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CHAPTER 1

Generalized Bajraktarevi¢ means

The aim of this chapter is to construct a general class of means based on a Cheby-
shev system, a measurable family of means, and a probability measure.

1.1. Preliminaries

Throughout this note, the symbols N, R, and R will stand for the sets of natural,
real, and positive real numbers, respectively, and I will always denote a nonempty
open real interval. The classes of continuous strictly monotone and continuous posi-
tive real-valued functions defined on I will be denoted by CM (1) and CP(I), respec-
tively.

In the sequel, a function M : I¢ — I is called a d-variable mean on I if for all

(x1,...,2q) € I%, the following so-called mean value property
(1.1) min(zi,...,zq) < M(xy,...,2q4) < max(zy,...,Tq)
holds. Also, if both of the inequalities in (1.1) are strict for all z1,...,z4 € I with

x; # x; for some i # j, then we say that M is a strict mean on 1.
A well known examples for strict means on R are the d-variable arithmetic,
geometric and harmonic means defined by

e e ol
A(zy,...,xq) i = ——————

and
H(l'l’. 7xd) = T 1
respectively.
More generally, if p is a real number, then the d-variable Holder mean H, :
R? — R is defined as

1
P PN\ 3

—_ ¢ if 0
< d p# (.’E:(IL’l,...,xd)GRi).
\d/xl---xd ifp:O
Obviously, H;, Hy and H_; equal the arithmetic, geometric and harmonic mean,

respectively. It is easy to see that Holder means are strict means. The d-variable
minimum and maximum functions are examples for non-strict means.

Hy(z) =

1
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A classical generalization of Holder means is the notion of d-variable quasi-
arithmetic mean (cf. [18]), which is introduced as follows: for f € CM(I) and
(z1,...,1q) € I¢ define

L fla) e fl
(1.2) Ap(xq,...,2q) = f ! (f( ) y it d)> .
More generally, if S; denotes the (d — 1)-dimensional simplex given by
(1.3) Sa={(t1,.. - ta) | t1,.. ., ta >0, t1 4+ - +tg =1},
then, for all (z1,...,24) € I%, (t1,...,tq) € Sy, we can also define

(1.4) Ap((z1,. .. 2q), (b1s o ta) = fH (0 f (1) + -+ taf (2q)),

which is called the weighted d-variable quasi-arithmetic mean on 1I.

1.2. Construction of generalized Bajraktarevi¢ means

In order to define a general class of means, we recall the notion of Chebyshev
system. Let f,g : I — R be continuous functions. We say that the pair (f, g) forms
a (two-dimensional) Chebyshev system on I if, for any distinct elements x, y of I, the

determinant

flz) f (y)‘

9(x) g(y)
is different from zero. If, for x < y, this determinant is positive, then (f, g) is called a
positive system, otherwise we call (f, g) a negative system. Due to the connectedness
of the triangle {(x,y) | * < y, x,y € I}, it follows that every Chebyshev system is
either positive or negative. Obviously, if (f, g) is a positive Chebyshev system, then
(g, f) is a negative one.

The most standard positive Chebyshev system on R is given by f(x) = 1 and

g(z) = z. More generally, if f,g : I — R are continuous functions with g € CP([I),
f/g € CM(I), then (f,g) is a Chebyshev system. Indeed, we have

(15) Dy y(w,y) :‘gég ggg = g(@)g(y) (;éii—%) (2,y € I).

From, here it is obvious that D ,(x,y) vanishes if and only if 2 = y. Moreover, if
f/g is decreasing (resp. increasing), then, for x < y, we have that Dy ,(x,y) > 0
(resp. Dy q(x,y) < 0),ie., (f,g) is a positive (resp. negative) Chebyshev system.
By symmetry, analogous properties can be established if f is positive and g/ f strictly
monotone.

For the sake of convenience and brevity, now we make the following hypotheses.
We say that m : I% x T — I is a measurable family of d-variable means on I if

ﬂf,g(xv y) =

(H1) I is a nonvoid open real interval.

(H2) (T, .A) is a measurable space, where A is the o-algebra of measurable sets of 7.
(H3) Forallt € T, m(-,t) is a d-variable mean on I.

(H4) For all z € I, the function m(z, -) is measurable over 7.
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If (H1) and (H3) hold, and additionally we have that

(H2+) T is a topological space and A equals the o-algebra B(T") of the Borel sets
of T'.
(H4+) For all z € I, the function m/(z, -) is continuous over T,

then m : I% x T — I will be called a continuous family of d-variable means on I.
For a measurable family of d-variable means m : I¢ x T — I, we introduce the
notations:

m(x) := inf m(z,t) and  m(x) :=supm(x,t) (x € IY).
teT teT

Obviously, by property (H3), for all z € I, we get
min(z) < m(z) < m(r) < max(x).
In the case when [ is a subinterval of R, we also define the (extended real) constant
m* € [1,+o0] by
‘ m(z)

m* := sup .
zeld m(iﬂ)

Provided that T is a compact and connected topological space and m : I¢ x T — I
is a continuous family of d-variable means on I, we have that

(1.6) m(e), m(@)] = {m(z,t) [t T} (@I,

For the construction of a mean in terms of a Chebyshev system, a measurable
family of means, and a probability measure, we need the following basic lemma.

LEMMA 1.1. Let m : I x T — I be a measurable family of d-variable means,
let 1 be a probability measure on (T, A) and let (f,g) be a Chebyshev system on 1.
Then, for all T € 1% there exists a unique element y € [m(z), m(x)] such that

(1.7) /Tnyg(m(x,t),y) du(t) = 0.

Furthermore, if (f, g) is a positive Chebyshev system, then, for all u € I,

/Df,g(m(m,t),u) du(t) § 0  ifandonlyif wu = y.
T

>
In addition, if g is positive and f /g is strictly monotone, then
f - fT f(m(a:, t)) d“(t)
(1.8) = <> .
7\ (@amwwﬁmw

PROOF. Without loosing the generality, we may assume that (f, g) is a positive
Chebyshev system throughout this proof.
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For fixed 2 € I%, consider now the following function

) = [ Diylmie,).) it
w) /T f(m(z, 1)) du(t) — f(u) /T g(m(z,0)dp(t)  (ue ).

By the continuity of f and g, we have that h is continuous on I. If i (z) < wu, then,
forall t € T we have that m(z,t) < u, hence Dy (m(x,t),u) > 0. This implies that
h(u) is positive for all u € I with i (2) < u. Similarly, for all u € I with u < m(zx),
we have that h(u) < 0. Therefore, by the intermediate value property of continuous
functions, h must have a zero between m(x) and m(x).

To prove the uniqueness, assume that y and z are distinct zeros of h between m(z)
and i (z). Then we have that

) [ Fona.0)an(®) - 1) [ gtma.0)au(v) =0,
) [ fmta. ) autt) = 1) | gtmia. ) du) =o.

That is the two unknowns § := [ f(m(z,t)) du(t) and n := [, g(m(z,t))dpu(t)
are solutions of the following system of linear equations:

gW)é — flyn =
9(2)§ — f(z)n =

Because y and z are distinct, the determinant of this system is nonzero, therefore
& =n = 0. In this case, h(u) = 0 for all u € I, which contradicts the property that
h(u) > 0 for m(z) < u. The contradiction obtained shows that y = z, which proves
the uniqueness of the solution y of equation (1.7). The uniqueness also implies that
h(u) > 0 for u > y and h(u) < 0 foru < y.

Finally, assume that g is positive and f/g is strictly monotone (then (f, g) is a
Chebyshev system). In this case, the equation h( ) = 0 can be rewritten as

fly) _ Jr 1o )) dp(t)

9w) — Jpe(m(@,t))du(t)’
By applying the inverse function of f/g to this equation side by side, we obtain that
y is of the form (1.8). O

The above lemma allows us to define a d-variable mean My g ., : 1 d 5 7.
Givenz € I, let My 4., (z) denote the unique solution y of equation (1.7). In the
particular case when g is positive and f/g is strictly monotone, we have that

Jr £ (m(z, 1)) du(t)
A9 Mpgm(@) = <9> (f;g( ’t)dﬂ(t)> @e 1)
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This mean will be called a d-variable generalized Bajraktarevi¢ mean in the sequel.
When g = 1, then

Mramul) =17 [ slnta0) aun)  @er

which will be termed a d-variable generalized quasi-arithmetic mean.

IfT ={1,...,d}, p = A\101 + - - - + Agdgq (Where 0, denotes the Dirac measure
concentrated at t), Ay, ..., \g > 0 with A\; +---+ Ay > 0 and m(z,t) = z, then, for
all z € I, formula (1.9) reduces to the so-called weighted d-variable Bajraktarevi¢
mean By 4 (cf. [§], [6]):

B y((@1s .oy 2), ALy -y Ag)) 1= <f>_1 (Alf(xl) *"'“d(xd))

g M(z1) + -+ Na(za)
In the case when A\ = - - - = )y, we speak about a d-variable (discrete) Bajraktarevic¢
mean and write By g(x1,...,2q) instead of By 4((1,...,%4), (A1,...,Aq)). These

means have been extensively investigated by Aczél-Dardczy [1], Daréczy—Losonczi
[15], Losonczi [23], [22], [24], [26], Losonczi—Pales [36], [37], Pales [45].

When g = 1, then By is equal to the d-variable quasi-arithmetic mean A s 1€,
d-variable quasi-arithmetic means form a proper subclass of d-variable Bajraktarevié
means.

For brevity, we introduce the following notation:

I:={(z,w) € C?*| z +w, 2w € R}.

To define the d-variable generalized Gini means, let (p,q) € T, then either p,q € R
orp=¢q=a+bi, a,b € R, b £ 0 (this holds if and only if p + ¢ and pq are real
numbers or, equivalently, if p and g are the roots of a second degree polynomial with
real coefficients). For x € R, define

(1.10)
f(z) = 2P, g(x) := 29, ifp,g e R, p#yq,
f(z) = 2P log(w), g(x) := P, ifp=gqeR,

f(z) := z%sin(blog(x)), g(x):=x"cos(blog(z)), ifp=g=a+bigR.

After a simple computation, we have that

()" - (5)7) ifpaeR p#a,
Diglx,y) = { zPyP log () ifp=gqe€R,
:c“ya'sin(blog (%)) ifp=g=a+bi ¢R.

Therefore,
T
(L.1D) Dig(x,y) = paBpa(T,y) == ’Ypyqprrqnp,q(;) (z,y € Ry),

where
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p—q ifp,geR, p#q,
(1.12) Ypg =1 1 ifp=gqeR,
b ifp=g=a+bi &R,

and
P — 44 .
ifp,g e R, p#q,
P—q
(L13)  mpgq(t) := { tPlogt ifp=gqecR, (t € Ry).
t% sin(log P
Sm<b°g> fp=g—atbidR,

In the first two cases, D¢ ,(x,y) is different from zero for all z,y € R4 with x # v,
therefore f and g form a Chebyshev system on R if p, ¢ € R. In the third case, that
isif p = ¢ € R, the functions f and g may form a Chebyshev system in a subinterval
I of R only. One can easily see that D (x, ) is different from zero for all z,y € I
with x # y if and only if

(1.14) m* < exp (2|%7Ep>|)’

where (p) is the imaginary part of p € C. Obviously this cannot happen if either
inf I = 0 or sup I = +o00. The d-variable generalized Gini mean G/, 4 ., is defined
now to be the d-variable generalized Bajraktarevi¢ mean My g ,,.,,, where f and g are
given by (1.10).

Let I be an open subinterval of R such that [ is contained in the open interval

Jexp (- m),exp (ﬁ) [if p=q=a+bi ¢R. Then g is positive over [ in each

of the three possibilities and for z € I¢, and, as a particular case of equation (1.9),
we can obtain the following explicit formula for the d-variable generalized Gini mean

Gp,q,m;uj
(1.15) |
Jr (m(-"f‘af))pdﬂ(t)> : i
<fT (m(x,t))? du(t) fp,g e R, p#gq,
f (m(m, t))p log (m(m’ t)) 1(t) -
Gp.gmiu(E) = exp < T T (m(@ 1) du(t) ) ifp=gqeR,
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If ¢ = 0 in the above formula, then we get the definition of d-variable generalized

Holder means as follows: forz = (z1,...,14) € R,
1
m(z, 1))’ du(t) \ ?

Ji (m(z,0)" du(t) -
fT d,u(t)
Hyp () =
1 x,t)) du(t
exp [ Jrlog(m@ D) duh) -
fT dp(t)
In the particular case when 7' = {1,...,d}, p = %%ad and m(z,t) = xy,

formula (1.15) reduces to the so-called d-variable Gini mean G, 4 (cf. [17]): forx €
I,

D N
- tzy\ P .
) if ER, p#
(xli 963) b,q b7q,

2 log(w1) + -+ 4 log(za)
exp D D
o + -+ ah

< ¢ sin(log(z4)) + - - - 4+ 2% sin(log(zY)) >)
z¢ cos(log(z8)) + - - - + 2% cos(log(z4))
ifp=g=a+bi¢R.

1
exp (b arctan

Gini means in this generality (i.e., including the case of non-real parameters p, ¢ were
dealt with in the paper [47] where the comparison problem of these means was solved.
Obviously, G o = H)p, i.e., Holder means are particular Gini means.

In what follows, we describe further interesting particular cases of formula (1.9).
LetT = {0, 1, —1}, I = R+, n = u_1<5_1 + NO(SO + M1(51 (where p—1, o, 41 € R+
with g—1 + po + p1 = 1), and m(z,t) = Hy(x). Then, forz € ]Ri, we get

f)‘l <M—1f(H—1(~'v)) + piof (Ho(®)) + mf(Hl(w))> |
g p—19(H-1(2)) + pog(Ho(x)) + p1g(Hi(z))
In the next example we use the notations introduced in (1.3) and (1.4). If T' = Sy,

Ais the (d—1)-dimensional Lebesgue measure on Sy, and m(x,t) = A, (x,t), where
© € CM(I), then

My gmip(®) = (

My.gmip(®) = Myga,:0(T) = < de 9(Ay(z,t)) dA(t)

g
If o is the Lebesgue measure on [0, 1] and f, g : I — R are continuously differen-
tiable functions such that ¢’ > 0 and f’/¢’ is strictly monotone, and m((z,y),t) :=
tz + (1 —t)y, then, by the Fundamental Theorem of Calculus, one can easily see that,

) (fsd f(Aa.1) dm)) _
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for (z,y) € I?,

AN f(fff>—f<y)> ~
(1.16)  Mp g mip(w,y) = Crg(a,y) = <g/> ( if 2 # y,
x ifz =y,

which is called a Cauchy or difference mean in the literature (cf. [21], [27]). Ob-
serve that if ¢ is differentiable with a non-vanishing derivative, then C2 , = A,
i.e., Cauchy means contain the class of two-variable quasi-arithmetic means with a
differentiable generating function whose derivative is non-vanishing.

In the particular case when f and g are given by (1.10) such that p, ¢ € R, formula
(1.16) reduces to the so-called Stolarsky mean Sy, 4 (cf. [53]): for z,y € Ry,

(M)M it pg(p — q)(z —y) #0,
P ( -+ Z log(;cg _zz bg(y)) if p = q,pg(z —y) #0,
P —yP v )
Spq(,y) = <p(log(x) - 10g(y))> if¢=0,p(z —y) #0,
x? — gy g o
(q(log(ﬂs) — log(y))) ifp=0,q(x —y) #0,
vy ifp=q=0,
L ifxr=y.

1.3. Invariants with respect to equality of means

In order to describe the regularity conditions related to the two generating func-
tions f, g of the mean My g ..., we introduce some regularity classes. The class Co (/)
consists of all those pairs of continuous functions f, g : I — R that form a Chebyshev
system over I.

If n > 1, then we say that the pair (f,g) is in the class C,([) if f,g are n-
times continuously differentiable functions such that (f,g) € Co(I) and the Wronski
determinant

fi(x) f2)] _
(1.17) J(z) glz)|= 0Dy g(x,x) (x el)
does not vanish on I. Provided that g is positive, then we have that
1\ 01Dy q(x,x)
(1.18) ( r) = —>F——.
g) ! ) 9*(z)

Hence condition 9Dy 4(x,x) # 0 implies that f/g is strictly monotone, whence it
follows that (f, g) € Co(I). Obviously, Co(I) 2 C1(I) 2 Co(I) D ---
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We say that two pairs of functions (f, g) and (h, k) are equivalent (and we write
(f,9) ~ (h, k)) if there exist constants «, 3,7, € R with ad — 5y # 0 such that

(1.19) f=ah+ Bk and g = ~vh+ k.
One can easily check that ~ is an equivalence relation, indeed.

LEMMA 1.2. Let (f,g),(h,k) € Co(I) such that (f,g) ~ (h,k), let m :
I x T — I be a measurable family of d-variable means, and let 1 be a probability
measure on the measurable space (T, A). Then

(1.20) My.gmsu = M jemip-

PROOF. If the identities in (1.19) hold, then, by the product theorem for determi-
nants, it follows that

o
(1.21) Dig= 5 5‘ - Dp -
This, together with Lemma 1.1, implies that the identity (1.20) is valid. O

The following result, which is based on [9, Theorem 3], allows us to assume more
regularity on Chebyshev systems.

LEMMA 1.3. Letn € NU{0} and (f, g) € C,(I). Then there exist o, 3,7, € R
with ad — By # 0 and (h, k) € Cy,(I) such that (f,g) ~ (h, k) and k is positive and
h/k is strictly monotone. Furthermore, if n > 1, then the derivative of h/k does not
vanish on 1.

PROOF. In the case n = 0, the statement is a direct consequence of the result [9,
Theorem 3] obtained by Bessenyei and Péles.

Assume now that n > 1. Then, (f,g) € C,(I) means that f and g are n-times
continuously differentiable and 01D 4(z, z) does not vanish for = € I. Using what
we have established in the case n = 0, there exist constants «, 3,7v,0 € R with
ad — By # 0and (h,k) € Co(I) such that (1.19) holds and k is positive and h/k
is strictly monotone. The condition ad — By # 0 and (1.19) imply that there exist
a, b, c,d € R with ad — be # 0 such that

h=af+bg,
k=cf +dg.

Hence h and k are also n-times continuously differentiable. This immediately implies

that
b

d

which shows that 01D}, 1,(z, x) does not vanish for « € I. Therefore, (h, k) € C,(I)
holds, too.

Applying the identity (1.18) for h and k& instead of f and g, we can also see that
the derivative of h/k does not vanish on I. O

NDpp(z,x) = ch 01Dy 4(x, ) (x el),
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For the characterization of the equivalence, we introduce the following notations:
fori,j € {1,...,n}and (f,g) € C,(I), we define

y o (@) (9)
0] . ai _ | fY=%) fYN2)
Wil (x) == 0105 Dy g(x, ) = ‘ ¢ (z) ¢V)(x)
Also, for (f, g) € C2(I), the functions @ 4, Uy, : I — R are defined by
B O%Df,g(;r,x) Ofagﬂ)f,g(x,x)

1.22 P = d ) = — .
( ) f’g(ﬂf) alDf,g(xv SC) an f)g(x) 81'Df7g(56, l‘)
In other words,

f// f’ f// f/
W2’0 " WQJ " /
f.g g 9 f.g 9
(1.23) Dry= = and Wig=— = — .
f.9 W;,go f' ¥ 19 W},;) f’ f
’ / ’ /
g g g g

LEMMA 1.4. Let (f,g) € Co(I). Then f and g form a fundamental system of
solutions of the second-order homogeneous linear differential equation

(1.24) y' = Qs gy + Wy gy

PROOF. Using the definitions of ®; ,, ¥, from (1.23), we can rewrite equation
(1.24) in the following equivalent form

f// f f// f/
y”: g// g y/_ g// g/ ,
ff f
g g g g
"f

After multiplying this equation by ‘g’ , and rearranging every term to one side of

the equation, we infer that (1.24) is equivalent to

vy
(1.25) o fl=0.
9" d g
It is obvious that the functions y = f and y = g are solutions of (1.25) and therefore
they also solve (1.24). O
THEOREM 1.5. If (f,g), (h,k) € Ca(1), then (f,g) ~ (h, k) holds if and only if
(1.26) Ppg=Pnr and  Wpg=Tpy

PROOF. If (f,g) ~ (h,k), then, for some «, 3,7,6 € R with ad — By # 0,
we have (1.19), which implies (1.21). Using this formula and the definition of
D, Vig, Pk, and Wy g, the identities in (1.26) follow directly.

Now assume that (1.26) is valid on I. Then the differential equation (1.24) is also
equivalent to

Y' = Op iy + Uy
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Thus Lemma 1.4 implies that the functions y = h and y = k are solutions of this

second order homogeneous linear differential equation. On the other hand, (f,g)

forms a fundamental solution system for (1.24). Therefore, (1.19) should hold for

some «, 3,7, 6 € R with ad — 8y # 0. This proves the equivalence of the pairs (f, g)

and (h, k). O
1.4. Formulas for generalized Wronski determinants

The following lemma is an immediate consequence of the asymmetry property
Dyg(z,y) = =Dyg(y, x) (z,y €1).
LEMMA 1.6. If (f,g) € Co(I) forn € {1,2,3} then, forall x € I,
02Dy g(x,2) = =01 Dy gz, x), 0102Dy g(x,x) =0,
03D g(w, 1) = =07 Dy g2, ), 300Dy g(x,x) = —070: Dy g, ),
BDyy(z,7) = —RD; (2, ), and 9301 Dy 4(z,2) = —070D; 4(z, 7).
LEMMA 1.7. (i) If (f,g) € C3(I) then, forall x € I,
01D yg(z, ) &
NnDyy(z,x) 19

3?@2@”,(35,@ ,
— = I L — —@ \I} - \Ij .
a1®f,g(96,96) f,g(l') fy(i[f) f,g(w)

(ii) If (f,g) € Ca(I) then, forall x € I,
(1.28) nDyg(w,x)

(x) + @?79(1‘) + Wy q4(2),
(1.27)

,;,g(if) + 3<I>;c7g(:v)<1>fvg(x) + <I)?c7g(x)
+ 2q)f7g($)qu,g(x) + 2‘1’/]‘,_(;(35)-
PROOF. By computing the derivative of ® (x), we get
&', (2) :8§(Dﬁg(:v, z) + 020Dy (2, 1)
19 Dy g(x,x)
0D 1y (w,2) (03D g (w,) + Da01 Dy ()
- (01D g(x, ))?

Since 0102Dy4(x,x) = 0 is a direct consequence of the asymmetry property
Disg(x,y) = =Dy gy, x), we get that

o, (z) = 07 Dyg(2, ) n 020D 4 (z, ) B (3%2)]079(:6@))2
f.g Olvag(a:, :L') 81@]‘,9(1‘, x) 819]0,9(% x)
_ ai))gf»g(x’x) 2
- 8191"79(1',.%) - LI]ﬁf](l’) - q>f,g($)7
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whence the first equality of (1.27) follows immediately. In order to show the second
equality in (1.27), we differentiate ¥ , and use 9102 D s 4(x, ) = 0 to obtain

fig 01Dy g(z,x)

B20yD g (w,w) (92D g (2, 7) + 001 Dy (,) )

(1050 )°

_l’_

8%829]39(:6, x)
81 D f.g (37, x )
Therefore, the second formula in (1.27) follows directly.

To prove identity (1.28), let (f, g) € C4(I). Then by differentiating the both sides
of the first equality in (1.27), we get

- ¢f7g\:[/f7g

RD(w,0) + DDy (w,0) O Prg(w,2) (8%Df,g(x, ) + 801Dy 4(x, x))
2
01Dy q(x,x) (319]",9(16, x))

" / /
= g T 2P Prg+ Vi
Now, substituting the two formulas of (1.27) into this equation, equality (1.28) follows
after a simple calculation. 0

The following transformation rules will also be needed for the invariance equation
in Chapter 4.

LEMMA 1.8. If (f,g) € Co(I) and ¢ : I — R is a twice differentiable positive
function, then

80/
Pofpg = Prg+2 o J
(1.29)

/" /

/ 2
© %) %)

) =V, — — _|_7_2<7).
wfipg f.9 o £ 0 0

PROOF. We prove first that, under the assumptions of the lemma, the following
identities are valid:

wio  _ (ple,O

pfipg 9’
2,0 211,20 ’ 1,0
(1.30) W%f,wg =¥ Wﬁg +20 ('OWf,g’
2,1 2,1 2,0 1,0
chf,sog = SOQW/f,g + go'gon,g + (2(90/)2 o (’0//30) Wf,g‘

Let F' denote the vector valued function (5 ) Then

Woioe=| @0F) ©F | =|dF+¢oF @F |=|¢'F oF |+|¢F' ¢F
-
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Similarly,
W2, = | (0F) oF | =] ¢"F+2'F +oF" oF |
=|¢"F oF |+2| ¢'F' @F |+ | @F" ¢F |
= 902W?,’§ + 2g0’<pW}”§.
and
Wz}lﬁog :‘ ()" (oF) ‘ = ‘ O'F+20'F' + oF" ©'F + oF’ ’
=|¢"F QF|+2[¢'F QF|+]eF" ¢F|
+@'F oF | +2| JF @F' |+ | oF" oF"|
=g Wiy + oW iy + (26)° = ") Wy,
Dividing the second and third identities by the first one side by side, the formulas
stated in (1.29) follow immediately. 0

1.5. Partial derivatives of generalized Bajraktarevi¢ means

For the computation of the first-, second- and third-order partial derivatives of the
mean My 4 .., at the diagonal of I 4 we will establish a result below. For brevity, we
introduce the following notation: If p € 1% and § > 0 then let B(p, &) stand for the ball
{x € I?: |z — p| < §}. Furthermore, if 1 is a probability measure on the measurable
space (T, .A) and ¢ > 1, then the space of measurable functions ¢ : T — R such that
|p|? is p-integrable will be denoted by L%(T, A, 11) or shortly by L4.

If ¢ : T'— R is a pu-integrable function, then we set

wm:épww@.

More generally, if ¢ : I x T — R, and for some z € I%, the map t — (x,1) is
p-integrable, then we write

(131) Mﬁﬂkép@ﬂw@-

Given a number ¢ > 1, a function ¢ : I? x T'— R is said to be of LI-type atp € I¢,
if ¢(p, -) is measurable, furthermore, there exist 6 > 0 and a function a € L? such
that
lo(x, t)| < a(t) (teT,z e B,9)).
Let C;(I¢ x T') denote the class of measurable families of d-variable means m :
I% x T — I with the following additional property:

(H5) For every t € T, the function m(-, t) is continuously partially differentiable
over I? such that, for all p € I%, i € {1,...,d}, the function 9;m is of
L'-type at p.
Analogously, we define C2(1¢ x T') to be the following subclass of C1(I¢ x T'):
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(H6) For every t € T, the function m(-,t) is twice continuously partially differ-
entiable over I? such that, forallp € I and 4,5 € {1,...,d}, the function
dim is of L2-type and 9;0;m is of L!-type at p.
Similarly, we define C3(1¢ x T') to be the following subclass of Co(I? x T'):

(H7) For every t € T, the function m(-,t) is three times continuously partially
differentiable over I¢ such that, for all p € I¢ and i, j,1 € {1,...,d}, the
function 9;m is of L3-type, 8;0;m is of L3 -type, and 9;0;0,m is of L'-type
at p.

In order to formulate the results below, we introduce the following notation: for

i,7,0 € {1,...,d}, define o (3, j,1) to be the set of all cyclic permutations of (3, j,1),
that is,

(i, j, 1) == {0, 5,0), (4,1, 7), (1,4, ) }-

LEMMA 1.9. Letn € {1,2,3} and let ¢ : I — R be a n-times continuously
differentiable function and m € C,(I¢ x T). Then the function ® : I* — R defined
by

(132 3(z) = | plmia.0)du)

is n-times continuously differentiable on I®. Furthermore, for i € {1,...,d} and
pel?

(1.33) 09(0) = [ ¢m(p.0) am(p. 1) du(t)
fori,j€{1,....d},pe I®andn =2,

(1.34)

00,0(0) = [ [ (m(p,1) S, 1) Om(p. 1) + ¢ (mp, 1)) 00y (p. 0] ()
and, fori,j,1 € {1,...,d},p € IYandn = 3,

00,00m) = [ [¢"m.0) ] om0
T A
re{i,g,l}
(1.35) +¢"(mp,t)) Y Oam(p,t) 90ym(p,t)
(e.8,7)€0(i,4,0)

+ ¢ (m(p. 1)) 0:0;0m(p.1) | dyu(t).

PROOF. If m is measurable family of d-variable means, then, by the continuity
of  and the mean value property of m, it easily follows that ® is well-defined for all
x € I If ¢/, ¢" and ¢ are continuous and m € C,, (I x T) such that n € {1,2, 3},
then it is easy to see that the integral on the right hand side of (1.33), (1.34) and (1.35)
are well-defined.
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First we elaborate the case n = 1. We need to show that, for every p € [ a
the function @ is partially differentiable at p with formula (1.33) and that the partial
derivatives are continuous at p.

Before proceeding to the proof, we shall establish, for every p € I¢, the following
equality

(1.36) Hm sup | (m(, 1)) dym(x, t) — ' (m(p,t)) Bim(p,t)| du(t) =
6HOT zeB(p,d)

First choose dp > 0 so that a := min{py, ..., pq}—0p and § := max{p1,...,pq}+do
be elements of /. Let K be the supremum of || over the compact interval [c, 3]. The
continuity of o’ implies that K is finite. By the mean value property of m, for every
t € T'andx € B(p,dp), we have that o« < m(z,t) < 8. Hence, for every t € T and
x € B(p, &), the inequality |¢’(m(z,t))| < K holds.

Using the assumption that 9;m is of L'-type at p, we can find 0 < §; < §p and a
function a € L! such that

Oz, )| < a(t) (teT,ze Bp,d)).

Let (04) be an arbitrary sequence converging to 0 with 0 < §,, < ¢; forall « € N.
By the Lagrange Mean Value Theorem, for every € B(p, d,,) and for every t € T,
there exists A € [0, 1] such that

|m(z,t) — mAz 4+ (1 — Np, t)||z; — pi| < ddgalt).

HM&

Using the continuity of ¢’ at m( ,1), it immediately follows that the sequence of
measurable functions v, : T — R defined by

Ya(t) == sup |¢'(m(x,t)) — ¢ (m(p,t))| < 2K

mEB(pz(SOL)

converges to zero for every t € T'. By the continuity of the partial derivative d;m(-, t)
at p, we also have that the sequence of measurable functions y, : 7' — R defined by

Xa(t) ;=  sup |Oim(z,t) — Oym(p,t)| < 2a(t)
zEB(p,da)

converges to zero for every t € T'. Using the above estimations, we can now obtain
that

sup [/ (m(z, 1)) Om(,t) — ¢ (m(p, 1)) Om(p, )|

zEB(p,0a)

< sup  |¢/(m(2,1))||0im(z,t) — Oim(p,t)]
zEB(p,0a)

+ sup [ (m(@,t)) — ¢ (m(p,1))||0m(p, t)|
z€B(p,da)

< Kxa(t) + Ya(t)al(t).
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The expression on the right hand side of this inequality converges to zero for each
t € T, and these functions are dominated by the integrable function 4K a. Hence, by
Lebesgue’s Dominated Convergence Theorem, it follows that

lim sup | (m(, 1)) Bim(z,t) — ¢’ (m(p,t)) dim(p,t)| = 0.
a%ooT zEB(p,da)

Because the sequence (,,) converging to 0 was arbitrary, it follows that (1.36) holds.
Let p € I be fixed and let e; denote the ith vector of the standard basis on R™.

For the proof that the ith partial derivative of ® at p is given by (1.33), consider the

following estimation for s € (I — p;), s # 0:

(1.37)

S

1

L[ etmto+ sevonaute) ~ [ om0 anto)

- [ #mto.0) a1 du(t)‘

§|i| /T p(m -+ sei, 1)) — p(m(p, 1)) — s (m(p, £)) Om(p,1)] du(t).

_ /Tspl(m(p,t))aim(pa t) du(t)‘

Applying the Lagrange Mean Value Theorem for the function
ri(s) = p(m(p + sei,t)) — s¢'(m(p, 1)) Om(p, 1),
for every t € T, we can find an element o; between 0 and s such that k;(s) — x+(0) =
ky(ot)s, that is
(p(m(p + se;, t)) - ¢(m(p7 t)) - Swl(m(pv t)) alm(pa t)
= (¢ (m(p + orei, 1)) im(p + orei, t) — ¢ (m(p,t)) dim(p,t))s.

Using this formula, inequality (1.37) and the equality (1.36), for s € I — p;, it follows
that

lim sup A, (s)

s—0

< lim Sup/ |’ (m(p + ovei, 1) Bim(p + ovei,t) — @' (m(p, 1) dym(p, t)| dp(t)
s—0
T

<lim [ sup |¢/(m(x,t))Bim(z,t) — ¢ (m(p,1)) dm(p,t)| du(t) = 0.
70 2eB.ls))

Thus, we have proved that A;(s) tends to zero as s — 0. This completes the proof
of the partial differentiability of ® with respect to the ¢th variable at p and also the
validity of formula (1.33).
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Finally, we show that the function 9;® is continuous at every p € I%. Let (x,) be
an arbitrary sequence in B(p, dy) converging to p and denote J,, := |z, — p|. Then
(0o ) is a null sequence and we have that

0:0(@0) - 20()| < [ [/ (m(za.8) 2n@a,) ~ ¢! (m(p. 1)) On(p. )] du(t)
T

< / sup | (m(u, 1)) Bm(u, £) — o (m(p, 1)) Brm(p, £)| du(t).
T'u,eB(p,(Sa)

Due to the equality (1.36), the right hand side in the above inequality tends to zero
as a — oo, whence it follows that (0;®(x,,)) converges to 9;®(p), which proves the
continuity of 0;® at p.

Analogously, using a similar argument as in the proof of (1.36), for the case n =
2, the reader can show that the following two equalities hold:

lim sup  |¢"(m(z, 1)) O;m(z, t) Oym(z,t)
(138) °70) weB®)
—¢"(m(p, 1)) im(p, t) dym(p, t)| du(t) = 0,
(1.39)

lim sup |¢'(m(z,t)) 8;0;m(z,t) — ¢’ (m(p,t)) ;0;m(p, t)| du(t) = 0.
6_>0T z€B(p,d)

Let p € I% be fixed. To prove equality (1.34) which establishes the formula for the

jth partial derivative of 0;® at p, consider the following estimation for € (I — p;),

r # 0:

(1.40)

Agj(r)

8i<I>(p + 'rej) — 82'(13(1))
r

_ /T (Sp”(m(p,t))&-m(p,t) d;m(p, )

¢ (n(p, ) 30,m(p.0)) aut)

1 </T ' (m(p +re;, t)) Oym(p + rej;, t) du(t)

r

- [ nt.0) Qo) au)) ~ [ (" nlp.)) . 1),
¢ (n(p, ) 30,m(p.1)) aut)

§|1"1| /T | (m(p + re;. 1) im(p + rej. 1) — @' (m(p, 1)) im(p. 1)

—r¢"(m(p, 1)) Oym(p, t) Oym(p, t) — r¢(m(p, 1)) 0;0;m(p, t)| du(t).
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Applying, for every ¢ € 7', the Lagrange Mean Value Theorem for the function
0:(r):=¢'(m(p + re;, 1)) O;m(p + re;, t) — r(¢" (m(p, t))0;m(p, t)0;m(p, t)
+ @l(m(P, t))aiajm(p7 t))v

we can find an element p; between 0 and r such that
(1.41) 0:(r) — 0,(0) = 0;(py)r-.

Now, by using equality (1.41), inequality (1.40) and equalities (1.38) and (1.39), re-
spectively, with an analogous argument that we applied in the case n = 1, we get that
A;j(r) tends to zero as r — 0, proving the partial differentiability of 0;® at p with
respect to the jth variable and formula (1.34). On the other hand, again by a similar
train of thoughts, it easily follows from (1.38) and (1.39) that the function 9;0;® is
continuous on I,

The argument concerning the case n = 3 is completely analogous, therefore, we
omit it. g

For the sake of brevity, introduce the following notations: for m € Ci(I% x T)
andr € {1,...,d}, denote
orm(z,t) == Opym(z,t) — (Orm),(x) (xell teT),
and, for x € I, set

oD = (z,...,z) eI

THEOREM 1.10. Let (f,g) € C1(I), let m € C1(I% x T) be a measurable family
of means, and let | be a probability measure on the measurable space (T, A). Then
M g m: is continuously differentiable on I and, foralli € {1,...,dy and x € I,

(1.42) 81‘Mf,g,m;u (.T(d)) = <8Zm)u(m(d))

If. in addition, (f,g) € Co(I), letm € Co(I*xT), then M.y m.,, is twice continuously
differentiable on 1 and, foralli,j € {1,...,d} and x € I,

(1.43)  0;0; My g.m:p (az(d)) = B 4(x)(0fm 8;m>u(a:(d)) + <8iajm>u(a;(d)).

Finally, if (f,g) € Cs(I), let m € C3(I% x T), then My 4., is three times continu-
ously differentiable on I and, for all i, 4,1 € {1,...,d} and x € I,
(1.44)

0,0;0M 1. g.mip (')

:( /f,g(x) + @?79(33)) (<82m Gjm81m>u - <3¢m>“<8jm>u<ﬁlm>”) (x(d))

+ Oy 4() Z (<6a8/3m Oym)y — 8aaﬁvag,m;ua“/vag,m;u) (x(d))
(a,8,7)€0(i,5,0)

+ Wy g (2)(OfmOym afm)  (+V) + (9,0;0m) (D).
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PROOF. Letn € {1,2,3} and assume that (f,g) € C,(I), m € C,(I¢ x T). In
view of Lemma 1.3, we may assume that g is positive, f/g is strictly monotone with
a non-vanishing first-order derivative. Then f, ¢ and the inverse of f/g are n-times
continuously differentiable and, by Lemma 1.9, we also have that the mappings

z s /T fm@ D) du(t)  and @ /T g(m, 1)) du(t)

are n-times continuously differentiable on 7¢. On the other hand, we now also have
formula (1.9) for the d-variable mean My ;... Thus, using the standard calculus
rules, it follows that My g .., is n-times continuously differentiable on [ d,

To prove the first formula stated in (1.42), let us consider the case n = 1. In view
of Lemma 1.1, we have the following identity

(1.45) /T Dy (m(@, 1), My ympn(@) dp(t) =0 (z € 1.

For the sake of convenience, for o, 5 € NU {0} with 1 < o + 8 < 3, introduce the
following notation

Aup(@,t) = 0P Dy g(m(@,t), My g mp(®) (2l teT).

Differentiating the identity (1.45) with respect to the variable x; once, we get
(1.46) / [Aro(@, )m(@, 1) + Ao (@, )9, M gmip(@)] dia(t) = 0,
T

Substituting by (9 € I¢ and using definition (1.31), we get that
Dy, $)<aim>u(37(d)) + 02Dy 4(x, m)aiMf,g,m;u(w(d)) =0.

Observe that 01Dy g(x,x) = —02Dy4(x,x) # 0 for all z € I, hence the former
equation yields the desired equality (1.42).

Now consider the case n = 2. Differentiating the identity (1.46) with respect to
the variable x ;, we obtain

. [Aao(, )0im(x, )0m(@, t) + Do 2(x, )05 M f g miyn(£)0i My, g,y ()

4D L A1 (@, 1) (8 My g i ()0, 1) + 0: M g ey ()0 (2, ))
+ A o(,1)0;0;m(x, 1) + Ao (2, 1)050; Mg my ()] du(t) =

Using the identities in Lemma 1.6 and substituting = by 2@ the above equation
simplifies to

/ (7D 5 2) (O 0m (2D 1) = ;Mg (DO M g (D)
T

+ 01Dy gz, x) <8j8im(a:(d),t) - 6j8,-Mf7g7m;u(x(d))>} du(t) = 0.
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Now, dividing the above equality by 01Dy (x,x) # 0 and using the definition of
@, and formula (1.42), this equality simplifies to

1) ((0mym) (39) — 00, (o) Dum) (29 )
+{0;0im) (2 D) — 8,0, Mg,y (D) = 0.

This equality, together with the following identity,
(0im0ym), — (9ym) . (0im), = <31*m 8;m>u

implies formula (1.43). To prove the third formula stated in (1.44), let us consider the
casen = 3.

/T[Ag() H orm(z +A03 H 8Mf,g’m“()

re{i,g,l} 're{z,] 1}
+ A271($,t Z aaMf,g,m;,u( )85m( )a m( )
a,ﬁ,'y)ea(i,j,l)

Z oMy g,m;(®) 0 My g i (€) 0y, 1)

)
(
+ A o(z,t)
(a,B,7)€0(3,5,1)
)
(
)
(

+Dgp(@,t) Y duOsm(z,t)0ym(,t)

a,B,y)€0(i,5,0)

Z 000 M f,g,m;u(T) Oy M, g, m;u(T)
O{,ﬁ,’}/)eo(i,j,l)

) > (0udsMygmp(@)0ym(@, )
(

a,B,y)€0(i,50)

+ Ago(x,t

o+ 0 M g (@) D50z, 1))

+ AI,O($7 t)aiajalm(.’t, t) + Aoyl((t, t)aiﬁjale,g,mW(:z)} du(t) =0,
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respectively. Using the identities in Lemma 1.6 and substituting & by @ e I we
get that

/T[ﬁlﬂfgxa:( H 8m H BMfgmu( (d)))

re{i,jgl} re{igl}

+3162®f9 T, ) Z D Mfgmu( @ )) <8ﬁm($(d)’t)
(a,8,7)€0(i,5,0)

— 08 Mf.gmip (LU(d) )) dym (x(d) ) t)

+ 0 Dpg(ea) N (Oadem (D, )0ym (2, 1)
(8.7 €0 (i)

= 005 Mg (@) 0 My g i (217)
0.

+ Dy g, 2) (0,0 (2, 8) = 00,0 My g (o) ) | dpt) =

Now, dividing the above equality by 01Dy 4(z, ) and using the definitions of ®¢ 4
and W ,, and also the identity (1.27), for 2@ e 4 the following formula follows

0i0;01Mg,g,m;p. (x(d))
:(q);ﬁg(x)"‘q)?‘g( )+ Vpg(x / ( H am (@) ¢
re{i,g,l}
H 8TMf,g,m;u(x(d))>d“(t)
re{i,gl}

_\Ilfg Za Mfgmu )/T(aﬁm(x(d)7t)

(a,8:7)€0(3,5,0)
— 0 Mf.g.mip (x(d))>87m(x(d),t) du(t)

+Opg(z) Y (a0 (D, £)3m (2,1

(a.B:7)€0(i,4,0) r
— 0005 M gy (') Oy M. g i (x(d))> du(t)

+ / 8;0;0m (' ) du(t).
T
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By using formula (1.42) and definition (1.31), we get the following simplified equa-
tion

9050 M g,g,m:p (x(d))
= (P} g(2) + @7 4 (2)) (0 Ojm Om), — (D) (Dm) (D)) (V)
+ P g(z) Z <<8a85m Oym)y — aaaﬁMf,g,m;uavay,m;u) (x(d))

(o,8,7)€0 (i)

+wf,g(x)(<aimajmalm>u— 3 (Dam)u(@gmdym),

(a.B,v)€0(id)l)
o+ 2(0m) () D) ) ()
+(8;0;0m), (z1D).

This equality, combined with the following easy-to-see identity,

(im (“)jmalm>u - Z (Oam)u(0pm Oym)y + 2(0ym) u(95m) . (Orm)
(e.B.7)€0(i.5.1)
= (8fmaym 8l*m>#

yields formula (1.44) of the theorem. O

The following lemma, which is an extension of [36, Lemma 3], will play an im-
portant role in establishing the necessary conditions for the (global) comparison of
means. We recall that a sequence (1, ) of probability measures on 7' is said to converge
weakly to a measure v if, for all bounded Borel measurable functions ¢ : T' — R, we
have

lim [ () dvn(t) = / o(t) du(t).

LEMMA 1.11. Let (f,g) € C1(I) and let (v,) be a sequence of probability mea-
sures on T' weakly converging to a measure v, let (7y,,) be a null sequence of positive

numbers in [0, 1] and let ty € T. Set i, := (1 — )0, + Yntn for n € N. Then, for
allz € 14,

1 S Dyg(m(z,t), m(z, o)) dv(t)
”h—ggo an[Mf’g’m?“n(m) —m(z, )| = TalDf,g(m(xatO)am(fv,tO))

PROOF. Letx € I? be a fixed vector. By the assumptions of the lemma, we have
that 1, converges to d;, weakly. More generally, for an arbitrary bounded sequence of
Borel measurable functions ¢, : 7' — R, which converges uniformly to ¢ : 7' — R
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as n — 0o, we get

/T Pn dpn (t)

= / ©nd((1 = vn)0t, + Ynn) (1)
T

(1.48)
= (1_771)/ SDnd(Sto +’Yn/ (POan +’7n/(90n_300) an(t)
T T T

— /T<P0d5to(t) = @o(to)-

First, we are going to show that the sequence u,, := MjF g ., (T) converges to
m(z,t0). We have that min(z) < u, < max(z) for all n € N. Hence it is suf-
ficient to prove that every convergent subsequence of (u,) converges to the same
limit point. To show this, let (u,;) be any convergent subsequence of (uy,) such that
Un; — up as j — o0o. Then, the sequence of Borel measurable functions ¢;(t) :=
Dy g(m(z,t),un,) tends uniformly to the limit function oo () := Dy 4(m(z, 1), uo).
Thus, in view of formula (1.48), we get

tim [ Dy y(m(e. ) ) di, () = Doy (e o) o)
j—o0
On the other hand, for all j, we have that
| Dsstimto. 00, a0 =0,

which implies that Dy (m(x, o), uo) is zero, i.e., ug = m(x,ty). Hence u,, —
m(x,tg) as n — 0.
Moreover, as n — oo, we similarly obtain

(1.49)

i o (m(@, 1), (@, 10)) dpin(t)

/ D@, ), (@, 1)) (1 =70y + 000 ) 1)

_ / Dy y(m(@. ), m(z, to)) dv(t) — /T Dy .y (m(z, t), m(@, to)) du(t).

Taking ®,,(u) := [, Dsg(m(x,t),u)dp,(t) and applying the Lagrange mean
value theorem for the differentiable function ®,,, for every n € N, we can find a
number 7,, between wu,, and m(z, ty) such that

Dy, (m(x,t0)) — Pnlun) = Oy (1) (M(Z, t0) — un)

Since ®,,(uy,) = 0, therefore it follows that

0 (ma,t0) = P} 1) - 2-(m . t0) = ).
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Thus,

Vln/TDf,g(m(%t)’m(x,to))dun(t)
:/T gég((:’g; ﬁ'gzzg dpin () - yln[m(-’ﬂvto) - Mf,g,m;un(m)].

Then, obviously, 7,, converges to m(z,ty). By taking the limit of both sides of this
identity as n — oo and using (1.49) and (1.48), we get

/Tvag(m(m,t),m(z,to))dy(t) X
= 81®f’g(m(.'z:,t0),m(x,to)) - lim — [Mf,g,m;,un(x) — m(.’l),to)]

n—o0 "}/n

By dividing both sides by 0, D¢ ,(m(x,t9), m(x,t0)), we get

o1 _ Jr Dyg(miz,t), m(z, o)) dv(t)
nh_ggo gn[vag,m;Mn (2,‘) - m(z, tO)] - TalDﬁg(m(iB, t0)7 m(a’.’ tO)) :

This completes the proof of the lemma. 0



CHAPTER 2

On the local and global comparison of generalized
Bajraktarevi¢ means

In a recent paper [36], Losonczi and Péles investigated a general class of two-
variable means given by the formula

- 1

f> ! (fo fltz + (1 - t)y) du(?)
1

9 Jo 9tz + (1 = t)y) du(t)
where f,g : I — R are continuous functions such that g is positive, f/g is strictly
monotone, and p is a probability measure on the Borel measurable subsets of [0, 1].
This definition includes many former classical and important settings. In [36] local
and global comparison theorems (that provided necessary and in some cases also suf-
ficient conditions) have been established for the comparison of two-variable means
from this general class.

The aim of this chapter is to study the global comparison problem

2.0 My.g.mip(®) < Mk (2) (z €1

and also its local analogue. In terms of the Chebyshev systems (f, g) and (h, k), the
measurable families of d-variable means m : [¢ x T — Tand n : I% x S — I, and
the measures u, v, we give necessary conditions (which, in general, are not sufficient)
and also sufficient conditions (that are also necessary in a certain sense) for (2.1) to
hold. Our main results generalize that of the paper by Losonczi and Pales [36] and
also many former results obtained in various particular cases of this problem, cf. [13],
[14], [15], [28], [30], [44], [46].

My (@, y) = ( ) (z,y € 1),

2.1. Local comparison of generalized Bajraktarevi¢ means

Our first result offers a necessary as well as a sufficient condition for the local
comparison of means. Given two d-variable means M, N : I¢ — I, we say that M is
locally smaller than N at x( € I if there exists a neighborhood U C I of xg such that

2.2) M(z) < N(z)

holds for all z € U?. The case d = 1 being trivial, we always assume that d > 2
holds in the subsequent considerations.

THEOREM 2.1. Let M, N : I* — I be d-variable means such that M is locally
smaller than N at a point xq € 1. Assume that M and N are partially differentiable

25
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at the diagonal point l’éd) = (z9,...,70) € I Then, for x = xy and for all
ie{l,...,d},
(2.3) 8 M (z) = ;N (D).

If, in addition, M and N are twice differentiable at x((]d) € I¢ then the symmetric
(d—1) x (d — 1)-matrix

d—1
1,j=1

2.4) (0,0, N («§") = 0,0;,M ("))

is positive semidefinite.

On the other hand, if, for some xo € I, the equality (2.3) holds for all © €
{1,...,d} and for all x in a neighborhood of x, furthermore, M and N are twice
continuously differentiable at x(()d) and the symmetric (d — 1) x (d — 1)-matrix given
by (2.4) is positive definite, then M is locally smaller than N at x.

PROOF. Assume that M is locally smaller than N at zg € I, i.e., (2.2) holds for
all z € U? in a neighborhood U C I of z. Assume that M and N are partially

differentiable at the diagonal point x(gd) € I?. Define the function D : U? — R by
D(xz) = N(z) — M () (x € U?).

Then D is nonnegative by inequality (2.2) and attains its minimum (which equals
zero) at a:(()d). Therefore 8¢D(:céd)) =0foralli € {1,...,d}, which yields (2.3).

If, in addition, M and N are twice differentiable at x(()d) € I9, then we get

D" (z{") = (8Z~8jD(x[()d)))?j:1 is a positive semidefinite symmetric d X d-matrix.
By the well-known necessar}; and sufficient conditions of positive semidefiniteness
(cf. [10]), this implies that the symmetric (d—1) x (d — 1)-matrix (8¢8jD($(()d)))ZJ_'il
is also positive semidefinite.

Now let g € I and assume that there exists a neighborhood U C I of x( such
that the means M and N are twice differentiable on U, their second-order partial
derivatives are continuous at xéd), the equality (2.3) holds for all z € U and for
all i € {1,...,d}, and the symmetric (d — 1) X (d — 1)-matrix-valued function
Az) := (&'ajD(a:))Z;l is positive definite at a:(()d).

By Sylvester’s criterion, A (xéd)) is positive definite if and only if all of its leading
principal minors are positive. By the continuity of the second-order partial derivatives,

. . d . . L. . . d
A is continuous at x(() ) , hence its leading principal minors are also continuous at x(() ),

Therefore, there is a neighborhood V' C I? of x(()d) where these leading principal
minors are positive and hence, at the points of V, A is also positive definite. By
shrinking the neighborhood U of x if necessary, we may assume that U is an interval
and U? C V. Hence A(z) is positive definite for all z € U?.
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In order to show that the inequality (2.2) holds for all x € U9, let z =
(x1,...,24) € U be fixed and apply the Taylor Mean Value Theorem to the function

(ul, - ,ud,l) — D(ul, - ,ud,l,xd) ((ul, ... ,ud,l) € Udil)
at the base point (4, ..., 24) € UL, In view of this theorem, there exists 6 € [0, 1],
such that
D(I’l, cee xd—laxd)
d-1
= D(a:d, e, Td, l‘d) + Z 0;D(xgq,...,xq, l'd)(-%'z — a:d)

i=1

@5) EVEEE

+3 Z; Z;aiajp(exl +(1=0)zg, ..., 0z
=1 j=

+ (1 — H)xd,a:d) (.%'Z - xd)(:cj — .%'d).

We have that D(zg, ..., xq,2q) = M(2q,...,24,2q) — N(xq,...,2q,24) = Tq —
xq = 0, equation (2.3) applied for x = x4 implies that 9;,D(zgq,...,xq,24) = 0
forall ¢ € {1,...,d — 1}. Finally, A is positive definite at the point (0z; + (1 —
0)xg,...,00q 1+ (1 —0)xg,x4) € U? hence the last term on the right hand side of
(2.5) is nonnegative. Thus (2.5) shows that D(z1,...,xq-1,24) > 0, which implies
that M is smaller than N on U¢. O

REMARK. We note that, for the sufficiency part of the theorem, the standard 2nd-
order sufficient condition for the local minimum cannot be applied. The reason is that
the matrix

2.6) (0:0;N (") = :0;M (25"))7 .,

can never be positive definite. Indeed, if M is locally smaller than NV at x, then M is
locally smaller than V at every x in a neighborhood U of x( and hence (2.3) holds for
allz € Uand i € {1,...,d}. Differentiating (2.3) with respect to z at z;p, we obtain,
foralli € {1,...,d}, that

d d
J=1

Jj=1

This shows that the sum of the columns of the matrix in (2.6) is the zero vector. There-
fore, the determinant of this matrix is zero, showing that this matrix is not positive
definite.

COROLLARY 2.2. Let (f,g),(h,k) € Ci(I), let m € Ci(I¢ x T) and n €
C1(I% x S) be measurable families of means, and let j1 and v be probability measures
on the measurable spaces (T, A) and (S, B), respectively. Suppose that My g ., is
locally smaller than My, j ., at xo € 1. Then, there exists a neighborhood U C I of
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xq such that for x € U and forall i € {1, ...,d},
(2.7) <8im>u(m(d)) = <(3m>,,(x(d)).

If, in addition, (f,g), (h,k) € Co(I), m € Co(I¢ x T), andn € Co(I¢ x S), then the
(d — 1) x (d — 1)-matrix whose (i, j)th entry is given by

(@ndyn), (25") B (o) + (@idm)y (")

(2.8)
—(Ormaym)  (26”) @ 4(w0) — (DiDym) u(x(”)

fori,j € {1,...,d— 1} is positive semidefinite.

On the other hand, if (f,g), (h,k) € Co(I), m € Co(I? x T), n € Co(I¢ x 9),
and (2.7) holds for all i € {1,...,d} and for all x in a neighborhood of x( and the
(d—1) x (d — 1)-matrix whose (i, j)th entry is given by (2.8) is positive definite, then
My g m;u is locally smaller than My, i ., at xg € 1.

PROOF. If (f,9), (h, k) € Cx(I),m € C,,(I*xT),and n € Cp(I?xS), then The-
orem 1.10 implies that M g ,,.,, and M}, . .., are k-times continuously differentiable
on I? in the cases k € {1,2}.

Assume that My 4 .., is locally smaller than My, i, .., at z9 € I. Then, by The-
orem 2.1, there exists a neighborhood U C I of zq such that for z € U and for all
ie{l,...,d},

M gmip(&D) = 0:Mp oz (V).

Applying formula (1.42) of Theorem 1.10, the necessity of condition (2.7) follows.
In addition, if the second-order regularity assumptions are satisfied, then, by The-
orem 2.1, the (d — 1) x (d — 1)-matrix whose (i, j)th entry is given by

(0105 M oiw (257) — 00 Mg s (7))

fori,j € {1,...,d — 1} is positive semidefinite. Now the application of formula
(1.43) of Theorem 1.10 yields the necessity of condition (2.8).

Now, under the second-order regularity assumptions suppose that (2.7) holds for
all i € {1,...,d} and for all = in a neighborhood of x and the (d — 1) x (d — 1)-
matrix whose (4, j)th entry is given by (2.8) is positive definite. Since Mj 4 ., and
M}, k. ;1 are twice continuously differentiable and by Theorem 2.1, we have My g .,
is locally smaller than My, .., at zg € 1. Il

d—1
i,7=1

In the special setting when 7" = [0,1], d = 2, m is given by m((x,y),t) =
tz + (1 — t)y, the above Corollary 2.2 simplifies to the result of [36, Theorem 5].
Now we consider the particular case when the families of means m and n as well as
the measures p and v coincide.

COROLLARY 2.3. Let (f,g), (h, k) € Co(I), let m € Co(I¢x T') be a measurable
family of means, and let 11 be a probability measure on the measurable space (T, A).
Let xy € I and assume that there exists i € {1,...,d — 1} such that, the map
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t— &m(x(()d), t) is not pi-almost everywhere constant on T'. If My g ., is locally
smaller than My, j, .., at vg € I, then
2.9 Pg(20) < Ppk(2o).
On the other hand, if the functions
t s Om(ai ) — (@m), («P) G ef{l,...,d—1})

are p-linearly independent and (2.9) holds with strict inequality, then My g ., is
locally smaller than My, . .y, at o € 1.

PROOF. Assume that My g ., is locally smaller than My, . .., at xg € I. Then,
by Corollary 2.2, the (d — 1) x (d — 1)-matrix whose (4, j)th entry is given by

(2.10) <a;ma;m>#(xgd)) (®pi(0) — Py glxo))

fori,j € {1,...,d — 1} is positive semidefinite at xo € I. This implies that all the
diagonal elements of this matrix are nonnegative, i.e., forall i € {1,...,d — 1},
.11 ((Orm)*), (@87) - (@14 (20) — y,g(0)) = 0.

If, forsome ¢ € {1,...,d—1}, the map ¢ — 8im(wéd) ,t) is not u-almost everywhere

constant, then

u({t | om(z$? ) # (0 (25")}) > 0,

whence
* d d d 2
(0 m)2>u(:pé )) = /T (&m(azé ),t) - (&mm(:c[() ))) du(t) > 0.
This inequality, combined with (2.11), implies that

Pp r(20) — Py g(x0) > 0,

i.e, the inequality (2.9) holds.
Now assume that the functions

(2.12) t s gm(x{?, 1) — (@), (2$) G e{l,...,d—1})

are p-linearly independent and (2.9) holds with strict inequality. It is clear that the
(d —1) x (d — 1)-matrix whose (i, 7)th entry is given by

(2.13)
* * d
(9 majm>u($(() )
d d d d
= /T (im(ag”, 1) = @) (a”)) (9mlayy” 1) = (Dm) (25”)) dpa(t)
fori,j € {1,...,d— 1} is a so-called Gram matrix which is always positive semidef-

inite (see [10]). Since the functions (2.12) are p-linearly independent it follows that
the Gram matrix with entries given by (2.13) is positive definite. This result, com-
bined with the strict inequality (2.9), implies that the (d — 1) x (d — 1)-matrix whose



30 CHAPTER 2. COMPARISON OF GENERALIZED BAJRAKTAREVIC MEANS

(i, 7)th entry is given by (2.10) is positive definite at o € . Hence, by Corollary 2.2,
My g m;u is locally smaller than My, g ., at xo € 1. O

LEMMA 2.4. Let (p,q) € T and let the functions f and g be given by equations

(1.10). Then, for x € R,
ptqg—1
D g(x) = — and Upg(z) = T2
PROOF. Using the notations (1.12) and (1.13), we have that (1.11) holds. One
can obtain that, for z,y € R,

_ X B T
pales) =1 (D), o) =g (D),

and

_ x _ z
8%82@3711(337 y)=(p+aq—2)y"" 3771/0/7‘1 <§> -yt 4771/0/7/q <§>

One can also easily get (in each of the three possible cases for (p, ¢)) that
M) =1, (1) =p+q—1, and 7, (1) =p*+pg+q¢* —3(p+q) +2.
Combining the above formulas, for z € R, it follows that
O Bpq(z, ) = Pt 8%@;,(1(33, x) = (p+q—1aPta?
and
D200 q(, ) = pgaP T3,
Finally applying these equalities, for z € R, we get

_ af@f,g(xv@ . a%ﬁp,q(xvx) _ptag-—1

(2.14) Qs o(x)

0 Dyg(x,x)  ABpglz,T) x
and
030:Dy 4(z, ) D208, 4(x, ) pq
(2.15) Upgla) =210 = 2P 2
F90) = oD ) T i)
This completes the proof. 0

Now we formulate a particular case concerning generalized Gini means when the
partial derivatives can be calculated more explicitly.

COROLLARY 2.5. Let (p,q), (r,s) € T, letm € Co(I% x T) andn € Co(I% x S)
be measurable families of means such that (1.14) holds for m and n, and let p and
v be probability measures on the measurable spaces (T, A) and (S, B), respectively.
Suppose that G, g . is locally smaller than G s .., at xo € 1. Then, there exists a
neighborhood U C I of x¢ such that for x € U, foralli € {1,...,d}, (2.7) holds. In
addition, the (d — 1) x (d — 1)-matrix whose (i, j)th entry is given by

1
(@rndsn), (26") (0 +q = 1) — + (@idm)y (x5”)
(2.16) 0

1
—(Ofm 8;m>u(azéd)) (r+s—1) (aiﬁjm>u(3:(()d))

Lo
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fori,j e {1,...,d— 1} is positive semidefinite.

On the other hand, if (2.7) holds for all i € {1,...,d} and for all x in a neigh-
borhood of xy and the (d — 1) x (d — 1)-matrix whose (i, j )th entry is given by (2.16)
is positive definite, then G, g ., is locally smaller than G s .., at xo € 1.

PROOF. The proof is a direct consequence of Corollary 2.2 and formula (2.14).
O

COROLLARY 2.6. Let (p,q),(r,s) € T, let m € Co(I? x T) be a measur-
able family of means such that inequality (1.14) holds, and let . be a probability
measure on the measurable space (T, A). Let xo € I and assume that there exists

i € {1,...,d — 1} such that, the map t — aim(x(()d), t) is not p-almost everywhere
constant on T'. If G}, g . S locally smaller than G s ., at xo € 1, then
2.17) p+q<r+s.

On the other hand, if xo € I, the functions
d d .
tb—>6im(x[()),t)—<6im)u(x(() )) (ted{l,...,d—1})
are p-linearly independent and (2.17) holds with strict inequality, then Gy 4 m.y is

locally smaller than G s ., at xg € 1.

PROOF. Applying Corollary 2.3 and using formula (2.14), the result follows im-
mediately. U

2.2. Global comparison of generalized Bajraktarevi¢ means

In the rest of the sequel, we consider the case when ¢ = v and m = n. In what
follows, we give a condition containing two independent variables for (2.1) which
does not involve the measure p and assumes first-order continuous differentiability of
the Chebyshev system. In the special setting when 7" = [0, 1], d = 2, m is given by
m((x,y),t) := tx + (1 — t)y, the following theorem simplifies to the result of [36,
Theorem 6].

THEOREM 2.7. Let (f,g), (h,k) € C1(I) be Chebyshev systems, let T be a com-
pact and connected topological space and let m : I¢ x T — R be a continuous family
of d-variable means. Define the set U, by

@218 Un={wv)[3z el uuvem@) m@)} = Jme),me)

The following three assertions are equivalent:
(i) For all Borel probability measures i on T,

(2.19) My gmp(®) < My pmu(x)  (x€I?).

(ii) There exists a nullsequence (v;) of positive numbers in [0, 1] such that, for all
to,t € T and forall j € N,

2200 M g1 42,0 (@) < Mikims(1=)000 40,0 (@) (@ € 1%,
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(iii) For all (u,v) € Uy,

Dy g(u,v) < Dy, 1 (u,v)
01Dy g(v,v) = A Dpk(v,v)

PROOF. The implication (i)==>(ii) is obvious. To prove (ii))=>(iii), let (u,v) €
Uy Then there exists x € I such that u, v € [m(x),m(z)]. Due to the compactness
and connectedness of T', we have that (1.6) holds. Therefore, there exits tg, ¢ € T such
that w = m(z,t) and v = m(z,ty). Applying Lemma 1.11 twice with the measure
sequence pj := (1 — 7;)d, + ;0 and using inequality (2.19), we get

Dﬁg(uvv) _ vag(m(x’t)vm(xvto)) _ 1
alDf,g(v,v) a 81®f79(m($,t0),m($7t0)) _jl—>oo % [Mf,g,m i (.’E) (.’L‘,to)]
Dh k( (m,t),m(x,to))

< lim l [th:muj (IL‘) (x tO)]

(2.21)

j—00 '7] 81Dh k( (.’l:,t()),m(.’l,‘,to))
B Dy i (u, v)
N 81®h,k(v, 1)) ’
which proves (2.21).

For the proof of (iil))=(i), letx € I 4 pe arbitrarily fixed. In view of the inclusion
My km:u () € [m(x), m(x)] and the equality (1.6), there exits tg € T such that

m(il,‘, tO) = Mh,k,m;u(x)'

Taking any ¢ € T and applying inequality (2.21) for u := m(z,t) and v := m(z, tp),
we get

Dy g(m(z,t), m(x, b)) < Dy k(m(z,t), m(x, o))
al‘Df,g(m((II, t()), m(a:, to)) - 8th,k(m(m, t()), m(m, to)) ’
Integrating this inequality with respect to the variable ¢t € T', we get
fT ®f,9 (m(x7 t)? Mh,k,m;#( )) d,u fT Dp k( ( ) t)? Mh,k,m;u(x)) dILL(t)
ND g (Mptomip(®), Mp oy (@)~ 01Dt (Mp g mip(€), M o ()

By the definition of the value Mj, i, ., (), the numerator of the right hand side of
this inequality is zero, whence we obtain

Jr Dyg(m(@, ), M g i (@) dpa(2)

<0.
1D 1, (M i (), M iy ()
If 1Dy 4(x,x) < Oforall z € I, then
(2.22) / D g (m(x, t), My jmip(2)) dpu(t) > 0

and also (f,g) is a positive Chebyshev system, hence, by Lemma 1.1, the
above inequality implies that (2.19) holds. In the other possible case, i.e., when
01Dy g(x,z) > 0 for all x € I, then inequality (2.22) is reversed but (f,g) is a
negative Chebyshev system, thus by Lemma 1.1 again, inequality (2.19) follows. [J
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Having a look at the proof, one can see that the compactness and connectedness
of T" was only used to prove implication (ii))==>(iii).

COROLLARY 2.8. Let (p,q), (r,s) € I, let T be a compact and connected topo-
logical space and let m : I¢x T — R be a continuous family of means with inequality
(1.14). Then the following assertions are equivalent:

(i) For all Borel probability measures 1 on T,
2.23) Gp.gmiu(®) < Grsmip () (x 1%,

(ii) There exists a null sequence (v;) of positive numbers in [0, 1] such that, for all
to,t € T and forall j € N,

(2.24) Gpﬂq7m;(1—’7j)5t0+’7j5t (z) < GT,Sym;(l—Vj)isto-i-’legt () (z € Id)'
(iii)
(2.25) Mpa(t) < nrs(t) (€ J(m*) ™1, m*]).

(iv) In the case m* = +o0,
(2.26) min(p, ¢) < min(r, s) and max(p, q) < max(r,s),

while in the case m* < 400,
2.27)

Up,Q((m*)fl) < 777:8((7”*)71)’ ”pvq(m*) < ”T»S(m*)v and PHg=r+s.

PROOF. Applying Theorem 2.7 and using notations introduced in (1.11) and
(1.13) imply that conditions (2.23) and (2.24) are equivalent to the inequality

Bp,q (U’ u) ﬁr,s (U, u)
O Bp,q(u,w) = 01 Br.s(u, 1) ((u,v) € Un),

where the set Uy, is defined in (2.18). This inequality can be rewritten as

vmg(5) Svma(S) () € Un).

Observe that
u *\ — *
(2.28) ]( ) [Q{E:(u,v)eUm}g [(m) l,m].
Indeed, if ¢t € ](m , [ and t > 1, then t < m*, hence there exits £ € I%
such that ¢ < ZL:”; Then, with v = m(x), u = tm(x), we have that t = ¥ and

u,v € [m(z),m(( x)|. Therefore ¢ is of the form ¥ for some (u,v) € Uy,. A similar
argument yields for ¢ < 1 a similar representation. This proves the first inclusion.

For the second inclusion, observe that if (u,v) € U,,, then, for some x € [ d we
have u,v € [m(z), m(z)]. Hence

(m*)—l S %(l’) E < m(a:) S m
m(z) ~ v~ m(z)
Therefore, in view of the inclusions in (2.28), inequality (1.13) is equivalent to condi-

tion (2.25).
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To show the equivalence of condition (iv) to the previous ones, we have to dis-
tinguish two cases. If m* = +oo, then (m*)~! = 0, therefore (iii) can be rewritten
as

Mg () < s (t) (t €10, 00l).
This inequality is known to be equivalent (cf. [15]) to the comparison inequality

Gpqe(x) < G s(x) (deN, z € ]0,00[%,

of Gini means (with arbitrary many variables over the interval ]0, co[). In view of
the result [15, Satz 5], the above inequality is characterized by the condition (2.26).
Therefore (iii) is equivalent to (iv) in this case.

Now consider the case m* < +oo. Then the inequality in (iii) is equivalent to the
comparison inequality

Gpq(x) < G s(z) (deN, ze]l,m ),

of Gini means (with arbitrary many variables over the interval |1, m*[). Using the
results of the papers [25, Theorem 7] or [47], it follows that the above inequality is
characterized by (2.27), which implies that (iii) is equivalent to (iv) also in this case.
This completes the proof of the corollary. O

2.3. Comparison of generalized quasi-arithmetic means

In the next result we offer 6 equivalent conditions for the comparison of d-variable
generalized quasi-arithmetic means. The interesting feature of this result is the equiv-
alence of the global and local comparability.

THEOREM 2.9. Let f,h : I — R be twice continuously differentiable functions
with non-vanishing first derivatives, and let m € Ca(I¢ x T') be a measurable family
of d-variable means. Let g be a probability measure such that, for all xo € I, there
exists i € {1,...,d — 1} such that t — 0;m(xo,t) is not pg-almost everywhere
constant on T. The following assertions are equivalent:

(i) For all Borel probability measures 11 on T,
(2.29) Mp1 (@) < Myy () (z€1%.
(ii)
M 1 mipo (€) < Mp,1 o (T) (x € Id)‘
(iii) For all xq € I, there exists a neighborhood U C I of xqg such that
M1 mipe (®) < Mp1mip, (T) (x e UY.
(iv) Forall x € 1,
f'(x) _ W'(x)
fix) = Wix)
(v) The function h o f~1 is convex (concave) on f(I) provided that f is increasing
(decreasing).

(2.30)

<
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(vi) For all (u,v) € I?,

fw) = f(v) _ h(u) —h(v)

f'(v) h'(v)

PROOF. The implications (i)==>(ii) and (ii)==-(iii) are trivial.

To prove (iii)==(iv), will apply Corollary 2.3. Let o € I be arbitrary. Then
(iii) asserts that My 1 1.y, 18 locally smaller than M}, 1 ., at o and we also have
anindex i € {1,...,d — 1} such that t — 9;m(zg,t) is not up-almost everywhere
constant on 7". Therefore, by Corollary 2.3, inequality (2.9) follows with the functions
g := k := 1. It is immediate to see that (2.9) implies (2.30) for x = xy.

Now assume (iv) and that f is increasing (the nondecreasing case is analogous).
Then g := h o f~! is twice differentiable on f(I). By (2.30), the ratio ?—: is a non-

(2.31)

<

. . / 71 . . .
decreasing function. Therefore, ¢’ = ? o/~ is also nondecreasing, which proves that

/Of—l

g"” > 0. Hence g must be convex on f(I), i.e., (v) holds.
If (v) is valid and f is increasing, then the convexity of g := h o f~! implies that

9(y) + 4 (y)(x —y) < g(x)

for all z,y € f(I). With the substitution x = f(u), y = f(v), where u,v € I, the
above inequality reduces to (2.31), proving (vi).

Finally, assume that (vi) holds. Observe that then (2.21) is valid for all (u,v) €
U,, with the functions g := k := 1. Thus, the condition (iii) of Theorem 2.7 is satis-
fied, whence it follows that the mean My 1 .., is (globally) smaller than My, 1 .,
on 1%, i.e., (2.29) holds. O

As an immediate consequence, we obtain the characterization of the comparison
among generalized Holder means.

COROLLARY 2.10. Let I C Ry, p,q € R, and let m € Co(I? x T) be a mea-
surable family of d-variable means. Let g be a probability measure such that, for all
xo € I, there exists i € {1,...,d — 1} such that t — 0;m(xo,1) is not uo-almost
everywhere constant on I'. The following assertions are equivalent:

(i) For all Borel probability measures . on T,
Hpvm;ﬂ(x) < Hq,m;y(a:) ($ € Id)
(ii)
Hpﬂ”%#o (iE) < Hq,m;,uo (iE) (117 S Id)
(iii) For all o € I, there exists a neighborhood U C I of xq such that
Hpvmhuo (w) S Hq,m;,uo (w) (x E Ud)
(iv) p < q.

PROOF. By taking f(x) := aP if p # 0 and f(z) := log(z) if p = 0 and
h(z) := x?if ¢ # 0 and h(z) := log(x) if ¢ = 0 and applying Theorem 2.9
the result follows immediately because conditions (i), (ii) and (iii) are equivalent to
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the same conditions of Theorem 2.9, and p < ¢ is equivalent to condition (iv) of
Theorem 2.9. (|



CHAPTER 3

Equality and homogeneity of generalized Bajraktarevi¢
means

The aim of this chapter is to study the equality and the homogeneity problems of
these means, i.e., to find conditions for the generating functions (f, g) and (h, k), for
the family of means m, and for the measure g such that the functional equation

Mfﬂvm;/ﬁ(z) = Mh,k’,m;,u(x) (x € Id)
and the homogeneity property
My g.mip(AE) = AMf g m;p (@) (A>0,z,\x € Id),

respectively, be satisfied. Our main results generalize that of the paper by Losonczi
and Pales [37], Losonczi [35] and also many former results obtained in various par-
ticular cases of this problem, cf. [1], [7], [8], [12], [26], [28], [29], [30], [31], [32],
[33], [34], [39], [48]. As direct applications of the results obtained on the equality of
generalized Bajraktarevi¢ means, we consider and solve the homogeneity problem of
these means under general conditions.

3.1. Equality of generalized Bajraktarevi¢ means

In this section we characterize the equality of generalized Bajraktarevi¢ means
under 3 times differentiability assumptions.

THEOREM 3.1. Let (f,g), (h,k) € C3(I), let m € C3(I x T) be a measurable
family of means, and let (1 be a probability measure on the measurable space (T, A).
Assume that, there exists a dense subset D C I such that, for all x € D,

3.1 u({t eT | Oi‘m(z(d),t) == 82m(33(d),t) = 0}) <1,
and there exist i, j,1 € {1,...,d} such that
(3.2) (Ormoymdfm)  (z\V) # 0.
Then the following assertions are equivalent:
(i) Forallz € I¢,
(3.3) Mg miu(T) = Mp k().

(ii) There exists an open set U C I% containing the subdiagonal {z'? | x € D}
such that, for all x € U, the equality (3.3) holds.

37
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(iii) The two identities in (1.26) hold.
(iv) The pairs (f, g) and (h, k) are equivalent.

PROOF. The implication (i)=-(ii) is trivial. The implications (iv)=-(i) and
(iii)=-(iv) are direct consequences of Lemma 1.2 and Theorem 1.5, respectively.
Therefore, it remains to show that condition (ii) implies (iii).

Assume that condition (ii) holds for some open set U C I¢ containing the subdi-
agonal {z(?) | z € D}. By the regularity assumptions of the theorem, the two means
are 3 times continuously differentiable over U. Therefore, for all 4, 5,1 € {1,...,d}
andz € U,

My gmip(®) = OiMp pmy(®),  0:0; M gmip(T) = 0;0; M jo,m;pn (),
9;0;0,Mf.g,mi () = 0;0;0, M to,m;pu ().
In particular, for all , 5,1 € {1,...,d} and x € D, we have
(3.4)
0iM gy (2') = 0i My fmipu (2D, 0,05 Mg g iy (D) = 0,05 My g (V)
0;0;00 Mt g (D) = 8,00, My ey (D).

In order to show that the two identities in (1.26) hold on I, let x € D be fixed.
Inequality (3.1) implies that, for some i € {1,...,d},

p({teT | om(a,e) £ 0}) > 0.

Thus, there exists a set S C T of positive pu-measure such that (81* m(aj(d), t))2 >0
holds for all £ € S. This yields that

* 2 d
(3.5) {(9rm) >u(x( )) > 0.
Using the second equality in (3.4) for j = ¢, and applying formula (1.43), we get that

By (@){((@7m)?) (D) = By (@) ((BFm)?), (2D).
In view of (3.5), this equality implies that, for all z € D,

(3.6) Prg(z) = Ppi(z).

By the density of D in I and the continuity of the functions @ , and P}, ., we obtain
that these functions are identical on I. Hence the first equality in (1.26) has been
verified.

Observe that, until now, we have used only twice continuous differentiability as-
sumptions. The third-order differentiability will only be used to derive the second
equality in (1.26).

By the assumptions of the theorem, for x € D, there exists 4, 7,0 € {1,...,d}
such that (3.2) holds. The third equality in (3.4) combined with formula (1.44), and
then the identity ® ¢ , = ®j, ;, now imply that

W g(x)(0fm d;m 8l*m>u (.CC(d)) = Wy, 1 (x)(0;m djm (9l*m>u (x(d)).
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Using condition (3.2), for all z € D, this simplifies to
3.7 Vyg(x) = Upk(z).

The density of D in I and the continuity of the functions W , and Wy, ;, yields that
these functions are identical on /. Therefore, the second equality in (1.26) has also
been shown. O

In the next corollary we consider the particular case of Theorem 3.1 when the
measurable family m is given in the form

(38) m(x,t) = (pl(t)l'l + -+ @d(t)xd (.’I} = (.731, e ,wd) S Id, t e T).
For a p-integrable function ¢ : T — R define ¢* : T'— R by
p*(t) == o(t) = (P)p-

COROLLARY 3.2. Let (f,g), (h,k) € Cs(I), let u be a probability measure on
the measurable space (T, A), let p1,...,0q4: T — [0,1] be p-measurable functions
with @1 + - - + g = 1 and define the measurable family m : I x T — R by (3.8).
Assume that

(3.9) p({teT o) = =pit) =0}) <1,
and there exist i, j,1 € {1,...,d} such that
(3.10) (i @jel), #0.

Then the following assertions are equivalent:
(i) Forallxz € I% the equality (3.3) holds.
(ii) There exists a dense subset D C I and an open set U C T d containing the
subdiagonal {x'Y | x € DY} such that, for all x € U, the equality (3.3) holds.
(iii) The pairs (f,g) and (h, k) are equivalent.

PROOF. The measurable family m : I¢ x T — R is given by (3.8), hence m €
C3(I% x T) and, for all (z,t) € I x T'and i, 4,1 € {1,...,d}, we have
oim(z,t) = @;(t) and Oim(z,t) = ¢;(t).
Therefore, conditions (3.9) and (3.10) are equivalent to (3.1) and (3.2), respectively.
Thus, the result is a direct consequence of Theorem 3.1. U

The next corollary concerns the case when 7" = [0,1] and p is a probability
measure on the sigma algebra of Borel subsets of [0, 1]. In this setting, define /i; to
be the first moment and p,, to be the nth centralized moment of the measure p by

o= [ ) and = [ )t du) (e )
[0,1] [0,1]

COROLLARY 3.3. Let (f,g), (h,k) € C3(I) such that g and k do not vanish on
I. Let pi be a probability measure on the sigma algebra of Borel subsets of [0, 1] with
o # 0 and ps # 0. Then the following assertions are equivalent:
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(i) Forall (z,y) € I? the equality
<f>1 ( f[o,l] [tz + (1 —t)y) du(t) )
9) \Joy otz + (0= 09)) )

_ <h> B ( Sy Btz + (1= t)y) dpa(t) )

k Joay Rtz + (1= t)y)) du(t)

3.11)

holds.

(ii) There exists a dense subset D C I and an open set U C | 2 containing the
subdiagonal {(z,x) | x € D} such that, for all (x,y) € U, the equality (3.11)
holds.

(iii) The pairs (f,g) and (h, k) are equivalent.

PROOF. For the proof of the result, we will apply Corollary 3.2 in the case when
d = 2 and the measurable family of means m : I2 x [0,1] — R is given by

(3.12) m((z,y),t) ==tz + (1 -1t)y (z,y €1, te0,1]),
that is, when o1 (t) := ¢ and @a(t) := 1 — t for t € [0, 1]. In this case, we have that
©i(t) = —p3(t) = t — f11 and, it is also immediately seen that conditions (3.9) and

(3.10) are equivalent to the inequalities o # 0 and pug # 0, respectively. Therefore,
the result directly follows from Corollary 3.2. (|

The next corollary concerns the equality of nonsymmetric weighted two-variable
Bajraktarevi¢ means.

COROLLARY 3.4. Let (f,qg),(h,k) € C3(I) such that g and k do not vanish on
I. Let s €]0, %[U] %, 1[. Then the following assertions are equivalent:

(i) Forall (z,y) € I?, the equality

(3.13) <f> - <8f(w) + (- S)f(y)> _ <h> - <Sh(w) + (- S)h(y)>
g sg(x) + (1 - s)g(y) k sk(z) + (1 — s)k(y)
holds.
(ii) There exists a dense subset D C I and an open set U C | 2 containing the

subdiagonal {(x,x) | * € D} such that, for all (x,y) € U, the equality (3.13)
holds.

(iii) The pairs (f,g) and (h, k) are equivalent.

PROOF. Let s €]0, 3[U]3, 1] and apply the previous corollary for the measure
p = (1 —s)dp + sd1. Then p is a probability measure on the sigma algebra of the
Borel sets of [0, 1] and, for any continuous function ¢ : [0, 1] — R, we have
(3.14)

[ eautt) = [ o0a(a =5+ 560 = (1-5)-0(0) + 50

T
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Therefore,
ﬂlz/tdu(t):(l—s)~0+s-1:3
T

and

= [ ) = (1) (-5 5 (1= = 51 5) 20,

o= [ (=) du(t) = (1= )+ (=" 5 (1= 9 = s(1 = 5)(1=29) £0.

Thus 1 possesses the properties required in the previous corollary. To complete the
proof of the corollary, observe that, for any continuous function ¢ : I — R and
x,y € I, we have

/[O 4 (0= 00) Qutt) = 0(@) + (1= )60

if (3.14) is applied to the function ¢(t) := ¥ (tz + (1 — t)y). In view of the above
equality for ¢ € {f, g, h, k}, equation (3.13) is equivalent to (3.11) and hence Corol-
lary 3.3 directly implies Corollary 3.4. U

3.2. Equality of generalized quasi-arithmetic means

In the following results, we are going to characterize the equality of generalized
quasi-arithmetic means in various settings.

THEOREM 3.5. Let f,g : I — R be twice continuously differentiable functions
such that f' and g' do not vanish on I. Let m € Co(I% x T) be a measurable family of
means, and let . be a probability measure on the measurable space (T, A). Assume
that, there exists a dense subset D C I such that, for all x € D, condition (3.1) holds.
Then the following assertions are equivalent:

(i) Forallz € I

(3.15) £ ( /T f (m(@,1)) d,u(t)) — gt ( /T g(m(x,t))du(t)).

(ii) There exists an open set U C I¢ containing the subdiagonal {m(d) | x € D}
such that, for all x € U, the equality (3.15) holds.

(iii) The functions f"/f" and g" /g’ are identical on I.

(iv) There exist real constants a,b such that g = af + .

PROOF. The implications (i)=-(ii) and (iv)=-(i) are trivial. The implication
(iii)=-(iv) can be seen directly by integrating the equality f”/f" = ¢"/q¢ twice.
Therefore, it remains to show that condition (ii) implies (iii).

First observe that the regularity conditions imply that (f, 1), (g,1) € Ca(I). We
can also see that (3.15) is equivalent to the equality of the two generalized Bajrak-
tarevi¢ means My q ., and My 1 ;. Now repeating the same argument that was
followed in the proof of Theorem 3.1, we can deduce (under twice differentiability
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assumptions), that ®; is equal to ®,; on I. This yields that f”/f’ and ¢" /¢ are
identical on /. g

COROLLARY 3.6. Let f, g : I — R be twice continuously differentiable functions
such that ' and g’ do not vanish on I, let . be a probability measure on the mea-
surable space (T, A), let v1,...,pq : T — [0,1] be u-measurable functions with
1+ - + g = 1 such that condition (3.9) holds. Then the following assertions are
equivalent:

(i) Forall (zy,...,2q) € I¢,

O fler@®a+ -+ pa(t)za)) dp(t)
(3.16) </T )

=g </Tg(s01(t)$1 + -+ @a(t)zq) du@)) :

(ii) There exists an open set U C I% containing the subdiagonal {m(d) | x € D}
such that, for all (z1,...,xq) € U, the equality (3.16) holds.
(iii) There exist real constants a,b such that g = af + b.

The proof of this corollary is based on Theorem 3.5 and can be elaborated in the
same way as the proof of Corollary 3.2, the details are left to the reader.

The following consequence of Corollary 3.6 has been dealt with in the paper
[39, Theorem 7]. There f and g are assumed only to be continuous, however, the
equivalence to condition (ii) is missing.

COROLLARY 3.7. Let f,g : I — R be twice continuously differentiable functions
such that f' and g' do not vanish on I. Let i be a probability measure on the sigma
algebra of Borel subsets of [0,1] with pua # 0. Then the following assertions are
equivalent:

(i) Forall (x,y) € I?, the equality

6ﬂ)r%émmﬂ—mmw0=f%AWMﬂ—mww0

holds.

(ii) There exists a dense subset D C I and an open set U C I? containing the
subdiagonal {(x,x) | x € D} such that, for all (z,y) € U, the equality (3.17)
holds.

(iii) There exist real constants a,b such that g = af + b.

This result follows exactly in the same way from Corollary 3.6 as Corollary 3.3
follows from Corollary 3.2. The next statement is related to the equality problem of
weighted two-variable quasi-arithmetic means. We note that the equivalence of condi-
tions (i) and (iii) can be obtained under the assumption of continuity of the generating
functions f and g. For further and important particular cases of Corollary 3.7, we
refer to the examples elaborated in the paper [39].
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COROLLARY 3.8. Let f, g : I — R be twice continuously differentiable functions
such that " and ¢’ do not vanish on I. Let s €]0,1|. Then the following assertions
are equivalent:

(i) Forall (z,y) € I?, the equality

(3.18) FHsf(@) + (1= 5)f(y)) = g (sg(x) + (1 = 5)g(y))
holds.
(ii) There exists a dense subset D C I and an open set U C I? containing the

subdiagonal {(z,x) | x € D} such that, for all (x,y) € U, the equality (3.18)
holds.

(iii) There exist real constants a,b such that g = af + b.

The proof of the above corollary is analogous to that of Corollary 3.4. It can be
deduced from Corollary 3.7 by taking the measure . := (1 —s)dp+ sd; and observing
that us = s(1 —s) # 0.

3.3. Homogeneity of generalized Bajraktarevi¢ means

In this section we characterize the homogeneity of generalized Bajraktarevic¢
means under 3 times differentiability assumptions.

Given a nonempty open subinterval I of R} and ¢ > 0, introduce the following
notations:

cl :={cx|zel} and  I/I:={x/y|x,yel}.

These sets are also open subintervals of R, and the interval /I is logarithmically
symmetric with respect to 1, i.e., u € I/I holds if and only if 1/u € I/I. It is also
easy to see that the intersection I, := I N (%I ) is nonempty if and only if A € I /1.

A d-variable mean M : I? — R is called homogeneous if, for all A € I /T and for
allz € I,

M(\x) = AM (z).

We will also use the following notation: For a function f : I — R and number A > 0,
the function f : (%I ) — R is defined by

fa(z) = f(Az).

LEMMA 3.9. Assume that m € C1(I¢ x T) is a homogeneous measurable family
of means, and p is a probability measure on the measurable space (T, A). Then, for
alli € {1,...,d} and for all t € T, the mapping

I3z m(z@ )
is constant on 1.
PROOF. By the homogeneity of the measurable family m, for all A € I /I and for

all z € I¢, we have that
m(Az,t) = dm(z,1).
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Differentiating this identity with respect to the ith variable, we get
/\(Zm()\x, t) = /\azm(.’t, t),
which simplifies to
oim(Ax,t) = Oym(z,t).

Let 2,y € I be arbitrary elements. Then, taking A := y/z, and x := a:(d), the above
equality yields that

hold for all z,y € I and t € T. Using this identity, the statement of the lemma
follows immediately. U

THEOREM 3.10. Let (f,g) € C3(I), let m € C3(I¢ x T) be a homogeneous
measurable family of means, and let |1 be a probability measure on the measurable
space (T, A). Assume that there exists a point xo € I such that
(3.1) u({t eT | Oi‘m(x(()d),t) =...= 8§m(ac(()d),t) = 0}) <1,
and there exist i,j,l € {1,...,d} such that
3.2) <8§"m 8;7m 8l*m>u (x(()d)) £ 0.

Then the following assertions are equivalent:
(i) My g m;u is homogeneous.
(ii) Forall X € I/1 and for all z € I¢,

My,g.miu(®) = My, gy miu ().
(iii) Forall \ € 1/1, the pairs (f, g) and (fx, gx) are equivalent on the interval Iy.
(iv) Forall A € I/1 and for all x € I,

Prg(r) =@p g (x)  and Wy, (x) =Ty g (7).

(v) There exist two real numbers o, 3 such that y = f and y = g are solutions of
the second-order linear differential equation

(3.3) y'(x) = %y'(aj) + %y(w) (xel).

(vi) There exists a pair (p,q) € I such that My g ., is equal to the d-variable
generalized Gini mean Gy, g m: .-

PROOF. Observe first that, based on Lemma 3.9, if there exists zg € [ and i, j,[ €
{1,...,d} such that conditions (3.1) and (3.2) hold, then they are also satisfied for all
xg € 1.

In order to simplify the computations, in view of Lemma 1.3, we may assume that
g is positive, f/g is strictly monotone with a non-vanishing first-order derivative.

Let My 4 m:, be a homogeneous mean. Then, for all A € I/l and z € 1%, we
have ]

)\Mf,g,m;u()‘z) = Mf.gmu(@).
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Fix A\ € I/I arbitrarily. Using that m is a homogeneous measurable family of means
and the definition of the functions f), g, we can rewrite the last equality as follows

(34 1(§>_1<LJXW“%”>¢40>::<f>‘1<hf0n@¢ndMﬁ>.

A Jrox(mi@, ) du(t) )~ \a/)  \ Jpg(m(@, ) du(t)
Also, one can easily see that, for all u € (f/g)(I), we get

-1 -1
(D) w=(2) w
g (D)
hence the equality in (3.4) reduces to
My, gy mip(®) = My.gmiu ().
Therefore, the homogeneity of the mean My g ..., implies (ii), that is the equality of
the two d-variable generalized Bajraktarevi¢ means My g ., and My, g\ ., on I g.
In fact, from this argument, also the equivalence of these statements can be seen.
Applying Theorem 3.1 for h := f), k := g, we get that (ii), (iii), and (iv) are
equivalent to each other and therefore to (i), too.
In order to understand the content of condition (iv), observe first that, for all
T E %I ,

o (z) = 01Dy, 9, (2, @) _ Af)%@f,g()\x,)\x)
o hDjy g5 (2, ) 01Dy g( Az, Ax)

and similarly,

= AP (A2)

8%829]3,% (z,x) _ e 8%822%79()\;10, Az)

W = = = \2W,  (\x).

102 (@) 01Dy, g, (x, ) 01Dy g( Az, Ax) £.9(A%)
Therefore, condition (iv) holds if and only if, forall A € I /I and = € I,
(3.5) APr,(A\z) =By y(x) and NPTy, (M) = Ty ().

We now show that the maps = + x®¢ ,(z) and z — x?W ,(z) are constants over
I. To see this, let u,v € I be arbitrary. Then A := v/u € I/I and x := u € I).
Therefore, by first equality in (3.5),

u®s 4(u) = uysy(x) = ur®ys (Ax) = vPs 4(v),

which proves that « +— z® () is a constant map on /. Denoting the value of this
map by «, we get that

(3.6) O 4(x) = % (x e I).

A completely similar argument applied for the second identity in (3.5) shows that
there exists a constant 5 € R such that

37 V), (a) = % (x € 1),

One can also see that these identities are also sufficient for (3.5) to hold.
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Using Lemma 1.4, formulae (3.6) and (3.7), we can see that condition (v) is ful-
filled. To prove the implication (v)=-(vi), assume that y = f and y = g are solutions
of the homogeneous second-order Cauchy—Euler equation (3.3) for some o, 8 € R.
For a function  : I — R define Y := yoexp. Then y = Y olog, and using the chain
rule, we deduce that

1 1
Y (x) = EY’(log ) and  ¢"(x) = E(Y”(log z) —Y'(logz)).
Substituting these expressions into equation (3.3), we get that y : I — R is a solution
of (3.3) if and only if Y : log(I) — R is the solution of the following homogeneous
second-order differential equation with constant coefficients

(3.8) Y (u) = (a+ 1)Y'(u) + BY (u) (u € log(1)).
Denote by p and g the roots of the characteristic polynomial
(3.9) r? —(a+1)r—F=0.

Then, we have that (p, q) € T'. Therefore, either p,g € Rorp=g=a+bi € C\R.
According to these possibilities, a fundamental system Y7, Y> : log(/) — R for the
solution of (3.8) can be obtained in the following form

Yi(u) = exp(pu), Ya(u) = exp(qu) if p,geR, p#q,

Y1 (u) = exp(pu), Yo (u) = wexp(pu) if p=qgeR,

Y1 (u) = exp(au) cos(bu), Yo (u) = exp(au) sin(bu) if p=4q.
Substituting u = log x, we get that the functions y;, y2 : I — R defined by

yi(z) = 2P, y2(z) = ¢ if p,geR,p#gq,

y1(z) = 2" log(z), y2(z) = 2P if p=qeR,

y1(z) = 2 cos(blog(z)), ya(z) = 2% sin(blog(z)) if p=qg¢R.

form a fundamental system of differential equation (3.3). Therefore, f and g are
linear combinations of y; and y,. Thus the pairs (f,g) and (y1,y2) determine the
same Bajraktarevi¢ mean (provided that they belong to C3(I). It is obvious that these
functions are infinitely many times differentiable. One can also easily see that their
Wronski determinant does not vanish anywhere. As we have seen it in Chapter 1,
these functions always form a Chebyshev system on R if p,q € R. On the other
hand, if p = ¢ € R, then (y1,y2) is a Chebyshev system over [ if and only if /1 is
contained in the open interval | exp ( — ‘%‘) , exp (ﬁ) E

This implies that, in each of the above cases, My g ., is equal to the d-variable
generalized Gini mean Gy, g1,;,, (Which we defined in the Chapter 1). Hence the im-
plication (v)=-(vi) is satisfied.

To complete the proof of the theorem, we can easily prove the implication
(vi)=(iv). Assume that, for some (p, ¢) € I', we have

My g.miu(®) = Gpgmip(T) (z € Id)7
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then Theorem 3.1 implies that the pairs (f, g) and (y1,y2) are equivalent. Therefore,
Theorem 1.5 and Lemma 2.4 imply that

pt+q—1 Pq
———  and  Up(x) =Ty (2) = -7

Dy g(w) = Py, g (2) = . ok

Then, for all A € I/I and = € I, the two equations of condition (iv) are trivially
satisfied. This completes the proof of the theorem. U

In the following result, we derive an important particular case of Theorem 3.10
when the measurable family of means consists of weighted d-variable arithmetic
means.

COROLLARY 3.11. Let (f,g) € Cs(I), let i be a probability measure on the
measurable space (T, A), let v1,...,p0q : T — [0,1] be p-measurable functions
with o1 + - - + g = 1 and define the measurable family m : I x T — R by (3.8).
Assume that conditions (3.9) and (3.10) are satisfied. Then My g 1., is homogeneous
if and only if there exists a pair (p, q) € I such that My, g ., is equal to the d-variable
generalized Gini mean G, g .-

PROOF. Applying the same argument as in the proof of Corollary 3.2, the verifi-
cation of this corollary directly follows from the previous theorem because the mea-
surable family m is trivially homogeneous and infinitely many times differentiable,
furthermore, (3.9) and (3.10) imply conditions (3.1) and (3.2). Il

The following two results are direct consequences of Corollary 3.11. Their proofs
go on the same line as the proofs of Corollary 3.3 and Corollary 3.4, respectively but
using Corollary 3.11 instead of Corollary 3.2.

COROLLARY 3.12. Let (f,g) € C3(I) such that g does not vanish on I. Let i be
a probability measure on the sigma algebra of Borel subsets of [0, 1] with o # 0 and
s # 0. Then the the functional equation

(f> -1 f[O,l] (t)\x +(1- t))\y) wu(t)
g Joay 9(tAz + (1 = t)Ay) dp(t)
B Jon (tz + (1 —t)y) dp (t))
- <g> (f[o,” g(tz+ (1= )y) dp(?)

holds for all X € 1/I and forall (x,vy) € I? if and only if there exists a pair (p,q) € T
such that, for all x,y € I, the expression

<f> h (fm’” flte+ (1= ty) du(t))

g Joy 9tz + (1= t)y) du(t)
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is of the form

Jioy (tz+ (1 - t)y))" dpu(t) 7
<f[o,1] (tz + (1 —t)y))* du(t))
(f[o,l] (tz + (1 —t)y))" log (tz + (1 — t)y)) du(t)
o Jooy (t+ (1= 1)y)" du(t)
exp (1 arctan (f[o,q (tz + (1 —t)y))“sin (blog (tz + (1 — t)y))) du
Jo (tz + (1 —t)y))“ cos (blog (tz + (1 — t)y))) d
ifp=

provided that, in the last case, the inclusion I C ] exp ( 2|b‘) exp (212') [holds.

ifp,q €R, p#gq,

) ifp=q€eR,

)

a+bi, b#0,

q

The result presented in the above corollary was established by Losonczi in [35,
Theorem 2.1] under the assumption of six times continuous differentiability of f, g
and the moment conditions py # 0 and Suou3 + pape — 6usps # 0. Having a
careful look at the proof of this result in [35], under the condition u3 # 0, the above
conclusion was reached using only three times differentiability.

COROLLARY 3.13. Let (f,g) € Cs(I) such that g does not vanish on I. Let
s €]0, 3[U]%, 1[. Then the functional equation

(f>‘1<W%M0+(P—$wa>::A<f>_1<ﬁﬂw+%1—sﬁ@0>

9 sg(Ar) + (1 = s)g(Ay) g sg(x) + (1 —s)g(y)

holds for all X € 1/I and forall (x,y) € I? if and only if there exists a pair (p, q) € T’
such that, for all x,y € I, the expression

() oty
is of the form

(sxp—l— (1— S)yp>plq

szd+ (1 —s)y?
b (sa:p log(z) + (1 — s)y? log(y))

ifp,q €R, p#q,

szP + (1 — s)yP yr=ack,

L vetan (52 sin(og(e”)) + (1 = s)y* sin(log(y"))
o (b ' (8$a cos(log(z?)) + (1 — s)y® cos(log(y?) ))

\ lfpzcjza—i—bz,b;é(),

~—

provided that, in the last case, the inclusion I C ] exp ( - ﬁ) , eXp (ﬁ) [ holds.
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3.4. Homogeneity of generalized quasi-arithmetic means

In this section we consider particular cases of the results of the previous section,
when all the means are generalized quasi-arithmetic. Let I again be an open subinter-
val of R . The proofs of the results can be obtained by combining the arguments of
the previous two sections therefore they are completely omitted.

THEOREM 3.14. Let f : I — R be a twice continuously differentiable function
such that f' does not vanish on I. Let m € Co(I¢ x T) be a homogeneous measurable
family of means, and let 11 be a probability measure on the measurable space (T, A).
Assume that condition (3.1) holds. Then the following assertions are equivalent:

(i) My 1m; is homogeneous.
(ii) Forall A € 1/1 and for all x € Ié,

Mf,l,m;u(x) = MfA71,m§M(x)'

(iii) Forall A € /1, there exist real constants ay, by such that fy(x) = axf(x)+by
holds for all x € I.
(iv) Forall \ € I/I, the functions "/ f" and f{ ] f} are identical on I.
(v) There exists a real number o such that y = f is a solution of the second-order
linear differential equation

V(@) =y@) (e

(vi) There exists a real number p such that My 1 .., is equal to the d-variable gen-
eralized Holder mean Hy, ...

The above theorem reduces to the following result if the measurable family con-
sists of weighted arithmetic means.

COROLLARY 3.15. Let f : I — R be a twice continuously differentiable function
such that ' does not vanish on 1. Let . be a probability measure on the measurable
space (T, A), let p1,...,04: T — [0, 1] be u-measurable functions with 1 + - - - +
g = 1 and define the measurable family m : I¢ x T — R by (3.8). Assume that
conditions (3.9) is satisfied. Then the d-variable generalized quasi-arithmetic mean
My 1 m;y is homogeneous if and only if there exists a real number p such that My 1 .,
is equal to the d-variable generalized Hilder mean Hy, ...

The following particular case of Corollary 3.15 was obtained by Burai and Jarczyk
[12] in 2013.

COROLLARY 3.16. Let f : I — R be a twice continuously differentiable function
such that f" does not vanish on I. Let yu be a probability measure on the sigma algebra
of Borel subsets of [0, 1] with po # 0 and ps # 0. Then the functional equation

= ({0 /] (0 -+ (1= 0w) dutt)) = 27 ([0 /] o+ (1= ) dutt))
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holds for all X € I/I and for all (z,y) € I? if and only if there exists p € R such
that, for all x,y € 1I,

I <[0/”f(tx +(1—t)y) du(t)>

( [ (tz+ (1 =t)y)” du(ﬂ) ’ ifp#0,

[0,1]
exp < [ log (tz + (1 —t)y) du(t)) ifp=0.
[0,1]

Upon taking the particular measure p := (1 — s)dg + sd; in the above corollary,
we can deduce a classical result for the homogeneity of two-variable weighted quasi-
arithmetic means (cf. [18]).

COROLLARY 3.17. Let f : I — R be a twice continuously differentiable function
such that f' does not vanish on I. Let s €]0, 3[U]%, 1[. Then the functional equation

FHsFOa) + (1= ) f () = Af~H(sf(2) + (1 = 5) f(y)

holds for all X € I/1 and for all (x,y) € I? if and only if there exists a pair p € R
such that, forall x,y € I,

(s2? + (1— s)y?)»  ifp #0,

F N sf(@)+(1=9)f(y) = . ,
oy ~F ifp=0.



CHAPTER 4

On the invariance equation for two-variable weighted
nonsymmetric Bajraktarevi¢ means

The purpose of this chapter is to investigate the invariance of the arithmetic mean
with respect to two weighted Bajraktarevi¢ means, i.e., to solve the functional equa-
tion

(41) Bf,g((xay)v (tas)) =+ Bh,k((xvy)v (Sat)) =zr+y (xay € I; t,S € R-I—)

or equivalently,
() (o) + () (Riatn) == oo

where f, g, h,k : I — R are unknown continuous functions such that g, k are nowhere
zero on I, the ratio functions f/g, h/k are strictly monotone on I, and ¢, s € R, are
constants different from each other. By the main result of this chapter, the solutions of
the above invariance equation can be expressed either in terms of hyperbolic functions
or in terms of trigonometric functions and an additional weight function. For the
necessity part of this result, we will assume that f,g,h,k : I — R are four times
continuously differentiable.

4.1. Invariance equation

Given three strict means M, N, K : R — R, we say that the triple (M, N, K)
satisfies the invariance equation if

K(M(l’,y),N(l’,y)) :K(l‘,y) ($7y€R+)

holds. If this equation is valid, then we say that K is invariant with respect to the
mean-type mapping (M, N). The easiest example when the invariance equation is
satisfied is the well-known identity

r+y 2xy

vay = 2 Tty
The last identity means that
Gz, y) = G(A(z,y), H(z,y)) (2,9 € Ry).
Another invariance equation is the identity
A®G(z,y) = A0 G(A(z,y),G(z,y))  (z,y €Ry),

51

(l',y € R+)
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where A ® G denotes Gauss’s arithmetic-geometric mean and defined as follows

dt
Va2 cos?t 4 y2sin®t

-1
A®G(z,y) = < ) (x,y € Ry).

The invariance equation in more general classes of means has been studied by
several authors in a large number of papers. The invariance equation of Holder mean
solved completely by Daréczy and Péles [16].

THEOREM. Let p,q,r € R. Then the invariance equation
HT(Hp(xay)qu(xvy)) :Hr(x7y) (xvyE]RJr)

is satisfied if and only if one of the following two possibilities holds:

(i) p=q =, i.e., all the three means are equal to each other.
(ii)) p+q=1r =0, ie, H, is the geometric mean and H,, = H_,.

The more general invariance equation for quasi-arithmetic means was first solved
under infinitely many times differentiability by Sut6 [54], [S5] and later by Matkowski
[40] under twice continuous differentiability. Without imposing unnecessary regular-
ity conditions, this problem was finally solved by Dar6czy and Pales [16].

THEOREM. Let f,g,h : I — R be continuous strictly monotone functions. Then
the invariance equation

Ap(Ag(z,y), An(@,y)) = Ag(,y)  (z,y €1)
holds if and only if there exist a, b, c,d,p € R with ac # 0 such that
g=ak,o f+b, h=cE_,of+d,

where
exp (pt) ifp+#0,
b(): {t " g:p—O.

Burai [11] and Jarczyk-Matkowski [20] studied the invariance equation involving
three weighted arithmetic means. Jarczyk [19] solved this problem without additional
regularity assumptions. The invariance of the arithmetic mean with respect to La-
grangian mean has been investigated by Matkowski (cf. [42]). The invariance of the
arithmetic, geometric, and harmonic means has been studied by Matkowski [41].

Given two continuous strictly monotone functions @1, @2 : I — R, the general-
ized quasi-arithmetic means A : I? — I is defined by

Alpria) (@,y) = (91 +¢2) 7 <W>

which was introduced by Matkowski [43]. Bajak and Péles [3] describes the invari-
ance of the arithmetic mean with respect to generalized quasi-arithmetic means.

©1,02)

(z,y € 1),
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THEOREM. Let 1, 02,191,192 : I — R be four times continuously differentiable
functions such that @) is positive on I. Then, for all z,y € 1, the functional
equation

(p1+¢2)7" (W) + (11 + 1b2) (W) =z +v,

holds if and only if
(i) Either there exist real constants p, a1, as, c1, c2, b1, ba,dy,do withp # 0, ajas >
0, c1co > 0 and ajc1 = agcy such that for x € I,
p1(x) = a1 Ep(z) + b, p2(x) = azEp(x) + b,
P (z) = aE_p(z) + di, Po(z) = ceE_p(x) + da.
(ii) Or there exist real constants a, b, c, d1, do with ac # 0 such that, for x € I,
o1(x) + pa(z) =ax +b, P1(x) =cp2(x) +di, and Po(x) = cpi(x) + da.

Recently, Bajak and Pales [2], [4] have solved the invariance equations of two-
variable Gini and Stolarsky means, respectively.

THEOREM. Letp,q,r,s,u,v € R. Then the invariance equation
Gpg(Grs(2,y), Gup(z,y)) = Gpg(2,y) (z,y € Ry)
holds if and only if one of the following possibilities holds
(i) p+q=r+s=u+v =0, that is, all the three means are equal to the geometric
mean.
(ii) {p,q} = {r,s} = {u, v}, that is, all the three means are equal to each other.
(iii) {r,s} = {—u,—v} and p + q = 0, that is, Gp 4 is the geometric mean and
Gr,s = G—u,—v-
(iv) There exist a,b € R such that {r,s} = {a + b,b}, {u,v} = {a — b, —b}, and
{p,q} = {a,0}, in this case G, 4 is the power mean.
(v) There exists ¢ € R such that {r,s} = {3c,c}, u+v =0, and {p, ¢} = {2¢,0},
in this case Gy, 4 is a power mean and G, is the geometric mean.
(vi) There exists ¢ € R such that r + s = 0, {u,v} = {3c, ¢}, and {p, ¢} = {2¢, 0},
in this case Gy, 4 is a power mean and G, s is the geometric mean.

THEOREM. Letp,q,r,s,u,v € R. Then the invariance equation
Suyv(SP7Q(x7 y)7 Sr,s(xv y)) = SU,U(‘T7 y) (JZ, Y € R-l—)
holds if and only if one of the following possibilities holds

(i) p+q=r+s=u+v =0, that is, all the three means are equal to the geometric
mean.
(ii) {p,q} = {r,s} = {u, v}, that is, all the three means are equal to each other.
(iii) {p,q} = {—r,—s} and w+ v = 0, that is, G, is the geometric mean and
Sp.g = S—r s
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For brevity, we introduce the following notations: if a real parameter p € R, then
we introduce the sine and cosine type functions S, C), : R — R by

sin(y/—px) ifp <O, cos(/—pzx) ifp <O,
Sp(x) =< ifp=0, and Cp(z):=4(1 ifp=0,
sinh(\/pz) ifp >0, cosh(/pz) ifp > 0.

By basic results on second-order linear homogeneous differential equations, it fol-
lows that the functions S}, and C), constructed above form a fundamental system of
solutions for the differential equation

y" = py.

Now we are in the position to formulate the main theorem of this chapter.

THEOREM 4.1. Letp € R, let ¢ : I — R be a positive continuous function and
let (f,q), (h,k) € Co(I) such that

4.2) (f:9) ~ (Sp/w,Cp/p) and (hyk) ~ (Sp- ¢, Cp- ).

Then, for all s,t € Ry, the invariance equation (4.1) holds.

Conversely, let (f,g),(h,k) € C4(I) and t,s € Ry witht # s such that the
functional equation (4.1) be valid. Then there exist a positive 4 times continuously
differentiable function ¢ : I — R and a real parameter p € R such that the equiva-
lences (4.2) are satisfied.

4.2. Partial derivatives of weighted Bajraktarevi¢ means
To solve the invariance equation (4.1), we need to compute the partial derivatives
9 Byg((z,2), (t,5)) and 94 B ((z,2), (5,1)) (1€{1,2,3,4},z € I).
According to Lemma 1.1, we can apply implicit differentiation for the identity

@)+ 51 ) FBry((@w), (55) | _
@3 @) +sely) 9Bral(ew) (ts) | = °

which yields the partial derivative of the mean By 4((x,y), (¢,s)) and, completely
analogously, one can calculate the partial derivatives of By, ((x,v), (s,1)).

(z,y € 1),

THEOREM 4.2. Lett,s € R be fixed. Then the following formulas are valid for
allx € I.

(i) If (f,9) € C1(I), then

(44) alBﬁg((l‘,fL‘), (t) S)) = t—|t—8'
(ii) If (f,g) € Co(I), then
t
4.5) By y((x,2), (1,5) = —— 3y ().

(t+s)
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(iii) If (f,9) € C3(I), then
(4.6)

01 Bry((r. ). (1) = fs)3 (5= (@3 + Upg) + (2t + )8, ) ()
(iv) IF (f,.9) € Ca(I), then
01 Brg((z,2), (t, 5))
“7) :(tfs)4 ((32 + 3ts + 3t%) @Y, + (35° + Bts — 5t7)® Dy

4 (s2— dts+ t2)(<I>?},g +20; Wy o) + 2(s® +ts — t2)\11}7g) ().

PROOF. For brevity, for z,y € I, denote M (x,y) := By ((x,y), (t,s)) and let

F' denote the vector valued function (g ) Then, with these notations, (4.3) can be

rewritten as

(4.8) | tF(z)+sF(y) F(M(z,y)) ‘ =0 (z,y €I).

If (f,g) € C1(I), then differentiating equation (4.3) with respect to the first vari-
able, we get
4.9)

| tF'(x) F(M(z,y)) |+ |tF(z)+sF(y) F'(M(z,y)) |- 0M(z,y) =0.
Substituting « = v, it follows that
tW]};;(x) + (t+ S)W]?;gl (x) - 01 M (z,x) = 0.

Dividing both sides by (¢ + s)W; ’5(3;) # 0, this equality yields

t

O Brg((,2), (t,5)) = O M (z,2) =

Y

which is exactly formula (4.4).

Let (f,g) € Ca([), then differentiating equation (4.9) with respect to the first
variable, we have

| tF"(z) F(M(z,y)) |+ 2| tF'(z) F'(M(x,y)) |01 M(z,y)
+[ tF(2) +sF(y) F"(M(z,y)) | (01 M (z,y))”
+| tF(2) + sF(y) F'(M(z,y)) |0 M(z,y) = 0.
Now putting x = y, we arrive at

W20(@) 4 (t + )W o2 (@) (1M (x,2)) + (¢t + )W DL (&) - M, 2) = 0.
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Substituting the formula for 0y M (x, x) obtained in equation (4.4), and then dividing
the equation side by side by (¢ + S)W} ’5(1‘) # 0, it follows that

2,0 2,0

t Wiy @) - 2 Wiy(o) =7 M(z,x)

1, 1, ’ )

t+st’;(x) (t+ s)2 Wﬁg(gj)
which yields that
2,0
tt+s)—t2 Wi, (z) ts

92B t8)) = PM = L = o :
1 f,g((mvx)v( ’5)) 1 (:L’,fL‘) (t—|—8)2 W},;)(x) (t—I—S)Q f,g(f)

To determine the third-order partial derivative 83 By ,((z,y), (t, s)), assume that
(f,g9) € Cs(I). Then, by computing the derivative of (4.10) with respect to the first
variable, we get
| tF"(z) F(M(z,y)) \+3\ tF"(z) F'(M(x,y)) |01 M (z,y)

+ 3| tF'(x) F'(M(z,y))|0iM(z,y)

+3|tF (x) F'(M(z,y)) | (0iM(z,y))’

+3[tF(x) +sF(y) F'(M(z,y)) [ M (z,y)01 M (x,y)
F"(M () | (M (x,y))’
F'(M(z,y)) | 07 M (z,) = 0.

4.11)

+ | tF( )+ SF(y

Taking x = y and using formulae (4.4) and (4.5), hence

730 3¢ e 3t 2 37525 0 2 RS
t° 0,3 0.1
+ CEE Wel(x) + (t+ )Wy () - BM(z,z) =0

After simple calculations, the last equation reduces to

ts(2t + s) ? (2) 3t%s Wﬁ’gl (x)
' 1
3

_|_ .
(t+ )7 2 s W)
_ 3t%s f,g (CU
(t+s)3 W}j(z

M (x,x) =

;Q)f’g(m).

Using the first equation in (1.27) of Lemma 1.7 and the definitions of ® , and W ,,
the required formula (4.6) follows easily.



4.2. PARTIAL DERIVATIVES OF WEIGHTED BAJRAKTAREVIC MEANS 57

Finally, assume that (f, g) € C4(I). Differentiating equation (4.11) with respect
to x, we get

| tF"(x) F(M(x,y)) |+ 4| tF"(x) F(M(x,y)) |6:M(z,y)

+ 6| tF(x) F"(M(a, >> | (@M(x y)*

+6[tF"(z) F'(M(z,y)) |0iM(z,y)

+4[tF'(x) F'(M(z,y) |al ,y)

+ 12‘ tF'(x) F"(M(z,y)) ‘81M(x,y)8fM(:1:,y)

+A| (@) F(M () | (0:M (2, y))°

+ | tF(x) + sF(y) F"(M(z,y)) | (0:M(z,y))*

+6|tF(z)+sF(y) F"(M(z,y)) | (1M (z,y )

F'(M(x.y)) | (3(3M(2,))° +461M< YO M ()
F'(M(z,y)) | 0fM(z,y) = 0.

+ | tF(z) + sF(y)
+ ‘ tF(x) + sF(y)
Analogously, putting x = y, using (4.4), (4.5), and (4.6), we obtain the following
equality

4¢* 6t%s 1235 4t

0 3,1 2,1 w2 w3

( fa Ty fa +‘(t4_5)2 f.9 ﬁg*‘(t4_s)3 f.9 ﬁg*’(t4_8)3 f.9
t4 0,4 6t S 0,3 3t282 0,22
bW —— + s Wy
(t+s)3 f9 " (tsp Fo 9T (1153 fa e
As oo 2 ,
T t+ $)3Wf,g (5 =1)(Pfg + Wpg) + (2t +5)Py,) | (2)

+ (t+ )W, () - 0T M (x,2) = 0.

Therefore,
4,0 3,1 3,0
ts W W ’
M (z,7) = L ((3752 + 3st + 52) ng A2t + 5) Wﬁ% — 6t2 W’i% o,
19 19 19
2,1 1720
+6t(s—t)—19 P L9 (75 — 4t) D2, 4+ 4(s — )T
Wwio f.9 Lo 1.9 I
19 19
A2t + s)@}g)) (z).

Using the identities in (1.27) and (1.28), the desired formula (4.7) follows immedi-
ately. Il
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4.3. Necessity

LEMMA 4.3. Lett,s € Ry and let (f,qg),(h,k) € Ca(I) satisfy the functional
equation (4.1). Then

(4.12) Qo+ Ppp=0
PrROOF. Differentiation equation (4.1) twice with respect to z, then substituting
Yy = x, we get
9By 4((w,2), (t,8)) + 01 Bri((z,2), (s,1)) =0 (x €1).
Then by the second-order partial derivative formula in (4.5), we obtain

@_ii)zq’f,g(x) + (tj_ss)gq)h,k(l') =0 (zel),

which implies the equality (4.12). O

Assuming that (f, g) € Ca(I), for simplicity, denote @, by ®. Then, if (4.1)
holds, according to the previous lemma, we have that

(4.13) P =—9.

LEMMA 44. Lett,s € Ry witht # s and let (f,q), (h, k) € Cs(I) satisfy the
functional equation (4.1). Then
(4.14) O+ Wy — Uy =0.

PrOOF. Differentiating (4.1) three times with respect to the variable z, then sub-
stituting y = x, we get

0} Byg((x,2), (t,5)) + 0 Bug((z,2),(s,) =0 (z €.
Then the formula for the third-order partial derivatives by (4.6) implies that
(s =) (D7, + Wyg) + (2t + 8) P, + (t — $)(Pf o + Wpi) + (25 + )P}, = 0.

Using ¢ # s and (4.13), the last equation reduces to the desired equality (4.14). U

LEMMA 4.5. Lett,s € Ry witht # s and let (f,g), (h, k) € C4(I) satisfy the
functional equation (4.1). Then there exists a real constant p such that

1, 1 1, 1
(4.15) Upg=5P =3 +p and Ty =— 0 -0 4p.

PrROOF. Differentiating (4.1) four times with respect to the variable x, then sub-
stituting y = x, we arrive at

aile,g((l‘,.%'), (tv S)) + 8%Bh,k<(xa x)v (S,t)) =0 (.le € I)'

Then the formula for the fourth-order partial derivatives by (4.6) and equality (4.13)
yield that

(t* — %D — (1 — 5ts + s7) D' + (s> — dts + 1) ®(Vyy — Vpi)
+ (8% +ts — )W), + (P 4 ts — s°) U}, = 0.
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After simple calculations and using formula (4.14), we get
(%) +2(¥), ;. + ¥ ,) = 0.

By integrating the last equation, we get that there exists a real constant p such that
%+ 2(Vpp + V) ) = 4dp.

This equality, combined with (4.14), implies the formulas stated in (4.15). O
Finally, we can complete the proof of Theorem 4.1.

PROOF OF THE NECESSITY IN THEOREM 4.1. Let (f,g),(h,k) € C4(I) and
t,s € Ry with ¢ # s such that the functional equation (4.1) be valid. Then, as
we have seen it in Lemma 4.5, there exist a real constant p € R such that (4.15) holds.
Define

PRS-
T 1,0 o £, :
V Wf,g|
Then
1,0 2,0
@lz_(Wf,g)/:_Wf,g :_1(1) :_1(1)
o awh0 T w0 2T e
Differentiating again, it follows that
1 1 1
LA (i 23
%) 2 4

Now, using Lemma 1.8 and the first formula from (4.15), we get

¢’ 1
Dofiog = ‘I’f,g+2$ = (I’+2<_ *‘I’> =0

2
and
/ Z I\ 9
@ @ @
Uoppy =V, — =B +7_2<7>
wfpg fig 0 f9 0 0
1 1 1 1 1 1.\2
— (29 — —32 ) i L. ¥ 41)2—2(—7(1)) — .
(2 1C TPty 5% T 2 p

In view of Lemma 1.4, these identities imply that ¢ f and g are solutions of the
second-order homogeneous linear differential equation y” = py. Hence, (¢ f, pg) ~
(Sp, Cp), which implies (f, g) ~ (Sp/@, Cp/ ).
A completely analogous argument shows that (h, k) ~ (S, - ¢, Cp - ). Thus, we
have proved that all the solutions of (4.1) are of the form stated in Theorem 4.1.
O
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4.4. Sufficiency

PROOF OF THE SUFFICIENCY IN THEOREM 4.1. Assume that p € R and ¢ :
I — R, is a continuous function and (4.2) holds on .

If p > 0 then C), is a positive function. Thus, by Lemma 1.2, we have that
Bfg = Bsp/%op/@ and By, = Bg,.x.0,-- therefore, it suffices to show that
(4.16)

BSP/QOvcp/QO((:E? y)v (ta S)) + BSp~<p,Cp-go(($, y)’ (S? t)) =T+ Yy ('Iv Yy € I)

In the case p = 0, this equation can be rewritten as
T Y
Lo T oew |, sre(z) +tye(y)
1 1
tm + S@ 390(‘73) + t(p(y)

which is an easy-to-see identity.
For the case p > 0, we recall the addition theorem for the inverse of the tangent
hyperbolic function, which reads as follows:

=z +y,

417 tanh~!(a) + tanh~(b) = tanh ™! (f:;b) (a,b €] —1,1[).
We can easily see that
_ 1 _y ( te(y) sinh(y/px) + sp(x) sinh(y/py)
BSP/%C'p/SD((:B: y)a (tv 3)) = % tanh <tcp(y) cosh(\/ﬁx) T SgO(Q?) COSh(\/I)y) )
i (

BSP‘%CP'SD((Q?,?J), (S,t)) = \}i)tanhl <

Therefore, with the substitutions v := |/px, v := \/py, and T := tp(y),
and using the addition formula (4.17), the left hand side of equation (4. 16) ca
rewritten and calculated as
1 tanh-! ( T sinh(u) + Ssinh(v) ) + tanh! ( Ssinh(u) 4+ T sinh(v) )
D T cosh(u) + S cosh(v) S cosh(u) + T cosh(v)

»
BS
—~

8
~

Q

@}

w0

=
%
&

+

o~
BS)
—~
N

S I

@}

n

j=p
—~

LS
<

=
o
(@)

T sinh(u)+S sinh(v) S sinh(u)+T sinh(v)
- 1 tanh~! T cosh(u)+S cosh(v) + S cosh(u)+T cosh(v)
B 7]9 an 1 T sinh(u)+S sinh(v) S sinh(u)+T sinh(v)
+ T cosh(u)+S cosh(v) S cosh(u)+T cosh(v

)
< (T? + S?)sinh(u + v) + T'S(sinh(2u) + sinh(2v)) >
)+

p T? + 52) cosh(u + v) + T'S(cosh(2u) + cosh(2v))
1 4 < (T? + S?)sinh(u + v) + 278 sinh(u + v) cosh(u — v) >
p T2 + S2) cosh(u + v) + 27'S cosh(u + v) cosh(u — v)
1 “1(
= % (tanh(u + v))
:u+v:$+y
VP

This completes the proof of the identity (4.16).
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For the discussion of the case p < 0, we recall the folk-addition theorem for the
inverse of the tangent function, which reads as follows:

(—7+tan! (£25) ifab>1, a,b <0,

-5 ifab=1, a,b <0,
(4.18)  tan"'(a) + tan"'(b) = { tan~! (215 if ab < 1,
5 ifab=1, a,b > 0,

7+ tan~! (%) ifab > 1, a,b > 0.

In the case p < 0, the functions C), is not necessarily non-vanishing on I, there-
fore, we cannot immediately express the means By, and By in terms of C, and
Sp. For the sake of brevity, denote \/—p by ¢. First, we shall show that there exist
a €] —m, 7] and k € Z such that

(4.19) IC]i(a+ (2k—)m), 2(a+ (2k+ §)m)[-

In view of the equivalence (f, g) ~ (Sp/¢, Cp/p) we have that (fo, gp) ~ (Sp, Cp),
hence there exist real constants c¢,d such that gp = ¢S, + dC), holds on I. The
function g is nowhere zero on I, therefore ¢S, + dC), is also non-vanishing on I.
We may assume that this function is positive on I (otherwise we replace (c,d) by
(—c, —d)). Determine the unique « €] — 7, 7] such that the equalities

. c d
s = —F———, COSO¥ = —F———
1/02_|_d2 ‘/C2+d2

be valid. Then, we have that sin(«)S, + cos(a)C), is positive on I, that is, for all
rzel,

0 < sin(a)Sp(z) + cos(a)Cp(z) = cos(qr — a).

With the notation J := ¢l — « and the substitution w := qx — «, this condition means
that, for all w € J, cos(w) > 0. Because J is an interval, it follows that there exists
k € Z such that

J C](2k = )7, (2k + L)nl.
This inclusion directly implies (4.19).
For the computation of the means By 4 and By, i, observe first that

(Sp, Cp) ~ (cos(a)S’p — sin(a)Cp, sin(a) S, + COS(a)Cp)
= (Sin(Q(‘) —a — 2km),cos(q() —a — 2k:7r)).

Therefore, by the equivalences, (fy, gp) ~ (Sp,Cp) and (h/p, k/p) ~ (Sp, Cp), it
follows that

(£,9) ~ (Lsin(a() — a — 2km), L cos(a(-) — a — 2km)),
(h,k) ~ (¢sin(q(-) — a — 2km), p cos(q() — a — 2km)).
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Since the function cos(q(-) — o — 2km) is positive on I, using Lemma 1.2, we have
that

+ 50 sin(qy — a — 2km)
> +a+ 2k7r> ,
—~cos(qr — a — 2km) + =2 ) cos(qy — o — 2km)

1 (tanl < sp(x) sin(qr — a — 2k7) + to(y) sin(qy — a — 2km) )
q sp(z) cos(qr — a — 2km) + tp(y) cos(qy — o — 2km)

+ o+ 2k7r)
Now, denote u := gx — o — 2km, v := qy — a — 2k, and T := tp(y), S := sp(x).
Then, by the inclusion (4.19), we have u,v € ] — 5.5 [ Hence, it follows that

u+v,u—v €| —m,mn.
With these substitutions, the left hand side of equation (4.16) can be rewritten as

Lyt ((Lsinu) + Ssin(v)
b= q <t 1 <TCOS(U) + S cos(v)
Ssin(u) + T sin(v)
S cos(u) + T cos(v)

In order to calculate L and to show that L. = x + y, we have to distinguish several
cases.

First we consider the case when 7' = S. Now, observing that “T‘H’, S E€ ] -
5 %[ we have cos ( ) > 0 and tan—! (tan (“*“)) = "T“’, therefore,

>+a—|—2k:7r

—i—tan_l( >+a+2k7r).

2y (sin(u) +sin(v) 2a + 4k
L= qtan (cos( ) + cos(v )>+ q

:gtan (2sm (“j{”)cos( )) +20[-%4/74:71
; e )

q
—|— 4kt u—+v+ 2« + 4kw
q

—_ — . = :.%'—i- .
q 2 q Y

From now on, we may assume that 7" # .S. In this case,

(4.20)  T?4 5% +2TScos(u—v) = (T — S)*> 4+ 2T'S(1 + cos(u — v)) > 0.
Let us denote

T'sin(u) + S'sin(v)
T cos(u) + S cos(v)’

Ssin(u) + T sin(v)
S cos(u) + T cos(v)

a:=a(u,v) = b:=b(u,v) =
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With this notation, we can rewrite L in the following form
1 -1 -1
L :=—(tan""(a) + tan" " (b) + 2a + 4k7).
q

In order to apply the addition formula (4.18), we have to clarify to which subdomain
the pair (a, b) belongs to. We shall prove that

u—i—ve] , g[ = ab>1,a,b<0,
utv=-35 = ab=1,a,b<0,
u—i—ve]—g,%[ = ab < 1,

utv=735 = ab=1,a,b>0,
u+v€}g,7r[ = ab>1,a,b>0.

[, we always have cos(u),cos(v) > 0. fu+v € | —m,—%],
0[, which implies that sin(u),sin(v) < 0. Therefore, a,b < 0.

Similarly, if u + v € [%, m [, then a, b > 0 holds. A direct computation shows that

(T? 4+ S% + 2T'S cos(u — v)) cos(u + v)
(T cos(u) + S cos(v)) (S cos(u) + T cos(v))

1—ab=

Therefore, using (4.20), the sign of 1 — ab equals the sign of cos(u + v). This implies
ab < 1,ab=1,and ab > 1 if and only if u + v € ] — g,%[,u—kv = £7, and
u+v €] —m, %[ U]5, 7|, respectively.

In order to complete the proof of sufficiency, we shall calculate L under consid-
eration all cases stated in (4.18). For brevity, define
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In the case u + v # 5 we have that ab # 1. Therefore, using the addition formula
(4.18), we get

Lzltan_1<a+b> 2a + 4km + o

1—ab q
T sin(u)+S sin(v) S'sin(u)+7T sin(v)
. 1 tan~! Tsos(Z)—l-SZos(qz])) + Szos(g)—&—TZos(v) 2a0 + dkm + o7
- 5 an 1 T sin(u)+S sin(v) Ssin(u)4T sin(v) q
" Tcos(u)+S cos(v) Scos(u)+T cos(v)

_ ltan_l ( (T? + 5?)sin(u + v) + T'S(sin(2u) + sin(2v)) >
q (T? + 52) cos(u + v) + T'S(cos(2u) + cos(2v))
n 200+ 4dkm + o7
q
_ ltan_l < (T? 4+ S?) sin(u + v) + 2T'S sin(u + v) cos(u — v) >
q (T? 4 S2) cos(u + v) + 2T'S cos(u + v) cos(u — v)
n 20 +4km +om
q

1 20+ 4km +om  u+tv—om  2a+4kr+om
= —tan"' (tan(u+v)) + = +
q q q q

u~+ v+ 2a+ 4k
= =x+y.
q
Finally assume that v + v = o 7. Then ab = 1 such that either a,b < 0 or a,b > 0.

Therefore, by the addition formula (4.18) again, it results that

tan"!(a) + tan~1(b) = oL =yt .

2
Using this equality, we can see at once that L is equal to x 4 y also in this case. This
completes the proof of the sufficiency in Theorem 4.1. (|

As a consequence of Theorem 4.1, Gtazowska Dorota in the 56th International
Symposium on Functional Equations presented the invariance of the two-variable
quasi-arithmetic mean with respect to two weighted Bajraktarevi¢ means, i.e., to solve
the functional equation

@.21) Ayo (Byg((x,y), (t,9)), Bu((z,y), (5,1)) = Ay(z,y)  (z,y € 1),

or equivalently,

(Brg((@,9), (t,5))) + b (Bri((z,y). (s,1)) = () + ¥ (y).

COROLLARY 4.6. Letp € R, let ¢ : I — R be a positive continuous function,
let ¢b : I — R be a continuous strictly monotone function, and let (f,g), (h,k) €
Co(I) such that
(4.22)

(f:9) ~ ((Sp/p) 0¥, (Cp/p) 0 ¥) and (h,k) ~ ((Sp - @) 09, (Cp - ) 0 Y).
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Then, for all s,t € R, the invariance equation (4.21) holds.

Conversely, let v : I — R be a 4 times continuously differentiable function,
let (f,q),(h,k) € C4(I) and t,s € Ry witht # s such that the functional equation
(4.21) be valid. Then there exist a positive 4 times continuously differentiable function
@ I — Ry and a real parameter p € R such that the equivalences (4.22) are
satisfied.

PROOF. Applying 1 to the both sides of (4.22) and substituting u := v (z) and
v := 1(y), we get an equivalent formulation of (4.22) as follows:
Bra((u,v),(t,s)) + Buk((u,v),(s,t) =u+v (u,v€(])),

where F := foyp™!,G:=gov¢ ™', H:=hoty !, and K := k o ¢y~ !. This result,
together with Theorem 4.1, implies that there exist a positive continuous function
¢ : I — R4 and p € R such that the following equivalences

(Fa G) ~ (Sp/(pa Cp/‘ﬂ) and (HvK) ~ (Sp'(/?; Cpcp)

hold on the interval ¢/(I). After substitution, this yields that (4.22) holds on the inter-
val I. O






Summary

In what follows, the most important results that have been obtained in [49], [50],
and [51] and form the core of this thesis are presented.

A function M : I? — T is called a d-variable mean on an interval I if for all
(z1,...,2q) € I%, the following so-called mean value property

min(zy,...,zq) < M(z1,...,zq) < max(zi,...,zTq)

holds.
The goal of Chapter 1 is to construct a general class of means based on a Cheby-
shev system, a measurable family of d-variable means, and a probability measure. In
order to define this class of means, we recall the notions of Chebyshev system and
measurable family of d-variable means, respectively.
We say that the pair (f, g) forms a (two-dimensional) Chebyshev system on I if,
for any distinct elements x, y of I, the determinant
_ ‘f () f (y)‘
g9(z) 9(

Dyglx,y) - )

is different from zero. If, for z < y, this determinant is positive, then ( f, g) is called
a positive system, otherwise we call (f, g) a negative system.
We say that m : I¢ x T — I is a measurable family of d-variable means on I if

(H1) I is a nonvoid open real interval.

(H2) (T,A) is a measurable space, where A is the o-algebra of measurable sets of 7.
(H3) Forallt € T, m(-,t) is a d-variable mean on I.

(H4) For all z € I%, the function m(z, -) is measurable over T'.

If (H1) and (H3) hold, and additionally we have that

(H2+) T is a topological space and A equals the o-algebra B(T") of the Borel sets
of T'.
(H4+) For all z € I%, the function m(z, -) is continuous over 7',

then m : I% x T — I will be called a continuous family of d-variable means on I.
The following lemma is the key to construct a mean in terms of a Chebyshev
system, a measurable family of means, and a probability measure.

LEMMA. Let m : I x T — I be a measurable family of d-variable means, let 11
be a probability measure on (T, A) and let (f,g) be a Chebyshev system on 1. Then,

67
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for all x € I there exists a unique element y € I such that

1) [ Dsatma. ). aute) = o

In addition, if g is positive and f /g is strictly monotone, then

Y (f) o Jp f(m(z. 1)) du(t)
g Jrg(m(x,t)) du(t)
The above lemma allows us to define a d-variable mean My g ., : I d 5 T

Given z € I% let My 4., () denote the unique solution y of equation (1). In the
particular case when g is positive and f/g is strictly monotone, we have that

2 My,g,miu(®) = <f> B (fo(m(:L‘,t)) d,u(t)) (x € 19).

g Jrg(mi@,t)) du(t)

This mean will be called a d-variable generalized Bajraktarevi¢ mean in the sequel.

In the case when m is a two-variable family of weighted arithmetic means, this
class of means was introduced and their comparison problem was also solved in the
paper [36]. When g = 1, then

My (@) = [ (/Tf(m(-’li,t)) du(t)) (x e 1Y),

which will be termed a d-variable generalized quasi-arithmetic mean.

To define the d-variable generalized Gini means, let p,q € C such that either
p,q € Rorp=q=a+bi, a,b € R, b=# 0 (thisholds if and only if p + g and pq are
real numbers or, equivalently, if p and ¢ are the roots of a second degree polynomial
with real coefficients). For x € R define

f(@) =2, g(x) := xf, ifp.geR, p#q,
®) f@)=aPlog(z),  g(x)=a?, ifp=geR,
f(x) :=z%sin(blog(x)), g(x):=ax%cos(blog(x)), ifp=g=a+bi ¢R.

The d-variable generalized Gini mean G, 4 1, is defined now to be the d-variable
generalized Bajraktarevi¢ mean My g ..., where f and g are given by (3). Let I be
an open subinterval of R such that I is contained in the open interval ] exp ( —

ﬁ) ,exp (ﬁ) [if p=q = a+ bi ¢ R. Then we can obtain the following explicit
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formula for the d-variable generalized Gini mean G 4 m;u:

Jr (m(z, )" du(t) \ 7 .
ifp,geR, p#q,
<IT (m(mv ))qd:u’ t)
m(z, 1))’ log (m(z,t)) du(t) \ .
. Jr (m(=z,1)) g(p( DEVIGN P
P\ L) 2= J (m(z,0))" dp(t
exp 1 aretan [ (m(z, t)): sin (blog (m(z,t))) du(t)
b Jr (m(z,t))" cos (blog (m(z,t))) du(t)
L ifp=g=a+bi €R.
If ¢ = 0 in the above formula, then we get the definition of d-variable generalized
Holder means as follows: forz = (z1,...,z4) € R,
1
)P du(t) \ "
Jr du(t)
Hpmip(x) :=

Jr du(t)

The particular cases of these general means have been extensively investigated
by Aczél-Daré6czy [1], Dar6czy—Losonczi [15], Losonczi [22], [23], [24], [25], [26],
Losonczi—Pales [36], [37], and Péles [45]. For further readings, we refer to [5], [6],
[17], [18], [21], [27], [38], [43], [47], [52], [53].

For the sake of convenience and brevity, we introduce the following notations.
The class Cy(I) consists of all those pairs of continuous functions f,g : I — R that
form a Chebyshev system over I.

If n > 1, then we say that the pair (f,g) is in the class C,(I) if f,g are n-
times continuously differentiable functions such that (f,g) € Co(I) and the Wronski

determinant
f(x) f(x)
9'(x) g()

exp <fT log (m(z,t)) du(t)) ifp— 0,

= 01Dy q4(z, ) (x el

does not vanish on /.
For (f,g) € Ca(I), the functions ®¢ ,, W, : I — R are defined by

f// f f// f/
1 1! /
g g g g
= and Uyppi=——"—.
f.g f/ f 1.9 f/ f
9 g g

If o : I x T — R, and for some x € I%, the map ¢ — o(x, 1) is p-integrable,
then we write

(@) ul@) = /T (@ t) du(t).
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For a p-integrable function ¢ : T" — R define ¢* : T" — R by

For a measurable family of d-variable means m : I? x T — I, we introduce the
notations:

m(x) := inf m(z,t) and m(x) :=supm(zx,t) (x € I%).
teT teT

Let C1(I% x T denote the class of measurable families of d-variable means m :
I? x T — I with the following additional property:

(H5) For every t € T, the function m(-, t) is continuously partially differentiable
over 1% such that, forallp € I¢, i € {1,...,d}, the function 9;m is of
L'-type at p.
Analogously, we define C2(1¢ x T') to be the following subclass of C1 (I x T):
(H6) For every t € T, the function m(-,t) is twice continuously partially differ-

entiable over I? such that, forallp € 1% and 4,5 € {1,...,d}, the function
d;m is of L?-type and 9;0;m is of L'-type at p.
Similarly, we define C3(I?% x T') to be the following subclass of Co(1¢ x T'):

(H7) For every t € T, the function m(-,t) is three times continuously partially
differentiable over I? such that, for all p € I¢ and i, j,1 € {1,...,d}, the
function 9;m is of L3-type, 8;0;m is of L3 -type, and 9;0;0,m is of L'-type
atp.

Form € Ci(I* x T)and r € {1,...,d}, denote

orm(z,t) == Opym(z,t) — (Orm),(x) (xell teT),

T

and, for x € I, set
oD = (x,... 2) eI

For the homogeneity problem, we will use the following notations. Given a
nonempty open subinterval I of Ry and ¢ > 0, introduce the following notations:

cl:={cx|xzel} and I/ :={z/y|z,yecl}

These sets are also open subintervals of R, and the interval I/ is logarithmically
symmetric with respect to 1, i.e., u € I /I holds if and only if 1/u € I/I. It is also
easy to see that the intersection [ := I N (%I ) is nonempty if and only if A € I /1.
For a function f : I — R and number A > 0, the function f) : (+1) — R is defined
by

fa(z) = f(Az).
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Finally, for a real parameter p € R, introduce the sine and cosine type functions
Sp, Cp : R — R by

sin(y/—pz) ifp <0, cos(y/—px) ifp <0,
Sp(z) =<z ifp=0, and Cp(x):=11 ifp=0,
sinh(y/pz) ifp >0, cosh(/pz) ifp > 0.
The aim of Chapter 2 is to study the global comparison problem
) My gmip(®) < Mygm(x) (2 €17

and also its local analogue. In terms of the Chebyshev systems (f, ¢) and (h, k), the
measurable families of d-variable means m : [ x T — I andn : I% x S — I, and
the measures u, v, we give necessary conditions (which, in general, are not sufficient)
and also sufficient conditions (that are also necessary in a certain sense) for (4) to
hold. Our main results generalize that of the paper by Losonczi and Péles [36] and
also many former results obtained in various particular cases of this problem, cf. [13],
[14], [15], [28], [30], [44], [46].

Our first result offers a necessary as well as a sufficient condition for the local
comparison of means. Given two d-variable means M, N : I¢ — I, we say that M is
locally smaller than N at x( € I if there exists a neighborhood U C I of xg such that

M(z) < N(z)
holds for all z € U?. The case d = 1 being trivial, we always assume that d > 2

holds in the subsequent considerations.

THEOREM. Let M,N : I — I be d-variable means such that M is locally
smaller than N at a point xo € 1. Assume that M and N are partially differentiable

at the diagonal point :L'((]d) = (z0,...,20) € I% Then, for x = xo and for all
ie{l,...,d},
(5) M (2 D) = ;N (2D).

If, in addition, M and N are twice differentiable at a:(()d) € I% then the symmetric

(d—1) x (d — 1)-matrix

d—1
(6) (0:05N (") = 2:0;M ("))} 2
is positive semidefinite.

On the other hand, if, for some xo € I, the equality (5) holds foralli € {1,...,d}
and for all x in a neighborhood of x, furthermore, M and N are twice continuously
differentiable at iL'(()d) and the symmetric (d—1) x (d—1)-matrix given by (6) is positive
definite, then M is locally smaller than N at x.

COROLLARY. Let (f,g), (h,k) € C1(I), let m € C1(I*x T) andn € C1 (1% x S)
be measurable families of means, and let 1 and v be probability measures on the
measurable spaces (T, A) and (S, B), respectively. Suppose that My, g ., is locally
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smaller than My, i, ., at xo € 1. Then, there exists a neighborhood U C I of xo such
that for x € U and forall i € {1, ...,d},

(7 <aim>u(a:(d)) = <8m>,,(x(d)).

If, in addition, (f,g), (h,k) € Co(I), m € Co(I¢ x T), andn € Co(I¢ x S), then the
(d — 1) x (d — 1)-matrix whose (i, j)th entry is given by

(Opnain), (x50 ®p (o) + (@i0jm), (257)
® N (@) (@
- <aimajm>,u(x0 )@ 9(z0) = (B:05m)u(zg”)
fori,j € {1,...,d— 1} is positive semidefinite.

On the other hand, if (f,g), (h,k) € Co(I), m € Co(I? x T), n € Co(I? x 9),
and (7) holds for all i € {1,...,d} and for all x in a neighborhood of x( and the
(d — 1) x (d — 1)-matrix whose (i, j )th entry is given by (8) is positive definite, then
My g.m:p is locally smaller than My, . ., at xo € 1.

In the special setting when 7" = [0,1], d = 2, m is given by m((x,y),t) =
tx + (1 — t)y, the above corollary simplifies to the result of [36, Theorem 5]. Now
we consider the particular case when the families of means m and n as well as the
measures p and v coincide.

COROLLARY. Let (f,g),(h,k) € Co(I), let m € Co(I? x T) be a measurable
family of means, and let |1 be a probability measure on the measurable space (T, A).
Let xo € I and assume that there exists i € {1,...,d — 1} such that, the map
t — 8im(w[()d) ,t) is not p-almost everywhere constant on T. If My g 1., is locally
smaller than My, i, ., at xg € 1, then

() Dy q(z0) < Phi(zo)-
On the other hand, if the functions

t s Om(ai ) — (@m), (eP)  Ge{l,...,d—1})

are p-linearly independent and (9) holds with strict inequality, then My g ., is lo-
cally smaller than My, . ., at v € 1.

Now we consider the case when ;1 = v and m = n. In what follows, we give
a condition containing two independent variables for the comparison problem which
does not involve the measure p and assumes first-order continuous differentiability of
the Chebyshev system. In the special setting when 7" = [0, 1], d = 2, m is given by
m((z,y),t) =tz + (1 — t)y, the following theorem simplifies to the result of [36,
Theorem 6].

THEOREM. Let (f,g), (h,k) € C1(I) be Chebyshev systems, let T' be a compact
and connected topological space and let m : I? x T — R be a continuous family of
d-variable means. Define the set Uy, by

Un = {(u,0) | 3z € I 1 u,v € [m(x), m(@)]} = ] [m(z), m(z))*.
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The following three assertions are equivalent:
(i) For all Borel probability measures j on T,
My,g.mip () < M i (@) (@ €19,
(ii) There exists a nullsequence (v;) of positive numbers in [0, 1] such that, for all
to,t € T and forall j € N,
d
vagzm;(lfwj)(st()“r’}'jét (z) S thkam;(177j)6t0+716t (x) (z < I )
(iii) For all (u,v) € Uy,
Dﬁg (u> ’U) < ®h,k’(ua U)
1 Dyg(v,v) = A Dpy(v,v)
In the next result we offer 6 equivalent conditions for the comparison of d-variable

generalized quasi-arithmetic means. The interesting feature of this result is the equiv-
alence of the global and local comparability.

THEOREM. Let f,h : I — R be twice continuously differentiable functions with
non-vanishing first derivatives, and let m € Co (Id x T') be a measurable family of d-
variable means. Let g be a probability measure such that, for all xo € I, there exists
ie{l,...,d— 1} such that t — 0;m(xo,t) is not po-almost everywhere constant on
T. The following assertions are equivalent:

(i) For all Borel probability measures 1 on T,
Mf:17m§ﬂ(w) < Mh,l,m;u(m) (.’l: € Id)
(ii)
Mf717m§MO (x) g Mh,l,m;uo (x) (ZL‘ 6 Id)
(iii) For all o € I, there exists a neighborhood U C I of xq such that

va]-am;NO (m) S Mh,l,m;uo (x) (x 6 Ud)

(iv) Forall x € 1,
f//(x) < h”($
f@) = W(x)
(v) The function h o f~' is convex (concave) on f(I) provided that f is increasing
(decreasing).

(vi) For all (u,v) € I?,

~—

fu) = fv) _ R(u) = h(v)
flloy = W)
As an immediate consequence, we obtain the characterization of the comparison
among generalized Holder means.

COROLLARY. Let I C Ry, p,q € R, and let m € Co(I? x T) be a measurable
family of d-variable means. Let 1y be a probability measure such that, for all xg € I,
there exists i € {1,...,d — 1} such that t — 0;m(xo,t) is not po-almost everywhere
constant on T. The following assertions are equivalent:
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(i) For all Borel probability measures pon T,
Hp,m;p,(-’”) < Hq,m;y(w) (.’L‘ S Id)
(ii)
HPJ”;HO (x) S Hq,m;,uo (x) (w E Id)
(iii) For all xo € I, there exists a neighborhood U C I of xq such that
Hpvm;uo (.’II) < Hq,m;uo (.’D) (-’17 € Ud)
(iv) p<gq.
In Chapter 3, we study the equality and the homogeneity problems of these

means, i.e., to find conditions for the generating functions (f, g) and (h, k), for the
family of means m, and for the measure w such that the functional equation

Mf797m§ﬂ($) = Mh,k,m;,u,(m) (.’I: € Id)
and the homogeneity property
M. g,miu(AE) = AMf, g i () A>0,z,)\x € Id)7

respectively, be satisfied. Our main results generalize that of the paper by Losonczi
and Péles [37], Losonczi [35] and also many former results obtained in various par-
ticular cases of this problem, cf. [1], [7], [8], [12], [26], [28], [29], [30], [31], [32],
[33], [34], [39], [48].

The following theorem characterize the equality of generalized Bajraktarevic
means under 3 times differentiability assumptions.

THEOREM. Let (f,g), (h,k) € C3(I), let m € C3(I? x T) be a measurable
family of means, and let 11 be a probability measure on the measurable space (T, A).
Assume that, there exists a dense subset D C I such that, for all x € D,

(10) p({teT | om(aD,e) = = dim(al,t) = 0}) <1,
and there exist i,j,l € {1,...,d} such that
* * * d
Then the following assertions are equivalent:
(i) Forallx € I¢,
(11) My g.mip(®) = M kmiu ()

(ii) There exists an open set U C I? containing the subdiagonal {a:(d) | x € D}
such that, for all x € U, the equality (11) holds.
(iii) The two identities

Prg=Pnr and Wy, =V

hold.
(iv) The pairs (f,g) and (h, k) are equivalent.
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In the next corollary, we consider the particular case of the previous theorem when
the measurable family m is given in the form

(12 m(z, ) =pit)er+- - +pat)ra (&= (21,...,xq) € I, 1 €T).

COROLLARY. Let (f,g),(h,k) € C3(I), let u be a probability measure on the
measurable space (T, A), let v1,...,p0q : T — [0,1] be p-measurable functions
with o1 + - - + ¢q = 1 and define the measurable family m : I x T — R by (12).
Assume that

(13) p({teT o) = =eit)=0}) <1,
and there exist i, j,1 € {1,...,d} such that

(i wjer), #0.
Then the following assertions are equivalent:

(i) Forallxz € I% the equality (11) holds.
(ii) There exists a dense subset D C I and an open set U C T d containing the
subdiagonal {z'Y | x € D} such that, for all x € U, the equality (11) holds.
(iii) The pairs (f,g) and (h, k) are equivalent.

The next corollary concerns the case when 7" = [0,1] and p is a probability
measure on the sigma algebra of Borel subsets of [0, 1]. In this setting, define /i; to
be the first moment and p,, to be the nth centralized moment of the measure y by

ﬂvz%@ﬁ@ﬁ% mszm@—ﬂWﬂMﬂ (neN).

COROLLARY. Let (f,g), (h,k) € C3(I) such that g and k do not vanish on I. Let
 be a probability measure on the sigma algebra of Borel subsets of [0, 1] with s # 0
and ps # 0. Then the following assertions are equivalent:

(i) Forall (z,y) € I? the equality

<f> : ( Sy £tz + (1 = y) du(®) )

(14) g Joaya(te + (1= t)y)) dpu(t)
g Joy Btz + (1= )y)) dut)
holds.

(ii) There exists a dense subset D C I and an open set U C I? containing the
subdiagonal {(x,x) | © € D} such that, for all (x,y) € U, the equality (14)
holds.

(iii) The pairs (f,g) and (h, k) are equivalent.

The next corollary concerns the equality of nonsymmetric weighted two-variable
Bajraktarevi¢ means.
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COROLLARY. Let (f,g), (h,k) € C3(I) such that g and k do not vanish on I. Let
s €]0, 5[U]3, 1[. Then the following assertions are equivalent:

(i) Forall (x,y) € I?, the equality

<f> ! <Sf(iﬂ) +(- S)f(y)> _ <h> - <Sh($) + (- S)h(y)>

9 sg(x) + (1 = s)g(y) k sk(z) + (1 = 5)k(y)
holds.

(ii) There exists a dense subset D C I and an open set U C I? containing the
subdiagonal {(x,x) | x € D} such that, for all (z,y) € U, the above equality
holds;

(iii) The pairs (f,g) and (h, k) are equivalent.

In the following results, we are going to characterize the equality of generalized
quasi-arithmetic means in various settings.

THEOREM. Let f,g : I — R be twice continuously differentiable functions such
that f' and g’ do not vanish on I. Let m € Co(I¢ x T) be a measurable family of
means, and let . be a probability measure on the measurable space (T, A). Assume
that, there exists a dense subset D C I such that, for all x € D, condition (10) holds.
Then the following assertions are equivalent:

(i) Forallz € I

(L@ myan) =o ([ atm@0)aun)

(ii) There exists an open set U C I% containing the subdiagonal {:U(d) | x € D}
such that, for all x € U, the above equality holds.

(iii) The functions f" /" and g" /g’ are identical on I.

(iv) There exist real constants a, b such that g = af + b.

COROLLARY. Let f,g : I — R be twice continuously differentiable functions
such that ' and g’ do not vanish on I, let . be a probability measure on the mea-
surable space (T, A), let p1,...,0q4 : T — [0,1] be p-measurable functions with
1+ -+ wq = 1 such that condition (13) holds. Then the following assertions are
equivalent:

(i) Forall (z1,...,2q) € I¢,
([ #ertm+ + cutma) )
=g </Tg(s01(t)fv1 + -+ pa(t)zq) du(t)> :

(ii) There exists an open set U C I¢ containing the subdiagonal {z'¥ | z € D}
such that, for all (x1,...,xq) € U, the above equality holds.
(iii) There exist real constants a,b such that g = af + b.
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The following consequence of the previous corollary has been dealt with in the
paper [39, Theorem 7]. There f and g are assumed only to be continuous, however,
the equivalence to condition (ii) is missing.

COROLLARY. Let f,g : I — R be twice continuously differentiable functions
such that f' and g' do not vanish on I. Let u be a probability measure on the sigma
algebra of Borel subsets of [0,1] with uy # 0. Then the following assertions are
equivalent:

(i) Forall (z,y) € I? the equality

f*(éf@m+0—ﬂdeﬂ>=9*<£ﬂQW+O—ﬂdeﬂ>

holds.

(ii) There exists a dense subset D C I and an open set U C I? containing the
subdiagonal {(z,x) | x € D} such that, for all (x,y) € U, the above equality
holds.

(iii) There exist real constants a,b such that g = af + b.

The next statement is related to the equality problem of weighted two-variable
quasi-arithmetic means. We note that the equivalence of conditions (i) and (iii) can
be obtained under the assumption of continuity of the generating functions f and g.
For further and important particular cases of the previous corollary, we refer to the
examples elaborated in the paper [39].

COROLLARY. Let f,g : I — R be twice continuously differentiable functions
such that " and g’ do not vanish on I. Let s €]0,1|. Then the following assertions
are equivalent:

(i) Forall (z,y) € I? the equality

sl (@) + (1= ) f(y) = 97 (sg(@) + (1 = 5)g(y))
holds.

(ii) There exists a dense subset D C I and an open set U C I? containing the
subdiagonal {(z,x) | x € D} such that, for all (x,y) € U, the above equality
holds.

(iii) There exist real constants a,b such that g = af + b.

In the second part of Chapter 3, we characterize the homogeneity of generalized
Bajraktarevi¢ and generalized quasi-arithmetic means under 3 times and 2 times dif-
ferentiability assumptions, respectively.

A d-variable mean M : I? — R is called homogeneous if, for all A € I/I and for
allz € I{,

M(Mx) = AM (z).

THEOREM. Let (f,g) € C3(I), let m € C3(I¢ x T) be a homogeneous measur-
able family of means, and let |1 be a probability measure on the measurable space
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(T, A). Assume that there exists a point xo € I such that
(15) u({teT om0 = = aim(af”,1) = 0}) <1,
and there exist i,j,l € {1,...,d} such that

(0Fm o;m 3l*m>u (x(()d)) # 0.

Then the following assertions are equivalent:

(i) My g m;u is homogeneous.
(ii) Forall \ € 1/I and for all x € I¢,

My g.mpn(®) = My, gy mip(T)-

(iii) For all \ € 1/1, the pairs (f, g) and (fx, gx) are equivalent on the interval T.
(iv) Forall \ € I/ and for all x € I,

<I>fyg(“r) =Py, 0, (z) and \I[f,g(x) =¥y 0 ().

(v) There exist two real numbers o, 3 such that y = f and y = g are solutions of
the second-order linear differential equation

V'@ =2y@+ Sy @en.

(vi) There exists a pair (p,q) € {(z,w) € C?| z + w, zw € R} such that My g mip
is equal to the d-variable generalized Gini mean G g .-

THEOREM. Let f : I — R be a twice continuously differentiable function such
that f' does not vanish on I. Let m € Co(I¢ x T) be a homogeneous measurable
family of means, and let 11 be a probability measure on the measurable space (T, A).
Assume that condition (15) holds. Then the following assertions are equivalent:

(i) My 1 m;y is homogeneous.
(ii) Forall \ € 1/I and for all x € I¢,

Mf717muu'(x> - M]ﬁ,l,m,,u(“’)-

(iii) Forall A € I/1, there exist real constants ay, by such that fy(x) = axf(x)+by
holds for all x € I.
(iv) Forall \ € I/I, the functions "/ f" and f ] f} are identical on I.
(v) There exists a real number o such that y = f is a solution of the second-order
linear differential equation

V(@) ="y (@e.

(vi) There exists a real number p such that My 1 .., is equal to the d-variable gen-

eralized Holder mean Hy, 1. ..
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In Chapter 4, we investigate the invariance of the arithmetic mean with respect to
two weighted Bajraktarevi¢ means, i.e., to solve the functional equation
16) (f)‘1<tf(:v) + sf(y)) N <h>‘1<sh<w> + th(y) ) ety

9) \tg(z)+sg(y) k) \sk(z)+ tk(y)

where f, g, h, k : I — R are unknown continuous functions such that g, k£ are nowhere
zero on I, the ratio functions f/g, h/k are strictly monotone on I, and ¢, s € R are
constants different from each other. By the main result of this chapter, the solutions of
the above invariance equation can be expressed either in terms of hyperbolic functions
or in terms of trigonometric functions and an additional weight function. For the
necessity part of this result, we will assume that f,g,h,k : I — R are four times
continuously differentiable.

The invariance equation in more general classes of means has been studied by
several authors in a large number of papers. The invariance equation of Holder mean
solved completely by Daréczy and Pales [16]. The more general invariance equation
for quasi-arithmetic means was first solved under infinitely many times differentiabil-
ity by Suto [54], [S5] and later by Matkowski [40] under twice continuous differentia-
bility. Without imposing unnecessary regularity conditions, this problem was finally
solved by Dar6czy and Pales [16].

Burai [11] and Jarczyk-Matkowski [20] studied the invariance equation involving
three weighted arithmetic means. Jarczyk [19] solved this problem without additional
regularity assumptions. The invariance of the arithmetic mean with respect to La-
grangian mean has been investigated by Matkowski (cf. [42]). The invariance of the
arithmetic, geometric, and harmonic means has been studied by Matkowski [41].

Bajak and Pales [3] describes the invariance of the arithmetic mean with respect
to generalized quasi-arithmetic means. Recently, Bajak and Pales [2], [4] have solved
the invariance equations of two-variable Gini and Stolarsky means, respectively.

Now we are in the position to formulate the main result of this chapter.

THEOREM. Letp € R, let ¢ : I — R, be a positive continuous function and let
(f,9), (h,k) € Co(I) such that

(17) (fs9) ~ (Sp/w,Cp/ep) and (hyk) ~ (Sp- ¢, Cp - ).

Then, for all s,t € R, the invariance equation (16) holds.

Conversely, let (f,g),(h,k) € C4(I) and t,s € Ry witht # s such that the
functional equation (16) be valid. Then there exist a positive 4 times continuously
differentiable function ¢ : I — R and a real parameter p € R such that the equiva-
lences (17) are satisfied.

As a consequence of the previous theorem, Gtazowska Dorota in the 56th In-
ternational Symposium on Functional Equations presented the invariance of the two-
variable quasi-arithmetic mean with respect to two weighted Bajraktarevi¢ means, i.e.,
to solve the functional equation

(18) Ay o (Brg((z,y), (t.5)), Bur((2,y), (s, 1) = Ay(w,y)  (z,y € 1),
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or equivalently,
U(Brg((z,y), (t,)) + ¥ (Bri((z,y), (s,1)) = ¥(z) + ¥ (y).

COROLLARY. Letp € R, let p : I — Ry be a positive continuous function, let
Y : I — R be a continuous strictly monotone function, and let (f, g), (h,k) € Co(I)
such that
(19)

(f,9) ~ ((Sp/w) o, (Cp/‘P) © ¢) and (h, k) ~ ((Sp - p) 01, (Cp ) o ¢)
Then, for all s,t € R, the invariance equation (18) holds.

Conversely, let ) : I — R be a 4 times continuously differentiable function, let
(f,9),(h,k) € C4(I) and t,s € Ry with t # s such that the functional equation
(18) be valid. Then there exist a positive 4 times continuously differentiable function
@ : I — R, and a real parameter p € R such that the equivalences (19) are satisfied.
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