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Abstract. The famous Toeplitz matrix is a matrix in which each descending diagonals form left
aO a1 CERY an

to right is constant, this mean T = .Mathematician, engineers, and

a_, ag
physicists are interested into this matrix for their computational properties and appearances in
various areas: C*-dynamical systems [1], dynamical systems [6], operator algebra [2],
Pseudospectrum and signal processing [10]. The object of this research is to define a new class
Non-Bazilevi'c functions N in unit disk D = {z € C: |z| < 1} related to exponential function.
As well as, we obtained coefficient estimates and an upper bound for the second and third
determinant of the Toeplitz matrix such that the entries these matrix are belong to this class.

Keywords. Toeplitz matrix, Non-Bazilevi’c function, Exponential Function.

1. Introduction
Let f(z) is analytic function in unit disk D = {z € C: |z| < 1}, with
f() = X3egan 2", 1)
it seems that the Toeplitz determinants are much less studied and the investigation for many classes
of functions still not known.
The Toeplitz determinant which is defined as following:
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n An+1 « Qnig-1
An+1 an An+1
Tq(n) = : : : : , (q=z1k=1). (2
Ani1
An+q-1 v Onyt an

Recently, M. Jahangiri in [8] and Thomas and Halim in [11] gave a sharp estimations for
T,(2),T,(3) and T5(2) for close-to-convex and starlike classes of functions.

In the present work, we investigate to the sharp estimates for the Toeplitz determinant in the cases of
q = 3,n=1andq =2,n = 2, when f is Non-Bazilevic function i.e.

a; a; as

L@ = o L) = o a
2()—a3 al’ 3(1) =22 a1 azf.

Assume a; = 1, we have

az a; a
T3(1) = az(a3 — a3) — ay(a; — azaz) + (1 — ad).
Now, by use the triangle inequality for both side, we get

T3(1)<|a3||a2—a3|+|a2||a2—a2a3|+|1—a2| 3)
Let A refer to the class of functions f(z) which are analytic and have the form
f@=2+) az" (z€D) )

in D and satisfies the two normalization conditions as follows: f(0)=0and f'(0)—1=0.
Let S denote to the subclass of <A whose elements are regular functions.
Also, let P is the class of Carthéodory functions which is analytic belongs in D have the form

pe) =1+ 2 dnz™, 5)

which satisfies the two properties p(0) = 1 and Re{p(z)} > 0.

If the functions f(z) and h(z) are analytic in D, it call f(z) is a subordinate to h(z) if there exist a
Schwarz function w(z) analytic in D also w(0) = 0 and |w(z)| < 1 such that f(z) = h(w(2)) (see
[4]).

Furthermore, if h(z) be regular, then f(z) < h(z) & f(0) = h(0) and f(DD) c h(D).

Definition 1.1 Let f(z) € A which is given by (1). Then f(z) is called star like function if and only
is satisfies the condition

{Zf '(2)
Re

f(@

Minda and Ma in [7] presented a unique format of different subclasses of S by using subordination

}>0, (z e D).

which are described by the quantity fo(—g) lying in the right half-plane of the domain. The authors

considered the class of functions ¢ contained in P, mapping from D onto domains starlike related with
¢(0) =1and ¢'(0) > 0. ForT € ¢ and symmetric related with the real-axis and

frry zf'(z)
S(F)—{fecﬂ & r()}

Let 3(z) = e” contained in P and the function i € ¢ such that y(D) = {w € C: [logw| < 1}isa
starlike with respect to one, symmetric with respect to the real-axis and 4 (0) > 0. Then iy € ¢.

In this work, we applying the subordinate to define a class of Non- Bazilevi¢ functions by
dependence the exponential function e as follows:

Definition 1.2 A function f(z) € A contains in the class N if it satisfying the condition:

8
f'(2) (f( )) <e?  (zeD;0<&<1). (6)
It is easy to check the equivalences:
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f € Ny if and only if

logf'(2) (}%)8‘ <1.

2. Main Results
Lemma 2.1 [3] If p(z) € P, then |d,,| <2,n=1,2,.. .
Lemma 2.2 [5] Let p(z) € P. Then
2d, = d? + (4 — d?)¢é
and
4dy = di +2d;(4 — df)§ — di(4 — dP)§? + 2(4 — dD)(1 - [§1%)n,
for some ¢ and 7 satifiying |¢| < 1, [n] < 1and d, € [0, 2].
Theorem 2.3 If the function f(z) € Ns. Then

where k;_; = (i — &), fori =2,3; ¢, = =4+ 75 — 257 and 6§ € (0,1).

Proof: For f(z) belongs to the class NV, then there exists w(z) called a Schwarz function with
w(0) =0 and |w(2)| < 1 such that

8
F@(55) = ™
Now, replacing the values of f(z) and f'(z) in (7) to get

© )
Z
1 E n—-1 — W(Z), 8
( * e ) (Z + Y=z anzn> ¢ ®

n=2
In [9] defined the relationship between Schwarz and Carthéodory functions as
_1+W(Z)_1 d Do + dug®
p(Z)—l_W(Z)— +dyz +dyz?% + dyz® + -,
we remark that p € P and
h(z) —1 diz +d,z% + dyz3 + -
w(z) = =

h(z) +1 2+d;z+dyz?+dyz3 + -
On the other side, we calculate the function e"®) in the right part of (8)

2 3
w(z w(z
@ =1+w(z) +( (2')) +( (3')) + oo ©)
Some simplifying on (9), we obtain . .
d d, d? 3 d;d, d

QIS RPN ) PO P i ) PAT S 10

e +22+<2 82+48 4+ZZ+ (10)
Now,

8
z+a,z% + azz® + -
(1+ 2a,z + 3azz? + 4a,z3 + ) = < 2 . 3 eV @, (11)

By applying the binomial expansion on the right side from (11) under to the next condition:
[Xn=znayz" "t < 6.
Simplify to get
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14 2a,z +3a32% + 4a,z% + -+ =

2 3 s
1+a,z+azz* + auz +> WD)
1

6(6 —1)!
= <1 + 8ayz + (6a3+%aﬁ)zz
6(6 —1)(6 —2)! d d, d?
+ (6ay+6(6 — D'azaz + ( 3),'( )ag)z3+-~>[1+71z+(72—§1)22

d?  did,  d3\
+<E_ 4 +7 z° + -

14 2a,z + 3a3z% + 4a,z% + - =

2

=1+ (da, +%)z+ (baz +¥a% +%a2 +%—i—1)z2

4+ (12)
We comparing between the coefficients of the variables z,z? and z3 in the equation (12) we obtain

dy
a, = E
@ = ﬁ q1d%
37 2k,  8kZk,

Applying lemma 2.1, we completes the proof.
Theorem 2.4 If the function f(z) € Ng. Then
q? + ki +4q, k?k, 1
4kik3 k?
where k;_; = (i — &) fori = 2,3; q; = —4 + 78 — 262 ,and § € (0,1).
Proof: Using the coefficients in the Theorem 2.3, we have
| d3 n q1d,d7 qidi di
|[4k2 " 8Kk2kZ T 64kikZ  4k?

IT,(2)| < |a3 — a3 <

)

o — af| -

Now, we use lemma 2.2 to get

(@ 4K +dqu kPl )dt df (q+DdRX X7
64k k2 4k? 16k2k2 16k2|" ™ (13)

for simplicity we assume that X = (4 — d?).

Applying the triangle inequality for the equation (13) and suppose that d; = d where

0<d<2, weget

@3 - 3] =

o2 — a2 < (af + ki +4q, kiky )d*  d® | | (qn+2)d* [EIX 1§1°X* = o(d, |€]).
- 64k k3 4k? 16k?k3 16k3 '
Differentiating ®(d, |€|) partially with respect to & we have
00(d, I§]) _ (g +2)d*x  2[81X*
08 16kiK: 16k2
Next,
o o |@ + K+ 4a ki )dt  dt | (@ +2dX | XP
o3 — a2 = 64K*12 w2t teeke - T1e T @D

It’s easy to see the following:
®'(d, |é]) > 0 for any ¢ € [0,1];
@(d, [€]) < P(d,1).
Then
(qf + kit +4q1 kfky )d*  d®
64kt2 4k2

(q1 +2)(4 —d?d*> 16-—8d* +d*
16k2k2 16k2

|aj —a}| <
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Finally, it is easy to check that this inequality has a maximum value when d = 2 is
g7 + ki +4q kik, 1
PYETE 2|

a3 —d3| <

Remark 1: If § = % in Theorem 2.4, we have
|a3 — a3| < 0.53612.
Remark 2: If the limit of § equal to the zero in Theorem 2.4, we have
|a3 — a3| < 0.1388888.

Theorem 2.5 If the function f(z) € Ng. Then
8kik, — 4q1ki + 4k,q, — qf — 4kt 2

4k ks k?
where k;_; = (i — &) fori = 2,3; ¢, = —4 + 786 — 26 ,and 6 € (0,1).
Proof: We note that the inequality (3) be equivalent to
IT5(D)] = |1 +2d3(a; — 1) — dd.
As well as, since f(z) belongs to the class Vg, we will use the coefficients a, and a; obtained in

Theorem 2.3 as follows
(dz n (hd% ) q1d2d2 d4

[Ts(D)] < 1+

’

2k,  8k?k,

_(_

dy
T3 (1 1+-——
T (DI = ’ 4k2 " 8k2k2 64k 2)

2k

_ |1 n (2k, — q1)did, n (4k — q1)q dT _d_%_d_z
8kZk? 64k k2 2k?  4kZ|

Now, by applying lemma 2.2 with d; = d for d € [0,2], we obtain
+ (8kik, — 4qikf + 4kyqy — qf — 4kd*  d®  §(4—d?)?

T-(D)| = |1 _as
i - | bl o s
+ (2ky — q1 — 2k3)Ed? (4 — d2)
16k? k2
We applying the triangle inequality, we obtain
T, (D] < |1+ (BkTky — 4quk? + 4koqy —qf — 4kDd*  d* | [EIP(4—d?)?
3 - 47,2 5 :
64kt 2 2Kk? 16k2
| (2ky — g1 = 2k)|1d*(4 — d*)
16k2k2 '
Now, applying the fact [§| < 1, we get
|T (1)| <1+ (Sk%kz - 4Q1k% + 4k2q1 — qlz — 4'kf)d4 (4 _ dz)z
3 o -_——_— —_—
bhiky 2k7| " 16k7
(2k; — gy — 2k{)d*(4 — d*)
iy 16k2KZ = @(d,1).

Finally, by using Lemma 2.1 we show that the ®(d, 1) has maximum value when d = 2 is
8kik, — 4q, kT + 4k,q, — qf — 4kT 2

IT5(D)] < —|.
3 4k k2 k2

1+

Remark 3: If the function (z) € N1 . Then
2

|T5(1)| < 0.153580.
Remark 4: If the function (z) € V; . Then
|T5(1)| < 0.722222.
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