetben az aldbbi tételt 1atjuk be.

2.6. Tétel (2.1-es Tétel [16]-ban). Legyen U,, egy nem-degenerdlt, pozitiv diszk
rimindnsu binér rekurzio, py < ps < --- < p, pedig adott, nem sziikségszerii-
en kiilonbozd primek. Legyenek tovdbbd by, . . . , by nem-nulla egészek. Legyen

végiil T' = max |b; |- A fejezetben felhaszndlt jelilések mellett tegyiik fel tovdb-

bd, hogy log(|a/b;v/D
szamok felett.

), log || és log ps linedrisan fiiggetlenek a raciondlis

Tekintsiik az

Up = bipy" + bop3® - - - + bspi® (2.29)
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egyenletet, ahol n, 1, . .., x5 nemnegativ egész ismeretlenek. Legyen () < € <
1, és jelolje H. azon (n,xy,...,xs) megolddsok halmazdt, melyekre egyrészt
Ty = Max T; teljesiil, mdsrészt pedig azon 1 = 1,...,s — 1 indexek esetén,
melyekre p; = ps, az x; < (1—¢)x, egyenldtlenség is fenndll. Ekkor H. véges,

és minden (n,x1,...,xs) € H. esetén
max{n, ry,...,zs} < Cig

teljesiil, ahol Cig egy effektiven meghatdrozhaté konstans, mely csupdn az

e, A, B, Uy, Uy, T, s, ps paraméterektdl fiigg.

A harmadik fejezetben olyan
arbiit .o bt A Fapb st b = ¢ (A)

alaku exponencidlis Diofantikus egyenletekkel foglalkozunk, ahol az
T11y .-+ T10y- -5 Tk, - - - , T KitevOk ismeretlen nemnegativ egészek, mig az
egyiitthatok, alapok, illetve az egyenlet jobb oldala elére megadott egészek.
A disszertdciéban fontos szerepet jatszik a fenti egyenletb6l kaphaté kongru-
encia (valamilyen m > 2 modulus szerint), igy ezt a késébbiekben (A’)-vel
jeloljik. Ha k = 2 (vagy bizonyos megszoritasok mellett ha k = 3, 4), akkor a
Baker mddszer segitségével lehetdségiink van meghatarozni egy felsé korlétot
a fenti egyenlet megoldasainak nagysigara. Ehhez kapcsol6d6 eredményekért
1d. tobbek kozott Gyory [35] munkdjat, vagy Evertse és Gyory [32] konyvét.
Azonban teljes dltaldnossagban amennyiben k£ > 3, igy ez a probléma lénye-
gesen nehezebbé viélik. Ebben az esetben a Baker médszer nem hasznélhatd,
a rendelkezésiinkre all6 altér tétel pedig egyrészt ineffektiv, masrészt csupan a
nem-degeneralt megoldasok szdmadra ad felsd korldtot, azok nagysagara nem.

Ehhez kapcsol6dé irodalomért 1d. Evertse [29] munkdjat, Evertse és Gyo6ry
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[32] konyvét, illetve az ott taldlhaté hivatkozasokat. Igen fontos megjegyezni,
hogy a szakirodalomban nincs olyan ismert algoritmus, melynek segitségé-
vel lehetséges lenne a fenti tipusu egyenletek 0sszes megolddsdnak megha-
tdrozasa. Ebben a fejezetben bemutatunk egy heurisztikus algoritmust ezen
egyenletcsaldd megolddsainak megkeresésére. Algoritmusunk Skolem expo-
nencidlis kongruencidkra kimondott sejtésén alapul. A [3.T}es fejezetben tobb

numerikus eredmény mellett az alabbi tételt bizonyitjuk.

3.1. Tétel (2.1-es Tétel [12]-ben). Legyenek az aq,...,ay egyiitthatok és
bi1, .- biey . bk1, - - ., bre alapok rogzitettek és definidljuk H-t a kovetke-
z0képp:

H = {ceZ : (A) nem megoldhatd, de (A’) megoldhaté minden m esetén}.

Ekkor H stiriisége O a
Hy={c€Z : (A) nem megoldhato}

halmazban.

A [3.2}es fejezetben egy, a [3.T}es fejezetben bemutatott problémahoz ha-
sonldval foglalkozunk, azzal a kiilonbséggel, hogy ahelyett, hogy az egyen-
letiinket €s a hozzd kapcsol6dé kongruencidt Z felett vizsgdlnank, most az
egyiitthatok, alapok €s a jobb oldal is egy tetszdleges algebrai szamtest egésze-
inek gylir(ijébdl keriilnek ki. Tobb tételt bizonyitunk, mely Skolem sejtésének
szamtestekre valo kiterjesztéséhez kapcsolddik, illetve bemutatjuk az algorit-
musunk Kkiterjesztett valtozatat, mellyel lehet6vé valik az alaku egyenle-
tek megolddsainak meghatarozasa algebrai szdmtestek egészeiben. Végezetiil
tobb numerikus eredménnyel demonstraljuk ezen algoritmus hatékonysagat.

A fejezetben szerepld eredmények a [13] cikkben keriiltek kozlésre.
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7 7z

A negyedik fejezetben bemutatunk néhdny — az el6z6 fejezetekben fel-
meriilt problémakhoz kapcsol6d6 — alkalmazast. Ezen tételek és alkalmazd-
sok a [[10, [13] 14, [16] cikkeinkben szerepelnek. A [A.T}es fejezetben Terai egy
klasszikus sejtését bizonyitjuk. Legyen ¢ egy tetszGleges, de rogzitett pozitiv
egész, x,y, illetve z pedig ismeretlen pozitiv egészek. A fejezetben meghata-
rozzuk a

(487 + 1)* + (5t — 1)Y = (3t)*

egyenlet megolddsait. A d.2}es fejezetben rekurziv sorozatok hatvanyosszeg-
ekként torténd elddllitasaval foglalkozunk. Ehhez legyen U, a Fibonacci, Lu-
cas, Pell, vagy asszocidlt Pell sorozat n-edik tagja, z,y, z pedig ismeretlen

nemnegativ egészek. Ezen fejezetben megadjuk az
U,=2"4+3" é U,=2"+3"+5"

egyenletek 0sszes megoldasat. A[.3}as fejezetben egy ehhez kapcsolédé prob-
1émat vizsgalunk. Jelentse B; az i-edik balansz szamot. A fejezetben meghat-
arozzuk a

B,+B,+ B, =Vb*

egyenlet 0sszes u, v, w, z nemnegativ egész megolddsat a b € {2,3,5, 7} fel-
tétel mellett. Végiil a d.4fes fejezetben a tobbalapi reprezentdciokhoz kap-
csolddé alkalmazasokkal foglalkozunk. Ehhez legyenek S; és Sy diszjunkt,
nemiires halmazok, melyekre S; U Sy = {2,3,5} teljesiil. Legyen tovabba
w{ (n) a jelen bevezetd elején megadott médon definidlva. Ebben a fejezetben
meghatdrozzuk a

wf, (n) +wh,(n) < 4

egyenlGtlenség 0sszes megolddsit.
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6. Summary

In this dissertation, we consider representation problems of integers as expres-
sions involving exponential terms. We also give algorithms which can be used
to solve exponential Diophantine equations over Z and rings of integers of
number fields. As applications, by using our method we solve some Diophan-

tine problems, too.

First, we consider representation problems. Let aq, . . . , a; be distinct posi-
tive integers and put A = {ay, ..., q;}. Consider the set
A ={a" ... a"|x1, ..., x; are non-negative integers}.

A natural question to ask is that at least how many elements do we need from
A’ to represent a given positive integer as their sum? If A consists of only one
number b then the question basically asks about the representation of positive
integers in the base b number system. If A consists of two primes, then we have
a so-called "double base" representation problem (as a related paper, see e.g.
the work of Dimitrov and Howe [23]]). If we define the function F'(k) (k € N)
to be the smallest natural number which cannot be represented as the sum of
less than k terms from A’, and FL(k) to be the function defined similarly,
except that A’ is replaced by A’. = A’U(—A’) and ask about the properties of
F(k) and F.(k), then we get a similar problem proposed by Nathanson [56].
In Section[2.1] we give a lower and upper bound for F'(k) and F; (k) in the

case, where A consists of arbitrary integers. We prove the following theorems.

Theorem 2.1 (Theorem 2.1 in [9]). Let A, A’, A!,, F(k) and Fy(k) be as
above and suppose that A has two multiplicatively independent elements. Then

for every k > 1 we have:

i) F(k) > k' where C| is a constant depending only on A,
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i) F(k) < Co(kl)X ¥ for every e > 0, where Cy is a constant depending

only on ¢,
iii) Fi(k) < exp((kl)®?), where Cs is an absolute constant.

Theorem 2.2 (Proposition 2.1 in [9])). If all pairs of elements of A are multi-
plicatively dependent, then there exist constants 1 < Cy < C5 depending only
on A such that

C¥ < F(k) < Fy(k) < CF forallk > 1.

These results answer a question of Nathanson [56] in the above setting,
and extend results of Hajdu and Tijdeman [38,139]. These bounds are relatively
sharp, as well.

Another related topic is the analysis of integers which have only "few"
non-zero digits in a special number system (see e.g. papers by Erdds, Mauduit,
Pomerance, Sarkozy [26} 27, 52, 153} I54]] and the references there). In Sec-
tion 2.2] we consider multi-base representations. In this subsection we study
representations of integers which have only a "few" non-zero digits in differ-
ent multi-base representations simultaneously. For this, let S be a finite set
of primes, and write Zg (resp. ZZ) for the set of integers (resp. positive inte-
gers) having no prime divisors outside S. We consider the representations of
integers n of the form

n=uy+- -+ U

with uy,...u; € Zg. We write wg(n) for the minimal ¢ for which the above
equation holds. If n is positive and the numbers on the right hand side are
elements of Z¢, we write w{ (n) instead. In this subsection we prove the fol-

lowing theorems
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Theorem 2.4 (Theorem 2.1 in [14]). Let k be a positive integer, S, . . ., Sy be
finite sets of primes such that Sy N - - - NSy = (). Then for any T the inequality

wg (n) +---+wé (n) <T

is valid only for finitely many integers n. Furthermore, the number of such in-
tegers n is at most Cy = C14(T, k, s), where Cy4 is an effectively computable

constant depending only on T, k and s := |S; U -+ - U Sy

Theorem 2.5 (Theorem 2.2 in [14]). Let ¢ be a positive integer, S1 = {p1,...,pe}
and
Sy = {q}, where py,...,ps, q are distinct primes. If n is a positive integer

with n > € such that wg, (n) = 1, then we have

n Cis5loglogn

> )
AR log log log n
where C15 = Ci5(¢, p1,...,pe, q) is an effectively computable positive con-

stant depending only on (, p1, ..., pe, q.

In Section[2.3|we consider the problem of representation of terms of binary
recurrence sequences as linear combinations of powers. Marques and Togbé
[50] determined all Fibonacci and Lucas numbers which can be written as
the sum of powers of 2, 3,5 under certain assumptions. Pethd and de Weger
[S9] gave an algorithm which can be used to solve the Diophantine equation
U, =wpi* - ... p*, where U, is a binary recurrence sequence with positive
discriminant. Peth6 [58]] and Shorey and Stewart [72] independently proved
that under certain natural assumptions, a linear recurrence sequence may con-
tain only finitely many perfect powers. In the case of some special, famous

sequences all perfect powers have been determined. In the case of the Pell



120 6 Summary

sequence F,, Pethd [60] proved that it does not contain non-trivial powers.
Bugeaud, Mignotte and Siksek [22] proved that the Fibonacci-sequence F),
contains only the powers 0, 1, 8, 144, and the only powers in the sequence of
Lucas numbers L,, are 1,4. Results of Peth6 and Tichy [62] imply that there
are only finitely many Fibonacci numbers of the form p” + p¥ + p?, where p is
a fixed prime. Kovécs [42]] found all combinatorial numbers of certain shapes
among the terms of F),, L,, P, and @), (the associated Pell-sequence). We

prove the following theorem.

Theorem 2.6 (Theorem 2.1 in [16]). Let U,, be a non-degenerate binary re-
currence sequence with a positive discriminant, p; < ps < --- < p, be given,
not necessarily distinct prime numbers and by, . . . , by be nonzero integers. Put

T = max |b;|. Using the notations from the corresponding section, assume
1<i<s

further that log(|a/bs/D

the rationals.

), log || and log ps are linearly independent over

Consider the equation

Up = bipi' + bap3® - -+ + bsp® (2.29)
in non-negative integers n,xy, ..., %, Let 0 < & < 1, and write H_ for the set
of those solutions (n, 1, . .., x), for which vs = max z;, and x; < (1 —¢e)x

<i<s

for those i = 1,...,s — 1 for which p; = p,. Then H. is finite, and for all

(n,x1,...,xs) in H. we have
max{n, zi,...,zs} < Cig,

where Clg is an effectively computable constant depending only on ¢, A, B,
UO) Ul) T) S) ps-
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In Chapter [3] we consider exponential Diophantine equations of the form
arbiit oo bt A Fagb st b = ¢ (A)

in non-negative integers x1, ..., T, ..., Tk, - - - , Tro, Where the coefficients,
bases and the right hand side are given integers. Denote by (A’) the "con-
gruence version" of (A) modulo m > 2. If £ = 2 (under some restrictive
assumptions if £ = 3,4), then by Baker’s method it is possible to give an
upper bound for the size of the solutions. For related results see e.g. Gydry
[35]] or the book of Evertse and Gyory [32]]. However in general if £ > 3 then
this problem becomes significantly more difficult. In this case we cannot use
Baker’s method and we need to use the subspace theorem, which is ineffec-
tive, and is capable only to provide a bound for the number of non-degenerate
solutions. Here we refer to Evertse [29], and again to the book of Evertse and
Gyory [32] and the references given there. It is important to note that there is
no known algorithm in the literature, which would be capable to produce all
the solutions of such an equation. In this chapter we give a heuristic algorithm
for the solutions of exponential Diophantine equations based upon an exten-
sion of Skolem’s conjecture involving exponential congruences. In Section[3.]

among some numerical results we prove the following theorem.

Theorem 3.1 (Theorem 2.1 in [12]]). Letay, ..., ar, b11,...,b10,..., bp1, ..., bre
be fixed, and let H be defined by

H={ceZ: is not solvable, but (A’) is solvable for all m}.
Then H has density zero inside the set

Hy={ceZ: is not solvable} .
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In Section [3.2] we consider a similar problem as in Section [3.1] with the
difference that instead of working in Z, now we work in the ring of integers
of an arbitrary algebraic number field. We present several theorems related
to an extension of Skolem’s conjecture over number fields, and provide an
extended algorithm which can be used to find the solutions of equations of
type (A). Finally, we also give some numerical examples which demonstrate
the usability of our algorithm. The results from this section are published in
[13].

In Chapter 4] we present some applications of the theorems and methods
from the previous chapters. These applications and theorems appear in our
papers [10, 13|14} [16]. In Section .1 we prove a classical conjecture of Terai

regarding the solutions of the equation
(48 + 1)* + (5t — 1)Y = (3t)7,

where ¢ is an arbitrary but fixed positive integer and z, y, z are unknown posi-

tive integers. In Section 4.2/ we give all solutions of the equations
U,=2°4+3Y and U, =2"+ 3Y 4 5%,

where U, is the n-th term of one of the Fibonacci-, Lucas-, Pell- or associated
Pell-sequence and z, y, z are unknown non-negative integers. In Section [.3]

we turn to a related problem, namely we solve the equation
B,+ B, + B, =b*

in non-negative integers u, v, w, z where B; is the ¢-th balancing number and
b € {2,3,5,7}. Finally, in Section we discuss applications regarding

multi-base representations. Namely, let S; and .S, be disjoint non-empty sets
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with S;U Sy = {2,3,5} and let w (n) be defined as before. In this section we
give all solutions of the inequality

w, (n) + wi,(n) < 4.



	Introduction
	Representation problems
	Representing integers as sums of general power products
	New results
	Lemmas
	Proofs

	Multi-base representations
	New results
	Lemmas
	Proofs

	Representation of terms of binary recurrence sequences as linear combinations of prime powers
	New results
	Proofs


	Exponential Diophantine equations
	Exponential Diophantine equations over Z
	New results
	An algorithm for solving exponential Diophantine equations
	Proofs

	Exponential Diophantine equations over number fields
	New results
	Lemmas
	Proofs
	An algorithm for solving exponential Diophantine equations over number fields


	Applications
	A complete solution of a conjecture of Terai
	Representing terms of binary recurrence sequences as sums of powers
	A problem concerning balancing numbers
	Multi-base representations

	References
	Bertók Csanád publikációs jegyzéke
	Összefoglaló
	Summary

