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Abstract: In the present paper we prove that under certain conditions the linear combination of two
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1. Introduction

Let K be a field. If f(x) € K[x] has degree at least 2, we say that f(x) is decomposable over the field K
if we can write f(x) = f1(f2(x)) for some nonlinear polynomial f; (x), f2(x) € K[x]. Otherwise, we say
that f(x) is indecomposable over K. Two decompositions f(x) = f1(f2(x)) and f(x) = F;(F,(x)) are said
to be equivalent over the field K, written f1 o f, ~g F; o F,, if there exists a linear polynomial /(x) € K[x]
such that

filx) = A(l(x)) and F(x) = I(f2(x)).

For a given f(x) € K[x] with degree at least 2, a complete decomposition of f(x) over K is a
decomposition f = fj o---o f;, where the polynomials f; € K[x] are indecomposable over K for
i=1,...,k. A polynomial of degree greater than 1 always has a complete decomposition, but it does not
need to be unique even up to equivalence.

Euler polynomials are defined by the following generating function

& tk 2et¥
Ex(x)— = .
k;] {5 =

These polynomials play a central role in various branches of mathematics; for example, in various
approximation and expansion formulas in discrete mathematics and in number theory (see for
instance [1,2]), in p-adic analyis (see [3], Chapter 2), in statistical physics as well as in semi-classical
approximations to quantum probability distributions (see [4-7]).

There are several results connected to the decomposability of an infinite family of polynomials, see
for instance [8-12]. Bilu, Brindza, Kirschenhofer, Pintér and Tichy [13] gave all the decompositions of
Bernoulli polynomials. Kreso and Rakaczki [14] characterized the all possible decomposations of Euler
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polynomials with degree even, moreover they showed that every Euler polynomial with odd degree is
indecomposable. It is harder to obtain similar results for the sum of polynomials. Pintér and Rakaczki [15]
describe the complete decomposition of linear combinations of the form

Ry (x) = By(x) + ¢By_2(x)

of Bernoulli polynomials, where c is an arbitrary rational number. Later, Pintér and Rakaczki in [16]
proved that for all odd n > 1 integer and for all rational number ¢ the polynomials E; (x) + cE,_»(x)
are indecomposable.

The main purpose of this paper is to prove that under certain conditions a linear combination with
rational coefficients of two Euler polynomials with odd degrees is always indecomposable. We have

Theorem 1. Let Py (x) = En(x) + cEw(x), where ¢ = A/ B is an arbitrary rational number, where B # 27,
a € NU {0}, n, m are odd integers with n > m > n/3. Then the polynomials Py, ,,(x) are indecomposable over C.

2. Auxiliary Results

In the first lemma we collect some well known properties of the Euler polynomials which will be
used in the sequel, sometimes without particular reference.

Lemma1l. (@) E,(x)=(—-1)"E,(1—x);
(b) En(x+1)+ Ey(x) =2x";

(c) E,(x)=nE, 1(x);

(d)  Eny_1(1/2) = Ezy(0) = Epu(1) = 0forn € N;
() En(x) = X{_p () E(0)x"

Proof. See [2]. [

The following result is a general theorem from the theory of decomposability.

Lemma 2 (Kreso and Rakaczki [14]). Let F(x) € K[x] be a monic polynomial such that deg F is not divisible by
the characteristic of the field K. Then for every nontrivial decomposition F = F; o F, over any field extension L of K,
there exists a decomposition F = Fy o F, such that the following conditions are satisfied

e FyoF,and Fy o F, are equivalent over L,
o Fi(x) and Fy(x) are monic polynomials with coefficients in KK,
o coeff (x4811~1 F (x)) = 0.

Moreover, such decomposition Fy o F, is unique.

Lemma 3. Let h(x) € Q[x] with degh(x) > 4. If h(x) is decomposable over Q then we can write the polynomial

u

h(x) in the form h(x) = %f(g(x)), where u and v # 0 are relative prime integers, f(x) and g(x) € Z[x] are

)
primitive polynomials. Moreover, if h(x) is a monic polynomial, then u = 1.

Proof. Suppose that h(x) = F(G(x)), where F(x), G(x) € Q[x]. Let

F(X) = bkxk + bk,lxkfl + -+ bi1x + by,
G(x) = ctxt + Ct,]xtil + -4+ c1x+cp.
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Every polynomial with rational coefficients can be written uniquely as a product of a rational number and
a primitive polynomial. Hence, we can assume that

G(x) = %g(x), where g(x) is a primitive polynomial, c,d # 0 € Z

and so
c

k k-1 _ c
F(G)) =bi (5) 8@ +b1 (5) 8 4+ bi58(x) +bo.
The polynomial

c\k c\k-1 c
Fi(x) = by (3> X by (H) x* 1+"'+blax+b0€@[x]

can be written in the from % f(x), where f(x) € Z[x] is a primitive polynomial, u > 0, v # 0 are relative
prime integers. However, then we have

h(x) = F(G(x)) = Fi(g(x)) = %f(g(X))‘ 1)

If the polynomial /() is monic, then comparing the leading coefficients in (1) one can deduce that
v = ufrgF, where f; and g; denotes the leading coefficient of the polynomial f(x) and g(x), respectively.
This means that u divides v thatisu = 1. [

Let
St={f(x) eClx] | f(x)=f(1-x)}
and
S ={f(x) €Clx] | f(x)=—f(1-x)}.

From these definitions it is easy to see that ST and S~ are subspaces in the vector space C|x].

Lemma 4. Let P(x) € Q[x] be a monic polynomial. Assume that P(x) € S~ and P(x) = f(g(x)), where f(x),
g(x) € Q[x] and deg(f(x)),deg(g(x)) > 1. Then we can assume that f(x), g(x) are monic, g(x) € S~ and

fx) = —f(—x).
Proof. See[16]. O

The following Lemma is a simple combination of Lemmas 3 and 4.

Lemma 5. Let P(x) € Q[x] be a monic polynomial. Assume that P(x) € S~ and P(x) = F(G(x)), where F(x),
G(x) € Q[x] and deg(F(x)) > 1, deg(G(x)) > 1. Then we can assume that P(x) = 1 f(g(x)), where v # 0 is
an integer, f(x) and g(x) are primitive polynomials, g(x) € S~ and f(x) = —f(—x).

Proof. From Lemma 4 we can assume that G(x) € S~ and F(x) = —F(—x). Using the proof of Lemma 3
and the fact that S~ is a subspace of C[x] we get the assertion of our Lemma. [

Lemma 6. Let g(x) = c;xt + ¢, 131+ - +c1x+co € S™. Then

s+1 542 t—1 t
—2cs—< s )c3+1+< s )cs+2+~~~+( s )ct_1+(s>ct (2)

for even index 0 <s <t—1.
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Proof. Since g(x) € S~ we have that —g(x) = ¢g(1 — x). Computing the coefficient of x° on the both sides
we obtain that

s+1 s+2 t—1 t
—cs = (—1)° (Cs‘f'( —L_ >0s+1+< s >Cs+2+"'+< s )QH—(S)Q)-

Lemma 7. Let

O

f(x) = bkxk + bk—2xk72 + bk73xk73 + oo+ bix + by,
g(x) =cix' +ox' ™ - ox+ o € Q.
Ifk, t > 2 then the coefficient of the monomial x**=2 in the polynomial f(g(x)) is

_ k\ s
by (kc’t‘ 1ct,2 + (2> c’f zc%_1> .

kt—2

Proof. It is easy to see that the monomial x occurs only in the term big(x)¥. Expanding g(x)* we

simply get the assertion. [

3. Proof of the Theorem

Let n, m be odd positive integers with n —2 > m > n/3, B is an arbitrary integer which is not a
power of two. The case of m = n — 2 was treated in [16]. Suppose that Py, (x) is decomposable over
C. From Lemmas 2 and 5 we can assume that P, ,,(x) = 1f(g(x)), where v # 0 is an integer, f(x),
g(x) € Z[x] are primitive polynomials and g(x) € S~, f(x) = —f(—x). Let

flx) = bexk 4 b X2 b g b by,
g(x) =cixt +ox M+ +ax + oo

Using (b) of Lemma 1 one can deduce that

%f (gx+1))+ %f (8(x)) = Pum(x +1) + P (x) = 22" +2¢x™. 3)

Since Py (x) € S~ thus Py (x 4+ 1) = —Pym(—x). From (3) we infer that the polynomial g(x) — g(—x)
divides the polynomial Py s (x) — Pym(—x) = 2x" + 2cx™, that is

8(x) = g(=x) = dx’h(x), 4)
where d € Q, 0 < s < m and the polynomial (x) divides the polynomial "~ + ¢ in Q[x]. We know that
g(x) = g(=x) = 2cix" + 2c; 2" 4 -+ 4 203x° + 201x. ®)

If the polynomial /1(x) is a constant polynomial then we have t = s and so ¢;_» = 0. It follows from
Pym(x) = En(x) + cEy(x) and (d), (e) of Lemma 1 that the coefficient of x"~2 in P, ,, (x) equals 0. Applying

now Lemma 7 we get that
kY k-2 2
by <2) ¢ “ci_1=0,

which is impossible since —2¢;_1 = tc; by Lemma 6.
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In the case when hi(x) = x" ™ + cwe gets+n—m =t,d = 2¢; and g(x) — g(—x) = 225" " 4
2ciex® = 2cpxt 4 2¢cxt= ("™ Since by assumption n — m > 2, we obtain again that ¢;_» = 0, which is
not possible.

Next suppose that 1 < degh(x) < n — m. In this case one can deduce that s is odd and h(x) = h(—x).

Consider first when 1 <s. Thenc¢; = ¢3 = --- = ¢5_p = 0and ¢; # 0. Let G(x) = g(x) — g(0) and
F(x) = f(x+¢(0)). Then f(g(x)) = F(G(x)), G(0) = O and
G(x) — G(—x) = g(x) — g(—x) = 2c;x’ +2¢; o' 24 -+ 4 2c5x°.
Let
F(x) = qpx* + a1V 4o 4 apx® 4 agx + ay.
Sinces < t < n/3 < m we have thats +4 < m.
Investigate the coefficients of x* and x**2 in
oPym(x) = F(G(x)) = G (x)" + a1 G(x)* ' + - + a1G(x) + ap. ©)

Since s + 2 < m in the polynomials vP, ,,(x) = E,(x) + cE;(x) these coefficients are 0. On the other hand,
one can observe that x° occurs only in the term a1 G(x) and so a1¢s = 0. This means that 2y = 0 and so

0Py m(x) = F(G(x)) = G (x)F + - - 4+ a3G(x)® + 22G(x)* + ag. )

Since x°*2 appears only in the term a,G(x)? thus 2a5cpcs = 0.

If a; = 0 we obtain from (7) that the coefficients of x°, x*, x3, x2 and x in F(G(x)) are zero. This yields

that P,S’,)n(O) =0fori=1,...,5. Further, by Lemma 1
P,ﬁf)n(o) = P,SJ,)n(l) =0, if jisodd and j # m, n;
Pn{,)n (;) =0, if j is even.

Applying the above, we can study the number of zeros of the polynomials P,EJ ,)n (x) in the interval [0,1] for
j=1,2,...,m+ 1. In the following table we use only the Rolle’s theorem.

zeros of Py ,,(x) ° : °
0 3 1
zeros of P/, (x) ° ° 'Y
0 3 1
zeros of P/’ (x) [ ® : ® °
0 &1 % o2 1
zeros of P,Sflnl (x) ® 4 ¢ @ ®
0 P1 3 P2 1
zeros of P,$5n)1 (x) ——o—o t *—o ®
0 o7 5 3 V4 1
zeros of P,S,(’,% (x) —eo—e * *—0—
0 % & 3 o 04 1
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zeros of P,S7n)1(x) o *—=o I *—=o ®
0 & & % € &y 1
(m_l) I !
p (x) —eo—e ® *—o—
" 0 O & 1 G o1
P,(le}(x) : *—=o t *—=o |
0 moo ! VT 1
P (y : ° ° ° :
(%) 0 61 1 ) 1
But '
n:
P%“)(x) = mEnfmfl(x)

whose the only zero in the interval [0, 1] is 1/2. This contradiction gives that a, # 0.
If ¢ = 0 then from G(x) = ¢;x* + - - - + c3x° and (7) one can deduce that

PY).(0) for j = 1,2,3,4,5.
The above argument that we used in the case a, = 0 shows that this impossible.
Finally, consider the case when s = 1. Let c = A/B, where A and B # 0 are relatively prime integers.
From (4) we know that
g(x) = g(—x) = 2cixt 4 2¢; _px' "2 4 -+ 203x3 + 2¢1x = dxh(x), 8)
where the polynomial /(x) is even and divides the polynomial Bx"~™ + A in Q[x]. If we write h(x) as a
product of a rational number a/b and a primitive polynomial H(x) = h,x" + Hy_px""2 4 - 4+ hox? + hy

we have that
Bx""™ + A = H(x)u(x), )

where 1(x) = 1,x9 + 11;_»x772 4+ - - - 4+ 15x% + 1 is a primitive polynomial. We obtain from (8) and (9) that
q q p poly
(2cixt + 2¢;_ox! 72 oo 4 2030 + 201 %) u(x) = %d(Bx”_"“rl + Ax). (10)

Letc; = wc!, ¢;_p = wc, ., ..., c3 = wck and ¢; = wc), where w denotes the greatest common divisor of
tr Ct=2 t—2 3 3 1 1
the integers ct, ¢;—3,...,c3,¢1. Then

2w(cixt 4 cj x4 5 4l x)u(x) = %d(Bx”*mJrl + Ax), (11)
which yields that 2w = (a/b)d and

(cix + ¢ _ox ™2 4o ) (ugxT + ugpx72 4 up) = Bx" " 4 Ax, (12)
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It follows from Lemma 6 that if p is an odd prime which divides w then p divides c¢, ¢;—1,...,c2,¢1,co
which is not possible since g(x) is a primitive polynomial. Thus w = 2* for some non-negative integer a.
Now assume that p is a prime which divides c; and j > 1 is the greatest odd index for which

plet, ¢t/ - Cip and pic. (13)

On the right hand side of (12) the coefficient of x* equals 0 apart from whena = g+t =n—-m+1or
« = 1. Thus , , ,
Cilg + Cjalig—2 + Cjyqtig-s + -+ =0
which means that p|u,.
Similarly,

!

€j

/ /
—allq F g2+ Cjpptlg—g + - =0

from which we get that p|u,;_>. Continuing the process one can deduce that

p|uq,uq_2,...,u2.

Further, if j > 1 then , ,
citig + ¢ stz +... =0
and so p|ug contradicting that the polynomial u(x) is a primitive polynomial. It follows from the above
that j must be 1 and so
ple, ¢t o, C3 g, Ug_2, ..., up and p{cy,ug. (14)

If p is an odd prime then from the above and Lemma 6 we have that

plet, ¢i—1,¢—2 ..., c3,¢c0 and p 1 c1, co. (15)

Now let U(x) = cixf +c;1xf ™1 + -+ + cox? and V(x) = c1x + ¢o. Then g(x) = U(x) + V(x) and for
i=01,...k

g(x) = ;) (i) U(x)™'V(x)' = V(x) mod (p). (16)

We know that m > 1n/3 > k and so the coefficients of x¥, x¥=2,.. ., x3, x are zeros in Py m(x) and so in
£(g(x)) = big(x)F + br_og(x) 2+ - + b3g(x)* + b1g(x), too. (17)

Now one can infer from (16) and (17) that 0 = bkc’f mod (p) which yields p|bx. Comparing coefficient of
xk=2 we have that 0 = bk,zclfz mod (p) from which we obtain p|by_,. Continuing the process it is easy to
see that p|by_y, ..., b3, by which contradicts the fact that f(x) is a primitive polynomial. This means that c}
and ¢; must be powers of two.

Now suppose that p is a prime with p|u; and p 1 c;. Using again that on the right hand side of (12)
the coefficient of x* equals 0 apart from when « = n —m + 1 or 1. From u,c;_, + u;_2c; = 0 we obtain
p divides u; . From u,c;_, + ug_2¢;_, + ug_4c; = 0 we obtain p divides u, 4. It follows similarly that
plug—e,...,uz. Finally, from cjug +c;_,us +--- = 0 we get that p divides 1o which contradicts that the
polynomial u(x) is a primitive polynomial. This means that 1, must be a power of two. Since B = cju,
this contradicts to our assumption that B is not a power of two.

4. Concluding Remarks

It is a very hard problem to characterize the general decomposition of an infinite sequence of
polynomials f,,(x). The first theorem was proved for Bernoulli polynomials. For other results see our
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Introduction. A harder question is to describe the decomposition of the sum of two polynomials. There are
only a few results in this direction, mainly for the rational linear combination of two Bernoulli and Euler
polynomials in the form B, (x) 4+ ¢B,_» and E,(x) + cE,_»(x), respectively. This paper contains the first
theorem concerning the decomposition of the linear combination of two Euler polynomials E,x + cE,(x)
with “almost” independent parameters m and #.
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