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4.3. Necessity 58
4.4. Sufficiency 60

Summary 67

Bibliography 81

List of talks 85

List of symbols 87

List of notions 89





Acknowledgement

Words fail me when I attempt to express my gratitude and appreciation to my
supervisor Prof. Dr. Zsolt Páles. I am deeply indebted to him for his guidance
and support throughout my Ph.D. studies. Each meeting with him added invaluable
aspects to the performance and broadened my perspective. He lightened up the way
in my darkest times. It was a great pleasure for me to have a chance of working with
him and to deal with his extraordinary personality.

I would like to thank the Institute of Mathematics, University of Debrecen for
providing me all facilities required to the success of this work. Especially, I would
like to offer my great thanks to my colleagues at Department of Analysis. I’m so
grateful for all of their help, generosity and continued support. It means a lot!

I am indebted to my father Zakaria, my mother Mona, my brothers, Osama and
Mohamed, and my sisters, Shimaa, Gehad, and Nadia for providing me with unfailing
support and continuous encouragement throughout my years of study.

Last but not least, to my wife, not every husband is lucky enough to have a wife
like Marwa Ellakany. Thanks for making my dreams come true. My children, Abd
Allah, Youssef, and Retag, have continually provided the requisite breaks from Math-
ematics and the motivation to finish my degree with expediency. Also, They gave me
much happiness and keep me hopping.





“ If you don’t give up on some-
thing you truly believe in, you will
find a way”

Roy T. Bennett





CHAPTER 1

Generalized Bajraktarević means

The aim of this chapter is to construct a general class of means based on a Cheby-
shev system, a measurable family of means, and a probability measure.

1.1. Preliminaries

Throughout this note, the symbols N, R, and R+ will stand for the sets of natural,
real, and positive real numbers, respectively, and I will always denote a nonempty
open real interval. The classes of continuous strictly monotone and continuous posi-
tive real-valued functions defined on I will be denoted by CM(I) and CP(I), respec-
tively.

In the sequel, a function M : Id → I is called a d-variable mean on I if for all
(x1, . . . , xd) ∈ Id, the following so-called mean value property

(1.1) min(x1, . . . , xd) ≤M(x1, . . . , xd) ≤ max(x1, . . . , xd)

holds. Also, if both of the inequalities in (1.1) are strict for all x1, . . . , xd ∈ I with
xi 6= xj for some i 6= j, then we say that M is a strict mean on I .

A well known examples for strict means on R+ are the d-variable arithmetic,
geometric and harmonic means defined by

A(x1, . . . , xd) :=
x1 + · · ·+ xd

d
, G(x1, . . . , xd) := d

√
x1 · · ·xd,

and

H(x1, . . . , xd) :=
d

1
x1

+ · · ·+ 1
xd

,

respectively.
More generally, if p is a real number, then the d-variable Hölder mean Hp :

Rd+ → R is defined as

Hp(xxx) :=


(
xp1 + · · ·+ xpd

d

) 1
p

if p 6= 0

d
√
x1 · · ·xd if p = 0

(
xxx = (x1, . . . , xd) ∈ Rd+

)
.

Obviously, H1, H0 and H−1 equal the arithmetic, geometric and harmonic mean,
respectively. It is easy to see that Hölder means are strict means. The d-variable
minimum and maximum functions are examples for non-strict means.

1



2 CHAPTER 1. GENERALIZED BAJRAKTAREVIĆ MEANS

A classical generalization of Hölder means is the notion of d-variable quasi-
arithmetic mean (cf. [18]), which is introduced as follows: for f ∈ CM(I) and
(x1, . . . , xd) ∈ Id define

(1.2) Af (x1, . . . , xd) := f−1
(
f(x1) + · · ·+ f(xd)

d

)
.

More generally, if Sd denotes the (d− 1)-dimensional simplex given by

(1.3) Sd := {(t1, . . . , td) | t1, . . . , td ≥ 0, t1 + · · ·+ td = 1},

then, for all (x1, . . . , xd) ∈ Id, (t1, . . . , td) ∈ Sd, we can also define

(1.4) Af ((x1, . . . , xd), (t1, . . . , td)) := f−1
(
t1f(x1) + · · ·+ tdf(xd)

)
,

which is called the weighted d-variable quasi-arithmetic mean on I .

1.2. Construction of generalized Bajraktarević means

In order to define a general class of means, we recall the notion of Chebyshev
system. Let f, g : I → R be continuous functions. We say that the pair (f, g) forms
a (two-dimensional) Chebyshev system on I if, for any distinct elements x, y of I , the
determinant

Df,g(x, y) :=

∣∣∣∣f(x) f(y)
g(x) g(y)

∣∣∣∣
is different from zero. If, for x < y, this determinant is positive, then (f, g) is called a
positive system, otherwise we call (f, g) a negative system. Due to the connectedness
of the triangle {(x, y) | x < y, x, y ∈ I}, it follows that every Chebyshev system is
either positive or negative. Obviously, if (f, g) is a positive Chebyshev system, then
(g, f) is a negative one.

The most standard positive Chebyshev system on R is given by f(x) = 1 and
g(x) = x. More generally, if f, g : I → R are continuous functions with g ∈ CP(I),
f/g ∈ CM(I), then (f, g) is a Chebyshev system. Indeed, we have

(1.5) Df,g(x, y) :=

∣∣∣∣f(x) f(y)
g(x) g(y)

∣∣∣∣ = g(x)g(y)

(
f(x)

g(x)
− f(y)

g(y)

)
(x, y ∈ I).

From, here it is obvious that Df,g(x, y) vanishes if and only if x = y. Moreover, if
f/g is decreasing (resp. increasing), then, for x < y, we have that Df,g(x, y) > 0
(resp. Df,g(x, y) < 0), i.e., (f, g) is a positive (resp. negative) Chebyshev system.
By symmetry, analogous properties can be established if f is positive and g/f strictly
monotone.

For the sake of convenience and brevity, now we make the following hypotheses.
We say that m : Id × T → I is a measurable family of d-variable means on I if
(H1) I is a nonvoid open real interval.
(H2) (T,A) is a measurable space, where A is the σ-algebra of measurable sets of T .
(H3) For all t ∈ T , m(·, t) is a d-variable mean on I .
(H4) For all xxx ∈ Id, the function m(xxx, ·) is measurable over T .
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If (H1) and (H3) hold, and additionally we have that

(H2+) T is a topological space and A equals the σ-algebra B(T ) of the Borel sets
of T .

(H4+) For all xxx ∈ Id, the function m(xxx, ·) is continuous over T ,

then m : Id × T → I will be called a continuous family of d-variable means on I .
For a measurable family of d-variable means m : Id × T → I , we introduce the

notations:

m(xxx) := inf
t∈T

m(xxx, t) and m(xxx) := sup
t∈T

m(xxx, t) (xxx ∈ Id).

Obviously, by property (H3), for all xxx ∈ Id, we get

min(xxx) ≤ m(xxx) ≤ m(xxx) ≤ max(xxx).

In the case when I is a subinterval of R+, we also define the (extended real) constant
m∗ ∈ [1,+∞] by

m∗ := sup
xxx∈Id

m(xxx)

m(xxx)
.

Provided that T is a compact and connected topological space and m : Id × T → I
is a continuous family of d-variable means on I , we have that

(1.6) [m(xxx),m(xxx)] = {m(xxx, t) | t ∈ T} (xxx ∈ Id).

For the construction of a mean in terms of a Chebyshev system, a measurable
family of means, and a probability measure, we need the following basic lemma.

LEMMA 1.1. Let m : Id × T → I be a measurable family of d-variable means,
let µ be a probability measure on (T,A) and let (f, g) be a Chebyshev system on I .
Then, for all xxx ∈ Id, there exists a unique element y ∈ [m(xxx),m(xxx)] such that

(1.7)
∫
T
Df,g(m(xxx, t), y) dµ(t) = 0.

Furthermore, if (f, g) is a positive Chebyshev system, then, for all u ∈ I ,∫
T
Df,g(m(xxx, t), u) dµ(t)

<
=
>

0 if and only if u
<
=
>
y.

In addition, if g is positive and f/g is strictly monotone, then

(1.8) y =

(
f

g

)−1(∫
T f
(
m(xxx, t)

)
dµ(t)∫

T g
(
m(xxx, t)

)
dµ(t)

)
.

PROOF. Without loosing the generality, we may assume that (f, g) is a positive
Chebyshev system throughout this proof.
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For fixed xxx ∈ Id, consider now the following function

h(u) :=

∫
T
Df,g(m(xxx, t), u) dµ(t)

= g(u)

∫
T
f(m(xxx, t)) dµ(t)− f(u)

∫
T
g(m(xxx, t)) dµ(t) (u ∈ I).

By the continuity of f and g, we have that h is continuous on I . If m(xxx) < u, then,
for all t ∈ T we have thatm(xxx, t) < u, hence Df,g(m(xxx, t), u) > 0. This implies that
h(u) is positive for all u ∈ I with m(xxx) < u. Similarly, for all u ∈ I with u < m(xxx),
we have that h(u) < 0. Therefore, by the intermediate value property of continuous
functions, h must have a zero between m(xxx) and m(xxx).

To prove the uniqueness, assume that y and z are distinct zeros of h betweenm(xxx)
and m(xxx). Then we have that

g(y)

∫
T
f(m(xxx, t)) dµ(t)− f(y)

∫
T
g(m(xxx, t)) dµ(t) = 0,

g(z)

∫
T
f(m(xxx, t)) dµ(t)− f(z)

∫
T
g(m(xxx, t)) dµ(t) = 0.

That is the two unknowns ξ :=
∫
T f(m(xxx, t)) dµ(t) and η :=

∫
T g(m(xxx, t)) dµ(t)

are solutions of the following system of linear equations:

g(y)ξ − f(y)η = 0,

g(z)ξ − f(z)η = 0.

Because y and z are distinct, the determinant of this system is nonzero, therefore
ξ = η = 0. In this case, h(u) = 0 for all u ∈ I , which contradicts the property that
h(u) > 0 for m(xxx) < u. The contradiction obtained shows that y = z, which proves
the uniqueness of the solution y of equation (1.7). The uniqueness also implies that
h(u) > 0 for u > y and h(u) < 0 for u < y.

Finally, assume that g is positive and f/g is strictly monotone (then (f, g) is a
Chebyshev system). In this case, the equation h(y) = 0 can be rewritten as

f(y)

g(y)
=

∫
T f(m(xxx, t)) dµ(t)∫
T g(m(xxx, t)) dµ(t)

.

By applying the inverse function of f/g to this equation side by side, we obtain that
y is of the form (1.8). �

The above lemma allows us to define a d-variable mean Mf,g,m;µ : Id → I .
Given xxx ∈ Id, let Mf,g,m;µ(xxx) denote the unique solution y of equation (1.7). In the
particular case when g is positive and f/g is strictly monotone, we have that

(1.9) Mf,g,m;µ(xxx) :=

(
f

g

)−1(∫
T f
(
m(xxx, t)

)
dµ(t)∫

T g
(
m(xxx, t)

)
dµ(t)

)
(xxx ∈ Id).
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This mean will be called a d-variable generalized Bajraktarević mean in the sequel.
When g = 1, then

Mf,1,m;µ(xxx) = f−1
(∫

T
f
(
m(xxx, t)

)
dµ(t)

)
(xxx ∈ Id),

which will be termed a d-variable generalized quasi-arithmetic mean.
If T = {1, . . . , d}, µ = λ1δ1 + · · · + λdδd (where δt denotes the Dirac measure

concentrated at t), λ1, . . . , λd ≥ 0 with λ1 + · · ·+λd > 0 and m(xxx, t) = xt, then, for
all xxx ∈ Id, formula (1.9) reduces to the so-called weighted d-variable Bajraktarević
mean Bf,g (cf. [5], [6]):

Bf,g((x1, . . . , xd), (λ1, . . . , λd)) :=

(
f

g

)−1(λ1f(x1) + · · ·+ λd(xd)

λ1(x1) + · · ·+ λd(xd)

)
.

In the case when λ1 = · · · = λd, we speak about a d-variable (discrete) Bajraktarević
mean and write Bf,g(x1, . . . , xd) instead of Bf,g((x1, . . . , xd), (λ1, . . . , λd)). These
means have been extensively investigated by Aczél–Daróczy [1], Daróczy–Losonczi
[15], Losonczi [23], [22], [24], [26], Losonczi–Páles [36], [37], Páles [45].

When g = 1, then Bf,1 is equal to the d-variable quasi-arithmetic mean Af , i.e.,
d-variable quasi-arithmetic means form a proper subclass of d-variable Bajraktarević
means.

For brevity, we introduce the following notation:

Γ := {(z, w) ∈ C2 | z + w, zw ∈ R}.

To define the d-variable generalized Gini means, let (p, q) ∈ Γ, then either p, q ∈ R
or p = q̄ = a + bi, a, b ∈ R, b 6= 0 (this holds if and only if p + q and pq are real
numbers or, equivalently, if p and q are the roots of a second degree polynomial with
real coefficients). For x ∈ R+ define
(1.10)
f(x) := xp, g(x) := xq, if p, q ∈ R, p 6= q,

f(x) := xp log(x), g(x) := xp, if p = q ∈ R,
f(x) := xa sin(b log(x)), g(x) := xa cos(b log(x)), if p = q̄ = a+ bi 6∈ R.

After a simple computation, we have that

Df,g(x, y) =


yp+q

((
x
y

)p − (xy )q) if p, q ∈ R, p 6= q,

xpyp log
(
x
y

)
if p = q ∈ R,

xaya sin
(
b log

(
x
y

))
if p = q̄ = a+ bi 6∈ R.

Therefore,

(1.11) Df,g(x, y) = γp,qβp,q(x, y) := γp,qy
p+qηp,q

(x
y

)
(x, y ∈ R+),

where
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(1.12) γp,q :=


p− q if p, q ∈ R, p 6= q,

1 if p = q ∈ R,
b if p = q̄ = a+ bi 6∈ R,

and

(1.13) ηp,q(t) :=



tp − tq

p− q
if p, q ∈ R, p 6= q,

tp log t if p = q ∈ R,
ta sin(log tb)

b
if p = q̄ = a+ bi 6∈ R,

(t ∈ R+).

In the first two cases, Df,g(x, y) is different from zero for all x, y ∈ R+ with x 6= y,
therefore f and g form a Chebyshev system on R+ if p, q ∈ R. In the third case, that
is if p = q̄ 6∈ R, the functions f and g may form a Chebyshev system in a subinterval
I of R+ only. One can easily see that Df,g(x, y) is different from zero for all x, y ∈ I
with x 6= y if and only if

(1.14) m∗ < exp
(

π
2|=(p)|

)
,

where =(p) is the imaginary part of p ∈ C. Obviously this cannot happen if either
inf I = 0 or sup I = +∞. The d-variable generalized Gini mean Gp,q,m;µ is defined
now to be the d-variable generalized Bajraktarević mean Mf,g,m;µ, where f and g are
given by (1.10).

Let I be an open subinterval of R+ such that I is contained in the open interval]
exp

(
− π

2|b|
)
, exp

(
π
2|b|
)[

if p = q̄ = a + bi 6∈ R. Then g is positive over I in each
of the three possibilities and for xxx ∈ Id, and, as a particular case of equation (1.9),
we can obtain the following explicit formula for the d-variable generalized Gini mean
Gp,q,m;µ:
(1.15)

Gp,q,m;µ(xxx) :=



(∫
T

(
m(xxx, t)

)p
dµ(t)∫

T

(
m(xxx, t)

)q
dµ(t)

) 1
p−q

if p, q ∈ R, p 6= q,

exp

(∫
T

(
m(xxx, t)

)p
log
(
m(xxx, t)

)
dµ(t)∫

T

(
m(xxx, t)

)p
dµ(t)

)
if p = q ∈ R,

exp

(
1

b
arctan

(∫
T

(
m(xxx, t)

)a
sin
(
b log

(
m(xxx, t)

))
dµ(t)∫

T

(
m(xxx, t)

)a
cos
(
b log

(
m(xxx, t)

))
dµ(t)

))
if p = q̄ = a+ bi 6∈ R.
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If q = 0 in the above formula, then we get the definition of d-variable generalized
Hölder means as follows: for xxx = (x1, . . . , xd) ∈ Rd+,

Hp,m;µ(xxx) :=



(∫
T

(
m(xxx, t)

)p
dµ(t)∫

T dµ(t)

) 1
p

if p ∈ R \ {0},

exp

(∫
T log

(
m(xxx, t)

)
dµ(t)∫

T dµ(t)

)
if p = 0.

In the particular case when T = {1, . . . , d}, µ = δ1+···+δd
d and m(xxx, t) = xt,

formula (1.15) reduces to the so-called d-variable Gini mean Gp,q (cf. [17]): for xxx ∈
Id,

Gp,q(xxx) :=



(
xp1 + · · ·+ xpd
xq1 + · · ·+ xqd

) 1
p−q

if p, q ∈ R, p 6= q,

exp

(
xp1 log(x1) + · · ·+ xpd log(xd)

xp1 + · · ·+ xpd

)
if p = q ∈ R,

exp

(
1

b
arctan

(
xa1 sin(log(xb1)) + · · ·+ xad sin(log(xbd))

xa1 cos(log(xb1)) + · · ·+ xad cos(log(xbd))

))
if p = q̄ = a+ bi 6∈ R.

Gini means in this generality (i.e., including the case of non-real parameters p, q were
dealt with in the paper [47] where the comparison problem of these means was solved.
Obviously, Gp,0 = Hp, i.e., Hölder means are particular Gini means.

In what follows, we describe further interesting particular cases of formula (1.9).
Let T = {0, 1,−1}, I = R+, µ = µ−1δ−1 + µ0δ0 + µ1δ1 (where µ−1, µ0, µ1 ∈ R+

with µ−1 + µ0 + µ1 = 1), and m(xxx, t) = Ht(xxx). Then, for xxx ∈ Rd+, we get

Mf,g,m;µ(xxx) =

(
f

g

)−1(µ−1f(H−1(xxx)) + µ0f(H0(xxx)) + µ1f(H1(xxx))

µ−1g(H−1(xxx)) + µ0g(H0(xxx)) + µ1g(H1(xxx))

)
.

In the next example we use the notations introduced in (1.3) and (1.4). If T = Sd,
λ is the (d−1)-dimensional Lebesgue measure on Sd, andm(xxx, ttt) = Aϕ(xxx, ttt), where
ϕ ∈ CM(I), then

Mf,g,m;µ(xxx) = Mf,g,Aϕ;λ(xxx) =

(
f

g

)−1(∫
Sd
f
(
Aϕ(xxx, ttt)

)
dλ(ttt)∫

Sd
g
(
Aϕ(xxx, ttt)

)
dλ(ttt)

)
(xxx ∈ Id).

If µ is the Lebesgue measure on [0, 1] and f, g : I → R are continuously differen-
tiable functions such that g′ > 0 and f ′/g′ is strictly monotone, and m((x, y), t) :=
tx+ (1− t)y, then, by the Fundamental Theorem of Calculus, one can easily see that,
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for (x, y) ∈ I2,

(1.16) Mf ′,g′,m;µ(x, y) = Cf,g(x, y) =


(
f ′

g′

)−1(f(x)− f(y)

g(x)− g(y)

)
if x 6= y,

x if x = y,

which is called a Cauchy or difference mean in the literature (cf. [21], [27]). Ob-
serve that if ϕ is differentiable with a non-vanishing derivative, then Cϕ2,ϕ ≡ Aϕ,
i.e., Cauchy means contain the class of two-variable quasi-arithmetic means with a
differentiable generating function whose derivative is non-vanishing.

In the particular case when f and g are given by (1.10) such that p, q ∈ R, formula
(1.16) reduces to the so-called Stolarsky mean Sp,q (cf. [53]): for x, y ∈ R+,

Sp,q(x, y) :=



(
q(xp − yp)
p(xq − yq)

) 1
p−q

if pq(p− q)(x− y) 6= 0,

exp

(
− 1

p
+
xp log(x)− yp log(y)

xp − yp

)
if p = q, pq(x− y) 6= 0,

(
xp − yp

p(log(x)− log(y))

) 1
p

if q = 0, p(x− y) 6= 0,

(
xq − yq

q(log(x)− log(y))

) 1
q

if p = 0, q(x− y) 6= 0,

√
xy if p = q = 0,

x if x = y.

1.3. Invariants with respect to equality of means

In order to describe the regularity conditions related to the two generating func-
tions f, g of the meanMf,g,m;µ, we introduce some regularity classes. The class C0(I)
consists of all those pairs of continuous functions f, g : I → R that form a Chebyshev
system over I .

If n ≥ 1, then we say that the pair (f, g) is in the class Cn(I) if f, g are n-
times continuously differentiable functions such that (f, g) ∈ C0(I) and the Wronski
determinant

(1.17)
∣∣∣∣f ′(x) f(x)
g′(x) g(x)

∣∣∣∣ = ∂1Df,g(x, x) (x ∈ I)

does not vanish on I . Provided that g is positive, then we have that

(1.18)
(
f

g

)′
(x) =

∂1Df,g(x, x)

g2(x)
.

Hence condition ∂1Df,g(x, x) 6= 0 implies that f/g is strictly monotone, whence it
follows that (f, g) ∈ C0(I). Obviously, C0(I) ⊇ C1(I) ⊇ C2(I) ⊇ · · · .
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We say that two pairs of functions (f, g) and (h, k) are equivalent (and we write
(f, g) ∼ (h, k)) if there exist constants α, β, γ, δ ∈ R with αδ − βγ 6= 0 such that

(1.19) f = αh+ βk and g = γh+ δk.

One can easily check that ∼ is an equivalence relation, indeed.

LEMMA 1.2. Let (f, g), (h, k) ∈ C0(I) such that (f, g) ∼ (h, k), let m :
Id × T → I be a measurable family of d-variable means, and let µ be a probability
measure on the measurable space (T,A). Then

(1.20) Mf,g,m;µ = Mh,k,m;µ.

PROOF. If the identities in (1.19) hold, then, by the product theorem for determi-
nants, it follows that

(1.21) Df,g =

∣∣∣∣α β
γ δ

∣∣∣∣ ·Dh,k.

This, together with Lemma 1.1, implies that the identity (1.20) is valid. �

The following result, which is based on [9, Theorem 3], allows us to assume more
regularity on Chebyshev systems.

LEMMA 1.3. Let n ∈ N∪{0} and (f, g) ∈ Cn(I). Then there exist α, β, γ, δ ∈ R
with αδ − βγ 6= 0 and (h, k) ∈ Cn(I) such that (f, g) ∼ (h, k) and k is positive and
h/k is strictly monotone. Furthermore, if n ≥ 1, then the derivative of h/k does not
vanish on I .

PROOF. In the case n = 0, the statement is a direct consequence of the result [9,
Theorem 3] obtained by Bessenyei and Páles.

Assume now that n ≥ 1. Then, (f, g) ∈ Cn(I) means that f and g are n-times
continuously differentiable and ∂1Df,g(x, x) does not vanish for x ∈ I . Using what
we have established in the case n = 0, there exist constants α, β, γ, δ ∈ R with
αδ − βγ 6= 0 and (h, k) ∈ C0(I) such that (1.19) holds and k is positive and h/k
is strictly monotone. The condition αδ − βγ 6= 0 and (1.19) imply that there exist
a, b, c, d ∈ R with ad− bc 6= 0 such that

h = af + bg,

k = cf + dg.

Hence h and k are also n-times continuously differentiable. This immediately implies
that

∂1Dh,k(x, x) =

∣∣∣∣a b
c d

∣∣∣∣ · ∂1Df,g(x, x) (x ∈ I),

which shows that ∂1Dh,k(x, x) does not vanish for x ∈ I . Therefore, (h, k) ∈ Cn(I)
holds, too.

Applying the identity (1.18) for h and k instead of f and g, we can also see that
the derivative of h/k does not vanish on I . �
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For the characterization of the equivalence, we introduce the following notations:
for i, j ∈ {1, . . . , n} and (f, g) ∈ Cn(I), we define

W i,j
f,g(x) := ∂i1∂

j
2Df,g(x, x) =

∣∣∣∣ f (i)(x) f (j)(x)

g(i)(x) g(j)(x)

∣∣∣∣ .
Also, for (f, g) ∈ C2(I), the functions Φf,g,Ψf,g : I → R are defined by

(1.22) Φf,g(x) :=
∂21Df,g(x, x)

∂1Df,g(x, x)
and Ψf,g(x) := −

∂21∂2Df,g(x, x)

∂1Df,g(x, x)
.

In other words,

(1.23) Φf,g =
W 2,0
f,g

W 1,0
f,g

=

∣∣∣∣f ′′ f
g′′ g

∣∣∣∣∣∣∣∣f ′ f
g′ g

∣∣∣∣ and Ψf,g = −
W 2,1
f,g

W 1,0
f,g

= −

∣∣∣∣f ′′ f ′

g′′ g′

∣∣∣∣∣∣∣∣f ′ f
g′ g

∣∣∣∣ .
LEMMA 1.4. Let (f, g) ∈ C2(I). Then f and g form a fundamental system of

solutions of the second-order homogeneous linear differential equation

(1.24) y′′ = Φf,gy
′ + Ψf,gy.

PROOF. Using the definitions of Φf,g,Ψf,g from (1.23), we can rewrite equation
(1.24) in the following equivalent form

y′′ =

∣∣∣∣f ′′ f
g′′ g

∣∣∣∣∣∣∣∣f ′ f
g′ g

∣∣∣∣ y
′ −

∣∣∣∣f ′′ f ′

g′′ g′

∣∣∣∣∣∣∣∣f ′ f
g′ g

∣∣∣∣ y.
After multiplying this equation by

∣∣∣∣f ′ f
g′ g

∣∣∣∣, and rearranging every term to one side of

the equation, we infer that (1.24) is equivalent to

(1.25)

∣∣∣∣∣∣
y′′ y′ y
f ′′ f ′ f
g′′ g′ g

∣∣∣∣∣∣ = 0.

It is obvious that the functions y = f and y = g are solutions of (1.25) and therefore
they also solve (1.24). �

THEOREM 1.5. If (f, g), (h, k) ∈ C2(I), then (f, g) ∼ (h, k) holds if and only if

(1.26) Φf,g = Φh,k and Ψf,g = Ψh,k.

PROOF. If (f, g) ∼ (h, k), then, for some α, β, γ, δ ∈ R with αδ − βγ 6= 0,
we have (1.19), which implies (1.21). Using this formula and the definition of
Φf,g,Ψf,g,Φh,k, and Ψh,k, the identities in (1.26) follow directly.

Now assume that (1.26) is valid on I . Then the differential equation (1.24) is also
equivalent to

y′′ = Φh,ky
′ + Ψh,ky.
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Thus Lemma 1.4 implies that the functions y = h and y = k are solutions of this
second order homogeneous linear differential equation. On the other hand, (f, g)
forms a fundamental solution system for (1.24). Therefore, (1.19) should hold for
some α, β, γ, δ ∈ R with αδ−βγ 6= 0. This proves the equivalence of the pairs (f, g)
and (h, k). �

1.4. Formulas for generalized Wronski determinants

The following lemma is an immediate consequence of the asymmetry property

Df,g(x, y) = −Df,g(y, x) (x, y ∈ I).

LEMMA 1.6. If (f, g) ∈ Cn(I) for n ∈ {1, 2, 3} then, for all x ∈ I ,

∂2Df,g(x, x) = −∂1Df,g(x, x), ∂1∂2Df,g(x, x) = 0,

∂22Df,g(x, x) = −∂21Df,g(x, x), ∂22∂1Df,g(x, x) = −∂21∂2Df,g(x, x),

∂32Df,g(x, x) = −∂31Df,g(x, x), and ∂32∂1Df,g(x, x) = −∂31∂2Df,g(x, x).

LEMMA 1.7. (i) If (f, g) ∈ C3(I) then, for all x ∈ I ,

(1.27)

∂31Df,g(x, x)

∂1Df,g(x, x)
=Φ′f,g(x) + Φ2

f,g(x) + Ψf,g(x),

∂31∂2Df,g(x, x)

∂1Df,g(x, x)
= −Φf,g(x)Ψf,g(x)−Ψ′f,g(x).

(ii) If (f, g) ∈ C4(I) then, for all x ∈ I ,

(1.28)
∂41Df,g(x, x)

∂1Df,g(x, x)
= Φ′′f,g(x) + 3Φ′f,g(x)Φf,g(x) + Φ3

f,g(x)

+ 2Φf,g(x)Ψf,g(x) + 2Ψ′f,g(x).

PROOF. By computing the derivative of Φf,g(x), we get

Φ′f,g(x) =
∂31Df,g(x, x) + ∂2∂

2
1Df,g(x, x)

∂1Df,g(x, x)

−
∂21Df,g(x, x)

(
∂21Df,g(x, x) + ∂2∂1Df,g(x, x)

)
(∂1Df,g(x, x))2

.

Since ∂1∂2Df,g(x, x) = 0 is a direct consequence of the asymmetry property
Df,g(x, y) = −Df,g(y, x), we get that

Φ′f,g(x) =
∂31Df,g(x, x)

∂1Df,g(x, x)
+
∂2∂

2
1Df,g(x, x)

∂1Df,g(x, x)
−
(
∂21Df,g(x, x)

∂1Df,g(x, x)

)2

=
∂31Df,g(x, x)

∂1Df,g(x, x)
−Ψf,g(x)− Φ2

f,g(x),
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whence the first equality of (1.27) follows immediately. In order to show the second
equality in (1.27), we differentiate Ψf,g and use ∂1∂2Df,g(x, x) = 0 to obtain

Ψ′f,g =−
∂31∂2Df,g(x, x) + ∂21∂

2
2Df,g(x, x)

∂1Df,g(x, x)

+
∂21∂2Df,g(x, x)

(
∂21Df,g(x, x) + ∂2∂1Df,g(x, x)

)
(
∂1Df,g(x, x)

)2
=−

∂31∂2Df,g(x, x)

∂1Df,g(x, x)
− Φf,gΨf,g.

Therefore, the second formula in (1.27) follows directly.
To prove identity (1.28), let (f, g) ∈ C4(I). Then by differentiating the both sides

of the first equality in (1.27), we get

∂41Df,g(x, x) + ∂2∂
3
1Df,g(x, x)

∂1Df,g(x, x)
−
∂31Df,g(x, x)

(
∂21Df,g(x, x) + ∂2∂1Df,g(x, x)

)
(
∂1Df,g(x, x)

)2
= Φ′′f,g + 2Φ′f,gΦf,g + Ψ′f,g.

Now, substituting the two formulas of (1.27) into this equation, equality (1.28) follows
after a simple calculation. �

The following transformation rules will also be needed for the invariance equation
in Chapter 4.

LEMMA 1.8. If (f, g) ∈ C2(I) and ϕ : I → R is a twice differentiable positive
function, then

(1.29)
Φϕf,ϕg = Φf,g + 2

ϕ′

ϕ
,

Ψϕf,ϕg = Ψf,g −
ϕ′

ϕ
Φf,g +

ϕ′′

ϕ
− 2
(ϕ′
ϕ

)2
.

PROOF. We prove first that, under the assumptions of the lemma, the following
identities are valid:

(1.30)

W 1,0
ϕf,ϕg = ϕ2W 1,0

f,g ,

W 2,0
ϕf,ϕg = ϕ2W 2,0

f,g + 2ϕ′ϕW 1,0
f,g ,

W 2,1
ϕf,ϕg = ϕ2W 2,1

f,g + ϕ′ϕW 2,0
f,g +

(
2(ϕ′)2 − ϕ′′ϕ

)
W 1,0
f,g .

Let F denote the vector valued function
(
f
g

)
. Then

W 1,0
ϕf,ϕg =

∣∣ (ϕF )′ ϕF
∣∣ =

∣∣ ϕ′F + ϕF ′ ϕF
∣∣ =

∣∣ ϕ′F ϕF
∣∣+
∣∣ ϕF ′ ϕF

∣∣
= ϕ2W 1,0

f,g .
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Similarly,

W 2,0
ϕf,ϕg =

∣∣ (ϕF )′′ ϕF
∣∣ =

∣∣ ϕ′′F + 2ϕ′F ′ + ϕF ′′ ϕF
∣∣

=
∣∣ ϕ′′F ϕF

∣∣+ 2
∣∣ ϕ′F ′ ϕF

∣∣+
∣∣ ϕF ′′ ϕF

∣∣
= ϕ2W 2,0

f,g + 2ϕ′ϕW 1,0
f,g .

and

W 2,1
ϕf,ϕg =

∣∣ (ϕF )′′ (ϕF )′
∣∣ =

∣∣ ϕ′′F + 2ϕ′F ′ + ϕF ′′ ϕ′F + ϕF ′
∣∣

=
∣∣ ϕ′′F ϕ′F

∣∣+ 2
∣∣ ϕ′F ′ ϕ′F

∣∣+
∣∣ ϕF ′′ ϕ′F

∣∣
+
∣∣ ϕ′′F ϕF ′

∣∣+ 2
∣∣ ϕ′F ′ ϕF ′

∣∣+
∣∣ ϕF ′′ ϕF ′

∣∣
=ϕ2W 2,1

f,g + ϕ′ϕW 2,0
f,g +

(
2(ϕ′)2 − ϕ′′ϕ

)
W 1,0
f,g .

Dividing the second and third identities by the first one side by side, the formulas
stated in (1.29) follow immediately. �

1.5. Partial derivatives of generalized Bajraktarević means

For the computation of the first-, second- and third-order partial derivatives of the
mean Mf,g,m;µ at the diagonal of Id, we will establish a result below. For brevity, we
introduce the following notation: Ifppp ∈ Id and δ > 0 then letB(ppp, δ) stand for the ball
{xxx ∈ Id : |xxx− ppp| ≤ δ}. Furthermore, if µ is a probability measure on the measurable
space (T,A) and q ≥ 1, then the space of measurable functions ϕ : T → R such that
|ϕ|q is µ-integrable will be denoted by Lq(T,A, µ) or shortly by Lq.

If ϕ : T → R is a µ-integrable function, then we set

〈ϕ〉µ :=

∫
T
ϕ(t) dµ(t).

More generally, if ϕ : Id × T → R, and for some xxx ∈ Id, the map t 7→ ϕ(xxx, t) is
µ-integrable, then we write

(1.31) 〈ϕ〉µ(xxx) :=

∫
T
ϕ(xxx, t) dµ(t).

Given a number q ≥ 1, a function ϕ : Id × T → R is said to be of Lq-type at ppp ∈ Id,
if ϕ(ppp, ·) is measurable, furthermore, there exist δ > 0 and a function a ∈ Lq such
that

|ϕ(xxx, t)| ≤ a(t) (t ∈ T, xxx ∈ B(ppp, δ)).

Let C1(Id × T ) denote the class of measurable families of d-variable means m :
Id × T → I with the following additional property:

(H5) For every t ∈ T , the function m(·, t) is continuously partially differentiable
over Id such that, for all ppp ∈ Id, i ∈ {1, . . . , d}, the function ∂im is of
L1-type at ppp.

Analogously, we define C2(Id × T ) to be the following subclass of C1(Id × T ):
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(H6) For every t ∈ T , the function m(·, t) is twice continuously partially differ-
entiable over Id such that, for all ppp ∈ Id and i, j ∈ {1, . . . , d}, the function
∂im is of L2-type and ∂i∂jm is of L1-type at ppp.

Similarly, we define C3(Id × T ) to be the following subclass of C2(Id × T ):
(H7) For every t ∈ T , the function m(·, t) is three times continuously partially

differentiable over Id such that, for all ppp ∈ Id and i, j, l ∈ {1, . . . , d}, the
function ∂im is of L3-type, ∂i∂jm is of L

3
2 -type, and ∂i∂j∂lm is of L1-type

at ppp.
In order to formulate the results below, we introduce the following notation: for

i, j, l ∈ {1, . . . , d}, define σ(i, j, l) to be the set of all cyclic permutations of (i, j, l),
that is,

σ(i, j, l) := {(i, j, l), (j, l, i), (l, i, j)}.

LEMMA 1.9. Let n ∈ {1, 2, 3} and let ϕ : I → R be a n-times continuously
differentiable function and m ∈ Cn(Id × T ). Then the function Φ : Id → R defined
by

(1.32) Φ(xxx) :=

∫
T
ϕ(m(xxx, t)) dµ(t)

is n-times continuously differentiable on Id. Furthermore, for i ∈ {1, . . . , d} and
ppp ∈ Id,

(1.33) ∂iΦ(ppp) =

∫
T
ϕ′(m(ppp, t)) ∂im(ppp, t) dµ(t)

for i, j ∈ {1, . . . , d}, ppp ∈ Id and n = 2,
(1.34)

∂i∂jΦ(ppp) =

∫
T

[
ϕ′′(m(ppp, t)) ∂im(ppp, t) ∂jm(ppp, t) + ϕ′(m(ppp, t)) ∂i∂jm(ppp, t)

]
dµ(t)

and, for i, j, l ∈ {1, . . . , d}, ppp ∈ Id and n = 3,

(1.35)

∂i∂j∂lΦ(ppp) =

∫
T

[
ϕ′′′(m(ppp, t))

∏
r∈{i,j,l}

∂rm(ppp, t)

+ ϕ′′(m(ppp, t))
∑

(α,β,γ)∈σ(i,j,l)

∂αm(ppp, t) ∂β∂γm(ppp, t)

+ ϕ′(m(ppp, t)) ∂i∂j∂lm(ppp, t)
]

dµ(t).

PROOF. If m is measurable family of d-variable means, then, by the continuity
of ϕ and the mean value property of m, it easily follows that Φ is well-defined for all
xxx ∈ Id. If ϕ′, ϕ′′ and ϕ′′′ are continuous and m ∈ Cn(Id×T ) such that n ∈ {1, 2, 3},
then it is easy to see that the integral on the right hand side of (1.33), (1.34) and (1.35)
are well-defined.
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First we elaborate the case n = 1. We need to show that, for every ppp ∈ Id,
the function Φ is partially differentiable at ppp with formula (1.33) and that the partial
derivatives are continuous at ppp.

Before proceeding to the proof, we shall establish, for every ppp ∈ Id, the following
equality

(1.36) lim
δ→0

∫
T

sup
xxx∈B(ppp,δ)

∣∣ϕ′(m(xxx, t)) ∂im(xxx, t)− ϕ′(m(ppp, t)) ∂im(ppp, t)
∣∣ dµ(t) = 0.

First choose δ0 > 0 so thatα := min{p1, . . . , pd}−δ0 and β := max{p1, . . . , pd}+δ0
be elements of I . LetK be the supremum of |ϕ′| over the compact interval [α, β]. The
continuity of ϕ′ implies that K is finite. By the mean value property of m, for every
t ∈ T and xxx ∈ B(ppp, δ0), we have that α ≤ m(xxx, t) ≤ β. Hence, for every t ∈ T and
xxx ∈ B(ppp, δ0), the inequality |ϕ′(m(xxx, t))| ≤ K holds.

Using the assumption that ∂im is of L1-type at ppp, we can find 0 < δ1 ≤ δ0 and a
function a ∈ L1 such that

|∂im(xxx, t)| ≤ a(t) (t ∈ T, xxx ∈ B(ppp, δ1)).

Let (δα) be an arbitrary sequence converging to 0 with 0 < δα ≤ δ1 for all α ∈ N.
By the Lagrange Mean Value Theorem, for every xxx ∈ B(ppp, δα) and for every t ∈ T ,
there exists λ ∈ [0, 1] such that

|m(xxx, t)−m(ppp, t)| ≤
d∑
i=1

|∂im(λxxx+ (1− λ)ppp, t)||xi − pi| ≤ dδαa(t).

Using the continuity of ϕ′ at m(ppp, t), it immediately follows that the sequence of
measurable functions ψα : T → R defined by

ψα(t) := sup
xxx∈B(ppp,δα)

|ϕ′(m(xxx, t))− ϕ′(m(ppp, t))| ≤ 2K

converges to zero for every t ∈ T . By the continuity of the partial derivative ∂im(·, t)
at ppp, we also have that the sequence of measurable functions χα : T → R defined by

χα(t) := sup
xxx∈B(ppp,δα)

|∂im(xxx, t)− ∂im(ppp, t)| ≤ 2a(t)

converges to zero for every t ∈ T . Using the above estimations, we can now obtain
that

sup
xxx∈B(ppp,δα)

∣∣ϕ′(m(xxx, t)) ∂im(xxx, t)− ϕ′(m(ppp, t)) ∂im(ppp, t)
∣∣

≤ sup
xxx∈B(ppp,δα)

|ϕ′(m(xxx, t))||∂im(xxx, t)− ∂im(ppp, t)|

+ sup
xxx∈B(ppp,δα)

|ϕ′(m(xxx, t))− ϕ′(m(ppp, t))||∂im(ppp, t)|

≤ Kχα(t) + ψα(t)a(t).



16 CHAPTER 1. GENERALIZED BAJRAKTAREVIĆ MEANS

The expression on the right hand side of this inequality converges to zero for each
t ∈ T , and these functions are dominated by the integrable function 4Ka. Hence, by
Lebesgue’s Dominated Convergence Theorem, it follows that

lim
α→∞

∫
T

sup
xxx∈B(ppp,δα)

∣∣ϕ′(m(xxx, t)) ∂im(xxx, t)− ϕ′(m(ppp, t)) ∂im(ppp, t)
∣∣ = 0.

Because the sequence (δα) converging to 0 was arbitrary, it follows that (1.36) holds.
Let ppp ∈ Id be fixed and let eeei denote the ith vector of the standard basis on Rn.

For the proof that the ith partial derivative of Φ at ppp is given by (1.33), consider the
following estimation for s ∈ (I − pi), s 6= 0:
(1.37)

∆i(s) :=

∣∣∣∣Φ(ppp+ seeei)− Φ(ppp)

s
−
∫
T
ϕ′(m(ppp, t)) ∂im(ppp, t) dµ(t)

∣∣∣∣
=

∣∣∣∣1s
(∫

T
ϕ(m(ppp+ seeei, t)) dµ(t)−

∫
T
ϕ(m(ppp, t)) dµ(t)

)
−
∫
T
ϕ′(m(ppp, t)) ∂im(ppp, t) dµ(t)

∣∣∣∣
≤ 1

|s|

∫
T

∣∣ϕ(m(ppp+ seeei, t))− ϕ(m(ppp, t))− sϕ′(m(ppp, t)) ∂im(ppp, t)
∣∣dµ(t).

Applying the Lagrange Mean Value Theorem for the function

κt(s) := ϕ(m(ppp+ seeei, t))− sϕ′(m(ppp, t)) ∂im(ppp, t),

for every t ∈ T , we can find an element σt between 0 and s such that κt(s)−κt(0) =
κ′t(σt)s, that is

ϕ(m(ppp+ seeei, t))− ϕ(m(ppp, t))− sϕ′(m(ppp, t)) ∂im(ppp, t)

=
(
ϕ′(m(ppp+ σteeei, t)) ∂im(ppp+ σteeei, t)− ϕ′(m(ppp, t)) ∂im(ppp, t)

)
s.

Using this formula, inequality (1.37) and the equality (1.36), for s ∈ I−pi, it follows
that

lim sup
s→0

∆i(s)

≤ lim sup
s→0

∫
T

∣∣ϕ′(m(ppp+ σteeei, t)) ∂im(ppp+ σteeei, t)− ϕ′(m(ppp, t)) ∂im(ppp, t)
∣∣dµ(t)

≤ lim
s→0

∫
T

sup
xxx∈B(ppp,|s|)

∣∣ϕ′(m(xxx, t)) ∂im(xxx, t)− ϕ′(m(ppp, t)) ∂im(ppp, t)
∣∣dµ(t) = 0.

Thus, we have proved that ∆i(s) tends to zero as s → 0. This completes the proof
of the partial differentiability of Φ with respect to the ith variable at ppp and also the
validity of formula (1.33).
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Finally, we show that the function ∂iΦ is continuous at every ppp ∈ Id. Let (xxxα) be
an arbitrary sequence in B(ppp, δ0) converging to ppp and denote δα := |xxxα − ppp|. Then
(δα) is a null sequence and we have that

|∂iΦ(xxxα)− ∂iΦ(ppp)| ≤
∫
T

∣∣ϕ′(m(xxxα, t)) ∂im(xxxα, t)− ϕ′(m(ppp, t)) ∂im(ppp, t)
∣∣ dµ(t)

≤
∫
T

sup
uuu∈B(ppp,δα)

∣∣ϕ′(m(uuu, t)) ∂im(uuu, t)− ϕ′(m(ppp, t)) ∂im(ppp, t)
∣∣ dµ(t).

Due to the equality (1.36), the right hand side in the above inequality tends to zero
as α → ∞, whence it follows that (∂iΦ(xxxα)) converges to ∂iΦ(ppp), which proves the
continuity of ∂iΦ at ppp.

Analogously, using a similar argument as in the proof of (1.36), for the case n =
2, the reader can show that the following two equalities hold:

(1.38)
lim
δ→0

∫
T

sup
xxx∈B(ppp,δ)

∣∣ϕ′′(m(xxx, t)) ∂im(xxx, t) ∂jm(xxx, t)

− ϕ′′(m(ppp, t)) ∂im(ppp, t) ∂jm(ppp, t)
∣∣ dµ(t) = 0,

(1.39)

lim
δ→0

∫
T

sup
xxx∈B(ppp,δ)

∣∣ϕ′(m(xxx, t)) ∂i∂jm(xxx, t)− ϕ′(m(ppp, t)) ∂i∂jm(ppp, t)
∣∣dµ(t) = 0.

Let ppp ∈ Id be fixed. To prove equality (1.34) which establishes the formula for the
jth partial derivative of ∂iΦ at ppp, consider the following estimation for r ∈ (I − pj),
r 6= 0:
(1.40)
∆ij(r)

:=

∣∣∣∣∂iΦ(ppp+ reeej)− ∂iΦ(ppp)

r
−
∫
T

(
ϕ′′(m(ppp, t)) ∂im(ppp, t) ∂jm(ppp, t)

+ ϕ′(m(ppp, t)) ∂i∂jm(ppp, t)
)

dµ(t)

∣∣∣∣
=

∣∣∣∣1r
(∫

T
ϕ′(m(ppp+ reeej , t)) ∂im(ppp+ reeej , t) dµ(t)

−
∫
T
ϕ′(m(ppp, t)) ∂im(ppp, t) dµ(t)

)
−
∫
T

(
ϕ′′(m(ppp, t)) ∂im(ppp, t) ∂jm(ppp, t)

+ ϕ′(m(ppp, t)) ∂i∂jm(ppp, t)
)

dµ(t)

∣∣∣∣
≤ 1

|r|

∫
T

∣∣ϕ′(m(ppp+ reeej , t)) ∂im(ppp+ reeej , t)− ϕ′(m(ppp, t)) ∂im(ppp, t)

− rϕ′′(m(ppp, t)) ∂im(ppp, t) ∂jm(ppp, t)− rϕ′(m(ppp, t)) ∂i∂jm(ppp, t)
∣∣ dµ(t).
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Applying, for every t ∈ T , the Lagrange Mean Value Theorem for the function

θt(r) :=ϕ′(m(ppp+ reeej , t))∂im(ppp+ reeej , t)− r
(
ϕ′′(m(ppp, t))∂im(ppp, t)∂jm(ppp, t)

+ ϕ′(m(ppp, t))∂i∂jm(ppp, t)
)
,

we can find an element ρt between 0 and r such that

(1.41) θt(r)− θt(0) = θ′t(ρt)r.

Now, by using equality (1.41), inequality (1.40) and equalities (1.38) and (1.39), re-
spectively, with an analogous argument that we applied in the case n = 1, we get that
∆ij(r) tends to zero as r → 0, proving the partial differentiability of ∂iΦ at ppp with
respect to the jth variable and formula (1.34). On the other hand, again by a similar
train of thoughts, it easily follows from (1.38) and (1.39) that the function ∂i∂jΦ is
continuous on Id.

The argument concerning the case n = 3 is completely analogous, therefore, we
omit it. �

For the sake of brevity, introduce the following notations: for m ∈ C1(Id × T )
and r ∈ {1, . . . , d}, denote

∂∗rm(xxx, t) := ∂rm(xxx, t)− 〈∂rm〉µ(xxx) (xxx ∈ Id, t ∈ T ),

and, for x ∈ I , set
x(d) := (x, . . . , x) ∈ Id.

THEOREM 1.10. Let (f, g) ∈ C1(I), let m ∈ C1(Id × T ) be a measurable family
of means, and let µ be a probability measure on the measurable space (T,A). Then
Mf,g,m;µ is continuously differentiable on Id and, for all i ∈ {1, . . . , d} and x ∈ I ,

(1.42) ∂iMf,g,m;µ

(
x(d)

)
= 〈∂im〉µ

(
x(d)

)
.

If, in addition, (f, g) ∈ C2(I), letm ∈ C2(Id×T ), thenMf,g,m;µ is twice continuously
differentiable on Id and, for all i, j ∈ {1, . . . , d} and x ∈ I ,

(1.43) ∂i∂jMf,g,m;µ

(
x(d)

)
= Φf,g(x)

〈
∂∗im∂∗jm

〉
µ

(
x(d)

)
+ 〈∂i∂jm〉µ

(
x(d)

)
.

Finally, if (f, g) ∈ C3(I), let m ∈ C3(Id × T ), then Mf,g,m;µ is three times continu-
ously differentiable on Id and, for all i, j, l ∈ {1, . . . , d} and x ∈ I ,
(1.44)
∂i∂j∂lMf,g,m;µ

(
x(d)

)
=
(
Φ′f,g(x) + Φ2

f,g(x)
)(〈

∂im∂jm∂lm
〉
µ
− 〈∂im〉µ〈∂jm〉µ〈∂lm〉µ

)(
x(d)

)
+ Φf,g(x)

∑
(α,β,γ)∈σ(i,j,l)

(
〈∂α∂βm∂γm〉µ − ∂α∂βMf,g,m;µ∂γMf,g,m;µ

)(
x(d)

)
+ Ψf,g(x)

〈
∂∗im∂∗jm∂∗lm

〉
µ

(
x(d)

)
+ 〈∂i∂j∂lm〉µ

(
x(d)

)
.
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PROOF. Let n ∈ {1, 2, 3} and assume that (f, g) ∈ Cn(I), m ∈ Cn(Id × T ). In
view of Lemma 1.3, we may assume that g is positive, f/g is strictly monotone with
a non-vanishing first-order derivative. Then f , g and the inverse of f/g are n-times
continuously differentiable and, by Lemma 1.9, we also have that the mappings

xxx 7→
∫
T
f
(
m(xxx, t)

)
dµ(t) and xxx 7→

∫
T
g
(
m(xxx, t)

)
dµ(t)

are n-times continuously differentiable on Id. On the other hand, we now also have
formula (1.9) for the d-variable mean Mf,g,m;µ. Thus, using the standard calculus
rules, it follows that Mf,g,m;µ is n-times continuously differentiable on Id.

To prove the first formula stated in (1.42), let us consider the case n = 1. In view
of Lemma 1.1, we have the following identity

(1.45)
∫
T
Df,g(m(xxx, t),Mf,g,m;µ(xxx)) dµ(t) = 0 (xxx ∈ Id).

For the sake of convenience, for α, β ∈ N ∪ {0} with 1 ≤ α + β ≤ 3, introduce the
following notation

∆α,β(xxx, t) := ∂α1 ∂
β
2Df,g(m(xxx, t),Mf,g,m;µ(xxx)) (xxx ∈ Id, t ∈ T ).

Differentiating the identity (1.45) with respect to the variable xi once, we get

(1.46)
∫
T

[
∆1,0(xxx, t)∂im(xxx, t) + ∆0,1(xxx, t)∂iMf,g,m;µ(xxx)

]
dµ(t) = 0,

Substituting xxx by x(d) ∈ Id and using definition (1.31), we get that

∂1Df,g(x, x)〈∂im〉µ(x(d)) + ∂2Df,g(x, x)∂iMf,g,m;µ(x(d)) = 0.

Observe that ∂1Df,g(x, x) = −∂2Df,g(x, x) 6= 0 for all x ∈ I , hence the former
equation yields the desired equality (1.42).

Now consider the case n = 2. Differentiating the identity (1.46) with respect to
the variable xj , we obtain

(1.47)

∫
T

[
∆2,0(xxx, t)∂im(xxx, t)∂jm(xxx, t) + ∆0,2(xxx, t)∂jMf,g,m;µ(xxx)∂iMf,g,m;µ(xxx)

+ ∆1,1(xxx, t)
(
∂jMf,g,m;µ(xxx)∂im(xxx, t) + ∂iMf,g,m;µ(xxx)∂jm(xxx, t)

)
+ ∆1,0(xxx, t)∂j∂im(xxx, t) + ∆0,1(xxx, t)∂j∂iMf,g,m;µ(xxx)

]
dµ(t) = 0.

Using the identities in Lemma 1.6 and substituting xxx by x(d), the above equation
simplifies to∫
T

[
∂21Df,g(x, x)

(
∂im(x(d), t)∂jm(x(d), t)− ∂jMf,g,m;µ(x(d))∂iMf,g,m;µ(x(d))

)
+ ∂1Df,g(x, x)

(
∂j∂im(x(d), t)− ∂j∂iMf,g,m;µ(x(d))

)]
dµ(t) = 0.
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Now, dividing the above equality by ∂1Df,g(x, x) 6= 0 and using the definition of
Φf,g and formula (1.42), this equality simplifies to

Φf,g(x)
(
〈∂im∂jm〉µ

(
x(d)

)
− 〈∂jm〉µ

(
x(d)

)
〈∂im〉µ

(
x(d)

))
+ 〈∂j∂im〉µ

(
x(d)

)
− ∂j∂iMf,g,m;µ(x(d)) = 0.

This equality, together with the following identity,

〈∂im∂jm〉µ − 〈∂jm〉µ〈∂im〉µ =
〈
∂∗im∂∗jm

〉
µ

implies formula (1.43). To prove the third formula stated in (1.44), let us consider the
case n = 3.

∫
T

[
∆3,0(xxx, t)

∏
r∈{i,j,l}

∂rm(xxx, t) + ∆0,3(xxx, t)
∏

r∈{i,j,l}

∂rMf,g,m;µ(xxx)

+ ∆2,1(xxx, t)
∑

(α,β,γ)∈σ(i,j,l)

∂αMf,g,m;µ(xxx)∂βm(xxx, t)∂γm(xxx, t)

+ ∆1,2(xxx, t)
∑

(α,β,γ)∈σ(i,j,l)

∂αMf,g,m;µ(xxx)∂βMf,g,m;µ(xxx)∂γm(xxx, t)

+ ∆2,0(xxx, t)
∑

(α,β,γ)∈σ(i,j,l)

∂α∂βm(xxx, t)∂γm(xxx, t)

+ ∆0,2(xxx, t)
∑

(α,β,γ)∈σ(i,j,l)

∂α∂βMf,g,m;µ(xxx)∂γMf,g,m;µ(xxx)

+ ∆1,1(xxx, t)
∑

(α,β,γ)∈σ(i,j,l)

(
∂α∂βMf,g,m;µ(xxx)∂γm(xxx, t)

+ ∂αMf,g,m;µ(xxx)∂β∂γm(xxx, t)
)

+ ∆1,0(xxx, t)∂i∂j∂lm(xxx, t) + ∆0,1(xxx, t)∂i∂j∂lMf,g,m;µ(xxx)
]

dµ(t) = 0,
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respectively. Using the identities in Lemma 1.6 and substituting xxx by x(d) ∈ Id, we
get that

∫
T

[
∂31Df,g(x, x)

( ∏
r∈{i,j,l}

∂rm
(
x(d), t

)
−

∏
r∈{i,j,l}

∂rMf,g,m;µ

(
x(d)

))
+ ∂21∂2Df,g(x, x)

∑
(α,β,γ)∈σ(i,j,l)

∂αMf,g,m;µ

(
x(d)

)(
∂βm

(
x(d), t

)
− ∂βMf,g,m;µ

(
x(d)

))
∂γm

(
x(d), t

)
+ ∂21Df,g(x, x)

∑
(α,β,γ)∈σ(i,j,l)

(
∂α∂βm

(
x(d), t

)
∂γm

(
x(d), t

)
− ∂α∂βMf,g,m;µ

(
x(d)

)
∂γMf,g,m;µ

(
x(d)

))
+ ∂1Df,g(x, x)

(
∂i∂j∂lm

(
x(d), t

)
− ∂i∂j∂lMf,g,m;µ

(
x(d)

))]
dµ(t) = 0.

Now, dividing the above equality by ∂1Df,g(x, x) and using the definitions of Φf,g

and Ψf,g, and also the identity (1.27), for x(d) ∈ Id, the following formula follows

∂i∂j∂lMf,g,m;µ

(
x(d)

)
=
(
Φ′f,g(x) + Φ2

f,g(x) + Ψf,g(x)
) ∫

T

( ∏
r∈{i,j,l}

∂rm
(
x(d), t

)
−

∏
r∈{i,j,l}

∂rMf,g,m;µ

(
x(d)

))
dµ(t)

−Ψf,g(x)
∑

(α,β,γ)∈σ(i,j,l)

∂αMf,g,m;µ

(
x(d)

) ∫
T

(
∂βm

(
x(d), t

)
− ∂βMf,g,m;µ

(
x(d)

))
∂γm

(
x(d), t

)
dµ(t)

+ Φf,g(x)
∑

(α,β,γ)∈σ(i,j,l)

∫
T

(
∂α∂βm

(
x(d), t

)
∂γm

(
x(d), t

)
− ∂α∂βMf,g,m;µ

(
x(d)

)
∂γMf,g,m;µ

(
x(d)

))
dµ(t)

+

∫
T
∂i∂j∂lm

(
x(d), t

)
dµ(t).
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By using formula (1.42) and definition (1.31), we get the following simplified equa-
tion

∂i∂j∂lMf,g,m;µ

(
x(d)

)
=
(
Φ′f,g(x) + Φ2

f,g(x)
)(〈

∂im∂jm∂lm
〉
µ
− 〈∂im〉µ〈∂jm〉µ〈∂lm〉µ

)(
x(d)

)
+ Φf,g(x)

∑
(α,β,γ)∈σ(i,j,l)

(
〈∂α∂βm∂γm〉µ − ∂α∂βMf,g,m;µ∂γMf,g,m;µ

)(
x(d)

)
+ Ψf,g(x)

(〈
∂im∂jm∂lm

〉
µ
−

∑
(α,β,γ)∈σ(i,j,l)

〈∂αm〉µ〈∂βm∂γm〉µ

+ 2〈∂im〉µ〈∂jm〉µ〈∂lm〉µ
)(
x(d)

)
+ 〈∂i∂j∂lm〉µ

(
x(d)

)
.

This equality, combined with the following easy-to-see identity,〈
∂im∂jm∂lm

〉
µ
−

∑
(α,β,γ)∈σ(i,j,l)

〈∂αm〉µ〈∂βm∂γm〉µ + 2〈∂im〉µ〈∂jm〉µ〈∂lm〉µ

=
〈
∂∗im∂∗jm∂∗lm

〉
µ

yields formula (1.44) of the theorem. �

The following lemma, which is an extension of [36, Lemma 3], will play an im-
portant role in establishing the necessary conditions for the (global) comparison of
means. We recall that a sequence (νn) of probability measures on T is said to converge
weakly to a measure ν if, for all bounded Borel measurable functions ϕ : T → R, we
have

lim
n→∞

∫
T
ϕ(t) dνn(t) =

∫
T
ϕ(t) dν(t).

LEMMA 1.11. Let (f, g) ∈ C1(I) and let (νn) be a sequence of probability mea-
sures on T weakly converging to a measure ν, let (γn) be a null sequence of positive
numbers in [0, 1] and let t0 ∈ T . Set µn := (1− γn)δt0 + γnνn for n ∈ N. Then, for
all xxx ∈ Id,

lim
n→∞

1

γ n

[
Mf,g,m;µn(xxx)−m(xxx, t0)

]
=

∫
T Df,g(m(xxx, t),m(xxx, t0)) dν(t)

∂1Df,g(m(xxx, t0),m(xxx, t0))
.

PROOF. Let xxx ∈ Id be a fixed vector. By the assumptions of the lemma, we have
that µn converges to δt0 weakly. More generally, for an arbitrary bounded sequence of
Borel measurable functions ϕn : T → R, which converges uniformly to ϕ0 : T → R
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as n→∞, we get

(1.48)

∫
T
ϕn dµn(t)

=

∫
T
ϕnd((1− γn)δt0 + γnνn)(t)

= (1− γn)

∫
T
ϕndδt0(t) + γn

∫
T
ϕ0 dνn(t) + γn

∫
T

(ϕn − ϕ0) dνn(t)

−→
∫
T
ϕ0dδt0(t) = ϕ0(t0).

First, we are going to show that the sequence un := Mf,g,m;µn(xxx) converges to
m(xxx, t0). We have that min(xxx) ≤ un ≤ max(xxx) for all n ∈ N. Hence it is suf-
ficient to prove that every convergent subsequence of (un) converges to the same
limit point. To show this, let (unj ) be any convergent subsequence of (un) such that
unj → u0 as j → ∞. Then, the sequence of Borel measurable functions ϕj(t) :=
Df,g(m(xxx, t), unj ) tends uniformly to the limit function ϕ0(t) := Df,g(m(xxx, t), u0).
Thus, in view of formula (1.48), we get

lim
j→∞

∫
T
Df,g(m(xxx, t), unj ) dµnj (t) = Df,g(m(xxx, t0), u0).

On the other hand, for all j, we have that∫
T
Df,g(m(xxx, t), unj ) dµnj (t) = 0,

which implies that Df,g(m(xxx, t0), u0) is zero, i.e., u0 = m(xxx, t0). Hence un →
m(xxx, t0) as n→∞.

Moreover, as n→∞, we similarly obtain
(1.49)

1

γn

∫
T
Df,g(m(xxx, t),m(xxx, t0)) dµn(t)

=
1

γn

∫
T
Df,g(m(xxx, t),m(xxx, t0)) d((1− γn)δt0 + γnνn)(t)

=

∫
T
Df,g(m(xxx, t),m(xxx, t0)) dνn(t) −→

∫
T
Df,g(m(xxx, t),m(xxx, t0)) dν(t).

Taking Φn(u) :=
∫
T Df,g(m(xxx, t), u) dµn(t) and applying the Lagrange mean

value theorem for the differentiable function Φn, for every n ∈ N, we can find a
number ηn between un and m(xxx, t0) such that

Φn(m(xxx, t0))− Φn(un) = Φ′n(ηn)(m(xxx, t0)− un)

Since Φn(un) = 0, therefore it follows that

1

γn
Φn(m(xxx, t0)) = Φ′n(ηn) · 1

γn
(m(xxx, t0)− un).
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Thus,
1

γn

∫
T
Df,g(m(xxx, t),m(xxx, t0)) dµn(t)

=

∫
T

∣∣∣∣f(m(xxx, t)) f ′(ηn)
g(m(xxx, t)) g′(ηn)

∣∣∣∣ dµn(t) · 1

γn

[
m(xxx, t0)−Mf,g,m;µn(xxx)

]
.

Then, obviously, ηn converges to m(xxx, t0). By taking the limit of both sides of this
identity as n→∞ and using (1.49) and (1.48), we get∫

T
Df,g(m(xxx, t),m(xxx, t0)) dν(t)

= ∂1Df,g(m(xxx, t0),m(xxx, t0)) · lim
n→∞

1

γ n

[
Mf,g,m;µn(xxx)−m(xxx, t0)

]
By dividing both sides by ∂1Df,g(m(xxx, t0),m(xxx, t0)), we get

lim
n→∞

1

γ n
[Mf,g,m;µn(xxx)−m(xxx, t0)] =

∫
T Df,g(m(xxx, t),m(xxx, t0)) dν(t)

∂1Df,g(m(xxx, t0),m(xxx, t0))
.

This completes the proof of the lemma. �



CHAPTER 2

On the local and global comparison of generalized
Bajraktarević means

In a recent paper [36], Losonczi and Páles investigated a general class of two-
variable means given by the formula

Mf,g;µ(x, y) :=

(
f

g

)−1(∫ 1
0 f(tx+ (1− t)y) dµ(t)∫ 1
0 g(tx+ (1− t)y) dµ(t)

)
(x, y ∈ I),

where f, g : I → R are continuous functions such that g is positive, f/g is strictly
monotone, and µ is a probability measure on the Borel measurable subsets of [0, 1].
This definition includes many former classical and important settings. In [36] local
and global comparison theorems (that provided necessary and in some cases also suf-
ficient conditions) have been established for the comparison of two-variable means
from this general class.

The aim of this chapter is to study the global comparison problem

(2.1) Mf,g,m;µ(xxx) ≤Mh,k,n;ν(xxx) (xxx ∈ Id)

and also its local analogue. In terms of the Chebyshev systems (f, g) and (h, k), the
measurable families of d-variable means m : Id × T → I and n : Id × S → I , and
the measures µ, ν, we give necessary conditions (which, in general, are not sufficient)
and also sufficient conditions (that are also necessary in a certain sense) for (2.1) to
hold. Our main results generalize that of the paper by Losonczi and Páles [36] and
also many former results obtained in various particular cases of this problem, cf. [13],
[14], [15], [28], [30], [44], [46].

2.1. Local comparison of generalized Bajraktarević means

Our first result offers a necessary as well as a sufficient condition for the local
comparison of means. Given two d-variable means M,N : Id → I , we say that M is
locally smaller than N at x0 ∈ I if there exists a neighborhood U ⊆ I of x0 such that

(2.2) M(xxx) ≤ N(xxx)

holds for all xxx ∈ Ud. The case d = 1 being trivial, we always assume that d ≥ 2
holds in the subsequent considerations.

THEOREM 2.1. Let M,N : Id → I be d-variable means such that M is locally
smaller than N at a point x0 ∈ I . Assume that M and N are partially differentiable

25
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at the diagonal point x(d)0 = (x0, . . . , x0) ∈ Id. Then, for x = x0 and for all
i ∈ {1, . . . , d},

(2.3) ∂iM
(
x(d)

)
= ∂iN

(
x(d)

)
.

If, in addition, M and N are twice differentiable at x(d)0 ∈ Id, then the symmetric
(d− 1)× (d− 1)-matrix

(2.4)
(
∂i∂jN

(
x
(d)
0

)
− ∂i∂jM

(
x
(d)
0

))d−1
i,j=1

is positive semidefinite.
On the other hand, if, for some x0 ∈ I , the equality (2.3) holds for all i ∈

{1, . . . , d} and for all x in a neighborhood of x0, furthermore, M and N are twice
continuously differentiable at x(d)0 and the symmetric (d− 1)× (d− 1)-matrix given
by (2.4) is positive definite, then M is locally smaller than N at x0.

PROOF. Assume that M is locally smaller than N at x0 ∈ I , i.e., (2.2) holds for
all xxx ∈ Ud in a neighborhood U ⊆ I of x0. Assume that M and N are partially
differentiable at the diagonal point x(d)0 ∈ Id. Define the function D : Ud → R by

D(xxx) = N(xxx)−M(xxx) (xxx ∈ Ud).

Then D is nonnegative by inequality (2.2) and attains its minimum (which equals
zero) at x(d)0 . Therefore ∂iD

(
x
(d)
0

)
= 0 for all i ∈ {1, . . . , d}, which yields (2.3).

If, in addition, M and N are twice differentiable at x(d)0 ∈ Id, then we get
D′′
(
x
(d)
0

)
=
(
∂i∂jD

(
x
(d)
0

))d
i,j=1

is a positive semidefinite symmetric d × d-matrix.
By the well-known necessary and sufficient conditions of positive semidefiniteness
(cf. [10]), this implies that the symmetric (d−1)×(d−1)-matrix

(
∂i∂jD

(
x
(d)
0

))d−1
i,j=1

is also positive semidefinite.
Now let x0 ∈ I and assume that there exists a neighborhood U ⊆ I of x0 such

that the means M and N are twice differentiable on Ud, their second-order partial
derivatives are continuous at x(d)0 , the equality (2.3) holds for all x ∈ U and for
all i ∈ {1, . . . , d}, and the symmetric (d − 1) × (d − 1)-matrix-valued function
A(xxx) :=

(
∂i∂jD(xxx)

)d−1
i,j=1

is positive definite at x(d)0 .

By Sylvester’s criterion,A
(
x
(d)
0

)
is positive definite if and only if all of its leading

principal minors are positive. By the continuity of the second-order partial derivatives,
A is continuous at x(d)0 , hence its leading principal minors are also continuous at x(d)0 .
Therefore, there is a neighborhood V ⊆ Id of x(d)0 where these leading principal
minors are positive and hence, at the points of V , A is also positive definite. By
shrinking the neighborhood U of x0 if necessary, we may assume that U is an interval
and Ud ⊆ V . Hence A(xxx) is positive definite for all xxx ∈ Ud.
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In order to show that the inequality (2.2) holds for all xxx ∈ Ud, let xxx =
(x1, . . . , xd) ∈ Ud be fixed and apply the Taylor Mean Value Theorem to the function

(u1, . . . , ud−1) 7→ D(u1, . . . , ud−1, xd)
(
(u1, . . . , ud−1) ∈ Ud−1

)
at the base point (xd, . . . , xd) ∈ Ud−1. In view of this theorem, there exists θ ∈ [0, 1],
such that

(2.5)

D(x1, . . . , xd−1, xd)

= D(xd, . . . , xd, xd) +
d−1∑
i=1

∂iD(xd, . . . , xd, xd)(xi − xd)

+
1

2

d−1∑
i=1

d−1∑
j=1

∂i∂jD
(
θx1 + (1− θ)xd, . . . , θxd−1

+ (1− θ)xd, xd
)
(xi − xd)(xj − xd).

We have that D(xd, . . . , xd, xd) = M(xd, . . . , xd, xd) − N(xd, . . . , xd, xd) = xd −
xd = 0, equation (2.3) applied for x = xd implies that ∂iD(xd, . . . , xd, xd) = 0
for all i ∈ {1, . . . , d − 1}. Finally, A is positive definite at the point (θx1 + (1 −
θ)xd, . . . , θxd−1 + (1− θ)xd, xd) ∈ Ud, hence the last term on the right hand side of
(2.5) is nonnegative. Thus (2.5) shows that D(x1, . . . , xd−1, xd) ≥ 0, which implies
that M is smaller than N on Ud. �

REMARK. We note that, for the sufficiency part of the theorem, the standard 2nd-
order sufficient condition for the local minimum cannot be applied. The reason is that
the matrix

(2.6)
(
∂i∂jN

(
x
(d)
0

)
− ∂i∂jM

(
x
(d)
0

))d
i,j=1

can never be positive definite. Indeed, if M is locally smaller than N at x0, then M is
locally smaller thanN at every x in a neighborhood U of x0 and hence (2.3) holds for
all x ∈ U and i ∈ {1, . . . , d}. Differentiating (2.3) with respect to x at x0, we obtain,
for all i ∈ {1, . . . , d}, that

d∑
j=1

∂j∂iN
(
x
(d)
0

)
=

d∑
j=1

∂j∂iM
(
x
(d)
0

)
.

This shows that the sum of the columns of the matrix in (2.6) is the zero vector. There-
fore, the determinant of this matrix is zero, showing that this matrix is not positive
definite.

COROLLARY 2.2. Let (f, g), (h, k) ∈ C1(I), let m ∈ C1(Id × T ) and n ∈
C1(Id×S) be measurable families of means, and let µ and ν be probability measures
on the measurable spaces (T,A) and (S,B), respectively. Suppose that Mf,g,m;µ is
locally smaller than Mh,k,n;ν at x0 ∈ I . Then, there exists a neighborhood U ⊆ I of
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x0 such that for x ∈ U and for all i ∈ {1, . . . , d},

(2.7) 〈∂im〉µ
(
x(d)

)
= 〈∂in〉ν

(
x(d)

)
.

If, in addition, (f, g), (h, k) ∈ C2(I), m ∈ C2(Id × T ), and n ∈ C2(Id × S), then the
(d− 1)× (d− 1)-matrix whose (i, j)th entry is given by

(2.8)

〈
∂∗i n∂

∗
jn
〉
ν

(
x
(d)
0

)
Φh,k(x0) + 〈∂i∂jn〉ν

(
x
(d)
0

)
−
〈
∂∗im∂∗jm

〉
µ

(
x
(d)
0

)
Φf,g(x0)− 〈∂i∂jm〉µ

(
x
(d)
0

)
for i, j ∈ {1, . . . , d− 1} is positive semidefinite.

On the other hand, if (f, g), (h, k) ∈ C2(I), m ∈ C2(Id × T ), n ∈ C2(Id × S),
and (2.7) holds for all i ∈ {1, . . . , d} and for all x in a neighborhood of x0 and the
(d−1)× (d−1)-matrix whose (i, j)th entry is given by (2.8) is positive definite, then
Mf,g,m;µ is locally smaller than Mh,k,n;ν at x0 ∈ I .

PROOF. If (f, g), (h, k) ∈ Ck(I),m ∈ Ck(Id×T ), and n ∈ Ck(Id×S), then The-
orem 1.10 implies that Mf,g,m;µ and Mh,k,n;ν are k-times continuously differentiable
on Id in the cases k ∈ {1, 2}.

Assume that Mf,g,m;µ is locally smaller than Mh,k,n;ν at x0 ∈ I . Then, by The-
orem 2.1, there exists a neighborhood U ⊆ I of x0 such that for x ∈ U and for all
i ∈ {1, . . . , d},

∂iMf,g,m;µ

(
x(d)

)
= ∂iMh,k,n;ν

(
x(d)

)
.

Applying formula (1.42) of Theorem 1.10, the necessity of condition (2.7) follows.
In addition, if the second-order regularity assumptions are satisfied, then, by The-

orem 2.1, the (d− 1)× (d− 1)-matrix whose (i, j)th entry is given by(
∂i∂jMh,k,n;ν

(
x
(d)
0

)
− ∂i∂jMf,g,m;µ

(
x
(d)
0

))d−1
i,j=1

for i, j ∈ {1, . . . , d − 1} is positive semidefinite. Now the application of formula
(1.43) of Theorem 1.10 yields the necessity of condition (2.8).

Now, under the second-order regularity assumptions suppose that (2.7) holds for
all i ∈ {1, . . . , d} and for all x in a neighborhood of x0 and the (d − 1) × (d − 1)-
matrix whose (i, j)th entry is given by (2.8) is positive definite. Since Mf,g,m;µ and
Mh,k,n;ν are twice continuously differentiable and by Theorem 2.1, we have Mf,g,m;µ

is locally smaller than Mh,k,n;ν at x0 ∈ I . �

In the special setting when T = [0, 1], d = 2, m is given by m((x, y), t) :=
tx + (1 − t)y, the above Corollary 2.2 simplifies to the result of [36, Theorem 5].
Now we consider the particular case when the families of means m and n as well as
the measures µ and ν coincide.

COROLLARY 2.3. Let (f, g), (h, k) ∈ C2(I), letm ∈ C2(Id×T ) be a measurable
family of means, and let µ be a probability measure on the measurable space (T,A).
Let x0 ∈ I and assume that there exists i ∈ {1, . . . , d − 1} such that, the map
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t 7→ ∂im(x
(d)
0 , t) is not µ-almost everywhere constant on T . If Mf,g,m;µ is locally

smaller than Mh,k,m;µ at x0 ∈ I , then

(2.9) Φf,g(x0) ≤ Φh,k(x0).

On the other hand, if the functions

t 7→ ∂im(x
(d)
0 , t)− 〈∂im〉µ

(
x
(d)
0

)
(i ∈ {1, . . . , d− 1})

are µ-linearly independent and (2.9) holds with strict inequality, then Mf,g,m;µ is
locally smaller than Mh,k,m;µ at x0 ∈ I .

PROOF. Assume that Mf,g,m;µ is locally smaller than Mh,k,m;µ at x0 ∈ I . Then,
by Corollary 2.2, the (d− 1)× (d− 1)-matrix whose (i, j)th entry is given by

(2.10)
〈
∂∗im∂∗jm

〉
µ

(
x
(d)
0

)
· (Φh,k(x0)− Φf,g(x0))

for i, j ∈ {1, . . . , d − 1} is positive semidefinite at x0 ∈ I . This implies that all the
diagonal elements of this matrix are nonnegative, i.e., for all i ∈ {1, . . . , d− 1},

(2.11)
〈
(∂∗im)2

〉
µ

(
x
(d)
0

)
· (Φh,k(x0)− Φf,g(x0)) ≥ 0.

If, for some i ∈ {1, . . . , d−1}, the map t 7→ ∂im(x
(d)
0 , t) is not µ-almost everywhere

constant, then
µ({t | ∂im(x

(d)
0 , t) 6= 〈∂im〉µ

(
x
(d)
0

)
}) > 0,

whence 〈
(∂∗im)2

〉
µ

(
x
(d)
0

)
=

∫
T

(
∂im(x

(d)
0 , t)− 〈∂im〉µ

(
x
(d)
0

))2
dµ(t) > 0.

This inequality, combined with (2.11), implies that

Φh,k(x0)− Φf,g(x0) ≥ 0,

i.e, the inequality (2.9) holds.
Now assume that the functions

(2.12) t 7→ ∂im(x
(d)
0 , t)− 〈∂im〉µ

(
x
(d)
0

)
(i ∈ {1, . . . , d− 1})

are µ-linearly independent and (2.9) holds with strict inequality. It is clear that the
(d− 1)× (d− 1)-matrix whose (i, j)th entry is given by
(2.13)〈
∂∗im∂∗jm

〉
µ

(
x
(d)
0

)
=

∫
T

(
∂im(x

(d)
0 , t)− 〈∂im〉µ

(
x
(d)
0

))(
∂jm(x

(d)
0 , t)− 〈∂jm〉µ

(
x
(d)
0

))
dµ(t)

for i, j ∈ {1, . . . , d−1} is a so-called Gram matrix which is always positive semidef-
inite (see [10]). Since the functions (2.12) are µ-linearly independent it follows that
the Gram matrix with entries given by (2.13) is positive definite. This result, com-
bined with the strict inequality (2.9), implies that the (d− 1)× (d− 1)-matrix whose
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(i, j)th entry is given by (2.10) is positive definite at x0 ∈ I . Hence, by Corollary 2.2,
Mf,g,m;µ is locally smaller than Mh,k,m;µ at x0 ∈ I . �

LEMMA 2.4. Let (p, q) ∈ Γ and let the functions f and g be given by equations
(1.10). Then, for x ∈ R+,

Φf,g(x) =
p+ q − 1

x
and Ψf,g(x) = −pq

x2
.

PROOF. Using the notations (1.12) and (1.13), we have that (1.11) holds. One
can obtain that, for x, y ∈ R+,

∂1βp,q(x, y) = yp+q−1η′p,q

(x
y

)
, ∂21βp,q(x, y) = yp+q−2η′′p,q

(x
y

)
,

and
∂21∂2βp,q(x, y) = (p+ q − 2)yp+q−3η′′p,q

(x
y

)
− xyp+q−4η′′′p,q

(x
y

)
.

One can also easily get (in each of the three possible cases for (p, q)) that

η′p,q(1) = 1, η′′p,q(1) = p+ q − 1, and η′′′p,q(1) = p2 + pq + q2 − 3(p+ q) + 2.

Combining the above formulas, for x ∈ R+, it follows that

∂1βp,q(x, x) = xp+q−1, ∂21βp,q(x, x) = (p+ q − 1)xp+q−2,

and
∂21∂2βp,q(x, x) = pqxp+q−3.

Finally applying these equalities, for x ∈ R+, we get

(2.14) Φf,g(x) =
∂21Df,g(x, x)

∂1Df,g(x, x)
=
∂21βp,q(x, x)

∂1βp,q(x, x)
=
p+ q − 1

x

and

(2.15) Ψf,g(x) = −
∂21∂2Df,g(x, x)

∂1Df,g(x, x)
= −∂

2
1∂2βp,q(x, x)

∂1βp,q(x, x)
= −pq

x2
.

This completes the proof. �

Now we formulate a particular case concerning generalized Gini means when the
partial derivatives can be calculated more explicitly.

COROLLARY 2.5. Let (p, q), (r, s) ∈ Γ, let m ∈ C2(Id×T ) and n ∈ C2(Id×S)
be measurable families of means such that (1.14) holds for m and n, and let µ and
ν be probability measures on the measurable spaces (T,A) and (S,B), respectively.
Suppose that Gp,q,m;µ is locally smaller than Gr,s,n;ν at x0 ∈ I . Then, there exists a
neighborhood U ⊆ I of x0 such that for x ∈ U , for all i ∈ {1, . . . , d}, (2.7) holds. In
addition, the (d− 1)× (d− 1)-matrix whose (i, j)th entry is given by

(2.16)

〈
∂∗i n∂

∗
jn
〉
ν

(
x
(d)
0

)
(p+ q − 1)

1

x0
+ 〈∂i∂jn〉ν

(
x
(d)
0

)
−
〈
∂∗im∂∗jm

〉
µ

(
x
(d)
0

)
(r + s− 1)

1

x0
− 〈∂i∂jm〉µ

(
x
(d)
0

)
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for i, j ∈ {1, . . . , d− 1} is positive semidefinite.
On the other hand, if (2.7) holds for all i ∈ {1, . . . , d} and for all x in a neigh-

borhood of x0 and the (d− 1)× (d− 1)-matrix whose (i, j)th entry is given by (2.16)
is positive definite, then Gp,q,m;µ is locally smaller than Gr,s,n;ν at x0 ∈ I .

PROOF. The proof is a direct consequence of Corollary 2.2 and formula (2.14).
�

COROLLARY 2.6. Let (p, q), (r, s) ∈ Γ, let m ∈ C2(Id × T ) be a measur-
able family of means such that inequality (1.14) holds, and let µ be a probability
measure on the measurable space (T,A). Let x0 ∈ I and assume that there exists
i ∈ {1, . . . , d − 1} such that, the map t 7→ ∂im(x

(d)
0 , t) is not µ-almost everywhere

constant on T . If Gp,q,m;µ is locally smaller than Gr,s,m;µ at x0 ∈ I , then

(2.17) p+ q ≤ r + s.

On the other hand, if x0 ∈ I , the functions

t 7→ ∂im(x
(d)
0 , t)− 〈∂im〉µ

(
x
(d)
0

)
(i ∈ {1, . . . , d− 1})

are µ-linearly independent and (2.17) holds with strict inequality, then Gp,q,m;µ is
locally smaller than Gr,s,m;µ at x0 ∈ I .

PROOF. Applying Corollary 2.3 and using formula (2.14), the result follows im-
mediately. �

2.2. Global comparison of generalized Bajraktarević means

In the rest of the sequel, we consider the case when µ = ν and m = n. In what
follows, we give a condition containing two independent variables for (2.1) which
does not involve the measure µ and assumes first-order continuous differentiability of
the Chebyshev system. In the special setting when T = [0, 1], d = 2, m is given by
m((x, y), t) := tx + (1 − t)y, the following theorem simplifies to the result of [36,
Theorem 6].

THEOREM 2.7. Let (f, g), (h, k) ∈ C1(I) be Chebyshev systems, let T be a com-
pact and connected topological space and letm : Id×T → R be a continuous family
of d-variable means. Define the set Um by

(2.18) Um := {(u, v) | ∃xxx ∈ Id : u, v ∈ [m(xxx),m(xxx)]} =
⋃
xxx∈Id

[m(xxx),m(xxx)]2.

The following three assertions are equivalent:
(i) For all Borel probability measures µ on T ,

(2.19) Mf,g,m;µ(xxx) ≤Mh,k,m;µ(xxx) (xxx ∈ Id).
(ii) There exists a nullsequence (γj) of positive numbers in [0, 1] such that, for all

t0, t ∈ T and for all j ∈ N,

(2.20) Mf,g,m;(1−γj)δt0+γjδt(xxx) ≤Mh,k,m;(1−γj)δt0+γjδt(xxx) (xxx ∈ Id).
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(iii) For all (u, v) ∈ Um,

(2.21)
Df,g(u, v)

∂1Df,g(v, v)
≤

Dh,k(u, v)

∂1Dh,k(v, v)
.

PROOF. The implication (i)=⇒(ii) is obvious. To prove (ii)=⇒(iii), let (u, v) ∈
Um. Then there exists xxx ∈ Id such that u, v ∈ [m(xxx),m(xxx)]. Due to the compactness
and connectedness of T , we have that (1.6) holds. Therefore, there exits t0, t ∈ T such
that u = m(xxx, t) and v = m(xxx, t0). Applying Lemma 1.11 twice with the measure
sequence µj := (1− γj)δt0 + γjδt and using inequality (2.19), we get

Df,g(u, v)

∂1Df,g(v, v)
=

Df,g(m(xxx, t),m(xxx, t0))

∂1Df,g(m(xxx, t0),m(xxx, t0))
= lim

j→∞

1

γj

[
Mf,g,m;µj (xxx)−m(xxx, t0)

]
≤ lim

j→∞

1

γj

[
Mh,k,m;µj (xxx)−m(xxx, t0)

]
=

Dh,k(m(xxx, t),m(xxx, t0))

∂1Dh,k(m(xxx, t0),m(xxx, t0))

=
Dh,k(u, v)

∂1Dh,k(v, v)
,

which proves (2.21).
For the proof of (iii)=⇒(i), letxxx ∈ Id be arbitrarily fixed. In view of the inclusion

Mh,k,m;µ(xxx) ∈ [m(xxx),m(xxx)] and the equality (1.6), there exits t0 ∈ T such that

m(xxx, t0) := Mh,k,m;µ(xxx).

Taking any t ∈ T and applying inequality (2.21) for u := m(xxx, t) and v := m(xxx, t0),
we get

Df,g(m(xxx, t),m(xxx, t0))

∂1Df,g(m(xxx, t0),m(xxx, t0))
≤

Dh,k(m(xxx, t),m(xxx, t0))

∂1Dh,k(m(xxx, t0),m(xxx, t0))
.

Integrating this inequality with respect to the variable t ∈ T , we get∫
T Df,g

(
m(xxx, t),Mh,k,m;µ(xxx)

)
dµ(t)

∂1Df,g

(
Mh,k,m;µ(xxx),Mh,k,m;µ(xxx)

) ≤ ∫T Dh,k

(
m(xxx, t),Mh,k,m;µ(xxx)

)
dµ(t)

∂1Dh,k

(
Mh,k,m;µ(xxx),Mh,k,m;µ(xxx)

) .
By the definition of the value Mh,k,m;µ(xxx), the numerator of the right hand side of
this inequality is zero, whence we obtain∫

T Df,g

(
m(xxx, t),Mh,k,m;µ(xxx)

)
dµ(t)

∂1Df,g

(
Mh,k,m;µ(xxx),Mh,k,m;µ(xxx)

) ≤ 0.

If ∂1Df,g(x, x) < 0 for all x ∈ I , then

(2.22)
∫
T
Df,g

(
m(xxx, t),Mh,k,m;µ(xxx)

)
dµ(t) ≥ 0

and also (f, g) is a positive Chebyshev system, hence, by Lemma 1.1, the
above inequality implies that (2.19) holds. In the other possible case, i.e., when
∂1Df,g(x, x) > 0 for all x ∈ I , then inequality (2.22) is reversed but (f, g) is a
negative Chebyshev system, thus by Lemma 1.1 again, inequality (2.19) follows. �
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Having a look at the proof, one can see that the compactness and connectedness
of T was only used to prove implication (ii)=⇒(iii).

COROLLARY 2.8. Let (p, q), (r, s) ∈ Γ, let T be a compact and connected topo-
logical space and letm : Id×T → R be a continuous family of means with inequality
(1.14). Then the following assertions are equivalent:

(i) For all Borel probability measures µ on T ,

(2.23) Gp,q,m;µ(xxx) ≤ Gr,s,m;µ(xxx) (xxx ∈ Id).
(ii) There exists a null sequence (γj) of positive numbers in [0, 1] such that, for all

t0, t ∈ T and for all j ∈ N,

(2.24) Gp,q,m;(1−γj)δt0+γjδt(xxx) ≤ Gr,s,m;(1−γj)δt0+γjδt(xxx) (xxx ∈ Id).
(iii)

(2.25) ηp,q(t) ≤ ηr,s(t)
(
t ∈

]
(m∗)−1,m∗

[)
.

(iv) In the case m∗ = +∞,

(2.26) min(p, q) ≤ min(r, s) and max(p, q) ≤ max(r, s),

while in the case m∗ < +∞,
(2.27)
ηp,q
(
(m∗)−1

)
≤ ηr,s

(
(m∗)−1

)
, ηp,q

(
m∗
)
≤ ηr,s

(
m∗
)
, and p+ q ≤ r + s.

PROOF. Applying Theorem 2.7 and using notations introduced in (1.11) and
(1.13) imply that conditions (2.23) and (2.24) are equivalent to the inequality

βp,q(v, u)

∂1βp,q(u, u)
≤ βr,s(v, u)

∂1βr,s(u, u)
((u, v) ∈ Um),

where the set Um is defined in (2.18). This inequality can be rewritten as

vηp,q

(u
v

)
≤ vηr,s

(u
v

)
((u, v) ∈ Um).

Observe that

(2.28)
]
(m∗)−1,m∗

[
⊆
{u
v

: (u, v) ∈ Um
}
⊆
[
(m∗)−1,m∗

]
.

Indeed, if t ∈
]
(m∗)−1,m∗

[
and t ≥ 1, then t < m∗, hence there exits xxx ∈ Id

such that t < m(xxx)
m(xxx) . Then, with v = m(xxx), u = tm(xxx), we have that t = u

v and
u, v ∈ [m(xxx),m(xxx)]. Therefore t is of the form u

v for some (u, v) ∈ Um. A similar
argument yields for t ≤ 1 a similar representation. This proves the first inclusion.

For the second inclusion, observe that if (u, v) ∈ Um, then, for some xxx ∈ Id, we
have u, v ∈ [m(xxx),m(xxx)]. Hence

(m∗)−1 ≤ m(xxx)

m(xxx)
≤ u

v
≤ m(xxx)

m(xxx)
≤ m∗.

Therefore, in view of the inclusions in (2.28), inequality (1.13) is equivalent to condi-
tion (2.25).
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To show the equivalence of condition (iv) to the previous ones, we have to dis-
tinguish two cases. If m∗ = +∞, then (m∗)−1 = 0, therefore (iii) can be rewritten
as

ηp,q(t) ≤ ηr,s(t)
(
t ∈ ]0,∞[

)
.

This inequality is known to be equivalent (cf. [15]) to the comparison inequality

Gp,q(xxx) ≤ Gr,s(xxx) (d ∈ N, xxx ∈
]
0,∞[d),

of Gini means (with arbitrary many variables over the interval ]0,∞[). In view of
the result [15, Satz 5], the above inequality is characterized by the condition (2.26).
Therefore (iii) is equivalent to (iv) in this case.

Now consider the case m∗ < +∞. Then the inequality in (iii) is equivalent to the
comparison inequality

Gp,q(xxx) ≤ Gr,s(xxx) (d ∈ N, xxx ∈
]
1,m∗[d),

of Gini means (with arbitrary many variables over the interval ]1,m∗[). Using the
results of the papers [25, Theorem 7] or [47], it follows that the above inequality is
characterized by (2.27), which implies that (iii) is equivalent to (iv) also in this case.
This completes the proof of the corollary. �

2.3. Comparison of generalized quasi-arithmetic means

In the next result we offer 6 equivalent conditions for the comparison of d-variable
generalized quasi-arithmetic means. The interesting feature of this result is the equiv-
alence of the global and local comparability.

THEOREM 2.9. Let f, h : I → R be twice continuously differentiable functions
with non-vanishing first derivatives, and let m ∈ C2(Id × T ) be a measurable family
of d-variable means. Let µ0 be a probability measure such that, for all x0 ∈ I , there
exists i ∈ {1, . . . , d − 1} such that t 7→ ∂im(xxx0, t) is not µ0-almost everywhere
constant on T . The following assertions are equivalent:

(i) For all Borel probability measures µ on T ,

(2.29) Mf,1,m;µ(xxx) ≤Mh,1,m;µ(xxx) (xxx ∈ Id).
(ii)

Mf,1,m;µ0(xxx) ≤Mh,1,m;µ0(xxx) (xxx ∈ Id).
(iii) For all x0 ∈ I , there exists a neighborhood U ⊆ I of x0 such that

Mf,1,m;µ0(xxx) ≤Mh,1,m;µ0(xxx) (xxx ∈ Ud).
(iv) For all x ∈ I ,

(2.30)
f ′′(x)

f ′(x)
≤ h′′(x)

h′(x)
.

(v) The function h ◦ f−1 is convex (concave) on f(I) provided that f is increasing
(decreasing).
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(vi) For all (u, v) ∈ I2,

(2.31)
f(u)− f(v)

f ′(v)
≤ h(u)− h(v)

h′(v)
.

PROOF. The implications (i)=⇒(ii) and (ii)=⇒(iii) are trivial.
To prove (iii)=⇒(iv), will apply Corollary 2.3. Let x0 ∈ I be arbitrary. Then

(iii) asserts that Mf,1,m;µ0 is locally smaller than Mh,1,m;µ0 at x0 and we also have
an index i ∈ {1, . . . , d − 1} such that t 7→ ∂im(xxx0, t) is not µ0-almost everywhere
constant on T . Therefore, by Corollary 2.3, inequality (2.9) follows with the functions
g := k := 1. It is immediate to see that (2.9) implies (2.30) for x = x0.

Now assume (iv) and that f is increasing (the nondecreasing case is analogous).
Then g := h ◦ f−1 is twice differentiable on f(I). By (2.30), the ratio h′

f ′ is a non-

decreasing function. Therefore, g′ = h′◦f−1

f ′◦f−1 is also nondecreasing, which proves that
g′′ ≥ 0. Hence g must be convex on f(I), i.e., (v) holds.

If (v) is valid and f is increasing, then the convexity of g := h ◦ f−1 implies that

g(y) + g′(y)(x− y) ≤ g(x)

for all x, y ∈ f(I). With the substitution x = f(u), y = f(v), where u, v ∈ I , the
above inequality reduces to (2.31), proving (vi).

Finally, assume that (vi) holds. Observe that then (2.21) is valid for all (u, v) ∈
Um with the functions g := k := 1. Thus, the condition (iii) of Theorem 2.7 is satis-
fied, whence it follows that the mean Mf,1,m;µ0 is (globally) smaller than Mh,1,m;µ0

on Id, i.e., (2.29) holds. �

As an immediate consequence, we obtain the characterization of the comparison
among generalized Hölder means.

COROLLARY 2.10. Let I ⊆ R+, p, q ∈ R, and let m ∈ C2(Id × T ) be a mea-
surable family of d-variable means. Let µ0 be a probability measure such that, for all
x0 ∈ I , there exists i ∈ {1, . . . , d − 1} such that t 7→ ∂im(xxx0, t) is not µ0-almost
everywhere constant on T . The following assertions are equivalent:

(i) For all Borel probability measures µ on T ,

Hp,m;µ(xxx) ≤ Hq,m;µ(xxx) (xxx ∈ Id).
(ii)

Hp,m;µ0(xxx) ≤ Hq,m;µ0(xxx) (xxx ∈ Id).
(iii) For all x0 ∈ I , there exists a neighborhood U ⊆ I of x0 such that

Hp,m;µ0(xxx) ≤ Hq,m;µ0(xxx) (xxx ∈ Ud).
(iv) p ≤ q.

PROOF. By taking f(x) := xp if p 6= 0 and f(x) := log(x) if p = 0 and
h(x) := xq if q 6= 0 and h(x) := log(x) if q = 0 and applying Theorem 2.9
the result follows immediately because conditions (i), (ii) and (iii) are equivalent to
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the same conditions of Theorem 2.9, and p ≤ q is equivalent to condition (iv) of
Theorem 2.9. �



CHAPTER 3

Equality and homogeneity of generalized Bajraktarević
means

The aim of this chapter is to study the equality and the homogeneity problems of
these means, i.e., to find conditions for the generating functions (f, g) and (h, k), for
the family of means m, and for the measure µ such that the functional equation

Mf,g,m;µ(xxx) = Mh,k,m;µ(xxx) (xxx ∈ Id)
and the homogeneity property

Mf,g,m;µ(λxxx) = λMf,g,m;µ(xxx) (λ > 0, xxx, λxxx ∈ Id),
respectively, be satisfied. Our main results generalize that of the paper by Losonczi
and Páles [37], Losonczi [35] and also many former results obtained in various par-
ticular cases of this problem, cf. [1], [7], [8], [12], [26], [28], [29], [30], [31], [32],
[33], [34], [39], [48]. As direct applications of the results obtained on the equality of
generalized Bajraktarević means, we consider and solve the homogeneity problem of
these means under general conditions.

3.1. Equality of generalized Bajraktarević means

In this section we characterize the equality of generalized Bajraktarević means
under 3 times differentiability assumptions.

THEOREM 3.1. Let (f, g), (h, k) ∈ C3(I), let m ∈ C3(Id × T ) be a measurable
family of means, and let µ be a probability measure on the measurable space (T,A).
Assume that, there exists a dense subset D ⊆ I such that, for all x ∈ D,

(3.1) µ
({
t ∈ T | ∂∗1m

(
x(d), t

)
= · · · = ∂∗dm

(
x(d), t

)
= 0
})

< 1,

and there exist i, j, l ∈ {1, . . . , d} such that

(3.2)
〈
∂∗im∂∗jm∂∗lm

〉
µ

(
x(d)

)
6= 0.

Then the following assertions are equivalent:
(i) For all xxx ∈ Id,

(3.3) Mf,g,m;µ(xxx) = Mh,k,m;µ(xxx).

(ii) There exists an open set U ⊆ Id containing the subdiagonal {x(d) | x ∈ D}
such that, for all xxx ∈ U , the equality (3.3) holds.

37
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(iii) The two identities in (1.26) hold.
(iv) The pairs (f, g) and (h, k) are equivalent.

PROOF. The implication (i)⇒(ii) is trivial. The implications (iv)⇒(i) and
(iii)⇒(iv) are direct consequences of Lemma 1.2 and Theorem 1.5, respectively.
Therefore, it remains to show that condition (ii) implies (iii).

Assume that condition (ii) holds for some open set U ⊆ Id containing the subdi-
agonal {x(d) | x ∈ D}. By the regularity assumptions of the theorem, the two means
are 3 times continuously differentiable over U . Therefore, for all i, j, l ∈ {1, . . . , d}
and xxx ∈ U ,

∂iMf,g,m;µ(xxx) = ∂iMh,k,m;µ(xxx), ∂i∂jMf,g,m;µ(xxx) = ∂i∂jMh,k,m;µ(xxx),

∂i∂j∂lMf,g,m;µ(xxx) = ∂i∂j∂lMh,k,m;µ(xxx).

In particular, for all i, j, l ∈ {1, . . . , d} and x ∈ D, we have
(3.4)
∂iMf,g,m;µ(x(d)) = ∂iMh,k,m;µ(x(d)), ∂i∂jMf,g,m;µ(x(d)) = ∂i∂jMh,k,m;µ(x(d)),

∂i∂j∂lMf,g,m;µ(x(d)) = ∂i∂j∂lMh,k,m;µ(x(d)).

In order to show that the two identities in (1.26) hold on I , let x ∈ D be fixed.
Inequality (3.1) implies that, for some i ∈ {1, . . . , d},

µ
({
t ∈ T | ∂∗im

(
x(d), t

)
6= 0
})

> 0.

Thus, there exists a set S ⊆ T of positive µ-measure such that
(
∂∗im

(
x(d), t

))2
> 0

holds for all t ∈ S. This yields that

(3.5)
〈
(∂∗im)2

〉
µ

(
x(d)

)
> 0.

Using the second equality in (3.4) for j = i, and applying formula (1.43), we get that

Φf,g(x)
〈
(∂∗im)2

〉
µ

(
x(d)

)
= Φh,k(x)

〈
(∂∗im)2

〉
µ

(
x(d)

)
.

In view of (3.5), this equality implies that, for all x ∈ D,

(3.6) Φf,g(x) = Φh,k(x).

By the density of D in I and the continuity of the functions Φf,g and Φh,k, we obtain
that these functions are identical on I . Hence the first equality in (1.26) has been
verified.

Observe that, until now, we have used only twice continuous differentiability as-
sumptions. The third-order differentiability will only be used to derive the second
equality in (1.26).

By the assumptions of the theorem, for x ∈ D, there exists i, j, l ∈ {1, . . . , d}
such that (3.2) holds. The third equality in (3.4) combined with formula (1.44), and
then the identity Φf,g = Φh,k now imply that

Ψf,g(x)
〈
∂∗im∂∗jm∂∗lm

〉
µ

(
x(d)

)
= Ψh,k(x)

〈
∂∗im∂∗jm∂∗lm

〉
µ

(
x(d)

)
.
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Using condition (3.2), for all x ∈ D, this simplifies to

(3.7) Ψf,g(x) = Ψh,k(x).

The density of D in I and the continuity of the functions Ψf,g and Ψh,k yields that
these functions are identical on I . Therefore, the second equality in (1.26) has also
been shown. �

In the next corollary we consider the particular case of Theorem 3.1 when the
measurable family m is given in the form

(3.8) m(xxx, t) = ϕ1(t)x1 + · · ·+ ϕd(t)xd (xxx = (x1, . . . , xd) ∈ Id, t ∈ T ).

For a µ-integrable function ϕ : T → R define ϕ∗ : T → R by

ϕ∗(t) := ϕ(t)− 〈ϕ〉µ.

COROLLARY 3.2. Let (f, g), (h, k) ∈ C3(I), let µ be a probability measure on
the measurable space (T,A), let ϕ1, . . . , ϕd : T → [0, 1] be µ-measurable functions
with ϕ1 + · · ·+ ϕd = 1 and define the measurable family m : Id × T → R by (3.8).
Assume that

(3.9) µ
({
t ∈ T | ϕ∗1(t) = · · · = ϕ∗d(t) = 0

})
< 1,

and there exist i, j, l ∈ {1, . . . , d} such that

(3.10)
〈
ϕ∗i ϕ

∗
j ϕ
∗
l

〉
µ
6= 0.

Then the following assertions are equivalent:
(i) For all xxx ∈ Id, the equality (3.3) holds.

(ii) There exists a dense subset D ⊆ I and an open set U ⊆ Id containing the
subdiagonal {x(d) | x ∈ D} such that, for all xxx ∈ U , the equality (3.3) holds.

(iii) The pairs (f, g) and (h, k) are equivalent.

PROOF. The measurable family m : Id × T → R is given by (3.8), hence m ∈
C3(Id × T ) and, for all (xxx, t) ∈ Id × T and i, j, l ∈ {1, . . . , d}, we have

∂im(xxx, t) = ϕi(t) and ∂∗im(xxx, t) = ϕ∗i (t).

Therefore, conditions (3.9) and (3.10) are equivalent to (3.1) and (3.2), respectively.
Thus, the result is a direct consequence of Theorem 3.1. �

The next corollary concerns the case when T = [0, 1] and µ is a probability
measure on the sigma algebra of Borel subsets of [0, 1]. In this setting, define µ̂1 to
be the first moment and µn to be the nth centralized moment of the measure µ by

µ̂1 :=

∫
[0,1]

tdµ(t) and µn :=

∫
[0,1]

(t− µ̂1)n dµ(t) (n ∈ N).

COROLLARY 3.3. Let (f, g), (h, k) ∈ C3(I) such that g and k do not vanish on
I . Let µ be a probability measure on the sigma algebra of Borel subsets of [0, 1] with
µ2 6= 0 and µ3 6= 0. Then the following assertions are equivalent:
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(i) For all (x, y) ∈ I2, the equality

(3.11)

(
f

g

)−1( ∫
[0,1] f

(
tx+ (1− t)y

)
dµ(t)∫

[0,1] g
(
tx+ (1− t)y)

)
dµ(t)

)

=

(
h

k

)−1( ∫
[0,1] h

(
tx+ (1− t)y

)
dµ(t)∫

[0,1] k
(
tx+ (1− t)y)

)
dµ(t)

)
holds.

(ii) There exists a dense subset D ⊆ I and an open set U ⊆ I2 containing the
subdiagonal {(x, x) | x ∈ D} such that, for all (x, y) ∈ U , the equality (3.11)
holds.

(iii) The pairs (f, g) and (h, k) are equivalent.

PROOF. For the proof of the result, we will apply Corollary 3.2 in the case when
d = 2 and the measurable family of means m : I2 × [0, 1]→ R is given by

(3.12) m((x, y), t) := tx+ (1− t)y (x, y ∈ I, t ∈ [0, 1]),

that is, when ϕ1(t) := t and ϕ2(t) := 1 − t for t ∈ [0, 1]. In this case, we have that
ϕ∗1(t) = −ϕ∗2(t) = t − µ̂1 and, it is also immediately seen that conditions (3.9) and
(3.10) are equivalent to the inequalities µ2 6= 0 and µ3 6= 0, respectively. Therefore,
the result directly follows from Corollary 3.2. �

The next corollary concerns the equality of nonsymmetric weighted two-variable
Bajraktarević means.

COROLLARY 3.4. Let (f, g), (h, k) ∈ C3(I) such that g and k do not vanish on
I . Let s ∈]0, 12 [∪]12 , 1[. Then the following assertions are equivalent:

(i) For all (x, y) ∈ I2, the equality

(3.13)
(
f

g

)−1(sf(x) + (1− s)f(y)

sg(x) + (1− s)g(y)

)
=

(
h

k

)−1(sh(x) + (1− s)h(y)

sk(x) + (1− s)k(y)

)
holds.

(ii) There exists a dense subset D ⊆ I and an open set U ⊆ I2 containing the
subdiagonal {(x, x) | x ∈ D} such that, for all (x, y) ∈ U , the equality (3.13)
holds.

(iii) The pairs (f, g) and (h, k) are equivalent.

PROOF. Let s ∈]0, 12 [∪]12 , 1[ and apply the previous corollary for the measure
µ := (1 − s)δ0 + sδ1. Then µ is a probability measure on the sigma algebra of the
Borel sets of [0, 1] and, for any continuous function ϕ : [0, 1]→ R, we have
(3.14)∫

T
ϕ(t) dµ(t) =

∫
T
ϕ(t) d((1− s)δ0 + sδ1)(t) = (1− s) · ϕ(0) + s · ϕ(1).
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Therefore,

µ̂1 =

∫
T
t dµ(t) = (1− s) · 0 + s · 1 = s

and

µ2 =

∫
T

(t− µ̂1)2 dµ(t) = (1− s) · (−s)2 + s · (1− s)2 = s(1− s) 6= 0,

µ3 =

∫
T

(t− µ̂1)3 dµ(t) = (1− s) · (−s)3 + s · (1− s)3 = s(1− s)(1− 2s) 6= 0.

Thus µ possesses the properties required in the previous corollary. To complete the
proof of the corollary, observe that, for any continuous function ψ : I → R and
x, y ∈ I , we have∫

[0,1]
ψ
(
tx+ (1− t)y

)
dµ(t) = sψ(x) + (1− s)ψ(y)

if (3.14) is applied to the function ϕ(t) := ψ(tx + (1 − t)y). In view of the above
equality for ψ ∈ {f, g, h, k}, equation (3.13) is equivalent to (3.11) and hence Corol-
lary 3.3 directly implies Corollary 3.4. �

3.2. Equality of generalized quasi-arithmetic means

In the following results, we are going to characterize the equality of generalized
quasi-arithmetic means in various settings.

THEOREM 3.5. Let f, g : I → R be twice continuously differentiable functions
such that f ′ and g′ do not vanish on I . Letm ∈ C2(Id×T ) be a measurable family of
means, and let µ be a probability measure on the measurable space (T,A). Assume
that, there exists a dense subset D ⊆ I such that, for all x ∈ D, condition (3.1) holds.
Then the following assertions are equivalent:

(i) For all xxx ∈ Id,

(3.15) f−1
(∫

T
f
(
m(xxx, t)

)
dµ(t)

)
= g−1

(∫
T
g
(
m(xxx, t)

)
dµ(t)

)
.

(ii) There exists an open set U ⊆ Id containing the subdiagonal {x(d) | x ∈ D}
such that, for all xxx ∈ U , the equality (3.15) holds.

(iii) The functions f ′′/f ′ and g′′/g′ are identical on I .
(iv) There exist real constants a, b such that g = af + b.

PROOF. The implications (i)⇒(ii) and (iv)⇒(i) are trivial. The implication
(iii)⇒(iv) can be seen directly by integrating the equality f ′′/f ′ = g′′/g′ twice.
Therefore, it remains to show that condition (ii) implies (iii).

First observe that the regularity conditions imply that (f, 1), (g, 1) ∈ C2(I). We
can also see that (3.15) is equivalent to the equality of the two generalized Bajrak-
tarević means Mf,1,m;µ and Mg,1,m;µ. Now repeating the same argument that was
followed in the proof of Theorem 3.1, we can deduce (under twice differentiability
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assumptions), that Φf,1 is equal to Φg,1 on I . This yields that f ′′/f ′ and g′′/g′ are
identical on I . �

COROLLARY 3.6. Let f, g : I → R be twice continuously differentiable functions
such that f ′ and g′ do not vanish on I , let µ be a probability measure on the mea-
surable space (T,A), let ϕ1, . . . , ϕd : T → [0, 1] be µ-measurable functions with
ϕ1 + · · ·+ ϕd = 1 such that condition (3.9) holds. Then the following assertions are
equivalent:

(i) For all (x1, . . . , xd) ∈ Id,

(3.16)
f−1

(∫
T
f
(
ϕ1(t)x1 + · · ·+ ϕd(t)xd)

)
dµ(t)

)
= g−1

(∫
T
g
(
ϕ1(t)x1 + · · ·+ ϕd(t)xd

)
dµ(t)

)
.

(ii) There exists an open set U ⊆ Id containing the subdiagonal {x(d) | x ∈ D}
such that, for all (x1, . . . , xd) ∈ U , the equality (3.16) holds.

(iii) There exist real constants a, b such that g = af + b.

The proof of this corollary is based on Theorem 3.5 and can be elaborated in the
same way as the proof of Corollary 3.2, the details are left to the reader.

The following consequence of Corollary 3.6 has been dealt with in the paper
[39, Theorem 7]. There f and g are assumed only to be continuous, however, the
equivalence to condition (ii) is missing.

COROLLARY 3.7. Let f, g : I → R be twice continuously differentiable functions
such that f ′ and g′ do not vanish on I . Let µ be a probability measure on the sigma
algebra of Borel subsets of [0, 1] with µ2 6= 0. Then the following assertions are
equivalent:

(i) For all (x, y) ∈ I2, the equality

(3.17) f−1
(∫

T
f
(
tx+ (1− t)y

)
dµ(t)

)
= g−1

(∫
T
g
(
tx+ (1− t)y

)
dµ(t)

)
holds.

(ii) There exists a dense subset D ⊆ I and an open set U ⊆ I2 containing the
subdiagonal {(x, x) | x ∈ D} such that, for all (x, y) ∈ U , the equality (3.17)
holds.

(iii) There exist real constants a, b such that g = af + b.

This result follows exactly in the same way from Corollary 3.6 as Corollary 3.3
follows from Corollary 3.2. The next statement is related to the equality problem of
weighted two-variable quasi-arithmetic means. We note that the equivalence of condi-
tions (i) and (iii) can be obtained under the assumption of continuity of the generating
functions f and g. For further and important particular cases of Corollary 3.7, we
refer to the examples elaborated in the paper [39].
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COROLLARY 3.8. Let f, g : I → R be twice continuously differentiable functions
such that f ′ and g′ do not vanish on I . Let s ∈]0, 1[. Then the following assertions
are equivalent:

(i) For all (x, y) ∈ I2, the equality

(3.18) f−1(sf(x) + (1− s)f(y)) = g−1(sg(x) + (1− s)g(y))

holds.
(ii) There exists a dense subset D ⊆ I and an open set U ⊆ I2 containing the

subdiagonal {(x, x) | x ∈ D} such that, for all (x, y) ∈ U , the equality (3.18)
holds.

(iii) There exist real constants a, b such that g = af + b.

The proof of the above corollary is analogous to that of Corollary 3.4. It can be
deduced from Corollary 3.7 by taking the measure µ := (1−s)δ0+sδ1 and observing
that µ2 = s(1− s) 6= 0.

3.3. Homogeneity of generalized Bajraktarević means

In this section we characterize the homogeneity of generalized Bajraktarević
means under 3 times differentiability assumptions.

Given a nonempty open subinterval I of R+ and c > 0, introduce the following
notations:

cI := {cx | x ∈ I} and I/I := {x/y | x, y ∈ I}.

These sets are also open subintervals of R+ and the interval I/I is logarithmically
symmetric with respect to 1, i.e., u ∈ I/I holds if and only if 1/u ∈ I/I . It is also
easy to see that the intersection Iλ := I ∩

(
1
λI
)

is nonempty if and only if λ ∈ I/I .
A d-variable mean M : Id → R is called homogeneous if, for all λ ∈ I/I and for

all xxx ∈ Idλ,
M(λxxx) = λM(xxx).

We will also use the following notation: For a function f : I → R and number λ > 0,
the function fλ :

(
1
λI
)
→ R is defined by

fλ(x) = f(λx).

LEMMA 3.9. Assume that m ∈ C1(Id × T ) is a homogeneous measurable family
of means, and µ is a probability measure on the measurable space (T,A). Then, for
all i ∈ {1, . . . , d} and for all t ∈ T , the mapping

I 3 x 7→ ∂∗im(x(d), t)

is constant on I .

PROOF. By the homogeneity of the measurable family m, for all λ ∈ I/I and for
all xxx ∈ Idλ, we have that

m(λxxx, t) = λm(xxx, t).
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Differentiating this identity with respect to the ith variable, we get

λ∂im(λxxx, t) = λ∂im(xxx, t),

which simplifies to
∂im(λxxx, t) = ∂im(xxx, t).

Let x, y ∈ I be arbitrary elements. Then, taking λ := y/x, and xxx := x(d), the above
equality yields that

∂im(y(d), t) = ∂im(x(d), t)

hold for all x, y ∈ I and t ∈ T . Using this identity, the statement of the lemma
follows immediately. �

THEOREM 3.10. Let (f, g) ∈ C3(I), let m ∈ C3(Id × T ) be a homogeneous
measurable family of means, and let µ be a probability measure on the measurable
space (T,A). Assume that there exists a point x0 ∈ I such that

(3.1) µ
({
t ∈ T | ∂∗1m

(
x
(d)
0 , t

)
= · · · = ∂∗dm

(
x
(d)
0 , t

)
= 0
})

< 1,

and there exist i, j, l ∈ {1, . . . , d} such that

(3.2)
〈
∂∗im∂∗jm∂∗lm

〉
µ

(
x
(d)
0

)
6= 0.

Then the following assertions are equivalent:
(i) Mf,g,m;µ is homogeneous.

(ii) For all λ ∈ I/I and for all xxx ∈ Idλ,

Mf,g,m;µ(xxx) = Mfλ,gλ,m;µ(xxx).

(iii) For all λ ∈ I/I , the pairs (f, g) and (fλ, gλ) are equivalent on the interval Iλ.
(iv) For all λ ∈ I/I and for all x ∈ Iλ,

Φf,g(x) = Φfλ,gλ(x) and Ψf,g(x) = Ψfλ,gλ(x).

(v) There exist two real numbers α, β such that y = f and y = g are solutions of
the second-order linear differential equation

(3.3) y′′(x) =
α

x
y′(x) +

β

x2
y(x) (x ∈ I).

(vi) There exists a pair (p, q) ∈ Γ such that Mf,g,m;µ is equal to the d-variable
generalized Gini mean Gp,q,m;µ.

PROOF. Observe first that, based on Lemma 3.9, if there exists x0 ∈ I and i, j, l ∈
{1, . . . , d} such that conditions (3.1) and (3.2) hold, then they are also satisfied for all
x0 ∈ I .

In order to simplify the computations, in view of Lemma 1.3, we may assume that
g is positive, f/g is strictly monotone with a non-vanishing first-order derivative.

Let Mf,g,m;µ be a homogeneous mean. Then, for all λ ∈ I/I and xxx ∈ Idλ, we
have

1

λ
Mf,g,m;µ(λxxx) = Mf,g,m;µ(xxx).
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Fix λ ∈ I/I arbitrarily. Using that m is a homogeneous measurable family of means
and the definition of the functions fλ, gλ, we can rewrite the last equality as follows

(3.4)
1

λ

(
f

g

)−1(∫
T fλ

(
m(xxx, t)

)
dµ(t)∫

T gλ
(
m(xxx, t)

)
dµ(t)

)
=

(
f

g

)−1(∫
T f
(
m(xxx, t)

)
dµ(t)∫

T g
(
m(xxx, t)

)
dµ(t)

)
.

Also, one can easily see that, for all u ∈ (f/g)(I), we get

1

λ

(
f

g

)−1
(u) =

(
fλ
gλ

)−1
(u),

hence the equality in (3.4) reduces to

Mfλ,gλ,m;µ(xxx) = Mf,g,m;µ(xxx).

Therefore, the homogeneity of the mean Mf,g,m;µ implies (ii), that is the equality of
the two d-variable generalized Bajraktarević means Mf,g,m;µ and Mfλ,gλ,m;µ on Idλ.
In fact, from this argument, also the equivalence of these statements can be seen.

Applying Theorem 3.1 for h := fλ, k := gλ, we get that (ii), (iii), and (iv) are
equivalent to each other and therefore to (i), too.

In order to understand the content of condition (iv), observe first that, for all
x ∈ 1

λI ,

Φfλ,gλ(x) =
∂21Dfλ,gλ(x, x)

∂1Dfλ,gλ(x, x)
= λ

∂21Df,g(λx, λx)

∂1Df,g(λx, λx)
= λΦf,g(λx)

and similarly,

Ψfλ,gλ(x) = −
∂21∂2Dfλ,gλ(x, x)

∂1Dfλ,gλ(x, x)
= −λ2

∂21∂2Df,g(λx, λx)

∂1Df,g(λx, λx)
= λ2Ψf,g(λx).

Therefore, condition (iv) holds if and only if, for all λ ∈ I/I and x ∈ Iλ,

(3.5) λΦf,g(λx) = Φf,g(x) and λ2Ψf,g(λx) = Ψf,g(x).

We now show that the maps x 7→ xΦf,g(x) and x 7→ x2Ψf,g(x) are constants over
I . To see this, let u, v ∈ I be arbitrary. Then λ := v/u ∈ I/I and x := u ∈ Iλ.
Therefore, by first equality in (3.5),

uΦf,g(u) = uΦf,g(x) = uλΦf,g(λx) = vΦf,g(v),

which proves that x 7→ xΦf,g(x) is a constant map on I . Denoting the value of this
map by α, we get that

(3.6) Φf,g(x) =
α

x
(x ∈ I).

A completely similar argument applied for the second identity in (3.5) shows that
there exists a constant β ∈ R such that

(3.7) Ψf,g(x) =
β

x2
(x ∈ I).

One can also see that these identities are also sufficient for (3.5) to hold.
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Using Lemma 1.4, formulae (3.6) and (3.7), we can see that condition (v) is ful-
filled. To prove the implication (v)⇒(vi), assume that y = f and y = g are solutions
of the homogeneous second-order Cauchy–Euler equation (3.3) for some α, β ∈ R.
For a function y : I → R define Y := y ◦ exp. Then y = Y ◦ log, and using the chain
rule, we deduce that

y′(x) =
1

x
Y ′(log x) and y′′(x) =

1

x2
(
Y ′′(log x)− Y ′(log x)

)
.

Substituting these expressions into equation (3.3), we get that y : I → R is a solution
of (3.3) if and only if Y : log(I) → R is the solution of the following homogeneous
second-order differential equation with constant coefficients

(3.8) Y ′′(u) = (α+ 1)Y ′(u) + βY (u) (u ∈ log(I)).

Denote by p and q the roots of the characteristic polynomial

(3.9) r2 − (α+ 1)r − β = 0.

Then, we have that (p, q) ∈ Γ. Therefore, either p, q ∈ R or p = q̄ = a+ bi ∈ C \R.
According to these possibilities, a fundamental system Y1, Y2 : log(I) → R for the
solution of (3.8) can be obtained in the following form

Y1(u) = exp(pu), Y2(u) = exp(qu) if p, q ∈ R, p 6= q,

Y1(u) = exp(pu), Y2(u) = u exp(pu) if p = q ∈ R,
Y1(u) = exp(au) cos(bu), Y2(u) = exp(au) sin(bu) if p = q̄.

Substituting u = log x, we get that the functions y1, y2 : I → R defined by

y1(x) = xp, y2(x) = xq if p, q ∈ R, p 6= q,

y1(x) = xp log(x), y2(x) = xp if p = q ∈ R,
y1(x) = xa cos(b log(x)), y2(x) = xa sin(b log(x)) if p = q̄ 6∈ R.

form a fundamental system of differential equation (3.3). Therefore, f and g are
linear combinations of y1 and y2. Thus the pairs (f, g) and (y1, y2) determine the
same Bajraktarević mean (provided that they belong to C3(I). It is obvious that these
functions are infinitely many times differentiable. One can also easily see that their
Wronski determinant does not vanish anywhere. As we have seen it in Chapter 1,
these functions always form a Chebyshev system on R+ if p, q ∈ R. On the other
hand, if p = q̄ 6∈ R, then (y1, y2) is a Chebyshev system over I if and only if I/I is
contained in the open interval

]
exp

(
− π
|b|
)
, exp

(
π
|b|
)[

.
This implies that, in each of the above cases, Mf,g,m;µ is equal to the d-variable

generalized Gini mean Gp,q,m;µ (which we defined in the Chapter 1). Hence the im-
plication (v)⇒(vi) is satisfied.

To complete the proof of the theorem, we can easily prove the implication
(vi)⇒(iv). Assume that, for some (p, q) ∈ Γ, we have

Mf,g,m;µ(xxx) = Gp,q,m;µ(xxx) (xxx ∈ Id),
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then Theorem 3.1 implies that the pairs (f, g) and (y1, y2) are equivalent. Therefore,
Theorem 1.5 and Lemma 2.4 imply that

Φf,g(x) = Φy1,y2(x) =
p+ q − 1

x
and Ψf,g(x) = Ψy1,y2(x) = −pq

x2
.

Then, for all λ ∈ I/I and x ∈ Iλ, the two equations of condition (iv) are trivially
satisfied. This completes the proof of the theorem. �

In the following result, we derive an important particular case of Theorem 3.10
when the measurable family of means consists of weighted d-variable arithmetic
means.

COROLLARY 3.11. Let (f, g) ∈ C3(I), let µ be a probability measure on the
measurable space (T,A), let ϕ1, . . . , ϕd : T → [0, 1] be µ-measurable functions
with ϕ1 + · · ·+ ϕd = 1 and define the measurable family m : Id × T → R by (3.8).
Assume that conditions (3.9) and (3.10) are satisfied. Then Mf,g,m;µ is homogeneous
if and only if there exists a pair (p, q) ∈ Γ such thatMf,g,m;µ is equal to the d-variable
generalized Gini mean Gp,q,m;µ.

PROOF. Applying the same argument as in the proof of Corollary 3.2, the verifi-
cation of this corollary directly follows from the previous theorem because the mea-
surable family m is trivially homogeneous and infinitely many times differentiable,
furthermore, (3.9) and (3.10) imply conditions (3.1) and (3.2). �

The following two results are direct consequences of Corollary 3.11. Their proofs
go on the same line as the proofs of Corollary 3.3 and Corollary 3.4, respectively but
using Corollary 3.11 instead of Corollary 3.2.

COROLLARY 3.12. Let (f, g) ∈ C3(I) such that g does not vanish on I . Let µ be
a probability measure on the sigma algebra of Borel subsets of [0, 1] with µ2 6= 0 and
µ3 6= 0. Then the the functional equation(

f

g

)−1(∫
[0,1] f

(
tλx+ (1− t)λy

)
dµ(t)∫

[0,1] g
(
tλx+ (1− t)λy

)
dµ(t)

)

=λ

(
f

g

)−1(∫
[0,1] f

(
tx+ (1− t)y

)
dµ(t)∫

[0,1] g
(
tx+ (1− t)y

)
dµ(t)

)

holds for all λ ∈ I/I and for all (x, y) ∈ I2 if and only if there exists a pair (p, q) ∈ Γ
such that, for all x, y ∈ I , the expression(

f

g

)−1(∫
[0,1] f

(
tx+ (1− t)y

)
dµ(t)∫

[0,1] g
(
tx+ (1− t)y

)
dµ(t)

)



48 CHAPTER 3. EQUALITY AND HOMOGENEITY OF GENERALIZED MEANS

is of the form

(∫
[0,1]

(
tx+ (1− t)y)

)p
dµ(t)∫

[0,1]

(
tx+ (1− t)y)

)q
dµ(t)

) 1
p−q

if p, q ∈ R, p 6= q,

exp

(∫
[0,1]

(
tx+ (1− t)y)

)p
log
(
tx+ (1− t)y)

)
dµ(t)∫

[0,1]

(
tx+ (1− t)y

)p
dµ(t)

)
if p = q ∈ R,

exp

(
1

b
arctan

(∫
[0,1]

(
tx+ (1− t)y)

)a
sin
(
b log

(
tx+ (1− t)y)

))
dµ(t)∫

[0,1]

(
tx+ (1− t)y)

)a
cos
(
b log

(
tx+ (1− t)y)

))
dµ(t)

))
if p = q̄ = a+ bi, b 6= 0,

provided that, in the last case, the inclusion I ⊆
]

exp
(
− π

2|b|
)
, exp

(
π
2|b|
)[

holds.

The result presented in the above corollary was established by Losonczi in [35,
Theorem 2.1] under the assumption of six times continuous differentiability of f, g
and the moment conditions µ2 6= 0 and 5µ2µ

2
4 + µ4µ6 − 6µ22µ6 6= 0. Having a

careful look at the proof of this result in [35], under the condition µ3 6= 0, the above
conclusion was reached using only three times differentiability.

COROLLARY 3.13. Let (f, g) ∈ C3(I) such that g does not vanish on I . Let
s ∈]0, 12 [∪]12 , 1[. Then the functional equation(

f

g

)−1(sf(λx) + (1− s)f(λy)

sg(λx) + (1− s)g(λy)

)
= λ

(
f

g

)−1(sf(x) + (1− s)f(y)

sg(x) + (1− s)g(y)

)
holds for all λ ∈ I/I and for all (x, y) ∈ I2 if and only if there exists a pair (p, q) ∈ Γ
such that, for all x, y ∈ I , the expression(

f

g

)−1(sf(x) + (1− s)f(y)

sg(x) + (1− s)g(y)

)
is of the form

(
sxp + (1− s)yp

sxq + (1− s)yq

) 1
p−q

if p, q ∈ R, p 6= q,

exp

(
sxp log(x) + (1− s)yp log(y)

sxp + (1− s)yp

)
if p = q ∈ R,

exp

(
1

b
arctan

(
sxa sin(log(xb)) + (1− s)ya sin(log(yb))

sxa cos(log(xb)) + (1− s)ya cos(log(yb))

))
if p = q̄ = a+ bi, b 6= 0,

provided that, in the last case, the inclusion I ⊆
]

exp
(
− π

2|b|
)
, exp

(
π
2|b|
)[

holds.
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3.4. Homogeneity of generalized quasi-arithmetic means

In this section we consider particular cases of the results of the previous section,
when all the means are generalized quasi-arithmetic. Let I again be an open subinter-
val of R+. The proofs of the results can be obtained by combining the arguments of
the previous two sections therefore they are completely omitted.

THEOREM 3.14. Let f : I → R be a twice continuously differentiable function
such that f ′ does not vanish on I . Letm ∈ C2(Id×T ) be a homogeneous measurable
family of means, and let µ be a probability measure on the measurable space (T,A).
Assume that condition (3.1) holds. Then the following assertions are equivalent:

(i) Mf,1,m;µ is homogeneous.
(ii) For all λ ∈ I/I and for all xxx ∈ Idλ,

Mf,1,m;µ(xxx) = Mfλ,1,m;µ(xxx).

(iii) For all λ ∈ I/I , there exist real constants aλ, bλ such that fλ(x) = aλf(x) + bλ
holds for all x ∈ Iλ.

(iv) For all λ ∈ I/I , the functions f ′′/f ′ and f ′′λ/f
′
λ are identical on Iλ.

(v) There exists a real number α such that y = f is a solution of the second-order
linear differential equation

y′′(x) =
α

x
y′(x) (x ∈ I).

(vi) There exists a real number p such that Mf,1,m;µ is equal to the d-variable gen-
eralized Hölder mean Hp,m;µ.

The above theorem reduces to the following result if the measurable family con-
sists of weighted arithmetic means.

COROLLARY 3.15. Let f : I → R be a twice continuously differentiable function
such that f ′ does not vanish on I . Let µ be a probability measure on the measurable
space (T,A), let ϕ1, . . . , ϕd : T → [0, 1] be µ-measurable functions with ϕ1 + · · ·+
ϕd = 1 and define the measurable family m : Id × T → R by (3.8). Assume that
conditions (3.9) is satisfied. Then the d-variable generalized quasi-arithmetic mean
Mf,1,m;µ is homogeneous if and only if there exists a real number p such thatMf,1,m;µ

is equal to the d-variable generalized Hölder mean Hp,m;µ.

The following particular case of Corollary 3.15 was obtained by Burai and Jarczyk
[12] in 2013.

COROLLARY 3.16. Let f : I → R be a twice continuously differentiable function
such that f ′ does not vanish on I . Let µ be a probability measure on the sigma algebra
of Borel subsets of [0, 1] with µ2 6= 0 and µ3 6= 0. Then the functional equation

f−1
( ∫
[0,1]

f
(
tλx+ (1− t)λy

)
dµ(t)

)
= λf−1

( ∫
[0,1]

f
(
tx+ (1− t)y

)
dµ(t)

)
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holds for all λ ∈ I/I and for all (x, y) ∈ I2 if and only if there exists p ∈ R such
that, for all x, y ∈ I ,

f−1
( ∫
[0,1]

f
(
tx+ (1− t)y

)
dµ(t)

)

=



( ∫
[0,1]

(
tx+ (1− t)y

)p
dµ(t)

) 1
p

if p 6= 0,

exp

( ∫
[0,1]

log
(
tx+ (1− t)y

)
dµ(t)

)
if p = 0.

Upon taking the particular measure µ := (1 − s)δ0 + sδ1 in the above corollary,
we can deduce a classical result for the homogeneity of two-variable weighted quasi-
arithmetic means (cf. [18]).

COROLLARY 3.17. Let f : I → R be a twice continuously differentiable function
such that f ′ does not vanish on I . Let s ∈]0, 12 [∪]12 , 1[. Then the functional equation

f−1(sf(λx) + (1− s)f(λy)) = λf−1(sf(x) + (1− s)f(y)

holds for all λ ∈ I/I and for all (x, y) ∈ I2 if and only if there exists a pair p ∈ R
such that, for all x, y ∈ I ,

f−1(sf(x) + (1− s)f(y)) =

(sxp + (1− s)yp)
1
p if p 6= 0,

xsy1−s if p = 0.



CHAPTER 4

On the invariance equation for two-variable weighted
nonsymmetric Bajraktarević means

The purpose of this chapter is to investigate the invariance of the arithmetic mean
with respect to two weighted Bajraktarević means, i.e., to solve the functional equa-
tion

(4.1) Bf,g((x, y), (t, s)) +Bh,k((x, y), (s, t)) = x+ y (x, y ∈ I; t, s ∈ R+)

or equivalently,(
f

g

)−1( tf(x) + sf(y)

tg(x) + sg(y)

)
+

(
h

k

)−1(sh(x) + th(y)

sk(x) + tk(y)

)
= x+ y,

where f, g, h, k : I → R are unknown continuous functions such that g, k are nowhere
zero on I , the ratio functions f/g, h/k are strictly monotone on I , and t, s ∈ R+ are
constants different from each other. By the main result of this chapter, the solutions of
the above invariance equation can be expressed either in terms of hyperbolic functions
or in terms of trigonometric functions and an additional weight function. For the
necessity part of this result, we will assume that f, g, h, k : I → R are four times
continuously differentiable.

4.1. Invariance equation

Given three strict means M,N,K : R2
+ → R+, we say that the triple (M,N,K)

satisfies the invariance equation if

K(M(x, y), N(x, y)) = K(x, y) (x, y ∈ R+)

holds. If this equation is valid, then we say that K is invariant with respect to the
mean-type mapping (M,N). The easiest example when the invariance equation is
satisfied is the well-known identity

√
xy =

√
x+ y

2
· 2xy

x+ y
(x, y ∈ R+).

The last identity means that

G(x, y) = G(A(x, y), H(x, y)) (x, y ∈ R+).

Another invariance equation is the identity

A⊗G(x, y) = A⊗G(A(x, y), G(x, y)) (x, y ∈ R+),
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52 CHAPTER 4. INVARIANCE OF NONSYMMETRIC BAJRAKTAREVIĆ MEAN

where A⊗G denotes Gauss’s arithmetic-geometric mean and defined as follows

A⊗G(x, y) =

(
2

π

∫ π
2

0

dt√
x2 cos2 t+ y2 sin2 t

)−1
(x, y ∈ R+).

The invariance equation in more general classes of means has been studied by
several authors in a large number of papers. The invariance equation of Hölder mean
solved completely by Daróczy and Páles [16].

THEOREM. Let p, q, r ∈ R. Then the invariance equation

Hr

(
Hp(x, y), Hq(x, y)

)
= Hr(x, y) (x, y ∈ R+)

is satisfied if and only if one of the following two possibilities holds:

(i) p = q = r, i.e., all the three means are equal to each other.
(ii) p+ q = r = 0, i.e., Hr is the geometric mean and Hp = H−q.

The more general invariance equation for quasi-arithmetic means was first solved
under infinitely many times differentiability by Sutô [54], [55] and later by Matkowski
[40] under twice continuous differentiability. Without imposing unnecessary regular-
ity conditions, this problem was finally solved by Daróczy and Páles [16].

THEOREM. Let f, g, h : I → R be continuous strictly monotone functions. Then
the invariance equation

Af
(
Ag(x, y), Ah(x, y)

)
= Af (x, y) (x, y ∈ I)

holds if and only if there exist a, b, c, d, p ∈ R with ac 6= 0 such that

g = aEp ◦ f + b, h = cE−p ◦ f + d,

where

Ep(t) :=

{
exp (pt) if p 6= 0,

t if p = 0.

Burai [11] and Jarczyk-Matkowski [20] studied the invariance equation involving
three weighted arithmetic means. Jarczyk [19] solved this problem without additional
regularity assumptions. The invariance of the arithmetic mean with respect to La-
grangian mean has been investigated by Matkowski (cf. [42]). The invariance of the
arithmetic, geometric, and harmonic means has been studied by Matkowski [41].

Given two continuous strictly monotone functions ϕ1, ϕ2 : I → R, the general-
ized quasi-arithmetic means A(ϕ1,ϕ2) : I2 → I is defined by

A(ϕ1,ϕ2)(x, y) := (ϕ1 + ϕ2)
−1
(
ϕ1(x) + ϕ2(y)

2

)
(x, y ∈ I),

which was introduced by Matkowski [43]. Baják and Páles [3] describes the invari-
ance of the arithmetic mean with respect to generalized quasi-arithmetic means.



4.1. INVARIANCE EQUATION 53

THEOREM. Let ϕ1, ϕ2, ψ1, ψ2 : I → R be four times continuously differentiable
functions such that ϕ′1ϕ

′
2 is positive on I . Then, for all x, y ∈ I , the functional

equation

(ϕ1 + ϕ2)
−1
(
ϕ1(x) + ϕ2(y)

2

)
+ (ψ1 + ψ2)

−1
(
ψ1(x) + ψ2(y)

2

)
= x+ y,

holds if and only if
(i) Either there exist real constants p, a1, a2, c1, c2, b1, b2, d1, d2 with p 6= 0, a1a2 >

0, c1c2 > 0 and a1c1 = a2c2 such that for x ∈ I ,

ϕ1(x) = a1Ep(x) + b1, ϕ2(x) = a2Ep(x) + b2,

ψ1(x) = c1E−p(x) + d1, ψ2(x) = c2E−p(x) + d2.

(ii) Or there exist real constants a, b, c, d1, d2 with ac 6= 0 such that, for x ∈ I ,

ϕ1(x) + ϕ2(x) = ax+ b, ψ1(x) = cϕ2(x) + d1, and ψ2(x) = cϕ1(x) + d2.

Recently, Baják and Páles [2], [4] have solved the invariance equations of two-
variable Gini and Stolarsky means, respectively.

THEOREM. Let p, q, r, s, u, v ∈ R. Then the invariance equation

Gp,q(Gr,s(x, y), Gu,v(x, y)) = Gp,q(x, y) (x, y ∈ R+)

holds if and only if one of the following possibilities holds
(i) p+q = r+s = u+v = 0, that is, all the three means are equal to the geometric

mean.
(ii) {p, q} = {r, s} = {u, v}, that is, all the three means are equal to each other.

(iii) {r, s} = {−u,−v} and p + q = 0, that is, Gp,q is the geometric mean and
Gr,s = G−u,−v.

(iv) There exist a, b ∈ R such that {r, s} = {a + b, b}, {u, v} = {a − b,−b}, and
{p, q} = {a, 0}, in this case Gp,q is the power mean.

(v) There exists c ∈ R such that {r, s} = {3c, c}, u+ v = 0, and {p, q} = {2c, 0},
in this case Gp,q is a power mean and Gu,v is the geometric mean.

(vi) There exists c ∈ R such that r + s = 0, {u, v} = {3c, c}, and {p, q} = {2c, 0},
in this case Gp,q is a power mean and Gr,s is the geometric mean.

THEOREM. Let p, q, r, s, u, v ∈ R. Then the invariance equation

Su,v(Sp,q(x, y), Sr,s(x, y)) = Su,v(x, y) (x, y ∈ R+)

holds if and only if one of the following possibilities holds
(i) p+q = r+s = u+v = 0, that is, all the three means are equal to the geometric

mean.
(ii) {p, q} = {r, s} = {u, v}, that is, all the three means are equal to each other.

(iii) {p, q} = {−r,−s} and u + v = 0, that is, Gu,v is the geometric mean and
Sp,q = S−r,−s.
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For brevity, we introduce the following notations: if a real parameter p ∈ R, then
we introduce the sine and cosine type functions Sp, Cp : R→ R by

Sp(x) :=


sin(
√
−px) if p < 0,

x if p = 0,

sinh(
√
px) if p > 0,

and Cp(x) :=


cos(
√
−px) if p < 0,

1 if p = 0,

cosh(
√
px) if p > 0.

By basic results on second-order linear homogeneous differential equations, it fol-
lows that the functions Sp and Cp constructed above form a fundamental system of
solutions for the differential equation

y′′ = py.

Now we are in the position to formulate the main theorem of this chapter.

THEOREM 4.1. Let p ∈ R, let ϕ : I → R+ be a positive continuous function and
let (f, g), (h, k) ∈ C0(I) such that

(4.2) (f, g) ∼ (Sp/ϕ,Cp/ϕ) and (h, k) ∼ (Sp · ϕ,Cp · ϕ).

Then, for all s, t ∈ R+, the invariance equation (4.1) holds.
Conversely, let (f, g), (h, k) ∈ C4(I) and t, s ∈ R+ with t 6= s such that the

functional equation (4.1) be valid. Then there exist a positive 4 times continuously
differentiable function ϕ : I → R+ and a real parameter p ∈ R such that the equiva-
lences (4.2) are satisfied.

4.2. Partial derivatives of weighted Bajraktarević means

To solve the invariance equation (4.1), we need to compute the partial derivatives

∂i1Bf,g((x, x), (t, s)) and ∂i1Bh,k((x, x), (s, t)) (i ∈ {1, 2, 3, 4}, x ∈ I).

According to Lemma 1.1, we can apply implicit differentiation for the identity

(4.3)
∣∣∣∣ tf(x) + sf(y) f(Bf,g((x, y), (t, s)))
tg(x) + sg(y) g(Bf,g((x, y), (t, s)))

∣∣∣∣ = 0 (x, y ∈ I),

which yields the partial derivative of the mean Bf,g((x, y), (t, s)) and, completely
analogously, one can calculate the partial derivatives of Bh,k((x, y), (s, t)).

THEOREM 4.2. Let t, s ∈ R+ be fixed. Then the following formulas are valid for
all x ∈ I .

(i) If (f, g) ∈ C1(I), then

(4.4) ∂1Bf,g((x, x), (t, s)) =
t

t+ s
.

(ii) If (f, g) ∈ C2(I), then

(4.5) ∂21Bf,g((x, x), (t, s)) =
ts

(t+ s)2
Φf,g(x).
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(iii) If (f, g) ∈ C3(I), then
(4.6)

∂31Bf,g((x, x), (t, s)) =
ts

(t+ s)3

(
(s− t)(Φ2

f,g + Ψf,g) + (2t+ s)Φ′f,g

)
(x).

(iv) If (f, g) ∈ C4(I), then

(4.7)

∂41Bf,g((x, x), (t, s))

=
ts

(t+ s)4

(
(s2 + 3ts+ 3t2)Φ′′f,g + (3s2 + 5ts− 5t2)Φ′f,gΦf,g

+ (s2 − 4ts+ t2)(Φ3
f,g + 2Φf,gΨf,g) + 2(s2 + ts− t2)Ψ′f,g

)
(x).

PROOF. For brevity, for x, y ∈ I , denote M(x, y) := Bf,g((x, y), (t, s)) and let

F denote the vector valued function
(
f
g

)
. Then, with these notations, (4.3) can be

rewritten as

(4.8)
∣∣ tF (x) + sF (y) F (M(x, y))

∣∣ = 0 (x, y ∈ I).

If (f, g) ∈ C1(I), then differentiating equation (4.3) with respect to the first vari-
able, we get
(4.9)∣∣ tF ′(x) F (M(x, y))

∣∣+
∣∣ tF (x) + sF (y) F ′(M(x, y))

∣∣ · ∂1M(x, y) = 0.

Substituting x = y, it follows that

tW 1,0
f,g (x) + (t+ s)W 0,1

f,g (x) · ∂1M(x, x) = 0.

Dividing both sides by (t+ s)W 1,0
f,g (x) 6= 0, this equality yields

∂1Bf,g((x, x), (t, s)) = ∂1M(x, x) =
t

t+ s
,

which is exactly formula (4.4).
Let (f, g) ∈ C2(I), then differentiating equation (4.9) with respect to the first

variable, we have
(4.10)∣∣ tF ′′(x) F (M(x, y))

∣∣+ 2
∣∣ tF ′(x) F ′(M(x, y))

∣∣ ∂1M(x, y)

+
∣∣ tF (x) + sF (y) F ′′(M(x, y))

∣∣ (∂1M(x, y))2

+
∣∣ tF (x) + sF (y) F ′(M(x, y))

∣∣ ∂21M(x, y) = 0.

Now putting x = y, we arrive at

tW 2,0
f,g (x) + (t+ s)W 0,2

f,g (x)(∂1M(x, x))2 + (t+ s)W 0,1
f,g (x) · ∂21M(x, x) = 0.
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Substituting the formula for ∂1M(x, x) obtained in equation (4.4), and then dividing
the equation side by side by (t+ s)W 1,0

f,g (x) 6= 0, it follows that

t

t+ s

W 2,0
f,g (x)

W 1,0
f,g (x)

+
t2

(t+ s)2

W 2,0
f,g (x)

W 1,0
f,g (x)

= ∂21M(x, x),

which yields that

∂21Bf,g((x, x), (t, s)) = ∂21M(x, x) =
t(t+ s)− t2

(t+ s)2
·
W 2,0
f,g (x)

W 1,0
f,g (x)

=
ts

(t+ s)2
Φf,g(x).

To determine the third-order partial derivative ∂31Bf,g((x, y), (t, s)), assume that
(f, g) ∈ C3(I). Then, by computing the derivative of (4.10) with respect to the first
variable, we get

(4.11)

∣∣ tF ′′′(x) F (M(x, y))
∣∣+ 3

∣∣ tF ′′(x) F ′(M(x, y))
∣∣ ∂1M(x, y)

+ 3
∣∣ tF ′(x) F ′(M(x, y))

∣∣ ∂21M(x, y)

+ 3
∣∣ tF ′(x) F ′′(M(x, y))

∣∣ (∂1M(x, y)
)2

+ 3
∣∣ tF (x) + sF (y) F ′′(M(x, y))

∣∣ ∂1M(x, y)∂21M(x, y)

+
∣∣ tF (x) + sF (y) F ′′′(M(x, y))

∣∣ (∂1M(x, y)
)3

+
∣∣ tF (x) + sF (y) F ′(M(x, y))

∣∣ ∂31M(x, y) = 0.

Taking x = y and using formulae (4.4) and (4.5), hence

tW 3,0
f,g (x) +

3t2

t+ s
W 2,1
f,g (x) +

3t3

(t+ s)2
W 1,2
f,g (x) +

3t2s

(t+ s)2
W 0,2
f,g (x)Φf,g(x)

+
t3

(t+ s)2
W 0,3
f,g (x) + (t+ s)W 0,1

f,g (x) · ∂31M(x, x) = 0

After simple calculations, the last equation reduces to

∂31M(x, x) =
ts(2t+ s)

(t+ s)3
·
W 3,0
f,g (x)

W 1,0
f,g (x)

+
3t2s

(t+ s)3
·
W 2,1
f,g (x)

W 1,0
f,g (x)

− 3t2s

(t+ s)3

W 2,0
f,g (x)

W 1,0
f,g (x)

Φf,g(x).

Using the first equation in (1.27) of Lemma 1.7 and the definitions of Φf,g and Ψf,g,
the required formula (4.6) follows easily.
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Finally, assume that (f, g) ∈ C4(I). Differentiating equation (4.11) with respect
to x, we get∣∣ tF ′′′′(x) F (M(x, y))

∣∣+ 4
∣∣ tF ′′′(x) F ′(M(x, y))

∣∣ ∂1M(x, y)

+ 6
∣∣ tF ′′(x) F ′′(M(x, y))

∣∣ (∂1M(x, y)
)2

+ 6
∣∣ tF ′′(x) F ′(M(x, y))

∣∣ ∂21M(x, y)

+ 4
∣∣ tF ′(x) F ′(M(x, y))

∣∣ ∂31M(x, y)

+ 12
∣∣ tF ′(x) F ′′(M(x, y))

∣∣ ∂1M(x, y)∂21M(x, y)

+ 4
∣∣ tF ′(x) F ′′′(M(x, y))

∣∣ (∂1M(x, y)
)3

+
∣∣ tF (x) + sF (y) F ′′′′(M(x, y))

∣∣ (∂1M(x, y)
)4

+ 6
∣∣ tF (x) + sF (y) F ′′′(M(x, y))

∣∣ (∂1M(x, y)
)2
∂21M(x, y)

+
∣∣ tF (x) + sF (y) F ′′(M(x, y))

∣∣ (3
(
∂21M(x, y)

)2
+ 4∂1M(x, y)∂31M(x, y)

)
+
∣∣ tF (x) + sF (y) F ′(M(x, y))

∣∣ ∂41M(x, y) = 0.

Analogously, putting x = y, using (4.4), (4.5), and (4.6), we obtain the following
equality(

tW 4,0
f,g +

4t2

t+ s
W 3,1
f,g +

6t2s

(t+ s)2
W 2,1
f,gΦf,g +

12t3s

(t+ s)3
W 1,2
f,gΦf,g +

4t4

(t+ s)3
W 1,3
f,g

+
t4

(t+ s)3
W 0,4
f,g +

6t3s

(t+ s)3
W 0,3
f,gΦf,g +

3t2s2

(t+ s)3
W 0,2
f,gΦ2

f,g

+
4t2s

(t+ s)3
W 0,2
f,g

(
(s− t)(Φ2

f,g + Ψf,g) + (2t+ s)Φ′f,g

))
(x)

+ (t+ s)W 0,1
f,g (x) · ∂41M(x, x) = 0.

Therefore,

∂41M(x, x) =
ts

(t+ s)4

(
(3t2 + 3st+ s2)

W 4,0
f,g

W 1,0
f,g

+ 4t(2t+ s)
W 3,1
f,g

W 1,0
f,g

− 6t2
W 3,0
f,g

W 1,0
f,g

Φf,g

+ 6t(s− t)
W 2,1
f,g

W 1,0
f,g

Φf,g − t ·
W 2,0
f,g

W 1,0
f,g

(
(7s− 4t)Φ2

f,g + 4(s− t)Ψf,g

+ 4(2t+ s)Φ′f,g

))
(x).

Using the identities in (1.27) and (1.28), the desired formula (4.7) follows immedi-
ately. �
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4.3. Necessity

LEMMA 4.3. Let t, s ∈ R+ and let (f, g), (h, k) ∈ C2(I) satisfy the functional
equation (4.1). Then

(4.12) Φf,g + Φh,k = 0

PROOF. Differentiation equation (4.1) twice with respect to x, then substituting
y = x, we get

∂21Bf,g((x, x), (t, s)) + ∂21Bh,k((x, x), (s, t)) = 0 (x ∈ I).

Then by the second-order partial derivative formula in (4.5), we obtain
ts

(t+ s)2
Φf,g(x) +

ts

(t+ s)2
Φh,k(x) = 0 (x ∈ I),

which implies the equality (4.12). �

Assuming that (f, g) ∈ C2(I), for simplicity, denote Φf,g by Φ. Then, if (4.1)
holds, according to the previous lemma, we have that

(4.13) Φh,k = −Φ.

LEMMA 4.4. Let t, s ∈ R+ with t 6= s and let (f, g), (h, k) ∈ C3(I) satisfy the
functional equation (4.1). Then

(4.14) Φ′ + Ψh,k −Ψf,g = 0.

PROOF. Differentiating (4.1) three times with respect to the variable x, then sub-
stituting y = x, we get

∂31Bf,g((x, x), (t, s)) + ∂31Bh,k((x, x), (s, t)) = 0 (x ∈ I).

Then the formula for the third-order partial derivatives by (4.6) implies that

(s− t)(Φ2
f,g + Ψf,g) + (2t+ s)Φ′f,g + (t− s)(Φ2

h,k + Ψh,k) + (2s+ t)Φ′h,k = 0.

Using t 6= s and (4.13), the last equation reduces to the desired equality (4.14). �

LEMMA 4.5. Let t, s ∈ R+ with t 6= s and let (f, g), (h, k) ∈ C4(I) satisfy the
functional equation (4.1). Then there exists a real constant p such that

(4.15) Ψf,g =
1

2
Φ′ − 1

4
Φ2 + p and Ψh,k = −1

2
Φ′ − 1

4
Φ2 + p.

PROOF. Differentiating (4.1) four times with respect to the variable x, then sub-
stituting y = x, we arrive at

∂41Bf,g((x, x), (t, s)) + ∂41Bh,k((x, x), (s, t)) = 0 (x ∈ I).

Then the formula for the fourth-order partial derivatives by (4.6) and equality (4.13)
yield that

(t2 − s2)Φ′′ − (t2 − 5ts+ s2)Φ′Φ + (s2 − 4ts+ t2)Φ(Ψf,g −Ψh,k)

+ (s2 + ts− t2)Ψ′f,g + (t2 + ts− s2)Ψ′h,k = 0.
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After simple calculations and using formula (4.14), we get

(Φ2)′ + 2(Ψ′h,k + Ψ′f,g) = 0.

By integrating the last equation, we get that there exists a real constant p such that

Φ2 + 2(Ψh,k + Ψf,g) = 4p.

This equality, combined with (4.14), implies the formulas stated in (4.15). �

Finally, we can complete the proof of Theorem 4.1.

PROOF OF THE NECESSITY IN THEOREM 4.1. Let (f, g), (h, k) ∈ C4(I) and
t, s ∈ R+ with t 6= s such that the functional equation (4.1) be valid. Then, as
we have seen it in Lemma 4.5, there exist a real constant p ∈ R such that (4.15) holds.
Define

ϕ :=
1√
|W 1,0

f,g |
= |W 1,0

f,g |
− 1

2 .

Then

ϕ′

ϕ
= −

(W 1,0
f,g )′

2W 1,0
f,g

= −
W 2,0
f,g

2W 1,0
f,g

= −1

2
Φf,g = −1

2
Φ.

Differentiating again, it follows that

ϕ′′

ϕ
= −1

2
Φ′ +

1

4
Φ2.

Now, using Lemma 1.8 and the first formula from (4.15), we get

Φϕf,ϕg = Φf,g + 2
ϕ′

ϕ
= Φ + 2

(
− 1

2
Φ
)

= 0

and

Ψϕf,ϕg = Ψf,g −
ϕ′

ϕ
Φf,g +

ϕ′′

ϕ
− 2
(ϕ′
ϕ

)2
=
(1

2
Φ′ − 1

4
Φ2 + p

)
+

1

2
Φ2 − 1

2
Φ′ +

1

4
Φ2 − 2

(
− 1

2
Φ
)2

= p.

In view of Lemma 1.4, these identities imply that ϕf and ϕg are solutions of the
second-order homogeneous linear differential equation y′′ = py. Hence, (ϕf, ϕg) ∼
(Sp, Cp), which implies (f, g) ∼ (Sp/ϕ,Cp/ϕ).

A completely analogous argument shows that (h, k) ∼ (Sp · ϕ,Cp · ϕ). Thus, we
have proved that all the solutions of (4.1) are of the form stated in Theorem 4.1.

�
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4.4. Sufficiency

PROOF OF THE SUFFICIENCY IN THEOREM 4.1. Assume that p ∈ R and ϕ :
I → R+ is a continuous function and (4.2) holds on I .

If p ≥ 0 then Cp is a positive function. Thus, by Lemma 1.2, we have that
Bf,g = BSp/ϕ,Cp/ϕ and Bh,k = BSp·ϕ,Cp·ϕ, therefore, it suffices to show that
(4.16)

BSp/ϕ,Cp/ϕ((x, y), (t, s)) +BSp·ϕ,Cp·ϕ((x, y), (s, t)) = x+ y (x, y ∈ I).

In the case p = 0, this equation can be rewritten as

t x
ϕ(x) + s y

ϕ(y)

t 1
ϕ(x) + s 1

ϕ(y)

+
sxϕ(x) + tyϕ(y)

sϕ(x) + tϕ(y)
= x+ y,

which is an easy-to-see identity.
For the case p > 0, we recall the addition theorem for the inverse of the tangent

hyperbolic function, which reads as follows:

(4.17) tanh−1(a) + tanh−1(b) = tanh−1
( a+ b

1 + ab

)
(a, b ∈]− 1, 1[).

We can easily see that

BSp/ϕ,Cp/ϕ((x, y), (t, s)) =
1
√
p

tanh−1
(
tϕ(y) sinh(

√
px) + sϕ(x) sinh(

√
py)

tϕ(y) cosh(
√
px) + sϕ(x) cosh(

√
py)

)
,

BSp·ϕ,Cp·ϕ((x, y), (s, t)) =
1
√
p

tanh−1
(
sϕ(x) sinh(

√
px) + tϕ(y) sinh(

√
py)

sϕ(x) cosh(
√
px) + tϕ(y) cosh(

√
py)

)
.

Therefore, with the substitutions u :=
√
px, v :=

√
py, and T := tϕ(y), S := sϕ(x),

and using the addition formula (4.17), the left hand side of equation (4.16) can be
rewritten and calculated as

1
√
p

(
tanh−1

( T sinh(u) + S sinh(v)

T cosh(u) + S cosh(v)

)
+ tanh−1

( S sinh(u) + T sinh(v)

S cosh(u) + T cosh(v)

))

=
1
√
p

tanh−1

 T sinh(u)+S sinh(v)
T cosh(u)+S cosh(v) + S sinh(u)+T sinh(v)

S cosh(u)+T cosh(v)

1 + T sinh(u)+S sinh(v)
T cosh(u)+S cosh(v)

S sinh(u)+T sinh(v)
S cosh(u)+T cosh(v)


=

1
√
p

tanh−1
(

(T 2 + S2) sinh(u+ v) + TS(sinh(2u) + sinh(2v))

(T 2 + S2) cosh(u+ v) + TS(cosh(2u) + cosh(2v))

)
=

1
√
p

tanh−1
(

(T 2 + S2) sinh(u+ v) + 2TS sinh(u+ v) cosh(u− v)

(T 2 + S2) cosh(u+ v) + 2TS cosh(u+ v) cosh(u− v)

)
=

1
√
p

tanh−1
(

tanh(u+ v)
)

=
u+ v
√
p

= x+ y.

This completes the proof of the identity (4.16).
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For the discussion of the case p < 0, we recall the folk-addition theorem for the
inverse of the tangent function, which reads as follows:

(4.18) tan−1(a) + tan−1(b) =



−π + tan−1
(
a+b
1−ab

)
if ab > 1, a, b < 0,

−π
2 if ab = 1, a, b < 0,

tan−1
(
a+b
1−ab

)
if ab < 1,

π
2 if ab = 1, a, b > 0,

π + tan−1
(
a+b
1−ab

)
if ab > 1, a, b > 0.

In the case p < 0, the functions Cp is not necessarily non-vanishing on I , there-
fore, we cannot immediately express the means Bf,g and Bh,k in terms of Cp and
Sp. For the sake of brevity, denote

√
−p by q. First, we shall show that there exist

α ∈]− π, π] and k ∈ Z such that

(4.19) I ⊆
]
1
q

(
α+

(
2k − 1

2

)
π
)
, 1q
(
α+

(
2k + 1

2

)
π
)[
.

In view of the equivalence (f, g) ∼ (Sp/ϕ,Cp/ϕ) we have that (fϕ, gϕ) ∼ (Sp, Cp),
hence there exist real constants c, d such that gϕ = cSp + dCp holds on I . The
function g is nowhere zero on I , therefore cSp + dCp is also non-vanishing on I .
We may assume that this function is positive on I (otherwise we replace (c, d) by
(−c,−d)). Determine the unique α ∈]− π, π] such that the equalities

sinα =
c√

c2 + d2
, cosα =

d√
c2 + d2

be valid. Then, we have that sin(α)Sp + cos(α)Cp is positive on I , that is, for all
x ∈ I ,

0 < sin(α)Sp(x) + cos(α)Cp(x) = cos(qx− α).

With the notation J := qI−α and the substitution w := qx−α, this condition means
that, for all w ∈ J , cos(w) > 0. Because J is an interval, it follows that there exists
k ∈ Z such that

J ⊆
](

2k − 1
2

)
π,
(
2k + 1

2

)
π
[
.

This inclusion directly implies (4.19).
For the computation of the means Bf,g and Bh,k, observe first that

(Sp, Cp) ∼
(

cos(α)Sp − sin(α)Cp, sin(α)Sp + cos(α)Cp
)

=
(

sin(q(·)− α− 2kπ), cos(q(·)− α− 2kπ)
)
.

Therefore, by the equivalences, (fϕ, gϕ) ∼ (Sp, Cp) and (h/ϕ, k/ϕ) ∼ (Sp, Cp), it
follows that

(f, g) ∼
(
1
ϕ sin(q(·)− α− 2kπ), 1ϕ cos(q(·)− α− 2kπ)

)
,

(h, k) ∼
(
ϕ sin(q(·)− α− 2kπ), ϕ cos(q(·)− α− 2kπ)).
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Since the function cos(q(·) − α − 2kπ) is positive on I , using Lemma 1.2, we have
that
Bf,g((x, y), (t, s))

=
1

q

(
tan−1

( t
ϕ(x) sin(qx− α− 2kπ) + s

ϕ(y) sin(qy − α− 2kπ)

t
ϕ(x) cos(qx− α− 2kπ) + s

ϕ(y) cos(qy − α− 2kπ)

)
+ α+ 2kπ

)
,

Bh,k((x, y), (s, t))

=
1

q

(
tan−1

( sϕ(x) sin(qx− α− 2kπ) + tϕ(y) sin(qy − α− 2kπ)

sϕ(x) cos(qx− α− 2kπ) + tϕ(y) cos(qy − α− 2kπ)

)
+ α+ 2kπ

)
.

Now, denote u := qx− α− 2kπ, v := qy − α− 2kπ, and T := tϕ(y), S := sϕ(x).
Then, by the inclusion (4.19), we have u, v ∈

]
− π

2 ,
π
2

[
. Hence, it follows that

u+ v, u− v ∈]− π, π[.
With these substitutions, the left hand side of equation (4.16) can be rewritten as

L :=
1

q

(
tan−1

( T sin(u) + S sin(v)

T cos(u) + S cos(v)

)
+ α+ 2kπ

+ tan−1
( S sin(u) + T sin(v)

S cos(u) + T cos(v)

)
+ α+ 2kπ

)
.

In order to calculate L and to show that L = x + y, we have to distinguish several
cases.

First we consider the case when T = S. Now, observing that u+v
2 , u−v2 ∈

]
−

π
2 ,

π
2

[
, we have cos

(
u−v
2

)
> 0 and tan−1

(
tan

(
u+v
2

))
= u+v

2 , therefore,

L =
2

q
tan−1

( sin(u) + sin(v)

cos(u) + cos(v)

)
+

2α+ 4kπ

q

=
2

q
tan−1

(
2 sin

(
u+v
2

)
cos
(
u−v
2

)
2 cos

(
u+v
2

)
cos
(
u−v
2

))+
2α+ 4kπ

q

=
2

q
tan−1

(
sin
(
u+v
2

)
cos
(
u+v
2

))+
2α+ 4kπ

q

=
2

q
· u+ v

2
+

2α+ 4kπ

q
=
u+ v + 2α+ 4kπ

q
= x+ y.

From now on, we may assume that T 6= S. In this case,

(4.20) T 2 + S2 + 2TS cos(u− v) = (T − S)2 + 2TS(1 + cos(u− v)) > 0.

Let us denote

a := a(u, v) :=
T sin(u) + S sin(v)

T cos(u) + S cos(v)
, b := b(u, v) :=

S sin(u) + T sin(v)

S cos(u) + T cos(v)
.



4.4. SUFFICIENCY 63

With this notation, we can rewrite L in the following form

L :=
1

q

(
tan−1(a) + tan−1(b) + 2α+ 4kπ

)
.

In order to apply the addition formula (4.18), we have to clarify to which subdomain
the pair (a, b) belongs to. We shall prove that

u+ v ∈
]
− π,−π

2

[
=⇒ ab > 1, a, b < 0,

u+ v = −π
2 =⇒ ab = 1, a, b < 0,

u+ v ∈
]
− π

2 ,
π
2

[
=⇒ ab < 1,

u+ v = π
2 =⇒ ab = 1, a, b > 0,

u+ v ∈
]
π
2 , π

[
=⇒ ab > 1, a, b > 0.

By u, v ∈
]
− π

2 ,
π
2

[
, we always have cos(u), cos(v) > 0. If u + v ∈

]
− π,−π

2

]
,

then u, v ∈
]
− π

2 , 0
[
, which implies that sin(u), sin(v) < 0. Therefore, a, b < 0.

Similarly, if u+ v ∈
[
π
2 , π

[
, then a, b > 0 holds. A direct computation shows that

1− ab =
(T 2 + S2 + 2TS cos(u− v)) cos(u+ v)

(T cos(u) + S cos(v))(S cos(u) + T cos(v))
.

Therefore, using (4.20), the sign of 1− ab equals the sign of cos(u+ v). This implies
ab < 1, ab = 1, and ab > 1 if and only if u + v ∈

]
− π

2 ,
π
2

[
, u + v = ±π

2 , and
u+ v ∈]− π,−π

2

[
∪
]
π
2 , π

[
, respectively.

In order to complete the proof of sufficiency, we shall calculate L under consid-
eration all cases stated in (4.18). For brevity, define

σ := σ(u, v) :=


−1 if u+ v ∈

]
− π,−π

2

]
,

0 if u+ v ∈
]
− π

2 ,
π
2

[
,

1 if u+ v ∈
[
π
2 , π

[
.
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In the case u + v 6= ±π
2 we have that ab 6= 1. Therefore, using the addition formula

(4.18), we get

L =
1

q
tan−1

(
a+ b

1− ab

)
+

2α+ 4kπ + σπ

q

=
1

q
tan−1

 T sin(u)+S sin(v)
T cos(u)+S cos(v) + S sin(u)+T sin(v)

S cos(u)+T cos(v)

1− T sin(u)+S sin(v)
T cos(u)+S cos(v)

S sin(u)+T sin(v)
S cos(u)+T cos(v)

+
2α+ 4kπ + σπ

q

=
1

q
tan−1

(
(T 2 + S2) sin(u+ v) + TS(sin(2u) + sin(2v))

(T 2 + S2) cos(u+ v) + TS(cos(2u) + cos(2v))

)
+

2α+ 4kπ + σπ

q

=
1

q
tan−1

(
(T 2 + S2) sin(u+ v) + 2TS sin(u+ v) cos(u− v)

(T 2 + S2) cos(u+ v) + 2TS cos(u+ v) cos(u− v)

)
+

2α+ 4kπ + σπ

q

=
1

q
tan−1

(
tan(u+ v)

)
+

2α+ 4kπ + σπ

q
=
u+ v − σπ

q
+

2α+ 4kπ + σπ

q

=
u+ v + 2α+ 4kπ

q
= x+ y.

Finally assume that u + v = σ π2 . Then ab = 1 such that either a, b < 0 or a, b > 0.
Therefore, by the addition formula (4.18) again, it results that

tan−1(a) + tan−1(b) = σ
π

2
= u+ v.

Using this equality, we can see at once that L is equal to x+ y also in this case. This
completes the proof of the sufficiency in Theorem 4.1. �

As a consequence of Theorem 4.1, Głazowska Dorota in the 56th International
Symposium on Functional Equations presented the invariance of the two-variable
quasi-arithmetic mean with respect to two weighted Bajraktarević means, i.e., to solve
the functional equation

(4.21) Aψ ◦
(
Bf,g((x, y), (t, s)), Bh,k((x, y), (s, t))

)
= Aψ(x, y) (x, y ∈ I),

or equivalently,

ψ
(
Bf,g((x, y), (t, s))

)
+ ψ(Bh,k((x, y), (s, t))

)
= ψ(x) + ψ(y).

COROLLARY 4.6. Let p ∈ R, let ϕ : I → R+ be a positive continuous function,
let ψ : I → R be a continuous strictly monotone function, and let (f, g), (h, k) ∈
C0(I) such that
(4.22)

(f, g) ∼
(
(Sp/ϕ) ◦ ψ, (Cp/ϕ) ◦ ψ

)
and (h, k) ∼

(
(Sp · ϕ) ◦ ψ, (Cp · ϕ) ◦ ψ

)
.
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Then, for all s, t ∈ R+, the invariance equation (4.21) holds.
Conversely, let ψ : I → R be a 4 times continuously differentiable function,

let (f, g), (h, k) ∈ C4(I) and t, s ∈ R+ with t 6= s such that the functional equation
(4.21) be valid. Then there exist a positive 4 times continuously differentiable function
ϕ : I → R+ and a real parameter p ∈ R such that the equivalences (4.22) are
satisfied.

PROOF. Applying ψ to the both sides of (4.22) and substituting u := ψ(x) and
v := ψ(y), we get an equivalent formulation of (4.22) as follows:

BF,G((u, v), (t, s)) +BH,K((u, v), (s, t)) = u+ v (u, v ∈ ψ(I)),

where F := f ◦ ψ−1, G := g ◦ ψ−1, H := h ◦ ψ−1, and K := k ◦ ψ−1. This result,
together with Theorem 4.1, implies that there exist a positive continuous function
ϕ : I → R+ and p ∈ R such that the following equivalences

(F,G) ∼ (Sp/ϕ,Cp/ϕ) and (H,K) ∼ (Sp · ϕ,Cp · ϕ)

hold on the interval ψ(I). After substitution, this yields that (4.22) holds on the inter-
val I . �





Summary

In what follows, the most important results that have been obtained in [49], [50],
and [51] and form the core of this thesis are presented.

A function M : Id → I is called a d-variable mean on an interval I if for all
(x1, . . . , xd) ∈ Id, the following so-called mean value property

min(x1, . . . , xd) ≤M(x1, . . . , xd) ≤ max(x1, . . . , xd)

holds.
The goal of Chapter 1 is to construct a general class of means based on a Cheby-

shev system, a measurable family of d-variable means, and a probability measure. In
order to define this class of means, we recall the notions of Chebyshev system and
measurable family of d-variable means, respectively.

We say that the pair (f, g) forms a (two-dimensional) Chebyshev system on I if,
for any distinct elements x, y of I , the determinant

Df,g(x, y) :=

∣∣∣∣f(x) f(y)
g(x) g(y)

∣∣∣∣
is different from zero. If, for x < y, this determinant is positive, then (f, g) is called
a positive system, otherwise we call (f, g) a negative system.

We say that m : Id × T → I is a measurable family of d-variable means on I if

(H1) I is a nonvoid open real interval.
(H2) (T,A) is a measurable space, where A is the σ-algebra of measurable sets of T .
(H3) For all t ∈ T , m(·, t) is a d-variable mean on I .
(H4) For all xxx ∈ Id, the function m(xxx, ·) is measurable over T .

If (H1) and (H3) hold, and additionally we have that

(H2+) T is a topological space and A equals the σ-algebra B(T ) of the Borel sets
of T .

(H4+) For all xxx ∈ Id, the function m(xxx, ·) is continuous over T ,

then m : Id × T → I will be called a continuous family of d-variable means on I .
The following lemma is the key to construct a mean in terms of a Chebyshev

system, a measurable family of means, and a probability measure.

LEMMA. Let m : Id × T → I be a measurable family of d-variable means, let µ
be a probability measure on (T,A) and let (f, g) be a Chebyshev system on I . Then,

67
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for all xxx ∈ Id, there exists a unique element y ∈ I such that

(1)
∫
T
Df,g(m(xxx, t), y) dµ(t) = 0.

In addition, if g is positive and f/g is strictly monotone, then

y =

(
f

g

)−1(∫
T f
(
m(xxx, t)

)
dµ(t)∫

T g
(
m(xxx, t)

)
dµ(t)

)
.

The above lemma allows us to define a d-variable mean Mf,g,m;µ : Id → I .
Given xxx ∈ Id, let Mf,g,m;µ(xxx) denote the unique solution y of equation (1). In the
particular case when g is positive and f/g is strictly monotone, we have that

(2) Mf,g,m;µ(xxx) :=

(
f

g

)−1(∫
T f
(
m(xxx, t)

)
dµ(t)∫

T g
(
m(xxx, t)

)
dµ(t)

)
(xxx ∈ Id).

This mean will be called a d-variable generalized Bajraktarević mean in the sequel.
In the case when m is a two-variable family of weighted arithmetic means, this

class of means was introduced and their comparison problem was also solved in the
paper [36]. When g = 1, then

Mf,1,m;µ(xxx) = f−1
(∫

T
f
(
m(xxx, t)

)
dµ(t)

)
(xxx ∈ Id),

which will be termed a d-variable generalized quasi-arithmetic mean.
To define the d-variable generalized Gini means, let p, q ∈ C such that either

p, q ∈ R or p = q̄ = a+ bi, a, b ∈ R, b 6= 0 (this holds if and only if p+ q and pq are
real numbers or, equivalently, if p and q are the roots of a second degree polynomial
with real coefficients). For x ∈ R+ define

(3)

f(x) := xp, g(x) := xq, if p, q ∈ R, p 6= q,

f(x) := xp log(x), g(x) := xp, if p = q ∈ R,
f(x) := xa sin(b log(x)), g(x) := xa cos(b log(x)), if p = q̄ = a+ bi 6∈ R.

The d-variable generalized Gini meanGp,q,m;µ is defined now to be the d-variable
generalized Bajraktarević mean Mf,g,m;µ, where f and g are given by (3). Let I be
an open subinterval of R+ such that I is contained in the open interval

]
exp

(
−

π
2|b|
)
, exp

(
π
2|b|
)[

if p = q̄ = a + bi 6∈ R. Then we can obtain the following explicit
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formula for the d-variable generalized Gini mean Gp,q,m;µ:

Gp,q,m;µ(xxx) :=



(∫
T

(
m(xxx, t)

)p
dµ(t)∫

T

(
m(xxx, t)

)q
dµ(t)

) 1
p−q

if p, q ∈ R, p 6= q,

exp

(∫
T

(
m(xxx, t)

)p
log
(
m(xxx, t)

)
dµ(t)∫

T

(
m(xxx, t)

)p
dµ(t)

)
if p = q ∈ R,

exp

(
1

b
arctan

(∫
T

(
m(xxx, t)

)a
sin
(
b log

(
m(xxx, t)

))
dµ(t)∫

T

(
m(xxx, t)

)a
cos
(
b log

(
m(xxx, t)

))
dµ(t)

))
if p = q̄ = a+ bi 6∈ R.

If q = 0 in the above formula, then we get the definition of d-variable generalized
Hölder means as follows: for xxx = (x1, . . . , xd) ∈ Rd+,

Hp,m;µ(xxx) :=



(∫
T

(
m(xxx, t)

)p
dµ(t)∫

T dµ(t)

) 1
p

if p ∈ R \ {0},

exp

(∫
T log

(
m(xxx, t)

)
dµ(t)∫

T dµ(t)

)
if p = 0.

The particular cases of these general means have been extensively investigated
by Aczél–Daróczy [1], Daróczy–Losonczi [15], Losonczi [22], [23], [24], [25], [26],
Losonczi–Páles [36], [37], and Páles [45]. For further readings, we refer to [5], [6],
[17], [18], [21], [27], [38], [43], [47], [52], [53].

For the sake of convenience and brevity, we introduce the following notations.
The class C0(I) consists of all those pairs of continuous functions f, g : I → R that
form a Chebyshev system over I .

If n ≥ 1, then we say that the pair (f, g) is in the class Cn(I) if f, g are n-
times continuously differentiable functions such that (f, g) ∈ C0(I) and the Wronski
determinant ∣∣∣∣f ′(x) f(x)

g′(x) g(x)

∣∣∣∣ = ∂1Df,g(x, x) (x ∈ I)

does not vanish on I .
For (f, g) ∈ C2(I), the functions Φf,g,Ψf,g : I → R are defined by

Φf,g :=

∣∣∣∣f ′′ f
g′′ g

∣∣∣∣∣∣∣∣f ′ f
g′ g

∣∣∣∣ and Ψf,g := −

∣∣∣∣f ′′ f ′

g′′ g′

∣∣∣∣∣∣∣∣f ′ f
g′ g

∣∣∣∣ .
If ϕ : Id × T → R, and for some xxx ∈ Id, the map t 7→ ϕ(xxx, t) is µ-integrable,

then we write

〈ϕ〉µ(xxx) :=

∫
T
ϕ(xxx, t) dµ(t).
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For a µ-integrable function ϕ : T → R define ϕ∗ : T → R by

ϕ∗(t) := ϕ(t)− 〈ϕ〉µ.

For a measurable family of d-variable means m : Id × T → I , we introduce the
notations:

m(xxx) := inf
t∈T

m(xxx, t) and m(xxx) := sup
t∈T

m(xxx, t) (xxx ∈ Id).

Let C1(Id × T ) denote the class of measurable families of d-variable means m :
Id × T → I with the following additional property:

(H5) For every t ∈ T , the function m(·, t) is continuously partially differentiable
over Id such that, for all ppp ∈ Id, i ∈ {1, . . . , d}, the function ∂im is of
L1-type at ppp.

Analogously, we define C2(Id × T ) to be the following subclass of C1(Id × T ):

(H6) For every t ∈ T , the function m(·, t) is twice continuously partially differ-
entiable over Id such that, for all ppp ∈ Id and i, j ∈ {1, . . . , d}, the function
∂im is of L2-type and ∂i∂jm is of L1-type at ppp.

Similarly, we define C3(Id × T ) to be the following subclass of C2(Id × T ):

(H7) For every t ∈ T , the function m(·, t) is three times continuously partially
differentiable over Id such that, for all ppp ∈ Id and i, j, l ∈ {1, . . . , d}, the
function ∂im is of L3-type, ∂i∂jm is of L

3
2 -type, and ∂i∂j∂lm is of L1-type

at ppp.

For m ∈ C1(Id × T ) and r ∈ {1, . . . , d}, denote

∂∗rm(xxx, t) := ∂rm(xxx, t)− 〈∂rm〉µ(xxx) (xxx ∈ Id, t ∈ T ),

and, for x ∈ I , set

x(d) := (x, . . . , x) ∈ Id.

For the homogeneity problem, we will use the following notations. Given a
nonempty open subinterval I of R+ and c > 0, introduce the following notations:

cI := {cx | x ∈ I} and I/I := {x/y | x, y ∈ I}.

These sets are also open subintervals of R+ and the interval I/I is logarithmically
symmetric with respect to 1, i.e., u ∈ I/I holds if and only if 1/u ∈ I/I . It is also
easy to see that the intersection Iλ := I ∩

(
1
λI
)

is nonempty if and only if λ ∈ I/I .
For a function f : I → R and number λ > 0, the function fλ :

(
1
λI
)
→ R is defined

by

fλ(x) = f(λx).
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Finally, for a real parameter p ∈ R, introduce the sine and cosine type functions
Sp, Cp : R→ R by

Sp(x) :=


sin(
√
−px) if p < 0,

x if p = 0,

sinh(
√
px) if p > 0,

and Cp(x) :=


cos(
√
−px) if p < 0,

1 if p = 0,

cosh(
√
px) if p > 0.

The aim of Chapter 2 is to study the global comparison problem

(4) Mf,g,m;µ(xxx) ≤Mh,k,n;ν(xxx) (xxx ∈ Id)

and also its local analogue. In terms of the Chebyshev systems (f, g) and (h, k), the
measurable families of d-variable means m : Id × T → I and n : Id × S → I , and
the measures µ, ν, we give necessary conditions (which, in general, are not sufficient)
and also sufficient conditions (that are also necessary in a certain sense) for (4) to
hold. Our main results generalize that of the paper by Losonczi and Páles [36] and
also many former results obtained in various particular cases of this problem, cf. [13],
[14], [15], [28], [30], [44], [46].

Our first result offers a necessary as well as a sufficient condition for the local
comparison of means. Given two d-variable means M,N : Id → I , we say that M is
locally smaller than N at x0 ∈ I if there exists a neighborhood U ⊆ I of x0 such that

M(xxx) ≤ N(xxx)

holds for all xxx ∈ Ud. The case d = 1 being trivial, we always assume that d ≥ 2
holds in the subsequent considerations.

THEOREM. Let M,N : Id → I be d-variable means such that M is locally
smaller than N at a point x0 ∈ I . Assume that M and N are partially differentiable
at the diagonal point x(d)0 = (x0, . . . , x0) ∈ Id. Then, for x = x0 and for all
i ∈ {1, . . . , d},

(5) ∂iM
(
x(d)

)
= ∂iN

(
x(d)

)
.

If, in addition, M and N are twice differentiable at x(d)0 ∈ Id, then the symmetric
(d− 1)× (d− 1)-matrix

(6)
(
∂i∂jN

(
x
(d)
0

)
− ∂i∂jM

(
x
(d)
0

))d−1
i,j=1

is positive semidefinite.
On the other hand, if, for some x0 ∈ I , the equality (5) holds for all i ∈ {1, . . . , d}

and for all x in a neighborhood of x0, furthermore, M and N are twice continuously
differentiable at x(d)0 and the symmetric (d−1)×(d−1)-matrix given by (6) is positive
definite, then M is locally smaller than N at x0.

COROLLARY. Let (f, g), (h, k) ∈ C1(I), letm ∈ C1(Id×T ) and n ∈ C1(Id×S)
be measurable families of means, and let µ and ν be probability measures on the
measurable spaces (T,A) and (S,B), respectively. Suppose that Mf,g,m;µ is locally
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smaller than Mh,k,n;ν at x0 ∈ I . Then, there exists a neighborhood U ⊆ I of x0 such
that for x ∈ U and for all i ∈ {1, . . . , d},
(7) 〈∂im〉µ

(
x(d)

)
= 〈∂in〉ν

(
x(d)

)
.

If, in addition, (f, g), (h, k) ∈ C2(I), m ∈ C2(Id × T ), and n ∈ C2(Id × S), then the
(d− 1)× (d− 1)-matrix whose (i, j)th entry is given by

(8)

〈
∂∗i n∂

∗
jn
〉
ν

(
x
(d)
0

)
Φh,k(x0) + 〈∂i∂jn〉ν

(
x
(d)
0

)
−
〈
∂∗im∂∗jm

〉
µ

(
x
(d)
0

)
Φf,g(x0)− 〈∂i∂jm〉µ

(
x
(d)
0

)
for i, j ∈ {1, . . . , d− 1} is positive semidefinite.

On the other hand, if (f, g), (h, k) ∈ C2(I), m ∈ C2(Id × T ), n ∈ C2(Id × S),
and (7) holds for all i ∈ {1, . . . , d} and for all x in a neighborhood of x0 and the
(d− 1)× (d− 1)-matrix whose (i, j)th entry is given by (8) is positive definite, then
Mf,g,m;µ is locally smaller than Mh,k,n;ν at x0 ∈ I .

In the special setting when T = [0, 1], d = 2, m is given by m((x, y), t) :=
tx + (1 − t)y, the above corollary simplifies to the result of [36, Theorem 5]. Now
we consider the particular case when the families of means m and n as well as the
measures µ and ν coincide.

COROLLARY. Let (f, g), (h, k) ∈ C2(I), let m ∈ C2(Id × T ) be a measurable
family of means, and let µ be a probability measure on the measurable space (T,A).
Let x0 ∈ I and assume that there exists i ∈ {1, . . . , d − 1} such that, the map
t 7→ ∂im(x

(d)
0 , t) is not µ-almost everywhere constant on T . If Mf,g,m;µ is locally

smaller than Mh,k,m;µ at x0 ∈ I , then

(9) Φf,g(x0) ≤ Φh,k(x0).

On the other hand, if the functions

t 7→ ∂im(x
(d)
0 , t)− 〈∂im〉µ

(
x
(d)
0

)
(i ∈ {1, . . . , d− 1})

are µ-linearly independent and (9) holds with strict inequality, then Mf,g,m;µ is lo-
cally smaller than Mh,k,m;µ at x0 ∈ I .

Now we consider the case when µ = ν and m = n. In what follows, we give
a condition containing two independent variables for the comparison problem which
does not involve the measure µ and assumes first-order continuous differentiability of
the Chebyshev system. In the special setting when T = [0, 1], d = 2, m is given by
m((x, y), t) := tx + (1 − t)y, the following theorem simplifies to the result of [36,
Theorem 6].

THEOREM. Let (f, g), (h, k) ∈ C1(I) be Chebyshev systems, let T be a compact
and connected topological space and let m : Id × T → R be a continuous family of
d-variable means. Define the set Um by

Um := {(u, v) | ∃xxx ∈ Id : u, v ∈ [m(xxx),m(xxx)]} =
⋃
xxx∈Id

[m(xxx),m(xxx)]2.
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The following three assertions are equivalent:
(i) For all Borel probability measures µ on T ,

Mf,g,m;µ(xxx) ≤Mh,k,m;µ(xxx) (xxx ∈ Id).
(ii) There exists a nullsequence (γj) of positive numbers in [0, 1] such that, for all

t0, t ∈ T and for all j ∈ N,

Mf,g,m;(1−γj)δt0+γjδt(xxx) ≤Mh,k,m;(1−γj)δt0+γjδt(xxx) (xxx ∈ Id).

(iii) For all (u, v) ∈ Um,

Df,g(u, v)

∂1Df,g(v, v)
≤

Dh,k(u, v)

∂1Dh,k(v, v)
.

In the next result we offer 6 equivalent conditions for the comparison of d-variable
generalized quasi-arithmetic means. The interesting feature of this result is the equiv-
alence of the global and local comparability.

THEOREM. Let f, h : I → R be twice continuously differentiable functions with
non-vanishing first derivatives, and let m ∈ C2(Id × T ) be a measurable family of d-
variable means. Let µ0 be a probability measure such that, for all x0 ∈ I , there exists
i ∈ {1, . . . , d− 1} such that t 7→ ∂im(xxx0, t) is not µ0-almost everywhere constant on
T . The following assertions are equivalent:

(i) For all Borel probability measures µ on T ,

Mf,1,m;µ(xxx) ≤Mh,1,m;µ(xxx) (xxx ∈ Id).
(ii)

Mf,1,m;µ0(xxx) ≤Mh,1,m;µ0(xxx) (xxx ∈ Id).
(iii) For all x0 ∈ I , there exists a neighborhood U ⊆ I of x0 such that

Mf,1,m;µ0(xxx) ≤Mh,1,m;µ0(xxx) (xxx ∈ Ud).
(iv) For all x ∈ I ,

f ′′(x)

f ′(x)
≤ h′′(x)

h′(x)
.

(v) The function h ◦ f−1 is convex (concave) on f(I) provided that f is increasing
(decreasing).

(vi) For all (u, v) ∈ I2,

f(u)− f(v)

f ′(v)
≤ h(u)− h(v)

h′(v)
.

As an immediate consequence, we obtain the characterization of the comparison
among generalized Hölder means.

COROLLARY. Let I ⊆ R+, p, q ∈ R, and let m ∈ C2(Id × T ) be a measurable
family of d-variable means. Let µ0 be a probability measure such that, for all x0 ∈ I ,
there exists i ∈ {1, . . . , d− 1} such that t 7→ ∂im(xxx0, t) is not µ0-almost everywhere
constant on T . The following assertions are equivalent:
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(i) For all Borel probability measures µ on T ,

Hp,m;µ(xxx) ≤ Hq,m;µ(xxx) (xxx ∈ Id).
(ii)

Hp,m;µ0(xxx) ≤ Hq,m;µ0(xxx) (xxx ∈ Id).
(iii) For all x0 ∈ I , there exists a neighborhood U ⊆ I of x0 such that

Hp,m;µ0(xxx) ≤ Hq,m;µ0(xxx) (xxx ∈ Ud).
(iv) p ≤ q.

In Chapter 3, we study the equality and the homogeneity problems of these
means, i.e., to find conditions for the generating functions (f, g) and (h, k), for the
family of means m, and for the measure µ such that the functional equation

Mf,g,m;µ(xxx) = Mh,k,m;µ(xxx) (xxx ∈ Id)
and the homogeneity property

Mf,g,m;µ(λxxx) = λMf,g,m;µ(xxx) (λ > 0, xxx, λxxx ∈ Id),
respectively, be satisfied. Our main results generalize that of the paper by Losonczi
and Páles [37], Losonczi [35] and also many former results obtained in various par-
ticular cases of this problem, cf. [1], [7], [8], [12], [26], [28], [29], [30], [31], [32],
[33], [34], [39], [48].

The following theorem characterize the equality of generalized Bajraktarević
means under 3 times differentiability assumptions.

THEOREM. Let (f, g), (h, k) ∈ C3(I), let m ∈ C3(Id × T ) be a measurable
family of means, and let µ be a probability measure on the measurable space (T,A).
Assume that, there exists a dense subset D ⊆ I such that, for all x ∈ D,

(10) µ
({
t ∈ T | ∂∗1m

(
x(d), t

)
= · · · = ∂∗dm

(
x(d), t

)
= 0
})

< 1,

and there exist i, j, l ∈ {1, . . . , d} such that〈
∂∗im∂∗jm∂∗lm

〉
µ

(
x(d)

)
6= 0.

Then the following assertions are equivalent:
(i) For all xxx ∈ Id,

(11) Mf,g,m;µ(xxx) = Mh,k,m;µ(xxx).

(ii) There exists an open set U ⊆ Id containing the subdiagonal {x(d) | x ∈ D}
such that, for all xxx ∈ U , the equality (11) holds.

(iii) The two identities

Φf,g = Φh,k and Ψf,g = Ψh,k

hold.
(iv) The pairs (f, g) and (h, k) are equivalent.
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In the next corollary, we consider the particular case of the previous theorem when
the measurable family m is given in the form

(12) m(xxx, t) = ϕ1(t)x1 + · · ·+ ϕd(t)xd (xxx = (x1, . . . , xd) ∈ Id, t ∈ T ).

COROLLARY. Let (f, g), (h, k) ∈ C3(I), let µ be a probability measure on the
measurable space (T,A), let ϕ1, . . . , ϕd : T → [0, 1] be µ-measurable functions
with ϕ1 + · · · + ϕd = 1 and define the measurable family m : Id × T → R by (12).
Assume that

(13) µ
({
t ∈ T | ϕ∗1(t) = · · · = ϕ∗d(t) = 0

})
< 1,

and there exist i, j, l ∈ {1, . . . , d} such that〈
ϕ∗i ϕ

∗
j ϕ
∗
l

〉
µ
6= 0.

Then the following assertions are equivalent:
(i) For all xxx ∈ Id, the equality (11) holds.

(ii) There exists a dense subset D ⊆ I and an open set U ⊆ Id containing the
subdiagonal {x(d) | x ∈ D} such that, for all xxx ∈ U , the equality (11) holds.

(iii) The pairs (f, g) and (h, k) are equivalent.

The next corollary concerns the case when T = [0, 1] and µ is a probability
measure on the sigma algebra of Borel subsets of [0, 1]. In this setting, define µ̂1 to
be the first moment and µn to be the nth centralized moment of the measure µ by

µ̂1 :=

∫
[0,1]

tdµ(t), µn :=

∫
[0,1]

(t− µ̂1)n dµ(t) (n ∈ N).

COROLLARY. Let (f, g), (h, k) ∈ C3(I) such that g and k do not vanish on I . Let
µ be a probability measure on the sigma algebra of Borel subsets of [0, 1] with µ2 6= 0
and µ3 6= 0. Then the following assertions are equivalent:

(i) For all (x, y) ∈ I2, the equality

(14)

(
f

g

)−1( ∫
[0,1] f

(
tx+ (1− t)y

)
dµ(t)∫

[0,1] g
(
tx+ (1− t)y)

)
dµ(t)

)

=

(
h

k

)−1( ∫
[0,1] h

(
tx+ (1− t)y

)
dµ(t)∫

[0,1] k
(
tx+ (1− t)y)

)
dµ(t)

)
holds.

(ii) There exists a dense subset D ⊆ I and an open set U ⊆ I2 containing the
subdiagonal {(x, x) | x ∈ D} such that, for all (x, y) ∈ U , the equality (14)
holds.

(iii) The pairs (f, g) and (h, k) are equivalent.

The next corollary concerns the equality of nonsymmetric weighted two-variable
Bajraktarević means.
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COROLLARY. Let (f, g), (h, k) ∈ C3(I) such that g and k do not vanish on I . Let
s ∈]0, 12 [∪]12 , 1[. Then the following assertions are equivalent:

(i) For all (x, y) ∈ I2, the equality(
f

g

)−1(sf(x) + (1− s)f(y)

sg(x) + (1− s)g(y)

)
=

(
h

k

)−1(sh(x) + (1− s)h(y)

sk(x) + (1− s)k(y)

)
holds.

(ii) There exists a dense subset D ⊆ I and an open set U ⊆ I2 containing the
subdiagonal {(x, x) | x ∈ D} such that, for all (x, y) ∈ U , the above equality
holds;

(iii) The pairs (f, g) and (h, k) are equivalent.

In the following results, we are going to characterize the equality of generalized
quasi-arithmetic means in various settings.

THEOREM. Let f, g : I → R be twice continuously differentiable functions such
that f ′ and g′ do not vanish on I . Let m ∈ C2(Id × T ) be a measurable family of
means, and let µ be a probability measure on the measurable space (T,A). Assume
that, there exists a dense subset D ⊆ I such that, for all x ∈ D, condition (10) holds.
Then the following assertions are equivalent:

(i) For all xxx ∈ Id,

f−1
(∫

T
f
(
m(xxx, t)

)
dµ(t)

)
= g−1

(∫
T
g
(
m(xxx, t)

)
dµ(t)

)
.

(ii) There exists an open set U ⊆ Id containing the subdiagonal {x(d) | x ∈ D}
such that, for all xxx ∈ U , the above equality holds.

(iii) The functions f ′′/f ′ and g′′/g′ are identical on I .
(iv) There exist real constants a, b such that g = af + b.

COROLLARY. Let f, g : I → R be twice continuously differentiable functions
such that f ′ and g′ do not vanish on I , let µ be a probability measure on the mea-
surable space (T,A), let ϕ1, . . . , ϕd : T → [0, 1] be µ-measurable functions with
ϕ1 + · · ·+ ϕd = 1 such that condition (13) holds. Then the following assertions are
equivalent:

(i) For all (x1, . . . , xd) ∈ Id,

f−1
(∫

T
f
(
ϕ1(t)x1 + · · ·+ ϕd(t)xd)

)
dµ(t)

)
= g−1

(∫
T
g
(
ϕ1(t)x1 + · · ·+ ϕd(t)xd

)
dµ(t)

)
.

(ii) There exists an open set U ⊆ Id containing the subdiagonal {x(d) | x ∈ D}
such that, for all (x1, . . . , xd) ∈ U , the above equality holds.

(iii) There exist real constants a, b such that g = af + b.
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The following consequence of the previous corollary has been dealt with in the
paper [39, Theorem 7]. There f and g are assumed only to be continuous, however,
the equivalence to condition (ii) is missing.

COROLLARY. Let f, g : I → R be twice continuously differentiable functions
such that f ′ and g′ do not vanish on I . Let µ be a probability measure on the sigma
algebra of Borel subsets of [0, 1] with µ2 6= 0. Then the following assertions are
equivalent:

(i) For all (x, y) ∈ I2, the equality

f−1
(∫

T
f
(
tx+ (1− t)y

)
dµ(t)

)
= g−1

(∫
T
g
(
tx+ (1− t)y

)
dµ(t)

)
holds.

(ii) There exists a dense subset D ⊆ I and an open set U ⊆ I2 containing the
subdiagonal {(x, x) | x ∈ D} such that, for all (x, y) ∈ U , the above equality
holds.

(iii) There exist real constants a, b such that g = af + b.

The next statement is related to the equality problem of weighted two-variable
quasi-arithmetic means. We note that the equivalence of conditions (i) and (iii) can
be obtained under the assumption of continuity of the generating functions f and g.
For further and important particular cases of the previous corollary, we refer to the
examples elaborated in the paper [39].

COROLLARY. Let f, g : I → R be twice continuously differentiable functions
such that f ′ and g′ do not vanish on I . Let s ∈]0, 1[. Then the following assertions
are equivalent:

(i) For all (x, y) ∈ I2, the equality

f−1(sf(x) + (1− s)f(y)) = g−1(sg(x) + (1− s)g(y))

holds.
(ii) There exists a dense subset D ⊆ I and an open set U ⊆ I2 containing the

subdiagonal {(x, x) | x ∈ D} such that, for all (x, y) ∈ U , the above equality
holds.

(iii) There exist real constants a, b such that g = af + b.

In the second part of Chapter 3, we characterize the homogeneity of generalized
Bajraktarević and generalized quasi-arithmetic means under 3 times and 2 times dif-
ferentiability assumptions, respectively.

A d-variable mean M : Id → R is called homogeneous if, for all λ ∈ I/I and for
all xxx ∈ Idλ,

M(λxxx) = λM(xxx).

THEOREM. Let (f, g) ∈ C3(I), let m ∈ C3(Id × T ) be a homogeneous measur-
able family of means, and let µ be a probability measure on the measurable space
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(T,A). Assume that there exists a point x0 ∈ I such that

(15) µ
({
t ∈ T | ∂∗1m

(
x
(d)
0 , t

)
= · · · = ∂∗dm

(
x
(d)
0 , t

)
= 0
})

< 1,

and there exist i, j, l ∈ {1, . . . , d} such that〈
∂∗im∂∗jm∂∗lm

〉
µ

(
x
(d)
0

)
6= 0.

Then the following assertions are equivalent:

(i) Mf,g,m;µ is homogeneous.
(ii) For all λ ∈ I/I and for all xxx ∈ Idλ,

Mf,g,m;µ(xxx) = Mfλ,gλ,m;µ(xxx).

(iii) For all λ ∈ I/I , the pairs (f, g) and (fλ, gλ) are equivalent on the interval Iλ.
(iv) For all λ ∈ I/I and for all x ∈ Iλ,

Φf,g(x) = Φfλ,gλ(x) and Ψf,g(x) = Ψfλ,gλ(x).

(v) There exist two real numbers α, β such that y = f and y = g are solutions of
the second-order linear differential equation

y′′(x) =
α

x
y′(x) +

β

x2
y(x) (x ∈ I).

(vi) There exists a pair (p, q) ∈ {(z, w) ∈ C2 | z + w, zw ∈ R} such that Mf,g,m;µ

is equal to the d-variable generalized Gini mean Gp,q,m;µ.

THEOREM. Let f : I → R be a twice continuously differentiable function such
that f ′ does not vanish on I . Let m ∈ C2(Id × T ) be a homogeneous measurable
family of means, and let µ be a probability measure on the measurable space (T,A).
Assume that condition (15) holds. Then the following assertions are equivalent:

(i) Mf,1,m;µ is homogeneous.
(ii) For all λ ∈ I/I and for all xxx ∈ Idλ,

Mf,1,m;µ(xxx) = Mfλ,1,m;µ(xxx).

(iii) For all λ ∈ I/I , there exist real constants aλ, bλ such that fλ(x) = aλf(x) + bλ
holds for all x ∈ Iλ.

(iv) For all λ ∈ I/I , the functions f ′′/f ′ and f ′′λ/f
′
λ are identical on Iλ.

(v) There exists a real number α such that y = f is a solution of the second-order
linear differential equation

y′′(x) =
α

x
y′(x) (x ∈ I).

(vi) There exists a real number p such that Mf,1,m;µ is equal to the d-variable gen-
eralized Hölder mean Hp,m;µ.
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In Chapter 4, we investigate the invariance of the arithmetic mean with respect to
two weighted Bajraktarević means, i.e., to solve the functional equation

(16)
(
f

g

)−1( tf(x) + sf(y)

tg(x) + sg(y)

)
+

(
h

k

)−1(sh(x) + th(y)

sk(x) + tk(y)

)
= x+ y,

where f, g, h, k : I → R are unknown continuous functions such that g, k are nowhere
zero on I , the ratio functions f/g, h/k are strictly monotone on I , and t, s ∈ R+ are
constants different from each other. By the main result of this chapter, the solutions of
the above invariance equation can be expressed either in terms of hyperbolic functions
or in terms of trigonometric functions and an additional weight function. For the
necessity part of this result, we will assume that f, g, h, k : I → R are four times
continuously differentiable.

The invariance equation in more general classes of means has been studied by
several authors in a large number of papers. The invariance equation of Hölder mean
solved completely by Daróczy and Páles [16]. The more general invariance equation
for quasi-arithmetic means was first solved under infinitely many times differentiabil-
ity by Sutô [54], [55] and later by Matkowski [40] under twice continuous differentia-
bility. Without imposing unnecessary regularity conditions, this problem was finally
solved by Daróczy and Páles [16].

Burai [11] and Jarczyk-Matkowski [20] studied the invariance equation involving
three weighted arithmetic means. Jarczyk [19] solved this problem without additional
regularity assumptions. The invariance of the arithmetic mean with respect to La-
grangian mean has been investigated by Matkowski (cf. [42]). The invariance of the
arithmetic, geometric, and harmonic means has been studied by Matkowski [41].

Baják and Páles [3] describes the invariance of the arithmetic mean with respect
to generalized quasi-arithmetic means. Recently, Baják and Páles [2], [4] have solved
the invariance equations of two-variable Gini and Stolarsky means, respectively.

Now we are in the position to formulate the main result of this chapter.

THEOREM. Let p ∈ R, let ϕ : I → R+ be a positive continuous function and let
(f, g), (h, k) ∈ C0(I) such that

(17) (f, g) ∼ (Sp/ϕ,Cp/ϕ) and (h, k) ∼ (Sp · ϕ,Cp · ϕ).

Then, for all s, t ∈ R+, the invariance equation (16) holds.
Conversely, let (f, g), (h, k) ∈ C4(I) and t, s ∈ R+ with t 6= s such that the

functional equation (16) be valid. Then there exist a positive 4 times continuously
differentiable function ϕ : I → R+ and a real parameter p ∈ R such that the equiva-
lences (17) are satisfied.

As a consequence of the previous theorem, Głazowska Dorota in the 56th In-
ternational Symposium on Functional Equations presented the invariance of the two-
variable quasi-arithmetic mean with respect to two weighted Bajraktarević means, i.e.,
to solve the functional equation

(18) Aψ ◦
(
Bf,g((x, y), (t, s)), Bh,k((x, y), (s, t))

)
= Aψ(x, y) (x, y ∈ I),
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or equivalently,

ψ
(
Bf,g((x, y), (t, s))

)
+ ψ

(
Bh,k((x, y), (s, t))

)
= ψ(x) + ψ(y).

COROLLARY. Let p ∈ R, let ϕ : I → R+ be a positive continuous function, let
ψ : I → R be a continuous strictly monotone function, and let (f, g), (h, k) ∈ C0(I)
such that
(19)

(f, g) ∼
(
(Sp/ϕ) ◦ ψ, (Cp/ϕ) ◦ ψ

)
and (h, k) ∼

(
(Sp · ϕ) ◦ ψ, (Cp · ϕ) ◦ ψ

)
.

Then, for all s, t ∈ R+, the invariance equation (18) holds.
Conversely, let ψ : I → R be a 4 times continuously differentiable function, let

(f, g), (h, k) ∈ C4(I) and t, s ∈ R+ with t 6= s such that the functional equation
(18) be valid. Then there exist a positive 4 times continuously differentiable function
ϕ : I → R+ and a real parameter p ∈ R such that the equivalences (19) are satisfied.
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(4) On the equality of Bajraktarević means to quasi-arithmetic means, 57th In-
ternational Symposium on Functional Equations, Jastarnia, Poland June 2–9,
2019.

(5) Equality problems related to Cauchy means, Annual Seminar on Analysis,
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