Integrals of weighted maximal kernels with respect to Vilenkin systems

By I. MEZO (Debrecen) and P. SIMON (Budapest)

Abstract. The integrals of maximal Dirichlet- and Fejér kernels are infinite,
so we have to use some weight function to ”pull them back” to the finite. In
this paper we give necessary and sufficient conditions for weight function to
get finite integral on arbitrary Vilenkin groups. Especially some equivalence
to the finitness of integral norm of weighted maximal kernels follows in the
so-called bounded case. We investigate also the role of the bounded structure
of Vilenkin groups in this connection. Similar results are known with respect
to the Walsh-Kaczmarz-Dirichlet kernels proved by Gy. Gat [1].

1. In this section we introduce the most important definitions and notations and

formulate some known results with respect to the Vilenkin systems. For details we refeer
to the book SCHIPP-WADE-SIMON and PAL [3] and to VILENKIN [5].

If m = (mg,mq,...,mg,...) is a sequence of natural numbers such that mj, > 2
(k € N := {0,1,...}) then for all & € N we shall denote by Z,,, the m-th discrete
cyclic group. Let Z,, be represented by {0,1,...,my — 1}. The group operation in Z,,, ,
i.e. the addition modulo mj will be denoted by ®.

G, will denote the complete direct product of Z,,,’s, then G,, forms a compact
Abelian group with Haar measure 1. The usual symbol L! denotes the Lebesgue space of
complex-valued functions f defined on G,, with the norm || f[l1 := [, |f].

The elements of G,,, are sequences of the form = = (z, k € N), where x, € Z,,, for
every k € N. If y = (yx, k € N) € G, then x+y := (21 ® yi, k € N) is the sum of z,y in
Gm.

The topology of the group G,, is completely determined by the sets

Iy o= {(20, 21, c0, Tpy ) € Gy 125 =0 (j=0,...,n— 1)}

(0 %n S N,IO = Gm)

It is well-known that the characters of G, (the so-called Vilenkin system) form a
complete orthonormal system G, in L. If
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(n € N,z = (x9,21,...) € Gyt := y/—1), then these functions and their finite products
are evidently characters. Let these products be ordered in Paley’s sense, which means the
following enumeration of the elements of GG,,,. We write each n € N uniquely in the form

[e%e}
n = E ?‘LkMk,
k=0

where My := 1, M}, (k > 1) are defined above and ny € Z,,, (k € N). It can easily be
seen that the elements of (G,,, are nothing else but the functions

[oe)
v, = H ik
k=0

If m,, =2 for all n € N, then ém is the well-known Walsh-Paley system.
Let D,, and K,, be the n-th Dirichlet and Fejér kernel, respectively, defined by

n—1 n
1
Dn::E\I/ ,Kn::—gD N).
2 k nk_l k (0<n€ )

We need the following well-known results with respect to the kernels from the Vilenkin-
Fourier analysis (see e.g. PAL-SIMON [2], SIMON [4]):

') mi—1 oo

(1) Dy=¥,> > Dy, (n=) nMpeN);
k=0 j=mj —ny k=0

(2) DMn :XInMn (TLGN),

where y 4 denotes the characteristic function of a set A;

if n € N and for some s € N we have M,_1 < n < M, then

s—1s—1 m;—1

(3) K,y (2)] :% S5 Y n@id@)|  (@eGa),

v=01i=v j=m;—n,

where
m,—1 my,—1

(@) i=nyDagy (@) = > kit 0 vy rille, Y Dag,(a-bey ),
k=0 =0

le, :=(0,0,...,0,1,0,...) € G, and [ is the (v+1)-th coordinate of the element in question.

From now on C will denote positive absolute constant not always the same at different
occurences.



2. Let a : [0,400) — (0,400) be a monotone increasing function and define the
weighted maximal functions DY, K as follows:

Dy,
D} :=sup D , K :
n a(n) n a(n)

Then the next statements are true.

Theorem 1. There are positive absolute contsants Cy,Cy such that

= log my = log my,
C —— < ||R! || < C
2 a0 < M 2 G

where R}, := D}, or R}, := K,.

PROOF. First we deal with D} and with the right hand side inequlity of the theorem.
To this end write ||D%|1 as [[Dillh = > ay fIA\IA+1 Dy f A€ Nand z € Iy \ Lay,
then we get by (1) and (2) that

A—1 ma—1
1Dn(2)] =) M +Ma > ra(@)| = |Da(x)],
k=0 J=ma—mna

if n:= ZI?:O ng Mj. Therefore

- | D ()
D (x)= sup S sup - <
a( ) n<Mat1 ZMk<TL<Mk+1 a(n)

A

S D)

T o Mesn<M (M)

When heren < My11 < M4y (ie. k=0,...,A—1), then (see above) | D, (z)| < Zf:o niM; <
M.+ 1. Furthermore, for M4 <n < M 441 we get

A—-1

na
2mijx A
= M+ M
IXCIED STRVRSTA) S
k=0 j=1
2TIN AT A 2 TNATA
exp fHnATA | sin TRAZA | m
MA+ MA 2::,24 :MA 1—|—,—7$2 SCMA<1—|—~_A)’
eXpm—A—l Sin ma T A
where 4 = x4 if 24 < ma/2, while 4 := ma — x4 in the case x4 > ma/2. (We

remember that © € I4 \ I441, i.e. 4 # 0.) Summarized above facts we have

su D, (x

Ia IA-Hk; 0 CY(Mk) >
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oo oo

Z/ M, 1Ail ! +C > Ma / (1+m“‘) dx <
+ Iae— —_ -~
Ia\Taq1 k=0 (M) A—0 a(My) Ia\Ta41 TA

A=0
e’} ma—1
Z:: My, A%;l <MLA _ ﬁ) +CAz::0 aé\ﬁf‘) mgl ﬁ“(l + Z—j) <
g;) O‘(L’“) ' Cg) O‘?erA) 1§1§A/2 M/:-ll+1 L+ mlA) :
ki;o“ +C’Z J‘XfA m?\ZgTA g:ogmk

To the proof of the lower estimation for || D ||; in Theorem 1 let A,, be the entire part
of m,/2 (n € N). Then

oo

% |DAA1\4A| /
D > E E D .
’ ”1 / AAIMA luAJrl IaA\Aat1 | AAMA|

Ia\ITa41 &

The integrals [ AV |Da 4| can be estimated from below as follows. If A € N and
x € Ia\ Iat1, then taking into consideration (1) and (2) we get (as above)

. TAATH
sin
ma
[Dagmy (@) = Ma——7—
sin ——
ma
Therefore
o ALl
1 ma—1 Sin ma
1Dl > My————>
’ ||1 Z ]\/_[Ale Myiq ; sinW—Z
ma
. Al
> 1 i ma log ma
C >(C
Lol 2, 1 22 alin)

The right hand side inequality for ||K||; follows trivially from the case R}, = D},
since

n  na(n) n  na(n) n n ) n n



To the proof of the estimation of ||K7||; from below we compute first |Kg s, ()]
(x € Gn), if p e N and q := A,. It is clear that (¢M,); =0 (N 3¢ # p) and (¢M,), = q.

Applying (3) we get

mp—1
1 p P
|[Kanr, ()] = ——| > My Y (@) (aMy)yDar, (x)-
v=0  j=m,—q
p mp_l m,—1 k my,—1
M), —k,.j : _
DM, Y ) Y a3 ()M e, Da, (e, )| =
v=0 j=mp—q k=0 =0
1 mp—1
W‘Mp Y ri(@)gDu, (x)-
p j:mp_q
P mp—1 m,—1 L my,—1
oM, Y @) Y = Y (rlen) M T e le,) Do, (e )|
v=0 j=mp—q k=0 Yo 1=0
If € I \ Ipt1, then by (1) Dy, (z+le,) =0forally =0,...,p—land i =1,...,m, — 1
Furthermore, Dy (z+le,) = Dy, (x) = M, (I =0,...,m; — 1). Therefore
1 mp—1
\Kqu(m)\:W‘qu Y @)=
qivip =
J=mp—q
mp—1 mp—1 L mp—1 p—1 mp—1 my,—1 e
ME YT @) Y D e )T M Y M Y i) Y |
j=mp—q k=0 P =0 v=0 j=mp—q k=0 Y
Here the next equalities hold:
pfl mp_l mu_l k pfl mp_l m,, — 1
TSI DITED SESNITH VA I E
v=0 j=mp—q k=0 v v=0 j=mp—q
My(M, —1) "=
L 2p Z T]J)(a:)’
Jj=mp—q
and
mp—1 mp—1 mp—1
MY ri(x) o (rp(ley)) Tk =
j=mp—q k=0 P =0
q—1 mp—1 L mp—1 q—1 <
Mﬁzrp(ﬂf)s_q Z o Z (rp(lep))” kzMﬁZ(?“p(fﬂ))s qm_mp
5=0 k=0 P =0 5=0 p



(We recall that Z;i%_l(rp(lep))s_k =0, when s # k.) Thus it follows that

1 M, (M — 1) — s - s
|Kqu(x)| = o (qu — %) (1) — Mg Zsrp(x)’ =

p
q

rp(z) =1 rp(z) —1 (rp(x) — 1)
(

oMy Y Y ey gy @) 1
wwu»—u<1 (1 2q+2wm)|p() ! ﬂ%@ﬁ—u)'

It is not hard to see that

975 o,

11 ) ra@) =1 qri(x)  rp(e)(ri(e) — 1)'

1 1 |rd(z) — 1]
1——+—) ri(z) —1] <1/4 and 227 "L < /4,
(-3 2, ) 7@~ =Y (@ =1 =/

if z, < T;) is even and m,, is large enough, say m, > 6m. Indeed,

2miqry TqTy

mp

sin =0

ORI

_1‘:

exp
mp

for all , = 1,...,m, — 1, if m, and z, are even. Assume that m, = 2/ 4 1 for some

s . mlx
0 <! € N which implies ¢ = [ and |r}(z) — 1| = sm2l—+p1 .Let x, =2k (k=1,...,1),
then 2nlk k k
s s s
g - 1 — i = <
ryte) =1l Sm2z+1‘ D el N
ie.

1 1 3 3k 1

1— — 4+ —— V() =1 < ZPr9(z) - 1] < ——~ < =

( 2 2qu> Irp(z) =1 < glrp(@) =1l < 2020+ 1) — 4
for all k£ < %0";#1 This last inequality is equivalent to x, < %. Here z, > 2, therefore

we assume that m, > 6.
On the other hand (see above)

@) -1
qlrp(z) =1

when z, = 1,...,mp, — 1 and my, z, are even. For m, =2/+1 (0 <1l € N), z, =2k
(1 <k<I1/2) we get

s 7rl:cp| Isi k |
rpCe) =1 PPyl PMegn! _amk/@i+D) w1
qlrp(x) =1 jgin 22 w2k = 21Im2k/(2l+1 4l — 4
20+1 20+ 1
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if | > 7, i.e. when m, > 27 + 1. Hence in this case

1 M,
K > = L
Kot 12 510 -1
and so
M dx 1 1
I rp@) — 1 = 2m 2 T =
Ip\Ipia Ip\Ipy1 I'P P 1<a,<m,/(37),zp is even S m_
P
1
C Z — > C'log my,.
Lp

1<z,<m,/(37),zp is even

If m,, is "small”, i.e. m;, < 67 and p > 0, then

1 1 M, —1 1
|mm=(—v— )1) > = > Clog my,
/Ip\lp+1 My My 2 8 g

since by (1) and (2) K, (z) = (Mp —1)/2 (x € I \ I,11) follows immediately.

Thus
.- K, 0,
I 2 / x [ sl
p= 1;<67r p\IzH—l p—O%;>67r I \Ip+1 a(ApMP)
C’ZIOng—FCi log m,, Ci logmp ‘
P) P+1 p—|—1

This proves Theorem 1.

From Theorem 1 some corollaries follow immediately. Namely,

Corollary 1. If > /2, 2?&23“ < +oo, then R € LYG,,). Furthermore, if

N 1 ~ log my
R}, € L' (Gp), then Y ,_, a(Misr) < 400.
Corollary 2. Assume that the generating sequence m is bounded. Then R}, € L*(G,,)
. . 00 1
if and only if Y., o\l < +00.

Simple examples show that the boundedness of m in the previous corollary cannot be

omitted, although this boundedness is also not necessary. Namely, the next theorem will
be proved.

(]}4) < +oo and R ¢ LY (Gy).

Furthermore, for some unbounded m the equivalence in Corollary 2 holds.

Theorem 2. There exist m and o such that Y,
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PROOF. We give details only for D¥. Let my := 2%TD° and a(My) = (k + 1)
(k € N). Then Y 72, 1/a(My) < 400 holds trivially. Furthermore,

= log my (k+1)2
>C = 400,
kZO a(My11) — Z (k+2) ~

i.e. by Theorem 1 we get || D%||; = +o0.

Now, let my := 2% for [ € N and my, := 2, when N 3 k # 20 (I € N). Then by
means of simple considerations the next equivalences follow for all « :

. log my, — log my,
kzzoo‘(Mk)<+oo = ) < too = Y

which completes the proof of Theorem 2.
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