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Szerző: Szokol Patrícia Ágnes
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Introduction

The present dissertation deals with two different and widely studied
kinds of mathematical problems. In Chapters 1–3 preserver results on dif-
ferent structures are presented; and Chapters 4–5 are devoted to the inves-
tigations of separation problems. In the mathematical literature the inves-
tigations relating to the so-called “preserver” transformations on different
kinds of mathematical structures are called preserver problems. The aim of
such a problem is to characterize all mappings on a given structureX which
preserve operations defining on the elements of X , quantities or relations
among elements relevant for the structure X or other similar objects. Pre-
server problems show up in most parts of mathematics. In the territory of al-
gebra, the description of homomorphisms, i.e. transformations that preserve
a given operation defined on certain algebraic structure, plays an important
role. Concerning the field of geometry the structure of isometries, i.e. trans-
formations that preserve the distance on a given metric space is widely stud-
ied. Moreover, we note that preserver transformations appear also in physics
and even in chemistry where they are usually called symmetries. Because
of the distinguished role these maps play in those sciences, the study of
preserver transformations is an important area of research. However, in the
majority of results appearing in the present dissertation linearity is not as-
sumed, it is important to emphasize that such kinds of investigations started
by linear preserver problems (LPPs), which represent one of the most active
research areas in matrix theory during the last one hundred years. In the case
of LPPs the structure and the corresponding mappings under consideration
are linear. For survey papers see e.g. [68], [69].

As a particular example of linear preserver problems we present the
well-known Frobenius theorem from 1897 [33], which can be regarded as
the first result on LPPs. This result describes the structure of all linear trans-
formations on the algebra Mn of all n × n complex matrices that preserve
the determinant. It reads as follows.
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2 CHAPTER 0. INTRODUCTION

THEOREM 0.1. Let n ∈ N and suppose that φ : Mn → Mn is a linear map
which satisfies

(0.1) detφ(A) = detA, A ∈Mn.

Then there exist matrices M,N ∈ Mn such that detMN = 1 and φ is
either of the form

φ(A) = MAN, A ∈Mn,

or of the form
φ(A) = MAtrN, A ∈Mn.

HereAtr denotes the transpose ofA ∈Mn. Observe that every transfor-
mation which appears on the right hand side of the two displayed formulas
preserves the determinant of all matrices, hence the main content of this
result is, in fact, that the reverse statement is also true: every linear deter-
minant preserving transformations on Mn is necessarily of one of those two
forms.

There are several important and well-known results on preserver prob-
lems in the field of quantum mechanics. One of the most fundamental theo-
rems in that field is the famous Wigner theorem on the structure of quantum
mechanical symmetry transformations. To present this nice result we recall
that in the mathematical formulation of quantum mechanics, which is due
to John von Neumann, to each quantum system there corresponds a com-
plex Hilbert space H . Moreover, rank-one projections on H represent pure
states of the quantum system. Throughout the present dissertation the set of
all rank-one projections acting on H will be denoted by P1(H) .

A bijective map φ : P1(H) → P1(H) is called a quantum mechanical
symmetry transformation if it preserves the quantity trPQ called transition
probability between pure states in the sense that

(0.2) trφ(P )φ(Q) = trPQ

holds for arbitrary rank-one projections P,Q on H . Here tr denotes the
usual trace functional. It is obvious that every transformation of the form
P 7→ UPU∗ on the space of all rank-one projections of H induced by
the unitary or antiunitary operator U on H is a symmetry transformation.
Wigner’s celebrated theorem says that the converse statement is also true,
i.e. every quantum symmetry transformation can be obtained in that way.
The original theorem was presented in [88] and the first proof of that was
given by Lomont and Mendelson in [49].
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The main result of Chapter 1 describes the structure of all transfor-
mations on the set of density operators which preserve the quantum f -
divergence for any strictly convex function f defined on the non-negative
real line. With particular choices of the function f , the definition of quan-
tum f -divergence leads to certain well-known and important kinds of rela-
tive entropies. Hence the main result appearing in Chapter 1 gives the form
of transformations on the set of density operators that leave different types of
entropies invariant. In the proof of that result Wigner’s theorem plays a sig-
nificant role. In fact, in our main theorem the surjectivity of preserver trans-
formations is not assumed. Therefore we need the non-surjective version of
Wigner’s theorem which in the finite dimensional case has the same conclu-
sion as that of the original case. For a version of non-surjective Wigner’s
theorem in Hilbert spaces of arbitrary (not necessarily finite) dimension we
refer to Theorem 2.1.4 in the book [55] or [5]. It reads as follows.

THEOREM 0.2. LetH be a complex Hilbert space and φ : P1(H)→ P1(H)
be a transformation which preserves transition probability between pure
states, i.e. satisfies the equality (0.2) for all pairs of rank-one projections
P,Q ∈ P1(H). Then we have either a linear or a conjugate-linear isometry
V of H such that

φ(P ) = V PV ∗, P ∈ P1(H).

We remark that in the finite dimensional case (conjugate-)linear isome-
tries are (anti)unitary operators. Therefore, if dimH < ∞, then the map-
ping φ in Theorem 0.2 is implemented by a unitary-antiunitary operator.
We note that there are several other proofs for both the bijective and non-
surjective versions, see for instance [52], [37] and [36]. We emphasize that
there is an important generalization of Wigner theorem by Uhlhorn in [83].
It states that if dimH ≥ 3 then assuming merely the preservation of zero
transition probability the conclusion is the same as that of Wigner’s theo-
rem. For more interesting and important results on preserver problems on
quantum structure see e.g. Chapter 2 in [55] and the references appearing
there.

In Chapter 2 we are going to describe the structure of all surjective trans-
formations of the space of positive definite matrices that preserve so-called
generalized distance measures which are parameterized by unitarily invari-
ant norms and continuous real functions satisfying certain conditions. We
will consider similar preserver transformations acting on the subset of all
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complex positive definite matrices with unit determinant. These kinds of in-
vestigations are motivated by results appearing in [62]. In that paper Molnár
determined all surjective isometries of the set of positive definite matrices
with respect to certain metrics which can be regarded as particular cases of
generalized distance measures. Using our new theorem, we also describe
the surjective maps of the set of positive definite matrices that preserve the
Stein’s loss or several other types of divergences. The key step of the proof
of the main result is to show that on certain substructures of groups surjec-
tive transformations that preserve a given generalized distance measure d
which is compatible with the group operation, necessarily preserve locally
the so-called inverted Jordan triple product (i.e., they respect the operation
xy−1x). We point out that results of this kind, which first appeared in the
paper [38], can be considered as noncommutative versions of the famous
Mazur-Ulam theorem. Now we recall the original version of Mazur-Ulam
theorem, which states that every surjective isometry (i.e., surjective distance
preserving map) between normed real linear spaces is necessarily affine.

THEOREM 0.3. Let X and Y be normed real linear spaces. Assume that
φ : X → Y is a surjective isometry such that φ(0) = 0. Then φ is linear.

We remark that Mazur and Ulam proved this result in response to a
question raised by Banach and their proof is appeared in [51] and [4]. In [84]
Väisälä proposed a simpler and more elegant proof for this result, which is
based on the ideas of Vogt [86]. For a short history of the Mazur-Ulam
theorem, see [30] (pp 6–9, 20–21).

The study of linear isometries of linear function spaces has also been
an extensive research area in functional analysis over the past decades. The
starting point of those investigations was the famous Banach-Stone theorem
which describes the structure of all surjective linear isometries between the
Banach spaces of complex-valued continuous functions on compact Haus-
dorff spaces equipped with the supremum norm. Denoting the space of all
continuous functions f fromX to R by C(X,R) the result reads as follows.

THEOREM 0.4. LetX and Y be compact Hausdorff spaces and assume that
T : C(X,R)→ C(Y,R) is a surjective linear isometry. Then there exists a
homeomorphism ϕ : Y → X and a function τ ∈ C(Y,R) with

|τ(y)| = 1, y ∈ Y
such that

T (f)(y) = τ(y)f(ϕ(y)), y ∈ Y, f ∈ C(X,R).
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Considering the continuous complex-valued functions this result remains
valid. One can find a comprehensive and very nice overview of the topic
in the two volume monograph [30], [31]. There are some important met-
ric spaces of functions which are not linear spaces. For example, the set
of all probability distribution functions on R that plays so fundamental role
in probability theory and statistics is not a linear space. In [26] Dolinar
and Molnár described the structure of all surjective isometry of the space of
all probability distribution functions with respect to so-called Kolmogorov-
Smirnov metric. The importance of this metric lies in its applications in
statistics (Kolmogorov-Smirnov test). It comes from the supremum norm
of bounded functions, hence the result in [26] can be regarded as a Banach-
Stone type result for the isometries of the non-linear function space of prob-
ability distribution functions. Motivated by that result Molnár continued
the investigation concerning surjective isometries of certain subspaces of all
probability distribution functions. Namely, in [58] Kolmogorov-Smirnov
isometries of the spaces of all absolute continuous, or singular, or discrete
probability distribution functions on R were investigated. In Chapter 3, in-
stead of the space of all probability distribution functions we are going to
consider a larger space, the sets of so-called (continuous) generalized distri-
bution functions, which plays also an important role in probability theory.
Motivated by the mentioned preserver results, in Chapter 3 we describe the
structure of all surjective Kolmogorov-Smirnov isometries on these larger
spaces.

In the second part of the present dissertation (Chapter 4 and Chapter 5)
we focus to separation problems. Separation theorems play a crucial role
especially in the field of convex analysis [50], [78]. One of the most fun-
damental separation theorems states that if a convex and a concave function
is given such that the convex function is “above” the concave one, then
there exists an affine function between them. Of course, the assumptions on
convexity/concavity are sufficient but not necessary for the existence of an
affine separator. However, there exists a characterization of those pairs of
real functions that can be separated by an affine function.

THEOREM 0.5. If I ⊂ R is an interval, f, g : I → R, then the following
statements are equivalent:

(i) there exists an affine function h : I → R such that f ≤ h ≤ g;
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(ii) the inequalities

(0.3)
f
(
λx+ (1− λ)y

)
≤ λg(x) + (1− λ)g(y),

g
(
λx+ (1− λ)y

)
≥ λf(x) + (1− λ)f(y).

hold for all λ ∈ [0, 1] and x, y ∈ I .

Concerning the history of this result, it was motivated by the well-
known theorem of Baron, Matkowski and Nikodem [6], which states that
the existence of a convex separator between two given functions can be
characterized via a simple inequality.

THEOREM 0.6. Let I be an interval and f, g : I → R. Then, the following
conditions are equivalent:

(i) there exists a convex function h : I → R such that f ≤ h ≤ g;
(ii) for all λ ∈ [0, 1] and x, y ∈ I ,

(0.4) f
(
λx+ (1− λ)y

)
≤ λg(x) + (1− λ)g(y).

We remark that the existence of concave separator can be also charac-
terized with the help of second inequality appearing in (0.3). Consequently,
the separated inequalities appearing in (0.3) are responsible for the existence
of convex/concave separations and the simultaneous inequalities guarantees
the existence of an affine separator.

In Chapter 4 and Chapter 5 we are going to extend Theorem 0.5 and
Theorem 0.6, respectively. To do this we need to generalize the concept
of the affine and convex functions in the following way. There are two
geometrical properties of affine functions which are the most determinative.
Namely, each affine function is continuous and for every two points of the
plain (with distinct first coordinates) there exists exactly one affine function
interpolating them. Using this geometric idea the notion of Beckenbach
family can be introduced in the following way. Let n ∈ N and I ⊂ R
be an interval. A set of continuous functions defined on I is called an n-
parameter Beckenbach family, if each n points of I × R (with pairwise
distinct first coordinates) can be interpolated by a unique element of the set.
The members of a Beckenbach family are termed briefly generalized lines.
In Chapter 4, we characterize such pairs of real valued functions that can be
separated by a member of a given Beckenbach family of order n, which is
closed under convex combinations.

Moreover, each Beckenbach family induces a convexity notion in the
following way: a function is generalized convex with respect to the family
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in question if each generalized line that interpolates the points of the func-
tion’s graph intersects the graph alternately. In the case of classical convex-
ity, the properties that the chords are above the graph and that the interpolat-
ing affine functions intersect alternately are equivalent. This fact motivates
the definition of generalized convexity with respect to Beckenbach families.
Not claiming completeness, we quote here the works of Beckenbach [7],
Hopf [42], Popoviciu [77] and Tornheim [82]. For further details, consult
the introduction of [10]. Chebyshev systems are particular cases of Becken-
bach families, therefore the notion of convexity with respect to Beckenbach
families leads to that of Chebyshev systems. In Chapter 5 our aim is to give
an extension of Theorem 0.6 to the setting of two dimensional Chebyshev
systems (regular pairs).





1

Quantum f -divergences preserving maps on density
operators

1.1. Introduction and statement of the results

In this chapter we present some results on preserver problems appear-
ing in the field of quantum mechanics. In [56] L. Molnár has described
the structure of all surjective transformations on the space of density oper-
ators which preserve the Umegaki relative entropy. We extend his result by
removing the surjectivity condition, i.e. we prove that this result remains
valid even if we omit the strongly restrictive condition that the transforma-
tion is surjective. In fact, our aim is to prove an even more general result.
It is known, that the notion of Umegaki relative entropy is a particular case
of the so-called quantum f -divergence, which is the quantum version of
Csiszár’s f -divergence. In the main theorem of the present chapter for an
arbitrary strictly convex function f defined on the non-negative real line we
determine the structure of all transformations on the set of density opera-
tors which preserve the quantum f -divergence. The results of the present
chapter appeared in [60] and [57].

We begin with some necessary notation which will be used in this chap-
ter. Let H be a finite dimensional complex Hilbert space. We denote by
B(H) the algebra of all linear operators on H and by B(H)+ the cone of
all positive semi-definite operators on H . Next, S(H) stands for the set of
all density operators which are the elements of B(H)+ having unit trace.
Finally, P1(H) denotes the set of all rank-one projections acting on H .

Relative entropy is one of the most important numerical quantities ap-
pearing in quantum information theory. It is used as a measure of distin-
guishability between quantum states, or their mathematical representatives,
the density operators. In fact, there are several concepts of relative entropy,
among which the most common one is due to Umegaki. That kind of relative

9



10 Quantum f -divergences preserving maps on density operators

entropy between the operators A,B ∈ S(H) is defined by

(1.1) S(A‖B) = trA(logA− logB).

Here tr stands for the usual trace functional and log denotes logarithm with
base 2. It is well-known that the quantity S(A‖B) is always nonnegative,
it is finite if and only if suppA ⊂ suppB (supp stands for the orthogo-
nal complement of the kernel of density operators) and S(A‖B) is zero if
and only if A = B (A,B ∈ S(H)) (for details and more information see
Section 11.3 in [65]).

In [56] Molnár described the general form of all surjective transforma-
tions on the set of density operators which preserve the Umegaki relative en-
tropy. The motivation to explore the structure of those transformations came
from the fundamental theorem of Wigner on quantum mechanical symme-
try transformations. As we have seen in the Introduction, Wigner’s theorem
states that any such transformation is implemented by either a unitary or
an antiunitary operator on the underlying Hilbert space. In [56] the author
showed that the same conclusion holds for those surjective transformations
on the set of density operators which preserve the Umegaki relative entropy.

THEOREM 1.1. (Molnár [56])
Let φ : S(H) → S(H) be a surjective transformation which preserves the

Umegaki relative entropies, i.e. which satisfies

(1.2) S(φ(A)‖φ(B)) = S(A‖B)

for all A,B ∈ S(H). Then there exists either a unitary or an antiunitary
operator U on H such that φ is of the form

φ(A) = UAU∗, A ∈ S(H).

We recall, that although originally Wigner’s theorem was formulated for
bijective transformations, it turned out that in the finite-dimensional case
it holds true also for “a priori” non-surjective transformations, see Intro-
duction Theorem 0.2. Non-surjective versions of classical theorems like
Wigner’s theorem or the fundamental theorem of projective geometry (for a
recent proof see [28]), etc. are far more useful and applicable compared to
their original bijective versions. This is what has motivated us to study trans-
formations that preserve the Umegaki relative entropy without assuming the
condition of surjectivity. Our first theorem shows that in the non-surjective
case the conclusion is formally the same as that of the original result of
Molnár.
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THEOREM 1.2. (Molnár, Szokol [57])
Let φ : S(H) → S(H) be a transformation such that (1.2) holds for every
A,B ∈ S(H). Then there exists either a unitary or an antiunitary operator
U on H such that φ is of the form

φ(A) = UAU∗, A ∈ S(H).

We note that in [59] the authors determined all maps on S(H) that leave
further kinds of relative entropies invariant.

The main goal of this chapter is to give a far-reaching generalization
of Theorem 1.2 and hence of Theorem 1.1. Namely, we describe all trans-
formations on the set of density operators which preserve the quantum f -
divergence with respect to an arbitrary strictly convex function f defined on
the non-negative real line.

Classical f -divergences between probability distributions were intro-
duced by Csiszár [25], and by Ali and Silvey [1] independently. They are
widely used in information theory and statistics as distinguishability mea-
sures among probability distributions (see, e.g., [48]). Their quantum the-
oretical analogues, quantum f -divergences play a similar role in quantum
information theory and quantum statistics (see, e.g., [74]) and were defined
by Petz [71], [72], [73]. This concept is an essential common generalization
and extension of several notions of quantum relative entropy including Ume-
gaki’s and Tsallis’ relative entropies. We note, that quantum f -divergences
are particular cases of the so-called quasi-entropies (for details see the in-
troduction in [40]).

We define that concept following the approach given in [40]. We re-
call that B(H) is a complex Hilbert space with the Hilbert-Schmidt inner
product 〈., .〉HS : B(H)×B(H)→ C defined by

〈A,B〉HS = trAB∗ A,B ∈ B(H).

For any A ∈ B(H), let LA, RA : B(H) → B(H) be the left and the right
multiplication operators defined as

LAT = AT, RAT = TA, T ∈ B(H).

We remark that LARB = RBLA holds for every A,B ∈ B(H). If A,B ∈
B(H)+, then LA and RB are positive Hilbert space operators, hence so is
LARB .

Let now f : [0,∞[→ R be a function which is continuous on ]0,∞[ and
the limit

α := lim
x→∞

f(x)

x
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exists in [−∞,∞]. Following Definition 2.1 in [40], for A,B ∈ B(H)+

with suppA ⊂ suppB the f -divergence Sf (A‖B) of A with respect to B
is defined by

Sf (A‖B) =
〈√

B, f(LARB−1)
√
B
〉

HS
.

In the general case we set

Sf (A‖B) = lim
ε→0+

Sf (A‖B + εI),

where I is the identity operator on H . By Proposition 2.2 [40] the limit
above exists in [−∞,∞]. We next recall a useful formula which will play
an important role in our arguments. Let A,B ∈ B(H)+ and for any λ ∈ R
denote by Pλ, respectively by Qλ the projection on H projecting onto the
kernel of A − λI , respectively onto the kernel of B − λI . According to
Corollary 2.3 [40] we have

(1.3) Sf (A||B) =
∑

a∈σ(A)

 ∑
b∈σ(B)\{0}

bf
(a
b

)
trPaQb + αa trPaQ0

 ,

where σ(.) stands for the spectrum of elements in B(H) and the convention
0 · (−∞) = 0 · ∞ = 0 is used.

We can now formulate our result which describes the structure of all
transformations on S(H) leaving the quantum f -divergence invariant with
respect to a given real valued and strictly convex function f on [0,∞[. First
observe that for any unitary or antiunitary operator U on H the transfor-
mation A 7→ UAU∗ preserves the f -divergence on S(H), i.e., we have
Sf (UAU∗‖UBU∗) = Sf (A‖B) for any A,B ∈ S(H) (here the function
f is as above). The theorem below states that for a strictly convex function f
the reverse statement is also true: All transformations on S(H) which leave
the f -divergence invariant are of the preceding form, i.e., they are all im-
plemented by unitary or antiunitary operators. Let us point out the fact that
any convex function f : [0,∞[→ R satisfies the requirements given in the
definition of f -divergence: it is continuous on the open interval ]0,∞[ and
since the difference quotient (f(x)− f(0))/(x− 0) is increasing, the limit
limx→∞ f(x)/x exists and is finite or equal to∞. The precise formulation
of our result is as follows.

THEOREM 1.3. (Molnár, Nagy, Szokol [60])
Assume that f : [0,∞[→ R is a strictly convex function and φ : S(H) →



Introduction and statement of the results 13

S(H) is a transformation satisfying

Sf (φ(A)||φ(B)) = Sf (A||B), A,B ∈ S(H).

Then there is either a unitary or an antiunitary operator U on H such that
φ is of the form

φ(A) = UAU∗, A ∈ S(H).

We emphasize that the bijectivity or the surjectivity of the transforma-
tion φ is not assumed in the theorem and we do not require any sort of
linearity either. Let us make a remark also on the convexity assumption
above. When they consider f -divergence in the classical setting, it is practi-
cally always assumed that the function f is convex. The main reason is that
this condition guarantees the joint convexity and information monotonicity
of the f -divergence which are significant properties. As for quantum f -
divergence, to obtain similar important properties one needs to assume that
f is operator convex (see, e.g., [40]). Therefore, our condition that f is a
convex function is very natural and not restrictive. As for strict convexity, it
is easy to see that if f is affine then Sf (.‖.) is constant. Hence in that case
every selfmap of S(H) preserves the f -divergence which is obviously out
of interest. A few important examples of quantum f -divergences between
density operators follow. Let A,B ∈ S(H).

(i) If

f(x) =

{
x log2 x, x > 0
0, x = 0,

(1.4)

then the definition of quantum f -divergence leads to that of Ume-
gaki relative entropy of A with respect to B (which was defined
in (1.1)).

(ii) Let q ∈]0, 1[ and define the function fq : [0,∞[→ R by fq(x) =
(1− xq)/(1− q) (x ≥ 0). Then

Sfq(A‖B) =
1− trAqB1−q

1− q
which is the quantum Tsallis relative entropy of A with respect to
B (see, e.g., [35]).

(iii) If f(x) = (
√
x−1)2 (x ≥ 0), then Sf (A‖B) =

∥∥√A−√B∥∥2

HS
,

where ‖.‖HS stands for the Hilbert-Schmidt norm.

Observe that the functions appearing in (i)-(iii) are all strictly convex. There-
fore, Theorem 1.3 can also be applied to determine all transformations of
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S(H) preserving Umegaki relative entropy which shows that it is a real
generalization of Theorem 1.2.

1.2. Proofs

In this section we are going to prove Theorem 1.3. As we have already
observed the function f which corresponds to the Umegaki relative entropy
is the one appeared in (1.4). Since it is a strictly convex function we get
that Theorem 1.2 is a particular case of Theorem 1.3. Therefore we skip the
proof of Theorem 1.2 which can be found in the paper [57].

Before the proof of Theorem 1.3, we recall that the self-adjoint opera-
tors A,B ∈ B(H) are said to be orthogonal if and only if AB = 0, which
is equivalent to the fact that A and B have mutually orthogonal ranges.

PROOF OF THEOREM 1.3. Observe that for any real number a and op-
erators A,B ∈ S(H) we have Sf+a(A‖B) = Sf (A‖B) + a. Therefore
without any loss of generality we may and do assume that f(0) = 0. As
we have mentioned the quantum f -divergence is defined for any function
f : [0,∞[→ R which is continuous and the limit α = limx→∞

f(x)
x exists.

According to the value of the limit α, we divide the proof into two cases.
CASE I. We assume that α is finite. First we show that φ preserves the
orthogonality in both directions, i.e. it satisfies

φ(A)φ(B) = 0⇐⇒ AB = 0

for any A,B ∈ S(H). To see this we need the following characterization of
orthogonality. For any A,B ∈ S(H) we have

(1.5) AB = 0 ⇐⇒ Sf (A||B) = α.

Indeed, if AB = 0, then a straightforward calculation using the formula
(1.3) shows that Sf (A||B) = α. Suppose now that the right-hand side of
(1.5) holds. On the one hand, we have

Sf (A||B) =
∑

a∈σ(A)\{0}

∑
b∈σ(B)\{0}

bf
(a
b

)
trPaQb+

∑
a∈σ(A)\{0}

αa trPaQ0.

On the other hand, we have

α = α trA = α
∑

a∈σ(A)\{0}

a trPa.
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Since the left-hand sides of the previous two equalities are equal, using the
fact that ∑

b∈σ(B)

Qb = I

we easily infer that∑
a∈σ(A)\{0}

∑
b∈σ(B)\{0}

bf
(a
b

)
trPaQb = α

∑
a∈σ(A)\{0}

∑
b∈σ(B)\{0}

a trPaQb.

This yields that

(1.6)
∑

a∈σ(A)\{0}

∑
b∈σ(B)\{0}

(
αa− bf

(a
b

))
trPaQb = 0.

Let a ∈ σ(A)\{0} and b ∈ σ(B)\{0} and consider the quantity

(1.7) αa− bf
(a
b

)
= b

(
α
a

b
− f

(a
b

))
.

It follows from the strict convexity of f that the function f1 : ]0,∞[→ R
defined by

(1.8) f1(x) =
f(x)− f(0)

x− 0
=
f(x)

x
, x > 0

is strictly increasing. Therefore, for any x > 0 we have

(1.9) f(x)/x < lim
s→∞

f1(s) = α

and hence

(1.10) f(x) < αx

which implies that the quantity in (1.7) is positive. On the other hand, since
Pa, Qb ∈ B(H)+ we have trPaQb ≥ 0. It follows that the terms of the sum
on the left-hand side of (1.6) are nonnegative. We conclude that trPaQb =
0 holds for all a ∈ σ(A)\{0} and b ∈ σ(B)\{0} which implies that AB =
0. This completes the proof of the equivalence in (1.5). Since φ preserves
the f -divergence, it then follows that φ preserves the orthogonality in both
directions.

Apparently, we can characterize the elements of P1(H) as those opera-
tors in S(H) which belong to a set of n pairwise orthogonal density oper-
ators on H . By the orthogonality preserving property of φ, we infer that it
maps P1(H) into itself. We claim that φ preserves the transition probabil-
ity (the trace of products) on P1(H). To prove this, let P,Q ∈ P1(H) be
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arbitrary. A straightforward calculation gives that

Sf (P ||Q) = (f(1)− α) trPQ+ α

and similarly

Sf (φ(P )||φ(Q)) = (f(1)− α) trφ(P )φ(Q) + α.

By (1.10) one has f(1)− α 6= 0 and it follows that

trφ(P )φ(Q) = trPQ.

This means that the restriction of φ to P1(H) preserves the transition prob-
ability. The non-surjective version of Wigner’s theorem (Theorem 0.2) de-
scribes the structure of all such maps. Since H is finite dimensional, we
obtain that there exists either a unitary or an antiunitary operator U on H
such that

φ(P ) = UPU∗, P ∈ P1(H).

Consider the transformation ψ : S(H)→ S(H) defined by

ψ(A) = U∗φ(A)U, A ∈ S(H).

It is clear that this map preserves the quantum f -divergence and has the
additional property that it acts as the identity on P1(H). Define the function
f2 : [0,∞[→ R by

f2(x) =

{
xf
(

1
x

)
, x > 0

α, x = 0.

Let A ∈ S(H) be fixed and Q ∈ P1(H) be arbitrary. Using (1.3), we easily
have

Sf (Q||A) = trQf2(A)

and similarly
Sf (Q||ψ(A)) = trQf2(ψ(A)).

By the properties of ψ, the left-hand sides of the above equalities coincide,
therefore

tr f2(ψ(A))Q = tr f2(A)Q

holds for every rank-one projectionQ onH , which implies that f2(ψ(A)) =
f2(A). Observe that f2(x) = f1(1/x) (x > 0). Since f1 is clearly injective,
so is f2 on ]0,∞[. Moreover, by (1.9) we have f1(x) < α (x > 0) and then
we obtain that f2 is injective on the whole interval [0,∞[. It then follows
that

A = ψ(A) = U∗φ(A)U, A ∈ S(H)

and this completes the proof in CASE I.



Proofs 17

CASE II. We now assume that α is infinite. The basic strategy of the ar-
gument below is close to that of the proof of [57, Theorem]. However, due
to the fact that here we consider general divergences, we necessarily face
many problems which are of different levels of difficulties. Although at
some parts in our argument we may directly refer to parts of the proof of
[57, Theorem], for the sake of understandability, readability and complete-
ness we present practically all necessary details. As mentioned before the
formulation of Theorem, the possibility α = −∞ is ruled out by the con-
vexity of the function f . Therefore, α = ∞. We show that φ preserves the
rank, i.e. for any A ∈ S(H) the rank of φ(A) equals the rank of A. In order
to see it, let A,B ∈ S(H) be arbitrary. Using (1.3) it is easy to check that
Sf (A||B) <∞ holds if and only if suppA ⊂ suppB. It follows that

suppφ(A) ⊂ suppφ(B)⇐⇒ suppA ⊂ suppB

and next that

(1.11) suppφ(A) ( suppφ(B)⇐⇒ suppA ( suppB.

Observe that the rank of A is k if and only if there is a strictly increasing
chain (with respect to inclusion) of supports of n density operators on H
such that its kth element is suppA. Using this characterization and (1.11)
we see that φ leaves the rank of operators invariant. In particular

(1.12) φ(P1(H)) ⊂ P1(H).

We next verify that φ is injective. Indeed, it is an immediate conse-
quence of the following assertion. For any A,B ∈ S(H) we have f(1) ≤
Sf (A‖B) and equality appears if and only if A = B. For the proof, it is
clear that if the support of A is not contained in that of B, then this inequal-
ity holds and it is strict. Otherwise we have

Sf (A‖B) =
∑

a∈σ(A)

∑
b∈σ(B)\{0}

(b trPaQb)f
(a
b

)
.

Observe that the numbers b trPaQb are nonnegative for all a ∈ σ(A), b ∈
σ(B)\{0} and their sum is 1. Thus, by the convexity of f it follows easily
that

(1.13) f(1) = f

 ∑
a∈σ(A)

∑
b∈σ(B)\{0}

b
a

b
trPaQb

 ≤ Sf (A‖B)

and this yields the desired inequality. Moreover, since f is strictly convex,
in the above inequality we have equality exactly when for any a ∈ σ(A) and
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b ∈ σ(B)\{0} satisfying b trPaQb > 0, the value a/b is constant. Since
the sum of the numbers b(a/b) trPaQb over such values of a and b equals
1, we get that this constant is 1. By the previous observations we easily
obtain that for any a ∈ σ(A) and b ∈ σ(B)\{0} at least one of the relations
a = b, PaQb = 0 must hold. One can simply check that under the condition
suppA ⊂ suppB which we have supposed above, the latter property is
equivalent to the equality A = B. We conclude that φ is injective.

We derive a formula which will be used several times in the rest of the
proof. Define the function f3 : ]0,∞[→ R by

f3(x) = xf

(
1

x

)
= f1

(
1

x

)
, x > 0,

where f1 is the function that has appeared in (1.8). Easy computation shows
that for any A ∈ S(H) and P ∈ P1(H) with suppP ⊂ suppA we have

(1.14) Sf (P ||A) = trP |suppAf3(A|suppA).

In the next part of our argument H is assumed to be 2-dimensional. We
claim that for any A ∈ S(H) we have

[minσ(A),maxσ(A)] ⊂ [minσ(φ(A)),maxσ(φ(A))]

meaning that φ can only enlarge the convex hull of the spectrum of the
elements of S(H). To verify this property, first observe that by (1.12) the
inclusion above holds for all A ∈ P1(H). Now pick a rank-two operator
A ∈ S(H) and set λ = maxσ(A) ∈ [1/2, 1[. Then there are mutually
orthogonal projections P,Q ∈ P1(H) such that A = λP + (1 − λ)Q.
Applying (1.14) we easily get that for any R ∈ P1(H)

(1.15) Sf (R||A) = f3(λ) trRP + f3(1− λ) trRQ.

We have seen that f1 is strictly increasing, so f3 is strictly decreasing and
thus f3(λ) ≤ f3(1−λ). It follows that asR runs through the set P1(H), the
quantity Sf (R||A) runs through [f3(λ), f3(1− λ)]. Similarly, we infer that
for any R ∈ P1(H) the number Sf (φ(R)‖φ(A)) belongs to [f3(µ), f3(1−
µ)], where µ = maxσ(φ(A)). Since φ preserves f -divergence, we obtain
that

f3(µ) ≤ f3(λ) ≤ f3(1− λ) ≤ f3(1− µ).

Due to the fact that f3 is strictly decreasing this implies

minσ(φ(A)) ≤ minσ(A) ≤ maxσ(A) ≤ maxσ(φ(A))

which verifies our claim.
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In the most crucial part of the proof that follows we show that φ
(

1
2I
)

=
1
2I . Assume on the contrary that there is a number λ1 ∈]1/2, 1[ and mutu-
ally orthogonal projections P1, Q1 ∈ P1(H) such that

(1.16) φ

(
1

2
I

)
= λ1P1 + (1− λ1)Q1.

By (1.15) for any R ∈ P1(H) one has Sf
(
R
∥∥1

2I
)

= f3

(
1
2

)
and then we

deduce that

(1.17)
f3

(
1

2

)
= Sf

(
φ(R)

∥∥∥∥φ(1

2
I

))
= f3(λ1) trφ(R)P1

+f3(1− λ1) trφ(R)Q1.

Because 1 = trφ(R) = trφ(R)P1 + trφ(R)Q1, this gives us that f3

(
1
2

)
is a convex combination of f3(λ1) and f3(1 − λ1). Since these two latter
numbers are different (f3 is strictly decreasing), we infer that trφ(R)P1 has
the same value for any R ∈ P1(H) and the same holds for trφ(R)Q1, too.
We next prove that

(1.18) trφ(R)P1 > trφ(R)Q1.

To this end, we first show that f3 is strictly convex. According to [64,
Lemma 1.3.2], a real-valued function g defined on an interval J is strictly
convex if and only if for any elements x1 < x2 < x3 in J we have

det

 1 x1 g(x1)
1 x2 g(x2)
1 x3 g(x3)

 > 0.

It is easy to check that for any positive reals x1 < x2 < x3 we have

1

x1x2x3
det

 1 x1 f3(x1)
1 x2 f3(x2)
1 x3 f3(x3)

 = det

 1 1/x3 f(1/x3)
1 1/x2 f(1/x2)
1 1/x1 f(1/x1)


and the latter number is positive due to the strict convexity of f . This
proves that f3 is also strictly convex. Using that property and the fact
that f3 is strictly decreasing, referring to (1.17) one can verify in turn that
trφ(R)P1 6= 1

2 and then that trφ(R)P1 > 1
2 . Therefore, we obtain that

trφ(R)P1 > trφ(R)Q1. In fact, in any representation of f3

(
1
2

)
as a con-

vex combination of f3(t) and f3(1 − t) (t ∈]1/2, 1[), the coefficient of the
former term is greater than the coefficient of the latter one.
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Now choose unit vectors u and v from the ranges of P1 and Q1. It is
easy to check that the matrix of an element of P1(H) with respect to the
basis {u, v} is of the form(

a ε
√
a(1− a)

ε
√
a(1− a) 1− a

)
,

where a ∈ [0, 1] and ε ∈ C with |ε| = 1. It follows from what we have
observed above that when R runs through the set P1(H), the number a =
trφ(R)P1 in the matrix representation of φ(R) remains constant, and since
f3 is clearly injective, a is different from the numbers 0, 1. Now we can
rewrite (1.17) in the form

(1.19) af3(λ1) + (1− a)f3(1− λ1) = f3

(
1

2

)
.

Next let us consider φ
(
φ
(

1
2I
))

. We have

φ

(
φ

(
1

2
I

))
= λ2P2 + (1− λ2)Q2,

for some 1
2 ≤ λ2 < 1 and mutually orthogonal elements P2, Q2 of P1(H).

In fact, as φ can only enlarge the convex hull of the spectrum and λ1 >
1
2 , it

follows that λ2 >
1
2 . Pick an arbitrary rank-one projection R on H and set

R2 = φ(φ(R)). Since φ preserves Sf (.‖.), by (1.17) we have

(1.20)

f3

(
1

2

)
= Sf

(
φ(φ(R))

∥∥∥∥φ(φ(1

2
I

)))
= Sf (R2‖λ2P2 + (1− λ2)Q2)

= f3(λ2) trR2P2 + f3(1− λ2) trR2Q2.

Here λ2 >
1
2 is fixed. Since we have trR2P2 + trR2Q2 = 1, it follows just

as above that the numbers trR2P2 and trR2Q2 are also fixed, they do not
change when R varies. Moreover, we necessarily have

(1.21) trR2P2 > trR2Q2.

Consider a unit vector from the range of P2. Let x, y be its coordinates with
respect to the basis {u, v} appearing in the previous paragraph. It is easy to
see that the representing matrix of P2 is(

x
y

)(
x
y

)t
,
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where t denotes the transposition. Moreover, since R2 is a rank-one pro-
jection which is the image (under φ) of a rank-one projection, its matrix
representation is of the form(

a ε
√
a(1− a)

ε
√
a(1− a) 1− a

)
,

where a is the same as in (1.19), and ε ∈ C with |ε| = 1 may vary. We have

trR2P2 = tr

[(
a

√
a(1− a)ε√

a(1− a)ε 1− a

)(
x
y

)(
x
y

)t]
.

Elementary computations show that the latter quantity equals

axx+
√
a(1− a)εxy +

√
a(1− a)εxy + (1− a)yy =

a|x|2 + (1− a)|y|2 + 2
√
a(1− a)<(εxy).

As we have already noted, the value of trR2P2 does not change when R
varies and a is also constant. Therefore, we obtain that the value of

a|x|2 + (1− a)|y|2 + 2
√
a(1− a)<(εxy)

is constant for infinitely many values of ε (by the injectivity of φ we see
that R2 runs through a set of continuum cardinality, so there is such a large
set for the values of ε, too). It follows that <(εxy) is constant for infinitely
many values of ε which clearly implies that xy = 0. Therefore, the column
vector (

x
y

)
is a scalar multiple of (

1
0

)
or
(

0
1

)
.

Obviously, this can happen only when P2 = P1 or P2 = Q1. Using the fact
that R2 is the image of a rank-one projection under φ, it follows from (1.18)
that

(1.22) trR2P1 > trR2Q1.

Therefore the equality P2 = Q1 is excluded due to (1.21). Consequently,
P2 = P1 and Q2 = Q1 and hence we obtain

(1.23) φ

(
φ

(
1

2
I

))
= λ2P1 + (1− λ2)Q1.



22 Quantum f -divergences preserving maps on density operators

From (1.20) we have

f3(λ2) trR2P1 + f3(1− λ2) trR2Q1 = f3

(
1

2

)
.

On the other hand, referring to the preceding paragraph we see that

trR2P1 = a and trR2Q1 = 1− a,

thus it follows that

(1.24) af3(λ2) + (1− a)f3(1− λ2) = f3

(
1

2

)
.

We assert that the equation

(1.25) af3(λ) + (1− a)f3(1− λ) = f3

(
1

2

)
has at most two solutions in ]0, 1[. Indeed, consider the function

λ 7→ af3(λ) + (1− a)f3(1− λ), λ ∈]0, 1[.

Since f3 is strictly convex, the same holds for this function, too. Therefore
it is obvious that it cannot take the same values at three different places.
Hence (1.25) does not have three different solutions in ]0, 1[. But by (1.19)
and (1.24) λ1, λ2 and clearly 1

2 too are solutions. Since λ2 ≥ λ1 >
1
2 , it

then follows that λ2 = λ1 and referring to (1.16) and (1.23) we see that
φ
(
φ
(

1
2I
))

= φ
(

1
2I
)
. Since φ is injective, this gives us that φ

(
1
2I
)

= 1
2I .

Therefore, φ sends 1
2I to itself.

Now let 1
2I 6= A ∈ S(H) be a rank-two operator and denote by λ ∈]1/2, 1[

its maximal eigenvalue. We assert that σ(φ(A)) = σ(A). Let f4 : ]0, 1[→ R
be the function defined by

f4(x) =
f(2x) + f(2(1− x))

2
, x ∈]0, 1[.

Using the formula (1.3) we obtain Sf
(
A
∥∥1

2I
)

= f4(λ) and, similarly,

Sf

(
φ(A)

∥∥∥∥1

2
I

)
= f4(λ′),

where λ′ = maxσ(φ(A)) > 1
2 . Since φ preserves the f -divergence and

sends 1
2I to itself, it follows that Sf

(
φ(A)

∥∥1
2I
)

= Sf
(
A
∥∥1

2I
)
, and hence

that f4(λ) = f4(λ′). We have that f4 is strictly convex and symmetric with
respect to the middle point 1

2 of its domain. By elementary properties of
convex functions this implies that the restriction of f4 to ]1/2, 1[ is strictly
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increasing. We necessarily obtain that λ = λ′ and this yields that the spec-
trum of A coincides with that of φ(A). Therefore, φ is spectrum preserving.

Select mutually orthogonal projections P,Q ∈ P1(H) and pick a num-
ber λ ∈]1/2, 1[. Consider the operator B = λP + (1 − λ)Q. By the spec-
trum preserving property of φ we can choose another pair P ′, Q′ ∈ P1(H)
of mutually orthogonal projections such that φ(B) = λP ′+ (1− λ)Q′. We
have learnt before that when R runs through the set of all rank-one projec-
tions, the quantity Sf (R||B) runs through the interval [f3(λ), f3(1 − λ)].
Using the equation (1.15) we easily see that Sf (R‖B) = f3(λ) if and only
if trRP = 1 which holds exactly when R = P . Therefore, we obtain

R = P ⇐⇒ Sf (R‖B) = f3(λ)⇐⇒ Sf (φ(R)‖φ(B)) = f3(λ)

⇐⇒ Sf (φ(R)‖λP ′ + (1− λ)Q′) = f3(λ)⇐⇒ φ(R) = P ′.

This gives us that φ(P ) = P ′ and then we also obtain φ(Q) = Q′. Conse-
quently, φ preserves the orthogonality between rank-one projections. More-
over, we have

(1.26) φ(B) = φ(λP + (1− λ)Q) = λφ(P ) + (1− λ)φ(Q).

Next, we show that φ preserves also the nonzero transition probability
between rank-one projections. Let P and R be different rank-one projec-
tions which are not orthogonal to each other. Choose a rank-one projection
Q which is orthogonal to P . Pick λ ∈]1/2, 1[. On the one hand, we have

Sf (R‖λP + (1− λ)Q) = f3(λ) trRP + f3(1− λ) · trRQ
and on the other hand, by (1.26), we compute

Sf (R‖λP + (1− λ)Q) = Sf (φ(R)‖λφ(P ) + (1− λ)φ(Q))

= f3(λ) trφ(R)φ(P ) + f3(1− λ) trφ(R)φ(Q).

Comparing the right-hand sides, we infer

trRP = trφ(R)φ(P ).

Consequently, φ preserves the transition probability between rank-one pro-
jections.

Above we have supposed that H is two-dimensional. Assume now that
H is an arbitrary finite dimensional Hilbert space and φ : S(H) → S(H)
is a transformation which preserves the f -divergence. We show that φ pre-
serves the transition probability between rank-one projections in this case
too. In fact, we can reduce the general case to the previous one. To see this,
first let H2 be a two-dimensional subspace of H and A0 ∈ S(H) be such
that suppA0 = H2. Set H ′2 = suppφ(A0). Since φ preserves the rank,
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H ′2 is also two-dimensional. By what we have learnt at the beginning of the
proof in CASE II, φ maps any element of S(H) whose support is included
inH2 to an element of S(H) whose support is included inH ′2. In that way φ
gives rise to a transformation φ0 : S(H2) → S(H ′2) which preserves the f -
divergence. Consider a unitary operator V : H ′2 → H2. The transformation
V φ0(.)V ∗ maps S(H2) into itself and preserves the f -divergence. We have
already seen that such a transformation necessarily preserves the transition
probability between rank-one projections which implies that the same holds
for φ0 as well. Since for any two rank-one projections P,Q there exists
a rank-two element A0 ∈ S(H) such that suppP, suppQ ⊂ suppA0, it
follows that we have

trPQ = trφ(P )φ(Q).

By the non-surjective version of Wigner’s theorem we infer that there is
either a unitary or an antiunitary operator U on H such that

φ(P ) = UPU∗, P ∈ P1(H).

Define the map ψ : S(H) → S(H) by ψ(A) = U∗φ(A)U (A ∈ S(H)). It
is clear that ψ preserves Sf (.‖.) and it acts as the identity on P1(H). Let
A ∈ S(H). Since ψ leaves the quantum f -divergence invariant, it preserves
the inclusion between the supports of elements of S(H) (see the first part of
the proof in CASE II). This implies that for every rank-one projection P on
H we have

suppP ⊂ suppA⇐⇒ suppP ⊂ suppψ(A).

We easily obtain that suppA = suppψ(A). Let P be an arbitrary rank-one
projection which satisfies suppP ⊂ suppA = suppψ(A). Using (1.14)
and the equality Sf (P ||ψ(A)) = Sf (P ||A) we deduce that

trPf3(ψ(A)) = trPf3(A).

It follows that f3(ψ(A)) equals A on suppA. Using the injectivity of f3 we
can infer that ψ(A) = A and next that φ(A) = UAU∗. This completes the
proof of the theorem. �
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Maps on positive definite matrices preserving
generalized distance measures

2.1. Introduction and statement of the results

Motivated by former results on the structure of surjective isometries of
spaces of positive definite matrices obtained in the paper [62], in the present
chapter we study so-called generalized distance measures which are param-
eterized by unitarily invariant norms and continuous real functions satisfy-
ing certain conditions. In the present chapter we determine the structure of
all transformations on the space of all positive definite matrices that preserve
not only a true metric, but a given generalized distance measure. Among
the many possible applications, we emphasize that using our new result it is
easy to describe the surjective maps of the set of positive definite matrices
that preserve the Stein’s loss or several other types of divergences. We also
present results concerning similar preserver transformations defined on the
subset of all complex positive definite matrices with unit determinant. The
results of this chapter appeared in [63].

We begin with a short history of the problem we are considering in this
chapter. First of all we mention that in [62], L. Molnár has described the
structure of all surjective isometries of the space Pn of all n × n complex
positive definite matrices with respect to any element of a large family of
metrics. Those distances can be regarded as generalizations of the geodesic
distance in the natural Riemannian structure on Pn. To explain this, a few
details follow. The set Pn is an open subset of the normed linear space Hn

of all n× n Hermitian matrices, hence it is a differentiable manifold which
can naturally be equipped with a Riemannian structure as follows. For any
A ∈ Pn, the tangent space at A is identified with Hn on which we define an

25
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inner product by

〈X,Y 〉A = tr(A−1/2XA−1Y A−1/2), X, Y ∈ Hn.

Clearly, the corresponding norm is

||X||A = ||A−1/2XA−1/2||HS , X ∈ Hn,

where ||.||HS stands for the Hilbert-Schmidt norm (Frobenius norm) defined
by ||T ||2HS = tr(T ∗T ) for every element T of Mn the linear space of all
n× n complex matrices. In that way we obtain a Riemannian space whose
geometry has been investigated deeply in the literature for many reasons.
It is well known that in this space the geodesic distance δR(A,B) between
A,B ∈ Pn is

(2.1) δR(A,B) = || logA−1/2BA−1/2||HS .

That sort of distance measure appears in a more general setting, too. In fact,
in a series of papers from the 1990’s Corach and his collaborators studied the
cone of invertible positive elements in general C∗-algebras equipped with a
Finsler-type structure, see, e.g., [22], [23], [24]. They explored interesting
and important connections among geodesics, operator means and operator
inequalities. In the particular case of matrices (i.e., when the underlying
C∗-algebra is just Mn) the structure they studied is the following. At any
point A ∈ Pn, on the tangent space Hn a Finsler-type norm is given by

||X||A = ||A−1/2XA−1/2||, X ∈ Hn,

where ||.|| stands for the usual operator norm (spectral norm). The corre-
sponding shortest path distance on Pn can be computed in a way similar to
(2.1) but the Hilbert-Schmidt norm is replaced by the operator norm.

Proceeding further, we mention that in the paper [34], Fujii presented
a common extension of the above two approaches in the setting of finite
dimensional C∗-algebras. For the algebra Mn of all n×n complex matrices
this means the following. Let N be a unitarily invariant norm on Mn. For
each point A ∈ Pn and every vector X ∈ Hn define

N(X)A = N(A−1/2XA−1/2)

which gives a Finsler-type metric on the tangent space at A. Theorem 5
in [34] states that in the corresponding structure on Pn the shortest path
distance dN (A,B) between any pair A,B ∈ Pn of points is

(2.2) dN (A,B) = N(logA−1/2BA−1/2).
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In [62] L. Molnár has described the structure of all surjective isometries of
Pn with respect to any such metric dN . In the same paper another structural
result has also been presented concerning the isometries of Pn with respect
to a recently defined interesting metric originating from the so-called sym-
metric Stein divergence. The details in short are the following. For any pair
A,B ∈ Pn of positive definite matrices the Stein’s loss l(A,B) is defined
by

l(A,B) = trAB−1 − log detAB−1 − n.
The Jensen-Shannon symmetrization of l(A,B) is the quantity

SJS(A,B) =
1

2

(
l

(
A,

A+B

2

)
+ l

(
B,

A+B

2

))
which is called symmetric Stein divergence. It is easy to see that we have

SJS(A,B) = log det

(
A+B

2

)
− 1

2
log detAB, A,B ∈ Pn.

In [79] Sra has proven that the square root of SJS , i.e.,

δS(A,B) =
√
SJS(A,B), A,B ∈ Pn,

gives a true metric on Pn. (As a matter of curiosity we mention that in [19]
it was conjectured that δS not a metric, shortly after that in [18] the opposite
was claimed, and finally, Sra has shown that δS is indeed a true metric on
Pn.) In [79] he has pointed out the importance of this new distance function.
Among others, he has emphasized that δS is a useful substitute of the widely
applied geodesic distance δR, it respects a non-Euclidean geometry of a
rather similar kind, but, compared to the case of δR, the calculation of δS
is easier, it is much less time and capacity demanding which is a really
considerable advantage from the computational point of view. In [62] the
structure of all surjective isometries of the metric space (Pn, δS) has also
been determined.

This was the short history of the former results in [62] and now a few
sentences about the new results we are going to exhibit. First of all, our main
aim here is to give a far reaching and common generalization of the above
mentioned results in [62]. Our idea comes from the following observation.
The metrics dN , δS can be regarded as particular distance measures of the
form

(2.3) dN,f (A,B) = N(f(A−1/2BA−1/2)), A,B ∈ Pn,
where N is a unitarily invariant on Mn and f : ]0,∞[→ R is an appropriate
real function. We emphasize that dN,f is not a true metric in general only
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a so-called generalized distance measure. By this concept in this chapter
we mean a function d : X × X → [0,∞[ (X is any set) which has the
definiteness property (for arbitrary x, y ∈ X we have d(x, y) = 0 if and
only if x = y), but neither the symmetry of d nor the triangle inequality for
d is assumed.

In Theorem 2.1 below we determine the structure of all surjective maps
on Pn that leave dN,f (., .) invariant. To demonstrate that our new result
really extends the ones we have obtained in [62], observe that the metric dN
considered in [62] (and also defined in (2.2)) coincides with dN,log defined
in (2.3). As for δS , for any A,B ∈ Pn we have

δS(A,B)2 = SJS(A,B) = tr

(
log

Y + I

2
− 1

2
log Y

)
=∥∥∥∥log

Y + I

2
− 1

2
log Y

∥∥∥∥
1

with Y = A−1/2BA−1/2, where ‖.‖1 denotes the trace-norm on Mn. In-
deed, on the one hand, observe that (log(Y +I)/2−1/2 log Y ) is a positive
semidefinite matrix for every positive definite Y and hence its trace equals
its trace-norm. On the other hand, one can compute

tr

(
log

Y + I

2
− 1

2
log Y

)
= log det

A−1/2(B +A)A−1/2

2
− 1

2
log detB +

1

2
log detA

= log det
A+B

2
− log detA− 1

2
log detB +

1

2
log detA = SJS(A,B).

We now present our main result which is a far reaching generalization
of the mentioned structural theorems obtained in [62].

THEOREM 2.1. (Molnár, Szokol [63])
Let N be a unitarily invariant norm on Mn. Assume f : ]0,∞[→ R is a

continuous function such that

(a1) f(y) = 0 holds if and only if y = 1;
(a2) there exists a number K > 1 such that

|f(y2)| ≥ K|f(y)|, y ∈]0,∞[.

Define, as above, dN,f : Pn × Pn → [0,∞[ by

dN,f (A,B) = N(f(A−1/2BA−1/2)), A,B ∈ Pn.
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Assume that n ≥ 3. If φ : Pn → Pn is a surjective map which leaves
dN,f (., .) invariant, i.e., which satisfies

(2.4) dN,f (φ(A), φ(B)) = dN,f (A,B), A,B ∈ Pn,

then there exist an invertible matrix T ∈ Mn and a real number c such that
φ is of one of the following forms

(f1) φ(A) = (detA)cTAT ∗, A ∈ Pn;
(f2) φ(A) = (detA)cTA−1T ∗, A ∈ Pn;
(f3) φ(A) = (detA)cTAtrT ∗, A ∈ Pn;
(f4) φ(A) = (detA)cT (Atr)−1T ∗, A ∈ Pn.

Apparently, the function dN,f (., .) appearing in the theorem is a gener-
alized distance measure in the sense we introduced above.

As we have already observed, the function f in (2.4) which corresponds
to the metric dN in (2.2) is the logarithmic function while the function f
corresponding to SJS is the one defined by f(y) = log((y + 1)/(2

√
y)),

y > 0. It is easy to check that both functions have the properties (a1), (a2)
listed in the theorem (the constant K being 2 in both cases).

In what follows we point out that Theorem 2.1 applies for many other
generalized distance measures. First of all, we mention the Stein’s loss. One
can easily see that for any A,B ∈ Pn we have

l(A,B) = tr(Y −1 − log Y −1 − I) = ‖Y −1 − log Y −1 − I‖1,

where Y = A−1/2BA−1/2. The latter equality follows from the fact that the
matrix Y −1− log Y −1−I is positive semidefinite for every positive definite
Y which is the consequence of the inequality y−1− log y−1−1 ≥ 0, y > 0.
Therefore, we can write l(A,B) = dN,f (A,B), where N is the trace-norm
and f(y) = y−1 − log y−1 − 1, y > 0. One can check that this function
satisfies the conditions (a1), (a2) (with constant K = 2) in Theorem 2.1.

Beside the Jensen-Shannon symmetrization SJS of the Stein’s loss l
appearing above, in the literature they have investigated in details the so-
called Jeffrey’s Kullback-Leibler divergence defined by

SJKL(A,B) =
l(A,B) + l(B,A)

2
, A,B ∈ Pn

which represents the most natural symmetrization of the function l. The
advantages offered by this generalized distance measure (which is not a true
metric) are similar to those by SJS (more precisely, by δS): it has many
of the properties of the geodesic distance δR but its calculation does not
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require matrix eigenvalue computations, or logarithms, see [20]. It can be
easily seen that for any A,B ∈ Pn we have

SJKL(A,B) = tr

(
Y + Y −1 − 2I

2

)
=

∥∥∥∥Y + Y −1 − 2I

2

∥∥∥∥
1

,

where Y = A−1/2BA−1/2. Again, to see the last equality we note that
the matrix (Y + Y −1 − 2I)/2 is positive semidefinite for every positive
definite Y . Therefore, we can write SJKL(A,B) = dN,f (A,B), where N
is the trace-norm and f(y) = (y + y−1 − 2)/2, y > 0. Easy computations
show that f satisfies the conditions (a1), (a2) (with constant K = 2) in
Theorem 2.1.

To present further examples, we recall that in the paper [18] Chebbi
and Moakher introduced and studied a one-parameter family of divergences
which is related to the Stein’s loss. For any parameter −1 < α < 1 they
defined the so-called log-determinant α-divergence Dα

LD by

Dα
LD(A,B) =

4

1− α2
log

det
(

1−α
2 A+ 1+α

2 B
)

(detA)(1−α)/2(detB)(1+α)/2
, A,B ∈ Pn.

For α = ±1 they defined

D−1
LD(A,B) = tr(A−1B − I)− log det(A−1B), A,B ∈ Pn;

D1
LD(A,B) = tr(B−1A− I)− log det(B−1A), A,B ∈ Pn.

We clearly have

D−1
LD(A,B) = l(B,A) = ‖Y − log Y − I‖1

and
D1
LD(A,B) = l(A,B) = ‖Y −1 − log Y −1 − I‖1,

where Y = A−1/2BA−1/2. Furthermore, for −1 < α < 1, one can easily
check that

Dα
LD(A,B) =

4

1− α2
tr

(
log

(1− α)I + (1 + α)Y

2
− 1 + α

2
log Y

)
holds with Y = A−1/2BA−1/2. It can be shown by elementary calculus
that

(2.5) log

(
(1− α) + (1 + α)y

2y(1+α)/2

)
≥ 0

for all y > 0. Therefore, the matrix

log
(1− α)I + (1 + α)Y

2
− 1 + α

2
log Y
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is positive semidefinite for any positive definite Y and we obtain that Dα
LD

can be written as Dα
LD = dN,f , where N is the trace-norm and f is the

function of the real variable y that appears in (2.5). It is not difficult to check
that this f also satisfies the conditions (a1), (a2) (again, with constant K =
2). To sum up, above we have shown that the field of possible applications
of Theorem 2.1 is really large, a number of generalized distance measures
fulfill its assumptions.

Also relating to the applications of our main theorem, we must point
out that in the particular choices of the unitarily invariant norm N and real
function f , after the use of Theorem 2.1 one may need to make further steps
in order to determine the precise structure of particular distance measure
preservers. In accordance with this we present the complete structural result
for the measures we have discussed above.

THEOREM 2.2. (Molnár, Szokol [63])
Let div(., .) denote any of the functions l(., .), Dα

LD(., .), −1 < α < 1. A
surjective map φ : Pn → Pn preserves div(., .), i.e., satisfies

div(φ(A), φ(B)) = div(A,B), A,B ∈ Pn,
if and only if there exists an invertible matrix T ∈ Mn such that φ is of one
of the forms

φ(A) = TAT ∗, A ∈ Pn;
φ(A) = TAtrT ∗, A ∈ Pn.

A surjective map φ : Pn → Pn preserves SJKL(., .), if and only if there
exists an invertible matrix T ∈Mn such that φ is of one of the forms

φ(A) = TAT ∗, A ∈ Pn;
φ(A) = TA−1T ∗, A ∈ Pn;
φ(A) = TAtrT ∗, A ∈ Pn;
φ(A) = T (Atr)−1T ∗, A ∈ Pn.

The proof follows from Theorem 2.1 and from rather simple calcula-
tions hence we shall not present it.

In connection with the problem of defining the geometric mean of a
finite collection of positive definite matrices, in [53] Moakher studied the
submanifold P1

n of Pn which consists of all n× n positive definite matrices
with determinant 1. Moreover, in the paper [32] the authors examined the
same structure for its interesting connections to the space of so-called dif-
fusion tensors. In fact, they also studied the set Pcn of all positive definite
matrices with constant determinant cwhich, for any positive c, is a so-called
totally geodesic submanifold of Pn. These facts motivate us to complete our
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main result by describing the corresponding generalized distance measure
preservers also on Pcn. In fact, following the approach given in [62] we first
determine the structure of all continuous Jordan triple endomorphisms of
P1
n (i.e., continuous maps respecting the Jordan triple product ABA). Fi-

nally, in our last result we shall describe the structure of all surjective trans-
formations on P1

n which leave a given generalized distance measure dN,f
invariant.

THEOREM 2.3. (Molnár, Szokol [63])
Assume n ≥ 3. Let φ : P1

n → P1
n be a continuous map which is a Jordan

triple endomorphism, i.e., φ is a continuous map which satisfies

φ(ABA) = φ(A)φ(B)φ(A), A,B ∈ P1
n.

Then there is a unitary matrix U ∈Mn such that φ is of one of the following
forms

(g1) φ(A) = UAU∗, A ∈ P1
n;

(g2) φ(A) = UA−1U∗, A ∈ P1
n;

(g3) φ(A) = UAtrU∗, A ∈ P1
n;

(g4) φ(A) = U(Atr)−1U∗, A ∈ P1
n;

(g5) φ(A) = I, A ∈ P1
n.

The theorem immediately gives us the following structural result on the
continuous Jordan triple automorphisms of P1

n.

COROLLARY 2.4. Assume n ≥ 3. Let φ : P1
n → P1

n be a continuous Jordan
triple automorphism, i.e., a continuous bijective map which satisfies

φ(ABA) = φ(A)φ(B)φ(A), A,B ∈ P1
n.

Then φ is of one of the forms (g1)-(g4).

Our result on the form of surjective transformations of P1
n leaving a

generalized distance measure dN,f invariant reads as follows.

THEOREM 2.5. (Molnár, Szokol [63])
Let N be a unitarily invariant norm on Mn and f : ]0,∞[→ R be a contin-
uous function which satisfies the conditions (a1), (a2). Assume that n ≥ 3.
Let φ : P1

n → P1
n be a surjective map which preserves dN,f (., .), i.e., which

satisfies
dN,f (φ(A), φ(B)) = dN,f (A,B), A,B ∈ P1

n.

Then there exists an invertible matrix T with | detT | = 1 such that φ is of
one of the following forms

(h1) φ(A) = TAT ∗, A ∈ P1
n;
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(h2) φ(A) = TA−1T ∗, A ∈ P1
n;

(h3) φ(A) = TAtrT ∗, A ∈ P1
n;

(h4) φ(A) = T (Atr)−1T ∗, A ∈ P1
n.

Using this theorem one can easily obtain the structure of dN,f -preserving
surjective maps of the spaces Pcn as follows. Observe that for any dN,f -
preserving surjective map φ of Pcn and for the number λ = n

√
c, the trans-

formation ψ defined by ψ(A) = (1/λ)φ(λA), A ∈ P1
n is a dN,f -preserving

surjective map of P1
n. Hence, Theorem 2.5 applies and we have the follow-

ing corollary.

COROLLARY 2.6. LetN, f be as in the previous theorem and assume n ≥ 3
and c is a positive real number. If φ : Pcn → Pcn is a surjective map which
preserves dN,f (., .), i.e., which satisfies

dN,f (φ(A), φ(B)) = dN,f (A,B), A,B ∈ Pcn,
then there exists an invertible matrix T with | detT | = 1 such that φ is of
one of the following forms

φ(A) = TAT ∗, A ∈ Pcn;
φ(A) = λ2TA−1T ∗, A ∈ Pcn;
φ(A) = TAtrT ∗, A ∈ Pcn;
φ(A) = λ2T (Atr)−1T ∗, A ∈ Pcn,

where λ = n
√
c.

2.2. Proofs

In this section we present the proofs of our results. We begin with
some auxiliary statements. The most important one among them, Proposi-
tion 2.11, shows that on certain substructures of groups surjective transfor-
mations that preserve a given generalized distance measure d which is com-
patible with the group operation, necessarily preserve locally the so-called
inverted Jordan triple product (i.e., they respect the operation xy−1x). We
emphasize that results of this kind, which can be considered as noncommu-
tative versions of the famous Mazur-Ulam theorem (see Theorem 0.3), first
appeared in the paper [38]. In fact, below we closely follow the approach
presented in Sections 2 and 3 of that paper but here we have to make several
small modifications according to our present need.

In what follows, after a simple definition we shall exhibit statements
that are similar to Lemma 2.3 and Theorem 2.4 in [38] and then we shall
introduce conditions similar to the ones B(., .) and C(., .) in Definitions 3.2
and 3.4 in that paper. Finally, we shall obtain Proposition 2.11, a statement
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similar to Corollary 3.10 in [38] which is the basic tool in the proof of our
main result.

DEFINITION 2.7. Let X be a set and d : X ×X → [0,∞[ be any function.
We say that a map ϕ : X → X is d-preserving if

d(ϕ(x), ϕ(y)) = d(x, y)

holds for any x, y ∈ X . We say that ϕ is d-reversing if

d(ϕ(x), ϕ(y)) = d(y, x)

holds for any x, y ∈ X .

LEMMA 2.8. Let X be a set and d : X × X → [0,∞[ be an arbitrary
function. Assume ϕ : X → X is a bijective d-reversing map, b ∈ X , and
K > 1 is a constant such that

d(x, ϕ(x)) ≥ Kd(x, b), x ∈ X.
If sup{d(x, b)|x ∈ X} < ∞, then for every bijective d-reversing map
f : X → X we have d(f(b), b) = 0.

PROOF. Let

λ = sup{d(f(b), b)|f : X → X is a bijective d-reversing map}.
Then 0 ≤ λ < ∞. For an arbitrary bijective d-reversing map f : X → X ,
consider f̃ = f−1 ◦ ϕ ◦ f . Then f̃ is also a bijective d-reversing transfor-
mation and

λ ≥ d(f̃(b), b) = d(f(b), ϕ(f(b)) ≥ Kd(f(b), b).

By the definition of λ we get λ ≥ Kλ which implies that λ = 0 and this
completes the proof. �

PROPOSITION 2.9. Let X be a set, d : X × X → [0,∞[ be any function.
Let a, b ∈ X and assume that ϕ : X → X is a bijective d-reversing map
such that ϕ(b) = b and ϕ ◦ ϕ is the identity on X . We set

L = {x ∈ X|d(a, x) = d(x, ϕ(a)) = d(a, b)}.
Suppose that sup{d(x, b)|x ∈ L} < ∞ and there exists a constant K > 1
such that

d(x, ϕ(x)) ≥ Kd(x, b), x ∈ L.
If T : X → X is a bijective d-preserving map, ψ : X → X is a bijective
d-reversing map, moreover ψ(T (a)) = T (ϕ(a)) and ψ(T (ϕ(a))) = T (a)
hold, then we have

d(ψ(T (b)), T (b)) = 0.
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PROOF. Since ϕ(b) = b and ϕ is a d-reversing map, we have

d(a, b) = d(ϕ(b), ϕ(a)) = d(b, ϕ(a)),

which implies that b ∈ L. Let

L′ = {y ∈ X|d(T (a), y) = d(y, T (ϕ(a))) = d(a, b)}.

Using the bijectivity and the d-preserving property of T one can easily
check that T (L) = L′. Furthermore, in a similar way, by the bijectivity
and the d-reversing property of the maps ϕ,ψ we obtain that ϕ(L) = L and
ψ(L) = L. Consider now the transformation T̃ = T−1 ◦ψ ◦ T . Plainly, the
restrictions of the maps T̃ and ϕ to L are bijective d-reversing maps of L.
Since sup{d(x, b)|x ∈ L} < ∞, applying the previous lemma we deduce
that

0 = d(T̃ (b), b) = d(ψ(T (b)), T (b)).

�

In the following we need some notions. Let G be a group. The opera-
tion (x, y) 7→ xy−1x is called inverted Jordan triple product. A non-empty
subset X of G is called a twisted subgroup if it is closed under that oper-
ation, i.e. xy−1x ∈ X holds for every pair x, y ∈ X . We say that X is
2-divisible if for each a ∈ X the equation x2 = a has a solution x ∈ X . We
say that X is 2-torsion free if the unit element e of G belongs to X and the
equality x2 = e implies x = e.

We shall need the following technical lemma. We remark that its proof
has appeared as a part of the proof of Corollary 3.10 in [38].

LEMMA 2.10. Let X be a twisted subgroup of a group which is 2-divisible
and 2-torsion free and let c ∈ X . The only solution x ∈ X of the equation
cx−1c = x is x = c.

PROOF. Since X is 2-divisible there exists an element g ∈ X such that
g2 = c. From g2x−1g2 = x it follows that g2x−1g2x−1 = e and then
multiplying by g−1 from the left and by g from the right, we have

e = gx−1g2x−1g = (gx−1g)2.

By the 2-torsion free property ofX we deduce that gx−1g = e. This implies
x−1 = g−2 and hence x = g2 = c. �

We next introduce some conditions for a pair a, b of elements that be-
long to a twisted subgroup of a group. We shall use them in the next propo-
sition.
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Let X be a twisted subgroup of a group G, let d : X × X → [0,∞[
be any function and pick a, b ∈ X . We say that the pair a, b satisfies the
condition

(b1) if the equality

d(bx−1b, by−1b) = d(y, x)

holds for any x, y ∈ X;
(b2) if sup{d(x, b)|x ∈ La,b} <∞, where

La,b = {x ∈ X|d(a, x) = d(x, ba−1b) = d(a, b)};

(b3) if there exists a constant K > 1 such that

d(x, bx−1b) ≥ Kd(x, b), x ∈ La,b;

(b4) if there exists an element c ∈ X with ca−1c = b such that

d(cx−1c, cy−1c) = d(y, x)

holds for any x, y ∈ X .
Now we present our basic tool in the proof of Theorem 2.1.

PROPOSITION 2.11. LetG be a group andX ⊂ G a twisted subgroup which
is 2-divisible and 2-torsion free. Assume that the function d : X × X →
[0,∞[ is a generalized distance measure, i.e., it has the property that for
any x, y ∈ X we have d(x, y) = 0 if and only if x = y. Let T : X → X be
a surjective d-preserving map. Pick a, b ∈ X such that the pair a, b satisfies
the conditions (b1)-(b3) and the pair T (a), T (ba−1b) satisfies the condition
(b4). Then we have

T (ba−1b) = T (b)T (a)−1T (b).

PROOF. First observe that any d-preserving function is automatically
injective. Let ϕ(x) = bx−1b for every x ∈ X . Then ϕ is a bijective
d-reversing map on X and it satisfies the conditions appearing in Proposi-
tion 2.9, i.e., it fixes b and ϕ ◦ ϕ is the identity. Since (b4) holds for the pair
T (a), T (ba−1b), there exists an element c ∈ X such that

(2.6) cT (a)−1c = T (ba−1b)

and d(cx−1c, cy−1c) = d(y, x) holds for all x, y ∈ X . Let the map
ψ : X → X be defined by ψ(x) = cx−1c for every x ∈ X . Clearly, ψ
is a bijective d-reversing map on X and by (2.6) we have that ψ(T (a)) =
T (ϕ(a)) and also that ψ(T (ϕ(a))) = T (a) holds. Now we are in a position
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to apply Proposition 2.9 and we get that d(ψ(T (b)), T (b)) = 0 which im-
plies T (b) = cT (b)−1c. Using Lemma 2.10 we infer that c = T (b). Finally,
by (2.6) we obtain

T (ba−1b) = T (b)T (a)−1T (b).

�

After these preliminaries we can present the proof of Theorem 2.1.

PROOF OF THEOREM 2.1. Let N, f be as in the formulation of theo-
rem and let φ : Pn → Pn be a surjective map which preserves the general-
ized distance measure dN,f (., .), i.e., assume

dN,f (φ(A), φ(B)) = dN,f (A,B), A,B ∈ Pn.

We are going to apply Proposition 2.11. To do this, we show that all con-
ditions appearing there are satisfied for Pn and for any pair A,B of its ele-
ments.

First, X = Pn is a twisted subgroup of the group of all invertible matri-
ces which is clearly 2-divisible and 2-torsion free. Next, we assert that the
equalities

(2.7)
dN,f (A−1, B−1) = dN,f (B,A);

dN,f (TAT ∗, TBT ∗) = dN,f (A,B)

hold for allA,B ∈ Pn and invertible matrix T ∈Mn. Indeed, letA,B ∈ Pn
and consider the polar decompositionB−1/2A1/2 = U |B−1/2A1/2|. We see
that |A1/2B−1/2|2 = U |B−1/2A1/2|2U∗ and then compute

dN,f (A−1, B−1) = N(f(A1/2B−1A1/2)) = N(f(|B−1/2A1/2|2))

= N(f(U∗|A1/2B−1/2|2U)) = N(U∗f(|A1/2B−1/2|2)U)

= N(f(B−1/2AB−1/2)) = dN,f (B,A).

Now, for an arbitrary invertible matrix T ∈Mn we deduce

((TAT ∗)−1/2TBT ∗(TAT ∗)−1/2)2

= (TAT ∗)−1/2TBT ∗(TAT ∗)−1TBT ∗(TAT ∗)−1/2.

For X = A−1/2BT ∗(TAT ∗)−1/2 we have

XX∗ = A−1/2BA−1BA−1/2 = (A−1/2BA−1/2)2.
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Hence, using the polar decomposition X = V |X|, we compute

(TAT ∗)−1/2TBT ∗(TAT ∗)−1/2

= ((TAT ∗)−1/2TBT ∗(TAT ∗)−1TBT ∗(TAT ∗)−1/2)1/2

= ((TAT ∗)−1/2TBA−1BT ∗(TAT ∗)−1/2)1/2

= (X∗X)1/2 = |X| = V ∗|X∗|V = V ∗(A−1/2BA−1/2)V.

It readily follows that dN,f (TAT ∗, TBT ∗) = dN,f (A,B) holds for any
A,B ∈ Pn completing the proof of (2.7).

Let us now select two arbitrary elements A,B of Pn. By (2.7), the
condition (b1) is satisfied for the pair A,B. As for condition (b2), let us
consider the setH of those elements X ∈ Pn for which we have

dN,f (A,X) = N(f(A−1/2XA−1/2))

= N(f(A−1/2BA−1/2)) = dN,f (A,B).

(Clearly, LA,B ⊂ H.) We show that the corresponding set of numbers

N(f(X−1/2BX−1/2)) = dN,f (X,B)

= dN,f (B−1, X−1) = N(f(B1/2X−1B1/2))

is bounded. Indeed, since N(f(A−1/2XA−1/2)) is constant onH and N is
equivalent to the operator norm ||.||, the set

{‖f(A−1/2XA−1/2)‖ : X ∈ H}

is bounded. It is easy to see that (a1), (a2) imply

lim
y→0

f(y), lim
y→∞

f(y) ∈ {−∞,∞}.

Then it follows easily that there are positive numbers m,M such that mI ≤
A−1/2XA−1/2 ≤ MI holds for all X ∈ H. Clearly, we then have another
pair m′,M ′ of positive numbers such that m′I ≤ X ≤ M ′I and finally
another one m′′,M ′′ such that m′′I ≤ B1/2X−1B1/2 ≤ M ′′I holds for
all X ∈ H. By continuity, f is bounded on the interval [m′′,M ′′] and this
implies that the set

{N(f(B1/2X−1B1/2)) : X ∈ H}

is bounded. We conclude that the condition (b2) is fulfilled.
Relating to condition (b3) we assert that N(f(C2)) ≥ KN(f(C))

holds for every C ∈ Pn. To see this, we recall the famous fact that any



2.2. PROOFS 39

unitarily invariant norm on Mn is induced by some symmetric gauge func-
tion on Rn. By a well-known result of Ky Fan [27], for given finite se-
quences 0 ≤ an ≤ . . . ≤ a1 and 0 ≤ bn ≤ . . . ≤ b1 of numbers we have
Φ(a1, . . . , an) ≤ Φ(b1, . . . , bn) for all symmetric gauge functions Φ on Rn
if and only if the inequality

k∑
i=1

ak ≤
k∑
i=1

bk

holds for every 1 ≤ k ≤ n. By (a2) it then follows that

(2.8) Ψ
(
|f(λ2

1)|, . . . , |f(λ2
n)|
)
≥ KΨ (|f(λ1)|, . . . , |f(λn)|) ,

where Ψ is the symmetric gauge function corresponding toN and λ1, . . . ,λn
are the eigenvalues of an arbitrary positive definite matrix C ∈ Pn. Conse-
quently, we obtain the desired inequality N(f(C2)) ≥ KN(f(C)).

Next, selecting any X ∈ Pn and setting Y = X−1/2BX−1/2, we easily
deduce that

dN,f (X,BX−1B) = N(f(X−1/2BX−1BX−1/2))

= N(f(Y 2)) ≥ KN(f(Y )) = KN(f(X−1/2BX−1/2)) = KdN,f (X,B).

Therefore, the condition (b3) is also satisfied. Consequently, all assumptions
(b1)-(b3) are fulfilled for any pair A,B ∈ Pn.

We assert that the same holds in relation with condition (b4), too. To
see this, observe that for any pair A,B ∈ Pn we can find C ∈ Pn such
that CA−1C = B. Indeed, the geometric mean of A and B, that is, the
positive definite matrix C = A1/2(A−1/2BA−1/2)1/2A1/2 is a solution of
that equation. The remaining invariance property of dN,f in (b4) has already
been verified in (2.7).

Taking all the information what we have into account, we can now apply
Proposition 2.11 and obtain that φ : Pn → Pn is a bijective map which
satisfies

φ(BA−1B) = φ(B)φ(A)−1φ(B)

for all A,B ∈ Pn. We prefer to write

φ(AB−1A) = φ(A)φ(B)−1φ(A), A,B ∈ Pn.
Consider the transformation ψ : Pn → Pn defined by

ψ(A) = φ(I)−1/2φ(A)φ(I)−1/2, A ∈ Pn.
It is easy to see that ψ is a bijective map on Pn which satisfies

ψ(AB−1A) = ψ(A)ψ(B)−1ψ(A), A,B ∈ Pn
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and has the additional property that ψ(I) = I . Substituting A = I in the
above displayed equation we obtain that ψ(B−1) = ψ(B)−1 which implies
that ψ is a Jordan triple automorphism of Pn, i.e., a bijective map satisfying

ψ(ABA) = ψ(A)ψ(B)ψ(A), A,B ∈ Pn.
We next prove that ψ is continuous in the operator norm. Clearly, ψ pre-

serves dN,f (., .) which is a consequence of the second invariance property
in (2.7). Let (Xn) be a sequence in Pn which tends to X ∈ Pn with respect
to the operator norm topology. Then X−1/2XnX

−1/2 → I , and hence

dN,f (X,Xn) = N(f(X−1/2XnX
−1/2))→ N(f(I)) = 0.

Since ψ preserves the generalized distance measure dN,f (., .), we infer that

N(f(ψ(X)−1/2ψ(Xn)ψ(X)−1/2)) = dN,f (ψ(X), ψ(Xn))→ 0.

It follows that f(ψ(X)−1/2ψ(Xn)ψ(X)−1/2) → 0 in the operator norm.
By the continuity of f and the property (a1), it is easy to verify that we
necessarily have

ψ(X)−1/2ψ(Xn)ψ(X)−1/2 → I,

i.e., ψ(Xn) → ψ(X) in the operator norm and we obtain the continuity of
ψ.

The structure of continuous Jordan triple automorphisms of Pn has been
determined in [62]. Applying Corollary 2 in that paper we have a unitary
matrix U and a scalar c 6= −1/n such that ψ is of one of the forms

(i) ψ(A) = (detA)cUAU∗, A ∈ Pn;
(ii) ψ(A) = (detA)cUA−1U∗, A ∈ Pn;

(iii) ψ(A) = (detA)cUAtrU∗, A ∈ Pn;
(iv) ψ(A) = (detA)cU(Atr)−1U∗, A ∈ Pn.

By the definition of the transformation ψ we get that φ is necessarily of one
of the forms (f1)-(f4) and the proof of the theorem is complete. �

As mentioned before, when trying to determine the precise structure of
bijective maps of Pn preserving a generalized distance measure with par-
ticular N and f , one should not stop at applying Theorem 2.1 but proceed
further and check which ones of the possibilities (f1)-(f4) and for which pa-
rameters c and T give transformations that really have the desired preserver
property (2.4). In fact, as for T , we can tell that for any invertible matrix
T ∈ Mn the map A 7→ TAT ∗ satisfies (2.4). This follows from the sec-
ond equality in (2.7). Concerning the inverse operation A 7→ A−1, there
are cases where it does not show up. In fact, by the first equality in (2.7)
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that map is dN,f -reversing, hence when dN,f is not symmetric, the inverse
is surely not dN,f -preserving. For example, this is the case with the Stein’s
loss l(., .). However, the transpose is always dN,f -preserving. Indeed, it fol-
lows from the facts that the transpose operation commutes with the inverse
operation, with the square root, with the map A 7→ f(A), and furthermore
N(Ctr) = N(C) holds for every self-adjoint matrix C. For the above rea-
sons, the mapA 7→ (Atr)−1 sometimes shows up, sometimes does not. This
is the case with the determinant function too as can be seen, for example, in
Theorem 3 in [62].

We now turn to the proof of Theorem 2.3. The structure of continuous
Jordan triple endomorphisms of Pn has been described in Theorem 1 in [62].
We are going to apply that result in the proof below.

PROOF OF THE THEOREM 2.3. Let φ : P1
n → P1

n be a continuous Jor-
dan triple endomorphism of P1

n, i.e., a continuous map which satisfies

φ(ABA) = φ(A)φ(B)φ(A), A,B ∈ P1
n.

Consider the transformation ψ : Pn → Pn defined by

ψ(A) = n
√

det(A)φ

(
A

n
√

det(A)

)
, A ∈ Pn.

One can check trivially that ψ is a Jordan triple endomorphism of Pn which
extends φ. Applying Theorem 1 in [62], it follows that there exist a unitary
matrixU ∈Mn and a real number c such that ψ is of one of the forms (i)-(iv)
appearing at the end of the previous proof, or there exist a set {P1, . . . , Pn}
of mutually orthogonal rank-one projections in Mn and a set {c1, . . . , cn}
of real numbers such that ψ is of the form

(v) ψ(A) =
∑n

i=1(detA)ciPi, A ∈ Pn.
Clearly, in this latter case ψ sends matrices with unit determinant to the
identity. This implies that φ is really of one of the forms (g1)-(g5). The
proof of the theorem is complete. �

In what remains we present the key steps of the proof of Theorem 2.5.
In fact, we use an approach very similar to the one we followed in the proof
of Theorem 2.1 above hence the details are omitted.

SKETCH OF THE PROOF OF THEOREM 2.5. Let φ : P1
n → P1

n be a sur-
jective map which preserves the generalized distance measure dN,f (., .), i.e.,
which satisfies

dN,f (φ(A), φ(B)) = dN,f (A,B), A,B ∈ P1
n.
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We claim that all conditions appearing in Proposition 2.11 are satisfied.
Clearly, the set P1

n is a 2-divisible and 2-torsion free twisted subgroup
of the group of all invertible matrices. Referring back to the proof of Theo-
rem 2.1, the invariance properties (2.7) of dN,f hold true on the set P1

n, too.
Similarly, the conditions (b1)-(b4) are satisfied for every pair A,B of ele-
ments of the subset P1

n of Pn. This means that we can apply Proposition 2.11
and we then obtain that φ is an inverted Jordan triple automorphism of P1

n,
i.e.,

φ(AB−1A) = φ(A)φ(B)−1φ(A), A,B ∈ P1
n.

Next, we consider the transformation ψ : P1
n → P1

n defined by

ψ(A) = φ(I)−1/2φ(A)φ(I)−1/2, A ∈ P1
n.

It turns to be a Jordan triple automorphism of P1
n which also preserves the

generalized distance measure dN,f . Following the argument presented in
the proof of Theorem 2.1 gives that ψ is continuous. Therefore, by Corol-
lary 2.4, we get that ψ is of one of the forms (g1)-(g4). Finally we conclude
that φ is of one of the forms (h1)-(h4) and this completes the proof. �

Finally, we note that in several applications the set of symmetric posi-
tive definite real matrices plays more important role than that of the positive
definite complex matrices. See, e.g., [53] and [32]. In accordance with
this, we remark that the main results of this chapter, Theorem 2.1 and The-
orem 2.5, along with Theorem 2.2 and Corollary 2.4, Corollary 2.6 remain
valid also in the real case. Indeed, a careful examination of our arguments
above shows that all steps in the proofs can be unaltered, the only thing we
really need to deal with is the structure of all continuous Jordan triple auto-
morphisms of the set of all n × n symmetric positive definite real matrices
(n ≥ 3). In the complex case, those transformations have been described by
Molnár in Corollary 2 in [62]. In the real case, we can follow steps similar
to the ones given in the proofs of Lemmas 5-7 and Theorem 1 in that paper.
In fact, the mentioned lemmas can be shown in the same way as in [62] (the
proof of Lemma 7 is given in [54]), but as for Theorem 1 and its Corollary
2 we need to use the result of Chan and Lim which describes the structure
of all bijective commutativity preserving linear maps on the space of n× n
symmetric real matrices [17]. Apparently, this means that in the real case
we have a structural result only for Jordan triple automorphisms and not for
all continuous Jordan triple endomorphisms.
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Surjective isometries of the space of all generalized
distribution functions

3.1. Introduction and statement of the results

In this chapter we determine the structure of surjective isometries of the
space of all (continuous) generalized probability distribution functions with
respect to the Kolmogorov-Smirnov metric. The corresponding preserver
results can be found in [61].

Motivated by the famous Banach-Stone theorem, in the paper [26] G.
Dolinar and L. Molnár have described the general forms of surjective isome-
tries of the space of all probability distribution functions with respect to the
Kolmogorov-Smirnov metric. By a distribution function here we mean a
mapping d : R → R which is monotone increasing, continuous from the
right, and has limit 0 at −∞ and 1 at ∞. We note that the set of all such
functions plays an important and fundamental role in probability theory and
statistics. Throughout the present chapter this set will be denoted by D(R).
For any two elements f and g of D(R) the Kolmogorov-Smirnov distance
between them is defined by the formula

ρ(f, g) = sup
t∈R
|f(t)− g(t)|,

which shows that it originates from the uniform norm on the Banach space
of all real-valued bounded functions of a real variable. We note that the sig-
nificance of this metric lies in its applications in the Kolmogorov-Smirnov
statistics and test.

As mentioned before in [26] the authors have determined all surjec-
tive isometries of D(R) with respect to Kolmogorov-Smirnov metric. It
turned out that similarly to the conclusion in Banach-Stone theorem the

43
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Kolmogorov-Smirnov isometries are closely related to composition oper-
ators. This result reads as follows.

THEOREM 3.1. (Dolinar, Molnár [26])
Let φ : D(R)→ D(R) be a surjective isometry with respect to the Kolmo-

gorov-Smirnov metric, i.e. assume that φ is a bijective map which satisfies
that

ρ(φ(f), φ(g)) = ρ(f, g), f, g ∈ D(R).

Then either there exists a strictly increasing bijection ϕ : R → R such that
φ is of the form

φ(f)(t) = f(ϕ(t)), t ∈ R, f ∈ D(R)

or there exists a strictly decreasing bijection ψ : R → R such that φ is of
the form

φ(f)(t) = 1− f(ψ(t)−), t ∈ R, f ∈ D(R).

Here f(t−) denotes the left limit of the distribution function f at the
point t ∈ R. AsD(R) is equipped with the metric coming from the uniform
norm the result can also be viewed as a Banach-Stone type theorem for the
function space D(R). However, we emphasize that unlike in the Banach-
Stone theorem, in Theorem 3.1 the linearity of the isometries in question
is not assumed as the underlying space is not a linear space. The key step
of the proof of Theorem 3.1 has been a metric characterization of Dirac
distribution functions (i.e. distribution functions corresponding to one point
mass measures).

In an other recent paper [58] Molnár has studied the surjective Kolmo-
gorov-Smirnov isometries of important subspaces of D(R), too. The main
result has been the description of the structure of all surjective isometries of
the spaceDc(R) of all continuous distribution functions. It reads as follows.

THEOREM 3.2. (Molnár [58])
Let φ : Dc(R) → Dc(R) be a surjective isometry with respect to the

Kolmogorov-Smirnov metric. Then either there exists a strictly increasing
bijection ϕ : R→ R such that φ is of the form

φ(f)(t) = f(ϕ(t)), t ∈ R, f ∈ Dc(R)

or there exists a strictly decreasing bijection ψ : R → R such that φ is of
the form

φ(f)(t) = 1− f(ψ(t)), t ∈ R, f ∈ Dc(R).
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Since the Dirac distribution functions are not present in the spaceDc(R),
the author has used an approach which is completely different from the ar-
gument applied in the proof of Theorem 3.1.

The aim of the present chapter is to extend Theorem 3.1 to the larger
space ∆(R) of all generalized probability distribution functions and Theo-
rem 3.2 to the set ∆c(R) of all continuous elements of ∆(R). This problem
has been raised by M. Barczy. By a generalized distribution function we
mean a function from R to [0, 1] which is monotone increasing and con-
tinuous from the right without restrictions on its limits at ±∞. Generalized
distribution functions appear naturally when one considers random variables
taking values not only in R but in the extended real line which setting proves
useful in several investigations. In fact, some practical reasons are coming
from measure theory (e.g., if one deals with extended real-valued functions,
then in Beppo Levi theorem there is no need to assume the convergence
of the series of non-negative measurable functions). Beside them we recall
serious applications in the theory of renewal processes (see [29] where the
word “defective” is used for random variables taking the value∞ with pos-
itive probability and also for the relating distribution functions) or Helly’s
fundamental theorem on the weak sequential compactness of the space of
generalized distribution functions (see, e.g., [80]) that plays an important
role in probability theory. The Kolmogorov-Smirnov metric on ∆(R) are
defined by the same formula as on D(R).

Our result that follows describes the structure of surjective Kolmogorov-
Smirnov isometries of the space of generalized distribution functions and
shows that this structure is formally the same as that of the surjective isome-
tries of D(R). Namely, any surjective isometry of ∆(R) is induced either
by a strictly increasing bijection or by a strictly decreasing bijection of R.

THEOREM 3.3. (Molnár, Szokol [61])
Let φ : ∆(R) → ∆(R) be a surjective isometry with respect to the Kolmo-

gorov-Smirnov metric. Then either there exists a strictly increasing bijection
ϕ : R→ R such that φ is of the form

φ(f)(t) = f(ϕ(t)), t ∈ R, f ∈ ∆(R)

or there exists a strictly decreasing bijection ψ : R → R such that φ is of
the form

φ(f)(t) = 1− f(ψ(t)−), t ∈ R, f ∈ ∆(R).

Now we present the extension of Theorem 3.2 to the case of the surjec-
tive isometries of ∆c(R) equipped with the Kolmogorov-Smirnov metric.
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In the continuous case we also have that the result is formally the same as
the one concerning the surjective isometries of Dc(R).

THEOREM 3.4. (Molnár, Szokol [61])
Let φ : ∆c(R)→ ∆c(R) be a surjective isometry with respect to the Kolmo-
gorov-Smirnov metric. Then either there exists a strictly increasing bijection
ϕ : R→ R such that φ is of the form

φ(f)(t) = f(ϕ(t)), t ∈ R, f ∈ ∆c(R)

or there exists a strictly decreasing bijection ψ : R → R such that φ is of
the form

φ(f)(t) = 1− f(ψ(t)), t ∈ R, f ∈ ∆c(R).

As mentioned before in the paper [58] results on the Kolmogorov-Smir-
nov isometries of the spaces of all absolute continuous or singular distribu-
tion functions have also been presented. However, since those concepts (ab-
solute continuity and singularity) are not unambiguously defined for func-
tions in ∆(R), we do not discuss the corresponding extensions of the results
in [58] for the setting of generalized distribution functions.

3.2. Proofs

In this section we are going to present the proof of Theorem 3.3 and the
sketch of the proof of Theorem 3.4.

Before the proof of Theorem 3.3, we emphasize that, as explained in
[26], every transformation which appears on the right-hand side of the two
displayed formulas appearing in Theorem 3.3 is a surjective isometry of
∆(R). The content of our result is, in fact, that the reverse statement is also
true: every surjective isometry of ∆(R) is necessarily of one of those two
forms.

PROOF OF THEOREM 3.3. The basic idea of our proof is to find a way
to deduce the statement from Theorem 3.1. All that follow are done for that
purpose.

We start with presenting a metric characterization of the constant 0 and
constant 1 functions. For any real number c ∈ [0, 1] let c denote the con-
stant c function. The closed ball with center f ∈ ∆(R) and radius r ≥ 0
is denoted by Br(f). We now assert that for any f, g ∈ ∆(R) we have that
B1/2(f) ∩ B1/2(g) is a singleton if and only if {f, g} = {0, 1}. The suffi-
ciency is obvious. To see the necessity, assume that f, g ∈ ∆(R) are such
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that B1/2(f) ∩B1/2(g) is a singleton. We distinguish some cases.
(I) If

|f(x)− g(x)| = 1, x ∈ R,
then we easily get that f = 0 and g = 1, or that f = 1 and g = 0.
(II) Suppose that there exists an x ∈ R such that |f(x)− g(x)| < 1 but for
all such x we have f(x) = g(x). This means that for every real number x
either we have |f(x)−g(x)| = 1 or we have f(x) = g(x) and there do exist
a real number x0 such that the second condition holds. In what follows, by
an identity point of f and g we mean a real number x such that f(x) = g(x)
and by an extreme point of the function h ∈ ∆(R) we mean a point x ∈ R
such that h(x) = 0 or h(x) = 1 holds. Now, if every identity point of f
and g is an extreme point of f and g, then in the present case we obtain that
every point is an extreme point of both f and g. This implies that f (and
also g) must be a Dirac distribution function, or 0, or 1. On the other hand,
if there exists an identity point of f and g where the corresponding common
value of the functions is in ]0, 1[, then one can easily verify that f = g
which obviously contradicts the fact that B1/2(f) ∩ B1/2(g) is a singleton.
We arrive at the same contradiction when both f and g are Dirac distribution
functions, and also when one of them is a Dirac distribution function and the
other one is either 0 or 1. It follows that {f, g} ⊂ {0, 1} and since f 6= g,
the desired conclusion follows in the case (II).
(III) It remains to consider the case where there exists a real number x0 such
that

|f(x0)− g(x0)| < 1 and f(x0) 6= g(x0).

Without loss of generality we may and do suppose that 0 < f(x0)−g(x0) <
1. Obviously,

h(x)
.
=
f(x) + g(x)

2
, x ∈ R

is an element of B1/2(f)∩B1/2(g). We are going to show that this function
can be modified on a short interval such that the so obtained function also
belongs to B1/2(f) ∩ B1/2(g). Since f, g and h are continuous from the
right, there exists ε > 0 such that

h(x0 + ε) < f(x0), g(x0 + ε) < h(x0),

f(x0 + ε)− 1

2
< h(x0), h(x0 + ε) < g(x0) +

1

2
.

(a) Suppose that h(x0) < h(x0 + ε). Let h1 be any generalized distribution
function with h1(x0) = h(x0) which may differ from the function h only
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on the interval [x0, x0 + ε[. From the inequalities above it follows that for
all t ∈ [x0, x0 + ε[ we have

0 < h(x0)− g(x0 + ε) ≤ h1(t)− g(t) ≤ h(x0 + ε)− g(x0) <
1

2
,

and

0 < f(x0)− h(x0 + ε) ≤ f(t)− h1(t) ≤ f(x0 + ε)− h(x0) <
1

2
,

which means that h1 ∈ B1/2(f)∩B1/2(g). Observe that there are infinitely
many such functions h1.
(b) In what follows we analyze the case where

h(x0) = h(x0 + ε).

Consider the set of all real numbers x such that x0 ≤ x and h(x0) = h(x)
(we also have f(x0) = f(x) and g(x0) = g(x)). These points form an
interval. In the case where this interval is not bounded, we have that f and
g are constant functions on [x0,∞[. It follows easily that on this interval
one can change the constant value of h to other constants such that the so
obtained functions are elements of B1/2(f) ∩B1/2(g), a contradiction.

If the interval above is bounded, then denote by x1 its supremum. If
h(x1) > h(x0), then the constant value of the function h on [x0, x1[ can be
changed to obtain different elements of B1/2(f)∩B1/2(g), a contradiction.
Assuming h(x1) = h(x0), for all δ > 0 we have that h(x1) < h(x1 + δ).
Then considering x1 in the place of x0 above, the argument in (a) applies
and it follows that there are more than one elements in the intersection of the
balls under consideration, a contradiction again. This completes the proof
of the assertion that if B1/2(f)∩B1/2(g) is a singleton, then we necessarily
have either

f = 0 and g = 1, or f = 1 and g = 0.

We proceed with the proof as follows. Since φ is an isometry we have
that

B1/2(φ(0)) ∩B1/2(φ(1)) = φ(B1/2(0) ∩B1/2(1))

which is a singleton. This implies that either φ(0) = 0 and φ(1) = 1, or
φ(0) = 1 and φ(1) = 0. Let us assume the former case, i.e. that φ fixes 0
and 1.

For any 0 ≤ a ≤ b ≤ 1 denote by ∆a,b the set

∆a,b = {g ∈ ∆(R) : lim
t→−∞

g(t) = a and lim
t→∞

g(t) = b}.
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We assert that φ maps ∆a,b onto itself. Indeed, it follows from the easy fact
that g ∈ ∆(R) is an element of ∆a,b if and only if ρ(g, 1) = 1 − a and
ρ(g, 0) = b. Observe that we obtain in particular that φ leaves all constant
functions invariant.

Now, let a < b be two fixed but arbitrary elements of [0, 1] and denote
by φa,b the restriction of the transformation φ onto the subspace ∆a,b. It is
apparent that the transformation

f 7→
φa,b((b− a)f + a)− a

b− a
, f ∈ D(R)

is a surjective isometry of D(R). It follows from Theorem 3.1 that either
there exists a strictly increasing bijection ϕa,b : R→ R such that we have

(3.1)
φa,b((b− a)f(t) + a)− a

b− a
= f(ϕa,b(t)), t ∈ R, f ∈ D(R)

or there exists a strictly decreasing bijection ψa,b : R → R such that we
have

(3.2)
φa,b((b− a)f(t) + a)− a

b− a
= 1− f(ψa,b(t)−)

for all t ∈ R and f ∈ D(R). For an arbitrary element F of ∆a,b we see
that (F − a)/(b − a) is an element of D(R). Insert this function into the
corresponding equation (3.1) or (3.2). We get

(3.3) φa,b(F )(t) = F (ϕa,b(t)), t ∈ R
or

(3.4) φa,b(F )(t) = a+ b− F (ψa,b(t)−), t ∈ R.
Recall that the numbers a and b above are fixed. Let us say that φa,b is of
type I if it is of the form (3.3) with a strictly increasing bijection ϕa,b : R→
R and let us say that φa,b is of type II if it is of the form (3.4) with a strictly
decreasing bijection ψa,b : R→ R.

Letting now a and b vary, we show that either all φa,b’s are of type I,
or all of them are of type II. To verify this, first suppose that there exists
0 < b < b′ ≤ 1 such that, for example, φ0,b is of the form (3.3), i.e.

φ0,b(f)(t) = f(ϕ0,b(t)), t ∈ R, f ∈ ∆0,b

and φ0,b′ is of the form (3.4), i.e.

φ0,b′(f)(t) = b′ − f(ψ0,b′(t)−), t ∈ R, f ∈ ∆0,b′ ,

where ϕ0,b : R → R is a strictly increasing bijection and ψ0,b′ : R → R
is a strictly decreasing bijection. Let p and p′ be arbitrary real numbers.
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We consider Dirac-type generalized distribution functions dbp ∈ ∆0,b and
db
′
p′ ∈ ∆0,b′ defined by

dbp(t) =

{
0 if t < p
b if t ≥ p and db

′
p′(t) =

{
0 if t < p′

b′ if t ≥ p′.

Suppose that b′−b < b. We see that p = p′ if and only if ρ(dbp, d
b′
p′) = b′−b.

Easy computation shows that

φ(dbp) = φ0,b(d
b
p) = db

ϕ−1
0,b(p)

and φ(db
′
p′) = φ0,b′(d

b′
p′) = db

′

ψ−1
0,b′ (p

′)
.

Since the distance between those functions must also be b′ − b, it follows
that ϕ−1

0,b(p
′) = ψ−1

0,b′(p
′) for all p′ ∈ R which is an obvious contradiction. It

is easy to see that we would arrive at a similar contradiction if we assumed
that φ0,b is of type II and φ0,b′ is of type I. It follows that φ0,b and φ0,b′

are of the same type whenever b′ − b < b. Assume now that b′ − b ≥ b.
Then one can pick a finite sequence b = b1 < b2 < . . . < bn = b′ such
that bi+1 − bi < bi holds for all i = 1, . . . , n − 1. From what we have
proved above, it follows step by step that the maps φ0,b1 , . . . , φ0,bn are all
of the same type. Therefore, we obtain that all maps φ0,b, b ∈ [0, 1] are of
the same type. (Observe that since φ leaves the constant functions invariant,
hence all φa,a, 0 ≤ a ≤ 1 are both of type I and II.) In a similar fashion one
can show that the maps φa,1, 0 ≤ a ≤ 1 are all of the same type, too. Still
using the same idea, for any 0 ≤ a ≤ b < b′ ≤ 1 one can verify that φa,b
and φa,b′ are of the same type and next that for any 0 ≤ a < a′ ≤ b the maps
φa,b and φa′,b are of the same type. From these one can easily conclude that
all maps φa,b are of the same type, namely the type of φ0,1.

However, the above argument shows not only that the types of the maps
φa,b are all the same but also that the inducing functions ϕa,b or ψa,b appear-
ing in (3.3) or (3.4) are identical for all a, b ∈ [0, 1], a ≤ b. Indeed, first
suppose that all φa,b are of type I. Let 0 < b < b′ ≤ 1. Then φ0,b is of the
form

φ0,b(f)(t) = f(ϕ0,b(t)), t ∈ R, f ∈ ∆0,b

and φ0,b′ is of the form

φ0,b′(f)(t) = f(ϕ0,b′(t)), t ∈ R, f ∈ ∆0,b′ ,

where the inducing functions ϕ0,b, ϕ0,b′ : R → R are strictly monotone
increasing bijections. Assume that b′−b < b. For the Dirac-type generalized
distribution functions dbu and db

′
u we have

ρ(dbu, d
b′
u ) = b′ − b, u ∈ R
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which implies that the distance between their images

φ(dbu) = db
ϕ−1
0,b(u)

, φ(db
′
u ) = db

′

ϕ−1
0,b′ (u)

is also b′ − b meaning that

ρ(db
ϕ−1
0,b(u)

, db
′

ϕ−1
0,b′ (u)

) = b′ − b, u ∈ R.

This gives us that ϕ−1
0,b(u) = ϕ−1

0,b′(u) holds for all u ∈ R. This yields that
the inducing functions ϕ0,b and ϕ0,b′ are identical. We can proceed exactly
as with the types. Namely, if b′ − b ≥ b, one can pick a finite sequence
b = b1 < b2 < . . . < bn = b′ such that bi+1 − bi < bi holds for all
i = 1, . . . , n − 1 and infer that the inducing functions of φ0,b1 , . . . , φ0,bn

are identical. As a consequence, we obtain that the inducing functions ϕ0,b

are the same for all b ∈ [0, 1]. In a similar fashion one can show that for
every a ∈ [0, 1] the strictly monotone increasing bijections ϕa,1 appearing
in the form of φa,1 are identical. Still using the same idea, for any 0 ≤ a ≤
b < b′ ≤ 1 one can verify that ϕa,b and ϕa,b′ are the same and next that for
any 0 ≤ a < a′ ≤ b the functions ϕa,b and ϕa′,b are identical. From these
one can easily conclude that the inducing functions of φa,b are all the same,
namely, they equal the inducing function of φ0,1. Obviously, one can follow
a similar argument in the case where all restricted maps φa,b are of type II.

Therefore, we have proved that either there exists a strictly increasing
bijection ϕ : R→ R such that

(3.5) φ(f)(t) = f(ϕ(t)), t ∈ R, f ∈ ∆(R)

or there exists a strictly decreasing bijection ψ : R→ R such that

φ(f)(t) = f−∞ + f∞ − f(ψ(t)−), t ∈ R, f ∈ ∆(R),

where f−∞ = limt→−∞ f(t) and f∞ = limt→∞ f(t). However, this latter
possibility can be ruled out easily. Indeed, consider for example the follow-
ing generalized distribution functions:

f(t) =

{
1/4 if t < 0
1/2 if t ≥ 0

and g(t) =

{
1/4 if t < 1
3/4 if t ≥ 1.

Then we have ρ(f, g) = 1/4 while the distance between φ(f) and φ(g)
would be 1/2, a contradiction. Therefore, we have verified that in the case
where φ leaves the constant functions 0, 1 invariant, the transformation φ is
necessarily of the form (3.5).

In the remains to treat the case where φ interchanges the constant func-
tions 0 and 1. Then consider the transformation Ψ : ∆(R)→ ∆(R) defined
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by Ψ(f)(t) = 1 − f((−t)−), t ∈ R, f ∈ ∆(R). It is easily seen to be
a surjective isometry of ∆(R) which interchanges 0 and 1. Therefore, the
transformation Ψ◦φ is a surjective isometry which leaves 0 and 1 invariant.
Applying the first part of the proof for this transformation, it follows that it
is of the form (3.5). Then composing by Ψ−1 = Ψ from the left, we easily
get that φ is of the second form that appears in the statement of the theorem.
The proof is complete. �

Concerning the Kolmogorov-Smirnov isometries of ∆c(R) our argu-
ment is rather similar to what we have applied in the proof of Theorem 3.3.
Namely, we try to deduce the result from the corresponding statement Theo-
rem 3.2 concerning the spaceDc(R) of all continuous distribution functions.
We only sketch the argument.

SKETCH OF THE PROOF THEOREM 3.4. Similarly to the proof of The-
orem 3.3, one can verify that B1/2(f) ∩ B1/2(g) is a singleton if and only
if {f, g} = {0, 1}. In fact, the proof of this characterization can go along
the similar lines as in the corresponding part of the proof of Theorem 3.3
with the difference that in the present case the situation is easier, several
subcases do not appear due to the continuity of functions under considera-
tion. Hence we obtain that φ either leaves the functions 0 and 1 invariant or
interchanges them. Assume that we have the former case, i.e. φ fixes 0 and
1. We can show that for arbitrary a, b ∈ [0, 1], a ≤ b the restriction φa,b of φ
onto ∆c(R) ∩∆a,b is a surjective isometry and then apply Theorem 3.2 to
deduce that either there exists a strictly increasing bijection ϕa,b : R → R
such that φa,b is of the form

(3.6) φa,b(F )(t) = F (ϕa,b(t)), t ∈ R, F ∈ ∆c(R) ∩∆a,b

or there exists a strictly decreasing bijection ψa,b : R→ R such that φa,b is
of the form

(3.7) φa,b(F )(t) = b+ a− F (ψa,b(t)), t ∈ R, F ∈ ∆c(R) ∩∆a,b.

In the case (3.6) we say that φa,b is of type I while in the case (3.7) we say
that it is of type II. In the proof of Theorem 3.3 we have employed Dirac-
type generalized distribution functions to see that either all φa,b are of type
I or all of them are of type II, and moreover, that the inducing function ap-
pearing in the forms of φa,b’s are all the same. At this point the present proof
must be a bit changed due to the fact that the Dirac-type functions are not
continuous. We argue as follows. Let 0 < b < b′ ≤ 1. Suppose, for exam-
ple, that φ0,b is of type II and φ0,b′ is of type I with inducing function ψ0,b

and ϕ0,b′ , respectively. Clearly, the former function is a strictly decreasing
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while the latter one is a strictly increasing bijection of R. Pick two arbitrary
real numbers x < y. Let x < z < y be such that b/(z − x) = b′/(y − x).
Consider the following continuous generalized distribution functions.
(3.8)

f(t) =


0 if t < x

b(t−x)
z−x if x ≤ t < z

b if z ≤ t
and g(t) =


0 if t < x

b′(t−x)
y−x if x ≤ t < y

b′ if y ≤ t,
Obviously, the distance between f and g is b′ − b. We assert that

ψ−1
0,b (y) ≤ ϕ−1

0,b′(y).

Indeed, in the opposite case there were a real number t such that

ψ−1
0,b (y) > t > ϕ−1

0,b′(y)

which would imply that y < ψ0,b(t) and y < ϕ0,b′(t). By (3.6), (3.7)
we would deduce that the distance between φ(f) and φ(g) is b′, a clear
contradiction. Therefore, we have ψ−1

0,b (y) ≤ ϕ−1
0,b′(y) for all real numbers

y which is obviously untenable by the different monotonicity properties of
ψ0,b and ϕ0,b′ . One can apply a similar argument in the case where φ0,b is of
type I and φ0,b′ is of type II. Then one can continue showing that the types of
φa,b are all the same and next that the inducing functions are also identical.
We obtain that either there exists a strictly increasing bijection ϕ : R → R
such that

(3.9) φ(f)(t) = f(ϕ(t)), t ∈ R, f ∈ ∆c(R)

or there exists a strictly decreasing bijection ψ : R→ R such that

φ(f)(t) = f−∞ + f∞ − f(ψ(t)), t ∈ R, f ∈ ∆c(R).

The second form for φ can be ruled out by choosing a pair of appropriate
simple functions as in the proof of Theorem 3.3 modified to functions like
f and g in (3.8) above. This completes the proof when φ fixes 0 and 1.

In the remaining case where φ interchanges the functions 0 and 1, we
consider the transformation Ψ on ∆c(R) defined by Ψ(f)(t) = 1− f(−t),
t ∈ R, f ∈ ∆c(R) which is a surjective isometry interchanging 0 and 1.
Composing φ by Ψ from the left we obtain a surjective isometry on ∆c(R)
which leaves 0 and 1 invariant. Applying the first part of the proof for
Ψ ◦ φ we get that it is of the form (3.9). Composing by Ψ−1 = Ψ from the
left again, we obtain the second possible form for the original map φ that
appears in the formulation of the theorem. �
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Separation by convex interpolation families

4.1. Introduction and statement of the results

In the last two chapters we are going to present some theorems concern-
ing different separation problems. That kinds of results play a crucial role
especially in the field of convex analysis [50], [78]. It is a well-known result
that if a convex and a concave function are given such that the convex func-
tion is “above” the concave one, then there exists an affine function between
them. Of course, the assumptions on convexity/concavity are sufficient but
not necessary for the existence of an affine separator. However, in [67]
Nikodem and Wąsowicz proved a nice result which gives a characterization
of those pairs of real functions that can be separated by an affine function. A
set of continuous functions defined on an interval I is called an n-parameter
Beckenbach family, if each n points of I × R (with pairwise distinct first
coordinates) can be interpolated by a unique element of the set. The aim of
the present chapter is to generalize the result of Nikodem and Wąsowicz to
this setting, i.e. to characterize such pairs of real valued functions that can
be separated by a member of a given convex Beckenbach family of order n.
The present chapter is based on the paper [14].

Assume that f, g : I → R are such that can be separated by an affine
function h : I → R. Then, as direct calculations show, for all elements x, y
of I and λ ∈ [0, 1], the following inequalities hold:

(4.1)
f
(
λx+ (1− λ)y

)
≤ λg(x) + (1− λ)g(y),

g
(
λx+ (1− λ)y

)
≥ λf(x) + (1− λ)f(y).

Due to a result of Nikodem and Wąsowicz [67], these inequalities are not
merely a consequence of the existence of an affine separator, but character-
ize the existence of such separator.

55
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Separation problems of this spirit was studied intensively by several au-
thors and in several contexts. The polynomial case is due to Wąsowicz [87]
and by Balaj and Wąsowicz [3]. Their approach is based on some selec-
tion principles of Behrend and Nikodem [8] and by Balaj and Nikodem [2].
The separation problem was solved by Nikodem and Páles [66] for so-called
two parameter interpolation families. When the parameter of the family is
arbitrary but the structure is linear, the characterization was presented by
Bessenyei and Páles [12].

Now we introduce the necessary notion which will be applied in the
present chapter.

DEFINITION 4.1. LetH be a real subset of at least n elements. A set Fn(H)
of real functions is called an n-parameter interpolation family over H , if its
members are defined onH and, for all points (x1, y1), . . . , (xn, yn) ofH×R
(with pairwise distinct first coordinates) there exists exactly one element ϕ
of Fn(H) such that

(4.2) ϕ(x1) = y1, . . . , ϕ(xn) = yn.

An n-parameter interpolation family is said to be a Beckenbach family, if
its members are continuous. A Beckenbach family of order n is denoted by
Bn(H).

Throughout this chapter, the members of an interpolation family Fn(H)
are termed briefly generalized lines. The most important subclass of inter-
polation families can be obtained via Haar systems. In fact, we shall prove
that a linear interpolation family coincides the linear hull of a suitable Haar
system.

DEFINITION 4.2. Let H be a real subset of at least n elements and let
ω1, . . . , ωn : H → R be given functions. We say that ωωω = (ω1, . . . , ωn)
is a (positive) Haar system on H if, for all elements x1 < · · · < xn of H ,

∣∣ ωωω(x1) . . . ωωω(xn)
∣∣ :=

∣∣∣∣∣∣∣
ω1(x1) . . . ω1(xn)

...
. . .

...
ωn(x1) . . . ωn(xn)

∣∣∣∣∣∣∣
(>)

6= 0.

Under a Chebyshev system we mean a Haar system of continuous functions.

The most important example for a Haar system of parameter n is the
polynomial system, that is, monomials up to degree (n − 1). Indeed, the
corresponding determinant in this case is a Vandermonde determinant and
hence nonvanishing. In fact, the polynomial system is also a Chebyshev
system.
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Obviously, the set of all linear combinations of an n-parameter Haar
system over H is an interpolation family and it will be denoted by Ωn(H).
Hence, for our convenience, the terminology “Haar system” is also used for
this linear span. In fact, identifying the vectors of functions with their linear
hull is not misleading and is widely accepted in the technical literature. Let
us mention that Haar and Chebyshev systems play an important role, some-
times indirectly, in numerous fields of mathematics; the book of Karlin and
Studden [44] contains a rich material and bibliography of the topics for the
interested reader.

Now, we are in a position to present the main result of this chapter. It
gives a characterization of those pairs of real functions that can be separated
by a generalized line belonging to a Beckenbach family which is supposed
to be closed under convex combinations. It turns out that the proper separa-
tor needs to satisfy a system of inequalities.

THEOREM 4.3. (Bessenyei, Szokol [14])
Let Bn(I) be a Beckenbach family over the real interval I which is closed

under convex combinations and f, g : I → R be given functions. Then the
following statements are equivalent:

(i) there exists h ∈ Bn(I) such that f ≤ h ≤ g;
(ii) for all u ≤ x1 < · · · < xn ≤ v of I , we have the inequalities

ϕ1(v) ≥ f(v), ψ1(v) ≤ g(v);(4.3)

and

ϕ2(u) ≥ f(u), ψ2(u) ≤ g(u),(4.4)

where ϕ1, ϕ2, ψ1, ψ2 ∈ Bn(I) are determined by the interpolation
properties

ϕ1(xk) = g(xk), ψ1(xk) = f(xk), n− k ∈ {0, . . . , n− 1} ∩ 2Z;

ϕ1(xk) = f(xk), ψ1(xk) = g(xk), n− k ∈ {0, . . . , n− 1} ∩
(
2Z + 1

)
;

ϕ2(xk) = g(xk), ψ2(xk) = f(xk), k ∈ {1, . . . , n} ∩
(
2Z + 1

)
;

ϕ2(xk) = f(xk), ψ2(xk) = g(xk), k ∈ {1, . . . , n} ∩ 2Z.

The meaning of the interpolation properties appearing in the theorem,
can be illustrated in the following expressive way. For simplicity, the sym-
bols “•” and “◦” stand for the values of f and g, respectively. Then, ϕ1 and
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ϕ2 are obtained by “→”, while ψ1 and ψ2 are obtained by “99K”.

◦

  

◦

""

◦

!!

◦

•

>>

•
xn−2

<<

•
xn−1

==

•
xn

◦

��

◦

��

◦

��

◦

•
x1

??

•
x2

??

•
x3

@@

•

If the underlying Beckenbach family is a Chebyshev system, then the
main result reduces to the next corollary. Its statement remains true also for
Haar systems [12].

COROLLARY 4.4. Let I be a real interval, f, g : I → R be two given func-
tions and assume thatωωω := (ω1,. . .,ωn) is a positive Chebyshev system over
I . Then, there exists h ∈ Ω(I) such that f ≤ h ≤ g if and only if, for all
elements x1 ≤ · · · ≤ xn+1 of I the next inequalities are satisfied:∣∣∣∣ . . . ωωω(xn−2) ωωω(xn−1) ωωω(xn) ωωω(xn+1)

. . . g(xn−2) f(xn−1) g(xn) f(xn+1)

∣∣∣∣ ≤ 0;

∣∣∣∣ . . . ωωω(xn−2) ωωω(xn−1) ωωω(xn) ωωω(xn+1)
. . . f(xn−2) g(xn−1) f(xn) g(xn+1)

∣∣∣∣ ≥ 0.

Two direct consequences of Corollary 4.4 are as follow. The first one
is the polynomial setting, the main result of [3] and [87]. For technical
convenience, we use the next concepts: if points x0 ≤ · · · ≤ xn are fixed
elements of an interval I , then denote the Vandermonde determinants built
on the system {x0, . . . , xn}\{xk} by Vk(x0, . . . , xn). Furthermore, denote
the sets (2Z)∩[0, n] and (2Z+1)∩[0, n] byN0(n) andN1(n), respectively.

COROLLARY 4.5. Let I be an interval and f, g : I → R be given functions.
Then, there exists a polynomial h of degree at most (n − 1) satisfying f ≤
h ≤ g if and only if, for all elements x0 ≤ · · · ≤ xn of I , the following
inequalities hold:∑
k∈N0(n)

f(xn−k)Vn−k(x0, . . . , xn) ≤
∑

k∈N1(n)

g(xn−k)Vn−k(x0, . . . , xn),

∑
k∈N0(n)

g(xn−k)Vn−k(x0, . . . , xn) ≤
∑

k∈N1(n)

f(xn−k)Vn−k(x0, . . . , xn).

The other direct consequence of Corollary 4.4 (and of course, also of
Corollary 4.5) is the main result of [67], which is one of the motivations of
Theorem 4.3.
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COROLLARY 4.6. Let I be an interval and f, g : I → R be given functions.
Then, there exists an affine function h : I → R if and only if, for all elements
x, y of I and λ ∈ [0, 1], the inequalities (4.1) hold.

4.2. Proofs

In this section we present the proof of Theorem 4.3 and the sketch of the
proof of Corollary 4.4. We begin with a short summary presenting the basic
steps of the proof of Theorem 4.3. Unlike the preliminary approaches, our
proof does not require selection methods, but it is based on the geometric
feature of interpolation families. The key tool is the classical Helly theorem,
one of the most important results in convex and combinatorial geometry
[85]. However, in the lack of linear structure, it cannot be applied directly.
Therefore, we shall make a “detour” according to the figure below:(

Bn(I), d
) Φ−−−−→

(
Rn, ‖ · ‖

)y y⋂
x∈I K(x) 6= ∅ Φ−1

←−−−−
⋂
x∈I K(x) 6= ∅

It turns out that a Beckenbach family can be considered as a metric space(
Bn(I), d

)
. Moreover, this metric space is Φ-homeomorphic to the Eu-

clidean space
(
Rn, ‖ · ‖

)
. Denoting the set of generalized lines that separate

the given functions at point x by K(x), one should check that
⋂
x∈I K(x)

is nonempty. Instead of this, we prove that the Φ-image of the intersec-
tion, denoted by

⋂
x∈I K(x), is nonempty. To do this, we conclude the sets

K(x) are such subsets of Rn that fulfill the conditions of Helly’s theorem.
Checking most of the conditions are quite simple; the only difficulty is to
prove that each (n + 1) member of the collection {K(x) | x ∈ I} has a
nonempty intersection. This property can be verified via constructing a ho-
motopy based on the systems of those inequalities that are involved in our
main (characterization) theorem.

To follow the above steps we need the following three lemmas. The first
one states that an interpolation family can be metrized in a quite natural way.
Let us emphasize that, in the rest of this chapter, every topological notion
about interpolation families is interpreted within this framework.

LEMMA 4.7. Let Fn(H) be an interpolation family over the setH of at least
n elements and let x1, . . . , xn be pairwise distinct elements of H . Then,
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Fn(H), d

)
is a complete metric space where

d(ϕ,ψ) := max{|ϕ(x1)−ψ(x1)|, . . . , |ϕ(xn)−ψ(xn)|}, ϕ, ψ ∈ Fn(H).

Moreover, ϕm → ϕ with respect to d if and only if ϕm → ϕ pointwise on
H .

PROOF. The properties d(ϕ,ψ) ≥ 0, d(ϕ,ψ) = d(ψ,ϕ) and d(ϕ,ϕ) =
0 are trivial. Assume d(ϕ,ψ) = 0. Then, ϕ and ψ coincide at n pairwise
distinct points of H and hence, due to the unique interpolation property,
ϕ = ψ. The triangle inequality is a direct consequence of the properties
of absolute value and of the maximum functions. The completeness of the
metric space follows from the completeness of Rn. Indeed, take a Cauchy-
sequence (ϕm) in Fn(H). Then, ϕm(xk) is a Cauchy-sequence in R for all
k = 1, . . . , n. The completeness of the reals implies that there exists values
yk such that ϕm(xk) → yk as m → ∞. Let ϕ be the unique element of
Fn(H) which is determined by the interpolation properties

ϕ(xk) = yk, (k = 1, . . . , n).

According to the construction, ϕm → ϕ with respect to d, which implies
the completeness of

(
Fn(H), d

)
. Finally, the unique interpolation property

implies, that ϕm → ϕ pointwise on H if ϕm → ϕ. �

LEMMA 4.8. If Fn(H) is an interpolation family over the setH of at least n
elements and x1, . . . , xn are pairwise distinct elements of H , then the map-
ping Φ: Fn(H) → Rn given by Φ(ϕ) =

(
ϕ(x1), . . . , ϕ(xn)

)
is a homeo-

morphism.

PROOF. The bijectivity of Φ is a straightforward consequence of the
unique interpolation property, while the continuity of Φ follows immedi-
ately from the definition of the metrics. For the continuity of Φ−1, take a
sequence ym = (ym1, . . . , ymn) in Rn that tends to y = (y1, . . . , yn) as
m → ∞. If ϕm := Φ−1(ym) and ϕ := Φ−1(y), then, by definition, for all
k = 1, . . . , n,

ϕm(xk) = ymk, and ϕ(xk) = yk.

Therefore ϕm → ϕ. This means that Φ−1(ym) → Φ−1(y) as m → ∞,
showing the desired continuity. �

LEMMA 4.9. Let H be a real subset of at least n elements. An inter-
polation family Fn(H) is linear if and only if there exists a Haar system
ωωω = (ω1, . . . , ωn) such that Fn(H) = Lin(ωωω). Moreover, there exist non-
linear interpolation families that are convex.
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PROOF. We shall concentrate only for sufficiency since the necessity is
trivial. Fix pairwise distinct elements x1, . . . , xn of H and define ωk : H →
R of Fn(H) via the interpolation properties

ωk(xl) = δkl,

where δkl stands for the Kronecker delta symbol. Our aim is to prove that
ωωω := (ω1, . . . , ωn) is a Haar system fulfilling Fn(H) = Lin(ωωω). Let ϕ be
an arbitrary element of Fn(H) and assume that ϕ(xl) = αl. Since Fn(H)
is closed under linear combinations, the function ω := α1ω1 + · · ·+ αnωn
belongs to Fn(H). On the other hand,

ω(xl) =

n∑
j=1

αjωj(xl) =

n∑
j=1

αjδjl = αl = ϕ(xl).

Consequently, due to the unique interpolation property, ω = ϕ. That is,
Fn(H) = Lin(ωωω). Finally, we have to check, that ωωω is a Haar system, in-
deed. Suppose indirectly, that there exist pairwise distinct elements t1,. . .,tn
of H such that

0 =

∣∣∣∣∣∣∣
ω1(t1) . . . ωn(t1)

...
. . .

...
ω1(tn) . . . ωn(tn)

∣∣∣∣∣∣∣ .
In this case, there exist nontrivial coefficients β1, . . . , βn such that ψ =
β1ω1 + · · · + βnωn vanishes at t1, . . . , tn. Note that ψ 6≡ 0 since ψ(xl) =
βl and there exists an index l such that βl 6= 0. Then, the points (t1, 0);
. . .; (tn, 0) can be interpolated by ψ and by the zero function, which is a
contradiction.

For the second statement, take an arbitrary set H∗ of at least (n + 1)
elements and a Haar system Fn+1(H∗) over this set. Fix x∗ ∈ H∗, define
H := H∗ \ {x∗}, and denote those elements of Fn+1(H∗) that take value 1
at x∗ by Fn(H). Then, Fn(H) is a convex interpolation family of parameter
n over H . On the other hand, Fn(H) has no linear structure since it is
not closed under multiplication by −1. (In more simple: polynomials p of
degree at most n on [0, 1] fulfilling p(−1) = 1 form a convex but nonlinear
Beckenbach family of parameter n.) �

In fact, the second statement of Lemma 4.7 can considerably general-
ized: Due to a result of Tornheim [82], uniform convergence on compact
subintervals of the domain is equivalent to the convergence of n pairwise
distinct points among generalized lines belonging to a n parameter Becken-
bach family.
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According to Lemma 4.9, linear interpolation families are linear hulls.
However, the counterpart of the lemma shows, that this is not the case if we
assume only convex-closedness. This observation guarantees that our main
result is a meaningful generalization of the earlier (linear) ones.

PROOF OF THEOREM 4.3. For simplicity, denote ϕ1 by ϕ. To verify
(i)⇒ (ii), assume indirectly that ϕ(v) < f(v). Let ε > 0 be arbitrary, and
consider the generalized line ϕε determined by the interpolation properties

ϕε(xk) = ϕ(xk) + (−1)n−kε (k = 1, . . . , n.)

By Bolzano’s theorem, and by the inequalities f ≤ h ≤ g, there exists
ξk ∈]xk, xk+1[ for all k = 1, . . . , n − 1 such that h(ξk) = ϕε(ξk). Then,
h(t) 6= ϕε(t) if t ∈ I \ {ξ1, . . . , ξn−1}. Moreover, using the conventions
ξ0 := inf I and ξn := sup I , for all x ∈]ξk−1, ξk[ and k = 1, . . . , n we have
the inequalities

(−1)n−k
(
ϕε(x)− h(x)

)
> 0.

In particular, h(v) < ϕε(v). Since ϕε → ϕ pointwise as ε → 0, there
exists some positive ε0 such that ϕ(v) < ϕε0(v) < f(v). Consequently
h(v) < f(v) follows, which contradicts to f ≤ h. The further inequalities
can be proved via similar arguments.

For the converse implication first we check that f ≤ g holds. Let v be an
element of I differing from inf(I), and fix the elements x1 < · · · < xn :=
v. Then, according to the definition of ϕ and applying the corresponding
inequality of the second assertion,

f(v) ≤ ϕ(v) = g(v)

follows. The case when u = inf(I) belongs to the interval, both the in-
equalities of (4.4) lead to f(u) ≤ g(u), which means that f is majorized by
g on the whole interval I . In particular, the subset K(x) of Bn(I), defined
by

K(x) := {ω ∈ Bn(I) | f(x) ≤ ω(x) ≤ g(x)}
is non-empty for all elements x ∈ I . Let t1, . . . , tn be fixed and pairwise
distinct elements of I , and consider the homeomorphism Φ: Bn(I) → Rn
given by

Φ(ω) :=
(
ω(t1), . . . , ω(tn)

)
.

Then, K(x) := Φ
(
K(x)

)
6= ∅ for all x ∈ I . Let y1 = (y11, . . . , y1n) and

y2 = (y21, . . . , y2n) be elements of K(x) and λ ∈ [0, 1]. Then, there exist
generalized lines ω1 and ω2 that belong to K(x) and fulfill the properties

ω1(tk) = y1k, ω2(tk) = y2k, k = 1, · · · , n.
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Define ω = λω1 + (1 − λ)ω2. Since Bn(I) is convex, ω is a generalized
line that belongs to K(x). On the other hand, ω(tk) = λy1k+(1−λ)y2k by
construction, showing that Φ(ω) = λy1 + (1− λ)y2. In other words, K(x)
is convex.

Let ym = (ym1, . . . , ymn) be a sequence in K(x) that tends to y =
(y1, . . . , yn). Then, there exist a sequence (ωm) in K(x) and an element ω
of Bn(I) such that

ωm(tk) = ymk, ω(tk) = yk.

Since ωm → ω at the points of the set {t1, . . . , tn}, ωm → ω on the whole
interval I as m→∞. In particular, limm→∞ ωm(x) = ω(x). On the other
hand, the property ωm ∈ K(x) implies

f(x) ≤ ωm(x) ≤ g(x);

passing to infinity, ω ∈ K(x) follows. That is, the set K(x) is closed.
Let x1 < · · · < xn be elements of I and take the homeomorphism

Ψ: Bn(I)→ Rn defined by the usual way

Ψ(ω) :=
(
ω(x1), . . . , ω(xn)

)
.

The closed set Ψ
(
K(x1) ∩ . . . ∩ K(xn)

)
is bounded evidently in the max-

imum norm of Rn and hence, by the Heine–Borel Theorem, is compact.
Since Φ is a homeomorphism,

K(x1) ∩ . . . ∩K(xn) = Φ
(
K(x1)

)
∩ . . . ∩ Φ

(
K(xn)

)
= Φ

(
K(x1) ∩ . . . ∩K(xn)

)
=

(
Φ ◦Ψ−1

)(
Ψ
(
K(x1) ∩ . . . ∩K(xn)

))
.

Applying the continuity of Φ ◦ Ψ−1 and the compactness of the argument
in the latter term, we get that each n member subcollection of the family
{K(x) | x ∈ I} has a compact intersection.

Finally we show, that each (n+ 1) member subcollection of the family
{K(x) | x ∈ I} has a nonempty intersection. Clearly, it is enough to check
the analogous property for the members of the family {K(x) | x ∈ I}.
Take elements x1 < · · · < xn+1 =: v of I and define the generalized
lines ϕ := ϕ1 and ψ := ψ1 as in assertion (ii). If f(v) ≤ ϕ(v) ≤ g(v) or
f(v) ≤ ψ(v) ≤ g(v) holds, then h = ϕ or h = ψ belongs to the intersection
K(x1) ∩ . . . ∩K(xn+1). In the opposite case, due to the inequalities (4.3),
ϕ(v) > g(v) andψ(v) < f(v) follow. Define the homotopyH : [0, 1]×I →
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R as the convex combination of ϕ and ψ:

H(t, x) := (1− t)ϕ(x) + tψ(x).

The convexity of Bn(I) guarantees that H(t, ·) is a generalized line for all
t ∈ [0, 1]. By Bolzano’s theorem, there exists t0 ∈]0, 1[ such that f(v) ≤
H(t0, v) ≤ g(v). In this case, h = H(t0, ·) is a generalized line belonging
to the intersection in question.

To sum up the aboves, {K(x) | x ∈ I} is such a collection of nonempty,
convex, closed subsets of Rn, in which there exist finite many sets of com-
pact intersection and each (n + 1) member subcollection has a nonempty
intersection. Helly’s Theorem guarantees, that the entire intersection⋂

{K(x) | x ∈ I}

is also nonempty. Therefore, there exists an element h of
⋂
{K(x) | x ∈ I},

which, by definition of the sets K(x), is a proper separator for f and g. �

As it turns out from the proof, inequalities (4.4) guarantee the order be-
tween f and g at the left endpoint of the domain if the endpoint belongs
to I . Similarly, the order at the right endpoint (if it makes sense) is deter-
mined by (4.3). Therefore, in case of open intervals, only one of the pairs
of inequalities is needed.

Now we turn to the sketch of the proof of Corollary 4.4.

HINT OF THE PROOF COROLLARY 4.4. Fix points x1 < . . . < xn of
I and let xn+1 := v ≥ xn be arbitrary. For our convenience, denote
the generalized line ϕ1 of the main result by ϕ. Using the representa-
tion ϕ = α1ω1 + · · · + αnωn and the interpolation properties ϕ(xn) =
g(xn), ϕ(xn−1) = f(xn−1), . . . reduce to a system of inhomogeneous lin-
ear equations with respect to α1, . . . , αn. Applying Cramer’s Rule,

αk = (−1)n−k
Df,g(x1, . . . , xn)

D(x1, . . . , xn)

where D(x1, . . . , xn) is the determinant built from the columns ωωω(x1), . . .,
ωωω(xn), and the other determinant Df,g(x1, . . . , xn) is obtained for this, re-
placing its last row by . . . , f(xn−1), g(xn). Then, rearranging the inequality
f(xn+1) ≤ ϕ(xn+1) and applying the expansion theorem of determinants,
we get the first inequality of the corollary. If the base points are not pair-
wise distinct, the inequality holds obviously. The proof of the other case is
similar. �



5

Convex separation by regular pairs

5.1. Introduction and statement of the results

As a continuation of the previous chapter we recall that similarly to the
characterization of those pairs of functions that can be separated by an affine
function, there exists a characterization of the existence of a convex sepa-
rator between two real-valued functions via single inequality. This result is
proved by Baron, Matkowski and Nikodem. On the other hand, the notion
of convexity can be generalized applying regular pairs (in other words, two
dimensional Chebyshev systems). The main goal of the present chapter is
to extend the above mentioned result to this setting. We note that results of
the present chapter are appearing in [13].

Let I be a real interval and assume that functions f, g : I → R are given
such that there exists a convex function h : I → R fulfilling f ≤ h ≤ g.
Simple calculations show, that in this case, for all elements x, y of I and
λ ∈ [0, 1], we have the inequality

(5.1) f
(
λx+ (1− λ)y

)
≤ λg(x) + (1− λ)g(y).

Surprisingly, in [6] the Authors proved that this inequality is not merely a
necessary but also a sufficient condition for the existence of a convex sepa-
rator between two given functions.

It is well-known that the notion of standard convexity can be extended
using Chebyshev systems (see, for example, [44]). The geometrical mean-
ing of the convexity notion induced by a Chebyshev system, roughly speak-
ing, is that each member of the system interpolating the function’s graph,
intersects the graph alternately. More precisely, we have the following defi-
nition:

DEFINITION 5.1. Let I be a real interval and ωωω := (ω1, . . . , ωn) be a posi-
tive Chebyshev system on I . A function f : I → R is said to be ωωω-convex if,

65
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for all elements x0 ≤ · · · ≤ xn of I , we have the inequality

∣∣∣∣∣∣∣∣∣
ω1(x0) ω1(x1) . . . ω1(xn)

...
...

. . .
...

ωn(x0) ωn(x1) . . . ωn(xn)

f(x0) f(x1) . . . f(xn)

∣∣∣∣∣∣∣∣∣ ≥ 0.

The notion of ωωω-concavity can be defined via the reversed inequality
above. Clearly, a function f is ωωω-concave if and only if (−f) is ωωω-convex.
A function ω is termedωωω-affine, if the determinant above (replacing f by ω)
vanishes. This property is equivalent to the simultaneous ωωω-convexity and
ωωω-concavity of ω; or, to the property that ω belongs to the linear hull of the
components of ωωω.

Beside the polynomial system, appearing in the previous chapter, we
note that the solution set of an nth order linear homogeneous differential
equations with constant coefficients is also a typical example for Chebyshev
systems. In this case, a function (having enough regularities) is convex with
respect to the system if and only if it satisfies the corresponding differential
inequality. For further details, consult [75] and [15].

We note that not only Chebyshev systems, but every Beckenbach family
induces a (generalized) convexity notion. Not claiming completeness, we
quote here the works of Beckenbach [7], Hopf [42], Popoviciu [77] and
Tornheim [82]. For further details, consult the introduction of [10].

Throughout this chapter by a regular pair we mean a two dimensional
positive Chebyshev system. These kinds of systems play a distinguished
role among Chebyshev systems. For instance, standard convexity is induced
by the regular pair ωωω = (1, id); another important example is the pair ωωω =
(1, exp) which generates the so-called log-convexity. The notion of relative
convexity can also be interpreted in this framework (see [64]).

Now we present the main result of this chapter, which gives a charac-
terization of the existence of an ωωω-convex separator between two given real
functions for every regular pair ωωω. It states that the characterization can be
given via a determinant inequality which is analogous to that of (5.1).

THEOREM 5.2. (Bessenyei, Szokol [13])
If ωωω = (ω1, ω2) is a regular pair on a real interval I and f, g : I → R, then
there exists an ωωω-convex function h : I → R with f ≤ h ≤ g if and only if,
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for all elements x0 ≤ x1 ≤ x2 of I ,∣∣∣∣∣∣
ω1(x0) ω1(x1) ω1(x2)
ω2(x0) ω2(x1) ω2(x2)
g(x0) f(x1) g(x2)

∣∣∣∣∣∣ ≥ 0.(5.2)

We have to note that this result appears in [12], but as a consequence of
the Baron–Matkowski–Nikodem theorem. Hence, in that approach, it can-
not be considered as a real generalization. However, some ideas presented
in [6] can be adapted into this setting with some suitable modifications.

It turns out that, just as with the standard convexity, the lower ωωω-convex
envelope of the epigraph of the “upper” function results an ωωω-convex func-
tion. To prove this property, a characterization of ωωω-convex functions is
applied. The inequality of the main result that corresponds to (5.1) guaran-
tees that the ωωω-convex envelope possesses the required separating property.
To use this inequality, the representation of ωωω-convex hulls is needed; this
representation can be given with the help of a version of the well-known
Carathéodory theorem.

Clearly, the existence of a concave separator between two given func-
tions is equivalent to the existence of a convex separator between the neg-
ative of the functions to be separated. This observation, combined with
Theorem 5.2 immediately reduces to the following result.

THEOREM 5.3. (Bessenyei, Szokol [13])
If ωωω = (ω1, ω2) is a regular pair on a real interval I and f, g : I → R, then
there exists a ωωω-concave function h : I → R with f ≤ h ≤ g if and only if,
for all elements x0 ≤ x1 ≤ x2 of I ,

(5.3)

∣∣∣∣∣∣
ω1(x0) ω1(x1) ω1(x2)
ω2(x0) ω2(x1) ω2(x2)
f(x0) g(x1) f(x2)

∣∣∣∣∣∣ ≤ 0.

Note also, that similar characterizations remain true when the convex-
ity notion is induced by two-parameter Beckenbach families [66]. The ap-
proach followed therein is analogous to that of [6] (or that of presented
here) with the difference that, instead of Carathéodory’s theorem, a result of
Kakutani is applied.

The notion of standard approximate convexity can be extended to theωωω-
convexity setting via the next definition. It is easy to see that the definition
leads to the standard one in the particular case ωωω = (1, id) and ω ≡ ε/2.
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Note that positive ωωω-affine functions always exist [9], even in the higher-
dimensional setting [44]. In the rest of this chapter, I◦ stands for the interior
of I .

DEFINITION 5.4. Let ωωω = (ω1, ω2) be a regular pair on a real interval
I and let ω be an ωωω-affine function which is positive on I◦. We say that
ϕ : I → R is approximately ωωω-convex with error term ω, if, for all elements
x0 ≤ x1 ≤ x2 of I ,

(5.4)

∣∣∣∣∣∣
ω1(x0) ω1(x1) ω1(x2)
ω2(x0) ω2(x1) ω2(x2)

(ϕ+ ω)(x0) (ϕ− ω)(x1) (ϕ+ ω)(x2)

∣∣∣∣∣∣ ≥ 0.

By well-known results [43], standard convexity is stable. That is, ap-
proximate convex functions can be decomposed to the sum of a convex and
a “small” part. Similar statement remains true for approximately ωωω-convex
functions. In fact, this result is presented in [9]. However, that proof is based
on the classical theorem; now, using Theorem 5.2, an independent approach
can be elaborated.

THEOREM 5.5. (Bessenyei, Szokol [13])
If ωωω = (ω1, ω2) is a regular pair on a real interval I and ω is an ωωω-affine
function which is positive on I◦, then ϕ : I → R is approximately ωωω-convex
with error term ω if and only if ϕ = h + ψ, where h is ωωω-convex and
|ψ(t)| ≤ ω(t) for all t ∈ I .

Those regular pairs play a specific role that contain constant functions.
The ωωω-convexity induced by this kind of pairs is called relative convexity in
the technical literature (consult, for example, [64, pp 91–96]). In particular,
multiplicative convexity can also be formulated in terms of relative convex-
ity. Let us present here first the corresponding separation and the stability
results in this context.

COROLLARY 5.6. Let I be a real interval, α : I → R be a continuous,
strictly monotone increasing function and f, g : I → R. Then, there exists a
function h : I → R satisfying f ≤ h ≤ g and, for all elements x0 ≤ x1 ≤
x2 of I the inequality

(5.5)

(
α(x2)− α(x0)

)
h(x1) ≤

(
α(x2)− α(x1)

)
h(x0)

+
(
α(x1)− α(x0)

)
h(x2)

holds, if and only if, for all x0 ≤ x1 ≤ x2 of I , we have(
α(x2)−α(x0)

)
f(x1) ≤

(
α(x2)−α(x1)

)
g(x0) +

(
α(x1)−α(x0)

)
g(x2).
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COROLLARY 5.7. Let I be a real interval, α : I → R be a continuous,
strictly monotone increasing function and ε > 0. Then, a function ϕ : I →
R satisfies the inequality(
α(x2)− α(x0)

)
ϕ(x1) ≤

(
α(x2)− α(x1)

)
ϕ(x0)

+
(
α(x1)− α(x0)

)
ϕ(x2) + 2ε

(
α(x2)− α(x0)

)
for all elements x0 ≤ x1 ≤ x2 of I if and only if there exist functions
h, ψ : I → R such that ϕ = h + ψ, where h fulfills (5.5) and ‖ψ‖ ≤ ε.
(Here ‖ · ‖ stands for the supremum norm.)

Observe, that in the standard setting, when ωωω = (1, id) Corollary 5.6
reduces to the main result of [6]; similarly, Corollary 5.7 gives the one di-
mensional particular case of the stability of classical convexity [43]. More-
over, these corollaries involve the case of log-convexity (that is, when ωωω =
(1, exp)). For some other aspects of stability, we refer to the papers Páles
[70] and Házy–Páles [39].

It can easily be checked that the pair ωωω = (cos, sin) is a regular one on
the interval ]−π/2, π/2[. This pair and the induced convexity notion is im-
portant in the study of convex curves and the behavior of analytic functions
in certain domains. For details, see [76]. As further applications, we give
examples for Theorem 5.2 and Theorem 5.5 in this setting.

COROLLARY 5.8. If I ⊂]− π
2 ,

π
2 [ is a real interval, f, g : I → R, then there

exists a (cos, sin)-convex function h : I → R with f ≤ h ≤ g if and only if,
for all λ ∈ [0, 1] and x ≤ y of I ,

sin(y−x)f
(
λx+(1−λ)y

)
≤ sin

(
λ(y−x)

)
g(x)+sin

(
(1−λ)(y−x)

)
g(y).

COROLLARY 5.9. If I ⊂] − π
2 ,

π
2 [ is a real interval, then ϕ : I → R is

approximately (cos, sin)-convex with error term ε · cos if and only if ϕ =
h + ψ, where h : I → R is (cos, sin)-convex, and ψ : I → R satisfies
|ψ(t)| ≤ ε · cos(t) for all t ∈ I .

The pair (cosh, sinh) form a regular one over arbitrary real intervals.
In this case, the analogue statements of Corollary 5.8 and Corollary 5.9 can
also be formulated, replacing the involved functions cos and sin by cosh and
sinh, respectively.

5.2. Proofs

In this section our first aim is to prove Theorem 5.2. To do this we need
three auxiliary lemmas that are applied in the proof of the main result. These
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lemmas are based on suitable generalizations of some notions of convex
geometry. In the particular setting ωωω = (1, id), the definition below leads to
usual convex combination, convex hull and convex sets of the plane.

DEFINITION 5.10. Let I be a real interval and ωωω = (ω1, . . . , ωn) be a
Chebyshev system on I . A point (x, y) of I × R is said to be the ωωω-convex
combination of some given points (x0, y0), . . . , (xm, ym) of I × R with co-
efficients λ0, . . . , λm, if the coefficients are nonnegative, and

m∑
k=0

λkωωω(xk) = ωωω(x),

m∑
k=0

λkyk = y.

If H ⊂ I × R, then the ωωω-convex hull convωωω(H) is the set of all ωωω-convex
combinations of the elements of H . We say that H is ωωω-convex, if H =
convωωω(H).

The motivation of the definition is the following. Replace the affine seg-
ments of I ×R by the ωωω-affine segments, that is, the linear hull of a regular
pair ωωω. Fix points p0 = (x0, y0) and p1 = (x1, y1). Simple calculations
show that the ωωω-affine segment joining p0 and p1 and the ωωω-convex combi-
nations of p0 and p1 coincide since their points p = (x, y) simultaneously
fulfill the same identity∣∣∣∣∣∣

ω1(x0) ω1(x) ω1(x1)
ω2(x0) ω2(x) ω2(x1)
y0 y y1

∣∣∣∣∣∣ = 0.

The first technical lemma is an analogue of the classical Carathéodory
theorem [47]. Although they are not a direct consequence of each other,
their proofs are quite similar.

LEMMA 5.11. If ωωω = (ω1, . . . , ωn) is a Chebyshev system over a real in-
terval I , H ⊂ I × R, and (x, y) ∈ convωωω(H), then there exist points
(x0, y0) . . . , (xn, yn) of H such that

(x, y) ∈ convωωω{(xk, yk) | k = 0, . . . , n}.

PROOF. Let (x, y) be an element of convωωω(H). Then, there exist non-
negative coefficients λ0, . . . , λm and elements (x0, y0), . . . , (xm, ym) ∈ H
such that

m∑
k=0

λkωωω(xk) = ωωω(x),
m∑
k=0

λkyk = y.

Without loss of generality (and for our convenience) we may assume that
m = n + 1. Our aim is to show that the parameter (n + 1) can be reduced
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to at most n. Denote the vectors (ωωω(xk), yk) and (ωωω(x), y) by ak and b, re-
spectively. Since a0, . . . , an+1 belong to the euclidean (n+ 1)-space, there
exist nontrivial scalars µ0, . . . , µn+1 such that µ0a0 + · · ·+µn+1an+1 = 0.
Multiplying both sides by an arbitrary parameter α and taking into consider-
ation the fact that b can be expressed as a linear combination of the vectors
a0, . . . , an+1, we arrive at

n+1∑
k=0

(λk − αµk)ak = b.

We may assume that there exists at least one coefficient µk which is positive.
Therefore, in particular, we can specify α as

α := min

{
λk
µk
| µk > 0

}
.

Then, λk − αµk ≥ 0, and there exists an index j such that λj − αµj = 0.
Interchanging the indices (if necessary) suppose j = n + 1. Then, b =
ν0a0 + · · ·+ νnan; that is,

n∑
k=0

νkωωω(xk) = ωωω(x),
n∑
k=0

νkyk = y,

yielding the desired reduction. �

The second technical lemma gives a characterization of functions that
are ωωω-convex with respect to a regular pair. In fact, many properties are
known that characterize these kind of functions. For details, just as for the
proof of the lemma, consult [11] or [9].

LEMMA 5.12. Let ωωω = (ω1, ω2) be a regular pair on the nonempty interval
I such that ω1 is positive on I◦. Then, h : I → R is ωωω-convex if and only
if, for all x, x1, x2 ∈ I and λ1, λ2 ≥ 0 satisfying the conditions λ1ωωω(x1) +
λ2ωωω(x2) = ωωω(x) we have that

h(x) ≤ λ1h(x1) + λ2h(x2).

Note also, that the assumption of the positivity on the first component
does not yield serious restriction [11]. Namely, every regular pair ωωω given
on an interval I can be replaced by another one denoted by ωωω∗ such that
the first member of ωωω∗ is positive on the interior of I; moreover, ωωω and ωωω∗

generate the same convexity notion.
The third technical lemma is a quite simple observation. However, its

m = 1 case has some role in the proof of the main result. This particular
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case says that if (x, y) is an ωωω-convex combination of points (x0, y0) and
(x1, y1), then x is between x0 and x1.

LEMMA 5.13. If ωωω = (ω1, ω2) is a regular pair on a real interval I and

(x, y) ∈ convωωω{(x0, y0), . . . , (xm, ym)},
then

min{x0, . . . , xm} ≤ x ≤ max{x0, . . . , xm}.

PROOF. Assume indirectly that x < min{x0, . . . , xn} where (x, y) is
the ωωω-convex combination of the points (xk, yk) with nonnegative coeffi-
cients λk. Without loss of generality, we may assume that at least one of the
coefficients is positive. Since ωωω is a special Chebyshev system, we have the
inequality ω1(x)ω2(xk) > ω1(xk)ω2(x) for all k = 0, . . . ,m. Hence

ω1(x)

m∑
k=0

λkω2(xk) > ω2(x)

m∑
k=0

λkω1(xk)

follows. On the other hand, by the definition of ωωω-convex combinations,
both sides have the common value ω1(x)ω2(x), which is a contradiction.
The indirect assumption to the other case can be treated similarly. �

Now, we are in a position to prove Theorem 5.2. For our technical
convenience, we shall use in the proof the next abbreviation:

D(u, v) :=

∣∣∣∣ ω1(u) ω2(u)
ω1(v) ω2(v)

∣∣∣∣ .
PROOF OF THEOREM 5.2. Assume h is a generalized convex separator

between f and g. Then replacing f and g in the last row of the determinant
appearing in the left-hand side of the inequality (5.2) by h, we get a lower
estimation. Moreover, the modified determinant, according to the ωωω-convex
property of h, is nonnegative.

Conversely, assume that f and g satisfy the condition of the theorem.
Substitute x = x0 = x1 and y = x2 into (5.2), and then expand the deter-
minant with respect to the third row. Then, the coefficient of g(y) vanishes;
rearranging and then simplifying the obtained inequality with the common
positive coefficient, f(x) ≤ g(x) follows. Denote the ωωω-convex hull of the
epigraph of g by A; that is,

A := convωωω{(x, y) ∈ I × R | g(x) ≤ y}.
Let (x, y) ∈ A be fixed. Applying the special case n = 2 of Lemma 5.11,
(x, y) belongs to a generalized ωωω-simplex which vertices (x0, y0), (x1, y1),
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(x2, y2) are elements of the epigraph of g:

(x, y) ∈ convωωω{(x0, y0), (x1, y1), (x2, y2)} =: Sωωω.

Define
z0 := inf{z ∈ R | (x, z) ∈ Sωωω}.

Then, z0 ≤ y and (x, z0) belongs to the boundary of Sωωω. For simplicity we
may assume that x0 < x1 < x2. Then, (x, z0) is the ωωω-convex combination
of (x0, y0) and (x2, y2). Let ω : I → R be the generalized line interpolating
these points. Then, ω = α1ω1 + α2ω2, where

α1 =
1

D(x0, x2)

∣∣∣∣ y0 ω2(x0)
y2 ω2(x2)

∣∣∣∣ ; α2 =
1

D(x0, x2)

∣∣∣∣ ω1(x0) y0

ω1(x2) y2

∣∣∣∣ .
Suppose indirectly that z0 < f(x). Since z0 = ω(x) and the determi-
nant D(x0, x2) is positive, D(x0, x2)f(x) > D(x0, x2)ω(x) follows. By
Lemma 5.13, we have x0 < x < x2 follows, which guarantees the positiv-
ity of D(x0, x) and D(x, x2). Hence, applying the representation of ω, we
arrive at

D(x0, x2)f(x) >

∣∣∣∣ y0 ω2(x0)
y2 ω2(x2)

∣∣∣∣ω1(x) +

∣∣∣∣ ω1(x0) y0

ω1(x2) y2

∣∣∣∣ω2(x)

= (ω1(x)ω2(x2)− ω2(x)ω1(x2))y0

+(ω1(x0)ω2(x)− ω2(x0)ω1(x))y2

= D(x, x2)y0 +D(x0, x)y2

≥ D(x, x2)g(x0) +D(x0, x)g(x2).

Thus ∣∣∣∣∣∣
ω1(x0) ω1(x) ω1(x2)
ω2(x0) ω2(x) ω2(x2)
g(x0) f(x) g(x2)

∣∣∣∣∣∣ < 0,

which contradicts to (5.2). Consider now the function h : I → R given by
the formula

h(x) := inf{z ∈ R | (x, z) ∈ A}.
The previous arguing shows, that h is a function, indeed. Moreover, accord-
ing to the aboves again, f ≤ h also holds, while the other inequality h ≤ g
follows immediately by the construction.
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In the rest of the proof, we shall verify theωωω-convexity of h. Let (x1, y1)
and (x2, y2) be arbitrary elements ofA, and consider a point (x, y) fulfilling
the equations

λ1ω1(x1) + λ2ω1(x2) = ω1(x),

λ1ω2(x1) + λ2ω2(x2) = ω2(x),

λ1y1 + λ2y2 = y

with nonnegative coefficients λ1, λ2. Theωωω-convexity ofA implies (x, y) ∈
A and hence h(x) ≤ y. Taking infimum in y1 and y2, we get h(x) ≤
λ1h(x1) + λ2h(x2). In view of Lemma 5.12, this implies the ωωω-convexity
of h, and the proof is completed. �

As we mentioned in the introduction the existence of a concave separa-
tor between two given functions is equivalent to the existence of a convex
separator between the negative of the functions to be separated. Therefore
we skip the proof of Theorem 5.3. Moreover, we note that Theorem 5.3 can
be proved directly, applying analogous arguments appearing in the proof of
Theorem 5.2.

Using Theorem 5.2 we are in a position to prove Theorem 5.5.

PROOF OF THEOREM 5.5. For necessity, assume thatϕ = h+ψ, where
h is ωωω-convex and |ψ(t)| ≤ ω(t) for all t ∈ I . Then, ψ + ω ≥ 0 and
ψ−ω ≤ 0. Hence, using the representation ϕ = h+ψ and theωωω-convexity
of h, we arrive at∣∣∣∣∣∣

ω1(x0) ω1(x1) ω1(x2)
ω2(x0) ω2(x1) ω2(x2)

(ϕ+ ω)(x0) (ϕ− ω)(x1) (ϕ+ ω)(x2)

∣∣∣∣∣∣ ≥∣∣∣∣∣∣
ω1(x0) ω1(x1) ω1(x2)
ω2(x0) ω2(x1) ω2(x2)
h(x0) h(x1) h(x2)

∣∣∣∣∣∣ ≥ 0.

For sufficiency, assume that ϕ is approximately ωωω-convex with error term
ω. Then, the functions f := ϕ− ω and g := ϕ+ ω satisfy (5.2) and hence
there exists an ωωω-convex separator h fulfilling f ≤ h ≤ g. In other words,
ϕ− ω ≤ h ≤ ϕ+ ω. Therefore the function ψ := ϕ− h is a proper choice
for the required decomposition. �

Among corollaries we present only the proofs of the ones concerning
relative convexity (Corollary 5.6 and Corollary 5.7).
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PROOF OF COROLLARY 5.6. The properties of α guarantee that ωωω =
(1, α) is a regular pair over I . Hence the statement immediately follows
from the definition of ωωω-convexity and Theorem 5.2, expanding the deter-
minants involved. �

PROOF OF COROLLARY 5.7. The properties of α guarantee again that
ωωω = (1, α) is a regular pair over I whose linear hull contains the positive
(constant) element ε. Simple calculations show that the inequality of the
Corollary can be written into the form (5.4) with ω ≡ ε. Hence Theorem 5.5
can be applied using the fact that |ψ(t)| ≤ ε is equivalent to ‖ψ‖ ≤ ε. �

5.3. Concluding remarks

Finally, we pose some open problems concerning theorems that appear
in the last two chapters. Firstly, we mention a problem which gives a con-
nection between the convex and affine separation problems. As we have
learnt at the beginning of Chapter 4, there exists a characterization theo-
rem for the existence of an affine separator between two given functions
[67]. This characterization is given via a double inequality (4.1). This
method works in more general settings and reduces to analogous results;
for example, as we have seen in Corollary 4.5 and Corollary 4.6, when the
convexity notion is induced by the polynomial system [87] or by an arbi-
trary Chebyshev system [3]. The paper [12] is also devoted to investigate
affine separation problems for Chebyshev systems. Denoting the column(
ω1(x), . . . , ωn(x)

)
by ωωω(x), its main result reads as follows.

THEOREM 5.14. (Bessenyei, Páles)
Let H be a real subset of at least n elements and f, g : H → R. Then, the
following statements are equivalent:

(i) There exists an ωωω-affine function ω : H → R such that f ≤ ω ≤ g;
(ii) there exists an ωωω-concave function ϕ : H → R and an ωωω-convex func-

tion ψ : H → R satisfying the inequalities f ≤ ϕ ≤ g and f ≤ ψ ≤ g;
(iii) for all elements x0 ≤ · · · ≤ xn of H ,∣∣∣∣ . . . ωωω(xn−3) ωωω(xn−2) ωωω(xn−1) ωωω(xn)

. . . g(xn−3) f(xn−2) g(xn−1) f(xn)

∣∣∣∣ ≤ 0;∣∣∣∣ . . . ωωω(xn−3) ωωω(xn−2) ωωω(xn−1) ωωω(xn)
. . . f(xn−3) g(xn−2) f(xn−1) g(xn)

∣∣∣∣ ≥ 0.

These kinds of separation theorems have a particular importance in con-
vex analysis [50]. If H = I is a real interval and the Chebyshev system is
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a regular pair, the inequalities of the third item are exactly (5.2) and (5.3).
Hence the theorem above states that the simultaneous inequalities charac-
terize the existence of an ωωω-affine separator, while, as a counterpart, The-
orem 5.2 and Theorem 5.3 show that the separated inequalities (in the two
dimensional case) are responsible for the existence of convex/concave sepa-
rations. Therefore the question arises, quite evidently, whether this phenom-
enon remains true in the general case. Till now, the answer is not known and
could be the topic of further research.

Now we present some further open problems concerning Theorem 4.3.
By a result of Nikodem and Páles it is known that if we have two parameters,
then the separation can be characterized under no further assumption on the
underlying Beckenbach family. Hence the natural question arises, if the
convex-closedness in Theorem 4.3 is redundant or not.

In fact, the main result of [12] considering affine separation problems
for Chebyshev systems remains valid also for Haar systems. This suggest
that Theorem 4.3 could be studied within the framework of interpolation
families instead of Beckenbach families.

Let us point out here to the work of Krzyszkowski. In his paper [45],
he introduced generalized convex sets of I × R using two parameter Beck-
enbach families. By Lemma 4.9 regular pairs can be considered as Becken-
bach families that are closed under linear combinations, and the generalized
convexity notion, appearing in the present chapter, is a special case to that
of due to Krzyszkowski.

The above mentioned Author also defined some stability notion and ob-
tained results [46]. However, the connection between his and our stability
notions is not direct; the clarification of this connection is over the frame-
work of the present note. The results of Krzyszkowski deeply influenced
also the paper of Nikodem and Páles [66].



Summary

The present dissertation contains results about preserver problems on
different mathematical structures and separation problems. It consists of
an introduction, five chapters, a summary (both in English and in Hungar-
ian) and a bibliography. In the introduction, we present some important
and well-known preserver results which are closely related to the theorems
appearing in the thesis. Moreover, we introduce the so-called separation
problems and we collect the fundamental theorems which give the motiva-
tion for our results on separation problems. Chapters 1-3 are dealing with
certain preserver results on different kinds of mathematical structures. In
what follows we summarize them.

In Chapter 1 we study preserver transformations on density operators
(i.e. positive operators with unit trace) that play an important role in quan-
tum information theory. To present our results we introduce some notation.
Let H be a finite dimensional Hilbert space and B(H) denote the set all
bounded linear operators acting on H . We denote by B(H)+ the cone of all
positive semi-definite operators on H . Finally, S(H) stands for the set of
all density operators. Relative entropy is a fundamental notion in quantum
information theory which has several versions. The most common one is
the Umegaki relative entropy which is defined by

S(A||B) =

{
trA(logA− logB), suppA ⊂ suppB
∞, otherwise,

for all A,B ∈ S(H). In [56] L. Molnár described the structure of all sur-
jective transformations that leave the Umegaki relative entropy invariant.
He proved that the corresponding transformations are induced by a unitary
or antiunitary operator. In Chapter 1 we show that his result remains true
without assuming that the transformation is surjective.

THEOREM. (Molnár, Szokol)
Let φ : S(H) → S(H) be a transformation which preserves the Umegaki

77
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relative entropy, i.e. which satisfies

S(φ(A)||φ(B)) = S(A||B), A,B ∈ S(H).

Then there exists either a unitary or an antiunitary operator U on H such
that φ is of the form

φ(A) = UAU∗, A ∈ S(H).

Motivated by the previous theorems in the main theorem of Chapter
1 we describe all transformations on S(H) that preserve the quantum f -
divergence with respect to an arbitrary strictly convex function f defined on
the non-negative real line. It is well-known that with a particular choice of
the function f the definition of quantum f -divergence leads to the notion
of Umegaki relative entropy. Hence, the main result gives a far-reaching
generalization of the theorem concerning the structure of all Umegaki rel-
ative entropy preserving maps. Let f : [0,∞[→ R be a function which is
continuous on ]0,∞[ and the limit

α := lim
x→∞

f(x)

x

exists in [−∞,∞]. Let A,B ∈ B(H)+ and for any λ ∈ R denote by Pλ,
respectively byQλ the projection onH projecting onto the kernel ofA−λI ,
respectively onto the kernel of B−λI . The quantum f -divergence between
A and B can be given by the formula

Sf (A||B) =
∑

a∈σ(A)

 ∑
b∈σ(B)\{0}

bf
(a
b

)
trPaQb + αa trPaQ0

 ,

where σ(.) stands for the spectrum of elements in B(H) and the convention
0 · (−∞) = 0 ·∞ = 0 is used. Now, we are in a position to present the main
result of Chapter 1.

THEOREM. (Molnár, Nagy, Szokol)
Assume that f : [0,∞[→ R is a strictly convex function and φ : S(H) →
S(H) is a transformation satisfying

Sf (φ(A)||φ(B)) = Sf (A||B), A,B ∈ S(H).

Then there is either a unitary or an antiunitary operator U on H such that
φ is of the form

φ(A) = UAU∗, A ∈ S(H).
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In Chapter 2 we substantially extend and unify former results on the
structure of surjective isometries of spaces of positive definite matrices ob-
tained in the paper [62]. The novelty in our result is that we consider not
only true metrics but so-called generalized distance measures which are pa-
rameterized by unitarily invariant norms and continuous real functions sat-
isfying certain conditions. By a generalized distance measure we mean a
function d : X × X → [0,∞[ (X is any set) which has the definiteness
property (for arbitrary x, y ∈ X we have d(x, y) = 0 if and only if x = y),
but neither the symmetry of d nor the triangle inequality for d is assumed.
In the following Mn stands for the set of all n×n complex matrices and we
denote by Pn the set of all n × n positive definite matrices. Moreover, let
P1
n, respectively Pcn (c > 0) denote the set of all elements in Pn with unit

determinant, respectively with determinant equal to c. Our main result can
be formulated in the following way.

THEOREM. (Molnár, Szokol)
Let N be a unitarily invariant norm on Mn. Assume f : ]0,∞[→ R is a
continuous function such that

(a1) f(y) = 0 holds if and only if y = 1;
(a2) there exists a number K > 1 such that

|f(y2)| ≥ K|f(y)|, y ∈]0,∞[.

Define dN,f : Pn × Pn → [0,∞[ by

(6.1) dN,f (A,B) = N(f(A−1/2BA−1/2)), A,B ∈ Pn.
Assume that n ≥ 3. If φ : Pn → Pn is a surjective map which leaves
dN,f (., .) invariant, i.e., which satisfies

dN,f (φ(A), φ(B)) = dN,f (A,B), A,B ∈ Pn,
then there exist an invertible matrix T ∈ Mn and a real number c such that
φ is of one of the following forms

φ(A) = (detA)cTAT ∗, A ∈ Pn;
φ(A) = (detA)cTA−1T ∗, A ∈ Pn;
φ(A) = (detA)cTAtrT ∗, A ∈ Pn;
φ(A) = (detA)cT (Atr)−1T ∗, A ∈ Pn.

Apparently, the function dN,f (., .) appearing in the theorem is a gener-
alized distance measure in the sense we introduced above. Moreover, we
note that the metrics appearing in [62] can be obtained as particular cases
of generalized distance measures and the functions f in (6.1) which corre-
spond to those metrics have the properties (a1), (a2) listed in the theorem.
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We emphasize that our main result applies for many other generalized dis-
tance measures. For any A,B ∈ Pn let YA,B denote the positive definite
matrix A−1/2BA−1/2. Then these quantities can be obtained as follows.

(i) Stein’s loss: l(A,B) = ‖Y −1
A,B − log Y −1

A,B − 1‖1;
(ii) Jeffrey’s Kullback-Leibler divergence:

SJKL(A,B) =

∥∥∥∥∥YA,B + Y −1
A,B − 2I

2

∥∥∥∥∥
1

;

(iii) log-determinant α-divergence (for any parameter −1 < α < 1):
Dα
LD(A,B) =

4

1− α2

∥∥∥∥log
(1− α)I + (1 + α)YA,B

2
− 1 + α

2
log YA,B

∥∥∥∥
1

,

where ‖.‖1 stands for the trace-norm, which is unitarily invariant. One can
check easily that for the previous examples our theorem applies. We must
point out that in the particular choices of the unitarily invariant norm N and
real function f , after the use of our theorem one may need to make further
steps in order to determine the precise structure of particular distance mea-
sure preservers. In accordance with this we present the complete structural
result for the measures we have discussed above.

THEOREM. (Molnár, Szokol)
Let div(., .) denote any of the functions l(., .), Dα

LD(., .), −1 ≤ α ≤ 1. A
surjective map φ : Pn → Pn preserves div(., .), i.e., satisfies

div(φ(A), φ(B)) = div(A,B), A,B ∈ Pn,
if and only if there exists an invertible matrix T ∈ Mn such that φ is of one
of the forms

φ(A) = TAT ∗, A ∈ Pn;
φ(A) = TAtrT ∗, A ∈ Pn.

A surjective map φ : Pn → Pn preserves SJKL(., .), if and only if there
exists an invertible matrix T ∈Mn such that φ is of one of the forms

φ(A) = TAT ∗, A ∈ Pn;
φ(A) = TA−1T ∗, A ∈ Pn;
φ(A) = TAtrT ∗, A ∈ Pn;
φ(A) = T (Atr)−1T ∗, A ∈ Pn.

In Chapter 3 we also present results concerning similar preserver trans-
formations defined on the subset P1

n or Pcn, respectively. In fact, to prove
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those results we need to determine the structure of all continuous Jordan
triple automorphisms of P1

n (i.e., continuous bijections respecting the Jor-
dan triple product ABA).

THEOREM. (Molnár, Szokol)
Assume n ≥ 3. Let φ : P1

n → P1
n be a continuous map which is a Jordan

triple automorphism, i.e., φ is a continuous bijective map which satisfies

φ(ABA) = φ(A)φ(B)φ(A), A,B ∈ P1
n.

Then there is a unitary matrix U ∈Mn such that φ is of one of the following
forms

φ(A) = UAU∗, A ∈ P1
n;

φ(A) = UA−1U∗, A ∈ P1
n;

φ(A) = UAtrU∗, A ∈ P1
n;

φ(A) = U(Atr)−1U∗, A ∈ P1
n.

Our result on the form of surjective transformations of P1
n leaving a

generalized distance measure dN,f invariant reads as follows.

THEOREM. (Molnár, Szokol)
Let N be a unitarily invariant norm on Mn and f : ]0,∞[→ R be a contin-
uous function which satisfies the conditions (a1), (a2). Assume that n ≥ 3.
Let φ : P1

n → P1
n be a surjective map which preserves dN,f (., .). Then there

exists an invertible matrix T with | detT | = 1 such that φ is of one of the
following forms

φ(A) = TAT ∗, A ∈ P1
n;

φ(A) = TA−1T ∗, A ∈ P1
n;

φ(A) = TAtrT ∗, A ∈ P1
n;

φ(A) = T (Atr)−1T ∗, A ∈ P1
n.

From this theorem we easily deduce the following corollary.

COROLLARY. Let N, f be as in the previous theorem and assume n ≥ 3
and c is a positive real number. If φ : Pcn → Pcn is a surjective map which
preserves dN,f (., .), then there exists an invertible matrix T with |detT | =
1 such that φ is of one of the following forms

φ(A) = TAT ∗, A ∈ Pcn;
φ(A) = λ2TA−1T ∗, A ∈ Pcn;
φ(A) = TAtrT ∗, A ∈ Pcn;
φ(A) = λ2T (Atr)−1T ∗, A ∈ Pcn,

where λ = n
√
c.
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The study of linear isometries of linear function spaces has also been an
extensive research area in functional analysis. However, there are some im-
portant metric spaces of functions which are not linear spaces. For example,
the set of all probability distribution functions on R that plays so fundamen-
tal role in probability theory and statistics is not a linear space. In [26] the
general forms of surjective isometries of the space D(R) of all probabil-
ity distribution function on R are determined with respect to Kolmogorov-
Smirnov metric. In Chapter 3 we extend the mentioned result to a larger
space ∆(R) of all generalized probability distribution functions. By a gen-
eralized distribution function we mean a function from R to [0, 1] which
is monotone increasing and continuous from the right without restrictions
on its limits at ±∞. For any pair f, g of D(R) the Kolmogorov-Smirnov
distance between them is defined by

ρ(f, g) = sup
t∈R
|f(t)− g(t)|.

The first result of Chapter 3 shows that the structure of surjective Kol-
mogorov-Smirnov isometries of ∆(R) is formally the same as that of the
surjective isometries of (D(R), ρ).

THEOREM. (Molnár, Szokol)
Let φ : ∆(R)→ ∆(R) be a surjective isometry with respect to the Kolmogo-
rov-Smirnov metric, i.e. assume that φ is a bijective map with the property
that

ρ(φ(f), φ(g)) = ρ(f, g)

holds for all f, g ∈ ∆(R). Then either there exists a strictly increasing
bijection ϕ : R→ R such that φ is of the form

φ(f)(t) = f(ϕ(t)), t ∈ R, f ∈ ∆(R)

or there exists a strictly decreasing bijection ψ : R → R such that φ is of
the form

φ(f)(t) = 1− f(ψ(t)−), t ∈ R, f ∈ ∆(R).

Moreover, in [58] Molnár studied the surjective Kolmogorov-Smirnov
isometries of the space of all continuous elements of D(R). Motivated by
this result we also described the structure of all surjective isometries of the
set ∆c(R) of all continuous generalized distribution functions. The corre-
sponding result reads as follows.

THEOREM. (Molnár, Szokol)
Let φ : ∆c(R)→ ∆c(R) be a surjective isometry with respect to the Kolmo-
gorov-Smirnov metric. Then either there exists a strictly increasing bijection
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ϕ : R→ R such that φ is of the form

φ(f)(t) = f(ϕ(t)), t ∈ R, f ∈ ∆c(R)

or there exists a strictly decreasing bijection ψ : R → R such that φ is of
the form

φ(f)(t) = 1− f(ψ(t)), t ∈ R, f ∈ ∆c(R).

Chapter 4 and Chapter 5 are devoted to the investigation of so-called
separation problems. It is a well-known separation theorem that if a convex
and a concave function are given such that the convex function is “above”
the concave one, then there exists an affine function between them. More-
over, those pairs of real functions that can be separated by an affine function
was characterized via double inequalities. This result is due to Nikodem and
Wąsowicz and it appeared in [67]. In Chapter 4 we generalize this result.
More precisely, we characterize such pairs of real valued functions that can
be separated by a member of a given convex Beckenbach family of order n.

Let I be a real interval. A set Bn(I) of continuous real functions is
called an n-parameter Beckenbach family over I , if its members are defined
on I and, for all points (x1, y1), . . . , (xn, yn) of I×R (with pairwise distinct
first coordinates) there exists exactly one element ϕ of Bn(I) such that

ϕ(x1) = y1, . . . , ϕ(xn) = yn.

The main result of this chapter gives a characterization of those pairs of
real functions that can be separated by an element of a given Beckenbach
family which is supposed to be closed under convex combinations.

THEOREM. (Bessenyei, Szokol)
Let Bn(I) be a Beckenbach family over the real interval I which is closed
under convex combinations and f, g : I → R be given functions. Then the
following statements are equivalent:

(i) there exists h ∈ Bn(I) such that f ≤ h ≤ g;
(ii) for all u ≤ x1 < · · · < xn ≤ v of I , we have the inequalities

ϕ1(v) ≥ f(v), ψ1(v) ≤ g(v); and ϕ2(u) ≥ f(u), ψ2(u) ≤ g(u),

whereϕ1, ϕ2, ψ1, ψ2 ∈ Bn(I) are determined by the interpolation
properties

ϕ1(xk) = g(xk), ψ1(xk) = f(xk), n− k ∈ {0, . . . , n− 1} ∩ 2Z;

ϕ1(xk) = f(xk), ψ1(xk) = g(xk), n− k ∈ {0, . . . , n− 1} ∩
(
2Z + 1

)
;

ϕ2(xk) = g(xk), ψ2(xk) = f(xk), k ∈ {1, . . . , n} ∩
(
2Z + 1

)
;

ϕ2(xk) = f(xk), ψ2(xk) = g(xk), k ∈ {1, . . . , n} ∩ 2Z.
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In fact, the characterization of those pairs of real functions that can be
separated by an affine function was preceded by the characterization of the
existence of a convex separator between two real valued functions. The cor-
responding result is due to Baron, Matkowski and Nikodem [6]. In Chapter
5 we give an analogous result in the case when the convexity notion induced
by so-called regular pairs.

To present the mentioned result we need to define the notion of Cheby-
shev systems that can be regarded as particular cases of Beckenbach fami-
lies. Let I be a real interval and ω1, . . . , ωn : I → R be given continuous
functions. We say that ωωω := (ω1, . . . , ωn) is a positive Chebyshev system
if, for all elements x1 < · · · < xn of I , the determinant of the matrix[
ωi(xj)

]
i,j=1,...,n

is positive. A function f : I → R is said to be ωωω-convex
if, for all elements x0 ≤ · · · ≤ xn of I , we have the inequality∣∣∣∣∣∣∣∣∣

ω1(x0) ω1(x1) . . . ω1(xn)
...

...
. . .

...
ωn(x0) ωn(x1) . . . ωn(xn)

f(x0) f(x1) . . . f(xn)

∣∣∣∣∣∣∣∣∣ ≥ 0.

Moreover, by a regular pair we mean a two-parameter positive Cheby-
shev system. In our main result it turns out that the existence of anωωω-convex
separator between two given real functions can be characterized via a deter-
minant inequality.

THEOREM. (Bessenyei, Szokol)
If ωωω = (ω1, ω2) is a regular pair on a real interval I and f, g : I → R, then
there exists an ωωω-convex function h : I → R with f ≤ h ≤ g if and only if,
for all elements x0 ≤ x1 ≤ x2 of I , we have∣∣∣∣∣∣

ω1(x0) ω1(x1) ω1(x2)
ω2(x0) ω2(x1) ω2(x2)
g(x0) f(x1) g(x2)

∣∣∣∣∣∣ ≥ 0.

We note, that this result appears in [12], but as a consequence of the
Baron–Matkowski–Nikodem theorem. Hence, in that approach, it cannot
be considered as a real generalization.

In Chapter 5 we also consider the so-called approximateωωω-convex func-
tions. The notion of approximate ωωω-convexity, which originates from that
of standard approximate convexity, can be defined as follows.

Let ωωω = (ω1, ω2) be a regular pair on a real interval I and let ω be
an ωωω-affine function which is positive on I◦. We say that ϕ : I → R is
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approximately ωωω-convex with error term ω, if, for all elements x0 ≤ x1 ≤
x2 of I , ∣∣∣∣∣∣

ω1(x0) ω1(x1) ω1(x2)
ω2(x0) ω2(x1) ω2(x2)

(ϕ+ ω)(x0) (ϕ− ω)(x1) (ϕ+ ω)(x2)

∣∣∣∣∣∣ ≥ 0.

Just as with the standard case it can be shown that every approximate
ωωω-convex function can be decomposed to the sum of a ωωω-convex function
and a “small” part.

THEOREM. (Bessenyei, Szokol)
If ωωω = (ω1, ω2) is a regular pair on a real interval I and ω is an ωωω-affine
function which is positive on I◦, then ϕ : I → R is approximately ωωω-convex
with error term ω if and only if ϕ = h + ψ, where h is ωωω-convex and
|ψ(t)| ≤ ω(t) for all t ∈ I .

Finally, we consider some particular cases of regular pairs and we present
the separation and stability results in those setting.

COROLLARY. Let I be a real interval, α : I → R be a continuous, strictly
monotone increasing function and f, g : I → R. Then, there exists a func-
tion h : I → R satisfying f ≤ h ≤ g and, for all elements x0 ≤ x1 ≤ x2 of
I the inequality

(6.2)

(
α(x2)− α(x0)

)
h(x1) ≤

(
α(x2)− α(x1)

)
h(x0)

+
(
α(x1)− α(x0)

)
h(x2)

holds, if and only if, for all x0 ≤ x1 ≤ x2 of I , we have(
α(x2)−α(x0)

)
f(x1) ≤

(
α(x2)−α(x1)

)
g(x0) +

(
α(x1)−α(x0)

)
g(x2).

COROLLARY. Let I be a real interval, α : I → R be a continuous, strictly
monotone increasing function and ε > 0. Then, a function ϕ : I → R
satisfies the inequality(
α(x2)− α(x0)

)
ϕ(x1) ≤

(
α(x2)− α(x1)

)
ϕ(x0)

+
(
α(x1)− α(x0)

)
ϕ(x2) + 2ε

(
α(x2)− α(x0)

)
for all elements x0 ≤ x1 ≤ x2 of I if and only if there exist functions
h, ψ : I → R such that ϕ = h + ψ, where h fulfills (6.2) and ‖ψ‖ ≤ ε.
(Here ‖ · ‖ stands for the supremum norm.)
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COROLLARY. If I ⊂] − π
2 ,

π
2 [ is a real interval, f, g : I → R, then there

exists a (cos, sin)-convex function h : I → R with f ≤ h ≤ g if and only if,
for all λ ∈ [0, 1] and x ≤ y of I ,

sin(y−x)f
(
λx+(1−λ)y

)
≤ sin

(
λ(y−x)

)
g(x)+sin

(
(1−λ)(y−x)

)
g(y).

COROLLARY. If I ⊂] − π
2 ,

π
2 [ is a real interval, then ϕ : I → R is approx-

imately (cos, sin)-convex with error term ε · cos if and only if ϕ = h + ψ,
where h : I → R is (cos, sin)-convex, and ψ : I → R satisfies |ψ(t)| ≤
ε · cos(t) for all t ∈ I .



Összefoglalás

Ez a disszertáció különböző matematikai struktúrákon értelmezett meg-
őrzési problémákat, valamint szeparációs tételeket tartalmaz. Egy bevezetés-
ből, öt fejezetből, egy magyar és egy angol nyelvű összefoglalóból és iro-
dalomjegyzékből áll. A bevezetésben szerepel néhány fontos és jól ismert
megőrzési probléma, melyek szoros kapcsolatban vannak a disszertációban
szereplő tételekkel. Továbbá a szeparációs tételeinket motiváló alapvető
tételeket is felsorakoztatjuk a bevezetésben. Az 1-3 fejezetekben különböző
matematikai struktúrák bizonyos megőrzési problémáit vizsgáljuk.

Az első fejezetben azon transzformációk szerkezete kerül leírásra, me-
lyek invariánsan hagynak egy, a kvantum-információelméletben fontos sze-
repet játszó mennyiséget. Eredményeink megfogalmazásához bevezetünk
néhány jelölést. Legyen H egy véges dimenziós Hilbert tér és jelölje B(H)
a H-n értelmezett korlátos lineáris operátorok algebráját. Továbbá jelölje
B(H)+ a H Hilbert téren értelmezett, pozitív szemidefinit operátorok kúp-
ját, illetve S(H) a H sűrűségoperátorainak (azaz B(H)+ 1-trace-ű ele-
meinek) halmazát. A relatív entrópia egy alapvető fogalom a kvantum-in-
formációelméletben, melynek több változata is létezik. Ezek közül a legis-
mertebb az Umegaki relatív entrópia, mely tetszőleges A,B ∈ S(H) pár
esetén a következőképpen van definiálva:

S(A||B) =

{
trA(logA− logB), suppA ⊂ suppB
∞, egyébként.

A [56] cikkben Molnár leírta azon szürjektív transzformációk szerke-
zetét, melyek invariánsan hagyják az Umegaki relatív entrópiát. Kiderült,
hogy ezen transzformációk alakja igen egyszerű. Az első fejezetben meg-
mutatjuk, hogy az állítás abban az esetben is igaz marad, ha elhagyjuk a
szürjektivitás feltételét.

TÉTEL. (Molnár, Szokol)
Legyen φ : S(H) → S(H) egy olyan transzformáció, amely megőrzi az

87



88 Összefoglalás

Umegaki relatív entrópiát. Ekkor létezik olyan unitér vagy antiunitér U
operátor H-n, amellyel φ az

φ(A) = UAU∗, A ∈ S(H)

alakba írható.

Ezen tétel motiválja az első fejezet fő eredményét, melyben a sűrűség-
operátorokon értelmezett azon transzformációk szerkezetét írjuk le, melyek
egy adott, szigorúan konvex f függvény esetén invariánsan hagyják az ún.
kvantum f -divergenciát. Jól ismert tény, hogy speciális f függvény vá-
lasztásával a kvantum f -divergencia definíciója az Umegaki relatív entrópia
fogalmához vezet. Így a következőkben megfogalmazásra kerülő eredmény
jelentős általánosítása az előző, Umegaki relatív entrópiát megőrző leképe-
zések szerkezetére vonatkozó tételnek.

Legyen f : [0,∞[→ R egy olyan, a ]0,∞[ intervallumon folytonos
függvény, amely esetén létezik a

α := lim
x→∞

f(x)

x

határérték és α ∈ [−∞,∞]. Ha A,B ∈ B(H)+, akkor tetszőleges λ ∈ R
esetén jelölje Pλ, illetve Qλ H azon projekcióit, melyek az A − λI , illetve
B − λI magjára vetítenek. Ekkor a kvantum f -divergencia A és B között a
következő formulával adható meg:

Sf (A||B) =
∑

a∈σ(A)

 ∑
b∈σ(B)\{0}

bf
(a
b

)
trPaQb + αa trPaQ0

 ,

ahol σ(.) jelöliB(H) elemeinek spektrumát és megállapodunk abban, hogy
0 · (−∞) = 0 · ∞ = 0. Az első fejezet fő eredménye ezek után a követke-
zőképpen fogalmazható meg.

TÉTEL. (Molnár, Nagy, Szokol)
Legyen f : [0,∞[→ R egy szigorúan konvex függvény és tegyük fel, hogy
φ : S(H)→ S(H) olyan transzformáció, amely kielégíti a

Sf (φ(A)||φ(B)) = Sf (A||B), A,B ∈ S(H).

egyenletet minden A,B ∈ S(H) pár esetén. Ekkor létezik olyan U unitér
vagy antiunitér operátor H-n, mellyel φ a

φ(A) = UAU∗, A ∈ S(H).

alakba írható.
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A második fejezetben sikerült közös keretbe foglalni és lényegesen ál-
talánosítani a [62] cikkben szereplő eredményeket. Nevezetesen, a koráb-
ban tárgyalt, valódi metrikákra vonatkozó szürjektív izometriák leírása után
sikerült meghatározni azon szürjektív transzformációk szerkezetét, melyek
megőriznek egy adott, unitér-invariáns normával illetve bizonyos feltéte-
leknek eleget tevő folytonos valós függvénnyel paraméterezett, úgynevezett
általánosított távolság mértéket. Általánosított távolság mérték alatt olyan
d : X ×X → [0,∞[ függvényt értünk (X egy adott halmaz), amelyre tel-
jesül, hogy minden x, y ∈ X pár esetén, a d(x, y) távolság pontosan akkor
0, ha x = y. Azonban d-ről nem tesszük fel sem a szimmetrikusságot,
sem azt, hogy eleget tesz a háromszög-egyenlőtlenségnek. A következők-
ben jelölje Mn az n× n-es komplex mátrixok algebráját és Pn az n× n-es
pozitív definit mátrixok halmazát. Továbbá jelölje P1

n és Pcn (c > 0) a
Pn azon elemeinek halmazát, melyek determinánsa rendre 1-gyel, illetve
c-vel egyenlő. A szükséges fogalmak és jelölések bevezetése után megfo-
galmazható a második fejezet fő eredménye.

TÉTEL. (Molnár, Szokol)
Legyen N egy unitér-invariáns norma Mn-en és f : ]0,∞[→ R egy olyan
folytonos függvény, amelyre teljesülnek az alábbi feltételek:

(a1) f(y) = 0 akkor és csak akkor, ha y = 1;
(a2) létezik egy K > 1 konstans úgy, hogy

|f(y2)| ≥ K|f(y)|, y ∈]0,∞[.

Definiáljuk a dN,f : Pn × Pn → [0,∞[ leképezést a következőképpen

(7.1) dN,f (A,B) = N(f(A−1/2BA−1/2)), A,B ∈ Pn.

Tegyük fel, hogy n ≥ 3. Ha φ : Pn → Pn egy olyan szürjektív leképezés,
mely megőrzi a dN,f (., .) mennyiséget, azaz mindenA,B ∈ Pn esetén eleget
tesz az

dN,f (φ(A), φ(B)) = dN,f (A,B)

egyenletnek, akkor létezik olyan invertálható T ∈ Mn mátrix és c valós
szám, hogy φ az alábbi alakok valamelyikébe írható:

φ(A) = (detA)cTAT ∗, A ∈ Pn;
φ(A) = (detA)cTA−1T ∗, A ∈ Pn;
φ(A) = (detA)cTAtrT ∗, A ∈ Pn;
φ(A) = (detA)cT (Atr)−1T ∗, A ∈ Pn.
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Megjegyezzük, hogy a tételben szereplő dN,f (., .) leképezés valóban
egy általánosított távolság mérték a korábban bevezetett értelemben. Köny-
nyen ellenőrizhető továbbá, hogy a [62] cikkben vizsgált metrikák olyan
speciális általánosított távolság mértékek, melyeknek (a (7.1) alapján) meg-
felelő f függvények teljesítik az (a1) és (a2) feltételeket. A fenti tételünk
azonban további általánosított távolság mértékek esetén is alkalmazható.
Tetszőleges A,B ∈ Pn esetén jelölje YA,B az A−1/2BA−1/2 pozitív definit
mátrixot. Ekkor az alábbi formulákkal újabb általánosított távolság mértékek
definiálhatóak:

(i) Stein’s loss: l(A,B) = ‖Y −1
A,B − log Y −1

A,B − 1‖1;
(ii) Jeffrey’s Kullback-Leibler eltérés:

SJKL(A,B) =

∥∥∥∥∥YA,B + Y −1
A,B − 2I

2

∥∥∥∥∥
1

;

(iii) log-determináns α-eltérés (tetszőleges −1 < α < 1 paraméterre):

Dα
LD(A,B) =

4

1− α2

∥∥∥∥log
(1− α)I + (1 + α)YA,B

2
− 1 + α

2
log YA,B

∥∥∥∥
1

,

ahol ‖.‖1 az unitér-invariáns trace-normát jelöli. Könnyen ellenőrizhető,
hogy tételünk alkalmazható a fenti általánosított távolság mértékekre. To-
vábbá megjegyezzük, hogy az N unitér-invariáns norma és az f valós függ-
vény speciális választása esetén ahhoz, hogy meghatározzuk azon transz-
formációk szerkezetét, melyek valóban megőrzik a kérdéses általánosított
távolság mértéket, a tétel alkalmazása után további vizsgálatok szüksége-
sek. Ezzel kapcsolatos a következő tételünk.

TÉTEL. (Molnár, Szokol)
Jelölje div(., .) az l(., .), illetve a Dα

LD(., .), −1 ≤ α ≤ 1 függvények
valamelyikét. Ekkor egy φ : Pn → Pn transzformáció pontosan akkor őrzi
meg a div(., .) leképezést, azaz tesz eleget az

div(φ(A), φ(B)) = div(A,B), A,B ∈ Pn,

egyenletnek, ha létezik olyan invertálható T ∈ Mn mátrix, mellyel φ az
alábbi alakok valamelyikébe írható:

φ(A) = TAT ∗, A ∈ Pn;
φ(A) = TAtrT ∗, A ∈ Pn.
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Egy φ : Pn → Pn szürjektív leképezés pontosan akkor őrzi meg a SJKL(., .)
eltérést, ha létezik olyan invertálható T ∈ Mn mátrix, mellyel φ az alábbi
alakok valamelyikébe írható:

φ(A) = TAT ∗, A ∈ Pn;
φ(A) = TA−1T ∗, A ∈ Pn;
φ(A) = TAtrT ∗, A ∈ Pn;
φ(A) = T (Atr)−1T ∗, A ∈ Pn.

A fő eredményhez hasonló eredményt sikerült igazolni abban az esetben
is, amikor a φ transzformáció az egy determinánsú, pozitív definit mátrixok
P1
n halmazán van definiálva. Ehhez szükségünk volt a P1

n összes folytonos
automorfizmusának alakjára a Jordan hármas szorzatra (ABA) vonatkozóan,
(azaz az összes folytonos bijekció szerkezetére, amely megőrzi a Jordan hár-
mas szorzatot).

TÉTEL. (Molnár, Szokol)
Legyen n ≥ 3 és tegyük fel, hogy φ : P1

n → P1
n egy folytonos automorfizmus

a Jordan hármas szorzatra vonatkozóan, azaz egy olyan folytonos bijekció,
amely teljesíti az

φ(ABA) = φ(A)φ(B)φ(A)

egyenlőséget minden A,B ∈ P1
n esetén. Ekkor létezik olyan U ∈Mn unitér

mátrix, mellyel φ az alábbi alakok valamelyikébe írható:
φ(A) = UAU∗, A ∈ P1

n;
φ(A) = UA−1U∗, A ∈ P1

n;
φ(A) = UAtrU∗, A ∈ P1

n;
φ(A) = U(Atr)−1U∗, A ∈ P1

n.

Ezek után már leírható a P1
n összes szürjektív, dN,f általánosított távolság

mértéket megőrző transzformációinak szerkezete.

TÉTEL. (Molnár, Szokol)
Legyen N az Mn egy unitér-invariáns normája és f : ]0,∞[→ R egy olyan
folytonos függvény, mely eleget tesz az (a1), (a2) feltételeknek. Tegyük fel,
hogy n ≥ 3. Legyen φ : P1

n → P1
n egy olyan szürjektív leképezés, amely

megőrzi a dN,f (., .) mértéket. Ekkor létezik olyan T invertálható mátrix,
melyre |detT | = 1 és amellyel φ az alábbi alakok valamelyikébe írható:

φ(A) = TAT ∗, A ∈ P1
n;

φ(A) = TA−1T ∗, A ∈ P1
n;

φ(A) = TAtrT ∗, A ∈ P1
n;

φ(A) = T (Atr)−1T ∗, A ∈ P1
n.
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Az előző tételből könnyen adódik az alábbi következmény.

KÖVETKEZMÉNY. Legyen N és f olyan, mint az előző tételben és tegyük
fel, hogy n ≥ 3 és c egy pozitív valós szám. Ha φ : Pcn → Pcn egy olyan
szürjektív leképezés, mely megőrzi a dN,f (., .) mértéket, akkor létezik olyan
T invertálható mátrix, melyre |detT | = 1 úgy, hogy φ az alábbi alakok
valamelyikébe írható:

φ(A) = TAT ∗, A ∈ Pcn;
φ(A) = λ2TA−1T ∗, A ∈ Pcn;
φ(A) = TAtrT ∗, A ∈ Pcn;
φ(A) = λ2T (Atr)−1T ∗, A ∈ Pcn,

ahol λ = n
√
c.

Lineáris függvényterek lineáris izometriáinak vizsgálata szintén egy je-
lentős kutatási terület a funkcionálanalízisben. Azonban van néhány olyan
fontos függvénytér, amely nem lineáris. A valószínűségszámításban alap-
vető szerepet játszó eloszlásfüggvények tere szintén nem lineáris. A [26]
cikkben a szerzők leírták az R-en értelmezett eloszlásfüggvények D(R)
tere szürjektív izometriáinak szerkezetét a Kolmogorov-Smirnov metriká-
ra vonatkozóan. A harmadik fejezetben az előbb említett eredményt ter-
jesztettük ki az úgynevezett általánosított eloszlásfüggvények ∆(R) terére.
Általánosított eloszlásfüggvényen olyan f : R → [0, 1] függvényt értünk,
amely monoton növekvő és jobbról folytonos (a ±∞-beli határérték felté-
telek nincsenek megkövetelve). Ha f és g két tetszőleges eloszlásfüggvény,
akkor Kolmogorov-Smirnov távolságuk:

ρ(f, g) = sup
t∈R
|f(t)− g(t)|.

A harmadik fejezet első eredménye azt állítja, hogy a ∆(R) tér szür-
jektív izometriáinak alakja megegyezik a D(R) tér szürjektív izometriáinak
alakjával.

TÉTEL. (Molnár, Szokol)
Legyen φ : ∆(R) → ∆(R) egy szürjektív izometria a Kolmogorov-Smirnov
metrikára vonatkozóan. Ekkor vagy létezik olyan ϕ : R → R szigorúan
monoton növekvő bijekció, mellyel φ az

φ(f)(t) = f(ϕ(t)), t ∈ R, f ∈ ∆(R)

alakba írható, vagy létezik olyan ψ : R → R szigorúan monoton csökkenő
bijekció, mellyel φ az

φ(f)(t) = 1− f(ψ(t)−), t ∈ R, f ∈ ∆(R)
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alakba írható.

Később a [58] cikkben Molnár a folytonos eloszlásfüggvények Dc(R)
terének szürjektív Kolmogorov-Smirnov izometriáit határozta meg. Ez az
eredmény motiválta a harmadik fejezet második eredményét, melyben leír-
tuk a folytonos általánosított eloszlásfüggvények ∆c(R) halmaza összes
szürjektív izometriájának szerkezetét a Kolmogorov-Smirnov metrikára vo-
natkozóan.

TÉTEL. (Molnár, Szokol)
Legyen φ : ∆c(R) → ∆c(R) egy szürjektív izometria a Kolmogorov-Smir-
nov metrikára vonatkozóan. Ekkor vagy létezik olyan ϕ : R→ R szigorúan
monoton növekvő bijekció, mellyel φ az

φ(f)(t) = f(ϕ(t)), t ∈ R, f ∈ ∆c(R)

alakba írható, vagy létezik olyan ψ : R → R szigorúan monoton csökkenő
bijekció, mellyel φ az

φ(f)(t) = 1− f(ψ(t)), t ∈ R, f ∈ ∆c(R)

alakba írható.

A negyedik és ötödik fejezetekben szeparációs problémákat vizsgálunk.
Egy jól ismert szeparációs tétel szerint, ha egy konvex függvény egy konkáv
“felett” helyezkedik el, akkor létezik a kettő között egy affin függvény. Sőt,
két tetszőleges függvény esetén adható az affin szeparáció jellemzésére egy
szükséges és elégséges feltétel. Ezen eredményt Nikodem és Wąsowicz bi-
zonyították a [67] cikkben. A negyedik fejezetben a fenti tételt általánosí-
tottuk oly módon, hogy jellemeztük azon valós függvény párokat, melyek
egy n-ed rendű konvex Beckenbach család tagjával szeparálhatóak.

Legyen I egy valós intervallum. Egy folytonos, valós függvények-
ből álló Bn(I) halmazt egy I feletti n-paraméteres Beckenbach családnak
nevezünk, ha a függvények értelmezési tartománya I és minden I × R-beli
páronként különböző első koordinátájú (x1, y1), . . ., (xn, yn) pont esetén
létezik pontosan egy olyan ϕ ∈ Bn(I), melyre

ϕ(x1) = y1, . . . , ϕ(xn) = yn.

A negyedik fejezet fő eredménye azon valós függvényeket karakterizál-
ja, melyek szeparálhatóak egy adott, a konvexitásra zárt Beckenbach család
valamely elemével.

TÉTEL. (Bessenyei, Szokol)
Legyen Bn(I) egy valós I intervallum felett értelmezett, konvexitásra zárt
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Beckenbach család és f, g : I → R adott függvények. Ekkor a következő
állítások ekvivalensek:

(i) létezik olyan h ∈ Bn(I), melyre f ≤ h ≤ g;
(ii) minden I-beli u ≤ x1 < · · · < xn ≤ v elem esetén a következő

egyenlőtlenségek teljesülnek

ϕ1(v) ≥ f(v), ψ1(v) ≤ g(v); és ϕ2(u) ≥ f(u), ψ2(u) ≤ g(u),

ahol ϕ1, ϕ2, ψ1, ψ2 ∈ Bn(I) az alábbi interpolációs tulajdonsá-
gok által meghatározottak:

ϕ1(xk) = g(xk), ψ1(xk) = f(xk), n− k ∈ {0, . . . , n− 1} ∩ 2Z;

ϕ1(xk) = f(xk), ψ1(xk) = g(xk), n− k ∈ {0, . . . , n− 1} ∩
(
2Z + 1

)
;

ϕ2(xk) = g(xk), ψ2(xk) = f(xk), k ∈ {1, . . . , n} ∩
(
2Z + 1

)
;

ϕ2(xk) = f(xk), ψ2(xk) = g(xk), k ∈ {1, . . . , n} ∩ 2Z.

Nikodem és Wąsowicz eredményét valójában Baron, Matkowski és Ni-
kodem azon tétele motiválta [6], melyben jellemezve vannak az olyan valós
függvénypárok, melyek egy konvex függvénnyel szeparálhatóak. Az ötödik
fejezetben az úgynevezett reguláris párok által indukált konvexitási foga-
lommal kapcsolatban igazoltunk egy, az említett tétellel analóg állítást.

A tétel megfogalmazásához bevezetjük a Csebisev-rendszer fogalmát,
mely a Beckenbach családok egy speciális osztályát adja. Legyen I ⊂ R
egy intervallum és ω1, . . . , ωn : I → R folytonos függvények. Azt mond-
juk, hogy az ωωω := (ω1, . . . , ωn) egy pozitív Csebisev-rendszer, ha minden
I-beli x1 < · · · < xn elem esetén, a

[
ωi(xj)

]
i,j=1,...,n

mátrix determinánsa
pozitív. Egy f : I → R függvénytωωω-konvexnek nevezünk, ha minden I-beli
x0 ≤ · · · ≤ xn elem esetén teljesül az alábbi egyenlőtlenség:∣∣∣∣∣∣∣∣∣

ω1(x0) ω1(x1) . . . ω1(xn)
...

...
. . .

...
ωn(x0) ωn(x1) . . . ωn(xn)

f(x0) f(x1) . . . f(xn)

∣∣∣∣∣∣∣∣∣ ≥ 0.

Reguláris pár alatt két-paraméteres pozitív Csebisev-rendszert értünk.
A fő eredményünkben kiderül, hogy egy determinánst tartalmazó egyen-
lőtlenség segítségével szükséges és elégséges feltétel adható meg két tet-
szőleges valós függvény közötti ωωω-konvex szeparátor létezésére.

TÉTEL. (Bessenyei, Szokol)
Legyen ωωω = (ω1, ω2) egy reguláris pár az I valós intervallum felett és
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f, g : I → R adott függvények. Pontosan akkor létezik olyan h : I → R
ωωω-konvex függvény, melyre f ≤ h ≤ g, ha minden I-beli x0 ≤ x1 ≤ x2

elem esetén ∣∣∣∣∣∣
ω1(x0) ω1(x1) ω1(x2)
ω2(x0) ω2(x1) ω2(x2)
g(x0) f(x1) g(x2)

∣∣∣∣∣∣ ≥ 0.

Megjegyezzük, hogy ezen eredményt már a [12] cikkben bebizonyítot-
ták a szerzők a Baron–Matkowski–Nikodem tétel segítségével. Azonban
nekünk sikerült egy független bizonyítást adni erre az eredményre.

A standard esethez analóg módon definiálhatunk közelítőleg ωωω-konvex
függvényeket a következőképpen.

Legyen ωωω = (ω1, ω2) egy reguláris pár az I valós intervallum felett és
legyen ω egy ωωω-affin függvény, amely pozitív I◦-n. A ϕ : I → R függvényt
közelítőleg ωωω-konvexnek nevezzük ω hibával, ha minden I-beli x0 ≤ x1 ≤
x2 elem esetén∣∣∣∣∣∣

ω1(x0) ω1(x1) ω1(x2)
ω2(x0) ω2(x1) ω2(x2)

(ϕ+ ω)(x0) (ϕ− ω)(x1) (ϕ+ ω)(x2)

∣∣∣∣∣∣ ≥ 0.

A standard esethez hasonlóan, minden közelítőleg ωωω-konvex függvény
felbontható egy ωωω-konvex függvény és egy “kicsi” rész összegére.

TÉTEL. (Bessenyei, Szokol)
Legyenωωω = (ω1, ω2) egy reguláris pár az I valós intervallum felett és legyen
ω egy ωωω-affin függvény, amely pozitív I◦-n. Ekkor ϕ : I → R pontosan
akkor közelítőlegωωω-konvex ω hibával, ha felírható ϕ = h+ψ alakban, ahol
h egy ωωω-konvex függvény és |ψ(t)| ≤ ω(t) minden t ∈ I esetén.

Az ötödik fejezet végén a fő tételek következményeként, speciális regu-
láris párok esetén fogalmaztuk meg a nekik megfelelő szeparációs, illetve
stabilitási tételeket.

KÖVETKEZMÉNY. Legyen I egy valós intervallum, α : I → R egy folytonos,
szigorúan monoton növekvő függvény. Legyenek továbbá f, g : I → R tet-
szőlegesen adott függvények. Pontosan akkor létezik olyan h : I → R függ-
vény, amelyre f ≤ h ≤ g és amely teljesíti az alábbi egyenlőtlenséget

(7.2)

(
α(x2)− α(x0)

)
h(x1) ≤

(
α(x2)− α(x1)

)
h(x0)

+
(
α(x1)− α(x0)

)
h(x2)
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minden x0 ≤ x1 ≤ x2 ∈ I elemre, ha tetszőleges I-beli x0 ≤ x1 ≤ x2

esetén az alábbi egyenlőtlenség fennáll:(
α(x2)−α(x0)

)
f(x1) ≤

(
α(x2)−α(x1)

)
g(x0) +

(
α(x1)−α(x0)

)
g(x2).

KÖVETKEZMÉNY. Legyen I egy valós intervallum, α : I → R egy folytonos,
szigorúan monoton növekvő függvény és ε > 0. Ekkor egy ϕ : I → R függ-
vény pontosan akkor teljesíti a(
α(x2)− α(x0)

)
ϕ(x1) ≤

(
α(x2)− α(x1)

)
ϕ(x0)

+
(
α(x1)− α(x0)

)
ϕ(x2) + 2ε

(
α(x2)− α(x0)

)
egyenlőtlenséget minden I-beli x0 ≤ x1 ≤ x2 esetén, ha léteznek olyan
h, ψ : I → R függvények, melyekkel ϕ = h + ψ, ahol h eleget tesz a (7.2)
egyenlőtlenségnek és ‖ψ‖ ≤ ε. (Itt ‖ · ‖ a szuprémum normát jelöli.)

KÖVETKEZMÉNY. Legyen I ⊂]− π
2 ,

π
2 [ egy valós intervallum, f, g : I → R.

Pontosan akkor létezik olyan h : I → R (cos, sin)-konvex függvény, amelyre
f ≤ h ≤ g, ha minden λ ∈ [0, 1] és I-beli x ≤ y esetén

sin(y−x)f
(
λx+(1−λ)y

)
≤ sin

(
λ(y−x)

)
g(x)+sin

(
(1−λ)(y−x)

)
g(y).

KÖVETKEZMÉNY. Legyen I ⊂] − π
2 ,

π
2 [ egy valós intervallum. Ekkor egy

ϕ : I → R függvény pontosan akkor közelítőleg (cos, sin)-konvex ε · cos
hibával, ha ϕ előáll ϕ = h + ψ alakban, ahol h : I → R egy (cos, sin)-
konvex függvény és ψ : I → R minden t ∈ I esetén teljesíti az |ψ(t)| ≤
ε · cos(t) egyenlőtlenséget.
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