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width-approximation where the top quarks, W and Z gauge bosons are kept on-shell.
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1 Introduction

The frontier center-of-mass energy and the ever-increasing luminosity of proton collisions
at the Large Hadron Collider (LHC) enable precise studies of Standard Model (SM) pro-
cesses with small production rates, such as the associated production of a tt̄ pair and a Z
boson. Among various possible decay channels for this process the final state containing
four charged leptons (electrons or muons) is the cleanest from the experimental point of
view and the most interesting for theoretical studies. This channel is often referred to as
the tetra-lepton channel and abbreviated as 4`. Indeed, the measurements of the charged
multi-lepton final states are particularly precise at the LHC due to the excellent lepton
identification and selection in the ATLAS and CMS detectors. In fact, both ATLAS and
CMS collaborations have already used events with four charged leptons and measured the
inclusive cross section for tt̄Z production [1, 2]. In addition, the differential cross section
was measured as a function of a few observables [3, 4]. Processing the full Run II data
(L = 139 fb−1), fairly good agreement between data and theoretical predictions at the dif-
ferential level has been found. Interestingly, observables directly connected to the Z boson
show poorer agreement. The upcoming LHC Run III and the future high-luminosity LHC
upgrade would definitely require more accurate modelling of production and decays for the
tt̄Z process. A good theoretical knowledge of the tt̄Z process is needed not only for an
accurate prediction of fiducial cross section and better understanding of the various proper-
ties of the top quark, but it is also a fundamental prerequisite for the correct interpretation
of possible new physics signals that may arise in this channel. The tt̄Z production process
provides direct access to the coupling of the top quark to the neutral electroweak gauge
bosons. It gives important insights into the top quark, that are complementary to tt̄ and
single top quark production as well as to the t→Wb decay. Any deviations of the coupling
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strength of the top quark to the Z boson from its SM value might imply the existence of
new physics effects. In particular, the tt̄Z coupling might be affected by a tree-level mixing
with additional Z ′ gauge bosons and vector-like leptons, see e.g. [5–11]. Such deviations
can be probed for example in the context of effective field theory [12–24]. Additionally,
tt̄Z production is among the most important background processes for several new physics
scenarios. They comprise final states with multiple charged leptons, missing transverse
momentum and b-jets and are vigorously searched for at the LHC [25–30]. Finally, the
tt̄Z process plays a very prominent role in studies of important SM processes. Here, good
examples comprise tt̄ production in association with a Higgs boson [31–33] and single top
quark production in association with a Z boson [34, 35]. Therefore, providing a reliable and
accurate description of pp→ tt̄Z production to advance our understanding of the process
and to facilitate comparisons with constantly increasing and improving LHC data, is more
timely than ever. To improve our understanding of tt̄Z various effects must be considered
and taken into account already at the matrix element level, omitting, as much as possible,
approximations when incorporating them. One might expect to at least examine where
the approximations used may fail. Furthermore, it might not be sufficient to incorporate
various effects, such as spin-correlated decays, at the lowest order in the perturbative ex-
pansion. Indeed, higher-order corrections not only induce substantial normalisation and
shape differences but also strongly reduce systematical uncertainties associated with the-
oretical predictions. So it is necessary to include next-to-leading order (NLO) QCD and
electroweak corrections wherever possible to claim high-precision predictions for pp→ tt̄Z.

For the inclusive tt̄Z production, with stable top quarks and an on-shell Z gauge boson,
NLO QCD corrections have been around for over ten years [36]. They have been afterwards
recomputed in refs. [37, 38]. Furthermore, results with NLO electroweak (EW) corrections
have been provided in the literature [39]. Besides NLO QCD and EW corrections, a
further step towards a more precise modelling of the tt̄Z production process has been
achieved by including soft gluon resummation effects at next-to-next-to-leading logarithmic
accuracy [40–43]. The calculations mentioned above provide important information about
the impact of higher-order corrections to the total tt̄Z production rate. However, since
decays of unstable top quarks and Z bosons are not taken into account, they are neither
capable to ensure a reliable description of the fiducial phase space regions nor can they
give us a glimpse into the top quark radiation pattern. Thus, for more realistic studies the
decays of unstable particles must be taken into account. For the latter various modelling
approaches are available in the literature. Firstly, NLO QCD theoretical predictions for
stable top quarks and a Z boson have been matched with parton shower (PS) Monte Carlo
(MC) programs [44, 45]. In this case top quark and Z gauge boson decays have been
treated in the parton shower approximation omitting spin correlations even at leading
order. Very recently, improved NLO + PS predictions for tt̄Z have been provided [46].
Specifically, the pp → tt̄`+`− process with ` denoting either e± or µ∓ have been matched
to PS programs including both resonant and non-resonant Z- as well as photon-induced
contributions. Furthermore, decays of the top quarks with full tree-level spin correlations
in the narrow-width-approximation (NWA) have been taken into account according to the
method proposed in ref. [47]. A different approach has been considered in ref. [15], where
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both top quark and Z gauge boson are treated in NWA, but NLO QCD corrections in both
production and decay stages are taken into account. In this way, contributions which are
parametrically suppressed by O(Γ/m), arising from off-shell top quarks or W/Z bosons,
have been neglected. Also the contribution from the t→WbZ decay has been neglected due
to the tiny available phase space and the size of the t→WbZ branching ratio. The latter is
of the order of Bt→WbZ ≈ 2×10−6 for the top quark mass range mt ∈ (170−180)GeV [48].
Finally, state-of-the-art NLO QCD predictions have been provided for the tt̄Z process in
the di-lepton top quark decay channel [49]. More precisely, NLO QCD corrections to the
pp→ e+νe µ

−νµ bb̄ ντ ν̄τ +X final state have been calculated. All double-, single- and non-
resonant Feynman diagrams, interferences, and off-shell effects of the top quarks have been
properly incorporated at NLO QCD. Non-resonant and off-shell effects due to the finite W -
and Z-boson width have been included as well. Furthermore, full off-shell tt̄Z predictions
at NLO in QCD have been compared to those computed in the NWA approach [50]. Similar
studies for the production of tt̄Z with the Z boson decaying into charged leptons, however,
are still missing.

The purpose of this article is to mitigate this situation and to calculate for the first
time NLO QCD corrections to the e+νe µ

−ν̄µ bb̄ τ
+τ− final state for the LHC Run II center-

of-mass system energy of
√
s = 13TeV. We only simulate decays of the weak bosons to

different lepton generations, however, these interference effects are at the per-mille level
for inclusive cuts. Thus, the complete pp → `+ν` `

−ν̄` bb̄ `
+`− + X cross section (with

` = e±, µ±) can be obtained by multiplying the results from this paper with a lepton-
flavour factor of 8. Our calculations comprise all quantum effects at the matrix element
level. We scrutinise the size of higher-order corrections and theoretical uncertainties in such
a complex environment. We additionally address the choice of a judicious renormalisation
and factorisation scale setting. Afterwards, the size of off-shell effects of the top quarks
and gauge bosons is examined at the integrated and differential level. The latter study is
carried out with the help of a second computation that we perform for this process based
on the NWA approach. Specifically, we compare results from the full off-shell calculation
against predictions based on the full NWA as well as on the NWA with leading order (LO)
top-quark decays (abbreviated as NWALOdec). By employing NWALOdec results, we are
able to estimate the size of the NLO QCD corrections to top quark decays. It should be
clear that, in the full off-shell picture, the contribution of the Z → τ+τ− decay must be
complemented by its photon-induced counterpart, γ∗ → τ+τ−, in order to preserve gauge
invariance. Therefore, like ref. [46], we are in the condition of examining more realistically
the impact of photon contributions and in particular of the Z/γ∗ interference on integrated
and differential fiducial cross sections. Finally, the effect of applying an additional cut
on the invariant mass of the τ lepton pair is studied. In particular, we investigate the
requirement that the invariant mass of the τ leptons is set in a specific mass window
around the Z boson mass.

The paper is organised as follows. In section 2 we briefly summarise the framework of
our calculation and discuss technical aspects of the computation. We outline the theoretical
setup for LO and NLO QCD results in section 3. Results for the integrated fiducial cross
sections are presented in section 4. They are provided for the LHC center-of-mass system
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energy of 13TeV and for a fixed and dynamical renormalisation and factorisation scale
choice. In section 5 predictions for a few differential fiducial cross sections are given.
Additionally, theoretical uncertainties associated with the neglected higher order terms
in the perturbative expansion and different parameterisations of the parton distribution
functions are discussed in sections 4 and 5. Theoretical predictions for tt̄Z in the NWA are
provided in section 6. Also there the size of off-shell effects is examined together with the
impact of higher-order corrections to top-quark decays. Finally, we summarise the results
and outline our conclusions in section 7.

2 Details of the calculation

In pp collisions at the LHC the e+νe µ
−ν̄µ bb̄ τ

+τ− final state is produced via the scattering
of two gluons or a qq̄ pair, where q stands for up- or down-type quarks. The contributions to
the tree-level squared amplitude at O(α2

sα
6) can be subdivided into three classes: diagrams

containing two top-quark propagators that can become resonant, diagrams containing only
one top-quark resonance and finally diagrams without any top-quark resonance. For the
Z and W gauge bosons, resonant and non-resonant contributions are present. In the for-
mer case also photon-induced contributions and the Z/γ∗ interference effects are included.
Examples of Feynman diagrams are depicted in figure 1. The FeynGame program [51]
is employed to draw all Feynman diagrams in this article. In total, there are 1836 LO
diagrams for the gg → e+νe µ

−ν̄µ bb̄ τ
+τ− partonic reaction and 980 diagrams for each

qq̄ → e+νe µ
−ν̄µ bb̄ τ

+τ− subprocess. Even though we do not employ Feynman diagrams in
our calculations we present their numbers as a measure of the complexity of the calculation.
Let us note that, even in the case where b quarks and τ leptons are treated as massless
particles, a number of Higgs-boson exchange diagrams contribute to the amplitude. Specif-
ically, there are 1844 diagrams for the gg initiated subprocess that need to be considered
if the Higgs boson is included and 984 for each qq̄ channel. Examples of the corresponding
Feynman diagrams for the gg → e+νe µ

−ν̄µ bb̄ τ
+τ− partonic reaction are depicted in fig-

ure 2. The Higgs boson contribution, however, is well below 0.1% level as we have checked
by an explicit LO calculation using mH = 125GeV and ΓH = 4.07 × 10−3 GeV. Thus, it
is neglected throughout our calculations. Furthermore, LO contributions induced by the
bottom-quark parton density are at the permille level, i.e. they are of the order of 0.3%.
Also these contributions are not taken into account in our study.

The calculation of LO contributions is performed automatically with the help of the
Helac-Dipoles package [52]. The results are cross checked with the Helac-Phegas
program [53]. Both packages are based on the well-known off-shell iterative algorithm for
scattering amplitudes [54–56]. The integration over the momentum fractions x1, x2 of the
initial-state partons is optimised with the help of Parni [57]. The phase space integration
is executed with the help of Kaleu [58] and cross checked with Phegas [59]. The inclusion
of the decays of top quarks, W± and Z gauge bosons is performed in the complex mass
scheme [60, 61]. Such a scheme fully respects gauge invariance and is straightforward to
apply.
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Figure 1. Representative Feynman diagrams with double- (left), single- (middle) and no top-quark
resonances (right) contributing to the gg → e+νe µ

−ν̄µ bb̄ τ
+τ− partonic subprocess at leading order.

The middle and right diagram comprise no Z resonances whereas the third one involves only a single
W boson. They contribute to Z and W off-shell effects.

Figure 2. Representative Feynman diagrams with the Higgs-boson-exchange contribution that
appear in the gg → e+νe µ

−ν̄µ bb̄ τ
+τ− partonic subprocess at leading order even though the b

quarks and τ± leptons are treated as massless particles.

The virtual corrections consist of the 1-loop corrections to the LO contributions. For
our process one can classify the corrections into self-energy, vertex, box-type, pentagon-
type, hexagon-type and heptagon-type topologies. In table 1 the number of one-loop
Feynman diagrams, that corresponds to each type of correction for the dominant gg →
e+νe µ

−ν̄µ bb̄ τ
+τ− partonic subprocess as obtained with Qgraf [62], is given. In ta-

ble 2 similar results are displayed for the qq̄ → e+νe µ
−ν̄µ bb̄ τ

+τ− partonic subprocess.
To evaluate the virtual corrections, Helac-1Loop [63] is used, which is based on the
Helac-Phegas program to calculate all tree-level like ingredients and the OPP reduction
method [64]. The cut-constructible part of the virtual amplitudes as well as the rational
term R1 of the amplitude is computed using the CutTools code [65, 66]. The R2 term,
on the other hand, is obtained with the help of extra Feynman rules [67]. At the one-loop
level the appearance of a non-zero top-quark width in the propagator requires the evalua-
tion of scalar integrals with complex masses. For this task the program OneLOop [68] is
employed. We chose to renormalise the strong coupling in the MS scheme with five active
flavours and the top quark decoupled, while the mass renormalisation is performed in the
on-shell scheme. The correctness of the calculation is checked by a series of tests per-
formed both at the preparation stage and at runtime. We have checked that our one-loop
amplitudes agree with the results of MadGraph5−aMC@NLO [69] for a few phase space
points and for both gg and qq̄ subprocesses. Additionally, the cancellation of the infrared
1/ε2 and 1/ε poles between virtual and real corrections, as provided by the I-operator,
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One-Loop Number Of
Correction Feynman Diagrams
Self-Energy 32040

Vertex 39288
Box-Type 21452

Pentagon-Type 8604
Hexagon-Type 1996
Heptagon-Type 180
Total Number 103560

Table 1. Number of one-loop Feynman diagrams for the dominant gg → e+νe µ
−ν̄µ bb̄ τ

+τ−

partonic subprocess at O(α3
sα

6) for the pp → e+νe µ
−ν̄µ bb̄ τ

+τ− + X process. The Higgs boson
exchange contributions are not considered and the Cabibbo-Kobayashi-Maskawa mixing matrix is
kept diagonal.

One-Loop Number Of
Correction Feynman Diagrams
Self-Energy 18338

Vertex 10272
Box-Type 5218

Pentagon-Type 1900
Hexagon-Type 380
Heptagon-Type 32
Total Number 36140

Table 2. As in table 1 but for the qq̄ → e+νe µ
−ν̄µ bb̄ τ

+τ− partonic subprocess.

has been checked numerically. We also monitor the numerical stability by checking Ward
identities at every phase space point. The events which do not pass this runtime check are
not discarded from the calculation of the finite part, but rather recalculated with higher
precision. For the qq̄ subprocess we use the so-called scale test [70], which is based on
momentum rescaling.

For the real corrections the generic subprocesses are listed in table 3 where again q

stands for up- or down-type quarks. All subprocesses include all possible contributions
of the order of O(α3

sα
6). The complex mass scheme for unstable top quarks and gauge

bosons has been implemented in complete analogy to the LO case. For the calculation of
the real emission contributions, the Helac-Dipoles package is employed. It implements
the Catani-Seymour dipole formalism [71, 72] for arbitrary helicity eigenstates and colour
configurations of the external partons [52]. Furthermore, it comprises the Nagy-Soper
subtraction scheme [73], which makes use of random polarisation and colour sampling of the
external partons. In table 3 we provide additionally the number of Catani-Seymour dipoles
and Nagy-Soper subtraction terms. Even though we employ the Nagy-Soper subtraction
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Partonic Number Of Number Of Number Of
Subprocess Feynman Diagrams CS Dipoles NS Subtractions

gg → e+νe µ
−ν̄µ bb̄ τ

+τ− g 12378 27 9
gq → e+νe µ

−ν̄µ bb̄ τ
+τ− q 6416 15 5

gq̄ → e+νe µ
−ν̄µ bb̄ τ

+τ− q̄ 6416 15 5
qq̄ → e+νe µ

−ν̄µ bb̄ τ
+τ− g 6416 15 5

Table 3. List of partonic subprocesses contributing to the subtracted real emission at O(α3
sα

6)
for the pp → e+νe µ

−ν̄µ bb̄ τ
+τ− + X process where q = u, d, c, s. Also shown are the number of

Feynman diagrams, as well as the number of Catani-Seymour and Nagy-Soper subtraction terms
that correspond to these partonic subprocesses.

scheme for the full off-shell calculation, we show numbers for both schemes to underline the
difference between them. Indeed, the difference between the number of Catani-Seymour
dipoles and Nagy-Soper subtraction terms corresponds to the total number of possible
spectators that are only relevant in the Catani-Seymour subtraction scheme. To check our
calculation we have explored the independence of the real emission results on the unphysical
cutoff in the dipole subtraction phase space, see e.g. [74–77].

The Helac-1Loop program and Helac-Dipoles are part of the Helac-NLO frame-
work [78]. Theoretical predictions obtained with the help of the Helac-NLO software are
stored in the form of modified Les Houches Event Files [79] and ROOT Ntuples [80]. In-
corporating ideas outlined in ref. [81] we store each “event” with supplementary matrix
element and PDF information. This allows us to obtain results for different scale settings
and PDF choices by reweighting. Furthermore, storing “events” has clear advantages when
different observables and/or binning are needed, and when different, more exclusive, sets
of selection cuts are to be used. Indeed, no additional time-consuming code running is
required in such cases.

3 Computational setup

We consider the pp → e+νe µ
−ν̄µ bb̄ τ

+τ− + X process at the LHC Run II center-of-mass
energy of

√
s = 13TeV. Specifically, we calculate αs corrections to the born-level process

at O(α2
sα

6). We only simulate decays of the weak bosons to different lepton generations.
Interference effects related to same-flavor leptons, however, are at the permille level for
inclusive cuts. We have checked this by an explicit leading-order calculation for the pp→
e+νe e

−ν̄e bb̄ e
+e−+X, pp→ e+νe µ

−ν̄µ bb̄ e
+e−+X as well as pp→ e+νe e

−ν̄e bb̄ τ
+τ−+X

process and found differences up to 0.2% only. In our calculations the Cabibbo-Kobayashi-
Maskawa mixing matrix is kept diagonal. The unstable particles, top quarks, W and Z

gauge bosons, are treated within the complex-mass scheme. The Higgs boson and initial
state bottom quark contributions are neglected, as explained in the previous section. The
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Standard Model parameters are given within the Gµ scheme

Gµ = 1.16638 · 10−5 GeV−2 , mt = 173 GeV , (3.1)
mW = 80.351972 GeV , ΓNLO

W = 2.0842989 GeV , (3.2)
mZ = 91.153481 GeV , ΓNLO

Z = 2.4942664 GeV . (3.3)

All other particles, including bottom quarks and τ leptons, are considered massless. The
top-quark width is treated as a fixed parameter throughout this work and its value corre-
sponds to a fixed scale µR = mt that is most natural for top-quark decays. The αs(mt)
parameter used in the calculation of ΓNLO

t is independent of αs(µ0) that goes into the
matrix element calculations as well as PDFs, since the latter describes the dynamics of the
whole process. Computed for unstable W bosons while neglecting the bottom-quark mass
the top-quark width reads

ΓLO
t = 1.443303 GeV , ΓNLO

t = 1.3444367445 GeV . (3.4)

For the NWA case with on-shell W gauge boson, in the limit ΓW /mW → 0, we obtain
instead

ΓLO
t,NWA = 1.466332 GeV , ΓNLO

t,NWA = 1.365888 GeV . (3.5)

The LO and NLO top-quark widths are computed using formulas from refs. [82, 83]. All
final-state b and light quarks as well as gluons with pseudorapidity |η| < 5 are recombined
into jets with the separation parameter R = 0.4 in the rapidity-azimuthal angle plane via
the IR-safe anti-kT jet clustering algorithm [84]. Moreover, we impose additional cuts on
the transverse momenta and the rapidity of b-jets

pT, b > 25 GeV , |yb| < 2.5 , ∆Rbb > 0.4 , (3.6)

where b stands for the two b-jets. The following selection criteria are imposed to ensure
that all charged leptons are observed inside the detector and are well separated from each
other

pT, ` > 20 GeV , |y`| < 2.5 , ∆R`` > 0.4 , (3.7)

where ` = e, µ, τ . The minimum on the missing transverse momentum from undetected
neutrinos is set to be

pmissT > 40 GeV . (3.8)

We set no restrictions on the kinematics of the extra light jet. We require 2 b-jets, 4
charged leptons and missing transverse momentum. The applied cuts are motivated by re-
cent experimental analyses from ATLAS [4] and CMS [3]. Following the recommendations
of PDF4LHC [85] we consistently use the NNPDF3.1 [86] sets of parton distribution func-
tions. The two-loop (one-loop) running of αs at NLO (LO) is provided by the LHAPDF
interface [87]. Both the LO and NLO PDF sets are obtained with αs(mZ) = 0.118. The
number of active flavours is set to NF = 5. Unless stated otherwise, all results are pre-
sented using the NNPDF3.1 PDF set. Nevertheless, to assess the differences among various
PDF sets we will also present our findings for the integrated fiducial NLO cross sections as
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obtained with the following PDF sets: CT10 [88], CT14 [89], CT18 [90], MSTW2008 [91],
MMHT14 [92], MSHT20 [93], NNPDF3.0 [94], NNPDF4.0 [95] and ABMP16 [96]. For the
central value of the renormalisation and factorisation scales we assume µR = µF = µ0.
The scale uncertainties, however, are estimated by varying µR and µF independently in
the following range(

µR
µ0
,
µF
µ0

)
= {(2, 1), (0.5, 1), (1, 2), (1, 1), (1, 0.5), (2, 2), (0.5, 0.5)} . (3.9)

and choose the minimum and maximum of the resulting cross sections. The central values
of the factorization and renormalisation scales have been set first to the following fixed
scale setting

µ0 = mt + 1
2mZ , (3.10)

and subsequently the following dynamical scale choice is used

µ0 = 1
3HT , (3.11)

where HT is calculated on an event-by-event basis according to

HT = pT, b1 + pT, b2 + pT, e+ + pT, µ− + pT, τ+ + pT, τ− + pmissT . (3.12)

The extra jet, even if resolved, is not included in the definition of the scale at NLO.
Let us stress that the HT based scale setting is blind to the fact that in the pp →
e+νe µ

−ν̄µ bb̄ τ
+τ− process Feynman diagrams with one or two top-quark resonances might

appear. Nor does it assume anything about the Z boson. In other words, information
about the underlying resonant structure of the event is not used at all.

4 Integrated fiducial cross sections

We begin our presentation of the results of our analysis with a discussion of the integrated
fiducial cross section at the central value of the scale µR = µF = µ0 = mt + mZ/2. We
first note that at the central scale the gg channel dominates the LO pp cross section by
about 65% followed by the qq̄ channels with about 35%. With the input parameters and
cuts specified in section 3, we arrive at the following predictions

σLO
pp→e+νe µ−ν̄µ bb̄ τ+τ−(NNPDF3.1−lo−as−0118, µ0 = mt +mZ/2) = 76.98 +24.30 (32%)

−17.17 (22%) ab ,

σNLO
pp→e+νe µ−ν̄µ bb̄ τ+τ−(NNPDF3.1−nlo−as−0118, µ0 = mt +mZ/2) = 97.86 +1.08 (1%)

−6.16 (6%) ab .
(4.1)

The K-factor, defined as the ratio of NLO to LO cross section, reads K = 1.27. In our case
both LO and NLO integrated fiducial cross sections are calculated for LO and NLO PDF
sets as obtained with αs(mZ) = 0.118. Had we used the LO NNPDF3.1 PDF set with
αs(mZ) = 0.130 or the NLO NNPDF3.1 PDF set also for our LO cross section we would

– 9 –



J
H
E
P
0
8
(
2
0
2
2
)
0
6
0

Figure 3. Scale dependence of the LO and NLO integrated fiducial cross sections for pp →
e+νe µ

−ν̄µ bb̄ τ
+τ− + X at the LHC with

√
s = 13TeV. In the upper plot renormalisation and

factorisation scales are set to µR = µF = ξµ0 where µ0 = mt +mZ/2 and µ0 = HT /3. The LO and
NLO NNPDF3.1 PDF sets are employed. In the two lower plots, the variation of µR with fixed µF
and the reverse case are given for each case of µ0.

rather have

σLO
pp→e+νe µ−ν̄µ bb̄ τ+τ−(NNPDF3.1−lo−as−0130, µ0 = mt +mZ/2) = 86.96 +30.13 (35%)

−20.70 (24%) ab ,

σLO
pp→e+νe µ−ν̄µ bb̄ τ+τ−(NNPDF3.1−nlo−as−0118, µ0 = mt +mZ/2) = 78.23 +25.49 (33%)

−17.85 (23%) ab .
(4.2)

These predictions result in a K-factor of K = 1.13 and K = 1.25 respectively. Thus,
NLO QCD corrections for the tt̄Z process are below 30% for the fixed scale setting. The
theoretical uncertainties resulting from scale variation taken as a maximum of the lower
and upper bounds are of the order of 32% at LO and 6% at NLO. Moving from LO to NLO,
the theoretical error is reduced by a factor larger than 5. Similar findings are obtained for
the kinematical dependent scale setting. For µR = µF = µ0 = HT /3 we have

σLO
pp→e+νe µ−ν̄µ bb̄ τ+τ−(NNPDF3.1−lo−as−0118, µ0 = HT /3) = 80.32 +25.51 (32%)

−18.02 (22%) ab ,

σNLO
pp→e+νe µ−ν̄µ bb̄ τ+τ−(NNPDF3.1−nlo−as−0118, µ0 = HT /3) = 98.88 +1.22 (1%)

−5.68 (6%) ab .
(4.3)

In this case the K-factor is slightly smaller, i.e. we have K = 1.23. Had we used the LO
NNPDF3.1 PDF set with αs(mZ) = 0.130 we would rather obtain K = 1.09 and finally with
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Figure 4. NLO integrated fiducial cross sections for pp→ e+νe µ
−ν̄µ bb̄ τ

+τ−+X at the LHC with√
s = 13 TeV. Theoretical results are provided for µR = µF = µ0 = HT /3 as well as for various

PDF sets. Scale uncertainties are reported for the NNPDF3.1 PDF set and are shown as a blue
band.

the NLO NNPDF3.1 PDF we would have K = 1.21. For the HT based scale choice NLO
QCD corrections are reduced, i.e. they are below 25%. The size of theoretical uncertainties
remain the same.

Subsequently, we turn our attention to a graphical representation of the scale depen-
dence for the integrated fiducial LO and NLO cross sections. In figure 3 we present the
behaviour of σLO and σNLO upon varying the central value of µR and µF by a factor of
ξ ∈ {0.125, . . . , 8}. Both µ0 = mt + mZ/2 and µ0 = HT /3 are shown, allowing us to
compare the two scale settings. Also given in figure 3 is the variation of µR with the fixed
value of µF and the variation of µF with fixed µR for each case of µ0 separately. We note
that, as far as the integrated cross sections are concerned, both scale settings are similar
and might be used in phenomenological applications. Furthermore, in the range employed
for the scale variation, i.e. when ξ ∈ {0.5, . . . , 2}, the scale uncertainty is driven by the
changes in µR. Consequently, varying µR and µF simultaneously up and down by a factor
of 2 around µ0 would produce uncertainty bands very similar to those obtained using the
full prescription of eq. (3.9).

In the next step, while employing the dynamical scale µR = µF = µ0 = HT /3, we
examine the second main source of theoretical uncertainties at NLO in QCD, that comes
from the choice of PDF. We use the corresponding prescription from each PDF fitting group
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Figure 5. NLO integrated fiducial cross sections for pp→ e+νe µ
−ν̄µ bb̄ τ

+τ−+X at the LHC with√
s = 13 TeV. Theoretical results are provided for µR = µF = µ0 = HT /3 as well as for various

PDF sets. Scale uncertainties are reported for the NNPDF3.1 PDF set (yellow band), for CT18
(green band) as well as for MMHT2014 (red band).

to provide the 68% confidence level (C.L.) PDF uncertainties. For the default NNPDF3.1
PDF set they are at the 1% level. Comparable results have been obtained for NNPDF3.0
and NNPDF4.0. For the CT family (CT10, CT14 and CT18), on the other hand, we have
received slightly higher PDF errors, δPDF ∈ (2%− 3%). For MSTW2008, MMHT2014 and
MSHT20 as well as for ABMP16 the PDF uncertainties are consistently of the order of
δPDF = 2%. Thus, the NNPDF PDF sets yield the smallest PDF uncertainties. Next, we
compare the NLO integrated fiducial cross section obtained with the help of these PDFs
to the result generated with the default setup. The largest difference with respect to our
central predictions can be noticed for the ABMP16 PDF set. This result is smaller than
the NNPDF3.1 prediction by 5%. For the CT18 (MMHT2014) PDF set we see differences
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at the level of 3% (1%), so comparable to the individual estimates of PDF systematics.
By and large, the scale uncertainties are still the dominant source of theoretical error
(δscale = 6% at NLO).

A graphical representation of these findings is given in figure 4, where theoretical re-
sults are provided for µR = µF = µ0 = HT /3. Scale uncertainties are reported for the
NNPDF3.1 PDF set and are shown as a blue band. At the bottom of the plot we display
the results for the three main global fitting groups: CT18, MMHT2014 and NNPDF3.1,
which are commonly used to provide theoretical predictions for the LHC Run II. In this
way we can see the relative difference between the various sets and the overall agreement.
As a bonus of our study, in figure 5 we show the NLO integrated fiducial cross sections
for three main families of PDFs separately. We display NNPDF (NNPDF3.0, NNPDF 3.1
and NNPDF4.0), CTEQ-TEA (CT10, CT14 and CT18) as well as MSHT (MSTW2008,
MMHT14 and MSHT20). In this way we can track the relative changes from the older
versions to the newest ones within the given set. In the case of NNPDF sets, scale uncer-
tainties are reported for the NNPDF3.1 PDF set (yellow band), for CTEQ-TEA PDFs they
are provided for CT18 (green band) and finally for MSHT scale uncertainties are depicted
for MMHT2014 (red band). For all three cases we obtain δscale = +1%

−6%. While the CT
and MSHT PDF families show perfect agreement within the errors, the NNPDF4.0 result
shows a small tension with the prediction obtained with the NNPDF3.1 PDF set. In other
words, the evolution from NNPDF3.0 to NNPDF4.0 does not converge equally well as ob-
served for the other PDF families. In all three cases, however, as expected the errors are
reduced since the newer PDF sets include more data in their respective fits. On the other
hand, when comparing the most recent PDF sets, i.e. NNPDF4.0, CT18 and MSHT20, we
observe that the obtained results are in perfect agreement within the corresponding errors.

A stability test of LO and NLO fiducial cross sections with respect to the b-jet trans-
verse momentum cut is shown in table 4. The cut is varied in steps of 5GeV within the
following range: pT, b ∈ (25− 40)GeV. We also show theoretical uncertainties as estimated
from the scale variation and from PDFs as well as the K-factor. We notice that NLO
QCD corrections are almost constant in size for the pT, b cut within the tested range. In
addition, NLO QCD predictions show a very stable behaviour with respect to both sources
of theoretical uncertainties.

In table 5, on the other hand, we give LO and NLO integrated fiducial cross sec-
tions for four different values of the cut on the invariant mass of the τ+τ− pair. We
require Mτ+τ− to be in the following Z boson mass window, |Mτ+τ− −mZ | < X, where
X ∈ {25, 20, 15, 10}GeV. The latter set covers the values frequently used in different ex-
perimental analyses for the process. This requirement favours configurations where the
τ lepton pair originates from a decaying Z boson with possible interferences induced by
a very off-shell photon in the same mass window. We compare these theoretical predic-
tions to the result without this condition. We notice that already for the smallest window,
i.e. for |Mτ+τ− − mZ | < 10GeV, we can recover 87% of the full pp cross section for the
pp → e+νe µ

−ν̄µ τ
+τ− bb̄ + X process. For the enlarged window of 25GeV this number is

instead 92%. Moreover, the NLO QCD corrections are extremely stable with respect to
this cut, regardless of the window size applied around the nominal Z boson mass. We shall
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Scale pT, b σLO [ab] δscale σNLO [ab] δscale δPDF K = σNLO/σLO

µ0 = mt +mZ/2 25 76.98 +32%
−22% 97.86 +1%

−6%
+1%
−1% 1.27

30 71.36 +32%
−22% 89.53 +1%

−6%
+1%
−1% 1.25

35 65.19 +32%
−22% 80.96 +1%

−6%
+1%
−1% 1.24

40 58.84 +32%
−22% 72.42 +1%

−6%
+1%
−1% 1.23

µ0 = HT /3 25 80.32 +32%
−22% 98.88 +1%

−6%
+1%
−1% 1.23

30 74.22 +32%
−22% 90.27 +1%

−5%
+1%
−1% 1.22

35 67.52 +32%
−22% 81.51 +1%

−5%
+1%
−1% 1.21

40 60.61 +32%
−22% 72.82 +1%

−5%
+1%
−1% 1.20

Table 4. LO and NLO integrated fiducial cross sections for the pp→ e+νe µ
−ν̄µ bb̄ τ

+τ−+X process
at the LHC with

√
s = 13TeV. Results are evaluated using µR = µF = µ0 where µ0 = HT /3 and

µ0 = mt + mZ/2. The LO and NLO NNPDF3.1 PDF sets are used. We display results for four
different values of the pT, b cut. Also given are the theoretical uncertainties coming from scale
variation (δscale) and PDFs (δPDF). In the last column the K-factor is shown. Monte Carlo errors
are at the permille or sub-permille level.

|Mτ+τ− −mZ | < X σLO [ab] δscale σNLO [ab] δscale δPDF K = σNLO/σLO

µ0 = mt +mZ/2

− 76.98 +32%
−22% 97.86 +1%

−6%
+1%
−1% 1.27

25GeV 71.06 +32%
−22% 90.10 +1%

−6%
+1%
−1% 1.27

20GeV 70.26 +32%
−22% 89.07 +1%

−6%
+1%
−1% 1.27

15GeV 69.10 +32%
−22% 87.57 +1%

−6%
+1%
−1% 1.27

10GeV 66.99 +32%
−22% 84.90 +1%

−6%
+1%
−1% 1.27

µ0 = HT /3
− 80.32 +32%

−22% 98.88 +1%
−6%

+1%
−1% 1.23

25GeV 74.06 +32%
−22% 91.00 +1%

−6%
+1%
−1% 1.23

20GeV 73.22 +32%
−22% 89.96 +1%

−6%
+1%
−1% 1.23

15GeV 72.00 +32%
−22% 88.44 +1%

−6%
+1%
−1% 1.23

10GeV 69.81 +32%
−22% 85.74 +1%

−6%
+1%
−1% 1.23

Table 5. LO and NLO integrated fiducial cross sections for the pp → e+νe µ
−ν̄µ τ

+τ− bb̄ + X

process at the LHC with
√
s = 13TeV. Results are evaluated using µR = µF = µ0 with µ0 =

mt +mZ/2 and µ0 = HT /3. The LO and NLO NNPDF3.1 PDF sets are used. We display results
for four different values of the Mτ+τ− cut, where |Mτ+τ− −mZ | < X with X ∈ (25, 20, 15, 10)GeV.
Additionally, the LO and NLO predictions without this requirement are given. The theoretical
uncertainties coming from scale variation (δscale) and PDFs (δPDF) are also provided. In the last
column the K-factor is shown. Monte Carlo errors are at the permille or sub-permille level.
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Scale Order PDF σ [ab] K = σNLO/σLO

µ0 = mt +mZ/2 LO NNPDF3.1−lo−as−0130 29.74 +35%
−24% 1.06

LO NNPDF3.1−lo−as−0118 26.34 +32%
−23% 1.19

LO NNPDF3.1−nlo−as−0118 26.84 +33%
−23% 1.17

NLO NNPDF3.1−nlo−as−0118 31.44 +1%
−5% −

µ0 = HT /3 LO NNPDF3.1−lo−as−0130 30.15 +35%
−24% 1.05

LO NNPDF3.1−lo−as−0118 26.66 +32%
−23% 1.18

LO NNPDF3.1−nlo−as−0118 27.14 +33%
−23% 1.16

NLO NNPDF3.1−nlo−as−0118 31.55 +1%
−5% −

Table 6. LO and NLO integrated fiducial cross sections for the pp → e+νe µ
−ν̄µ bb̄ τ

+τ− + X

process at the LHC with
√
s = 13TeV. Results are evaluated for the more exclusive setup, which

considers the cuts of eq. (4.4) on top of the standard kinematical cuts, using µR = µF = µ0 where
µ0 = mt +mZ/2 and µ0 = HT /3. Three PDF sets are employed for LO predictions with different
values of αs(mZ). In the last column the K-factor, defined as σNLO/σLO, is shown. Monte Carlo
errors are at the permille or sub-permille level.

use this cut at a later time, when we compare our state-of-the-art theoretical predictions
with those calculated in the NWA.

Finally, we also provide theoretical predictions for a slightly modified setup. Specifi-
cally, the following more exclusive set of selection cuts is additionally imposed on the final
state charged leptons and b-jets:

pT, b > 40 GeV, pT, ` > 30 GeV, ∆Rb ` > 0.4 . (4.4)

These more exclusive selection cuts are motivated by the various experimental analysis
carried out by ATLAS and CMS collaborations for the pp→ tt̄Z process, see e.g. refs. [1–
4]. The LO and NLO integrated fiducial cross sections for both scale settings calculated
with these modified cuts are presented in table 6. When comparing to the default setup
we notice the reduced size of NLO QCD corrections. Specifically, they are now below 20%.
With the NNPDF3.1-lo-as-0130 LO PDF set, however, they are as small as 5% − 6%.
On the other hand, theoretical uncertainties due to the scale variation remain the same.
Similarly to the default setup also here such differences in the K-factor are driven by
changes in the LO cross section and in particular, by changes in the value of αs(mZ) used
as an input parameter in the corresponding LO NNPDF3.1 PDF set. We also note, that
employing LO and NLO NNPDF3.1 PDF sets with the same value of αs(mZ) for the LO
cross section results in very similar predictions for the process at hand.

To summarise this part, for the integrated fiducial cross sections, where effects of
the phase-space regions close to the particle threshold for tt̄Z production dominate, both
scale choices that we employed describe the pp → e+νe µ

−ν̄µ bb̄ τ
+τ− + X process very

well. They agree within their respective theoretical errors and have similar theoretical
systematics. Thus, a choice between a fixed and dynamical scale setting does not play a
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crucial role. On the other hand, for the differential cross sections the off-shell effects of the
top quarks and massive gauge bosons as well as the single- and non-resonant contributions
become more important, making the usage of the dynamical scale setting a necessity. We
will come back to this point in section 5.

5 Differential fiducial cross sections

Integrated cross sections are mostly influenced by final-state production relatively close
to the threshold as defined by particle masses. On the other hand, differential cross
sections extend themselves up to energy scales that are much larger than the thresh-
old, and may show larger shape distortions in such high-energy regions. Therefore, in
the next step we turn our attention to the differential cross section distributions for the
pp → e+νe µ

−ν̄µ bb̄ τ
+τ− + X process. In the following, we examine the size of the NLO

QCD corrections to the relevant observables at the LHC using our default setup with LO
and NLO NNPDF3.1 PDF sets obtained with αs(mZ) = 0.118. Had we used the same
NLO NNPDF3.1 PDF set also for the LO predictions our results and conclusions that we
provide below would not change significantly. For each plot the upper panels always show
absolute LO and NLO predictions together with the corresponding scale uncertainty bands.
The lower panels display the differential K-factor together with its scale uncertainty band
as well as the relative scale uncertainties of the LO cross section. Specifically, we plot

KNLO(µ) = dσNLO(µ)/dX
dσLO(µ0)/dX , and KLO(µ) = dσLO(µ)/dX

dσLO(µ0)/dX , (5.1)

where µ0 is the central value of the scale and X denotes the observable under consideration.
The error band is determined similarly to the integrated cross section case, i.e. with the
help of a 7-point scale variation. We provide our results at the differential level only for the
dynamical scale setting, i.e. for µR = µF = µ0 = HT /3. The reason for that is as follows.
For the fixed scale choice that we employed, i.e. for µ0 = mt + mZ/2, we could observe
that for some choices of the ξ parameter, where µR = µF = ξµ0, the NLO results become
negative. This happens in the high-energy tails of dimensionful distributions. Furthermore,
there are kinematic regions where the scale variation bands at LO and NLO do not overlap
anymore. In addition, it can even happen that the scale variation at NLO actually exceeds
the scale variation of the LO predictions. All these effects have already been observed in
our previous studies for the tt̄ + X process, where X = j, γ, Z(νν̄), W±, H [49, 97–100].
They might be accommodated by a judicious choice of a dynamical scale setting.1

We start with the observables constructed from the two τ leptons originating from
the Z/γ∗ boson decay. In figure 6 we show differential cross sections as a function of
the invariant mass of the τ+τ− system, Mτ+τ− , the transverse momentum of the τ+τ−

system, pT τ+τ− and the azimuthal separation between the two τ leptons in the plane
transverse to the beam, ∆φτ+τ− . The latter is always taken in such a way as to ensure

1We note, however, that for the missing transverse momentum, pmissT (not shown here), the fixed
scale setting performs better. Similar results have already been observed in the case of the pp →
e+νe µ

−ν̄µ bb̄ ντ ν̄τ +X process and discussed in ref. [49].
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Figure 6. Differential cross-section distributions for pp→ e+νe µ
−ν̄µ bb̄ τ

+τ−+X at the LHC with√
s = 13TeV as a function of Mτ+τ− , pT τ+τ− , ∆φτ+τ− , cos θτ+τ− , ∆Rτ+τ− and yτ+τ− . The blue

curve corresponds to the LO and the red curve to the NLO result. Also shown are the corresponding
uncertainty bands resulting from scale variations. The lower panels display the differential K-factor
together with the uncertainty band and the relative scale uncertainties of the LO cross section. The
scale choice is µR = µF = µ0 = HT /3. The cross sections are evaluated with the NNPDF3.1 PDF
sets.
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Figure 7. Differential cross-section distributions for pp → e+νe µ
−ν̄µ bb̄ τ

+τ− + X at the LHC
with

√
s = 13TeV as a function of pT b1 , pT b2 , pT e+ and H lep

T . The blue curve corresponds to
the LO and the red curve to the NLO result. Also shown are the corresponding uncertainty bands
resulting from scale variations. The lower panels display the differential K-factor together with the
uncertainty band and the relative scale uncertainties of the LO cross section. The scale choice is
µR = µF = µ0 = HT /3. The cross sections are evaluated with the NNPDF3.1 PDF sets.

0 ≤ ∆φτ+τ− ≤ π, consequently, we display ∆φτ+τ−/π. Furthermore, we present the
cosine of the angle between the two τ leptons, cos θτ+τ− , where the angle θτ+τ− is given by
p̂τ+ · p̂τ− = cos θτ+τ− . Also given are the rapidity-azimuthal-angle distance between the two
τ leptons, ∆Rτ+τ− and the rapidity of the τ+τ− system, yτ+τ− . ForMτ+τ− , in the vicinity
of the Z resonance as well as outside of the Z boson peak, the NLO QCD corrections are
similar in size and significant. Specifically, they are of the order of 10%−30%. The inclusion
of higher-order corrections reduces the scale dependence from 33% to 8% for our dynamical
scale setting. For the transverse momentum of the τ+τ− pair the NLO corrections vary
between 17% and 50% introducing shape distortions at the level of 33%. Also the NLO
theoretical uncertainties are slightly larger for this observable up to 13%. In the case of
the following two dimensionless observables, ∆φτ+τ−/π and cos θτ+τ− we observe a similar
reduction of the theoretical scale uncertainty from around 30% at LO to 8% at NLO after
the inclusion of NLO QCD effects. The NLO QCD corrections can go up to about 35%,
introducing the overall shape distortions not larger than 20%. The situation is slightly
different for ∆Rτ+τ− , for which we received larger NLO QCD corrections up to about 40%

– 18 –



J
H
E
P
0
8
(
2
0
2
2
)
0
6
0

0.00

0.02

0.04

d
σ
/d

∆
R
e+
µ
−

[f
b

] LO

NLO

µ0 = HT/3

0 1 2 3 4 5
∆Re+µ−

0.5
1.0
1.5

N
L

O
/L

O

0.00

0.01

0.02

0.03

d
σ
/d
y e

+
[f

b
]

LO

NLO

µ0 = HT/3

−2.5 −1.5 −0.5 0.5 1.5 2.5
ye+

0.5

1.0

1.5

N
L

O
/L

O

0.00

0.05

0.10

0.15

d
σ
/d

(∆
φ
e+
µ
−
/π

)
[f

b
]

LO

NLO

µ0 = HT/3

0.0 0.2 0.4 0.6 0.8 1.0
∆φe+µ−/π

1.0

1.5

N
L

O
/L

O

0.000

0.025

0.050

0.075

d
σ
/d

co
s
θ e

+
µ
−

[f
b

] LO

NLO
µ0 = HT/3

−1.0 −0.6 −0.2 0.2 0.6 1.0
cos θe+µ−

0.5

1.0

1.5

N
L

O
/L

O

Figure 8. Differential cross-section distributions for pp→ e+νe µ
−ν̄µ bb̄ τ

+τ−+X at the LHC with√
s = 13TeV as a function of ∆Re+µ− , ye+ , cos θe+µ− and ∆φe+µ− . The blue curve corresponds to

the LO and the red curve to the NLO result. Also shown are the corresponding uncertainty bands
resulting from scale variations. The lower panels display the differential K-factor together with the
uncertainty band and the relative scale uncertainties of the LO cross section. The scale choice is
µR = µF = µ0 = HT /3. The cross sections are evaluated with the NNPDF3.1 PDF sets.

and shape distortions of the order of 30%. At last, for yτ+τ− in the central rapidity regions
higher order effects are of the order of 20%. At forward and backward rapidity regions,
on the other hand, they increased to 30%− 40%. For the last two observables NLO scale
uncertainties are below 10%.

Similar to the integrated fiducial cross sections we observe a strong reduction in the
unphysical scale dependence when NLO QCD corrections are included. Moreover, scale
dependence bands for LO and NLO predictions indicate a well behaved perturbative con-
vergence. However, even with our dynamical scale setting the NLO QCD corrections to
the differential cross-section distributions, are significant. In a few cases shape distortions
are comparable in size to the LO theoretical uncertainties, i.e. they are of the order of
30%. Thus, a suitably chosen global K-factor can not be applied to all LO predictions at
the same time to obtain results that approximate well the full NLO QCD predictions. As
such, full NLO predictions should be used consistently. Furthermore, because of the key
role of the top quark interaction with the Z boson in many beyond the Standard Model
(BSM) scenarios, theoretical predictions for benchmark observables calculated within the
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SM framework must be provided as accurately as possible. A realistic assessment of system-
atic uncertainties for these theoretical predictions is required as well. Various differential
fiducial cross-section distributions might be modified by anomalous tt̄Z couplings. Thus,
it is vital to have the SM predictions under excellent theoretical control. We note that,
from the observables that have been presented, pT τ+τ− and ∆φτ+τ− are particularly in-
teresting as they have already proved to be good analysers of the tt̄Z coupling, see e.g.
refs. [12, 15, 16].

In the next step we look at observables related to the two top quarks. They are
especially important from the point of view of the modelling of top-quark decays. In
figure 7 we present the following dimensionful observables: the transverse momentum of
the hardest b-jet, pT b1 , the transverse momentum of the second hardest b-jet, pT b2 , the
transverse momentum of the positron, pT e+ and the scalar sum of the transverse momenta
of the charged leptons, H lep

T . The last observable is defined as follows

H lep
T = pT e+ + pT µ− + pT τ+ + pT τ− . (5.2)

NLO QCD corrections for the b-jet related observables, pT b1 and pT b2 , go up to 40%,
whereas for the leptonic observables these corrections are below 30%, excluding the second
bin in H lep

T which goes up to about 40%. NLO theoretical uncertainties for all these
observables are similar and around 10%, even though they can be larger for a few single
bins and reach up to 30%.

Finally, in figure 8 angular correlations of the leptons coming from the top-quark de-
cays are displayed. Specifically, we show the rapidity-azimuthal-angle distance between
the positron and muon, ∆Re+µ− , the rapidity of the positron, ye+ , the azimuthal angle
between the positron and muon in the transverse plane, ∆φe+µ− , and the cosine of the
angle between them, cos θe+µ− . These observables are also sensitive to various BSM mod-
els, however, they are mostly used to study spin correlations in top-quark decays. We
can observe that compared to similar observables for the τ+τ− system, the shapes are
vastly different here. This of course is not surprising given that the positron and muon
are predominantly produced in back-to-back configurations. NLO QCD corrections for
dimensionless observables constructed from the two charged leptons originating from the
top quarks are not small. Specifically, for ∆Re+µ− they are up to 45%, for ye+ in the
central rapidity regions they are of the order of 20% whereas in the forward and backward
regions they increase up to about 40%. In the case of ∆φe+µ− higher-order effects are
below 40% and finally for cos θe+µ− NLO QCD corrections are of the order of 25%. For
all four differential cross-section distributions theoretical uncertainties coming from scale
variation are reduced from 30%− 40% at LO to maximally up to 10% at NLO in QCD.

Having examined the size of scale uncertainties for the differential cross section distri-
butions we turn our attention to the PDF uncertainties. We have already checked that the
latter are smaller than the theoretical uncertainties stemming from scale variation at the
integrated fiducial level. We would like to check whether this is still the case at the differen-
tial level. We display the six observables that have been shown previously. Specifically, in
figure 9 we present differential cross section distributions as a function of ∆φτ+τ− , yτ+τ− ,
cos θτ+τ− , ∆Rτ+τ− , Mτ+τ− and pT τ+τ− . We plot them afresh for the CT18 and MMHT14
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Figure 9. Differential cross-section distributions for pp → e+νe µ
−ν̄µ bb̄ τ

+τ− + X at the LHC
with

√
s = 13TeV as a function of ∆φτ+τ− , yτ+τ− , cos θτ+τ− , ∆Rτ+τ− , Mτ+τ− and pT τ+τ− .

The upper panel shows the absolute NLO QCD predictions for three different PDF sets with
µR = µF = µ0 = HT /3. The middle panel displays the ratio to the result with the default
NNPDF3.1 PDF set as well as its scale dependence. The lower panel presents the internal PDF
uncertainties calculated separately for each PDF set.
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PDF sets. Each plot comprises three panels. The upper panel displays the absolute NLO
prediction for three different PDF sets at the central scale value, µR = µF = µ0 = HT /3.
The middle panel shows the NLO QCD scale dependence band normalised to the NLO
prediction for µ0 and NNPDF3.1. Also given is the ratio of NLO QCD predictions gener-
ated for CT18 and MMHT14 to the default NNPDF3.1 PDF set. The lower panel exhibits
the internal PDF uncertainties for each PDF set separately, which are also normalised to
central NLO predictions with NNPDF3.1

We observe that also at the differential level the NNPDF3.1 PDF uncertainties are
very small and well below the corresponding theoretical uncertainties due to scale depen-
dence. Indeed, the internal NNPDF3.1 PDF uncertainties are maximally up to 1.5% for
dimensionless observables and for Mτ+τ− . At the same time scale uncertainties are up
to 7% − 10% for these observables. For pT τ+τ− , the last observable that we have shown,
the NNPDF3.1 PDF uncertainties in the tails of the distribution do not exceed 5%− 6%.
However, these are phase-space regions where the scale uncertainties can be as large as
13%. When analysing the internal PDF uncertainties for CT18 and MMHT14 we notice
that they behave similarly and their PDF uncertainties are almost a factor of 2 larger
than those for NNPDF3.1. This is true for MMHT14 for all observables except for pT τ+τ−

where the PDF uncertainties are not bigger than 6% and thus comparable to those from
NNPDF3.1. In all cases, the selected PDF sets are still within the theoretical uncertain-
ties due to scale dependence for all observables. Looking at the theoretical predictions for
MMHT14 and CT18, we note that the relative difference to the NNPDF3.1 result is of the
order of 1.5% and 4% respectively. Therefore, the PDF uncertainties are of a similar size
as the difference between the results obtained using various PDF sets.

6 Off-shell vs on-shell modelling of top quarks and gauge bosons

In order to examine the size of the non-factorisable corrections for the pp→ e+νe µ
−ν̄µ bb̄ τ

+τ−+
X process within our setup we compare the NLO QCD results with full off-shell effects
included with the calculations in the NWA. The latter results are also generated with
the help of the Helac-NLO program [101], which recently has been extended to provide
theoretical predictions also in this approximation. The NWA results at NLO in QCD are
divided in two categories: the full NWA and the NWA with LO top-quark decays (hereafter
referred to as NWAfull and NWALOdec respectively). The full NWA comprises NLO QCD
corrections to both tt̄Z production and the subsequent top-quark decays preserving at the
same time the tt̄ spin correlations at the same accuracy. The NWALOdec case contains the
results with NLO QCD corrections to the production stage only, whereas top-quark decays
are calculated at LO. In this case tt̄ spin correlations are only available with LO accu-
racy. For consistency these findings are calculated with ΓLO

t,NWA. The contribution from
the t→WbZ decay are neglected due to the tiny available phase space and the size of the
t→WbZ branching ratio. With the input parameters and cuts specified in section 3, our
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findings can be summarised as follows

σLO
NWA(NNPDF3.1−lo−as−0118, µ0 = HT /3) = 72.69 +22.97 (32%)

−16.24 (22%) ab , (6.1)

σNLO
NWAfull(NNPDF3.1−nlo−as−0118, µ0 = HT /3) = 88.75−2.16 (2%)

−4.87 (5%) ab . (6.2)

In the case where NLO QCD corrections to top-quark decays are omitted we obtain instead

σNLO
NWALOdec(NNPDF3.1−nlo−as−0118, µ0 = HT /3) = 96.74 +7.21 ( 7%)

−9.98 (10%) ab . (6.3)

We can immediately make the following conclusions based on our NWA results. First,
we can see that the NWAfull prediction has the same theoretical uncertainties due to the
scale dependence as the full off-shell result (see eq. (4.3)). At LO they are at the level of
32% (to be compared to 32% for the full-off shell case), while at NLO in QCD they are
reduced to 5% (6% for the full off-shell prediction). The size of NLO QCD corrections is
also similar. Indeed, we find K = σNLO

NWAfull
/σLO

NWA = 1.22 for our dynamical scale setting
(K = σNLO

off−shell/σ
LO
off−shell = 1.23). When the higher-order corrections in top-quark decays

are omitted, however, the scale dependence increases and theoretical uncertainties are at
the level of 10%. Therefore, they are almost a factor of 2 larger than the theoretical
uncertainty estimate for the NWAfull case. In addition, the NLO QCD corrections are
larger as well for this case as we have K = σNLO

NWALOdecay
/σLO

NWA = 1.33. Having both results
σNLO

NWAfull
and σNLO

NWALOdecay
we can furthermore assess that higher-order QCD corrections to

top-quark decays are negative and of the order of 9%. We observe that NWALOdec is very
close to the full off-shell prediction, and the two results agree well within the estimated
uncertainties. We stress that this agreement is accidental and is an interplay of two effects.
Indeed, when NLO QCD corrections to top-quark decays are included (NWAfull), the cross
section receives negative corrections. On the other hand, when off-shell contributions are
included, the correction to the cross section is positive.

With all the theoretical predictions available, we can check the importance of the full
off-shell effects for the process, first at the integrated fiducial cross-section level, and in the
next step differentially for various observables. As we have already mentioned the full off-
shell predictions at NLO QCD accuracy consist of multiple effects. Firstly, they comprise
the NLO QCD corrections not only to the production and decay stages of top quarks
separately, but also radiative interference effects between the production and decay stage
which represent genuine non-factorisable effects. Secondly, all heavy unstable particles are
described by Breit-Wigner propagators in the matrix element calculations. Thirdly, they
incorporate single- and non-resonant t and W±/Z contributions. Finally, photon-induced
contributions and Z/γ∗ interference effects are included as well.

We start with the results for NLO integrated fiducial cross sections that are given in ta-
ble 7. For the default set of cuts we observe large effects. Specifically, the difference between
the full off-shell result and NWAfull is of the order of 11%, which is well above the NWA un-
certainty determined by O(Γ/m) for sufficiently inclusive processes [102]. The latter uncer-
tainty for the pp→ tt̄Z process with our rather inclusive setup is given by O(Γ/m) ≈ 2.7%.
When the additional |Mτ+τ− −mZ | < X cut, where X ∈ {25, 20, 15, 10}GeV, is employed
we can notice that full off-shell effects are substantially reduced and fall into the range
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Modelling σNLO
i [ab] σNLO

i /σNLO
NWAfull

− 1

Off-shell 98.88 +11.4 %

Off-shell M25 GeV
τ+τ− 91.00 +2.5 %

Off-shell M20 GeV
τ+τ− 89.96 +1.4 %

Off-shell M15 GeV
τ+τ− 88.44 −0.3 %

Off-shell M10 GeV
τ+τ− 85.74 −3.4 %

NWAfull 88.75 −

NWALOdec 96.74 +9.0 %

Table 7. NLO integrated fiducial cross sections for the for pp → e+νe µ
−ν̄µ bb̄ τ

+τ− + X at
the LHC with

√
s = 13TeV. The full off-shell prediction and various NWA results are presented.

Also given are the full off-shell findings with the additional |Mτ+τ− −mZ | < X cut, where X ∈
{25, 20, 15, 10}GeV. The latter is denoted asMX

τ+τ− . The NNPDF3.1 PDF sets are dynamical scale
setting, µR = µF = µ0 = HT /3, are used.

0.3% − 3.4% depending on the X value. Thus, this larger 11% effect is mostly driven by
the Z/γ∗ interference effects and photon-induced contributions. This is further confirmed
by a previous study for the pp → tt̄Z process with Z → νν̄. Specifically, in ref. [50] the
final state pp→ e+νe µ

−ν̄µ bb̄ ντ ν̄τ +X was considered with a fairly inclusive cut selection.
For such a setup full off-shell effects of the order of 3%− 4% have been found, see table 2
in ref. [50].

To visualise this better we display in figure 10 the NLO integrated fiducial cross section
as a function ofMτ+τ− . The upper panel shows the absolute prediction at NLO for various
approaches for the modelling of top-quark production and decays. Specifically, we show
the full off-shell case without and with the |Mτ+τ−−mZ | < 20 (10)GeV cut. Also reported
are the NWAfull and NWALOdec results. We additionally provide theoretical uncertainties
as obtained from the scale dependence for the full off-shell case. The lower panel displays
the ratios to the full off-shell prediction. We can observe that in the full off-shell case
large tails from the Breit-Wigner Z propagator and the tt̄Z/tt̄γ∗ interference are present.
We can additionally notice substantial contributions from the tt̄γ∗ process for 8 GeV .
Mτ+τ− . mZ .2 On the other hand, when the invariant mass of the τ+τ− system is set
within a range of ± 10GeV (± 20 GeV) around the nominal Z boson mass we are more
sensitive to on-shell-like Z boson decays. In these phase-space regions the photon-induced
contribution as well as Z/γ∗ interference effects are highly suppressed.

In the next step we analyse further various dimensionful observables. Specifically,
in figure 11 we show differential cross-section distributions as a function of pT b1b2 , pT b1 ,
Mmin
bµ− , pT `2 , pT τ+ and pT τ+τ− . We focus on observables where the full off-shell effects

are most pronounced. The latter are nevertheless visible for the majority of dimensionful
2We note that the separation between the τ± leptons, implied by the ∆Rτ+τ− cut, together with the

requirement of having both τ leptons with pT τ > 20GeV sets an effective lower limit on the invariant mass
Mτ+τ− . Indeed, we can write (Mτ+τ− )min = (pT,τ )min

√
2(1− cos(∆Rτ+τ− )) ≈ 8GeV.
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Figure 10. Differential cross-section distribution for pp→ e+νe µ
−ν̄µ bb̄ τ

+τ−+X at the LHC with√
s = 13TeV as a function of Mτ+τ− . The upper panel shows the NLO QCD prediction for the full

off-shell case as well as for NWAfull and NWALOdec. Also given is the full off-shell result with the
additional |Mτ+τ− −mZ | < 20 (10)GeV cut. Furthermore, we provide theoretical uncertainties as
obtained from the scale dependence for the full off-shell case. The lower panel displays the ratios to
the full off-shell result. The scale choice is µR = µF = µ0 = HT /3. The cross sections are evaluated
with the NNPDF3.1 PDF set.

differential cross sections. Very generally speaking the full off-shell effects are noticeable
in the following two phase-space regions: in high pT tails and in the vicinity of kinematical
endpoints. In the following we shall provide examples for the both cases. The structure of
each plot is the same as in figure 10. Some of the observables displayed in figure 11 have
already been introduced. However, presented for the first time is the transverse momentum
of the bb̄ system, pTb1b2 , the transverse momentum of the positively charged tau lepton,
pTτ+ , and the transverse momentum of the second hardest charged lepton, pT`2 , where `
stands for ` = e+, µ−, τ+, τ−. Finally, also given is the minimum invariant mass of the
b-jet and the muon, Mmin

bµ− , which is defined as

Mmin
bµ− = min

{
Mb1µ− ,Mb2µ−

}
. (6.4)

In the case when the top quarks andW gauge bosons are on-shell and the masses of all final
decay products are neglected theMmin

bµ− observable is bounded from above by
√
m2
t −m2

W ≈
153GeV. For the off-shell prediction this kinematic limit is smeared, nevertheless there is
a sharp fall of the cross section for Mmin

bµ− & 153GeV. Even for the NWAfull and NWALOdec
cases at NLO in QCD this endpoint is smeared by real emission contributions.

For the transverse momentum distribution of the bb̄ system we can detect substantial
effects. Already for pT b1b2 ≈ 400GeV the difference between the full off-shell result and the
NWAfull prediction is about 30%. At the end of the plotted spectrum the full off-shell effects
are even larger up to 40%− 45%. In spite of the fact that theoretical uncertainties due to
the scale dependence are particularly large for this observable, NWAfull and NWALOdec are
still outside of the uncertainty bands. The latter are at most at the 20%− 30% level in the
aforementioned phase-space regions. If the additional |Mτ+τ− −mZ | < 20 (10)GeV cut is
imposed the full off-shell effects are reduced to 15%− 20% for pT b1b2 ≈ 400GeV, whereas
they are up to 30% − 35% towards the end of the pT b1b2 spectrum. We can monitor the
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Figure 11. Differential cross-section distributions for pp → e+νe µ
−ν̄µ bb̄ τ

+τ− + X at the LHC
with

√
s = 13TeV as a function of pT bb̄, pT b1 , Mmin

bµ− , pT `2 , pT τ+ and pT τ+τ− . The upper panel
shows the NLO QCD prediction for the full off-shell case as well as for NWAfull and NWALOdec. Also
given is the full off-shell result with the additional |Mτ+τ− −mZ | < 20 (10)GeV cut. Furthermore,
we provide theoretical uncertainties as obtained from the scale dependence for the full off-shell case.
The lower panel displays the ratios to the full off-shell result. The scale choice is µR = µF = µ0 =
HT /3. The cross sections are evaluated with the NNPDF3.1 PDF set.
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Figure 12. Differential cross-section distributions for pp→ e+νe µ
−ν̄µ bb̄ τ

+τ−+X at the LHC with√
s = 13TeV as a function of ∆φτ+τ− , yτ+τ− , cos θτ+τ− , ∆yτ+τ− , yτ+ and ye+ . The upper panel

shows the NLO QCD prediction for the full off-shell case as well as for NWAfull and NWALOdec. Also
given is the full off-shell result with the additional |Mτ+τ− −mZ | < 20 (10)GeV cut. Furthermore,
we provide theoretical uncertainties as obtained from the scale dependence for the full off-shell case.
The lower panel displays the ratios to the full off-shell result. The scale choice is µR = µF = µ0 =
HT /3. The cross sections are evaluated with the NNPDF3.1 PDF set.
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impact of higher-order corrections to top-quark decays by analysing the difference between
NWAfull and NWALOdec predictions. We can see that NLO QCD corrections to top-quark
decays are up to 10% − 13%, however, the shape distortions introduced by these higher
order effects are larger and increase up to 23%.

For the transverse momentum of the hardest b-jet, pT b1 , we can observe quite similar
effects. The off-shell effects are up to 20%−35% in pT tails. Moreover, in the whole plotted
range the NWAfull curve is outside of the uncertainty bands of the full off-shell result. NLO
QCD corrections to top-quark decays affect the distribution only for moderate pT b1 values,
i.e. up to about 300GeV, and amount to 12% − 13%. They provide, however, the shape
distortions up to 25%. The situation does not change significantly when the invariant mass
of the two τ leptons is restricted due to the extra cut.

We continue with differential cross section distributions as a function of the top-quark
decay products and analyse in the next step the Mmin

bµ− observable. For the phase-space
regions up to the kinematical endpoint, the relative difference between the full off-shell
prediction and the NWAfull result is moderate and rather constant of the order of 10%.
For Mmin

bµ− ≈ 153GeV off-shell effects increase to about 60% whereas for Mmin
bµ− ≈ 200 GeV

they are as high as 80%. For Mmin
bµ− & 153GeV the NWAfull prediction simply fails to

adequately describe this observable. This is not surprising since this kinematic range is
dominated by a single-resonant top-quark contribution, which is missing from the NWAfull
result. As for the NLO QCD corrections to top-quark decays we also observe a different
behaviour in the two distinct phase-space regions, i.e. below and above the kinematic edge.
For Mmin

bµ− < 153GeV higher-order effects are negative and in the range 1% − 30%. After
reaching the kinematical limit of Mmin

bµ− ≈ 153GeV they become positive and constant, of
the order of 15%.

Next in line is the transverse momentum of the second hardest charged lepton, pT `2 .
In this case full off-shell effects are in the range of 10% − 40%. On the other hand, the
scale dependence is only up to 10% in the whole plotted range. Higher-order effects in
top-quark decay are negative and fairly constant at the level of 10%. As expected the
additional Mτ+τ− cut has a sizable impact on the pT `2 spectrum. This is due to the fact
that pT `2 comprises all charged leptons, thus, also τ+ and τ− that are directly affected by
this cut. Moreover, among the four charged leptons, the decay products of the Z boson
have harder spectra than the leptons from the decays of top quarks. We can observe that
the full off-shell prediction with the |Mτ+τ− −mZ | < 10 (20)GeV cut closely follows the
NWAfull result. For the transverse momentum of the τ+, pT τ+ , we observe qualitatively
similar effects as for the pT `2 observable.

The last observable plotted in figure 11 is the transverse momentum of the τ+τ−

system. Already at pT τ+τ− ≈ 600GeV full off-shell effects are at the level of 20%, and at
the same time theoretical uncertainties are two times smaller. As we approach the end of
the pT τ+τ− spectrum the off-shell effects increase and are as high as 40%−50%. Theoretical
uncertainties though are only slightly higher there, i.e. they are at most 15%. Although
NLO QCD corrections to top-quark decays are far from constant in the plotted range they
reach maximally 10%. By employing the |Mτ+τ− −mZ | < 10 (20)GeV cut we essentially
reproduce the on-shell prediction as given by the NWAfull curve.
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Finally, in figure 12 we display a few examples of dimensionless observables. In detail,
we show differential cross-section distribution as a function of ∆φτ+τ− , yτ+τ− , cos θτ+τ− and
∆yτ+τ− , where ∆yτ+τ− = |yτ+−yτ− |. Also given are rapidity distributions for τ+, yτ+ , and
for the positron, ye+ . Dimensionless observables receive contributions from all phase-space
regions, most notably from those that are sensitive to the threshold for the tt̄Z production.
Thus, the double-resonant top-quark and resonant Z gauge boson contributions have a
dominant impact on these observables. Naively we would expect that the NWA should
be good enough to properly describe the dimensionless observables. Yet, we can clearly
observe that NWAfull fails to do this job for all the cases that we have presented. Indeed,
the NWAfull curves are always outside of the uncertainty bands of the full off-shell results.
These effects are even enhanced in the phase-space regions where the bulk of the cross
section is located. Thus, photon-induced contributions and the Z/γ∗ interference effects are
very important also for angular distributions. We can further observe that the NWALOdec
seems to correctly predict the dimensionless spectra in all phase-space regions. As already
argued earlier in this section, this agreement is accidental and cannot be understood as
NWALOdec giving better predictions than those provided by NWAfull.

More specifically, for the ∆φτ+τ−/π observable full off-shell effects are up to 15%
for the small values of ∆φτ+τ−/π, whereas for ∆φτ+τ−/π ≈ 1 they decrease to about
10%. Theoretical uncertainties due to the scale dependence are a factor of two smaller.
Furthermore, we obtain negative NLO QCD corrections to top-quark decays of the order
of 10%.

For all rapidity distributions, i.e. for yτ+τ− , yτ+ and ye+ , full off-shell effects and higher-
order corrections to top-quark decays are alike. Both effects are rather constant and of the
order of 10%. What makes them different is the sign of the effect. Also scale uncertainties
are the same in all three cases. The latter are well below 10%. We add at this point that,
also for the ∆yτ+τ− = |yτ+ − yτ− | observable we observe qualitatively similar effects.

At last, in the case of cos θτ+τ− full off-shell effects are of the order of 10% in all but
the last bin. In the latter the difference between NWAfull and the full off-shell prediction
increases up to 20%. Theoretical uncertainties range respectively from about 5% up to
maximally 8%. Also here, NLO QCD corrections to top-quark decays are negative and
below 10%.

We conclude that for the observables that we have presented, which have been obtained
with a rather inclusive set of cuts, the importance of a full off-shell calculation is rather
clear. Not only high pT tails and kinematical edges of dimensionful differential cross section
distributions are poorly described by the NWA results but also angular distributions are
affected. Thus even the latter would strongly benefit from the full off-shell predictions.
Having such theoretical predictions at our disposal we can also analyse the impact of the
additional |Mτ+τ−−mZ | < 10 (20)GeV cut on various observables. Namely, to understand
the effect of enlarging or reducing the window of the invariant mass of the τ+τ− system
around the nominal value of the mass of the Z gauge boson.
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7 Summary

In this paper we calculated NLO QCD corrections to pp → e+νe µ
−ν̄µ bb̄ τ

+τ− + X at
the LHC with

√
s = 13TeV. In the computation off-shell top quarks and massive gauge

bosons have been described by Breit-Wigner propagators, furthermore double-, single- and
non-resonant top-quark contributions along with resonant and non-resonant Z as well as
photon-induced contributions have been consistently incorporated already at the matrix
element level. The total cross section and its scale dependence have been evaluated for
two different scale choices, i.e. for the fixed scale µR = µF = µ0 = mt +mZ/2 and for the
dynamical one µR = µF = µ0 = HT /3. The impact of the NLO QCD corrections on the
integrated cross sections is moderate, of the order of 27% for µ0 = mt +mZ/2 and 23% for
µ0 = HT /3. As to the theoretical uncertainty of our calculation, the contribution related
to unknown higher-order corrections, as obtained by studying the scale dependence of our
NLO predictions, is of the order of 6%. We have also analyzed the theoretical error arising
from PDFs, being able to quantify it at the level of 1% for the default NNPDF3.1 PDF
set. For other PDF sets, that we have examined, the PDF uncertainties are of the order of
2%− 3%. Thus, they are well below the uncertainty associated with the scale dependence.

For differential cross section distributions we have provided only predictions for the
dynamical scale setting. The reason why we have not provided our results at the differential
level for µ0 = mt +mZ/2 is summarised in the following. Firstly, for the fixed scale choice
we have noticed that for some choices of the scale the NLO results become negative.
This happened in the high-energy tails of dimensionful distributions. Secondly, there are
kinematic regions where the scale variation bands at LO and NLO do not overlap anymore.
Thirdly, it has even happened that the scale variation at NLO has actually exceeded the
scale variation of the LO predictions. All these effects have already been observed in
our previous studies for tt̄ plus an additional object(s) and to a large extent have been
accommodated by a judicious dynamical scale choice. In the case at hand for the dynamical
scale setting, i.e. for µ0 = HT /3, NLO QCD effects are up to 20%− 50%. The theoretical
uncertainties due to scale variations are, on the other hand, not higher than 10%. The
latter are the dominant source of the theoretical systematics since the NNPDF3.1 PDF
uncertainties are very small and well below the corresponding theoretical uncertainties due
to scale dependence.

We have additionally provided theoretical predictions for the tt̄Z process in the tetra-
lepton decay channel using the full NWA and the NWA with LO top-quark decays. We
have noticed that the NWAfull prediction has the same theoretical uncertainties due to scale
dependence as the full off-shell result. However, when higher-order corrections in top-quark
decays are omitted, the scale dependence increases. For example, for the integrated fiducial
cross section these theoretical uncertainties are at the level of 10%. Therefore, they are
almost a factor of 2 larger than the theoretical uncertainty estimate for the NWAfull case.
Furthermore, we have studied the impact of NLO QCD corrections to top-quark decays.
These corrections are of the order of 10% for the integrated fiducial cross section. For
various differential distributions the differences between the NWAfull and the NWALOdec
case are of the same order. On top of that, having both theoretical predictions, full off-
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shell and NWAfull we have examined the impact of full off-shell effects at the integrated
and differential fiducial level. For the integrated cross sections these effects are consistent
with the expected accuracy of the NWA only when the |Mτ+τ− −mZ | < X GeV cut, with
X ∈ {25, 20, 15, 10}GeV, has been employed. Specifically, with this cut full off-shell effects
are in the range 0.3% − 3.4%. Without this additional cut the full off-shell effects are as
large as 11%. These large effects mostly originate from the photon-induced contributions
and Z/γ∗ interference effects. At the differential level, large non-factorisable corrections
even up to 40% − 80% have been obtained for dimensionful differential cross sections.
Poorly described by the NWAfull are also angular distributions. Thus, even the latter
would strongly benefit from the full off-shell calculation.

In summary, the non-factorisable NLO QCD corrections impact significantly the tt̄Z
cross section in various phase-space regions. For this reason they should be included in
future comparisons between theoretical predictions and experimental data. In addition,
given the importance of the tt̄Z process as background to Higgs boson production in
association with a top-quark pair more detailed phenomenological studies in the tetra-
lepton decay channel are required. We postpone such work for the future.
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