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Introduction

Topics of this problem book appear in different courses in engineering study programmes of
the Faculty of Engineering University of Debrecen.

The aim of this problem book is to collect selected problems related to Fourier and Laplace
theory using a “practical approach” that can assist students to meet the learning outcomes of
different engineering courses based on this part of mathematics. The level of problems is
varying from the basics (e.g. properties of sine and cosine functions) to advanced investigations
in abstract spaces.

The reader can find some references to technical areas where the methods can be applied, for
instance signal processing, control theory, mechanics. Chapter 4.4 presents a detailed outlook
to vibration analysis which is a special area of technical diagnostics in the field of mechanical
engineering. This is an important part of industrial engineering where the Fourier transform
and other integral transforms are basic tools of the analysis.

The modern methods of technical diagnostics are based on digital measuring and data
acquisition systems, this is why discrete transformations are in the focus when practical
industrial problems are to be solved. As an example, some functions of the SPM Condition
Monitoring System related to the frequency spectrum are mentioned.

Chapters start with brief theoretical summaries concentrating only on basic definitions and
formulas that are necessary for calculations. They do not serve as complete discussions of the
related mathematical theory.



1 Basic Concepts

1.1 Metric Spaces

A non-empty set X with the so-called distance function (or simply distance)
d:XxXX->R

is called metric space if

— d(x,y)=0,forallx,y €X and d(x,y)=0 & x=1y;

- d(x,y) =d(y,x) forall x,y € X;

- d(x,y) <d(x,z) + d(z,y) forall x,y,z € X (triangle inequality).

In the space of spatial vectors the triangle inequality is a simple geometrical statement

about the sides of a triangle as the figure below illustrates.
C

d(A,C)
d(C, B)
A
d(A,B) < d(4,C) + d(C,B)

d(A, B)

Hilbert spaces which are in the focus of this problem book (see Chapter 2) are metric
spaces (and normed spaces as well, see Chapter 1.3), where the distance is generated by

dix,y) = llx —yll = V{x =y, x = y).

In Hilbert spaces the triangle inequality can be written as

llx +yll < llxll + llyll, x,y€X
Remark: To see the equivalence write u=x—z and v=z—7y in

dx,y)=lx—yll=llx—z+z-yll <llx -zl + lz—yll = d(x,2) + d(z,¥)

The substitution results |lu+v| <|lull+Ivl, wveX.
Remark: Another form of the triangle inequality is

llx =yl = Mllxll = lIylll, xy€X
A simple calculation proves it:
Ixll =1y +x =yl < llyll + llx = yll = llxll =yl < llx =yl

the inner product as

Iyl =llx+y—xll < llxll + llx = yll = Nyl = llxll < llx =yl = lxll =1yl = =llx =yl
that is

=llx =yl < llxll = llyll < llx =yl
which is equivalent with the statement [x—y| = |llx|l = llyll.

In Hilbert spaces the properties of the distance function can be derived from the
properties of the inner product. For instance, the triangle inequality can be proved as
follows. Let H be a Hilbert space and x, y € H. Then, using the Cauchy-Schwarz inequality
[(x, )12 < %, x) - (v, y) = lIxlI* - ly]|?, we have
lx +yl2 = +y,x+y) = lxl* + 2 (x,y) + Iyll* <
< llxll?+ 2+ llxll - Myl + lyl? = Alxll + 1yID?,
thatis,
llx +yll < llxll + 1yl x,y € H



A sequence (x;): N — X is called convergent in a metric space X if there exists x € X for
which Ill_r){)lo d(x,x) = 0.
A sequence (x;): N — X is called Cauchy sequence in a metric space X if forany € > 0 there
exists N(¢) € Nsuch thatn,m > N(¢) = d(x,, x,) <e&.
Theorem: In a metric space all convergent sequences are also Cauchy sequences.
Definition: A metric space X is called complete if every Cauchy sequence in X converges
inX.

>>>Exercise1.1 — 1

Show that the following sets (X) are metric spaces with the given distance functions (d).

1.1-1—a X=R, dx,y)=|x—y]|, x,y ER

n
1.1-1-b X=R" d(x,y) = Z(xi—yi)z. x,y € R"
i=1

1.1-1-c¢ X=C¢C, dx,y)=I|x—yl x,yecC

1.1-1-d

n
lei —yil?, x,yec"
i=1

Exercise 1.1 — 1 — a-Solution

The required properties follow from the analogous properties of the absolute value function.
The first two properties are easy to see:

dix,y)=|x—y[=0, x,y ER

dx,y)=[x—y|=0© x=y, x,yER

d(xy) =lx—yl=ly—x| =d(¥.x), x,y €R

To show the triangle inequality we need the inequality |x + y| < |x| + |y|, x,y € R which can
be proved as follows: (|x| + |y[)? = [x]|? + 2 - |x| - |y| + |y|? = x% + 2xy + y? = (x + y)*.
Usingitwehaved(x,y) =|x—y|=Ilx—z+z—y|<|x—z|+|z—y|forallx,y,z€R
>>>Exercise 1.1 — 1 — b-Solution

d(x,y) =22 (x; —y)* =0, x,y ER",
d(x,y) = V ?:1(351' -y):=0 o Z?=1(xi - yi)z =0 &

© x-y=0i=1...n © x=y, x,yER"

d(x,y) = JEL, 00 - y)? = JEL 0 —x)? =d(¥,%), x,y ER"
Since R™ is a Hilbert space with inner product (x,y) = Y-, x; * ¥;, (see Chapter 2) the triangle

inequality holds.

>>>Exercise 1.1 — 1 — c-Solution

The required properties follow from the related properties of the magnitude (norm) of
complex numbers (see Appendix 1). The first two properties are easy to see:

d(x,y) =|x—y|=0, x,yeC

dx,y)=Ix—y|=0 & x=y, x,y€eC

dx,y)=|x—y|=|y—x|=d(y,x) forallx,y € C

To show the triangle inequalityletz=a + b-iand w = ¢ + d - i. Then

|zl = Va2 + b2, |w|=+c2+d? |z+w|=+(a+c)*+ (b+d)?

We have to check inequality




Va2 + b2 ++/c2 +d2 = \[(a+c)? + (b +d)?
(\/a2 +b2++/c? +d2)2 > (a+c)?+ (b +d)?

a?+b%+c2+d?+2-a?+b%-Jc? +d? > a%+b%+c? +d%+ 2ac + 2bd
Jaz +b?-\/c? +d? > ac+ bd

(a® + b?) - (c? + d?) = (ac + bd)?

a?c? + a?d? + b%c? + b%d? = a?c? + 2abcd + b%d?

a’d® + b?c? > 2abcd

(ad —bc)* =0  TRUE

>>>Exercise 1.1 — 1 — d-Solution

d(x,y) =2 (x; —y)*=0, x,yeC"
dix,y) =X —y)?=0 & YL, (x;—y)*=0 &

© x—-y=0i=1...n & x=y, x,yeC

d(x,y) = \/Z?ﬂ(xi —y)? = \/Z?:l(yi —x)?=d(y,x), x,yeC"
Since C" is a Hilbert space with inner product {x,y) = > x; * ¥/, the triangle inequality holds.

1.2 Linear Spaces

Let K denote the scalar field of real numbers (R) or complex numbers (C).
A non-empty set X with the operations addition
+:XXX-X
and scalar multiplication
G KXX - X

is called linear space (or vector space) over K if

— the addition is commutative, thatis,x + y = y + x;

— the addition is associative, thatis,x + (y +2z) = (x + y) + z;

— there exists an element 0 € X, the identity element of addition (also called zero
element or zero vector), such that x + 0 = x for all x € X;

— for every x € X, there exists an element —x € X, called the additive inverse of x, such
thatx + (—x) = 0;

— the scalar multiplication is compatible with field multiplication, that is,
a*(b-x)=(a-b)-xforalla,b€eK x €X;

— 1is the identity element of scalar multiplication, thatis, 1 - x = x for all x € X;

— the scalar multiplication is distributive with respect to vector addition, that is
a'(x+y)=ax+a-yforallae K x,y €X;

— the scalar multiplication is distributive with respect to field addition, that is,
(a+b)-x=a-x+b-xforalla,b €K x € X.

Elements of X are called vectors.

In the case K = R the linear space is called real, if K = C it is called complex.

If Y € X is a vector space over the same field and with the same operations, then Y is

called the subspace of X.

Let X be a linear space and n be a positive integer.

Ifay,...,a, € Rand x4,...,x, € X then



ay Xt ta,x, €EX

is called the linear combination of vectors x4, ..., x,, with scalars a4, ..., a,.

A finite system of vectors {x,, ..., x,} € X is called linearly independent if

a, X1+ ta,x, =0 = a=..=a,=0.

A system of vectors {x; };=, € X is called linearly independent if all of its finite subsystems

are linearly independent.

The span of system of vectors {x;, ..., x,} € X is defined as

span{xy,..., %} = {a; " x;+... +a, " x|y, ..., 2, € R}

The set span{x;, ..., x, } is a subspace of X.

If a finite

span{b;,...

system of vectors {by,...,b,} ©X is linearly independent and
,b,} = X, then

— X is called a finite dimensional linear space;
— {by,...,b,}is called a basis of X;
— n is called the dimension of X.

Ifalinear space X is not finite dimensional (that s, it has no finite basis), it is called infinite

dimensional linear space.

Remark:

For instance, the linear space C(I) ={x:I - R|xiscontinuousonl/} is

infinite dimensional.

Theorem: If X is an n-dimensional linear space, then a system of vectors {x;,...,x,} € X

is a basis of X, if and only if the system is linearly independent.

The rank of system of vectors {x,,...,x,} € X is the dimension of span{x,,...,x,}. Itis

denoted by rank{x,, ..., x,}.

Remark:

Let {x1,...,x,}J € R¥. The rank of matrix (1 ... X3) €RFD, Dby

definition, is the rank of system of vectors {xl,...,xn}CRk.
Remark: Let A€ R™™, Then rankA=n if and only if detA#0.

Exercise1.2 — 1

Show that the following sets are linear spaces with the commonly used addition and scalar

multiplication. Give the dimension of the spaces. Give a basis of the finite dimensional ones.

1.2-1-a
1.2-1-b
1.2-1-¢
1.2-1-d
1.2-1-e
1.2-1-f
1.2-1—-g
1.2-1-h
1.2-1-1i

spatial vectors (over R)

R™ (over R)

C™ (over C and over R)

R™™ the set of real matrices of type n X m (over R)

C™™, the set of complex matrices of type n X m (over C and over R)
{xx}r=1: N = R, the set of real sequences (over R)

{xx}r=1: N - C, the set of real sequences (over R and over C)

x:1 — R, I is an interval (over R)

x:1 — C, I is an interval (over R and over C)



>>>Exercise 1.2 — 1 — a-Solution

commutativity associativity zero vector
X+y=y+x If the starting
point and the
endpoint are the
same, we have a

zero vector 0

AP +Z=F+F+2)

additive inverse compatibility 1 is the identity
—1 - x is the additive inverse a-(b-x) (a-b)-x element of the
of x b-i g ,,// scalar
x 4{/";/ x /’/ multiplication:
/ 1-%=x
a-(b-x)=(a-b)-x
¥+ (%) =0
distributivity distributivity Basis
a- (x+y) =a-f+a-()7

7,

{f,f, E} is a basis in the space of spatial vectors (three unit vectors which are pairwise
perpendicular), thus the dimension of the space is 3.

>>>Exercise 1.2 — 1 — b-Solution
Because of the definition of addition in R™ the commutativity and the associativity are
consequences of the analogous properties of addition in R: if x,y,z € R* thenx +y =y + x
and x + (y + z) = (x + y) + z, respectively.
0
The zero vector O = () € R" is the identity element of addition: x+ O =x for
0
all x e R™

For every x € R", —x is the additive inverse of x: x + (—x) = 0.

Because of the definition of the scalar multiplication in R™ the further properties
(compatibility, 1 is the identity element of scalar multiplication, distributivity) are the
consequences of the analogous properties in R.



1 0 0
System of unit vectors o P e c R"is a basis in R”, thus the dimension of the

0 0 1

[E=N
.o

space is n.

>>>FExercise 1.2 — 1 — c-Solution

Because of the definition of addition in C" the commutativity and the associativity are
consequences of the analogous properties of addition in C (see Appendix 1): if x, y, z € C" then
x+y=y+xandx + (y + z) = (x + y) + z respectively.

0+0-i
The zero vector 0 = 0 +:0 "Y1eR" is the identity element of addition: x + O = x for
0+0-i
allx € C™.
a1+b1'i _al_bl'i
For every z = | %2 +:b2'l EC", —z= —az—:bz-l is the additive inverse of z:
a, + b, i —a, — b, i
a1+b1'i _al_bl'i 0+0'l
a2+b2'i + _az_bz'i — 0+0'l
a, +b, i —a, —b, i 0+0-i

Let us consider the scalar field C with the properties of addition and multiplication. Because of
the definition of the scalar multiplication in C" (over field C) the further properties
(compatibility, distributivity) are simple consequences of the analogous properties of
multiplication in C.

14 0-i € Cis the identity element of scalar multiplication: (1 +0-i) -z = zforallz € C.

1 0 0
System of unit vectors 0 , 1 AR 0 c C" is a basis in C", thus the dimension of the
0 0 1

space over field C is n.
We can consider C" over field R as well. Then the identity element of scalar multiplication is
1 € R, and it is easy to see that all the properties of linear spaces hold similarly. But the
dimension is different.

1 i 0 0 0 0
System of unit vectors O , O ) 1 , l . 0 , 0 c C"is a basis in C", thus the
0 0 0 0 1 i

dimension of the space over R is 2n.

>>>Exercise 1.2 — 1 — d-Solution

Because of the definition of the matrix addition in R™™ the commutativity and the
associativity are consequences of the analogous properties of addition in R: if 4, B,C € R™™
thenA+B =B+ Aand A+ (B + C) = (A + B) + C, respectively.

0 .. 0\7

The zero matrix 0 = ( > € R™™ is the identity element of addition: A + 0 = A for
0O .. 0

all4 € R™™,

10



For every A = (a]-k) € R™™ —A = (—ajk) is the additive inverse of A: A + (—A) = 0.
Because of the definition of the scalar multiplication in R™™ the further properties
(compatibility, 1€ R is the identity element of scalar multiplication, distributivity) are the
consequences of the analogous properties in R.

Using the notation I; ,, for matrices whose elementin j-th row and k-th column is 1 and all other

elements are 0, system of matrices {Ij‘ c R™™ js a basis in R™™, thus the

dimension of the space is n - m.
>>>Exercise 1.2 — 1 — e-Solution
Because of the definition of the matrix addition in C**™ the commutativity and the associativity
are consequences of the commutativity and associativity properties of addition in C:if 4, B, C €
C*™™thenA+B=B+AandA+ (B+ C) = (A + B) + C, respectively.
04+0-i .. 0+0-i
The zero matrix 0 = ( : i ) € C™™ is the identity element of addition:
04+0-i .. 0+0-i
A+ 0 =Aforall A e CV™.
For every A = (ajk + by - i)

j=1,..nk=1,.,
additive inverse of A: A + (—A4) = 0.
Let us consider the scalar field C with the properties of addition and multiplication. Because of

x _ \ . .
" eECV™M, —4 = (_ajk - bjk l)]__ “1.m is the

the definition of the scalar multiplication in C™™ (over field C) the further properties
(compatibility, distributivity) are the consequences of the analogous properties of
multiplication in C.

1+ 0-i € Cis the identity element of scalar multiplication: (1 + 0-i)- A = A forall A € C™™.
Using the notation I;; for matrices whose element in j-th row and k-th columnis 1+ 0 - i and

all other elements are 0 + 0 - i, system of matrices {Ij c C™™ is a basis in C"*™,

thus the dimension of the space isn - m.

We can consider C™™ over field R as well. Then the identity element of scalar multiplication
is 1 € R, and it is easy to see that all the properties of linear spaces hold similarly. But the
dimension is different.

Using the notation [, for matrices whose element in j-th row and k-th column is 1 and all other
elements are 0, and the notation Jik for matrices whose element in j-th row and k-th column is

. . 3 i nxm
i and all other elements are 0, system of matrices {Ilk}i=1 _____ k=t U {]J"‘}i=1 nketm C

...............

is a basis in C™™, thus the dimension of the spaceis 2 - n - m.
>>>FExercise 1.2 — 1 — f-Solution
In the set of real sequences {x;};-;:N — R addition and scalar multiplication are defined
elementwise:

{xdi=s + Widie=1 = {ae + vidizs

a-{xtiz ={a -, a€R
Thus commutativity and the associativity are consequences of the analogous properties of
addition in R: if {x; }p=q, {Vi}r=1, and {z; }5~, are real sequences then

itz + Widie=r = idiez + (adiees
and
{dezr + Q= + {zdie=0) = @adiss + =) + {zdi-n
respectively.
11



The zero sequence O = {c, = 0};7; is the identity element of addition: {x; };—, + O = {x}}r-,
for all real sequences {x;};-;-
For every real sequence {x;}i—;, {—xi}r=: is the additive inverse of {x;}p=;: {xx}ie: +
{2}k = 0.
Because of the definition of the scalar multiplication of real sequences the further properties
(compatibility, 1 is the identity element of scalar multiplication, distributivity) are simple
consequences of the analogous properties in R.
The linear space of real sequences is not finite dimensional.
>>>Exercise 1.2 — 1 — g-Solution
In the set of complex sequences {x; };~;: N — C addition and scalar multiplication (over R or
C) are defined elementwise:
iz + Wicdic=a = (e + yicdie=a
a-{x ey ={a-x}ry, a€RorC
Thus commutativity and the associativity are consequences of the analogous properties of
addition in C: if {x; }p=1, {Vi }re1, and {z, } =, are complex sequences then
iz + Widie=r = idien + (adiees
and
{adizs + (ke + {zdiez) = Qadicz + i) + {zdiz
respectively.
The zero sequence O = {c¢; = 0+ 0 - i}y, is the identity element of addition: {x;};-, + O =
{xx }r=, for all complex sequences {x; }r—;.
For every complex sequence {x;};=;, {—xr}r=, is the additive inverse of {x;};_;: {xx}rzq +
{—x iz, = 0.
Because of the definition of the scalar multiplication of complex sequences the further
properties (compatibility, distributivity) are simple consequences of the analogous properties
in C.
14 0-i € C is the identity element of scalar multiplication: (1 + 0 i) - {x;}r=; = {x}r=, for
all complex sequences {x; }r—-
We can consider the linear space of complex sequences over field R as well. Then the identity
element of scalar multiplication is 1 € R, and it is easy to see that all the properties of linear
spaces hold similarly.
The linear space of complex sequences is not finite dimensional.
>>>Exercise 1.2 — 1 — h-Solution
In the set of functions x: I — R addition and scalar multiplication are defined elementwise:
x+y® =x@) +y@), tel

(a-x)(t) =a-x(t), tel
Thus commutativity and the associativity are consequences of the analogous properties of
addition in R: if we have functions x: I - R, y:1 - R, z: [ - R then

xt+ty=y+x

and

x+@+z)=x+y)+z
respectively.
The zero function O(t) = 0,t € I is the identity element of addition: x + O = x for all functions
x:I - R.
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For every function x: I = R, (—x)(t) = —x(t),t € I is the additive inverse of x: x + (—x) = 0.
Because of the definition of the scalar multiplication of real sequences the further properties
(compatibility, 1 is the identity element of scalar multiplication, distributivity) are simple
consequences of the analogous properties in R.
The linear space of functions I — R is not finite dimensional.
>>>Exercise 1.2 — 1 — i-Solution
In the set of functions x: I — C addition and scalar multiplication (over R or C) are defined
elementwise:
x+y® =x@+y@), tel

(ax)t)=a-x(t), tel
Thus commutativity and the associativity are consequences of the analogous properties of
addition in C: if we have functions x:1 - C,y:1 - C,z:1 - C then

x+y=y+x

and

x+@+z)=(x+y)+z
respectively.
The zero function O(t) = 0+ 0-i,t € I is the identity element of addition: x + O = x for all
functions x:1 - C.
For every function x: I = C, (—x)(t) = —x(t), t € I is the additive inverse of x: x + (—x) = 0.
Because of the definition of the scalar multiplication of real sequences the further properties
(compatibility, distributivity) are simple consequences of the analogous properties in C.
1+ 0-i € Cis the identity element of scalar multiplication: (1 + 0 - i) - x = x for all functions
x:1 - C.
The linear space of functions I — C is not finite dimensional.
>>>FExercise 1.2 — 2
Consider the linear space X = R3. Write the vector y as a linear combination of the vectors in
the given system {x,..., x, }.
y {x1: t xn}

GG

1.2-2—-a

|
e | ()
()

1.2-2-c¢

R

>>>Exercise 1.2 — 2 — a - Solution
-1 1 3
Solution of the system «a; ( 3 >+ ay - (1) + aj ( 4 | = ( ) gives the answer to the
0 2 -1 1
1
1
2

3 ay 10
4 |-|a2) =117 | Since
-1 as 1

N ©

question. The matrix form of the system is

13



0 -1
rule:
10 1 3 -1 10 3 -1 1 10
det<17 1 4 ) det( 3 17 4 > det( 3 1 17)
= —11 21 31 =1 a= 91 % 31 =2, a3 = —01 f ; =3
det<3 1 4) det<3 1 4) det<3 1 4)
0o 2 -1 0 2 -1 0o 2 -1
a; 1 -1 1 3 10
The solution is (%) = (2), thus we have 1 - ( 3 ) +2- (1) +3- ( 4 > = (17)
as 3 0 2 -1 1

>>>Exercise 1.2 — 2 — b - Solution

-1 1 -9
Solution of the system «a; - ( 3 ) +ay - (1) = (11) gives the answer to the question.
0 2 -8
This system contains three equations but only two unknowns
I. —0(1 + 0(2 = _9
I[. 3“1 + 0(2 = 11
1. 2a, -8

5

_4), and this is a solution of equation II as

. . s al
Considering equations I and III we have (az) = (

-1 1 -9
well. Thus we have 5 - ( 3 ) -4 (1) = (11).
0 2 -8

>>>Exercise 1.2 — 2 — ¢ - Solution

-1 1 0 10
Solution of the system a; - ( 3 ) +ay: (1) +as: (4) = (17) gives the answer to the

0 2 2 1

-1 1 0 a, 10
question. The matrix form of the system is ( 1 4)-(%):(17). Since

3
0 2 2 as 1

-1 1 0
det( 3 1 4) = 0 the system is undetermined, and it can be solved e.g. with Gaussian

0o 2 2
elimination.
-1 1 0 10
3 1 4 17 (2rd row)+3 X (1st row)
0 2 2 1
1 -1 0 -10
0 4 4 47
0 2 2 1 (3rd row)—0.5 X (2nd row)
1 -1 0 —-10
0 4 4 47
0 0 0| —225 = inconsistent system
10
The results shows that (17) cannot be written as a linear combination of vectors
1

GG
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>>>Exercise 1.2 — 2 — d - Solution

2 3 1 7
Solution of the system « - (—1) +ay: (1) +as: (1) = (2) gives the answer to the

5 0 2 9

2 31 a 7
question. The matrix form of the system is (-1 1 1]-[{@]=|2] Since

5 0 2 as 9

2 31
det (—1 1 1) = 20 # 0the system is determined, so it can be solved e.g. with Cramer’s rule:
5 0 2

7 3 1 2 7 1 2 3 7
det<2 1 1) det(—l 2 1> det(—l 1 2)
9 0 2 5 9 2 5 0 9
= 7 3 I\ b = 2 3 I\ 2 @ 2 3 1\ 2
det<—1 1 1) det<—1 1 1> det<—1 1 1)
5 0 2 5 0 2 5 0 2

a; 1 2 3 1 7
The solution is (%) = (1), thus we have 1 - (—1) +1- (1) +2- (1) = <2>
as 2 5 0 2 9

>>>Exercise 1.2 — 3
Check the linear independency of the given systems.

e o (oo f)
v o)

>>>Exercise 1.2 — 3 — a - Solution
First solution: Since a 3-element system of vectors is given in the 3-dimensional space R3, it is

-1 1 3
enough to check the determinant det( 3 1 4) = —30. It is different from zero, so the
0 -2 1

system is independent.

-1 1 3 0
Second solution: We solve the system «; - ( 3 ) +ay: ( 1 > +as- (4) = (0) The matrix

0 —2 1 0
-1 1 3 a, 0 -1 1 3
form of the system is ( 3 1 4> . (“2) = (0) Since det( 3 1 4> = 20 # 0 the
0 -2 1 as 0 0 -2 1
a 0
system is determined and the unique solution is (az) = (0) Thus the system of vectors is
as 0
independent.
>>>Exercise 1.2 — 3 — b - Solution
1 2 3
Since det (2 3 5) = 0, the system is dependent.
3 47

>>>Exercise 1.2 — 4

1 2 3
Check whether the system {al = (2) ,ay = (3) ,a3 = (5)} is a basis of R3.

3 4 7
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>>>Exercise 1.2 — 4 - Solution
Since a 3-element system of vectors is given in the 3-dimensional space R3, it is enough to check

1 2 3
the independency of the system. The determinant is det (2 3 5> = 0, thus the system is
3 4 7

dependent, and consequently, it is not a basis.

1.3 Normed Spaces

Alinear space X with function || ||: X — K satisfying

— |lx]| =0 forallx e X

- lxl]l=0 & x=0

— Jla-x|| = |a| - ||x]| foralla € R,x € X

— llx+yll < llx|l + |lyll forallx,y € X (triangle inequality)
is called (linear) normed space.

If x € X, ||x]| is called the norm of x.
Remark: A linear space can be a normed space with different norms.

Hilbert spaces (see in Chapter 2) are also normed spaces with the norm |[x —y|| =
J{x —y,x — y). It was shown In Chapter 1.1 that the triangle inequality holds when the
norm is generated by an inner product.
A (linear) normed space is called Banach space if it is complete.

>>>Exercise 1.3 — 1

Show that R™ is a normed space with the following norm functions:

1.3-1-a x|l = llg, ..., x50l = ’x12+...+x,21, x=(xy,...,x,) ER"

1.3—-1—-b x| = %1, ..., %l = max{|xq],..., %13 x = (xq,...,%,) € R"
1.3-1-c¢ x| = %1, oo xnll = [eg |+ FHxnl, x = (xq,...,%,) ER"?
>>>Exercise 1.3 — 1 — a- Solution
Since the square and the square root functions are non-negative ||x|| = \/xZ+...+x2 >0 is

evident, furthermore ||x|| = /x?+...+x2 =0 © x; =...=x, =0 & x=0.

lla-x|| = \/(a-x1)2+...+(a-xn)2 =|al - /x12+...+xn = |a| - ||Ix]|

R™ is a Hilbert space with inner product {(x, y) = Y-, x; - ¥;, thus the triangle inequality holds.
>>>Exercise 1.3 — 1 — b- Solution

Since the absolute value function is non-negative ||x|| = max{|x,],...,|x,|} = 0 is evident,
furthermore ||x|| = max{|x;|,..., x|} =0 & x; =...=x,=0 & x=0.
lla - x|l = max{la - x|,...,la - x,1} = la| - max{|xy],..., |x, [} = la| - l|x]|
llx + yll = max{lx; + y1l,-.., 1% + yul} < max{loy | + [yl %] + yl} <

< max{|x|,..., [xp 1} + max{ly1l,..., [yu 1} = lIxIl + [yl
>>>Exercise 1.3 — 1 — c- Solution
Since the absolute value function is non-negative [|x|| = |x;|+...+]|x,| =0 is evident,
furthermore ||x]| = [x{|+...+|x,| =0 & x; =...=x,=0 & x=0.
la- x|l =la-x|+...+la-x,] = la| - (x| +... +x, ) = la] - [Ix]|

lx +yll = |x +yal+e +xn + yul < lxal + Iyl A x|+ Dyl = Dx) -+ lyll
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>>>Exercise 1.3 — 2
Write the distance function in R™ belonging to the norms given in Exercise 1.3-1.
>>>Exercise 1.3 — 2 — a- Solution
lxll = NGy, x )l = Vxi+..4x3 = dy) = llx =yl = XL, (g — y)?
>>>Exercise 1.3 — 2 — b- Solution
Il = 11Cey, oo )l = max{lxg ... [x, 1} =

d(x,y) = llx — yll = max{lx; —ysl,..., 1xn — ynl}
>>>Exercise 1.3 — 2 — c- Solution
Il = 11Cey, oo )l = |xq [+ F x| = dCy) = llx —yll = |y — yal+ ..+ — yal

1.4 Integrals

Let ] be an interval of positive length. Integrals of functions x: I = R (or x: I = C) play
central role in the further chapters: orthonormal systems, Fourier series, integral
transforms. The concept of the integrals is based on the measure theory, one of the
fundamental areas of mathematic, which is out of the scope of this problem book.
The well-known Riemann integral is a special case in the integral theory but, from the
point of view of the practice, it is ‘the integral’: when we determine an integral,
ultimately, we calculate a Riemann integral. In this problem book we always suppose
that the functions appearing in integral formulas are Riemann integrable.
An interpretation of the Riemann integral is the following. Let f: [a, b] = R be bounded
function. A partition of [a, b] is the set of sub-intervals

P(n,[a,b]) = {[xi-1, x;]l i=1,...,n},
where

a=xy<x <...<x,=b, neN.

The mesh of the partition is M(P) = 1rrslias)fl(xi — Xi_1)-
The partition is called tagged if t; € [x;_1,%;],i = 1,...,n are given.
The Riemann sum belonging to f and a tagged partition P(n, [a, b]) is

n
IF,PY = ) F() - (i = o).
i=1
f:[a, b] = Ris Riemann integrable if there exists S € R such that for all sequences of
tagged partitions P(n, [a, b]), n € N satisfying lim M(P(n, [a, b])) = 0 we have
n—-oo
lim I(f, P(n, [a, b])).
n—-oo
If f is Riemann integrable than we use notation S = f:f

The geometrical interpretation of fab f is the area “under” the curve of f on interval
[a, b] if f is non-negative.

Some basic properties of the Riemann integral are the following. Supposing that the
functions appearing in the following formulas are integrable we have

linearity

fgl-Raper = [@r+p-g=a[f+p-[g
1 1 1

17



monotonicity

fLgl-Rf<g = ffsfg

1 1
ffslflfl

I

fifI-R =

additivity on intervals
b

f:I-R,abcel = ffsz+ff,

c
where, by definition, f;f = —f: f.
In our formulas we frequently have improper integral when I = R or [ = [0, oo[. By
definition these integrals can be given as limits of integrals considering the lower or the

upper limit of the integral as a variable, e.g. fooof = gim fob f. The improper integrals are

convergent only for certain functions. When using an improper integral we always
consider the largest domain where the integrals are convergent.

In the theory of integral transformations and orthogonal systems spaces L; and L,
defined as

L, = {x:[ - R |x is measurable, [, |x| < oo},

L, = {x:[ - R |x is measurable,fl [x|? < 00}

play central role.
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2 Hilbert Spaces, Orthogonality

2.1 The Concept of Hilbert Spaces

Let X be a real or complex linear space. A function { ): X X X — Cis called inner product
(or scalar product) if

R3(x,x)=0, {(x,x)=0 & x=0

(x,y) =(y,x)"
A-x,y)=2-({x,y)
(x+y,2)=(x2)+(y,2)

hold forall x,y,z € X and 1 € C.
x* denotes the complex conjugate of x € C.
Remark: {x,A-y)=(1-y,x) = @Ay x)" =2 (y,x)* = 1" {x,y)
Remark: (x,y+2z)=(y+2zx) =x) +(z,x)* =(x,y)+ (x,2)
Remark: In the special case when the inner product is a real-valued
function ( XXX —> R the second property can be simply written as (x,y)=
(v, x).
The pair (X,( )) is called inner product space.
An inner product space (X,( )) is called Hilbert space if X is a Banach space with the

norm function || |: X — R defined as |[x]|| = +/{x, x).
Remark: Each Hilbert space (X,{ )) is a normed space with the norm
llxll = {x,x), x€X
and is also a metric space with the distance function
d,y)=llx=yll=y&x—-y.x—y), x,y€X.
The value of inner product characterizes the ‘similarity’ of elements in a Hilbert space.
The higher the value of the inner product is, the more ‘similar’ the two elements are. (See

similarity of functions in Section 2.3).

Remark: In the space of spatial vectors the inner product two vectors
of given length is zero if they are orthogonal (‘not similar’), and it
reaches its maximum if they are parallel (‘similar’).

The Cauchy-Schwarz inequality
o) < lixll-llyll, xyeX
or in the equivalent form
[ )2 < (%) (n,y), xy€EX
is an important property of Hilbert spaces.
>>>Exercise2.1 — 1

Let (X,( ))beaHilbert space and let function || ||: X — C be defined as ||x|| = +/{x,x). Show
that (X, || ||) is a normed space.
>>>Exercise 2.1 — 1- Solution

|x]| = +/{x,x) =0 forallx € X
lx|l = V{x,x) =0 & x=0

A-x| = \/(l-x,/l-x) =Vi- 1 -\/(x,x) =|A|-||x|| forallleCx€eX
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To show the triangle inequality we have to use the Cauchy-Schwarz inequality [(x,y)|? <
(e, x) -y, y) = llxll - lyll:

lx +yll> =x+y,x+y) = x>+ 2 (x,y) + |lyll* <

< flall® + 2 lell - Iyl + vl = Cllxll + NyID?,
thatis, [lx + yll < llx|l + llyll, x,y €X.

2.2 Finite Dimensional Hilbert spaces

A Hilbert space (X,( )) is finite dimensional if X is a finite dimensional linear space.

Let n be a positive integer and suppose that X is an n-dimensional Hilbert space.

A system of vectors {bq,...,b} € X,k € N is orthogonal if its elements are pairwise
orthogonal.

Remark: It is easy to see that each orthogonal system of non-zero
vectors is linearly independent.

The system is orthonormal if orthogonal and normed, that is, the elements are unit vectors
(the norm of each vector in the system is equal to 1).

If an orthogonal (orthonormal) system {b,,...,b,} € X is a basis of X, it is called
orthogonal (orthonormal) basis of X.

If {by, ..., b,} € X is an orthonormal basis of X and x € X then

n
X = Z(x, bl) 4 bi'
i=1

This sum is also called the decomposition x € X with respect to the orthonormal basis
{by, ..., b, }. The coefficients
(x,b;), i=1,..,n
are the coordinates of x € X with respect to the orthonormal basis {b,, ..., b, }.
Remark: Coordinates of a vector x €X with respect to an orthonormal
basis {by,..,by} can be calculated as the inner product of x and the basis
vectors b;. We will use the generalization of this statement in function
spaces when we are talking about the decomposition of functions with
respect to an orthonormal system of functions.
The space of spatial (planar) vectors
The space of spatial (planar) vectors is a 3-dimensional (2-dimensional) Hilbert space
with the inner product
(w,7) = |lull - I7]l - cos x(u, )
Remark: The inner product of spatial (planar) vectors is generally
called scalar product and denoted simply by u:v or uv.
Remark: Using the definition we have
_ (u,v)
%(u,v) = arccos t=r—=r-,
il - 11l
that is, the angle of spatial (planar) vectors can be calculated from
the scalar product and the magnitude (norm) of the vectors.
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Spatial (planar) vectors % and ¥ are perpendicular in geometry iff i - ¥ = 0. Perpendicular
vectors are also called orthogonal.

In applications (for instance in mechanics) the orthonormal basis is generally denoted by
{i.J, k}. Coordinates of a spatial vector 7 with respect to the orthonormal basis {i, , k} are
v =(0,1), v, =(0,]), v, =(7,k)
and the decomposition ¥ with respect to the orthonormal basis {f,]_, E} is

T=vi+vy, jJ+v, k=(@1)1+(@j)j+ (T k) k
The space of real n-tuples

R™ is a n-dimensional Hilbert space with the inner product
n

(09) = Y %" Yis X = (e ) € RLY = O ) € R
i=1
x = (xq,...,X%,) €E R*and y = (y4, ..., V) € R™" are called orthogonal if

n

(x,y) = in ¥ = 0.

i=1
1 0 0
« » S D 0 1 0 . .
The “natural” orthonormal basis is in R" is I O P which is
0 0 1

(0)-(2). (o)} a3 Qs

The space of complex n-tuples
C™ (which is an n-dimensional linear space over C) is a Hilbert space with the inner
product

n
W) = D Xy, X = (e ) € Ty = (o) € C
i=1
x = (xq,..,%,) €EC"and y = (¥4, ..., ¥n) € R™ are called orthogonal if

n
(3= %y =0,
i=1
>>>Exercise 2.2 — 1
22—-1-a Show that

n
(x,y) = in Vi, X=X, e, X)) ERY Yy = (¥, .0, ¥n) € R
i=1
is inner product in R™.
2.2—-1-b Give the norm function belonging to this inner product.
22—-1-c Write and prove the Cauchy-Schwarz inequality in R™.
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>>>Exercise 2.2 — 1 — a- Solution

It is evident that (x,x) = Y™, x* > 0,x = (X, .., X,) € R?, furthermore (x,x) =Y, x? =
0= x;=-=x,=0.

Since (x,y) = X, x; - ¥; € R we have that (x,y) = (y, x)* is equivalent with (x,y) = (y, x). It
holds because Y7L, x; *y; = Xivq Vi X

n n
(1-x,y) =Z(/1'xi)'yl' =/1'in'3’i =1-{x,y)
i=1 i=1

n n

n

(x+y,2z)= Z(Xi +y) -z = in " Z; +Z)’i -z ={x,2) + (v, 2)
i=1 i=1 i=1

>>>Exercise 2.2 — 1 — b- Solution

lxll = /{x, x) =

n
inz, x = (X1, .., %,) €ER?
i=1

>>>Exercise 2.2 — 1 — c- Solution
The Cauchy-Schwarz inequality in R" is

n n n n n n n n
0< Z(xz Vi — Xj yl) _lez zy]?+ZYi2'zx]2_2 le Vi ZYJ Xj =
i=1 j=1 i=1 j=1 i=1 j=1 i=1 j=1
n n n 2
=2 lez Zyi2_2'<le yz)
i=1 i=1 i=1

>>>Exercise 2.2 — 2
22—-2-a Show that

n
(x,y) = le- Vi, x= (X1, ., X)) ECYLyYy = (Y1, 0, ) EC™.
i=1
is inner product in C".
2.2-2-b Give the norm function belonging to this inner product.
>>>Exercise 2.2 — 2 — a- Solution

Since x-x* =|x[>?>0,x€C it is evident that (x,x) =Y, % xf =2 |x|?=>0,x =
(x4, -, Xp) € C™, furthermore (x,x) =Y |x|* =0 & %y = =x,=04+0-i & x=0+
0-i.

n n n
(x,y) = th Vi = Zyi* Xy = Z()’i X)) =y, %)

=1 i=1 i=1

n n
(A-xy) = D -y =2 ) xi-yi = A1)
i=1 i=1

Remark: (A y)=Xr %A -y) =2 xiyi =2 (xy)
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n

n n

(tyz)= ) Gaty) 5 = ) xizi+ ) vz = (ma) +(0.2)
i=1 i=1 i=1

Remark:

n n n n

y +2)= Y xGita) = ) x O +2) = ) xevi+ ) xez =) +x2)
i i=1

i=1 i=1 i=1

>>>Exercise 2.2 — 2 — b- Solution

n n
"xll:\/(x;x): in'xi*: leilz’ x:(xl’m,xn)ecn
i=1

i=1
>>>Exercise 2.2 — 3
Calculate the inner product of the given vectors.

2.2.-3—-a =2 1
a1 = 3 ) a2 = —4
2 5

22-3-b (1) n=(3)
2.2.-3-c

m= , h =

2 1
1 0
4 3
-2 4
>>>Exercise 2.2 — 3- Solution

a, (a;,a,)=-2-14+3-(—4)+2-5=—-4
b, (r,n)=1-34+(-2)-(-4) =11

¢, mn)=2-1+1-0+4-3+(-2)4=6

>>>FExercise 2.2 — 4
Find real number x if vectors p =

and q = are known to be orthogonal.

R U1, N
w o R

>>>Exercise 2.2 — 4- Solution
0=pq=2-(-1)+1x+50+x-3=4x—-2 = x=05
>>>Fxercise 2.2 — 5

Check whether the given systems are orthogonal or orthonormal.

e () (2) ()
a=|2 |laa=| 2 |,az =11
-2 1 2
2.2.-5-b 2/3 1/3 2/3
{u = (—2/3),1] = (2/3>,w = ( 1/3 >}
1/3 2/3 -2/3

>>>Exercise 2.2 — 5- Solution
a,
llall =3 llazll =3 llasll =3
(ay,a2) =0 (ay,a3) =0 (az,as) =0
System {a,, a,, as} is orthogonal but not orthonormal.
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lull =1 vl =1 lw|l =1
(u,v) =0 (u,w) =10 (v,w)=0
System {u, v, w} is orthonormal.

>>>Exercise 2.2 — 6

1
Give the decomposition of vector v = (2) with respect to the orthonormal system
3

1/3 -2/3 2/3
{a1 =(2/3 ) =(2/3 ) =<1/3>]
-2/3 1/3 2/3
>>>Exercise 2.2 — 6- Solution

v, =(v,a;) = _§
1 5 10
v, =(v,a;) = U=—§'a1+§'a2+?-

vz =(v,a3) =

—_
w|ow|m

>>>Exercise 2.2 — 7

Let

2 _5 1/V3 1/V6 —1/VZ
x=<3>, y=<1>, by=| 13| b,=| 1/v6 | bs= 132

—4 -1 13 —-2/V6 0

Give (x, y), llx|l, |y, and the angle of x and y.

Is the system {b,, b,, b3} orthonormal?

If yes, give the decomposition of x with respect to system {b;, b,, b3}.

>>>Exercise 2.2 — 7- Solution

,y)=2-(-5)+3-1+(-4)-(-1) =-3

llxll = /2% + 32 + (—4)2 = V29

Iyl = V(=5)* + 1 + (-1)* = V27

For the angle ¢ between x and y we have

¢ = arccos = arccos = arccos(—0.107) = 1.678 (= 96,15°)

X, -3
[l - [yl V29 -/27

System {b,, b,, b5} is orthonormal, since on the one hand

bl = 1+1+1—1 byl = 1+1+4—1 bzl = 1+1+0—1
Il = |3+5+5=1 b= [c+=+==1 Il = [7+3+0=1,

6

(by, bs) 1<1+1 o —0=0
v 3 2 3 V2 V3
(bb)—1<1+1 ~ 4 2)o—o
27 Ve \ v2) V6 V2 6

that is, vectors b; are pairwise orthogonal.



The inner products of x and the elements of the system are

(b == (b=, (b =
X, = X, = X, =—F=
RERVE] Ve V2
so the decomposition of x with respect to the orthonormal system {b,, b,, b3} is
1 13 1

X=—'b+—="b +—=
R R

b
\/g 3

>>>Exercise2.2 — 8
Check whether the system {y;, ¥, ¥3} is orthonormal. Give the decomposition of p with respect

to the system {y;, ¥,, ¥3}-
2.2.-8—a 11 1 0 0
) = (2) 7= ()= (o)
7 0 0 1
2.2.-8-b 11 3 0 0
-(2) = ()= ()=
7 0 0 6
2.2.-8—c¢ 22 —4 2 1
() ()
— 2 3 10
2.2.-8—-d 13 1 1 3
P=( ) () ()
—23 1 1 -3

>>>Exercise 2.2 — 8 — a- Solution

p

System {y;,¥,,¥3} is orthonormal, this is the natural basis in R3. In this basis the coordinates
are equal to the components of the vector:

(=)= ) ()

>>>Exercise 2.2 — 8 — b- Solution

lyll =3, llv2ll =4, llysll =6
(V1: 'Vz) = 01 (Vz: '}/3) = OI (}’1; }’3) = 0
System {y;,¥2, 73} is orthogonal but not orthonormal. So we have to solve the system of

3 0 0 11
a1-<0>+a2-<—4>+a3-<0>=<2)
0 0 6 -7
Y1 11/3
An easy calculation gives the solution: <Y2> = (—2/4), thus
V3 -7/6

()54 ()40

>>>Exercise 2.2 — 8 — c- Solution

ly:ll = V2L, llyzll = V17, llysll = V357

(ruv2) =0, {y2,¥3) =0, {yy,¥3) =0
System {y;,¥2,¥3} is orthogonal but not orthonormal. So we have to solve the system of

equations
—4 2 1 —22
2 3 10 -9

25

equations



-4 2 1
Since det (—1 -2 16) = 357 # 0 the system can be solved e.g. with Cramer’s rule:

2 3 10
22 2 1 4 -22 1 4 2 -2
det< 7 -2 16> det(—l 7 16) det(—l -2 7)
b=k =3 =—— P = s =— A =0
det(—l 2 16> det(—l ) 16) det(—l —2 16)
2 3 10 2 3 10 2 3 10

—-22 —4 2 1
Thus( 7 >=3-<—1>+2-<—2>+0-<16>
-9 2 3 10

>>>Exercise 2.2 — 8 — d- Solution

lyall = V3, llyzll = V6, llysll = V18

Yuv2) =0, (y2¥3) =0, (y,¥3) =0
System {y;,v2,¥3} is orthogonal but not orthonormal. So we have to solve the system of

1 1 3 13
a1-<1>+a2-<—2>+a3-<0>=< 4 >
1 1 -3 —-23
1 1 3

Since det (1 -2 0 ) = 18 the system can be solved e.g. with e.g. with Cramer’s rule:

1 1 -3
13 1 3 1 13 3 1 1 13
det< 4 -2 0 > det<1 4 0 ) det(l —2 4 )
23 1 -3 1 -23 -3 1.1 -23
T 1 3\ = %= T 1 3\ &= T 1 3\ °
det<1 -2 0 ) det<1 -2 0 ) det(l -2 0 )
1 1 -3 1 1 -3 1 1 -3

() (<L)

>>>Exercise 2.2 — 9

equations

o =

Calculate the angle of the given vectors

2.2-9—-a <1> <2>
a, = -2 , Ay = 1
4 1
2.2-9-b <0> <4>
x=(3 1] y=|2
-4 4

>>>Exercise 2.2 — 9- Solution

a,
(a,,a,) 1-2-2-14+4-1
Q= arccosm = arccos NG = arccos 0.356 = 0.976 (69.1°)
b,
(x,7) 0-4+3-2+(—-4)-4 1
Q= arccosm = arccos N = arccos (— §> = 1.91 (109.5°)

>>>FExercise 2.2 — 10

3 —4

Find real number z if the angle of vectors a; = (z) and a, = ( 3 ) is known to be 60°.
1 0

>>>Exercise 2.2 — 10- Solution
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1 600 (a;,a,) 3:(-4)+z-3+1-0 1 3z-12

— = COS = = = —

2 llasll - llall Vz2 +10-v25 5 Vz2+10
5:yz24+10=6z—24 & 2522+ 250 =362z2—-288z+576 &

288 £ V68600
22

1122 —-288z+326=0 & z= < z=13.04 or z= 27496

2.3 Orthogonality and Similarity of Functions

Let I be an interval. A function x: I — C is square integrable if

[ x@r <o
1

| | denotes the magnitude (norm) of a complex number. The space of the square
integrable functions defined on I is denoted by L, (I).

Remark: A  real valued function x:I>R is square integrable
if [, x* < oo

Remark: Piecewise continuous functions are square integrable.

Remark: Square integrable functions are mathematical representations
of finite energy signals.

The inner product of functions x € L,(I) and ¢ € L,(I) is

@) =[G =[x v @ de
1 1
Remark: If x€L,(I) and ¥ € L,(I) are real-valued functions then yP* =1,

and we can write

ey = (x-9) = | x(t)-(t)dt.
Jon-]

Remark: In the definition of the inner product in L,(I) the so-called
Lebesgue integral is used, which 1is more general than the Riemann
integral and more suitable for the general Fourier theory. If a function
is Riemann integrable then it is also Lebesgue integrable, and the two
integrals are equal. In engineering models, principally, the so-called
piecewise continuous functions appear which are Riemann integrable. In
our examples we have piecewise continuous functions, thus we have to
calculate Riemann integrals.

Remark: In the definition the inner product the Lebesgue integrability
of functions is supposed. If we want to introduce the concept of inner

product (x,l,b)=f1 (x-Y*) in the class of Riemann integrable functions we
also have to suppose the Riemann integrability of x-y~.

The norm of function x € L,(I) is

x|l = V{x, x) = /f, |x|2.

Remark: If x €L,(I) is a real-valued function we can write |lx|l = ’L xZ.
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Remark: In technical textbooks f1|x|2 is frequently referred as the
“energy content” of signal x € L,(I).
Functions x € L,(I) and ¢ € L,(I) are orthogonal if

(x, ) = f(x'l,b*) =0.
1

Remark: The real-valued functions x € L,(I) and ¢ € L,(I) are orthogonal if

)y =J (x-p)=0.
Remark: The wvalue of the inner product characterizes the “similarity”
of the functions.

>>>FExercise2.3 — 1
Consider the following functions in L, ([0,27]):
x,(t) = sint, x,(t) = cost,
x3(t) = sin 2t, x,(t) = cos 2t, t € [0,2m]
Check the orthogonality of each pair of these functions and calculate their norm.
>>>Exercise 2.3 — 1- Solution
(x;,x;) = 0ifi # j, thatis, functions x; are pairwise orthogonal. For example, the calculation of
(x1,x,) and (x3, x,) is as follows

27
(x1,%,) = Tsint-cos2tdt = |—2-cos3t—cost| =0
1,44 0 3
0
Details of the integration:
[sint-cos2tdt = [sint-(cos?t—sin?t)dt = [sint- (2cos?t — 1) dt =

. . 2
=—2[—sint-cos’tdt — [sintdt = = cos®t —cost

2w o

1
(x3,%4) =f sin 2t - cos 2t dt = [—g-cos4t] =0
0
0

Details of the integration:
1 1
JsinZt-costht = Efsin4tdt = -3 cos4t

Calculation of square norms ||x;]|%,i = 1,2,3,4 is as follows

2w 2w o

1 1 1
||x1||2=f sinztdt=§-f(1—c052t)dt=§-[t—;sinZt] =x
0

0
0

r 1 zn 1 1 2T
||xz||2=f COStht=—'f(1+C0$2t)dt=—'[t+—-sin2t] =1
2 2 2 0
0 0
r 1 zn 1 1 2T
||x3II2=f Sin22tdt=—'f(1—Cos4t)dt=—-[t——-sin4t] =1
2 2 4 o
0 0
21 1 21 1 1 om
||x4||2=f cosZtht=—-f(1+cos4-t)dt=—-[t+—-sin4t] =1
2 2 4 o
0 0

That s, ||x;|| = vV, i = 1,2,3,4.
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>>>Exercise 2.3 — 2
Consider the following functions in L, ([0, 7]):
T

1 ifteoo]

W(t) = sin2t,t € [0, 7] x,(t) = 2

-1 ifte [E,ﬂ]

14 371[

2’ 4

-1 ifte [E E[ ort € [3_7r n]
4’2 4’

1 iftE[O,%[ orte 1 ifte[O,g[ orte[%n,n]

x,(t) = x3(8) = . T 21
-1 ift € [g, ?

Calculate the inner product of ¥ with x;, x, and x; and compare the similarity of 1 with the
three functions.

Y X1
L 1
T T
0 L 0 ,[
2 2
-1 -1
X2 X3
1 1
T
0 r ks 3n 0 n 2n n
4 2 4 2 3
-1 1

>>>Exercise 2.3 — 2- Solution

The inner product of ¢ with x4, x, and x5 are
V3

T 2 s
1 T 1
(x, ) = fxl(t) “Y(t)dt = J sin 2t dt — J sin2t dt = -5 [cos 2t]2 + > [cos2t]n =2
0 0 T 2
2
™ T 3m
T 4 2 4 T
(xz,lp)=fxz(t)-ll)(t)dt=fsintht—fsintht+f sin 2t dt — J-sintht=0
0 0 s T 3n
2 2 P
T 21
T 3 3 T
(x3,1p)=fxg,(t)-l/)(t)dt:fsintht—f sin 2t dt + J-sin2tdt= 1
0 0 % 2?71'

Thatis, 0 = (x5, P) < {x3,¥) < (xq,P).
This result implies that the similarity is the highest between x; and v, while x, and y are not
similar (actually, they are orthogonal).
>>>Fxercise2.3 — 3
Calculate the inner product of the given pairs of functions
2.3.-3—a f(t)=200 g(t) = cos(0.001-t) t €[0,1]
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2.3.-3—b  f(t) =el0 g(t) = sin(100m - t) t €[0,1]
2.3.-3-¢c f(®)=15+0)-t g(t) = etmit t €[0,1]

>>>Exercise 2.3 — 3 — a- Solution
1

(f,g) = f 200 - cos(0.001 - t) dt = 200000 - [sin(0.001 - £)]} = 200000 - sin(0.001) ~ 100

0
>>>Exercise 2.3 — 3 — b- Solution
1
(f,9) = f e'%t . sin(100m - t) dt =
0
m-(1—el?
1+ 10072

1 1 !
=————[—-e0t.5in(100m - t) — - €%t - cos(100m - t)] =
1+ 10072 |10 .

Details of the integration:

1
f e10t - sin(100m - t) dt = 10 e'0t . sin(100m - t) — 107 - f e10t - cos(100m - t) dt =

0
[g(t) =sin(100m-t) = g'(t) = 1007 - cos(100m - t)}

f’(t) — elO-t = f(t) — % . elO-t

g(t) = cos(100w-t) = g'(t) = —100m - sin(100m - t)
(@) = et = fl) = % - elo0t

1 1
=T el%t - sin(100m - t) — 107 - (E e'%t . cos(100m - t) + 107 - f e'%t - sin(100m - t) dt) =

1
=10 el0t.sin(100m - t) — w - e%t - cos(100m - t) — 10072 - f el0t . sin(100m - t) dt

f e10t - sin(100m - t) dt =

1
=10 e10t.sin(100m - t) — - et - cos(100m - t) — 10072 - f e10t . sin(100m - t) dt

1
(1+100m?) - J- e'%t . 5in(1007 - t) dt = ol e10t - sin(100m - t) — - %t - cos(1007 - t)

1 1
j el0t . sin(100m - t) dt = T3 10002 (1—0 et . 5in(100m - t) — - et - cos(100m - t))
>>>Exercise 2.3 — 3 — c- Solution
1
1

. 1—-15-i 15+ .
— N .. pATlt — . . pAmit —
(f,g)—f(15+L) t-e dt [( e t+ 167r2> e ]0
0

1—-15-i 15+ wpg 15+ 1—15-0
= < + ) . Tl _ =
41T 1672 16m? 4
Details of the integration:
) . 1 . 1 .
J(15 +i)-t-et®ltdt = (15+1) - j t-e*™ltde = (15 +1i) - (—.-t setmit — _-je‘“”'f dt) =
4m - i 4m-i
[ go=t = g® =1 ]

. 1 .
! — pAmit — . pAmit
flt)y=e = fO=g—e

1 . e47r-i-t> — (1 —15-i . 15 + i) . edmit

1 .
_ N . amit _
(15+0 (47r-i te (4m-0)2 e T
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>>>Exercise 2.3 — 4
Show that functions

. (6 6m
x4, (t) = sin <7 . t) and x,(t) = cos (T . t)
are orthogonal in L, ([0, T]) space. Give the norm of x,.
>>>Exercise 2.3 — 4- Solution

‘ 6m 6m 1 ¢ 121‘[
(x1,x3) —J-(sm(T t) cos <7 t dt—z J-sm dt
0 0
1T 12 \1" T
=‘z'm'[“’5(?'f)]o =4y 17D=0

T
[l IIZ—fcos2(6—n-t)dt—l-j1+cos<12—ﬂ-t>dt—1 [ +L sm<12ﬂ-t>]T—Z
2 T 2 T 2 127 T )
0

0

ol = |-

>>>Exercise 2.3 — 5- Solution
Show that functions

167,
() =—-e"T" and x,(t) =

VT

are orthogonal in L, ([0, T]) space. Give the norm of x;.

>>>Exercise 2.3 — 5- Solution
T T

( ) J( 1 it 1 —i-lOT"-t> dt 1 J v dt
xX,%)=|(—="e —-e =—-|e =
142 J \/T \/T T

1 1 [i.ﬂ.t]T -1 (™ _1) =0
= = . T = . _ =
T —;n € o am-i ¢
‘ 1 10w 1 . 10w ‘
[EA(R =f(\/—T-e‘Tf —T-e“'Tt)dt—f—dt= 1
0 0
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3 Fourier Series

3.1 Orthonormal Systems
Let I be an interval. A sequence of functions {(pj}jeN C L,(I) is orthonormal if its elements
are pairwise orthogonal and the norm of each element is 1.
Remark: An orthonormal sequence is also called orthonormal system.
Remark: In the definition of orthonormal sequences (systems) we can
write Z or NU{0} instead of N. For example, in the case of the
exponential system we have j€Z (see Chapter 3.3), while in the case of
the trigonometric system we write jEN or jENU({0} (see Chapter 3.2).
The Fourier coefficients of a function x € L,(I) with respect to the orthonormal system

{(pj}jEN c L,(I) are

%= (o) = [ Gop), kew
1
The series of functions
FS) = ) R0 = ) (601 9)
k=1 k=1

is called the Fourier series of x with respect to the orthonormal system {goj}jeN.
The connection between x € L, (I) and S (x) is important question in the Fourier theory.

In L, we say that x = X7, (X - @) if lim||x — X5 (X; - @)l = 0. An orthonormal
n—-oo
system {(p]-}jeN c L,(I) is called complete if x = FS(x) for all x € L,(I).

From the point of view of engineering practice it is generally enough to know that the

Fourier series of a piecewise continuous function converges to the value of the function

at every point t where the function is continuous (lim Y3_; £ - @i (t) = x(¢t)) and
n—-oo

converges to the midpoint of the discontinuity (the average of the left- and right-hand
limits) wherever the function is discontinuous.

[oo]
Il = ) 1

k=—o0

states that the square norm of a function (energy content of a signal) can be calculated

The Parseval equality

directly from its Fourier coefficients.
3.2 The Trigonometric System

3.2.1 The Orthonormal Trigonometric System

Let T > 0. System of functions

1 V2 2m V2o 2m
{CONST(t) = \/_T' COS,(t) = \/_7 * cos <k T t) ,SIN, () = \/_7 - sin <k T t)}kEN
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is orthonormal in L, ([0, T]).
T-periodic functions

V2 2w V2 2m
t—>—-cos(—-t) and t—)—-sm(?-t>

of ‘frequency’ f, = %are called basic functions of the system, while T /k-periodic functions

e 2 o0, 0o 2 s (k- 22 ), k=23
- —=-cos|\k-—"t]), - —=-sin|k-—-t|, k=23, ..
VT T VT T

of frequency k - f = k/T are the harmonics.
The Fourier series of a function x € L,([0,T]) with respect to the orthonormal
trigonometric system is

FS(x)(t) = A, - CONST + Z Ay - COS,(t) + Z B, - SIN, (1),

k=1 k=1
where
T T
A, = (x,CONST) = fx(t) - CONST(t) dt = fx(t) -%dt
0 0 T
T
" V2 2r
A = (x,C0S) = | x(t)-COS, () dt = | x(t) - <— cos(k-—-t )dt, k=12,..
; [s0-(Fees(e 29
T

s V2 2
By, = (x,SIN,) = fx(t) *SIN, (t) dt = fx(t) \/_ - sin (k ?t) dt, k=1,2,..
0
Ay, A, and By, k = 1,2, ... are the Fourler coefficients of x with respect to the orthonormal
trigonometric system.

In the special case T = 2m the orthonormal trigonometric system is

1 1 1
CONST(£) = ——=, COS, (£) = — - cos(k - £),, SIN, (£) :—-sin(k-t)}
{ ( ) Eﬁ; k \GE k \G; ren
and the Fourier coefficients of x are
2
A fn ® S dt
= x(t) —
0 ; V2w
21
Ak=fx(t) (f cos(k - t))dt k=1,2,.
0
21
B =f x(t) - (— sin(k - t))dt k=12,.
k ) NE

If function x is odd, then A, = 0,k = 0,1,2, ..., if x is even, then B, = 0,k = 1,2, ...

The Parseval’s equality in the case of the orthonormal trigonometric system is
T

Il = [ 2 = A5+ ) A2+ ) B2
k=1 k=1

0
Remark: When calculating the Fourier coefficients of the T-periodic

functions with respect to the orthonormal trigonometric system we can
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take the integrals on any interval of length T. E.g. we often do the

. . T T
calculations on interval -3

>>>Exercise 3.2 — 1
Let T > 0. Show that the system of functions

COSk(t) = \/_\/;.cos (k -ZTn-t>,SINk(t) = \/—\/;-sin (k 2?” t)}
keN

1
{CONST(t) = \/_T
is orthonormal in L, ([0, T]).
>>>Exercise 3.2 — 1- Solution
T T
fCONSTZ(t) dt = f%dt =1
0

0
T T

T
fcosztdt—fz Z(k 2m t)dt—lf(1+ <k Am t))dt—
() dt= Tcos T =7 cos T =

0

0 0

T

-

T T

fSINCtht—fz- 'Z(k-ZH-t)dt—1 f(l (k 4T[-t))dt—
R dt= T sin T =7 cos T =

0 0

0

Ifk#n
T

2 21
fCOSk(t) -SIN, () dt = T fcos k — t - sin (nT . t) dt =
0 0

T

k T T ] 21
“k2—n? 21 [sm(k-T-t)-mn(n-T-t)]O+

1 n-T 2m 2 \1"
+m'ﬁ'[C"S("'?'t)'c"S("'T't)L =

k

=k 2 _p2 2
1

T
Details of the integration:

K 2 ) 2 dt =
fcos( T t) sm(n T t) t=

[g(t) = sin (n .

- (sin(k - 2m) - sin(n - 2w) — sin 0 - sin 0) +

n-
?l (cos(k  2m) - cos(n - 2m) — cos0-cos0) =0

T
Fr = cos(k-3e) = 0 =—gz-sin(ie- )

1 . (k 21 t) . ( 21 t) n f ) (k 21 t) ( 21 t)dt—
_k-z—” sin T sin(n T X sin T cos|n T =
T
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[ © ( 21 t) - ) = 2n ( 2n t>]
g—cosnT g nTsmnT
—sin(k 2 1 K 2
f(t)—sm( ?t) = f() 2n cos( ?t)J
T
1 2n
= -sm(k — t)-sin(n-— t)—
P
T
n 1 (k t) ( 21 t) nf (k 21 t) ( 21 t)dt _
T k.z_" cos T cos(n T 2 cos - sin|n - =
T
1 i 2m . i3
_k.z_” sm( — t) sm(n T t)+
T
+ (kz”t) (Z”t) Zf (kz”t) (Z”t)dt
57 €OS T cos|n T P8 cos T sin(n T

_k T (k27rt)_< 2ﬂt)+ 1 nT <k2nt> ( Znt)
= 7 - sin T sin(n 2 2n o8 T cos(n =

We can show similarly that
f SIN,(t) - SIN,(t)dt =0 and f COS,(t) - COS,(t)dt =0
0 0

>>>Exercise 3.2 — 2
Calculate the Fourier coefficients of the 2m-periodic function x
defined as T+
x(t)=t, —-m<t<m
with respect to the orthonormal trigonometric system. ¢ ¢ >

. . -7 T
Use the Parseval’s equality to give the sum Y}, kiz

>>>Exercise 3.2 — 2- Solution
Since function x is odd, 4, = 0,k = 0,1,2, ...

T

B, = jt (\/% sin(k - t))dt—\/_- —l-t cos(k - t)+ > - sin(k - t)]

- 1 1 1 1 1
=ﬁ-<(—;ﬂ-cos(k-r[)+?-sin(k-7r)>—<E-T[-cos(k-7r)—P-sin(k-rr)>> =
=%.<_%.ﬂ.cos(,{.n)> =2.\/;.(_1)k+1.%

Details of the calculation (integration by parts):

, 1 1 1 1
ft-sm(k-t)dt——E-t-cos(k-t)+E-fcos(k-t)dt——E-t-cos(k-t)+ﬁ-51n(k t)
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gi)=t = g=1
f'@) =sin(k-t) = f(@)= —%- cos(k - t)

According to the Parseval’s equality
T (o]

1
lxl|? = ftz dt —ZBk =)

n k=

Since f_ﬂn t2dt = g [t3]7, = 2-71 we have

2 1
g )
k=1

1 o7
it

k=1

that is

>>>Exercise 3.2 — 3
Calculate the Fourier coefficients of the 2-periodic function x
defined as
x(t)=t?, —-1<t<1
with respect to the orthonormal trigonometric system. -1 1

>>>Exercise 3.2 — 3- Solution
Since function x is even, B, = 0,k = 1,2, ...
1
1 1

Ay = (x,CONST) = ftz-—dt:—-
0 ) > >

. V2
' [t3]—1 = ?

W[

-1
1

A, = (x,COSy) = ftz “(cos(k-m-t))dt =

1 2 2 L
=|— ¢ sin(k-m-t) + “trcos(k-m-t) — -sink-n-t] =
[k'TL’ ( ) k% - 2 ( ) k33 ( )_1

2 2
Ik cos(k-m) — PERp - sin(k - n)) —
1 2 2
— (— —sin(k-m) — = cos(k - m) + - sin(k - n))
: k* - m? 3
4- 4 4
= -sin(k - ) + 2 -cos(k -m) — B sin(k - @) = R cos(k - m)

if k is even

A K2 - 2

k 4
- K2 2
Details of the calculation (integration by parts):

ftz-(cos(k-n:-t))dt—i-tz-sin(k-n’-t)—i-ft-sin(k-n-t)dt—
T km km B
[ g) =t* = g’(t) =2t ‘

if k is odd

f'®)=costk-m-t) = ft)=-— sm(k T-t)
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gy =t = g=1
f

") =sintk-m-t) = f()= —%-cos(k-n-t)

1 2 1 1
—— 2.4 et —— [ —— ¢ ST - . ST =
T t?-sin(k-m-t) T ( T t-cos(k m t)+k- fcos(k T t)dt)

1 2 2
- 2.4 o _c s ) i R
- t%-sink-m t)+k2_ >+trcos(k-m-t) P sin(k-m-t)

3.2.2 The Trigonometric System
Let T > 0. System of functions

{1.cos 157 ) sin 1)}
,cosk-—-t),sin(k-—-
T T KkeN

is orthogonal (but not orthonormal) in L, ([0, T]). It is called the trigonometric system.
The Fourier coefficients of a function x € L,([0,T]) with respect to the trigonometric

system are

T
2 = f (t)dt
i

0

T

2 2n
dsz-fx(t)-cos<k-7-t>dt, k=12,..

0
T
2m

~ 2 :
bk=?-fX(t)'Sln(k'T't)dt; k=1.2,..
0

and the Fourier series of x with respect to the trigonometric system is

c 21 = N 21
FS()®) =g+ Y dc-cos (k-2 ¢)+ Y By -sin(Ie- -t
G k=1

If function x is odd, then @, = 0,k = 0,1,2, ..., if x is even, then Bk =0,k=1,2,..
In the special case T = 27 the trigonometric system is

{1,cos(k - t),sin(k - t)}ren
and the Fourier coefficients are

1 2
0

2m
1
a, = ;f x(t)-cos(k-t)dt, k=12,..
0
1 2m
by = — f x(t)-sin(k-t)dt, k=12,..

0
Using the trigonometric equality

b
arctg—, ifa=0
A-sinx + B -cosx =+ A% + B? - sin(x + @) ,where ¢ = a
arctga+ w, ifa<oO

an alternative form of the Fourier series is
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[oe]

2
FSG)(E) = & + Z &, - sin (k ?” 4 (pk),

k=

is obtained, where ¢, = d,, ¢, = /d,zc + b, k=12,..and

by e n
arctg—, ifd, =0
- Gk
Pr = B
k N
arctg—+m, ifd, <0
2%

is the phase of the harmonic belonging to index k.
Remark: An advantage of this formula is that it contains at most one

[y

term (a sine function) of a certain frequency, while in the original
formula two functions (a sine and a cosine) of the same frequency can
appear. This fact is important in certain applications when the
frequencies of the harmonic components (and the related amplitude) are
in the focus. We have to note that the decompositions with respect to
the exponential system also contains at most one term corresponding to
a certain frequency.

>>>Exercise 3.2 — 4

Sketch the constant function and the first four cosine and the first four sine functions of the

trigonometric system belonging to the period T on the interval [0, T].

>>>Exercise 3.2 — 4- Solution

t—-1
T
; ) (Zn t) . <2T[ t)
N il N 2=,
sin T cos T
T T
2 21
t—»st—t t — cos ?t)

V\/\

v NN/

NN

k=

C
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2n 2n
t—>sm(3 -t) t—>cos<3-T- )

AA AL N AN
\/vv VARVARV.

t (4- 2 t)
N L
cos

%AAA N A AN
RVAVAVAVARRIVAVAVAY

>>>FExercise 3.2 — 5
Determine the Fourier coefficients of the 2r-periodic function x defined as

0, if t=0
x(t) = {

1t+n if 0<t<2
> 5 1 s

with respect to the trigonometric system.

Give the sum of the first 5 terms and the sum of the first 10 terms in the Fourier series.
>>>Exercise 3.2 — 5- Solution

Function x is odd, so @, = 0,k = 0,1,2, ...

We can get the coefficients by, by integration by parts

2

e =~ ¢+ D) -singk - £) de =
k= f<__t+§) sin(k - t) dt =
0

2
= £ [(i - i) cos(k-t) —

z 12kt " 2k +sin(k - t)]

1
2k?
1 T T 1 T 1
=— <<(E — ﬁ) cos(k - 2m) — —— - sin(k - 21'[)) — (_ﬁ cos0 — T sin 0))
Details of the calculation (integration by parts):

J 1, ")'ktdt—l(lt ") k-t 1j k-t)dt =
<2+2 sin(k - t) =y 2+2 cos( )Zk cos(k-t)dt =

kl»—\

t) = 1t+n ") =
g =—St+5 = g =-3

f'@t) =sink-t) = f(t)=—1-cos(k-t)

1 1 T 1
=——-<—Et+2) cos(k-t) — o -sin(k-t) = (Zk T

Since @, =0,k =0,1,2, ... and bk = E’ k = 1,2, ... the Fourier series of x is

) cos(k-t) — 1 5 sin(k - t)
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FSx(t) = z w
k=1

The two partial sums are

2% w I Ny AT e

Lk \\\1 \qu 8 12

>>>Exercise 3.2 — 6

Determine the Fourier coefficients of the 2m-periodic function x defined as

0, if —T<t<0 .
2, if  t=0
X =34 if o<t<n
2, if t=m —© T ”
—TT

with respect to the trigonometric system.
Give the sum of the first 4 terms and the sum of the first 8 terms in the Fourier series.
>>>Exercise 3.2 — 6- Solution

1
T[

f4 cos(k - t)dt—i [sin(k-t)]F =
0

Q)
=||H

k-

4
—— - (1 —cos(k - ))

4 -sin(k - t) dt——4 [cos(k - )]T K-

b = k-m

=||>—‘
o'\

We have that

k-m
0 ifkiseven
writing the odd numbers k in the form k = 2n — 1 the Fourier series of x is

B 8 - sin((2n —1) - t)
WO =24 ) =

8 ..
by = [— if k is odd

n=1
The two partial sums are

t—>2+z(2k - sin((2k — 1) ©) H2+Z(2k —sin((2k = 1)+ ©)
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>>>Exercise 3.2 — 7

Determine the Fourier coefficients of the 8-periodic function x defined as

~ ifo<t<4
x(t)‘{—z ifa<t<8

>>>Exercise 3.2 — 7- Solution

4 8
3 fder g [
=3 5 =
a, =— J-6 cos )dt

[N
S

-M»—*

S
&
Il
S

[cos (k-

-x>|=|

= _—- (cos(k-m)—1) + kz_r[ (cos(2k - ) — cos(k - m))

k-m

=V\k-m

16
5 {— if k is odd
Kk
0 if k is even

4

0

8
-I—Z-cos(k-%-t)dt=
4
6 4 2
=k_.[sm(k.f.t)]0_m.[sin(k.g.t)]
4 8
-j6-sin(k — t % J 2-sin(k-%-t)dt=
0 4

o 50)

8

4

8

4

0

writing the odd numbers k in the form k = 2n — 1 the Fourier series of x is

16 sin ((Zn -1 % t)

() =2+ Z ——
n=1

>>>Exercise 3.2 — 8

Calculate the Fourier coefficient b, of the 2m-periodic

function x defined as
if t=0

x(t)_{n—t if 0<t<2m

with respect to the trigonometric system.
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>>>Exercise3 2 — 8- Solution

= f (r—1t)-sin(4-t)dt =

——-[—1-(n—t) cos(4 - t)—— sin(4 - t)] —l E+E)—l
o4 m 4 4/

Details of the calculation (integration by parts):
f(rr—t) -sin(4-t) dt = —%-(n’—t)-cos(4-t)—%-fcos(4-t)dt =
1 1
=-7 (r—t)-cos(4-t) —R-sm(4-t)
g)y=n-t = g =-1
f'@) =sin(4-t) = f@)= —l cos(4-t)

>>>FExercise 3.2 — 9
Calculate the Fourier coefficient b, of the 2-periodic function .

x defined as ‘
ifo <

x(t)={ 1, ifo0<t<1 .

2

2—t, ifl<t<?2 1
with respect to the trigonometric system.

Exercise 3.2 — 9- Solution
2 1

by = fx(t) -sin(10-w-t) dt = fsin(lOn -t)dt + f(Z —t)-sin(10m - t) dt =
0 0
=~ L [cos(r0m - )12 +[ (107 -8 = —— - sin(107 - )| =
=~ 1o, Lcos(10m: 10, cos(10m 1002 - sin(107 - .~ Ton
Details of the calculation (integration by parts):
1
f(Z —t) sin(10 - t) dt = ——— (2 —t)-cos(10m-t) — — fcos(lOn t)dt =
1 .
= —m -(2—1t)cos(10m - t) —W -sin(107 - t)
g)y=2-t = g@®=-1
1
f't) =sin(10m-t) = f()= ~Ton cos(10m - t)
>>>Exercise 3.2 — 10
Calculate the Fourier coefficient @, of the 1-periodic function 1
x defined as 2
©=1lt, -3<t<-
SRR 1 1 1
with respect to the trigonometric system. -3 5

>>>Exercise 3.2 — 10- Solution
1

dZ=2-fltl-cos(Z-Zn-t)dtzll t-cos(4m-t)dt =

O\NI»—\

2
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1/2

1 1
=4-[E-t-sin(éln't)+16n2'COS(47T't) . =

—4(11'(2)+1 @m) 1)—0
=gy 2 ST T g OOV T 2] T

Details of the calculation (integration by parts):

1 1
ft-cos(4rt-t)dt=—-t-sin(4n-t)——-fsin(4—n’-t)dt=
4 4

1 1
= - tesin(4m - t) + - - cos(4m - 1)

git)y=t = gm=1
f't) =cos(dm-t) = f(t) = ﬁ-sin(éln “t)

>>>FExercise 3.2 — 11
Calculate the Fourier coefficient @q of the m-periodic

function x defined as
(©) =Isint], —~<t<=
x(t) = |sint|, —=< -
2 2

with respect to the trigonometric system.

>>>Exercise 3.2 — 11- Solution
T

. 2 2m
ak=?-Jx(t)-cos<k-7-t)dt,

0
T T
2 ¢ 4 f
dg=;- flsintl-cos(Q-Z-t)dt=;-Jsint-cos(18-t)dt=
_% 0
L Il t-sin(18-t) + L t (18-1t) "
_T[ 323 Sin Sin 323 CoSs COS . =
_4(18,n,(9)+1 T cos(om) 1)_ —4
T \3p3 SNy ST T angt €085 0SI) T 303) T 323 1

Details of the calculation (integration by parts):
1 1
fsint-cos(18 “t)dt = E-sint-sin(lB 1) —E-fcost-sin(l&t)dt =

1 1 1
=—-sint-sin(18-t)—1—8-(——-cost-cos(lS-t)—1—8-jsint-cos(lS-t)dt) =

18 18
1 1 1
= E-sint-sin(lB -t) +ﬁ' cost-cos(18-t) +ﬁ' sint - cos(18-t) dt
g@t) =sint = g'(t) = cost
[f’(t) =cos(18-t) = f(t) = % -sin(18 - t)]

g(t) = cost = g'(t) = —sint
f'(t) =sin(18-t) = f(t)= —%-cos(lS “t)

. 1 ) 1 1 )
fsmt -cos(18-t)dt = E-smt sin(18 - t) +ﬁ cost-cos(18-t) +m sint - cos(18-t) dt
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1 . 1 ) 1
(1—ﬁ)-fsmt cos(18 t)dt—ﬁ sint - sin(18 t)+ﬁ cost-cos(18-t)

. 18 . . 1
fsmt cos(18-t)dt =353 sint - sin(18 t)+ﬁ cost-cos(18-t)
>>>Fxercise 3.2 — 12
Determine the period of the signal

0= 6rsin(25 )+ 12-cos (25
x(t) = sin| 5 cos |35

and give the Fourier coefficients d,, d;, @,, 43, by, by, bs.

>>>Exercise 3.2 — 12- Solution

Period of functiont — 6 - sin (;—Z . t) is 20, period of function t — 12 - cos (z—z . t) is 30.Itis easy
to see, that period of their sum is equal to the smallest common multiple of 20 and 30, that is

T = 60.
Now it is evident that signal x contains two harmonic components, namely

2n 2n
t—>6-sin<—-t) =6-sin<3-—-t)

20 60
and
21 21
t— 12 cos(% t)—12 cos(Z %0 t)

thus b; = 6 and @, = 12. All other Fourier coefficients are equal to zero.

We can calculate the Fourier coefficients according to the formulas. T = 60 thus
60

~ 2 . (2m 2 ) 2
b3=%- (6-sm(ﬁ-t)+12-cos(%-t»-sm(&%-t)dt=
600 60
12 ., (2T 24 2m . [2m
=50 sin (E-t)dtH—%- cos<%-t)-sm<ﬁ-t)dt=
0 0

121 (t 10 (Zn t))]6°+
60 [2 2r >™\10 ),
+24 18 (211 t) (211 t) 6 (211 t) . (271 t)] —6
&0 - cos 30 cos 20 z sin 30 sin 20 . =
Details of the calculation
2 1 21 1 10 2
2 (25 —_. _ el — (2 an (2.
fsm (20 t)dt 2 fl cos(10 t)dt > (t o sm(10 t))
2 2
jcos(%-t)-sin(%-t)dt=

_ 20 (211 t) (Zn t) 2 f . (2n t) (211 t)dt—
=5 cos 30 cos 20 3 sin 30 cos >0 =

f’(t)=sin(2—0 t) = f(t)=—2—-cos(§—g t)
g(@) = sin g—g t) = g'@)= 30 08 (Z—Z t)
2



2 ( (Zn t) (Zn t) 2 J‘ (211 t) (211 t)dt)—
3 sin 30 sin 20 3 cos 30 sin >0 =

== g eos(ag-t)-cos(g 1) =5sin (5 ¢) s o) 5+ [ s 55-1) s
= o cos 30 cos 20 - sin 9 cos 30 Sin 20

5 21 . [2m 20 27 27 2 . /2m . [2m
§'J‘COS(%'t)'SIH(%'t>dtZ—Z'COS(%'t)' (20 t) 3-31n<%-t)-sm(%-t)
2m 2 18 2m 2 6 2 . (2w
fC°S<30 t) Sm(zo )dt__? COS(% t) COS(20 t) 5 Sln(30 t)'sm(zo t)

60
. 2 . (2m 2 2
=2 (6-sm(%-t>+12-cos(%-t>) cos(Z %-t>dt=

Details of the calculation

| (sot)d =3 [ 14 cos (T2 t)ar = (t+15 in(T5 1))
cos” (35 = cos (g =3 77 S\ 7z

J . (271 t) (271 )dt—18 (211 t) (Zn t) 6 . (211 t) . (Zn t)
sin 20 cos 30 = cos 3 cos 20 3 - sin 30 sin 20

(see the same calculation above)

Py

>>>Exercise 3.2 — 13
Give the spectrum of the following signals
3.2—-13—-a x(t) =0.2-sin(250 -t — 5.6) —
—4.52 - sin(1250 - t — 3.2) 4+ 2.87 - sin(800 - t)
3.2-13-b x(t) =100 -sin(5.48 -t — 0.6) + 55 - sin(6.28 -t — 3) +
+21-sin(7.27 -t + 1) + 66 - sin(t — 1.9)

>>>Exercise 3.2 — 13 — a- Solution

®; = 250 [—] > f, = =L = 39.79[Hz] g
4.52
([OF)
Wy = 1250 I:T] = fZ = ﬂ = 19895[1‘12]
800[md] 93 _ 127.33[Hz] 7
= —_— = = — = .
w3 S f3 o Z
02 | 1

fi=3979  f;=127.33 f,=19895 f
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>>>Exercise 3.2 — 13 — b- Solution

—548[md] = fi=2_ 087[Hz] *
w1 = 9. S ﬂ.—'zn'— . z 100
6.28 [md] Y2 _ 1[H7]
= . —_— = = —=
) S f2 - Z 66
rad W3 55
w3 =7.27 I:T = f3 = E = 116[HZ]
Y L I =2 _ 0.16[Hz] B
Wy = S ﬁ-—zn—-. z

fi=0.16 fi=087 f=1 f;=116 f

3.3 The Exponential System

3.3.1 The Orthonormal Exponential System

Let T > 0. System of functions
1 . 2T
Exp0) = -7
VT kez

is orthonormal in L, ([0, T]). This system is called orthonormal exponential system.
Remark: In the exponential system index k is from Z, that is, there are
negative indices as well.

Remark: Because of the periodic nature of the complex exponential
function in the imaginary part of the variable the coefficients k-;? in

the exponents have “frequency” meaning similarly to the elements of the
trigonometric system (see in Appendix 1).

The Fourier coefficients of a function x € L,([0,T]) with respect to the orthonormal

exponential system are
T

X, = (x,EXP,) = Jx(t) : (i
0

and the Fourier series (decomposition) of x is

. 2T
l"‘T*) dt, ke,

(oo} (oo}
FS(x) = Z (X, - EXP,) = 2 ({x, EXP,) - EXP,).
k=—o k=—o
Remark: When calculating the Fourier coefficients of the T-periodic
functions with respect to the orthonormal exponential system we can
take the integrals on any interval of length T. E.g. we often do the

calculations on interval [—;,ﬂ.
>>>Fxercise 3.3 — 1
Show that system of functions
1 . 2T
{EXPk(t) =—- el'k'Tf}
VT ket

is orthonormal in L, ([0, T]).
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>>>Exercise 3.3 — 1- Solution

For arbitrary k € Z we have
T T

1 2w 1 . 2T 1
IEXP |12 = f (et e T e = f —dt=1
T
ST T

(we used that (e"%)* = e7¥%, @ € R)

For arbitrary k,l € Z, k # | we have
T T

1 2T 1 2T 1 . 21
(EXP,, EXP;) = J- (_ P e—l'l'T-t) dt = =- J. et k=Dt g —
VT VT T
0 0
1 1 coen 21T 1 .
_2. _ -(k—l)-?-t] _ (e2mitk-D _ 1) = 0
[e o 2m-i-(k—=1D) (e )

T i k—p-2F
i-(k=1D T
>>>Exercise 3.3 — 2
Give the Fourier series of 10-periodic function x defined as
|
4’ lf 0 <t< 5 A GCmrernnnnnnnnnnanann

x(t)={0, if 5<t<10
2, if x€1{0,5,10}

o,

2 ] v

with respect to the orthonormal exponential system.
>>>Exercise 3.3 — 2- Solution

5

X, = (x, EXP,) f4 ! dt 20
= (X, = I — =
0 0 J \/1—0 \/1—0

Ifk+0

5
. 1 2T 4 —-10 . 2m 15
Xy = (x,EXP, =f4-<—-e‘”"ﬁ‘t> dt=—-7_-[e_l'k'ﬁ't] =
k= ) J 710 N, .

—40-1i
201 ) —, if k is odd
=——— (""" - =3yi0- -k’

Vi0-m-k 0, if kisevenk # 0

Using the notation k = 21 — 1,1 € Z the Fourier series of x is
— —40-i 1, P
FSf(x (t) =24 Z ( . el-(Zl—l)-E-t) —
169 = W10 - (21— 1) V10
= —4-1i : 2m
-9 Z ( . z-(21—1)-1—0-t)
* T-@2l-1 °

>>>Exercise 3.3 — 3
Calculate the Fourier coefficient X3 of the 8-periodic

function x defined as 6 ;
6, if 0<t<4 L4

x(t)z{O, if 4<t<8 o o

3, if xe{04} 4 8

with respect to the orthonormal exponential system.
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>>>Exercise 3.3 — 3- Sqution

6 —4 .31 1%
— (o)~ e_lg_t)—f6 iy o & .[e T] _
0

V8 \/— 3m-i
_i (e —1371—1)=i§-(cos(—3n)+i-sin(—3n)—1)=2"/_§
T[l Tl -1l

>>>Exercise 3.3 — 4
Calculate the Fourier coefficient X, of the 2-periodic
function x defined as
x(t)=t, 0<t<2
with respect to the orthonormal exponential system.

>>>Exercise 3.3 — 4- Sqution

Ry = (0O, = e 5 = ft ettt = (eh ) et =
* V2 N2 4m- 47 0
1 -1 1 . 1
— 4+_>,e—l-161r__
\/_ (( 4mi 4mi
Details of the calculation
. -1 . 1 . -1 . .
L pmiATt Jp — P Y 3 . —iAmt Jp — ct . poiAmt . poiAmt —
fte dt P t-e +4n-i e dt 4n_l,te +167r2 e
- g'@®= 1 3
9() _-.t '+ = 1 . = 1 - (t + L) el
f’(t) — e i-4m-t f(t) — 7 - e—l-47r-t 4T -1 4111
—4am -1
>>>Fxercise 3.3 — 5
Calculate the Fourier coefficients of the 2m-periodic function x )
defined as ™
x(t)=t?, —-m<t<nm
with respect to the orthonormal exponential system.
. . 1
Use the Parseval equality to give the sum };_ p ,
-1 s

>>>Exercise 3.3 — 5- Solution
m
[ La=Ll .2
V21 V2m 3
=TT
Ifk#0

Xo =

vor \\k k2 " k3 k k2 k3
4 1
- . _1)k —
V2r k

Details of the calculation (integration by parts):

ftz-e‘”"tdt=_;_i-tz-e‘i'k't+%-ft-e_i'k'tdt=
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P _ T ke N _ T ke
fO= e fO= —e | 0= e fO= e
=_k1.i.t2 —lkf+kzl < ]j.i.t.e—i'k't+%.fe—l"k'tdt):
1 . 2 . 2 . 1 2 2 .
— _k = . tZ . e—l-k-t + F “t- e—L-k-t + k3 v . e—L-k-t — (k i- t2 + ﬁ t— k ) . e—l-k-t

We used that
e kT = cos(—k - m) +i-sin(=k - 1) = cos(k - m) = (—1)¥
e®™ = cos(k - m) +i-sin(k-m) = cos(k - m) = (=1)*
According to the Parseval’s equality

(o] [e'e) 1
Il = ft4dt_2xk_xo N gp=gemzeeny
k=—c0 k=1 k=1
Since f_nn t*dt =§- [ts]’fn —g > we have
2 5 2 5.1 i 1 i 1t
- —_ — . = _———
5T 79 T L K~ 90
k=1 k=1

3.3.2 The Exponential System

System of functions

{el k- 2—" t}
kez

is orthogonal (but not orthonormal) in L, ([0, T]). It is called exponential system.
The (complex) Fourier coefficients of function x € L,([0,T]) with respect to the

exponential system are
T

o l . . —i'k'zTT['t d k Z
X, = T x(t)-e t, ke,
0

the Fourier series of x is
[ee]

FSOO(t) = Z (J?k-elsznt).

k=—00
Functions k — |%|, k = |%|%, and k — arg®, are called amplitude spectrum, energy

spectrum and phase spectrum, respectively.

>>>Exercise 3.3 — 6

Calculate the Fourier coefficient X5 of the 4-periodic function

x defined as ) I o—o
(t)_{, if2<t<3
= 0, otherwise on [0,4] ¢ —o—O0
2 3 4

with respect to the exponential system.
>>>Exercise 3.3 — 6- Solution

4

3
fz e_ls_tdt—1 _2,'[6 lSTTEt] =
2 4 0

><>

S5m-i

4>Ir—‘
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-1 . -1
= -+ (74107 — 1) = ——— (cos(—10m) + i - sin(—10m) — 1) = 0
10m - i 10m - i

>>>Exercise 3.3 — 7

Calculate the Fourier coefficient X5 of the 1-periodic function
x defined as

x(t)=ef, 0<t<1
with respect to the exponential system.

>>>FExercise 3.3 — 7- Solution
1 1
£, = f et - e—i32mt gy — fe(l—GTEi)-t dt = 1 ) [e(l—éni)-t]l — 1 (e16T — 1) =
3 1 — 6mi 0 1—6mi
0 0
=l ee 1) = (cos(—6m) + i sin(—6m) — — =
TT1—em ¢ Sl —em OSSO T e T 1— 6mi

3.4 Real and Complex Fourier Coefficients

If x € L,([0,T]) is a real-valued function, we have
X=Xy kel

and, consequently

|Z_i| = |%l, k€L
showing that the complex spectrum has symmetric nature and the fact that the Fourier
coefficients of a real-valued function belonging to ‘negative frequencies’ have not
independent meaning.
The complex spectrum is displayed in different ways. We can draw a “3D” diagram
showing the complex values (the real and the imaginary part of the coefficients), or we
can plot only the values |X|, and finally we can plot values 2 - |X;| on the non-negative

SR 215
f f

Re(a?,:; —k-fy [ k- fy [ k- f

Consider the orthonormal trigonometric system

frequency axis.

A Im(%)
Xk H

fo

\k-

1 V2 2m V2o 2m
{CONST(t) = ﬁ’ COS,(t) = W - cos (k T t), SIN.(t) = ﬁ - sin (k T t)}kEN

and the orthonormal exponential system

{EXP ©® ! """ZTn'f}
k(l) =—="¢€

\/T keZ
in L,([0,T]). Since both the real and the complex Fourier coefficients (4, By, X;) belong

2
to frequency k - ?ﬂ, they are expected to be connected. In fact
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)?0 = Ao,
furthermore the properties of sine, cosine and exponential functions imply that for
k € Z,k > 0 we have

L1 > 1 i 5 ¢
sz_'(Ak_Bk'i)v X—k:_'(Ak'i'Bk'i)' and |Xk| A2+B
v V2 )

\/—

Considering the trigonometric system

{1.cos (- ). in (-5 o)
ycos|k-—-t),sin(k-—-
T T keN

and the exponential system
{ ei-k-zTn-t}
kEZL

the connection between the real and complex Fourier coefficients (dy, by, ;) is as
follows:

=
o
Q

furthermore, for k € Z, k > 0, we have
1 ~ 1 ~ 1 ~
£k=5'(dk_bk.i)' x_k=§'(ak+bk'i), |xk|=5' a,2(+b,f
>>>Exercise 3.4 — 1
Using the Euler formula ett =cost +i-sint,t € R show that

. 1 . A~ N A 1 . L . 1 o Ao
Xk =ﬁ.(Ak_Bk'l)’ Xk =ﬁ'(Ak+Bk'l), and 'Xk| =E Ak+Bk' kEZ,k>O
Then express X, + X_,and i - (X, — X_x),k € Z,k > 0.

>>>Exercise 3.4 — 1- Solution

Letk € Z,k > 0.
T

2, = Oj (@) (% T e =

T T
f ) a (k 2m )dt i f ®) L i (k 2m t)dt
= | x() —=-cos|k —" =i | x(t)—=-sin|k-—" =
J JT T JT T
f (t) (k Ly f (t) t)dt 1 A 1 i-B
X * COS - X Sll’l ' =—" ——1"
T2 T NN
The sine functlon is odd while the cosine functlon is even thus
T T
X f ® ! ( k 2n t)dt i f ® L ( k 2n t)dt
k= | x(t)-—=-cos{—k —- —i+ | x(t) —=-sin| -k —- =
* 0 \/T T 0 \/T T
T T

=Ofx(t)-%-cos(k-zTn-t)dt+i-0fx(t)-%-sin(k-z%r-t)dt=
T T
\/17 fx(t) g cos(k 2:-t)dt+%-i-jx(t) :;__ 51n(k-2?n-t)dt=f \/—1_ i-B
0 0
Xk‘i')?_k:\/E'AAk, kEZ,k>O

Ay ——="1i- B, we can see that Re(Xk) Ay and Im(Xk) = ——- B, thus

In the formula X = ﬁ \/_

\/__
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- 1 . 1 . 1 N s
|Xi| = E'Ai+§'35=ﬁ',/f4i+3;§

>>>Exercise 3.4 — 2

Using the formulas obtained in the previous exercise, manipulate the Fourier series of a
function x € L, ([0, T]) with respect to the orthonormal exponential system to get the Fourier
series of x with respect to the orthonormal trigonometric system.

>>>Exercise 3.4 — 2- Solution

[oe]

FS(x) = Z (X - EXP;) = i R (% ei-k.zTn-t) _

k=—oc0 k=—c0

= A, - CONST + Z A, - COS, () + Z B, - SIN,(t)
k=1 k=1
>>>Fxercise 3.4 — 3

Using the Euler formula ett =cost +i-sint,t € R show that

1 ~ ~ 1 by o 1 ’ ~
X\k:E.(dk—bk-i)’ X_k=§'(ak+bk'i), |Xk|:E' di‘}'b}%

>>>Exercise 3.4 — 3- Solution

Letk €Z,k > 0.
1 ¢ 1 ‘ 2 1 ¢ 2
6 = . gtk __.f . ( el ) _-._.f i ( VAT ) -
xk—T fx(t) e T dt—T x(t) - cos |k T t)dt—i T x(t) -sin(k T t)dt =
0 0 0

N =
Q
=

|
N =
-
S
=

T T
_L1z ) <k 2m t)dt 1.2 (t) - si (k 2n t)dt—
—2 T J-x Cos T 2 l T J-x sin T =
0 0

The sine function is odd while the cosine function is even thus

T T
. 1 2 o1 . 2
k=g fx(t) cos(—k T t)dt—t T fx(t) sm( k T t)dt—
0 0
T T
-2 f ®) (k 2n t)dt+' ! f (t) -si (k 2n t)dt—
—T X Cos T lT X Sin T =
0 0
T T
—12ft kZﬂtdtl'zjt'kZtht—lAl‘B
=37 x()cos( T ) +21T x()sm( T ) =3 ak+21 k-
0 0
In the formula %, = % a, — % i - b, we can see that Re(®,,) = % ay and Im(X,) = —%- by, thus
1 1 . 1 ~
|£k|= Za,%-i-;b,%:z &,%+b,§
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4 Fourier Transform

4.1 Integral Transforms, Convolution

Let K: C X R — C be a given integrable function. Function

b
F(s)=ff(t)-K(s,t)dt, secC

is called the integral transform of function f: [a, b] — Cif the integral is convergent.

The Fourier transform and the Laplace transform are two well-known integral transforms,
which are frequently used in different fields of engineering and sciences. Some special
transformations appear in special applications, e.g. the wavelet transform is important
tool, for example in technical diagnostics.

Some transformations (e.g. Fourier and wavelet) have so-called continuous and discrete
forms. The discrete transformations are related to the discrete signal processing where
only a sampled signal is available rather than the formula of the function (signal)
analysed.

A basic concept in signal analysis is the convolution. It has different forms depending on
the field of the application. Convolution of integrable functions x: R - Rand h: R — Ris
defined as

[ee]

(x=xh)(t) = J x(t)-h(t—1)dt, t€eR
The convolution formula can be considered as a weighted average of the function x(7) at
the moment t where the weighting is given by h(t- 7). As t changes, the weighting function
emphasizes different parts of the input function.
For functions x and h supported only on the non-negative real line a modified formula is

used. Convolution of integrable functions x: [0, o[- R and h: [0, o[- Ris
¢

(x*xh)(t) = Jx(‘[) “h(t —1)dt, t€][0,.
0
Remark: If h(t),te R is the impulse response (response to the delta
function input) of a linear time-invariant system, then the response of
the system for an input x(t),t €R is y(t) = (x *xh)(t),t ER.
ifi

Convolution of two discrete-time signals {x[n]},en and {h[n]} ey is

(oo}

(x * B)[n] = Z x[k]-h[n—k], neN.

k=—o
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Remark: If h[n] is the impulse response (response to the delta function
input) of a linear time-invariant system, then the response of the
system for a discrete input {x[n]}pen is
y[n] = (x*h)[n], neN.
>>>FExercise4.1 — 1
Determine the convolution of functions f: [0, co[— R and g: [0, co[— R defined as
f)=e™t g(t) = e
>>>Exercise 4.1 — 1- Solution
t t
(f * g)(t) =72t 4 o5t = J- e 2T .p50-T) dr = 5. f e 7T dr =
0 0

- -1 -1 1
=—- e5t-[e7 77t = — eSt- (et —1) = — e~ 2t 4 ?es-t

>>>Exercise 4.1 — 2
Determine the convolution of functions x: [0, o[- R and h: [0, oo[— R defined as

1
x(t) =5t—3, h(t)=ez".
>>>Exercise 4.1 — 2- Solution

(xR = (5t —3) x e 2¢ = J(ST _3) et gr =
0

= [(51-8)- e‘(f_f)];o =5t—8+8-et
Details of the calculation (integration by parts):
[Gr-9)-eDdr=(5r-3)- e -5 [t =
g = 51-3 _ g®= 5 ]
f@= et T f@= et
=(51-3)-e "D 5.7 = (57-8) - ¢D
>>>FExercise 4.1 — 3

i <
Determine the convolution II * [T where I1(t) = {(1) ig IE: ; 1 is the rectangular pulse function
on [—1,1].
>>>Exercise 4.1 — 3- Solution
IM=TII(t) = J () - Mt — 1) dt

The integral is different from zero when both I1(t) and I1(t — 1) are different from zero, that is,
when —1 <7 <1 and —1 <t —17 < 1. The latter system of inequalities can be written as
t—1<7t<t+1

The two requirements imply that the limits of the integration are max{—1,t — 1} and
min{1, ¢t + 1} assuming that max{—1,¢t — 1} < min{1, ¢t + 1}, thatis, when -2 <t < 2.

-2 0 2

1 t min{1,t+1}
max{—-1,t—-1} | -1 | t—1
I N I I(t) = f I(t) - M(t — 1) dt
min{Le+1} e+l |1 max(=1-1)
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If -2 <t <0,then
t+1
I+ T(t) = J-ld'[z[r]iil_l:t+2
T=-1

If0 <t <2, then
1

I*T(t) = f ldr=[t]ioee; = —t+2

T=t—-1
The following figure, as an example, shows the calculation of I1(1.5):
RRUG!
? ‘ .
-2 -1 0511 2
1
(=15 N
RGO .
T
2 105 -1 -2
L5—T$
t+2 if -2<t<0
The convolution is the triangle function trit =<{—t+2 if 0<t<2.
0 if [t] > 2
>>>Exercise 4.1 — 4
Determine the convolution of functions x: N - R and h: N — R defined as
n | o | 1 | 2 | 3 n | o | 1 | 2
xn] | 4 | 1 | 2 | 5 hn] | 1 | 2 | -1

x[n] = 0, h[n] = 0 otherwise.
>>>Exercise 4.1 — 4- Solution
(x *h)[0] = Z x[k]-h[—k] =x[0]-h[0] =4-1=4

k=—00
(o]

(x * W)[1] = Z x[k]-h[1—k] = x[0]-h[1] + x[1] -h[0] =4-2+1-1=9

k=—o0
(o]

(x*n)[2] = Z x[k] - h[2 — k] = x[0] - h[2] + x[1] - h[1] + x[2] - R[0] =
k=—o
=4-(-1)+1-2+2-1=0
(x*h)[3] = Z x[k] - h[3 — k] = x[1] - h[2] + x[2] - h[1] + x[3] - R[0] =

k=—00

=1-(-1)+2-2+5-1=8

[ee)

(x+h)[4] = Z x[k]-h[4 — k] =x[2] - h[2] + x[3] -h[1] =2-(-1)+5-2=38

k=—00
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[ee)

(x * W)[5] = Z x[k] R[5 — k] = x[3] -h[2] = 5 - (1) = —5

k=—o0

(x * h)[n] = 0 otherwise.

n \...\—1\0\1\2\3\4\5\6\
(x * h)[n] \ \ 0 \ 4 \ 9 \ 0 \ 8 \ 8 \—5\ 0 \
4.2 Continuous Fourier Transform
4.2.1 Fourier Transform, Fourier Integral
Function
FT(x)(w) = 2(w) = fx(t)-e‘i"‘”dt, w€ER

is the Fourier transform of function x: R — R if the integral is convergent.
The Fourier integral of x: R - R is
)
FI(x)(t) = FTHR)(t) = zi f 2(w)-et®tdw, tE€R.
T —00
Functions
w - |2, w-|2(w)? and w - zx%(w)
are called amplitude spectrum, energy spectrum and phase spectrum, respectively, in
technical literature.
Remark: Different formulas can be found in different textbooks for the
Fourier transform and for the Fourier integral. Here we use the ‘angular
frequency’ w as a variable and we write coefficient i% in the Fourier
integral rather than in the Fourier transform to harmonize it with the
formula of the Laplace transform. Instead of w the ‘frequency’ f can
be used as a variable and the coefficients in the two formulas can be
written in different way.
Remark: The Fourier coefficients of periodic functions have discrete
nature, values of X, are linked to the ‘discrete angular frequencies’
k-w0==k-%§, this is why this spectrum is called ‘discrete’. Furthermore,
the Fourier series gives the function in the form of a (countable)
infinite summation.
The spectrum of non-periodic functions provided by the Fourier
transform is called continuous since the domain of the Fourier transform
is the real line, that is, any real ‘angular frequencies’ can appear
in the spectrum. Instead of summation there is an integration in the
Fourier integral.

Using the Euler’s formula et =cost +i-sint,t € R we can write the Fourier transform

ofx:R —> Ras
2(w) = f x(t) e bt de =
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[ee) [oe]

= J- x(t)-cos(—w-t)dt+i- f x(t) - sin(—w - t) dt =

= fx(t)-cos(w-t)dt—i- fx(t)-sin(w-t)dtz&(w)—i-B(w), w ER.

When x is even, then Bx = 0 and we have

[ee] [oe]

X(w) = f x(t)-cos(w-t)dt =2+ f x(t) -cos(w-t)dt, w€R.
t=—o0 t=0
When x is odd, then @, = 0 and we have
*(w)=—i- f x(t) -sin(w - t)dt = —i-2- j x(t) - sin(w - t) dt, w € R.
t=—o00 t=0
Integrals
FTos() (@) =2+ J x(t) cos(w-t)dt, wERw=0
t=0
and
Fliin(x)(w) =2+ f x(t)-sin(w-t)dt, weERw=0
t=0
are called the cosine Fourier transform and the sine Fourier transform of function
x:[0,00[> R.
The Fourier cosine integral of x is

1
Feos () () = . J FTos(x)(w) - cos(w - t)dw, tER,t=0,
w=0

while the Fourier sine integral of x is
oo

Flin () () = % J FTlin(@)(w) - sin(w - t) dw, tER,t=0.
w=0
Each real function x: R — R (having Fourier transform) can be analysed with its cosine
and sine Fourier transform since x can be written as

() = 2O +2x(_t) IO _Zx(_t) = g(t) + h(t), tER
where g is even and h is odd. Thus
FT(x) = FT(9) + FT(R) = FTogs(g) — i Fyn(h)

If function x is piecewise continuous then FJ(x) is equal to x wherever x is continuous,

and FJ(x) is the average the left- and right-hand limits wherever x is discontinuous.
Remark: Since a ©piecewise <continuous function (signal) can be
reconstructed from its Fourier transform (through its Fourier integral)
we can say that the Fourier transform contains all information about
the function, and can be considered as an alternative representation.
For instance, a vibration process can be described in the ‘time domain’
(e.g. vibration velocity vs. time function) and also in ‘frequency
domain’ (e.g. vibration frequency spectrum) .

Parseval’s equality (energy of a signal):
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(oo}

[oe]
2 1 o 2
x*(t)dt = —- |%(w)]* dw.
2
t=—o00 Ww=—00
The following table shows some functions with their Fourier transforms. We can consider
these pairs as properties of the Fourier transform showing how will change the Fourier
transform (in the frequency domain) when the function is changed in the time domain,
and vice versa. For a, 3, T, w, € R

time domain frequency domain
t - x(t) =FT1R)(®) w - X(w) = FT (x)(w)
linearity toa-x(t) + B-y) w-a-X(w)+ f-I(w)
shift in the time domain t-ox(t—-T) w = X(w) e T
Zlcl)lrfrfai;ln(rrlt(}:gulaf;?c?:)ency t—x(t) et w = £(w — wo)
1 o
scaling t=>x(a-t) w = lal’ X (E)
convolution t - (xxy)(®) w = X(w) - J(w)

In the theory of integral transforms unit impulse function (or Dirac delta function) has
important role. Dirac delta is not a common function, its value is different from zero only
at 0, and its integral on R is 1:

O]

_foo ift=0 _
5(t)_{0 20 fé‘(t)dt—l

>>>Fxercise 4.2 — 1
Determine the complex Fourier transform and the Fourier integral of the rectangular pulse

function
\ (1 if |t <1
x(®) =) = {0 if (el >1
>>>Exercise 4.2 — 1- Solution
«° H —irwt]!
) ) e
56'\((1)) = f X(f) . e_l-w-t dt — J e—l-w-t dt = [_l : w] =
t=-o0 t=-1 t=-1
1 . . 2 elw —e-tw sin w
= — -(e‘”"—e”"):—- - =2- = 2-sincw
—iw w 21 w
sin w
t - x(t) =T(t) w-X(w)=2-
O,G: 1
0,2: 05
3 2 1 0 1 2 3 TN AN

TN TN

The Fourier integral of x is

?7(x)(t)=%- fjc‘(w).ei-w-tdw=%_ fSin(f)w)

w=—00 w=—00

celwt de
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>>>Exercise 4.2 — 2
Determine the sine and cosine Fourier transform of the of the rectangular pulse function

_ (1 if ¢l <1
x(0) = 1) = {0 i (e >1
>>>Exercise 4.2 — 2- Solution
Since x is even T, (x) = 0.
co 1
sin w
FTos () (@) =2+ f x(t) - cos(w-t)dt =2- f cos(w-t)dt =2
t=0 t=0
The Fourier cosine integral of x is
2 sinw
FI(x)(t) =—- j ~cos(w - t)dw
s W
w=0
>>>Exercise 4.2 — 3
Determine the Fourier transform of the rectangular pulse function
(1 ifl¢]l T
x(6) = {o if|e] > T
>>>Exercise 4.2 — 3- Solution
T
N " -1 " -1 o o
X((U)Z f e‘“"tdt=, '[e_la”’[:_r:. ,(e—le_ele)z
i"w i"w
t=-T
1 et@T — g t@T sin(w - T)
=2.-—. . =2
W 2i W
2T
1 x(t) 2(w)

-T ' PN \/f\_

s
T T

>>>Exercise 4.2 — 4
Determine the Fourier transform of the unit impulse (Dirac delta) function

>>>Exercise 4.2 — 4- Solution

FT(8)(w) = f S(t) e twtdt = e 0t J- S(t)-dt=1

>>>Fxercise 4.2 — 5
Determine the Fourier transform of the shifted rectangular pulse function

x(t):{l if 1-T<t<1+4+T
0 if t<1—-Tort>1+4+T

>>>Exercise 4.2 — 5- Solution
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1+T
; -1 ; -1 . ;
2(w) = e twt g — Jetwt]AT — (et (1+T) _ gl (1-TY =
@= | e = )
t=1-T

-1 1 et@T — gtwT sin(w - T)
= .pltw. (e—i-w-T _ ei-w-T) =2.ptw._. =2. Lemiw
i~w w 2i W
2T T
2 %(w)
[2(w) E
T
-
T
-n/T /T w o
>>>Exercise 4.2 — 6
Determine the Fourier transform of the one-sided decaying exponential function
_( 0 ift<O
xa)_{yﬂf ife >0 470
>>>Exercise 4.2 — 6- Solution
1) [ b
2(w) = f e @t ettt gr = f e~(@tortgr = lim- | em@He)tgr =
b—-o
0 0 0
-1 . b -1 . 1 a—i‘w
=—  .lim e—(a+l-w)-t =— . lim e—(a+z-w)-b —-1) = —
ati-w b—»oo[ ]t=0 1+i-w b—»oo( ) ati-w a*+w?

Remark: The Laplace transform of the one-sided decaying exponential function
(0 ift<0 .
x(t)—{e_a,t >0 a>0 is

[ b

[oe]
L(x)(s) = f e @t.e=Stdt = f e~(@ts)t gr = gim- e~(@ts)t gr —
0 0 0

-1 b
— 1 —(a+s)t —
a+ts I}Tt}o[e ]t‘o

- lim (e‘(‘”s)'b -1)=

, Res>-a
a+s b-oow

a+s

>>>Exercise 4.2 — 7- Solution
Determine the Fourier transform of the one-sided growing exponential function

(0 if t<0
“”_&“ it t>0 470

>>>Exercise 4.2 — 7- Solution
The Fourier transform doesn’t exist.

Remark: The Laplace transform of the one-sided growing exponential function
x(t):{eg_t igi;g, a>0 (see in Chapter 5) is

o3}

o b
1
L(x)(s) = f e?t.e=Stdt = 7 J- e@=s)t g¢ —. gim- el@=sitge =
0

0 0
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1 b 1 1
= -lim[e@ 9] = - lim (e@9? —1) = , Res>a
a—S b-oow t=0 a—S b-oow a—s

>>>Exercise 4.2 — 8
Determine the Fourier transform of function

x(t) =e Mt a>0

>>>Exercise 4.2 — 8- Solution

oo 0 0o
f(w) — J- e~ ltl. p=trwt gy — J-ea-t ceTtwt gy 4 f e~ @t . g—iwt gy —
0 - 0
0 b
= lim [ e@ "t + lim- | em@Hertqgr =
b—>—o0 b—oo
b 0
= _r . lim [e(a“"“’)'t]0 +—_1 - lim [e‘(“”'“’)'t]b =
a—i-w b--o t=b a+i-w b-ow =0

1 . 1 .
— gim (1@ @) - iy (1 — (@) =

a—1l'w b-ow a+i*w b-owo
1 1 2a

= o T o a2+ w?
a—ilw a+i-w a“+tw

) 2/a
() *(w)
t w
>>>FExercise 4.2 — 9
C A (0 ift<0
Calculate aggriox(w) when x(t) = {e“” fe>o0 @ >0
>>>Exercise 4.2 — 9- Solution
- 1
B i e e A A SO P
0 ift<O

The unit step function x(t) = { has not Fourier transform since the integral

1 ift=0
f e"totdr = f cos(w-t)dt —i- f sin(w - t) dt
t=0 t=0 t=0
is not convergent.
0 ift<0
e %t ift>0’
a — 0 + 0, thus we can define, symbolically, the ‘Fourier transform’ of unit step function

1
asm - 6(w) +o

The unit step function can be considered as the limit of x(t) = { a>0as

This definition yields Fourier transform of further important functions.
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>>>FExercise 4.2 — 10

Determine symbolically the Fourier transform of the negative unit step function

_(1 ift<0 . . : .
x(t) = {0 ife > ousing the Fourier transform of the unit step function.

>>>Exercise 4.2 — 10- Solution

0 oo
. . 1
J- ettt = J- e POt dt = - §(w) — ——
1w
t=—0o0 t=0

>>>Exercise 4.2 — 11
Determine symbolically the Fourier transform of constant function x(t) = 1 using the Fourier
transform of the unit step function.

>>>Exercise 4.2 — 11- Solution
The constant function x(t) = 1 is the sum of the unit step function and the negative unit step
function, thus

co 0 [e]
R(w) = f etetde = f e tetdt + f e totdt =21 §(w)
t=—o00 t=—o00 t=0

>>>Exercise 4.2 — 12
Determine symbolically the Fourier transform of periodic function x(t) = cos(w, - t) using
that [~__ e "“tdt = 2m - §(w).

>>>Exercise 4.2 — 12- Solution
A ‘ . 1 o S

2(w) = f cos(wy - t) -e b @t dt =2 f (ebwot 4 gmlwoty. gl gp =
t=—o00 t=—o00

=—- f (emt@-wolt 4 g=il@wtw ) gt = - §(w — wy) + T §(w + wy)

t=—0c0

*(w)

—Wo Wo

>>>Exercise 4.2 — 13
Determine symbolically the Fourier transform of periodic function x(t) = sin(w - t) using that

Jo_eTetdt = 2m - §(w).

>>>Exercise 4.2 — 13- Solution

[oe]

2 i —lwt 1 i*wo't —irwp't —iwt
X(w) = sin(wg " t) - e dtzz- (et®@ot — g7twWoly . e dt =

t=—o00 t=—o0
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1
2i

f (e7tw-wo)t _ gmtl@rwo)t) gt = —j- - §(w — wy) + i1 §(w + wy)

t=—00

,,,,,,,,,,,,,,, i X(w)

Wo w

>>>Exercise 4.2 — 14
Determine symbolically the Fourier transform of periodic function (with basic frequency w,)

[ee]
x(t) = Z ay - etk @ot
k=—00
using that f::_oo e let dt = 21+ §(w).
>>>Exercise 4.2 — 14- Solution
oo oo [o) oo
ﬁ(w) — Z a - f ei-k-wo-t . e—i-w-t dt = Z a - f ei-(k-wo—a))-t dt =
k=—oc0 t=—o00 k=—o0 t=—o00
[ee]
=2m- Z a; - 6(w—k-wy)
k=—00
X
2w - ay (@)
2w a4 2w aq
2mypa_, 21, a,
2m-a_3 27 : az
! [ o
—3CUO _ZCUO —Wo Wo 2(1)0 30)0

>>>Exercise 4.2 — 15
Use time shift property of Fourier transform .’F.'T(x(t - T)) = e T . FT(x(t)) to determine

the Fourier transform of function x(t) = cos(wg * t + @).

>>>Exercise 4.2 — 15- Solution
x(t) = cos(wgy " t + @) = cos <w0 : (t + f)) Using the transform of x(t) = cos(w, -+ t) and the
0
time shift property we have
i
X(w)=e @ -- (5(w —wy) +6(w + wo))

>>>FExercise 4.2 — 16
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Determine  the Fourier  transform of  triangle function  x(t) = tri(t) =
t+2 if —2<t<0
—t+2 if 0<t<2 usingthe convolution theorem FT (x * h) = FT (x) - FT (h).
0 if [t] > 2

>>>Exercise 4.2 — 16- Solution
1 iffgl <1

0 iff¢]>1° S the

According to the Exercise 4.2.1 x(t) = tri(t) = II = [1(t) where II(t) = {

rectangular impulse function.

Using the convolution theorem we get

sin? w
wZ

(w) =FTr(ID(w) - FT(D)(w) = 4-

4.3 Discrete Fourier Transform

4.3.1 The Concept of the Discrete Fourier Transform

Since digital measuring systems are used in practice and the data are stored and

processed with digital computers, only sampled signals are available for signal

processing. Consequently, the continuous transforms requiring the formula of the signal

are unusable, we need algorithms (discrete transforms) that provide (or approximate)

the spectrum. Since the sampled signal contains limited measure of information about the

signal, it is generally impossible the determine the exact spectrum from the sample.

LetT > 0 be a fixed real number and N be a fixed positive integer and suppose that values
x[n] =x[nxAT], n=0,1,..,N—1

of signal x are provided by a sampling process.

The discrete Fourier transform of sampled signal x[0],...,x[N — 1] is

2n

N-1
1 )
XK =5 Y xln] - e MW, k=01,.,N -1
n=0

. 27
Remark: e “F™n type values of the complex exponential function are

discussed in Appendix 1.

TR [ (0 VRS WY [ SOS———————— :
X[1] = x(1-A8) ooy
x[0] = x(0-At) ¢

x[2] = x(2 - At) 777777777 0

— é ¢

0 At 2-At (N—-1)-At

Mathematically, both the input and the output of the discrete Fourier transform consist
of N pure numbers. In practice, when the circumstances of sampling are known, these
values have physical meaning, and values X[0],...,X[N — 1] provide a ‘discrete
spectrum’.
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Considering a sampling process, T is the sampling time, N is the sample size (number of
elements in the sample), AT is time between two measurements.

Further quantities are the sampling frequency f; = N/T = 1/AT, the frequency resolution
Af =1/T = f;/N. The potential frequency values in the discrete spectrum are k X Af,
k=01,.., N—1.

The discrete Fourier transform can also be calculated as matrix multiplication.

. 2T . 2T
Introducing the notation W = e™“% (thene "*™~ = W*™), the transformation matrix is
1 1 1 1
1 w w? e WhT
1 WZ W4 WZ(N—I)
1 whN-1 w20-1 ... pW-1?

If N = 2 the transformation matrix is
1 1
G 1)

If N = 4 the transformation matrix is

1 1 1 1
1 —-i -1 i
1 -1 1 -1
1 i -1 —i
Calculation with the matrix:
1 1 1 1
X[0 0
X[l] 1 1 W W2 WN—l x[l]
[ ] =_.|1 WZ W4— WZ(N 1) x[ ]
: N . . :
X[N —1] 1 W1;1—1 Wz(}v—1) W(A;—1)2 x[N —1]
The inverse transformation is
N-
x[n] = z [k] - e N, n=01..,N—1

Computing DFT directly from the definition is often too slow to be practical in real time
applications. A Fast Fourier Transform (FFT) is a way to compute the same result more
quickly. The difference in speed can be enormous, especially for long data sets where N
may be in the thousands or millions. FFT is a common built-in function in measuring
systems (e.g. vibration monitoring systems).

>>>Exercise 4.3 — 1

Determine the frequency resolution if the sampling frequency is f; = 1000 Hz, and the sample
sizeis N = 1024.

>>>Exercise 4.3 — 1- Solution

~ 1000 ;
T 1024 bin N

Af ‘2Af 3Af
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>>>FExercise 4.3 — 2
Determine the discrete Fourier transform of the sampled signal.

x[n]
1 e °
n |0]|1]|2]3
*—
x[n][0[1]0]-1 0 1 2 3
B S ——— .
Plot the complex numbers in the complex plane appearing in the sums.
>>>Exercise 4.3 — 2- Solution
13 —ion2E _ 1 N
X[0]=Z-Zx[n]-e 4=Z-Zx[n]=0+1+0—1=0
n=0 n=0
Values in the sum giving X[0] Values in the sum giving X[1]
Im Im
1 A
5 _j27 1
"le e l, ”;1 Re
:/l I 11’
. 1
) 3 "o 1
1. —|-2;z-1-:1 :_;‘- A]‘_‘./ =i 27r1~:t —
3 3
1 —i'1n 1 —inx
X[1]=- Zx[n]-e 4 =— Zx[n] e "z=
4 4
n=0 n=0
1 —i0Z i1 —i2Z i3y 1o m s T
—Z-(Oe 2 e 24+0-e 2—1-e 2) Z(e 2 —e 2)

= % ((cos(—n) +i-sin(-m)) — (cos(=3m) + i Sin(_3”))) =

1
=2 (0-1+0+1)=0
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Values in the sum giving X[2] Values in the sum giving X[3]
Im Im
427:-3-—3 . i-27:3
1 -1e ‘=ille 4 =i
- I
|
Lioz2lt Li2r23 !
le 4=-17 imle =1 |
: 4 : 7 Re
Re 1
1 % 1 % 3
. s
X[3] = —-Zx[n] s = 2 Zx[n] e’ =
4 4
n=0 n=0
1 3 3 3 .3 1 3 3
== (0 e L(J'Tﬂ+1-e_l1 2 +0-e "7 7 1-e_13'7n) =—-<e i e_’37n) =
4 4
1 ( 3n)+, .<3n> (9n>+_ _<9n) _
=1 cos > i-sin > cos > i - sin > =
| (0+‘+0+')—1 j
=3 i D=1
k 0 1 2 3
1 1 |X[K]I
X[k] 0 —E'l 0 E l 1/2 ”””” @ ---oooooooeee { ]
1 *—
IX[k]I 0 > 0 = 01 2 3
>>>FExercise 4.3 — 3
Determine the discrete Fourier transform of the sampled signal
n |0]|1]|2]3
x[n] [0[1]0]-1
using the transformation matrix.
>>>Exercise 4.3 — 3- Solution
0
1 1 1 1 0 0 1. X[0]
Tf1 = =1 o\ (v \_1 [-2-i\_| 2 |[_(x0]
411 -1 1 -1 0 0 0 X[2]
1 i -1 —i -1 2+ 1. X[3]
Z.
2
>>>Exercise 4.3 — 4- Solution
Determine the discrete Fourier transform of the sampled signal
n |o]1]2]3
x[n] [8[4]8]0
using the transformation matrix.
>>>Exercise 4.3 — 4- Solution
11 1 1 8 20 5 X[0]
11 —i -1 i 4\ _1 [ —4-i)_[—-i)_ (X0l
411 -1 1 -1 8 4 12 3 X[2]
1 i -1 =i 0 4-1i i X[3]
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4.3.2 Aliasing and Leakage in the Spectrum

The physical parameters of technical systems can be considered as continuous functions
of time. Calculating the spectrum from a sampled signal causes some ‘problems’. Two of
them are discussed below.

Aliasing

If the signal contains components of frequency higher than the half of the sampling
frequency, then false frequencies appear in the spectrum. The left-hand figure below
shows the result of a sampling when the sampling frequency is too low relative to the
frequency of the signal. Calculations by the discrete Fourier transform result a false
frequency, namely the frequency of the signal in the right-hand figure below.

To avoid the phenomena of aliasing the sampling frequency has to be at least two times
higher than the maximum frequency in the signal.

Remark: In practice the maximum sampling frequency is limited by the
measuring device. The high frequencies causing aliasing are filtered
from the signal before the transformation (low-pass filtering).
Leakage

The investigated signals are generally not periodic, and even if they are periodic the
sampling time is generally cannot be harmonized with the period. It is the nature of the
discrete Fourier transformation that the sampling time T acts as a period of the signal,
but it is generally not a real period. Consequently, the signal seems to be discontinuous
because of the ‘virtual jump’ appearing when the virtual periods are connected, as the
left-hand side figure shows below. The ‘virtual discontinuity’ causes the phenomenon
called leakage in the spectrum when several false frequencies appear around the real
frequency in the spectrum (right-hand side figure below).

frequency in |
the signal 1
g \I frequences in

Q- 1 the spectrum
1
1
1
° IHI
1
. UL
f [Hz]

I
g
The ‘virtual jump’ can be removed (or reduced) by applying the so-called window

functions. The window functions are defined on finite intervals, and they have zero values
at the ends of their domain. To avoid leakage phenomena we multiply the original signal
with a window function first to reduce the ‘virtual jump’, and we apply the transform to
the product.

A typical discrete window function is the Hanning function defined as w(n) = sin? (%)
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Figures below show a sampled signal, the windowed signal, and their discrete Fourier
transforms.
The original sampled signal (sum of three sine functions of different frequencies, N = 200)

The original sampled signal multiplied by the Hanning function

a part of the transform of the original signal a part of the transform of the windowed signal
showing the three frequencies (the measure of ~ showing the three frequencies (the measure of
leakage is relatively high) leakage is reduced by windowing)

- — — __./:-\-__

4.4 Vibration Monitoring

4.4.1 Goals of Vibration Monitoring

The word ‘diagnostics’ originally referred to the identification of human health problems
resulting the ‘diagnosis’, the evaluation of the actual health status of a human. Technical
diagnostics aims the diagnosis of technical objects (machines, parts) to support engineering
decisions (reparation or change of a part, process improvement).
Fault is the abnormal behaviour of a machine (state), failure is the termination of the ability to
perform a required function (event), failure mode is an observable phenomenon caused by a
failure. Root cause failure analysis is an examination aiming to identify the causes of a failure
mode.
The first step of condition monitoring is to find connection between failures and measurable
symptoms generated by the failures of interest. Since the symptoms are very different in
appearance (vibration, sound, heat, wear particles in oil) technical diagnostics has several
fields using special measuring systems: vibration monitoring, acoustics, thermography, oil
analysis, etc.
In the field of vibration monitoring symptoms can be detected with the analysis of the sampled
vibration signal. (In simple everyday situations the diagnosis can be based on the human
senses - vision, hearing and touch first of all - but their accuracy and range is not enough for
diagnosis of modern machineries.) Some symptoms appear in the so-called time-domain (e.g.
vibration velocity vs. time function) others can be revealed from the frequency spectrum
(frequency-domain analysis).
The basic tool for vibration analysis, from the beginning, is the Fourier analysis. Several
mechanical failures generate nearly periodic (possibly) harmonic vibration of parts of a
machine. Such failures, for example, are unbalance, angle of shift problem of couplings,
looseness, misalignment of shafts, bended shafts. The generated vibrations have special
frequencies depending on the rotational speed and the geometry of the rotating component.
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To the majority of failures special patterns belong in the frequency spectrum containing
several lines. Thus in some more complex cases pattern recognition is necessary not only a
simple detection of certain frequency values.

v v(t) = vy - sin(w « t + @)

"N DALAAAAARAA .
VLLARERKRNRRRRE

vibration velocity of the machine
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force
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Connecting an accelerometer we can measure the sum (superposition) of approximately
harmonic vibrations generated by rotating parts of the machine and other vibrations (beats,
noise). The vibration spectrum provided by the Fourier analysis shows the frequencies
appearing in the vibration signal and the magnitudes belonging to them. Based on these data
the problematic components and the severity of the failures can be identified.

A different type of failures causes so-called shock pulses instead of periodic vibrations. The
most important examples are bearing and gear failures. Since these components are crucial in

mechanical engineering, monitoring these parts are important. Shock pulses are non-periodic
transient waves in the time signal, so Fourier analysis is not effective in detection of these parts
of the signal. Transient components can be revealed using so-called simultaneous time-
frequency methods, for instance short time Fourier transform or wavelet transform. Shock
pulses repeat periodically with a certain magnitude and frequency which depend on the
geometry and the rotational speed of the machine element and are characteristic to the failure.

A

w v
~ roller bearing
>~
L {\ A {\ A ¢
< ) v v >
shocks, collisions \/ \/
wave in the material fatigue on the surface between parts

vibration velocity of the machine

4.4.2 Historical Aspects, Maintenance Strategies

As a part of a predictive maintenance system, technical diagnostics aims to improve reliability,
availability and safety of technical systems, furthermore to ensure the desired level of product
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quality and process efficiency. Condition monitoring is the collection of data that indicate the
state of an item, to avoid the consequences of failures, before they occur.

Prior to the Second World War machinery was generally quite rugged and relatively slow
running, the instrumentation and control systems were very basic. The demands of production
were not overly severe so that downtime was not usually a critical issue and it was adequate
to maintain on a breakdown basis. This was the time of run-to-failure ‘management’ whose
concept was that “When a machine breaks down, fix it” or “If it ain’t broke, don’t fix it”.

A plant using run-to-failure management does not spend any money on maintenance until a
machine or system fails to operate. Actually, it is a no-maintenance approach. It is a reactive
management technique that waits for machine or equipment failure before any maintenance
action is taken.

From the 1950's with the rebuilding of industry after the war, there developed a much more
competitive marketplace; there was increasing intolerance of downtime. The cost of labour
became increasingly significant leading to more and more mechanisation and automation.
Machinery was of lighter construction and ran at higher speeds. They wore out more rapidly
and were seen as less reliable. Production demanded better maintenance which led to the
development of Planned Preventative Maintenance.

Preventive maintenance management programs are time-driven, maintenance tasks are based
on elapsed time or hours of operation. The bathtub curve (based on mean-time-to-failure
statistics) indicates that a new machine has a high probability of failure because of installation
problems during the first few weeks of operation. After this initial period, the probability of
failure is relatively low for an extended period. After this normal machine life period, the
probability of failure increases sharply with elapsed time.

"infant mortality" normal operation wearing out
decreasing ~ constant increasing
failure rate failure rate failure rate

failure
rate

wear out failures

observed failure rate

------- e e Y4 -~ random failures

____________ ==Te---------:------  early failures

time

All preventive maintenance management programs assume that machines will degrade within
a time frame typical of their particular classification. Using preventive management
techniques, the machine elements are to be removed from service and rebuilt before the end
of the normal machine life period.

The problem with this approach is that the mode of operation and system or plant-specific
variables directly affect the normal operating life of machinery. The normal result of using
MTBF (Mean Time Between Failures) statistics to schedule maintenance is either unnecessary
repairs or catastrophic failure.
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From the 1980's plants and systems became increasingly complex, the demands of the
competitive marketplace and intolerance of downtime increased, and maintenance costs
continued to rise. Along with the demands for greater reliability at a lower cost came new
awareness of failure processes, improved management techniques and new technologies to
allow an understanding of machine and component health.

Predictive Maintenance is based on condition monitoring: data acquisition and data
processing. The main sources of information about the actual condition of typical machinery
are vibration signals, infrared images, acoustic signals, wear particle distribution in oil. The
parallel development of information technology and digital measuring systems determined the
development of technical diagnostics techniques. The enhancement of accuracy and the
reduction of costs and measuring times resulted in effective data collection. The development
of data processing methods (mathematical algorithms) enabled a precise analysis and
provided high reliability failure detection.

The most frequently used method in manufacturing industry is vibration monitoring, since the
majority of mechanical failures of machinery and some other important failures (e.g. electric
motor problems) generate specific vibrations which can be detected in vibration spectrum.
The premise of predictive maintenance is that regular monitoring of the actual mechanical
condition of machine-trains and operating efficiency of process systems will ensure the
maximum interval between repairs; minimize the number and cost of unscheduled outages
created by machine-train failures; and improve the overall availability of operating plants.
Condition monitoring systems ensure long-term, problem-free operation of machines and
equipment working in the background. If things start to go wrong, they quickly raise alarm so
that plant operators can take early action to prevent outages and production downtime.

That is because continuous condition monitoring, itself a form of factory intelligence, is an
integral component of the Industry 4.0 vision. Condition monitoring has central role in
Integrated Industry. Smart actuators and drive components with built-in sensors are key to
integrating machines and equipment and controlling autonomous systems.

Customers now want total system health management solutions that capture and rapidly
analyse all the relevant data. The data captured by condition monitoring systems provide the
basis for plant integration and optimization in the sense of Industry 4.0.

4.4.3 Time-frequency Analysis

Vibration signals studied in diagnostics are non-stationary, that is, their frequency-domain
representation (frequency spectrum) changes over time. The detection of transients in the
signal requires information about frequencies and also about the time when a particular
frequency component is present. Several time-frequency analysis methods are known which
are able to provide both types of data, for instance the Windowed Fourier Transforms and the
wavelet transforms. Because of their flexibility, the wavelet transforms (and the related
multiresolution analysis) can be used more effectively in the condition monitoring of machine
elements.

The Short Time Fourier Transform (STFT) was developed to address the limitation of the
Fourier transform, which is rooted in its basis functions extending over an infinite period of
time and, consequently, the Fourier transform is not well adapted to non-stationary transient
signals with short durations. A solution to this problem is to perform a ‘time localized’ Fourier
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transform within a sliding window. Popular choices for the window function include the
Hamming, the Hanning, and the Gaussian functions. When a Gaussian window is chosen, the
STFT is called a Gabor transform.

The disadvantage of the STFT is that its time resolution (the smallest separation in time of two
signal components that can be discriminated) and bandwidth cannot be chosen to be
simultaneously small. To overcome the resolution limitation of STFT, the wavelet transform
was introduced for non-stationary signal analysis. In contrast to STFT with fixed windows, the
wavelet transform uses short windows at high frequencies and long windows at low
frequencies. Such a nature leads to the wavelet transform being called the constant relative-
bandwidth frequency analysis. Unlike the Fourier transform, which expresses a signal as the
sum of a series of single-frequency sine and cosine functions, the wavelet transform
decomposes a signal into a set of basis functions.

These basis functions are obtained from a single base wavelet function by a two-step operation:
scaling (through dilation and contraction of the base wavelet along the time axis), and time
shift (i.e, translation along the time axis). Essentially, the wavelet transform process measures
the ‘similarity’ between the signal being analysed and the base wavelet (see Chapter 2.3).
Through variations of the scales and time shifts of the base wavelet function, features hidden
within the signal can be extracted, without requiring the signal to have a dominant frequency
band. It can be concluded that the wavelet transform provides a powerful mathematical tool
for the analysis, characterization, and classification of non-stationary signals typically seen in
manufacturing.

The adaptive, multiresolution capability of the wavelet transform makes it well suited for
decomposing signals of varying time and frequency resolutions that are characteristic of the
underlying defect mechanisms associated with a machine, a dynamical structure, or a
manufacturing process. Such capability makes the wavelet transform an enabling tool for
advancing the science base of signal processing in manufacturing.

Wavelets are enabling the analysis on several timescales of the local properties of complex
signals that can present nonstationary zones. A wavelet is a function oscillating as a wave but
quickly damped. Being well localized simultaneously in time and frequency it makes it possible
to define a family of analysing functions by translation in time and dilation in scale. Wavelets
constitute a mathematical ‘zoom’ making it possible to simultaneously describe the properties
of a signal on several timescales.

A function 1 will be called a wavelet if it verifies the admissibility condition
+00 0

Ky =f —|1p(w)| dw = f—|1/)(w)| dw < 4+

lwl lwl
—00
where v indicates the Fourier transform of 1. The admissibility condition involves, that the

wavelet integrates to zero, that is, fu« Y (x) dx = 0. It is often reinforced by requiring that the

wavelet has m vanishing moments, i.e.

f xk yP(x)dx =0, fork=0,...,m
R
The oscillation of a wavelet is measured by the number of vanishing moments and its

localization is evaluated by the interval where it takes values significantly different from zero.
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Using translation and dilation a family of functions {wa‘b} is defined by

Vs == 9 ()

for any scale a € R* and any position b € R. If ) has norm 1 then all the functions ¥, ;, have

norm of 1.
A signal f of finite energy can be analysed by its wavelet coefficients

Cr(a,b) = f f() - Yy,(x)dx, a€R*bER.
R

The calculation of wavelet coefficients Cy is called continuous wavelet transform.

The C¢(a, b) measures the fluctuation of function f at scale a, it depends on the values of f ina
neighbourhood of b with a length proportional to a. Large values of Cf(a,b) provide
information on the local irregularity of faround position b and at scale a.

The squared magnitude of wavelet coefficients
2

|Cr(a,b)|” =

[BCES

constitutes the so-called scalogram, which is an important tool in evaluations based on wavelet
transforms.

The coloured representation of scalogram in the time-frequency plane is a useful source of
visual information e.g. in the identification of transients in vibration signal caused by surface
defects of bearings.

Large number of wavelets are defined in the literature and many of them are used in vibration
diagnostics as well. Three examples are the Mexican Hat wavelet, the Morlet Wavelet and the
Gaussian wavelet.

The Mexican hat wavelet is a normalized, second derivative of a Gaussian function, which is
mathematically defined as

lp(t)—#.(l_i).e_%
" \V2r o3 t?

Figure shows the Mexican hat wavelet and its associated magnitude spectrum.
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The Morlet wavelet is defined as

Yu(t) =

T fp

~1
Frequency (Hz)

t2

el 2t L gy

where f}, is the bandwidth parameter and f, denotes the wavelet center frequency.
Figure shows the Morlet wavelet and its associated magnitude spectrum.
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The Gaussian function is expressed as
fO) =e it et
Taking the N-th derivative of this function yields the Gaussian wavelet as

dMf(t
Ye(t) = cy %

where N > 1is an integer parameter and denotes the order of the wavelet, and cy is a constant

introduced to ensure that ||f ) (t)||2 =1.
Figure shows the Gaussian wavelet and its magnitude spectrum (N = 2).
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Supposing certain stronger properties than merely the admissibility condition we can limit
ourselves to the values
a=2b=k-2/, jkeL
This idea leads to the discrete wavelet transform which is closely related to the so-called multi-
resolution analysis.
For signals f the following three operations
(X)) =fx+a), a,x€R
GsHHx)=f(sx), s,xER,s>0
ENH@ =) fE+0) =) @A), *eR
kez kez
will be used.

The concept of multi-resolution is based on translation-invariant Riesz bases. A system
{®i} kez © X is a Riesz basis of X if for all x € X there exists a unique (c;) € £, such that x =
Ykez Ck P

[t is important to note that all orthonormal bases are Riesz bases as well.

Let {@i} kez = {T1®} kez © X be a Riesz basis with the generator function ¢. Then foralln € Z

1 1
(Pl?(x)=ﬁ'<ﬂ(2—n'x—k), x€ERKEZ

is Riesz basis for X,,, furthermore, if {¢}} xez is orthonormal, then {¢}} ;7 is orthonormal as
well.
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A sequence of closed subspaces {X,,} ,ez € X is called multi-resolution analysis of X if

1. X,cX,_,,n€eZ monotonicity property
2. Unez Xn = X density property

3. Npez Xy = {0} separability property
4. feX, © 6,feX,_,n€EL scaling property

5. X, is generated by a Riesz-basis given by

Y =T, kEL
(The basis is invariant to integer translations).

The scaling property characterizes the multi-resolution aspects: spaces X; are obtained by
dyadic dilation or contraction of the functions of the single space X, through the assumptions
(x —>f(x)) EX; & (x - f(2 -x)) €EX;_y, JEL.

Property 5 states that there exists ¢ € X, such that {¢(x — k)}ez is a Riesz basis of X|,.
Function ¢ is also called scaling function of the MRA.
Let us denote the subspace generated by Riesz basis ¢} as

Xy = {Zrenc - ok 1(c) € £2}
Each multi-resolution analysis generates an approximation process.If ,: X — X,,,n € Z denote
the othogonal projection of f onto the closed subspace X,, then 111i_)r£10||Pnf —fll=0, feEX.

Let M be the set of non-negative, even, integrable functions decreasing on [0,1].
It can be proved that if an MRA is generated by a function ¢ majorated by an element of M,
then the equality
Z(p(x—k) =1 x€eR
kEZ
is equivalent with the density property.

Theorem: The following three statements are equivalent:
i) {@}} kez is a Riesz basis of X, foralln € Z.
ii) {¢p? = T4 @} kez is a Riesz basis of X,,.

iii) There exist real numbers 0 < m < M < oo such thatm < /E;(|p|?) < M.
Let R = {(p € X|m<JE(18?) < M}. According to the previous theorem R contains the

functions ¢ € X for which system {¢}} xez is a Riesz basis of X, foralln € Z.
Theorem: Let ¢ € R. System {1, ¢} y¢z is orthonormal if and only if E; (|@§|?) = 1.
Let @ € R and let X;” denote the Riesz basis generated by {¢'} yez, 1t € Z.
Theorem: The monotonicity property X,, € X,,_;,n € Z is equivalent with the scaling equation
P2x) =a(x) p(x), x€R,
where a € X is a suitable 1-periodic function. « is called the low-pass filter belonging to ¢.
Furthermore, the scaling equation is equivalent with the equality
%-q)(%-x) =Zak-<p(x+k), x€ER
kez
where (a;) is the sequence of the Fourier coefficients of a.

Let M denote the set of functions ¢ € R having majorant in M|, and satisfying condition

o0 = [ p@rdr=1

R
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From function ¢ generating MRA on orthonormal wavelet basis {Xﬁf}nez of X can be

constructed as follows.
In the following we suppose that the normality conditions

A ~12
E(o) =1 E([§)=1
hold, that is, systems {@}} ez and {}}} ez are orthonormal for any n € Z
It can be proved that there exists a 1-periodic filter § € X such that for ¢ defined by

5W) =8¢
we have the orthogonal decomposition X = X?@x7.

Consequently, for all n € Z we have X,/ = X:fH@X:f}H, furthermore

j+1
xP=xte| @ x| j<k

i=k
(o]
XJ'(P= ® Xiw
i=j+1
@ J ¥
X=Xj€B o X
[ =—o
o
x= @& x}
[ =—0

This result shows that system {1} } ¢z, where functions

Yr(x) =\/%-1/)(2in-x—k>, xERkEZ
are generated by function 1 satisfying E;(|¢|?) = 1,E; (|1/3|2) =1 and Xg’ = X{pGBX;’b is
orthonormal, that is (Y, Y[*) = 8i; * Onm,  k,L,n,m € Z. 1 is called the mother wavelet of the
MRA.

Subspaces XJ.‘P, k € Z are called approximation spaces, while spaces lep, k € Z are called detail
spaces.

The equality X,” = X,‘fHGBX:f’H says that an element of the approximation space of level n is
decomposed into an approximation at level n + 1, which is less accurate, and a detail at level

n+ 1.
[0/e]

According to the equality X = @ Xl.l'b any signal is the sum of all its details, namely its
[ =—o00

orthogonal projections onto the spaces X;p.

The wavelet coefficients of a signal fare provided by

Qn = (k) = fR FOO -0 dx, kel

J
Considering the decomposition X = X}.(p@ ( ) X?) the orthonormal system
i =—o0
{(plg: l;blrcl} kN€EZN<0
is used instead of {Y} } xez-
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4.4.4 Condition Monitoring Based on Vibration Measurement

With the terms ‘shock’ and vibration’ we refer to certain types of mechanical excitation that
may cause a dynamic response of a mechanical structure (machinery). Shock is a dynamic
excitation with a relatively short duration, and a vibration is a dynamic (generally
approximately periodic) excitation with a relatively long duration.

The two commonly used representation of vibration are the waveform (time-domain
representation) and the spectrum (frequency-domain representation).

The waveform shows how the vibration level (e.g. displacement, velocity, acceleration)
changes with time. Since the digital signal processing is based on sampled signals, the amount
of information a waveform contains depends on the duration and resolution of the waveform.
The duration of a waveform is the total time period over which information may be obtained
from the waveform. In most cases, a few seconds are sufficient. The resolution of a waveform
is ameasure of the level of detail in the waveform and is determined by the sampling frequency.
A spectrum is a graphical display of the frequencies at which a machine component is vibrating,
together with the amplitudes of the component at these frequencies.

A waveform does not clearly display the individual frequencies at which vibration occurs. A
waveform instead displays only the overall effect. Thus, the frequency spectrum is usually the
primary tool for analysing machine vibration.

Waveform
a typical vibration signal

Amplitude

in the time domain
(amplitude vs. time)

-3- [ o
0,752349 A , , X ¥ X 08232
18,0m-,
16,0m-|
14.0m-
12,0m-|

Spectrum 100m-

a typical vibration signal

Amplitude

800m-
in the frequency domain
6,00m-
(frequency vs. time)
4,00m-
200m-
0'00_\ ] ] I I 1 ] 1 | | | ] 1 ] 1 1 ] | | | 1 ] 1 ] 1 1
0 200400600800 1k12kLdk 18k k22k 26k k32  36k3Bk k42 46kdBk 5k
Frequency [Hz]

In technical diagnostics vibration is the physical movement of a machine containing rotating

elements first of all.
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Transducers connected to a structure (machine) convert the mechanical vibration into an
electronic signal. With different mathematical calculations (e.g. statistical or Fourier analysis)
information can be obtained about frequency and amplitude of the motion from the signal.
Generally speaking, the amplitude describes relative severity of the problem, while the
frequency describes what is wrong with the machine.

Some failures, for instance an unbalanced rotating equipment, generates (approximately)
harmonic motion. Other failures, for example misaligned coupling, generates periodic but not
harmonic motion. The third type of failures, for instance severe looseness, causes random
motion of the structure.

The specific frequencies characteristic to a machine element can be calculated if the geometry
and the operational parameters (e.g. rotational speed) are known. Some examples are
imbalance, vane pass frequency (number of vanes times speed), gear-mesh frequency (number
of teeth times speed), various frequencies generated by antifriction bearings, ball pass
frequency of the outer ring (BPFO), ball pass frequency of inner ring (BPFI), ball spin frequency
(BSF), and fundamental train frequency (FTF).

Vibration analysis of rotating machinery involves calculating the frequencies that a damaged
machine can generate and measuring the frequencies the machine is actually generating. Then,
relating the measured frequencies to the calculated frequencies the problems can be identified.
The majority of problems generate complex symptoms, a group of lines (pattern) rather than
a single line in the frequency spectrum. A typical symptom contains a fundamental frequency
(related to a rotational speed of the connected shaft), and its second, third, etc. harmonics with
different weights and so-called side-bands (lines in the neighbourhood of the characteristic
frequencies).

The majority of mechanical failures of machine elements and also some electrical problems
(e.g- problems of electric motors and variable speed drives) cause specific vibrations,
professional vibration measuring systems with high accuracy are available at acceptable price,
the installation of sensors (accelerometers first of all) is relatively easy. This is why the
evaluation of the current condition of machines or machine elements is generally based on
vibration measurement and vibration signal analysis in the industry. As an example, some
functions of the SPM Condition Monitoring System related to the frequency spectrum are
introduced in this part to show an industrial application of Fourier analysis.

SPM Condition Monitoring System contains a portable measuring device (Leonova Infinity) and

a software (Condmaster Ruby).

e SMP Condition
Monitoring System

®

Condmaster Ruby Leonova Infinity
plan

Measurements
o .
accordingto plan

Measurement planning

Data analysis | data

s . Speed measurement
Condition evaluation P

Shock pulse measurement

i Vibration measurement
Reporting User defined measurements
Rotor balancing

Shaft alignment
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The software is used for Measurement Planning (determination of measuring points and
assigning measuring techniques) and for processing of (sampled) vibration signals
downloaded from the portable measuring device (Data Analysis, Condition Evaluation,
Reporting). The measuring device is used to accomplish the measuring plans uploaded to the
device.

Measuring techniques are assigned to measuring points. Each selected technique requires
measuring parameter settings, e.g. rotational speed, ISO number of bearing, number of fan
blades or gear teeth.

The Bearing Catalogue (a built-in service of Condmaster Ruby) contains all data of bearings
that are needed for the analysis. Figure shows two examples from the Bearing Catalogue
(bearings of type 1SO3205 and IS06005).

Bearing number 3205 Biearing number G005

M anufacturer FaG M anufacturer Koy

TvPE no 2 TYPE no. 3

Inner diameter 25 mm BPO 5879 Inner diameter 25 mm EFOD 4111
Outer diameter 52 mm BRI 8121 Outer diameter 47 mm BFI 5889
Mean diameter 385 mm EBS 2634 Mean diameter 36 mm BS 272
Yidth 20,6 mm FT 042 width 12 mm FT 0411

The failure symptoms are enabled to the assignments by marking them in the Symptom List.
We can determine what symptoms to be displayed in the graphics for each of the assignments.
The default range for SPM Spectrum is 0 Hz to 1000 Hz, 1600 lines, full spectrum. This gives a
good overview with room for several multiples of the bearing symptoms. In a power spectrum,
line amplitudes are squared, which puts an emphasis on large amplitude lines while
suppressing the smaller lines. The frequency range, the number of spectrum lines, spectrum
type and number of peaks can be edited. Also the type of the window function can be set
(rectangle, Hanning, Hamming or flat-top window).

Settings

Order tracking Mo

~
Upper frequency, Hz 200 (g/
Lower frequency, Hz 10
. . Mot
W\ndgvu anning fé\ -
Lines in spectrum 12800 (2) (=]
Envelope frequency [Hz) | [None] B
Advanced settings
FFT type Linear
Averaging type | (Mone) 0.46 RPM
Zoomcenter 100 (1) :

(&) 50> 150 Hz (521,74 > 19565 22 Orders)
~~ Resolution: 0,0078 Hz 0,47 CPM [’[1\
Acquisition time: 128 second(s) e
Mo. revolutions: 1

. —
Zoomfactor |2 (5)

The appropriate frequency range setting depends on the operational parameters and the
symptoms we want to check (number of orders). The software calculates the lowest available
frequency range that accommodates all symptoms. The frequency range is limited by the
transducer as well.

The frequency range for the spectrum should be large enough to contain the selected fault
symptoms. The spectrum resolution is determined by the range divided by the number of lines
in the spectrum. When lines from different symptoms are close together, we want a high
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resolution to distinguish between them. For this, we select a large number of lines over a
narrow frequency range.
The setting of the required spectrum (frequency range, number of lines) will determine the
frequency resolution of the spectrum and the data acquisition time as the lower right part of
the figure shows. (Number of revolutions during the measurement is also displayed.)
Vibration velocity (VEL) is most useful and commonly measured on industrial machines in the
normal speed range. Displacement (DISP) is used for low speed applications, while acceleration
(ACC) is used for high speed applications. These physical quantities can be converted between
each other easily.
A fault symptom highlights the spectrum lines affected by a certain type of machine fault. The
simplest and most important is Unbalance which finds the line at 1x shaft rotation in Hz. The
symptom Vane and impeller is one of those you must adapt to your machine. The missing
parameter is the number of vanes, e.g. the number of impeller blades in the pump. This data
must be accurate, else the symptom is worthless.
Cepstrum analysis, also called quefrency analysis (or cepstral analysis), is especially useful for
detection and analysis of bearing vibrations and gear faults in gearboxes. Its strength is finding
periodic components and repeated patterns in a time signal, which can be difficult to find in
other types of spectra. Cepstrum is the forward Fourier transform of a logarithmic spectrum
(‘a spectrum of a spectrum’). Thus, while a frequency spectrum or FFT reveals the periodicity
of a signal in the time domain, the cepstrum reveals the periodicity of a spectrum. In the
cepstrum, overlapping sets of sidebands or harmonics will be separated, much like the
spectrum separates repetitive time patterns in the waveform. The result of cepstrum analysis
resembles a time signal, with the number of valid samples equal to the number of lines in the
corresponding spectrum.
In predictive maintenance of machinery the control of the propagation of failures in time is
even more important than the determination of the actual status. The SPM system contains
many graphical functions providing information about changes in time. One type of diagram
shows some numerical values as a function of time and also the related control limits. These
diagrams enable the visual control, when a high value of a parameter appears relevant
maintenance actions can be scheduled.

02 g

[ dBsw

454

40

. — .
25— TT—— T -
20+

154

The other type of diagram shows the change of graphs, for instance the change of the spectrum.
When the amplitudes belonging to critical frequencies increase or new frequencies appear in
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the spectrum the root cause of the change must be identified to avoid the further propagation
of the failure. An important function is the so-called Waterfall diagram which is a three-
dimensional display of up to 50 vibration spectra. The different readings are displayed along
an axis, with the latest being the nearest the viewer.

F-001.01 Faw billlnput Shalt Bea

06/26/2007 14.47.13

0B/25/2007 144742
<

05/26/2007 14:48:08
06/26/2007 14:48:29

{ 06/26/2007 14:48:53
1000 Hz

T T T
400 600 a00

(L L-019.83 Gear Box Bearing 13 SL: SPM spectrum (2008-01-17 13:40:50)

4,0 "7 2008-01-17 13:40:10

40

With the Compare spectrum function we
can view more than one frequency range
and/or resolution at a time. This means that
we can implement a variable frequency
range from one measuring assignment to

another and also between measuring 0 200 400 G0 800 1000 1200 1400 H:
points. HDesv (L 404-01-000-01 Bow Thiuster 1 Motor nde: 100 Orders. 800 Line (2011-12-07 10:4
N e
B0+
40
204
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T

z

HDesv [3) 404-01-000-02 Bow Thruster 1 Motor de: 100 Orders, 800 Line (201112407 14:58
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T

z
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The Coloured Spectrum Overview is a three-dimensional view of all spectra under a
particular measuring assignment. Its purpose is to simplify the process of identifying in spectra
the patterns and trends which indicate damages. In the Coloured Spectrum Overview, signals
which are always present in the machine are clearly distinguished from signals caused by
developing damages. The Coloured Spectrum Overview provides a very good overall picture of
machine condition development.

) W-153.08 L Roll Nip 2'wS [f° SPM SX
— e - 100 guders
- 80 Orders
- 60 Orders
- 40 Orders
- 20 Orders
8 " - — S = 00rders
aa
T T T T T T T T T T. W-153.08 T
E 2 2 3 8 8 2 = 8 3 LowerRoliNip2Ws ]
5 & 8 3 2 8 8 8 8 &, °
5 R e R B8 8 e o on 01/282010 )
o (=] o (=] o o (=] o (=] c o
S © © 6 © & © & o = 101600 4
o © © ©o ©o © ©o © ©o c o
BDO1
11.125 Orders . Bearing - exhaustion
H”{ Bearing replaced due to high SPM Values I— 30HDesv

Important values related to shock pulse measurements are the so-called low-rate (LR) and
high-rate (HR) values.

Also the healthy bearings generate low-energy shock pulses, their ‘frequency’ (number of
pulses per second) is high. The magnitude belonging to the 1000 pulses per second ‘frequency’
(high rate of occurrence) is called high-rate (HR) level or carpet level. This level depends on the
quality of lubrication first of all, thus the high value of high-rate level indicates the poor
lubrication of the bearing.

When a fault appears on the surface of a bearing element then high-energy shock pulses appear
with lower ‘frequency’ (number of pulses per second) depending on the type of the bearing,
the geometry and the rotational speed of the shaft. The magnitude belonging to the 40 pulses
per second ‘frequency’ (low rate of occurrence) is called low-rate (LR) level. The high value of
high-rate level indicates a bad surface condition inside the bearing.

The LUBMASTER modul of the SPM system provides the following diagram showing the
condition of bearings (LR-HR vs HR). The left-hand side diagram belongs to a healthy bearing
while left-hand side diagram shows that the bearing has a surface fault.

P-003.03 —> pump DE P-003.03 —> pump DE
LR -HR LR -HR
z 204

35 35

COMND Mo, COND No.

30 65 30 85
25 - 25 s
207 35 20 35
15 2 15
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4.4.5 A Case Study: Condition Monitoring of a Pump Bearing
The drive-end bearing of a pump used in a g

chemical production process was investigated.
Several measuring techniques were assigned to
the measuring point, among others, the shock
pulse measurement.

The type of the bearing was 7318B.

The figure shows the settings for shock pulse measurement and analysis.

- -
® » Measuring Point Data # # Measuring Point Data
@ Measuring point | ¢ | R/HR 5 Measuring point | we SpM spekirum
(3 P003.03 pump DE 9 P003.03 pump DE
L.C2 RPM (1488 RPM] Bearing rumber - - AP 1465 APM) Genera
7a1ER FAG
@3 5P =
S Mame SPM spektrum
(e LR 3 Short ime memory Full spectium
LL® SPM spekinm TYPE 2 1 100 2372 Long time memary Full spectrum
150
150 2372 Mean diameter 140 o <o Hreota SPM spectrum byps
j; Harizortal 3, Vettical
Vertical

2 el L & : L{ma o

i % VIBRATION Settings

L&, VIBRATION EOMR & Y L. |8 Hoizorial

ACTIUM 1 ; -
Lf'“ Hurizontal L Vertikal Order tracking No [x
L : . Upper frequency, Hz | 2000
% Verikal [
H L—‘s“ er'l a & Aeid “findow Hanning
e[ Auid] Lines in spectrum | 5400

Studying the time series of LR/HR values we can see that on a certain date a very high value of

LR appeared.
. [4:] P-003.03 pump DE —> Level graph: LR/HR [ \LI
[ dBsv | N
45 ’;ll
40 |
35 [
L . / |
e R = /
304 —— /
A
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—a o
— — T — i
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— -
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15
104
54
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]
h T T T T T T T T | T T T
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= 2 2 [ 2 Z S 2 = = = = = = E = 4
£ 2 2 s = = 2 2 2 2 2 ] 2 2 2 s =
2 2 2 2 2 E 2 2 2 2 2 2 2 2 2 2 2

This peak triggered an alarm in the monitoring system, and then the experts

checked all the

data related to the measuring point (drive-end bearing of the pump). The waterfall diagram
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shows clearly, that the measure of amplitude enhancement was significant at certain

frequencies.
A = 2477 Hz 1,00 Orders 0,02
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Further investigations showed that the high lines matched the symptom lines that belong to
the outer ring fault (BPFO), that is, a failure of the outer ring was detected.

The following three diagrams show the spectrum measured before outer ring fault appeared
(good condition), when the problem has developed (presence of failure), and after installing a
new bearing (good condition again).

(& & Spectrum - P-003.03 pump DE: SPM spektrum (20150512 9:44:56)
+[8]=)
J  Time Signal | Circular Plot E Harmanics Clear all
A= 2477Hz  1,000rders 0009 5D%

SD% W P-003.03 pump DE SPM spektrum (2015-05-12 9:44:56)

q i 1 T

1 | I |

l | l |

l | l |

l | l |

l | l |

4 l | 1 |

l | l |

l | l |

l | l |

l | l |

l | l |

l | l |

2+ [ | 1 |

1 | | |

1 | 1 |

| | | |

1 | 1 |

l 1 | 1 |

it sl e st o it ol ot st — o
0 200 a00 500 800 1000 Hz

85




I's s Spectrum- P-00303 pump DE: SPM spektrum (2016-07-04 923:42)
3 -
3 S
a o8]
3
W TimeSignal | Circular Plot Ace Harmonics ~ Clear all
A = 2477Hz  [L00Orders 0029
SD% W® P-003.02 pump DE: SPM spekirum (2016-07-04 9:23:42)
i E e e e
g g g 3
| | | |
| | | |
| | |
40 | | |
| | |
I | I
| | |
I |
| |
| |
| |
| |
20 |
|
Bl
|
U= |
I ] ; ; T ] ] ; I ] ; ; T ] ; ; I ] ; ; 1
0 200 400 600 800 Hz
7 =
# 4 Spectrum - P-003.03 pump DE: SPM spektrum (2016-07-08 11:34:33)
-
+[a])
0 | Time Signal | Gircular Plot B Harmonics | Clear al
A= 2477Hz  1000rders 0493 SD%
SD% WL® P-003.03 pump DE SPM spektrum [2016-07-08 11:34:33)
Ml 3 3 3 3
1,2 3 3 3 3
i i i i
[ 1 1 |
[ [ [ |
104 1 [ 1 |
[ 1 [ |
[ 1 1 |
1 1 1 |
0,84 1 | 1 |
1 1 1 |
1 1 1 |
1 1 1 |
0.6 1 1 1 |
1 1 1 |
~
[ 1 [ |
04 1 1 1 |
1 [ 1 1 |
1 [ 1 |
1 1 |
024 1 1 |
[ 1 I
[
I T T T T T
0 200 400 600 200 1000 Hz

The special bearing evaluation technique provided by SPM, namely the Lubmaster analysis
indicated the problem clearly.

We can see in the following three diagrams that the black dot was in the red region (indicating
a bad surface condition) when the fault developed, while the dot was in green region
(indicating a good surface condition) before the appearance of the problem and after changing
the bearing.
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The picture shows the severe fau

VoL

It on the surface of the outer ring.

4.4.6 Exercises Related to the Vibration Spectrum

>>>Exercise 4.4 — 1

The bearing fault coefficients for the bearing of type ISO6302 are the following

87



Beanng number B302

A amufacturer HSK

TYPE no. 1

Inner diameter 15 mm BRO 2558
Outer diameter 42 mm BFI 4,442
Mean diameter 285 mm BS 1.724
width 13 mnm FT 0.365

The rotational speed of the shaft during the measurement is 1140 rpm. The sketch of the
spectrum provided by SPM Ruby is

amplitude
2 x

3% 4 x

‘ frequency (Hz)

100

‘200
Which element of the bearing is damaged: outer ring, inner ring, ball, cage, or none of them?
>>>Exercise 4.4 — 1- Solution

The bearing fault frequencies belonging to the rotational speed of 1140 rpm = 19 rps are

fault type | coefficient | rotational speed (rps) | fault frequency (Hz)
outer ring 2.558 19 48.60
inner ring 4.442 19 84.40
ball 1.724 19 32.76
cage 0.365 19 6.94

The spectrum contains a frequency near to 32.765 Hz (ball spin frequency) and its harmonics.
It suggests that there is a fault on a ball.

>>>Exercise 4.4 — 2

The bearing fault coefficients for the bearing of type ISO30210 are the following

Bearing number 30210

b anufacturer SKF

TPE na. 3

Inner diameter 50 mm BPO 8571
Outer diameter 90 mm BPI 11.429
Mean diameter 70 i BS 330
width 21.75 i FT 0.423

The rotational speed of the shaft during the measurement is 780 rpm. The sketch of the
spectrum provided by SPM Ruby is

amplitude

1x 3 X

2%

frequency (Hz)
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Which element the symptom lines in the figure belong to (outer ring, inner ring, ball, cage, or
none of them)?

>>>Exercise 4.4 — 2- Solution

The bearing fault frequencies belonging to the rotational speed of 780 rpm = 13 rps are

fault type | coefficient | rotational speed (rps) | fault frequency (Hz)
outer ring 8.571 13 111.42
inner ring 11.429 13 148.58
ball 3.301 13 4292
cage 0.429 13 5.577

The spectrum contains a frequency near to 148.58 Hz (inner ring frequency) and its harmonics.
It suggests that there is a fault on the inner ring.

>>>Exercise 4.4 — 3

It is known that the specific symptom of a coupling problem is a line in the frequency spectrum
at 2m order. Determine the specific frequency belonging to the coupling problem if the
rotational speed of the shaft is 1800 rpm.

>>>Exercise 4.4 — 3- Solution

The rotational speed is 1800 rpm = 50 rps.

The line belonging to the coupling problem is at 2 X 50 = 100 Hz in the frequency spectrum.
>>>FExercise 4.4 — 4

Sometimes a possible way to determine the rotational speed of the shaft is to find the frequency
of 1st order (frequency belonging to unbalance). Since this frequency generally belongs to the
highest energy harmonic component of the signal, the shaft speed can be identified finding the
highest line in the frequency spectrum. Give the probable value of the rotational speed of the
shaft using the following spectrum.

amplitude

| | frequency (Hz)
Ly | M I B

I I
T L R S E S N R B B R B R |

10 20

>>>Exercise 4.4 — 4- Solution
The highest line in the frequency spectrum is near to 4.5 Hz. It suggests that the rotational
speed of the shaftis 4.5 rps = 4.5 X 60 = 225 rpm.
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5 The Laplace Transform

5.1 The Concept of the Laplace Transform

Let f: [0, oo[— R be an integrable function. Then function

L(f)(s) =F(s) = f f®)-eStdt, secC

is called the Laplace transform of f if the integral is convergent.
Remark: Based on the calculation

F(s) =ff(t)-e'5't dt =ff(t) ce(Orio)t g — f(f(t)-e“”)-e‘i‘w'f dt,
0 0 0

we can say that the Laplace transform of f is equal to the Fourier transform of function
‘o {f(t) et t> 0
0 t<o0
Considering the properties of function e~ for positive o, it is easy to see that, many
Laplace transformable functions are not Fourier transformable. This advantage makes
the Laplace transform important tool e.g. in control theory.
f is called a function of exponential order if there exist real numbers ¢, K and T such that
lf®| <K-et, t=T.
If a piecewise continuous f is of exponential order, then F (s) exists for values s satisfying
Re(s) = c.
The inverse Laplace transform is given by
Y+i-oo
1
(&) =L7(F(s)) = = f F(s)-eStds, teR
y—i-o
forsome 0 < y € R.
Remark: In practice we rarely calculate Laplace transforms or inverse
Laplace transforms, because the frequently used formulas are available
in tables, and in mathematical software.

A table of the most frequently used Laplace transforms:

f(@®) F(s) f(®) F(s)
1 ) )
1 3 sin(w - t) m
1 S
t S_z cos(w - t) SZ-I-—wZ
n! 2-w-s
n - Qi . —_—
t o t-sin(w-t) Tt o))
1 2 _ 2
et t-cos(w ' t) s Tw
s—a 52 + w?
1 )
. pat at, q; . - O
t-e Goa? e -sin(w - t) G-a)’tw?
2 s—a
2, ,at at, . A —
t’-e G-y e - cos(w - t) G-a)’tw?
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n!

tn . ea-t
(S — a)n+1

e*t sinh(w - t) ‘

(s—a)?—w?
s—a
(s —a)? — w?

’ e®t . cosh(w - t) ‘

Some properties of Laplace transform
Linearity
Lla-f+B-g)=a L) +B L(g)

Derivative in time domain

dfy
£(55) =5+ LD = ()
d*f df
L<ﬁ>=sz'ﬁ(f)—5'f(0)—a(0)
df  d¥f

55 L(f) = 52+ f(0) =5 = (0) =7 (0)

a’f
L(ﬁ)

o dn—Z dn_1
£(Gm) = 5" L) =7 FO) = s L 0 - ot

Integral in time domain

0)

)t
) Ojf =22

N

Integral in frequency domain
1 [ee]
L(?-f(t))=fF
N

L(f(t— D)) =e" - L(f)

Time domain shift

Frequency domain shift
L(e”* - f(t)) = F(s — b)

Time domain scaling

@ =2 F ()

a
Convolution in time domain

£+ gy =£{ [ £@- 9 =0t | = £ - £(9)

Complex conjugation
L) =F(s?)
>>>Exercise 5.1 — 1
Determine the Laplace transform of function f: [0, co[— R defined as

f@®=1
>>>Exercise 5.1 — 1- Solution
r ; e~stP 1 1
F(s) = f 1-e5tdt = lim | e™Stdt = lim [ ] =——-lim(e=s?-1)=—
b b | —s [ S b-w s
0 0
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>>>Fxercise 5.1 — 2
Determine the Laplace transform of function f: [0, co[— R defined as

f) =e*t
>>>Exercise 5.1 — 2- Solution
o b
—(s

F(s) = f edt-e~Stdt = Jim e~G-atqgr = Jim [

0 0
1 1
=— - lim (e=6-®P — 1) =
s—a bow s—a

>>>Exercise 5.1 — 3

Determine the inverse Laplace transform of function
3

s24+3-5s—10

5)-

X(s) =

>>>Exercise 5.1 — 3- Solution
3 3 1 3
e =
s2+3:5—10 7' s—2 75
3

=;'L_1(siz) z

Second solution: using the convolution theorem

i) e )
s2+3:5—10 s—2 s+5

e —-a)t
—(s— a)]0

b

3 3
) ? et — 2 g=5t

1 1
=3IL_1<S—2)*L_1<5+5)=3.€2‘t*e_5‘t=

t t
=3 f e?T.e 5D dr=3.¢75t. J e’Tdr =
0 0

N w

ce=5t. (et — 1) =
>>>Exercise 5.1 — 4

Determine the inverse Laplace transform of function

452 —s+1

X(s) = P

>>>Exercise 5.1 — 4- Solution

= 4s* —s+1 —L'l( 1+4 1 )_
s3 —s2 B s2 s—1) "

1 1

e

s2 + s—1

Determine the inverse Laplace transform of function

>>>Exercise 5.1 — 5

>>>Exercise 5.1 — 5- Solution

(s +8s+8 —L‘1(8+ 1 )—8 L‘1<1)+L‘1( 1 )—8
s3 452 - s s+1/) s2 s+1)
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s?+85+8 s*+85+8 A B C A (G+D+B's (s+1)+C-s?

L.
II.

s3 + 52 _sz-(s+1)_s_2+;+s+1_ s2-(s+1)
s2-(B+C)+s-(A+B)+4
B s2-(s+1)
B+C =1
A+B = 8 = A=8 B=0, =1
A = 8

II1.

5.2 Transfer Function, Frequency Response

In this part the complex imaginary unit is denoted by j as usual in the technical literature,
e.g. in control theory.
A linear time-invariant system

u(t) y(©O)

— | linearsystem ——

can be characterized by its transfer function, the quotient of the Laplace transform of the
output function (Y) and the input function (U)

Y
H(s) = % s€eC u(t) H(s) = 1{7((2 y(t)

According to this definition, in the ‘Laplace space’, the output of a linear system can be
given with a simple multiplication if the transfer function H is known:
Y(s)=H(s) U(s)
Find the transfer function for a translational mass-spring-damper system.
— x(0)

—f(®

The differential equation of the system (Newton’s second law) is

m-x(t) + k-x(t)+c-x(t) = f(t),
where m is the mass, k is the damping coefficient, ¢ the spring stiffness, f is the external
force acting on the body (input), x is the displacement of the body (output).

Lt)» m-%(t) + k-x(t) +c-x(t) = f(t) L

Supposing zero initial conditions
x(0)=x(0)=0
the Laplace transform of the equation is
m-s2-X(s)+k-s-X(s)+c-X(s)=F(s)

H _X(s)_ 1
(S)_F(s) T m-s?+k-s+c
f® _X(s) 1 x(8)

—_— H() >

S T F(s) m-s?+k-s+c

Find the transfer function of a series RL circuit connected to a continuous current voltage
source.
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oO—F—7—"—""20
R
Vin =R Vout
O O

The differential equation of the RL circuit is
d
L 'Ei(t) +R-i(t) =u(t)

where R is the resistance, L is the inductance, u = V;,, is the voltage drop across the circuit
(input), i is the electrical current through the circuit (output).

u(t) i(t)

d . N
— L'El(t)+R'l(t)—u(t) EEE——

Supposing zero initial condition
i(0)=0
the Laplace transform of the equation is
L-s-I(s)+R-I(s) =U(s)

Hes) = 1(s) _ 1
N ORI EY]
u(t) 1(s) 1 i(t)

T H(S) - >

UG) L-s+R

Some basic electrical circuits and their transfer functions

Low pass filter High pass filter
O— F—+—"—"-" 0O || 0
R c
Vin T¢ Vout Vin R Vout
O O O e
H(s) = —— H(s) = —
S =1TRCcs R
R-C
Differentiator Integrator
o @T
c R R c
Vin Vout Vin Vout
o O o o)
H =k- k
=i Hs) ==

As an example, consider a system with transfer function
100-s+ 100

s2+110-s+ 1000
The Bode diagram of the system (provided by software) is

H(s) =

94



20—

Magnitude (dB)

-30

Phase (deg)
(=]

90 = ‘ w ‘ —
1072 107! 10° 10! 102 10°
Frequency (rad/s)

Although mathematical software provides the exact Bode diagram, it is useful to sketch it
to understand the role of the poles and zeros. To do it we need to rewrite the transfer

function so that all the poles and zeros appear in the form (1 + wi)
0
s
Hs) 100 - s + 100 100 s+1 01 T+7
S) = = . =0.1"
5241105+ 1000 s+10)-(s+ 100 3. S
(s +10) - ( ) (1+75) (1 +155)
This expression contains four terms of interest
a constant: 0.1, a zero: s = —1, and two poles: s = —10 and s = —100.

Using the phasor representation for the input and the transfer function, calculations we
have to do are the multiplication of the magnitudes and the addition of the phases: the
magnitude and phase of

1+
H(jw) = 0.1- i —
(1+45) - (1+150)
are
|1+
|H(s)| = 0.1] - i@ i
|1 +40] |1+ 165
and
2(H(s)) = 2(0 1)+4(1 +jw) 4(1 +jw> 4(1+ jw)
(5)) = 2(0. 1 10 100/’
respectively.

Addition of phases is quite simple. To avoid multiplication and division of magnitudes the
decibel (dB) scale is commonly used by applying the following:

a quantity X in decibel scale is 20 - 1g X.
The magnitudes are simply added and subtracted in the decibel scale because the
properties of the logarithm function:
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|1 7l
|H (j)lag = 20-1g(IH()]) = 20-1g  [0.1] -
1+ 5] |1 +{og

=20-1g(]0.1]) + 20 - lg(|1+—|>—20 1g<|1+—|)—20 lg(|1+100>

=10.1 +|1+—| —|1+—| —|1+—|
1014z 1 4z 10l4p 10014

The frequency response (function) plays important role in the analysis of linear time-
invariant systems. The following diagram suggests a basic property of linear time-
invariant systems, namely, the steady-state response to a sinusoidal input is sinusoidal
output with the same frequency but with different amplitude and phase depending on w.

u(t) = y(©) =
- linear system
=4, -sin(lw-t +¢,) =Ay(w) - sin(w -t + (py) + feransient

Giving the change of the amplitude and phase as a function of w we can describe a linear
system properly.
Lett »u(t) = A, -sin(w-t+¢,) and t - y(t) = 4, - sin(w - ¢ + <py) be the input and
the steady-state output of a linear system, respectively. The frequency response function
(or frequency function) of the system is the complex-valued function

H(jw) = a(w) - el e@),
where

A
1@ =22 md o) =9,-0,

u

are the gain function and the phase shift function.

The frequency response is closely related to the transfer function: if s —» H(s) is the
transfer function, then w = H (jw) is the frequency function.

Well-known representations of the transfer function are the Nyquist diagram and the
Bode diagram. The Nyquist diagram shows the values of frequency function in the
complex plane, each point belongs to a certain w value. The Bode diagram contains the
graphs of t = a(w) and t = ¢(w) functions.

Bode Diagram

Nyquist Diagram

Magritude (dB)

Imaginary Axis

@)

Real Axis . ’ ) ; Frequency (rad/sec)

Phase (deg)

s

In the Bode diagram a logarithmic scale is used in the case of the frequency axis because
of the wide range of frequencies generally need to be displayed.
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We also use logarithmic (decibel) scale when plotting the magnitude a(w), because of the
wide range of gains to be displayed, and additionally, the use of the decibel scale makes
the sketch of the diagram easier in practice.
>>>Exercise 5.2 — 17
Sketch the Bode diagram of the system with transfer function H(s) = 8.2 (constant function).
>>>Exercise 5.2 — 17- Solution
|H(jw)|qg = 20 -1g8.2 = 18.28 dB (constant)
[H(w)lap
0

20

10

-10

0.1 1 10 100 1000
£(H(s)) = 0° (constant)

180° “(HGw)”

90°

0°

-90°

—-180° et et
0.1 1 10 100 1000

>>>Exercise 5.2 — 18

Analyse the frequency response of the system with transfer function H(s) = 1+1i in the three

wo

special cases w < w, (low frequency), w > w, (high frequency), and w = w,. (Simple real pole

at _(Uo).
>>>Exercise 5.2 — 18- Solution
Magnitude
) 1
(o)l = 20-lg|-———| = 20" lg-—s
] = 14+ (—
Wo (wo)

If o < wp, then [1+ (=) ~1 = |H(jw)|ap = 0

~—~~| —~

:|T
o o

~—~

N [\S}

If w >» wgy, then |1+ —) zwiﬁ |H(ia))|dBz20-lg%=—20-lgw+20-1gw0=€(w)
0
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dB
decade
example, a couple of values of #: £(w,) = 20-1g1 = 0dB, (10 - wy) = 20-1g0.1 = —20dB,
£(100 - wy) = 20-1g0.01 = —40 dB

If w = wy, then |H(jwy)|gg = 20 -1g

This is a straight line with a slope of —20 going through the point (w,, 0 dB). For

L —20-lg-~-3dB

V2
wg\2
1+(w_0)
Remark: wo is called break frequency (or corner frequency or 3dB frequency)
[H(w)l4B
o mr— )
O pr— S
-20
—40
- I | 1000
0.1 1 wo DN o
Phase
. 1 ' w a)
tHw) =2| —x | =< (1 +J _) A,
1 +J = o Wy
Wo

If w K wgy, then £H(jw) = —arctan 0 = 0°

If w > wy, then 2H(jw) = — arctan oo = —90°

Ifw = wy, £H(jw) = —arctan1 = —45°

In this case a possible plotting rule for the phase diagram is to draw straight line between
points (0.1 - w,, 0°) and (10 - wy, —90°).

£(H(w)*
0° ———
—45°
e —
+ t t w
0.1 0.1-wy wo 10 - w, 1000

>>>Exercise 5.2 — 19

Sketch the Bode diagram of the system with transfer function H(s) = 1:1 (Simple real pole at

10

rad

-102),

>>>Exercise 5.2 — 19- Solution
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|H(w)lgg = |H(jw)l4p

=20-1g >
)
1+ (10) 0
-20
—40
} w
0.1 1 10 100 1000
2(H(jw)) = £(H(w))*
= —arctan 7, .
—45°
-90°
w
0.1 1 10 100 1000
>>>Exercise 5.2 — 20
Analyse the frequency response of the system with transfer function H(s) = 15 = (nisa

(1+w—0)
positive integer) in the three special cases w < w, (low frequency), w > w, (high frequency),

and w = w, (nt order real pole at —w).
>>>Exercise 5.2 — 20- Solution

Magnitude
n
|H(jw)| = - - -
(1+j-w%)n |1+j-w%|n 1+(wﬂ0)2
n
|[H(w)|gg = 20-1g % =20-n-Ig —
1+(w—0) 1+(w—0)

If w < wgy, then |[H(jw)|qs = 0
If w > wg, then |H(jw) |45 = 20-n-lg% =-20'n-lgw+ 20 n-lgw, = ¥(w)

dB
decade

In the case of an nth order pole the Bode plot for magnitude drops at —20 - n after the

break frequency w,.
Phase

w w
2(H(jw)) =2 n=—n-4<1+j-—>=—n-arctan—
() “ “

0
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If w K wgy, then £H(jw) = —n - arctan 0 = 0°

If w » wgy, then £H(jw) = —n - arctan o = —n - 90°

If w = wy, then 2H(jw) = —n -arctan 1 = —n - 45°

The phase of an nth order pole drops linearly from 0° to —n - 90° after one tenth the break
frequency.

>>>Exercise 5.2 — 21

Sketch the Bode diagram of the system with transfer function H(s) =

s 2
14-)
(Second order real pole at —20 %).
>>>Exercise 5.2 — 21- Solution
|H(jw)las = IH(o)lag
=40-1g >
)
1+ () 0
—40
—-80 f
t t t w
0.1 1 20 200 1000
¢(H(jw)) = 2(H(jw))*
=-2 t v
= arctan o 0
-90°
—180°
t t t w
0.1 1 2 20 200 1000

>>>Exercise 5.2 — 22

Analyse the frequency response of the system with transfer function H(s) = 1 + wi in the three
0

special cases w < w, (low frequency), w > w, (high frequency), and w = wy. (A simple real
zero at —w).

>>>Exercise 5.2 — 22- Solution

Magnitude

w

w 2
H(j- =N1+iji —|= |1 —
HG-o =[u+)- 3 = f1+ ()

IH( - )lgs = 20 - 1g f1+(§)
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If w < wy, then |H(jw)|gg = 0.

If @ > wp, then |H(jw)|gp ~ 20 - 1g= = 20" lgw — 20 - Igw, = £(w)
0

dB

decade

This is a straight line with a slope of 20

of £:
£(wy) =20-1g1 = 0dB, £(10 - wy) = 20 -1g0.1 = 20 dB, £(100 - w,) = 20 -1g0.01 = 40 dB

2
If  ~ wo, then [H(j + @)|qp = 20-1g |1+ (wi) ~20-1gv2 = 3dB
0

W, is called the break frequency, the corner frequency or the 3 dB frequency.

going through the point (wy, 0 dB). Some values

For a simple real zero the piecewise linear asymptotic Bode plot for magnitude is at 0 dB until

. dB
the break frequency and then increases at 20 Tocnde
|H(jw)|as
40
p
20
3 ....................
0 —
= ‘ = ‘ = w
0.1 1 Wy 10 - wy 1000

Phase

The phase of a simple zero is given by:
) w

LH(j-w) = A(l +j (U_o) = arctanw—0

If w K wgy, then ZH(jw) = arctan 0 = 0°

If w » wg, then £H (jw) = arctan co = 90°

If w = wy, then 2H(jw) =~ arctan 1 = 45°

Follow the low frequency asymptote at 0° until one tenth the break frequency (0.1 - w,) then

increase linearly to meet the high frequency asymptote at ten times the break frequency (10 -

Wo)-

L(H(jw)) °
900 ny
45°
0° e
t } t w
0.1 0.1 wy wq 10 - wy 1000
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>>>Exercise 5.2 — 23

Sketch the Bode diagram of the system with transfer function H(s) = 1 + :—0

(Simple real zero at w, = —60 %).
>>>Exercise 5.2 — 23- Solution
|HG - w)lgs = IH(®)las
a) 2
=201 [1+(z5) 40 /
20
0
t t t w
1 10 60 600 10000
LH( w) =
w 2(H(jw))
= t: —
arctan 0
90°
45°
00
t ——t—+—+—++++ ——t+—+—+—+—+++ w
0.1 6 60 600 1000

>>>Exercise 5.2 — 24
n
Analyse the frequency response of the system with transfer function H(s) = (1 + wi) (nisa
0

positive integer) in the three special cases w < wq (low frequency), w > w, (high frequency),
and w = w, (nt order real zero at —w,).

>>>Exercise 5.2 — 24~ Solution

Magnitude

n

w " W \?
=|1+j-— = 1+(—)

o)l = [(1+5-2)

n

w \?2 w \?2
|H(j)]gp = 20 Ig 1+(—> =20-n-lg 1+<—)
Wo Wo

w 2
If w < wgy, then |1+ (w—) =1 = |[Hjw)|qg =0
0

2
If w > wg, then ’1+(wi0) zwiozbo |H(ja))|dBz20-n-lgwi0=20-n-1g(u—20-n-lgwo=

f(w)
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In the case of an nth order pole Bode plot for magnitude rises at 20 - n

frequency w,.

. _ . W\ ECANE W
2(H(jw)) = A(l +j (U_o) —n-L(l +j w—o) —n-arctanw—o
If w K wgy, then 2H(jw) = n-arctan 0 = 0°
If w » wgy, then £H(jw) = n - arctano = n - 90°
If w = wy, then £H(jw) = n-arctan1 = n - 45°

dB
decade

after the break

The phase of an nt order pole rises linearly from 0° to n - 90° after one tenth the break

frequency.
>>>Exercise 5.2 — 25

Analyse the frequency response of the system with transfer function H(s) = g

(Simple pole at the origin, integrator).
>>>Exercise 4.2 — 25- Solution
Magnitude

1 j 1
H( - ~20-1 |—|=20-1 |——|=20-1—=—20-1 =7
|H( - w)lap A g~ g gw = ?(w)

The function is represented by a straight line on a Bode plot with a slope of —20

rad rad

Some values of £ are £ (1 T) =0dB, ¢ (10 T) =—20dB

[H(j®)lap
0

dB
decade’

20

-20

—-40

0.01 0.1 | 1 | 10
Phase
. J )
¢tH( -w)=24|—=)=-90°
Grwy=2(-2
cL(H(ja)))"

100

180

90°

0°

-90°

—180° ' :

0.01 0.1 1 10
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>>>Exercise 5.2 — 26
Analyse the frequency response of the system with transfer function H(s) = Sin

(nth order pole at the origin).
>>>Exercise 5.2 — 26- Solution

Magnitude
1
|[H( - )|a5 = 20 - lg|(] | —=—20-n-lgw={’(a))
The function is represented by a straight line on a Bode plot with a slope of —20 - n deiaBde.

Phase

1
LH(j'w)=4<(j_w)n

>>>Exercise 5.2 — 27

>=—n-90°

Analyse the frequency response of the system with transfer function H(s) = s
(Simple zero at the origin, differentiator).

>>>Exercise 5.2 — 27- Solution

Magnitude

[H(G - w)lqp = 20 -1glj - 0| = 20 -lgw = £(w)

The function is represented by a straight line on a Bode plot with a slope of 20

decade’
rad

Some values of £: i’( ra“’) = 0dB, 3(10—) = 20dB

[H(w)|as
0

20

-20

—40

0.01 0.1 1 10 100
Phase
tH(w)=2( w)=90°

180° “(HGw)”

90°

0°

-90°

—-180° t
0.01 0.1

-

10 100
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>>>Fxercise 5.2 — 28

Analyse the frequency response of the system with transfer function H(s) = s™
(nth order zero at the origin).

>>>Exercise 5.2 — 28- Solution

Magnitude

|H(G - w)|ap = 20 -1g|(j - w)™| = 20 - Ig(w™) = 20 n-lgw = #(w)

The function is represented by a straight line on a Bode plot with a slope of 20 - n

Phase
¢tH( w)=2( w)"=n-90°
>>>Exercise 5.2 — 29

dB

decade’

Analyse the frequency response of the system with transfer function
1

(wio)z +27 (wio) +1

in the three special cases w < w, (low frequency), w > w, (high frequency), and w = w,

H(s) =

0<¢<1

(Complex conjugate pair of poles, underdamped system.)
>>>Exercise 5.2 — 29- Solution
Magnitude

HG - w)] = [————— - -

H( - )las = —20 - 1g (1 \ (wﬂ)> * (25 (§)>

If w < wgy, then |H( - w)|qgg ® —20-1g1 =0
2
If @ > wo, then |[H(j - @)|qp ~ =20 -1g ()" = —40-Igw + 40 - 13w,

w
wo,
dB

decade

It is a straight line with a slope of —40

going through the point (w,, 0 dB).
Near w = w, a peak occurs with height |H(j - wy)| = zl—g_or |H( - wg)|ag = —20 -1g(2¢) which

is considerable when 0 < { < 0.5.
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[HGw)laB

—20-1g(20)
0 _—
-20
—40
t = . )
0.1 1 Wy 10 - w, 1000
Phase
, 1 o o
e =_L< )+25(—>+1 -
Wy wo

() #2652+

202

w\? . w® (w_o

- 1_<_> +j:2(-—|=—arctan| ——
! _ (@

2
0 Wy
1-(3,)
Ifw < wy, then 2H(j - w) = —arctanmi =~ 0°
0
If w > wg, then £H(j - w) = —180°
If w = wy, then £H(j - w) = — arctan(2{)
2(H(jw))"
0° rm—
—45°
o0l N
L R S w

0.1 wo 107 wy wg - 10% 1000
>>>Exercise 5.2 — 30
Sketch the Bode diagram of the system with transfer function H(s) = =z ! .

((1’_0) +2§(w—0)+1
10,¢ = 0.3.
>>>Exercise 5.2 — 30- Solution
Magnitude
] 1

Hj w)=——

(L) +o6- () +1

Ol = 7200 1gj (1-()) +(0s-(2)
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The peak will have an amplitude of% = 1.67 or 4.44 dB.

The approximation connects the low frequency asymptote to the high frequency asymptote
starting at @ = wy-107% =10-107%% =107 = 5 % and ending at w = w,-10° = 10"
rad

1093 = 103 ~ 20

|H(jw)lap
4.44 ;
0 ——
-20
—40 ;
: 5 w
0.1 1 10 100 1000
Phase
Since ¢ = 0.2 in this case this means that the phase starts at 0° and then breaks downward at
w=wy-10¢=10-10"%=~5 ﬂ The phase reaches —180° at w = w, - 10 = 10 - 10°3 ~
rad
20 —
2(H(w))"
0° p—
—45°
9ol N
} -+ ————+++ w
0.1 1 5 10 20 100 1000

>>>Exercise 5.2 — 31
Analyse the frequency response of the system with transfer function

H(s)=(wio)2+2((wio)+1, 0<{<1

in the three special cases w < w, (low frequency), w > w, (high frequency), and w = w,.
(Complex conjugate pair of zeros).

>>>Exercise 5.2 — 31- Solution

Magnitude

H( - w)] =

[ s ) o] =1 2)) s 2] = (- + (2e)
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ot =20 (1-(2) ) + ()

Ifw K< wy, then |[HG - w)|gg = 20-1g1 =0
2
If w >» wgy, then |[H( - w)|qg = 20 -lg(wi) =40-lgw —40-Igw,
0
dB
decade
Near w = w, a peak occurs with height |[H(j - wg)| = 2{, |H( * wo) |4z = 20 - 1g 2¢ which is
considerable when 0 < { < 0.5.

It is a straight line with a slope of 40 going through the point (w,, 0 dB).

[HGw)|qB
40
20
20 1g(20) )
; " } 13)
0.1 1 wWo 10 - wy 1000
Phase
W
i\ 2 i w w\2 w 20—
¢tH( w) = 4((1—) +2{(]—>+1> =4<1—(—) +j-2(-—> = arctan —woz
Wy Wo Wy Wo 1— (ﬂ)
Wo

If w K wy, then 2H(j * w) = arctamwi ~ 0°
0

If w > wy, then £H(j - w) = 180°
If w = wy, then £H(j - w) = — arctan(2{)

2(H(w))®
o
—45°
Z00° ——
t ——+—+———+++t ——H————+++t w
0.1 wo 107 wy wg - 10° 1000

>>>Exercise 5.2 — 32
S

2
Sketch the Bode diagram of the system with transfer function H(s) = (w—) +2 (wi) +1
0 0
when w, = 4, = 0.15.
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>>>Exercise 5.2 — 32- Solution

Magnitude
. 2

H(j )—(j'w) +03 (j'w)+1
Gro)={ =\ g
The dip in the magnitude plot will have a magnitude of 2¢ = 0.3 or —10.46 dB.

[H(w)lap
40
20
0 r—
—10.46
R IRRRAL : bl @
0.1 1 4 10 40 100 1000

Phase

The break frequencies for the phase are at w = w, - 107¢ = 4-107%15 = 2.83 % and w =

rad

wp - 10% = 4-10%"° = 5.65 —

2(H(jw))°
00
—45°
—-90°
t 7 =+ t——t+—+—+——++++ w
0.1 1 4 10 40 100 1000

2.83 5.65
Remark: The shape of the graphs (magnitude peak height, steepness of phase
transition) are determined solely by {, and the frequency at which the

magnitude peak and phase transition occur are determined solely by wg.
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6 Solution of Linear Differential Equations with Laplace
Transform

If functions gy, g1, ---» gn-1, f: I = R are continuous, then an equation of the form

YOO + gna (O YO + -+ 910 Y () + 9o () - y(©) = f(1)
is called n-th order linear differential equation.
If g9, 91, ---» n—1 are constant functions our equation

YOO + gnoy ¥y + o+ g1 Y (©) + go ¥(©) = £(B)

is called n-th order linear differential equation with constant coefficients.
Remark: In the analysis of technical systems these coefficients are
system parameters (e.g. mass, spring stiffness, damping coefficient,
capacity, inductivity, resistance). In mechanical and electrical models
these parameters are generally supposed to be time independent, thus
the coefficients of the related differential equation are constants.

If we have additional information about the solution function, namely the value of
functions y,y',y",...,y®™ Y at a given place t, € I (at a specific instant of time)

y®(ty) =y k=01,..,n—1
we have an n-th order linear initial value problem.
If t, = 0, an n-th order linear initial value problem with constant coefficients can be
solved with the help of Laplace transform as follows.
Using the Laplace transform an initial value problem

YO + Gnoy "y + 4 g1 Y () + go - y(8) = f(B)

y®(©0) =y, k=01,..,n—1

transforms into the form
1 N P(s),

Q(s)  Q(s)

where F and Y are Laplace transform of f and y, respectively, P and Q are polynomials

Y(s) =F(s)-

depending on the coefficients of the equation and the initial values. Thus

B 1 P(s) 1 L (P(s)
yn =1L (F“ 0 Q(S)> “(F0) 56 )> tL (Q@))

) ) ) L _ algebraicequation £7!
Remark: The idea of the solution method is f>F—————VY —y

Applying the convolution theorem, we can avoid the calculation of F = L(f) and the
inverse Laplace transformations are easier:

y® =27 (FO) 5 )) Ul(o%) () £ () +

+L-1(P(s))— )« v(e) + (t)—f (@) vt — 1) dv + w(t)
06 =f % w —Of‘t v(t—1)dr+w

with the notations v(t) = L1 (Q( )) w(t) = (%)

Remark: Derivatives are denoted by dots in the following. So the Laplace transform

formulas for the derivative functions are

Ly®) =s-Ly®) —y(0))
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and
L(F®) = s> Ly(®) =5~ y(0) = y(0),
respectively.
Calculations in the case of first order linear initial value problems are as follows.
y@© +a-y@) =f(©), y(0) =y,
Ly®) +a-Ly®) = L(Ff©®)
s L(y(©) —y(0) +a- L{y(®) = L(f(®))
s Y(S)—ys+a-Y(s)=F(s)
Y(s)-(s+a)=F(s)+
Yo

s+a s+a
The further calculations without the convolution theorem

y(©) = £ <F(s) H%) + L1 (22

s+a

Y(s) =F(s)-

The further calculations with the convolution theorem

y(© = £ (F ) H%) + L7 (Z) = L (F )+ L7 (s%) 30 L7 i 2=

t
—F@ v e 4 yp- e = [ £ e D dr 4y, et
0

Remark: Equality y(t):fotf(‘r)-e‘a'(“’)dr+y0-e‘a't obtained from the
previous derivation can be used as a calculation formula when a first
order initial value problem is to be solved.

Calculations in the case of second order linear initial value problems are as follows.

Jy@®) +a-y@®) +b-y() =f(t), y(0)=yy,y(0) =y
LI®) +a-LH®) +b- Ly®) = L(F(©)
s2-L(y(®) —5-y(0) = y(0) + a- (s- L(y(®) = y(0)) + b- L(y(®)) = £(f(©))
s2Y(S)=s Yo —Yota (s Y(s) =)+ b Y(s)=F(s)
Y(s)-(s’4+a-s+b)=F(s)+(s+a) y,+ 7V

(s+a)-yo+ Yo

s24+a-s+b s2+a-s+b

The further calculations without the convolution theorem

1 (s+a)-yo+yo
— -1 . -1
y® =1L (F(s) 52+a-s+b>+L <52+a-s+b

The further calculations with the convolution theorem

1 (s+a) yo+o
=1 F ——— -1~ 7° ) =
v =L ( ) sz+a-s+b)+L < s2+a-s+b

1 (s+a)-yo+ o
= r-YF —1( ) -1 —
£ ( (S))*L s2+a-s+b +L <52+a-s+b

1 (s+a)-yo+o
_ -1 -1 070
=f@oxL (sz+a-s+b>+L (sz+a-s+b

Y(s) =F(s)-
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>>>Exercise 6.1 — 1

Solve the following initial value problem with Laplace transform:
y&) +2-y@) =(t+1)-ef, y(0)=1

>>>Exercise 6.1 — 1- Solution

>>>Solution with the convolution theorem

L(E+1)-et)=L(t-eD) + L(eY) = ! + 1 __s
(s—1)2 s—1 (s—1)2
s
S'Y(S)—1+2'Y(S)—m
s s?2—s+1
Y(S)'(S-I-Z)—m-Fl—W
s?2—s+1
YO = 672
The partial fraction decomposition of Y (s) is
s?2—s+1 A B C A (s+2)+B-(s=1)-(s+2)+C-(s—1)?
G-1? G+2) G-DZ s—its+z_ G-12 G+2) =
(B+C)s+(A+B—2C) s+(2A—2B+C) 1 1 2 1 7 1
G-DZ (5+2) S3G-D2 9 s5-1795+2
I. B+C = 1 =1/3
[11. A+B-2C = -1 = B:2/9]
Hi. 2A-2B+C = 1 c=17/9

1
t :L_1< ):
y® GG-1D%-(s+2)
1 1 2 1 7 1 1 2 7
=—'L_1(—> —'L_l( ) —'L_l( >=—'t' ty — .ot .2t
3 G-12) "9 s—1) %9 s+z) -3 tetgetye
>>>Solution without the convolution theorem
5 Y()—1+2-Y(s)=F(s)
Y(s) - (s+2)—F(s)+1

1
V) =F@) s+2 S+2

=20 ) () o) () -

= ((t +1)- ef) xe 2t 4 o2t = J(T +1)-e*- e~2(t=0) dr + ¢=2t =

=g %t. f(‘r +1)-e¥"dr+e?t =

= e 2t. (_é_'_; 3t+3 3-t)+e—2-t =g.e—2-t +%-t'et +§-et
>>>Exercise 6.1 — 2
Solve the following initial value problem with Laplace transform:
y@O) -y@®) =1 y0)=2
>>>Exercise 6.1 — 2- Solution
>>>Solution without the convolution theorem

s'Y(s)—2-Y(s)=—
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The partial fraction decomposition of Y (s) is
2541 A B _(A+B)s+(-A)_ 1 3

s-(s—1)=§+s—1 s- (s—l) s—1
[I. A+B = 2 =—1]
11. —A = 1 =
y(t)=1:‘1<—1+ 3 )=—L—1(1)+3-L—1<L)=—1+3-ef
s s—1 S s—1

>>>Solution with the convolution theorem
s-Y(s)—2—-Y(s) =F(s)
Y()-(s—1)=F(s)+2
2

(o) = 17 s5-1

t

1 1

y(®) =f(t)*L-l(—s_1)+2-1:-1(—s_1)=f1-ef-fdr+2-ef= [—et7]5 +2- ¢t
0

=—-1+3-¢t
>>>Exercise 6.1 — 3
Solve the following initial value problem with Laplace transform:
y(®) +3y(t) =e*, y(0)=1
>>>Exercise 6.1 — 3- Solution

>>>Solution without the convolution theorem

s-Y(s)—1+3-Y(s)=S%

4
V() (s43) = —— 1=
PINS Cs—4 Cs—4
Y(s) = s—3
S T (s—4)-(s+3)
The partial fraction decomposition of Y (s) is
s—3 _ A B (A+B) s+ (34— 4-B) 1 1 6_ 1
(s—4)-(s+3) s—4 s+3 (s—4)-(s+3) T7s5—4"75+3
[1. A+B = 1 _ A=1/7
II. 3A—4B = -3 B=6/7
1 1 6 1 1 6
t =—-£_1<—> —'£_1< >=_- at 4~ ,-3t
Y =7 s—4)77 s+3) 7€ *7e

>>>Solution with the convolution theorem
s Y(s)—1+3-Y(s)=F(s)
Y(s)-(s+3)=F(s)+1
1

s+3 S+3

1 1
_ -1 _ | 4. -30-D -3t _
y() = f(£) L™ ( +3)+L (s+3) fe e dt +e

0

Y(s) =F(s)-
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t

= eg3t. f e’Tdr + e 3t = g3t .

7 7
0
1 1 1 6
=e—3t,(7,e7t_7>+e—3t _7 e4—t +§ e—3t

>>>Exercise 6.1 — 4

Solve the following initial value problem with Laplace transform:
yt) —4y@®) =e' -1, y(0)=2

>>>Exercise 6.1 — 4- Solution

>>>Solution without the convolution theorem

1 1
-Y(s) —2—-4Y = =
s ¥(s) ) s—1 s s-(s—1)
Y(s)- (s — 4) = 1 +2_252—25+1
$)0s T s(s—1) s (s—1)
2s2—-2s+1
Y(s) =
) s (s—1-(s—4)
Details of the partial fraction decomposition for Y (s):
252 —2s5s+1 _A+ B N C A G- GE-D+Bs(s—4+C-s-(s-1)
s'(s—1D(s—4) s s—1 s—4 s (s—1) (s—4) -
A (s*=55+4)+B-(s*—4s)+C-(s*~5) s? (A+B+C)+s-(-5A—4B—-C)+C-4A
B s (s—1)-(s—4) B s (s—1-(s—4) h
_1 1 1 1 25 1
15 3s-1 1254
I. A+B+C = 2 A=1/4
[II. —54—-4B—-C = =2 = B=—1/3]
1. 4A =" C =25/12

B 252 —2s+1 /11 1 1 25 1
y(t) = £t - 1( ______ L2 )
s'(s—=1)-(s—4) 4 s 3 s—1 12 s—4

25

1 N1 1 25 1 11
o)L () B (b e B
4 s) 73 s—1) 12 s—4)"a 3°¢tpe

Solution with the convolution theorem
s Y(s)—2—4-Y(s) =F(s)
Y()-(s—4)=F(s)+2

1 2
Y(S)=F(S)'m+s_4

t
1 1
— -1 2. —1( )=f T_1)- 4-(t-1) 2. a4t _
y@)=f@t)*L (—5_4)+ L —a (e )-e dt+2-e
0
t
1 1 t
=e4—t_f(€—3‘r_e—4—r)d.[+2_e4t=e4t,[_§_e—3‘r+z,e—4r +2_e4t=
0

0

1 1 1 1 1 1 25
— o4t [ . ,-3t 4 T -4t L T T 2%t = .ot g 24 T 4t
e (39 +4e +3 4>+ e 3e+4+126

>>>Exercise 6.1 — 5
Solve the following initial value problem with Laplace transform

y() + 7y(t) =e™3, y(0) =2
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>>>Exercise 6.1 — 5- Solution
>>>Solution without the convolution theorem

s-Y(s)—2+7-Y(s)=L

s+3
Y(s)- (s +7) = 1 +2_25+7
8IS ~s+3 T s+3
Y(s) = 2s+7
s T (s+7)-(s+3)
The partial fraction decomposition of Y (s) is
2547 A B _(A+B)s+(@A+7B) 7 1 1 1
G+7)-(5+3) s+7 s+3  G+7-(5+3) 4 s+7 4 5s5+3
[1. A+B =2 _ A=7/4
1. 34+7B = 7 B =1/4

N = _1(7 1 1 1 )_7 L'l( 1 )+1 L'l( 1 )_7 _7t+1
YO=L G syt s Tt i) e ~3° ¢

>>>Solution with the convolution theorem
s Y(s)—24+7-Y(s) =F(s)
Y($)-(s+7)=F(s)+2
2
7 +7

Y(s) =

t

1

y) =f()=L7" (—S - 7) +2 ) f e 3T 7D dr 4277
0

t
=e'7t-fe‘”d‘r+2-e'7t=

>>>Exercise 6.1 — 6
Solve the following initial value problem with Laplace transform
JyO) +6-y(t) +8-y(t) =e"+1, y(0) =1,y(0) =2
>>>Exercise 6.1 — 6- Solution
>>>Solution without the convolution theorem

1 1 2s—1
L(et+1):L(et)+£(1)=:+§=m
SZ-Y(s)—s—2+6-(s-Y(s)—1)+8'Y(S)=%

25 —1
Y(S)-(S+2)'(S+4)=S_ng—__1)+5+6+2
2s —1 s+8

S S e R e R CE R

s34+7s2—6s—-1
Y(s) =
s (s=1)(s+2)-(s+4)
The details of the partial fraction decomposition for Y (s):
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s3+7s2—6s—1 A B C D
Y(s)=s-(s—1)-(s+2)-(s+4-)=;+s—1+s+2+s+4=
A (G-DE+2)(5+D+B s(s+2)(s+ D) +Cs(s—1)(s+4)+D-s(s—1)(s+2)
- s'(s—=1)-(s+2)-(s+4) -
A (s?+552—=25—8)+B-(s®+65*+85)+C(s*+3s*—4s)+ D (s> +5°—25)
- s (s=1)-(s+2)-(s+4) h
(A+B+C+D) s>+ (54+6B+3C+D) s>+ (2A+ 8B —4C —2D) s + (—84)
- s'(s—=1D-(s+2)-(s+4) -
11 1 1 31 1 71 1
T8 ST so1 2’542 20 s5+4

1. A+B+C+D = 1 A=1/8
II. 5A+6B+3C+D = 7 _  B=1/15
. 2A+8B—4C—-2D = -6 C=31/12
v. -84 = -1 D =-71/40

ﬂﬂ:ﬁ_l( -(s—1)-(s+2)-(s+4)

=§L (1) 15L (si1)+_L (

s34+ 7s2—6s5s—1 )_

) £ (39)-

1 e 3L a7
= 156 12 40 ¢

>>>Solution with the convolution theorem
s2:Y(s)—s—2+6-(s'Y(s)—1)+8:Y(s) = F(s)
Y(s) (s> +6-5+8)=F(s)+s+6+2

Y(s) = F(s) PR
8)=F s2+6:s+8 s2+6:s+8

© =L (FGs)- ! )+ ( and )=
Y= S s2+6-5s+8 s24+6-s+8/
1 s+8
= Y(F L-l(—) L‘l(—)
((s))* s2+6-s+8 + s2+6-s+8
1 1 1 1 1 1
vz Gyt
s2+6-s+8 2 s+2 2 s+4
1 1 1 1 1 1
. | — T2t _ -4t
=3£ (s+2) 2~ <s+4> 2'° 2 ¢
©=L(5 il )= (3 L 1)—
Wi = 24+6-5s+8 s+2 s+4)
1 1
=3-L‘1(—)—2-L‘1< )=3-e-“—2-e-‘H
s+ 2 s+4

1 1
y(©) = (et +1) + (—-e-z-f et 3o — 2 e =

v(t) =L

f(e +1)- ( e 20D —%-6'4'“'”) dt+3-e 2t 2. =

t
1
— E . f(e—2t+3‘r _ e—4t+51’ + e—2t+2‘r _ e—4t+4t) dr +3- e—z-t -2 e—4-t —
0

1 1 1 1
=z [e=2t+37]t_, — o [e=4t+57]t_) + 7 Jem2tHTlt_ — 5 [e~4t+4T]t_ =
=%_et_% e—zr_%_et_i_l_lo,e—u_i_%_% e—zr_%+%,e—4t+3,e—z-t_z_e—z;-t=

—4t



31 71 1
— . pt =2t _ ., 4t _
5 2 "¢ ‘s
>>>Exercise 6.1 — 7
Solve the following initial value problem with Laplace transform

y(@®)—10-y(@) +9-y() =5t y(0)=-1,y(0) =2
>>>Exercise 6.1 — 7- Solution

>>>Solution without the convolution theorem
5
(52-Y(s)+S—2)—10-(5-Y(s)+1)+9-Y(s)=S—2
5
Y(s)-(s?—=10-5+9) =S—2—s+12
5—5s3+12-5s?
Y()-(s—9)-(s—1) ==
—s*+12-5*+5
s2-(s—9)-(s—1)
The details of the partial fraction decomposition for Y (s):
-s3+12-s245 A B C D

Y(s) =

y(s)=sz-(s—9)-(s—1)=§+sz+s—_9+s—1=
A s(s=9(E-1)+B-(s=N-D+C-s* (s=1)+D-s?(s—=9)
a s2:(s—=9)-(s—1) B
A-(s3—10s24+95)+B-(s2—10s+9) +C-(s3 —s?)+ D (s® —9s?)
- s2:(s—=9):(s—1 -
(A+C+D)-s3+(=10A+B—C —9D) -s%+ (94 — 10B) - s + (9B)
- s2:(s=9)-(s—1 -
501 5 1 31 1 1
TB1s 9 s Bl s-9 ‘51
I. A+C+D = -1 A =50/81
II. -10A+B—-C—-9D = 12 N B=5/9
111. 9A - 10B = 0 Cc =31/81
1V. 9B = 5 D=-—
o =P+ 12:52+5 )\
y®) =L (sz-(s—‘))-(s—l))_

_ 50 L‘1(1)+5 L'1(1)+31 L'l( 1 ) 5 L'l( 1 )_
T 81 s/ 9 s2) ' 81 s—9 s—1/)

>>>Solution with the convolution theorem
(s2:Y(s)+s—2)—10:(s-Y(s)+1)+9-Y(s) = F(s)
Y(s)-(s?—=10-5s+9)=F(s) —s + 12

Y(s) = F s—12
) =F) 710 5+9 s2-10-5%9

y(t) =1 (F(S)';)—ﬁ_l (i) =
s2—10-s+9 s2—10-s+9

=L7Y(F(s))*L7? <;> — L1 (i)

s2—10-s+9 s2—10-s+9
v(t):L*(;):/;—1(1-;_1-#):
s2—10-s+9 8 s—9 8 s-—-1
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1 1 1 1 1 1
=—'L_1( >——'L_1( >=__ 9t _ .t
8 —9)” 3 s—1)"8°¢ "8'°

(©) = L‘( s—12 ) ( 1 +11 1 )_

Wikl = —10-5+9 85-9"8 s-1
3 1 1 3 11
R | -1 _ 2.9t _ 1.t
8’ ) (5—1) 8¢ ~8 ¢

e
o))

YO =G0+ (3¢

OOlU'l OO|>—‘

3
9:(t-1) _ pt-1 d + —- 9t ___ . pt —
T- (e e ) T 3 e 3 e

9t

8 8

H
(-

t
3 11
T e‘gfdr—et-ft-e‘fdt +-re¥t——-ef =
0

5 1 3 11
Y ot , . 59Tt t. . ,—T]t . p9t . f=
5 ( 81 e [A+97)-e i g+et - [(1+71) e ]T=°>+8 e 5 e
5 3 11
- — 9t 1 9 -1 _ t 1 t_1 _ _ .ot —
18 (1+9D)-e )+ et-(A+0)-e )+ et -5 e
5 45 5 5 5 3 11
— . +_ 9t+_+_'t__ t+_ ot _ ., t=
648 648 648 ¢ T8ty ‘T8¢ Tg® "g'c
50 5 31

>>>FExercise 6.1 — 8
Solve the following initial value problem with Laplace transform
2:3() +3-y(t) —2-y(t) =t-e7?, y(0) =0,y(0) = —
>>>Exercise 6.1 — 8- Solution
>>>Solution without the convolution theorem

1
2.(52-Y(S)+2)+3'S'Y(S)_2.Y(S)=m
1
V() @435 -2) = gy 4
V(s) (2s— 1) (s +2)= LT 1675716
(s)'(2s—1)-(s+2) = (s +2)?

—4-52—-16-5—15
(2s—1)-(s+2)3
The details of the partial fraction decomposition for Y (s):
—4-5s2—-16-s—15 A B C D
- + + + =
@2s—=1)-(s+2)2 2s—1 s+2 (s+2)> (s+2)3

A-(s+22+B-25—-1)(s+2)?+C-2s—1)-(s+2)+D-(2s—1)

- (2s—1)-(s+2)3 -
A-(s3+6s2+125+8)+B-(2s3+7s2+45—4)+C-(2s?+3s—2)+D-(2s—1)
- (2s—1)-(s+2)3 -
(A+2B)-s3+(6A+7B+2C) s>+ (12A+4B+3C+2D)-s+ (84— 4B —2C—D)
- (2s—1)- (s +2)3 -
192 1 96 1 2 1 1 1
T125 25—11125 5+2 25 54272 5 G5+2)7°

Y(s) =

Y(s) =
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I A+2B

II. 6A+ 7B +2C
III. 12A+4B+3C+ 2D
V. 8A—-4B-2C-D

0
—4
-16
—15

A =-192/125
=96/125

—2/25

-1/5

96 1 96 1 2 1 1 1

YO =L - Tt e T 3

125 1 125 5+2 25 G427 5 G5+
2

2)3

96 1 96 1 2 1
=__.L_1 1 +_'L_1< )_ < ) 10 )
125 s_L) 125 s+2/ 25 (s +2)2 10

2
9% 1., 96

=—— +——et——-t-e”

125 125
>>>Solution with the convolution theorem

2-(s2-Y(s)+2)+3-5-Y(s)—2-Y(s) =F(s)

Y(s) - (2s2+3:s—2)=F(s)

-4

4

VO =FO) 5ay35-2 2524

(&) = £ (F<s> m) L (ﬁ) N
= () £ (g =g) £

(t)—£‘1< 1 )—L‘1<2 1 1 1 )_
vk = 2s2+3-s—-2) 52s—1 5 5s+2)

=1.L—1 1

1
5 1] 5
573

(t)—L‘1< —4 )—L‘1< 8 1 +4 )
wit) = 2s2+3-s-2) 5 2s—1'5 s+2

1
+
4 1 4
5

96 1, 96

3-s—2

—4

2s24+3:5—-2

1 (5) =3
s+2/ 5

=———-e?f+—-eH——-t-e

125 125

e

)

2
G +2)°

)z

-2t



>>>Exercise 6.1 — 9

Solve the following initial value problem with Laplace transform
y(t)—6-y(t)+15-y(t) =2-sin3t, y(0) =-1,y(0) = —4

>>>Exercise 6.1 — 9- Solution

>>>Solution without the convolution theorem

(sz-Y(s)+s+4)—6-(5-Y(s)+1)+15-Y(s)=2-m

Y(S)'(52—6'S+15)ZL—S+2=_53+2-52_9S+24
s2+9 s2+9
—s3+2-52-9s5+24
(s2+9)-(s?—6-s+15)
The partial fraction decomposition of Y(s) is
—s3+2-52—-9s5+24 A-s+B C-s+D

Y(s) =

y(s)=(52+9)-(52—6-s+15)= s2+9 +52—6-s+15=
_(A-s+B)-(s*—6-5+15)+(C-s+D) (s*+9) _
B (s2+9)-(s2—6-s5s+15) -
_(A+C)-s>+(=6A+B+D) s>+ (15A—6B +9C) -5+ (15B+9D) _
B (s24+9):(s2—6-5+15) -
_ 1 s+1 1 —-11-s+25
=10 2+9710 s7—6-5+15
I. A+C = -1 A=1/10
II. —6A+B+D = 2 B=1/10
1. 15A—-6B+9C = -9 c=-11/10
1V. 15B +9D = 24 D =25/10
(t)—L‘1<i-s+1 +i. —11-s+25>_
YW= "\10"52+9 710 s2—6-s+15)

1 L‘1<S+1>+1 L_l(—11-5+25)_ 1 L‘l( N )+1 L‘l( 3 )+
10 s2+4+9/) 10 s2—6-s+15/ " 10 s24+9/ 10 s24+9

_|_i. —11'£_1< s—3 )—E'Lﬂ( \/g > —
10 (s—-3)7+(V6)’) V6 (s—3)% + (V6)’
1

1 8
=1—0-(c053t+§-sin3t—11-e3t-cos(\/g-t)—ﬁ-e”-sin(\/g-t))
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7 Solution of Systems of Linear Differential Equations
with Laplace Transform

Let be an interval. If a;;: | - Rand f;: I - Rare given continuous functions and x;: I —

R are unknown functions (i,j = 1, ...,n), then

() = a @) @O+ .. Fa@) x@O+ fi()
() = an@®) - x@O+ . Fau@®) - x@®+ f00
xn(t) = an1 (t) '.xl (t) + +ann(t) .' xn(t) + fn(t)

is called a system of first order linear differential equations.

With notations
a;1(t) o agp(0) . @)
A(t) = : : , f@)= ( : >
anl(t) ann(t) fn(t)

x,(t) X, ()
f(t)z( : ) a'z(t)=< : )
Xn () Xn (£)

we get the matrix form of the linear system
x(t) = A(t) - () + f(¢)

Linear dynamic systems that can be modelled with differential equations generally have
two equivalent mathematical models: higher order linear differential equations or
systems of first order linear differential equations. In system analysis when physical laws
are used modelling with a system of first order linear differential equations is generally
more natural.
To show the connection between the two models let us consider an n-th order linear
differential equation

YOO + gnoa(8) -y + -+ g2() - Y' () + 90 (O) - y(O) = f(©)
Introducing functions x4, ..., x,, by the equality

x1 y
X2\ _ y'
Xn y(n_l)

our n-th order linear differential equation transforms into the system of first order linear
differential equations

() = x,(t)
X(t) = x3(t)
J'Cn‘(t) = —gn-1(t) x, () = — g4 (t). %2 (t) + go(t) - x1(t) + f(t)

If a;;: 1 - R are constant functions then we have a system of first order linear differential

equations with constant coefficients:

() = ax@®)+ . tag,x,(O)+ fi(®)
%) = ay x O+ .. tagx, @O+ f2(0)
xn'(t) = Qpi- x'l (t) + . tap, ;Cn(t) + fn'(t)

or in matrix form
121



¥(t) =A%)+ f(t)

If we have further information about the solution X, namely X(t,) = %, € R" or, in detail,

(xl(to)> <x10>
: =| i |is given for some t, € I, we have an initial value problem of constant
xn(to) Xno

coefficients.

An initial value problem

X(t) = A-x() + f(1), x(ty) =%,
can also be solved with the help of the Laplace transform.
>>>Fxercise 7.1 — 1
Convert the linear differential equation

y'(t)=5-y'(t) + 12 - y(t) = sin10t
into a system of first order linear differential equations.

>>>Exercise 7.1 — 1- Solution
Express y"' from the equation:

y'(t) = =12 -y(t) +5-y'(t) + sin 10t

x
Introducing functions x; and x, by (x;) = (;1,) our second order linear differential equation

transforms into the system of first order linear differential equations

() = y'(®) = x,(t)
@) = y't)=-12-y(@) +5-y'(t) +sin10t —12-x,(t) + 5 x,(t) +sin 10t

X (t)) (0 1\ (x1 (t)) 0
(xz(t) =12 5) () * Gintor)
Convert the linear differential equation

YOO +2-yO@+7-y"® +4-y' () —y(@©) = ¢

into a system of first order linear differential equations.

In matrix form:

>>>Exercise 7.1 — 2

>>>Exercise 7.1 — 2- Solution
Express y® from the equation:

YP@) =y —4-y'(®) =7 y"(t) =2y () + 2.

X, y
x
Introducing functions x;, x,, x3 and x, by xi =\ y |our second order linear differential
Xy y(3)
equation transforms into the system of first order linear differential equations
X () = x,(6)
X () = x3(t)
X3(t) = x4 (1)
() = 0O =420 =7 x3(0) — 272, (0) +£°
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In matrix form:

%1 (1) 0 1 0 0 X1
L@y _ (o o 1 0 X2 +<0)
=] lo o o 1 x3 t?
%, (1) 1 —4 -7 =2/ \xa

>>>FExercise7.1 — 3
Solve the initial value problem
X(t)) _(3 -2y, (x(t)) et <X(0)> _(2
(y(t) -1 %) yo)F (_et)’ y(0)) = (%)

>>>Exercise 7.1 — 3- Solution

I x(@®)=3-x(t)—2-y(t)+et

1. y®)=x@®)+6-y)—et
Laplace transform of the equations:

L. s-X(s)—2=3-X(s)—2-Y(s)+S%

1
1
11. S'Y(S)+1=X(S)+6'Y(S)—S_—1
Solving it for X(s) and Y (s) we have
1
I. (S—3)‘X(S)+2'Y(S)=2+S_—1
1
II. —X(S)+(S—6)'Y(S)=—1—:
2:-5s2—11-s+6
X(s) =
(s=4-(-5-(-1
s?2—5-s+1
Y(s) =—
(s—4)(s—5)(s—-1)
The partial fraction decomposition of X (s) gives that
X(s) = 2:s2—11's+6 —5 1 +1 1 1 1
S_(s—4)-(s—5)-(s—1)_ s—4 4 s—-5 4 s—-1
so
(t)—L‘l( 1 1 1 1)
= 4s 5 4's—1
1 1 1 1
=72. _ . —1( )=2_ 4t | .5t _ .
L( ) (5)4L s—1 etye Ty
The partial fraction decomposmon of Y (s) gives that
s2—5-s+1 1 1 1 1 1
Y(S)z— = — —_— +—-
(s—=4):(s=5-(s—-1) s—4 4 s-5 4 s—1
so

s—4 4 s—-5 4 s—-1

=—L_1( 1 )—l'L_l( 1 )+1L_1( 1 )=—€4't—%'€5't+%'et

s—4/ 4 s—=5/ 4 s—1
Details of the partial fraction decomposition for X (s):
2:52—11-5+6 A B C

(5—4)-(5—5)-(5—1)=s—4+s—5+s—1=
A (s=5)(G-D+B-(s-4)-(s-1D+C-(s=4)-(s=5) _
B (s—4-(s-5-(-1 B

123




_(A+B+0)s*+(—6A—5B—9C) s+ (5A+ 4B +20C) _ L1111
- (s—=4)'(s=5):(s—-1) T % s—4'45s-5 4 5s—-1

I A+B+C = 2 A=2
II. —6A-5B—-9C = -11 = B=1/4
IIl. 5A+4B+20C = 6 C=-1/4

Details of the partial fraction decomposition for Y (s):
s2—5:5+1 A B C
(s—4)-(s—=5)'(s—1) s—4 s—-5 s-—-1
_A-(s—5)-(5—1)+B-(s—4-)-(s—1)+C-(s—4)-(5—5)_
B (549 (6-5(6-1 B

_(A+B+C)s*+(—6A—-5B-9C)-s+(5A+4B+200) 1 1 1 N
- (s—=4)'(s=5)(s—-1) T s—4 4 s—5 4 s—-1
I. A+B+C = -1 A=-1
II. —6A-5B-9C = 5 = B=—1/4]

1. 5A+4B+20C = -1 c=1/4

>>>Exercise 7.1 — 4
Solve the initial value problem
x(t)) _ (-7 1\, (x(t)> 5 <x(0)) _ (0
<y(t) =% 28 Gw) 70 Giy) = )
>>>Exercise 7.1 — 4- Solution
I. x()==7-x@®)+yt)+5

I, yt)=-2-x@t)—-5-y({t)+37-t
Laplace transform of the equations:

L s X©) =7 X+ Y+

37
II. s:Y(s)=-2:X(s)—5-Y(s) +s_2
Solving it for X(s) and Y (s) we have

I. (s+7)-X(s)—Y(s)=§

. 2-X(s)+(s+5)-Y(s) =§
5-s2+25-s+37
s2-(s2+12-s5s+37)
—47 -5 —259
s2-(s2+12-s+37)
The partial fraction decomposition of X (s) gives that
5-s2+25-s4+37 1 1 s+6

X(s) =

Y(s) =

X = = — _—
) s2-(s2+12-s5+37) s-l_s2 (s+6)2+1
S0
1 1 s+6
D=Lt ) =
*(©) s+sz (s+6)>+1

1 1 +6
=r-1 (_) + 01 (_2) —_r1 (S—) =1—-t—e %t -cost
S S

(s+6)2+1
The partial fraction decomposition of Y (s) gives that
—47-s — 259 1 7 s+5
Y(s) = —— ==

sz-(52+12-s+37)=s s2 (s+6)2+1
SO
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y(t)=£_1(l—l—i)=
s s (s+6)2+1

=) -7 (5) - () £ (Grere) -

=1-7-t+e % -cost+e % sint
Details of the partial fraction decomposition for X(s):
5-s2+25-s+37 A B C-s+D
ST (?+12-5437) s 52 s2t12-5+37
A s (s?+12:s+37)+B-(s?+12:s+37)+(C*s+ D) - s?
- s2-(s?2+12-s+37) -

(A+C)-s®+(12A+B+D) s>+ (374+12B)-s+37B 1 1 s+6
= sZ- (24125137 =5t T Grez+1
I. A+C = 0 A=1
II. 12A+B+D = 5 - B=1
I111. 37A+4+12B = 25 C=-
1v. 37B = 37 D=-6
Details of the partial fraction decomposition for Y (s):
—47-s— 259 _A B C-s+D

=—t St =

s2:(s24+12-s+37) s s? s2+12-s+37
A5 (s?+12:5+37)+B-(s*+12-5s+37)+(C-s+D)-s* _
B s2-(s2+12-s+37) B

(A+C) s+ (124+B+D) s>+ ((37A+12B)-s+37B 1 7 s+5
a s?2-(s2+12-s+37) T s s2 (s+6)2+1
1. A+C = 0 A=1
II. 12A+B+D = 0 -, B=-7
1l. 37A+12B = —47 C=
1V. 37B = -259 D=5

>>>Exercise 7.1 — 5
Solve the initial value problem

x(t) 3 =3y, (x(®) 2 (x(0) 1
(y(t)> - (—6 0 ) (y(t)> * (—t)'<y(0)> - (_1)
>>>Exercise 7.1 — 5- Solution
I. x(t)= 3-x@t)—-3-y@)+2
1. y(t) = —6-x(t)—t
Laplace transform of the equations:

LoSX@-1= 3:X() =3 V() +o

1
II. s-Y(s)+1= —6-X(s)—s—2

Solving it for X(s) and Y (s) we have

2 2+s
I. (s—3)-X(s)+3-Y(s)=E+1= S
1 s2+1
I 6:-X(s)+sY()=—-F5—-1=—-—
s s
X(s) = s34+5-s2+3
s T s2-(s2—-3-s5s—18)
—s3—-3-52-13-5+3
Y(s) =

s2:(s2—-3-5—-18)
The partial fraction decomposition of X (s) gives that
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s3+5-52+3 3 1 18 1 133 1 28 1
X(S)I e — . S S

SO

31 18 1 133 1 28 1 )_

t :L_l(_____+_ [
*(©) 108 s 108 s 108 s—6 108 s+3

3 L1 (1) 18 L‘1(1)+133 L‘l( 1 ) 28 L‘l( 1 )
~ 108 s 108 52 108 s—6/ 108 s+3
3 18 133 28

6t -3t

~108 108 "108 ¢ 108 ¢
The partial fraction decomposition of Y (s) gives that

—53—3'52—13'S+3_81 1 18 1 133 1 56 1

Y — - - _ - .- _7", .
(s) s2-(s2—3-s—18) 108 s 108 s? 108 s—6 108 s+3

SO

(t)—L'1(81 1 18 1 133 1 56 1 )_
Y= 108 s 108 s2 108 s—6 108 s+3/

=£.L-1(l)_E.L—l(l)_g.l;—l( 1 )_E.L—l( 1 )=
108 s 108 52 108 s—6/ 108 s+3
_BL_18 133 o 56
108 108 108 108
Details of the partial fraction decomposition for X(s):
s3+5:s2+3 A B C D
sz-(sz—3-s—18)=§+s_z+m+s+3=
A s (s?-3s—18)+B-(s—6)(s+3)+C-s?2-(s+3)+D-s?-(s—6)
- s2:(s2—-3-5—-18) -
(A+C+D)-s®+(-3A+B+3C—-6D) s>+ (—184—3B) s+ (—18B)
- s2-(s2—-3-5—18) -
3 1 18 1 133 1 28 1

T108' s 108 s?2 108 s—6 108 s+3
I. A+C+D =1 A=3/108
II. -3A+B+3C—-6D = 5 B =-18/108
111. —184 - 3B = 0 C =133/108
v. —18B = 3 D = —28/108
Details of the partial fraction decomposition for Y (s):
—-s3-3-52-13:s+3 A B C D

s2:(s2—-3-5s—-18) _;+52+s—6+s+3=

A-s-(s?=3:5s—18)+B-(s—6)-(s+3)+C-s?>-(s+3)+D-s%?-(s—6)
- s2:(s2—-3-5—18)
(A+C+D)-s®+(-34+B+3C—-6D) s>+ (—184—3B) s+ (—-18B)
- s2:(s2—=3:5s—-18) -
81 1 18 1 133 1 56 1

T108 s 108 sZ 108 s—6 108 s+3

L. A+C+D = -1 A =81/108
II. -3A+B+3C—-6D = -3 - B =-18/108
111. —184 — 3B = -13 C =-133/108
1V. —18B = 3 D =-56/108
>>>Second solution
When
3 18 133 28
=———-¢ . pbt -3t
*O=108" 108 *T108 ¢ 7108 °
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is obtained we can continue the calculations as follows.
From the second equation we have

O = —6x(6) — £ -18 798 . 168
YR ==06x “708 108 ¢ T108 €
—18 798 168 -18 133 56
t) = . 6't+_, —3'tdt=_,t__, 6t _ ., —3't+
YO =708 108 ¢ t108 ¢ 108 "~ 108 ¢ " 7108 ¢ ¢
Using the initial condition y(0) = —1 we get —1 = _B_Ze g ¢, thatis, c = 2L and
108 108 108
81 18 133 56
t) = — — B 6t __ _—~ . ,-3t
YO =108 108 108 ¢ 108 °

127



8 Appendix 1 - Complex Numbers, the Complex
Exponential Function

8.1 Complex Numbers

Although the physical and geometrical parameters of systems are real numbers, in their
mathematical models we often need to calculate with complex numbers.
A complex number is pair of reals (a, b), where a is the real part and b is the imaginary
part. i = (0,1) is the imaginary unit, it is generally denoted by j in the technical literature.
The set of complex numbers is denoted by C.
Complex numbers of the form (a,0) are essentially real numbers. Instead of (a,0) we
simply write a, for example we write 0 when referring (0,0) the zero element of C.
Addition and multiplication in the set of complex numbers are defined by
(a,b) + (c,d)=(a+c,b+d)
(a,b)-(c,d)=(a-c—b-d,a-d+b-c).
These definitions imply that (a,b) = (a,0) + (b,0) - (0,1) =a+ b - i.
z=a+b-i

is called the algebraic form of the complex number z.

lz| =71 = m
is the magnitude (or norm) of the complex numberz =a + b - i.
The basic properties of the magnitude are
|z| = 0,forallz€C, |z] =0 © z=0,forallzeC
|a-z| =|a|-|z|,foralla e R,z €C
|z +w| < |z| + |w] for all z,w € C (triangle inequality)

The argument of the complex number z =a + b -iis

P ifa>0andtg<p=b

QT al

p+m ifa<Oandtgg =

/2 ifa=0andb >0
—1/2 ifa=0andb <0
z* = a—Db-iisthe complex conjugate of z=a + b - i.
Remark: z* is also denoted by Z in the literature.
Basic relations between the parameters are
a=r-cos@, b=r-sing
The formula
z=a+b-i=7r-(cose +i-sing)
is called the trigonometric form of complex number z.
imaginary axis (Im)

z=r-(cose +i-sing)

a real axis (Re)
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The following formulas show multiplication and division of complex numbers, and the
calculation of roots using the trigonometric form.
Letz =7 (cosp +i-sing),z; =1, - (cos@, +i-sing,),z, =1, - (cosp, +i-sing,).
Then

7y Z; = 1113 - (cos(@y + @) + - sin(g; + ¢2))

Z1 N ..
— =—"(cos(¢; — ¢;) + i*sin(e; — ¢;))
Z T
21 2r
Yz = W-(cos(£+k-—) +i-sin<£+k-—>), neNk=01,...,n—1
n n n n
Using the so-called Euler’s formula Im

e’ =cosp +i-sing
we get the exponential form of complex numbers
z=r1-(cosg +i-sing) =r-e"?,

Re

The following formulas show multiplication and division of complex numbers, and the
calculation of roots using the exponential form.
Letz=r-e"%,z, =1 e"®1,z, =1, -e"%2, Then
2y 2y =TTy el (@1+92)
Z1 N

. el(@1-92)
Z N
i (Ly 2
Yz = T{/?-el(n“Lk n), neNk=01,...,.n—1
>>>Exercise 8.1 — 1
Represent the following sets of complex numbers on the complex plane.

A;={z€eC|Rez =2} Ag={z€C||z—-1| < |z+ 4|}

= —-2< < 3
4 ={z€C| -2<Imz<1} A9={ZE(C|—<|i—3z—1|S4}
A; ={z€C| Rez+Imz =1} 2

A, ={z€C|1<z] <2} A10={zE(C|1<Re(1>S1}
As={z€C||z—1-3-i| <2} 2 ¢ ;
Ag={z€C| Im(z?) <2} Aloz{zE(C|Re<Z—z>=|z—Z}

A, ={zeC|Re(1+i)-z< 1}
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>>>Exercise 8.1 — 1 - Solution

A1l A2 A3

-

N

A4
A5

2
2 ¥ 4 2

i 1

2 +
1 1 3
A7 A8
%
7,

A10 A11

Parabola

>>>Exercise 8.1 — 2
Give the trigonometric form of the following complex numbers

z; =1 Zs =1+1 Zg=2+1

z, =—8 Zg = —2+ 21 Zyg=—1-2i
Zg =1 z; =—3-3i Zy1 =3+ 4i
Zy = —20 zg=V3—i Zy, = —2+5i
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>>>Exercise 8.1 — 2 - Solution

zy =cos0+i-sin0 z, =8-(cosm +i-sinm)
z =cosz+i-sinE = 3% i esin ST
3 2 2 24—2-<cos7+1-sm7>
T . T 3 3
Z5=\/E'(COSZ+L'SIHZ) Zsz\/g'(COST+i'SinT>
51 51 -~ . . T
_ . oo .o 0 =2 —_— - —
z; = V18 (cos 7 +i-sin 4) Zg (COS g LS 6)
2o ~ V5 - (cos 0.464 + i - sin 0.464) Zy0 ~ V5 - (cos 4.249 + i - sin 4.249)
211 ~ 5-(c0s0.927 + i - sin 0.927) 21, = V29 (cos 1.951 + i - sin 1.951)

>>>Exercise 8.1 — 3
Give the algebraic form of the following complex numbers

2m 2m .
zl=5-(cos?+i-sin?) z, =cos0+i-sin0

V4 1 5S¢ . 5w
z3=3-(cos?+1-sm?) z4=10-(cos?+1-sm?)
>>>Exercise 8.1 — 3 - Solution

5 5V3

Zq _E-I_Tl ZZ=1
23=__3*2/§_;i 2y =5—-5V3 i

>>>Exercise 8.1 — 4
Give the exponential form of the following complex numbers

21:—4 22:2'i 23:—\/2—\/2'1'
Zy = —i Zg = \/§ —1i
>>>Exercise 8.1 — 4 - Solution
AT T . 5T
n=4-e z,=2-¢e'2 z3=2-e"%
.31 (T
Z4=el'7 ZS=2'€L( 6)

>>>Fxercise 8.1 — 5
Give the algebraic or trigonometric form of the following expressions

a, j18 b, j211
. 2-0D%(-142"10 q 14+2-i\*
’ 3 —4i ' (3—1’)
(1 +10)° c ( 4 )12
e, N )
a-97 V3-i—1
6 341 s|, 2—1
) hl [
8 ’2—4-1‘ '3y 4.
i, N1+2-i k., YA+D(=2+5"0)
, Y1 m,  V—64
J —a 1+2-)?>-(1-10)>2
n, FFDE 0,  (3+42-0)3—(2+10)?
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>>>Exercise 8.1 — 5 - Solution

a, -1

b, —i

¢ —-1+2-i

d, 0.2108-0.1344-i
e, 2

f, 412

g 1 (cos (0 238 + k 9 +1i-sin (0.238 +k E)) k=0,1,2,3,4,5

w2
h 1 ( (0036+k 2”)+' '(0036+k ))k—01234
1% COoS 5 L SIn ,
2T
b/, (cos(0221+k-?)+i-sin(0221+k —)),k 0,1,2,3,4
2T
k ¢53. (cos(0912+k )+i-sin<0912+k —)),k

3
b cos (k- %) +i-sin(k -%),k = 0,1,2,3,4,5,67

m, 16-(cos(—g+k-n)+i-sin(—g+k-n)),k=0,1

v *i/%s (cos (0.438 + k g) +ivsin (0438 +k g)) k=01,23
o 16 3
106 T 106

>>>Fxercise 8.1 — 6

Find the infimum and supremum of the following sets if they exist.

A ={lz|: ze(C|lz—1-i]| < 1}

A,={z-z": z€C( |Rez| < 2,|Imz| < 2}

>>>Exercise 8.1 — 6 - Solution

infA; =0, supA; =2

infA, =0, supA4, =8

>>>Exercise 8.1 — 7

Which of the following sets are bounded?

A, ={zeC|z-z" =9}

A,={ze€eC||Rez—Imz| < 3}

A;={z€C| Rez=1Imz}

A, ={z€C| Rez =12z}

As={z€C|z?>=2z}

Ag={z€C||Rez|+ |Imz| = 2}

>>>Exercise 8.1 — 7 - Solution
a4 | A | A | 4

bounded ‘ yes ‘ no ‘ no ‘ no ‘ yes

132



8.2 Complex Exponential Function

The complex exponential function is defined as

[oe]

1
exp(z) = e? = =l -z¥, zecC
k=0
The definition of complex sine and cosine functions are
1

: — _ . . S2k+1
smz-kz(;( n" 7(2]{_'_1)! z , z€C

N n 1 2k
COSZZZ(—I) mz B z€eC
k=0

Remark: The definitions of the related real functions are
[ee)

o 1 1
e":Zﬁ-x",sinx:Z(—l)”-i(Zk_l_1)l-x2k+1,cosx—Z( nr- (Zk)' “x% xeR.
k=0 k=0 '

The definitions imply the Euler’s formula
et =cosp+i-sing, ¢@eR

le*¢| = |cosp + i-sing| =/cos?@ +sin2p =1, @€ER
value e“? is on the complex unit circle for any ¢. More precisely, the range of function
t - e"?™t ¢t € [0,1] is the complex unit circle.

Since

Since sine and cosine functions are 2r-periodic, function t — el?mt t e Ris 1-periodic.
Remark: Function t— R-el@t+90) = R.elC@mft+0)) i5 5 model of uniform
circular motion, where R is the radius of the circle, w is the angular
frequency, f is the frequency, @9 is the initial phase.
The following figures show functions t - e"?™2t, t € [0,1]and t - e"?™3t, t € [0,1]

Im Im t

1

Re
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Remark: The formula of the

. n
values of type e?mky k=01, ...,
>>>Exercise 8.2 — 1

Plot values

. n
i-2mk—
e 6,

in the complex plane.

>>>Exercise 8.2 — 1 - Solution
Casek=1,n=0,..,5

4 N s
i‘z,,.f1 DRI BESSag -
6 e 6

Casek=3,n=0,...

>>>Exercise 8.2 — 2
Show that

>

n=0

>>>Exercise 8.2 — 2 - Solution

5
o p2r opAm o bm
Ze 6=e"+e"6 +e'6 +e'6 +e

n=0

. T . 2T . AT . 5T
=e%+e'34e"3 +ei™4+e"3 +6"3

= 1+(cosz+i
h 3

o 4Tt 4m 5w
+(cos7r+l-smn)+(cos?+l-sm—)+(cos—+l-51n—)

"6 +e"

discrete Fourier transform contains the
N-1
k=1,..,3n=0,..5

Casek=2,n=0,..,5

i2r2t
6

i272.2
6 _

. n
i2m—=
e“"6=0

107

6

.81

T . 2n
-sm—)+(cos—+l-sm—)+

3 3 3

5t

3 3 3
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_1+1+_\/§ 1+,\/§ ) 1 _\/§+1 ,\/§_0
Tty TN 2 VTV T

Remark: It can be proved that for fixed NEN and keN,0<k <N we have

N-1

. n
Z el-Zn’-k-N =0
n=0

>>>Exercise 8.2 — 3

Plot values e"?™*3 for k = 1 and n = 0,1,2 in the complex plane.
>>>Exercise 8.2 — 3 - Solution

A
2
e 3
2m
p2m am | 3
e¥=1, '3, '3 3 7\
| .
1! 1
2
4m
e 3

8.3 Calculations with Phasors

8.3.1 Phasors

In some applications when a real function q versus w is given
q(@) = qo " sinw,
itis sometimes expedient to introduce the complex-valued function, the so-called phasor,
Q(w)=qq-e™
for further calculations, and to consider its imaginary part
Im Q(w) = q(w) = qo - sinw.
when the (real) value of quantity q is required.
It is clear that for the magnitude and the phase of g we have
0% =10 and = argQ(w) = 2Q(w)
respectively, and we can write
q(w) = |Q(w)] - sin(£Q(w)),

A phasor Q can be written in the form

Q =1Q14Q.
Calculations with phasors are based on the properties of the exponential function:
Q1 - Q21 = 1Q41] - 1Q2] 2(Q - Q) = £Q, + £Q,
QZ |Q2| QZ
Q™ = 1QI" Q") =n-2Q

Calculations with phases are easy, but calculations with magnitudes requires
multiplications and divisions. In practice, for instance when drawing an approximate
Bode diagram, the magnitude is given in decibel scale as
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1Qlaz = 20 -Ig|Q|

and then
1Q1 - Q2las = 1Q1las + 1Q2las Im
@ Qw) .-
—|  =1Q1las — 1Q2las
QZ dB
q0
Q" lasg =71 1Qlas o~ sinw',
Because of the constant value of the magnitude, all i 1) }
values of Q(w) are on a circle of radius g, with the | Re
centre in the origin in the complex plane. Varying w ‘ '
the vector of Q(w) is ‘rotating’ at ‘angular velocity’ w.

In the special case
q(t) = qo - sin(w, " t + @),
where g, wy, and ¢ are independent form time ¢, the complex quantity is
Q(t) = gp - e+
and
ImQ(8) = q(t) = qo * sin(wp - t + ¢).
Remark: As it was mentioned above, function t-— qq-el@t+®) 45 model of
uniform circular motion of angular velocity wy, so a phasor can be

interpreted as a vector of length qg rotating with angular velocity wy.

8.3.2 Alternating Current Circuits
Calculations with complex quantities in series AC circuits
Let the voltage-time and the current-time functions of circuit elements be
u(t) = U, *sin(w - t + @y)
and
i(t) =1, sin(w -t + ¢;)
respectively.

Values of I, and ¢; in some cases are as follows:

i)
i(t) =— 0. sin(w - t+ oy)

u(t) = Uy - sin(w - t) R Iy =—
R

o=y = @=¢y;—¢; =0

' T
i®) i(t)=Uo'w'C'Sin(w't‘l'(pU-'_E)

X 10:U0'(1)'C

u(t) = Uy - sin(w ) — T

Q= (Pu+§ 2 Q=P =5
07
i(®) " U, ( - T[)
i(t) = sin(w - Pv =3
U
u(t) = Uy - sin(w - £) L I =2
’ T w L

iy s
(P1=<PU_E = (P=(PU_<P1=E
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The complex form of the voltage-time and the current-time functions
In this part the complex imaginary unit is denoted by j, and the complex quantities are
denoted by ~.
The complex form of voltage-time function u(t) = U, - sin(w - t + ¢y) is
ii(t) = Uy (cos(w "t + @y) +j - sin(w - t + @y)) = U, - e/ @t+ev)
It can be seen that u = Im .
The following manipulation shows the role of the constant initial phase ¢, and the time
dependent phase w - t
ii(t) = Uy - eJ@tow) = [ - e/ 0U . gf0t =[] - gf 0t
The complex number U, = U, - e/'?V is called the complex amplitude of the voltage-time
function. Its magnitude is equal to the (real) maximum voltage |l70| = U,, while its
argument is equal to the initial phase of the voltage 20U, = ¢y.
The complex form of current-time function i(t) = I, - sin(w - t + ¢;) is
() =1, (cos(w -t + @) +j-sin(w-t+¢,)) =1, el @tren
It can be seen that i = Im 1.
For the current-time function we have
i(t) = Iy - el (wtten) — I celor . pjwt — Iy ejwt
The complex number I, = I, - /¢! is called the complex amplitude of the current-time
function. Its magnitude is equal to the (real) maximum current |io| = [,, while its
argument is equal to the initial phase of the current 2], = ¢,.
In the case of harmonic excitation, the complex values of voltage and current can be
represented as vectors rotating at angular frequency w. The angle of the two vectors is
=9~ Py
Impedance
Impedance of an alternating current circuit is the ratio of the complex amplitude of
voltage and current:
7 = @ = U - e]:'wu = % . el (pu—oD
Iy Iy-es?1r I

Impedance of different circuit elements:

i(t) Z~R=R'e_j'0=R
Y=oy =0
u(t) = Uy - sin(w - t) R |Z|=%=X -R
I, °F
i(t) 7 1 i 1 ¥
= 7 = — . j=_X..
R=7C e w-C ] c']
T
u(t) = Uy - sin(w - t) -—cC Y — Py = E
_ U, 1
o— |Z|=—=Xc=—
Iy w-C



i

s
u(t) = Uy - sin(w - t) L Pr=Pv = _E
_ U,
|Z|=—=X,=w-L
Ip

The resultant impedance of series circuit containing elements of impedance Z,,...,Z, is

Zres,series = g Zk'
k

The resultant impedance of parallel circuit containing elements of impedance Z,,...,Z,

1S
-1
7 > !
3 llel = 2
res para e Zk

k
Im Im
wL
_u(t)
SRR 7 | T
wC 1 | o, 1(t)+
| : 0 ! )
1 4 1 P P
R =Re(Z2) Re ":, Q, Re
i \\\ \\\\.;> -J‘/,"l ,,’/
wC

Phase shift of an RLC circuit is

XX _@l-g¢

Xg R
The generalized form of Ohm’s Law and Kirchhoff's Laws are

U():io'Z, ZTO‘R=O, ZUO,I(:O
k k
Example: Series RC circuit

i((t) ug(t) = Uy * sin(w - t)
ﬁg(t) - UgO .elot

tang =

ug(t) = Ugo - sin(w - t) c E(p =0)
UQO = Ugo
R

The resultant impedance is
. - . 1
Zpc=Zp+Zc=R———"j
RC R c w-C ]

The complex amplitude of current is
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Iy =
ZRC __1 .
R </
the real amplitude of current is
U
~ go
h=lbl=—"—=
2
R*+ ((u C)
The complex current-time function is
. - . U . U 1 .
i(t)=1Iy-elot = 791’ celwt — 901 > (R + —C -j) Lot —
R_w'C.] R2+(a) C)
2
= Lz' R2 + <L) cel0 . glwt = U | el @t+e) = [ . gi(wtte)
R2 (L) - C ) 1 \2
w-C R*+ (a) C)

where tan ¢ = % >0,s00< ¢ < g, that is, the current leads the voltage.
The real current-time function is
i(t) = Im (i(®)) = Im(l, - /@ t+0)) =
=1Im(ly - (cos(w -t + @) +j-sin(w -t + ¢))) =1, ' sin(w - t + @)
The complex voltage amplitudes are

~ . 4 U,
UR0=10'ZR=+'R
R-ac
~ ~ ~ U 0 1
Uo=1y-Z; = g -(— )
co 0" 4c P T w-C J
w-cJ
The real voltage amplitudes are
~ Ugo
UR0:|UR0|=%.R:[0.R
2
R +(w C)
~ Ugo 1
UC0:|UC0|: g 2- .C:[O-XC
2 1 @
R +(w C)
The complex voltage-time functions of the circuit elements are as follows.
~ . U . U 1 .
ﬁR(t)=URo-ej'w'tz%-R'e]'w't=¢2'R'(R+—'j>'e“"'t=
R Rk
w-'C w-C
=L2'R' R2 + (1 e ¥R . giwt =
1
R2+(w-C)
— # "R el (wttor) — Iy"R- ej'(w't+(PR)'
w4 (G)
w-C

1
o 1
where tan gy = “’TC, (g = arctan —.

- (o 1
fig(t) = I, - R - e/ (@t*®) where ¢ = arctan —
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~ . U 1 .
Ue(t) = Ugy - €7@t = 90 . (— ]> -elwt
R 1 . w-C
Tw-c/
Ugo 1 1N e
—— o ad) (Rega) e
2
R +(w-C)
Ugo 1 (1
- = Z'a)-c'(a)-c_]'R>'e]wt=
2
R +(w-C)
2
— Ugol - 1C. ( 1C> 4+ R2-el¢c. pjwt —
w " w "
R +(5¢)
_ Ugo 1 el @tho0) = | . . o) (@ t+pQ)
5 1 2 @' C w-'C
R +(w-C)
- -1
where tan ¢, = Ic = = tan( - g), thus . = ¢ —g = Qg —g = arctan ——— .

That is the voltage of the capacitor leads to the current by g (rad):
- i(wt+o-" 1 T
ic(t)=1I,"R- e’ (w t+o 2)' Qc = arctanm— E
The real voltage-time functions of the circuit elements are as follows.
up(t) = Im(fg (1)) = Im(I, - R - e/ (@t49)) =
=Im(ly-R- (cos(w-t+¢)+j sin(w-t+¢)) =1 R sin(w-t +¢)

uc(t) = Im(@ic(t)) = Im <10 -wl_ - ej'(“"“""%)) =

=Im<lo'w1_c'(005 w.t+(p_§)+j-sin(w-t+(ﬂ—g)))=

=10-w1_C-sin(w-t+go—g)

>>>Exercise 8.3 — 1

Calculate the impedance of the circuit in the figure if ® = 1000 [%]

R =150
C = 50uF

>>>Exercise 8.3 — 1 - Solution

L=25mH

Z,=j-w-L=j-1000-25-1073 =25 [2]
1 1 ,
Ze= 5, c " j-1000-50-106 - 2014
Ze-(Zp+2Z) —20-j-(15+25-j) 500—300-j
T Zo+(Zr+2Z) —20-j+(15+25-j) 15+45-)

=24-28-j
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>>>Exercise 8.3 — 2
Let the complex form of voltage-time function of an element in an AC circuit be
ﬁ(t) =42 ej-(150t+0.4) [V]
Give the complex and the real value of the voltage at t = 0.02 [s].
>>>Exercise 8.3 — 2 - Solution
1(0.02) = 42 - ¢/ (150:0.0240.4) — 47 . 0304 = (c0530.4 + j - sin 30.4) = (0.53 — 0.85 - j) [V]
Im #%(0.02) = —0.85 [V]
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9 Appendix 2 - Polynomials and Rational Functions

9.1 Polynomials

Polynomials

P(z)=a, 2"+ ap_1 2" +...+a, 2z +a, -z + a,
where nis a non-negative integer (the degree of the polynomial), a,, # 0 the coefficients
a; and the variable x are complex (or real) numbers plays important role in many fields
of mathematics and modelling because of their nice properties.
Factorization of polynomials (finding their roots) is a key step in many calculations, for
instance in calculation of limits of rational functions or in partial fraction decomposition
rational functions when calculating integrals or inverse Laplace transforms.
The fundamental theorem of algebra states that every non-zero n-th degree polynomial
with complex coefficients has, counted with multiplicity, exactly n complex roots.
If the roots of the polynomial are z;, ..., z, € C, then its factorization is

P(z)=a, (z—2) (z2—2)...(2 — z).

In the majority of technical applications the coefficients of polynomials are real numbers.
In this special case we have that if z € C is a root then its complex conjugate z* is a root
as well. Consequently, the roots of a polynomial with real coefficients are real numbers
(complex numbers with zero imaginary parts) or pairs complex conjugate numbers (with
non-zero imaginary part).

Im
02Z3
Zy
o
—0 » Re
Zq O* Zy
Zy
*
0 Z3

If the coefficients are real numbers and also the variable x is considered to be real, the
factorization of the polynomial is
P(x) = an - Q(x) - R(x)
where
Q) =1 or Q(x) = (x—xy)...(x — xp),
R(x)=1 or R(x)=?+p x+q)...x%+pp - x+ qm),
k and m are positive integers, k + 2m = n, furthermore the 2nd degree polynomials
(x*+p;-x+q;),i =1,...,mhas noreal roots (thatis p? — 4q; < 0,i = 1,...,m).
Remark: Terms of type x?+p-x+q are equal to (x—2z):(x—2z*) for some
complex root z=a+b-i of the polynomial:
(x—(a+b-D)-(x—(a=b-i))=x*-2-a-x+a?+ b
Here p=—-2+a and q=a?+b? so it is clear that p?—4-q=-4-b2<0.
It is well-know that the roots of a 2nd degree polynomial a - z2 + b * z + c are
—btVbZ—4-a-c
2a
In the case of 2rd degree polynomials with real coefficients, depending on the sign of the
discriminantD = b2 —4-a-c

212 =
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— there are two different real roots when D > 0, or
— there is one real root with multiplicity two when D = 0, or
— there is a complex conjugate pair of roots when D < 0.
Formulas for the roots of 34 and 4t degree polynomials are available. These formulas
are rather complicated, so we prefer to find some roots using the special form of the
polynomial if it is possible.
A general formula for the roots of polynomials of degree higher than four is not available.
According to the Cardano’s rule a root of a 3rd degree polynomial can be given by the
following procedure.
It is known that any 3 degree (cubic) polynomial equation

}+a-x*+bx+c=0
with the substitution

a
X=y—§

can be reduced to the form
y +p y+q=0,

where
- PRI S
P=0b=5, q=cry @ mgrarh
Roots of this equation can be given in the form
y=A+B,
where
) B =
and
p
A-B=——
3

2 3
A= q? + % is called the discriminant of equation y* + p-y + q = 0.
If A > 0, then the cubic equation has one real and two complex conjugate roots.

If A = 0, then the cubic equation has three real roots, whereby two roots are equal.
If A <0, then the cubic equation has three distinct real roots, whereby two roots are

equal.

>>>Exercise 9.1 — 1

Give the zero sets of the following polynomials.

P;(x) = —3x2 + 6x + 105

Py(x) = 4x? +12x +9

Py(x) = x3 —x% — 6x

Py (x) = —6x5 + 36x* + 240x3

P(x) =x*—13x2+ 36

Pg(x) = x® —19x3 — 216

P,(x) = —x5 + 11x* + 22x3 — 128x? + 96x, known roots: x; = 1, x, = 2
Py(x) = x* + x3 — 65x2 — 9x + 504, known roots: x; = 3, x, = —3
Py(x) = x* + 8x3 + 18x2 + 16x + 5, known root: x; = —5
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Po(x) =3x*—30x3 —32x%2 —10x — 11

Py (x) = 2x% + 2x* — 75x% + 69x% + 37x — 35
>>>Exercise 9.1 — 1 - Solution

P(x) = —3x2 + 6x + 105

roots x,==5 x,=7

positive ]—00,=5[ U ]7, +o[

negative 1-5,7

limits xlﬁir_nOO P (x) = —oo, xl_i,rfloo P (x) = —
Py(x) =4x*+12x+9

roots x, =-=3/2

positive R\ {3/2}

negative -

limits xl_i)r_noo P,(x) = 4o, xgrfm P,(x) = 4
Py(x) = x3 —x? —6x

roots Xy ==-2, x,=0, x3=3,

positive 1-2,0[ U ]3, +o[

negative ]—o0,—2[ U ]0,3]

limits xl_i)r_noo P;(x) = —oo, xgrfm P;(x) = 4
Py (x) = —6x5 + 36x* + 240x3

roots x,=—4, x,=0, x3=10,

positive ]—o0,—4[ U ]0,10[

negative 1—4,0[ U ]10, +oo[

limits lim P,(x) = 4+, lim P,(x) = —

X——o00 x—+00

Ps(x) = x* —13x% + 36

roots X =-=3, x,=-2, x3=0, x,=2, x3=3

positive ]—00, =3[ U ]-2,2[ U]3, +oo]

negative 1-3,-2[ U ]2,3]

limits xl_i)r_noo Py(x) = —oo, xl_i>r+noo Py(x) = 4o
Py(x) = x® — 19x3 — 216

roots X, =-2, x,=3

positive ]—o00,—2[ U ]3, +oo[

negative 1-2,3[

limits xEer Pg(x) = 400, xl—1>IJPoo Peg(x) = 40
P,(x) = —x5 + 11x* + 22x3 — 128x2 + 96x

roots X =—4 x,=0, x3=1 x,=2, x5=12

positive ]—o0,—4[U]0,1[ U ]2,12[

negative 1-4,0[U]1,2[ U112, 4+ o[

limits xEer P;(x) = —oo, xEer P;(x) = 4
Py(x) = x* + x3 — 65x2 — 9x + 504

roots X =-8, x,=-=3, x3=3, x,=7,

positive ]—00,—8[U]-3,3[U]7,+[
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negative 1-8,-3[ U ]3,7[

limits lim Pg(x) = +oo, lilzl Pg(x) = 4+
X—>—00 X—>+00
Py(x) = x* +8x3 + 18x? + 16x + 5
roots x,=-=5 x,=-1
positive ]—c0,=5[ U ]—-1, 4]
negative 1-5,—1]
limits lim Py(x) = +oo, lilzl Py(x) = +o0
X—>—00 X—>+00
Po(x) =3x*—30x3 —32x%2 — 10x — 11
roots x,=-1, x,=11
positive ]—00, =1[ U |11, +oo
negative 1-1,11[
limits lim P;y(x) = +oo, lim Pjy(x) = +o0
X——00 X—+00
P (x) = 2x% + 2x* — 75x3 + 69x2 + 37x — 35
roots 1 1
X1 =—-7, Xpo=——, Xz3=—, X4=1, xc=5
1 2 \/z 3 \/? 4 5
positive ] 1 1 [
—00,=7[U |[-—,—| U ]1,5
] [ NN 1151
negative ] 1 [ ] 1 [
—7,——| U |—=,1{ U]5, 4+
YA
limits lim Pj;(x) = —oo, lim Pj;(x) =+
X—>—00 X—+00

>>>Exercise 9.1 — 2
Find the complex roots of the following equations

a, z3=1 b, 523 +5z24+z+1=0
¢ @+ zt+4=0 d z2-(GB+2)'z+1+3i=0
e, z2(z—-3)-3+2z=0 f, 2 +i3—-i24+i=0
1
g (2-V3-i)-(22+16)=0 h, 3\/z—i+1+i:2—+i
i, Z22+z2+2z+2=0 k,  z*—z2-1=0
, z0-z22+1=0 m z>4+14i=0
n z2-i?+i—-1=0 0, z2-8i=0
2 1 . .
p, z°4+z+1=0 q, E:(1+1)-(2_1)
>>>Exercise 9.1 — 2 - Solution
1 V3 . 1 V3,
a, Zl=1, ZZ=—E+7'1, Z3=_E_7l
b 1 ! !
, zy=—1, zy=—"i, zZ3=——"1i
1 2 \/g 3 \/g
V2 A T
R o (cos (0438 + & E) +1i-sin (0438 + k E» k=01.23
d, 21=1+i, 22=2+i
1 V3 1 3
€ 2123, Zzzl, Z3—_E+7'l, Z4—_§_7'l



1 1 . 1 1

. Zl—ﬁ+ﬁl, ZZ—\/7 21
’ 1 1 1 1
Z3——\/—7+\/—7'l, Z4——ﬁ—ﬁ'l
. 7, =32 (COSE+l sm18) z, =32 <c05113—8n+1 sm%)
z3=§/§ <c03215—8n+1 sin%) z, = 4i, zs = —4i
b, 333 269
125 125
b oz =V2, ZZ=—\/§i, z3=-1
V3 1 V31
. 21—7+§ Lo zp=— =i
' V3 1, V3 1
z3=—7+§l, 24——7——-1
R LA 1 m . Im
Zl=cos§+1-sm§, Z2=COS?+1'Sln?
1, Z3=cosl3—n+i-sin13—n, z4=cos_—ﬂ+i-sin_—1T
9 9 9 9
5n 5w 11m 1lm
ZS=COS?+1'SII‘1?, 26=cos—+l-smT
m, zk=1?/5-(cos(z+k-2—n)+i-sin<z+k-2—n)>, k=0,1234
2 5 2 5
’ 2 27 2 2
o, Zl=\/§+i, ZZ=\/§—i, Zz3 =—2"1
1 V3 | 1 V3
b, Zl=—5+7'l, Zz=—§—?-l
q z=08-06"1
>>>Exercise 9.1 — 3
Give the factorization of the following polynomials.
P(z) =z3+2i*+3 T(z) = z* — 52% + 1222
Qz)=2z%+i K@) =z*+1
R(z) = z3 +3i® - 5i L(z) =z° + 64
S(z)=z%+2z%+z M) =z*+z2+1

>>>Exercise 9.1 — 3 - Solution

P() =(z+1)-<z—§+§-i)-<z—1_ﬁi)

Q) = <Z+——i L) (Z_i+i
Vi V2 MR
R@)=@z+2) (z=V3+i) (z+V3-
V3

z i)
S(Z)IZ'<Z+%+§%'>'<Z—%+ 23-i>

T(z)=zz-<z—;— 6-i)-<z—;+\/€'i)
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K(Z)=%-(1+i)-(1—i)-(—1+i)-(—1—i)
L(Z)=(Z—Z)'(Z+2)'(Z—1—\/§'i)'(Z—1+\/§'i)'(z+1—\/§'i)'(Z+1+\/§'i)
M@—(Z‘z*? ) <Z_§_7 ) <Z+§+7 ) <Z+z‘7 )

>>>Exercise 9.1 — 4
Give the factorization of the following polynomials.

P(x) =x*+1 S() =x%+x%+x
Q(x) = x* — 5x3 + 12x? Tx)=x*+x2+1
R(x) = x% + 64

>>>Exercise 9.1 — 4 - Solution
P(x) = (x?+V2x+1)-(x? —V2x + 1)
Q(x) =x%- (x> —5x+12)
7

R = (=2 2 (x4 4) (x2—x47)

S =x-(x*+x+1)
Tx)=(*+x+1) - (x?>—x+1)

>>>Exercise9.1 — 5
Solve the equation
x342-x24+10-x—20=0

using Cardano’s rule.
>>>Exercise 9.1 — 5 - Solution
342 x2410-x—-20=x+a-x*+b-x+c=0

Use substitution x = y — g to get the reduced equation.

=B az_10 4_26 _ 20_1_16 20_ 704
P NG/ 3- 3’ 17 273" 27
that is, the new equation is
3_|_26 704_
I AT A

The discriminant is
a=L P 1 ( 704)2+1 (26)3 194.07 > 0
T4 27 4 27 27 \3) ~ 77 ’

our equation has one real and two complex conjugate roots.

2
A =132697 B =31-0.89 y=A+B x=y-3
2.998 —0.962 2.036 1.369
—1.499 + 2.596 - i 0.481+0.833-i —1.018 + 3.429 - —1.684 + 3.429 - i
—1.499 — 2,596 - i 0.481—0.833 i —1.018 —3.429 i —1.684 —3.429 i
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9.2 Rational Functions, Partial Fractions

Rational functions (quotients of polynomials)

_P(x)
RO =06

have important role in many mathematical models, e.g. in calculations with transfer

functions of linear systems.
Supposing that P and Q have no common terms in their factorisations, the roots of P are
the zeros of R, while the roots of Q are poles of R.
When there is a common factor in the two factorisations with higher or equal multiplicity
in P then there is removable discontinuity at the related place.
The limits at —oo, + 00 and at the places of discontinuity are important information about
a rational function.
The non-identically zero real rational functions
A B-x+C

G-xr M Wrpxror
where A,B,C € R, p? —4q < 0 are called partial fractions. It is known that each real
rational function can be written as a sum of a polynomial and partial fractions.
The denominators in the partial fraction decomposition are determined by the factors in
the factorization of Q as follows.

factor in the

T the related partial fractions in the decomposition
factorization of Q

Ay Ay Ay
(x —x)™ , S
x—xo (x— o) (x — xp)™
By x +C, B, x+C, B, x4+ C,

2 n
+prx+ ,
@ +prxtq) 2+p-x+q xX2+p-x+q@? (2 +p x+ g

>>>Exercise 9.2 — 1
Give the zero set of the following functions. Give the largest subsets of the reals on which the
following expression can be defined, and give the limits.

()_x2+3x—10 ()_x2—2x—3
Ak = x—3 falx T x242x+1
x* —3x3 + 2x? x% +x
f3(x)_x4—3x3+3x2—x f‘*(x)_x3—x4
()_x4—6x3+8x2 ) = 2x% —4x + 3
fs(0) = x2 —2x folx _xx2—2x+1
X 3 4 4x% + 4x
f1(x) =—5—F—+ = x
x?—=2x+1 fa(x) x5 + 6x* + 12x3 + 8x2
3x -6 x3—3x%+3x+1
fo) = x2—6x+9 fro(x) = 1—x
()_4x3—2x2—30x
fui(x) = 3 — Ox
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>>>FExercise 9.2

— 1 - Solution

x*+3x—10 (x+2)-(x—5)

fr(x) = x—3 x—3
Zeros x=-2, x=5
poles x =3, xl_grlofl(x) = —o00, xl—grlo fi(x) = 40
removable —
discontinuities
too lim f;(x) = —oo, lir;n filx) = 4o
X—>—00 X—+00
x?=2x—-3 (x—=3)-(x+1)
fZ(x) = 2 = 2
x2+2x+1 x+1)
Zeros x=3
poles x=-1, x_ll_ql_ofz(x) = +o0o, x_!1_1111+0f2(x) = -
removable -
discontinuities
too lim f,(x) =1, lim f,(x)=1
X—>—00 X—+00
x* —3x3 + 2x? x2(x=2)"(x—-1)
f3(x) = 4 _ 2,3 2 _ . . —1)3
x*—=3x3+3x% —x x-(x—1)
Zeros x =2
poles x=1 lim f;(x)=-o, lim f3(x)=—oc
removable x=0, lim f3(x) =0, lim f3(x)=0
discontinuities #7200 ')’
too lim fz(x) =1, lim fz(x) =1
X—>—00 x—+00
x2+x x-(x+1)
f () Caxd—xt —x3-(x—1)
Zeros x=-1
poles x=0, xl_}grlo f1(x) = +oo, xLl(grio fa(x) = +o0
x=1, xl_}{rlo fa(x) = +oo, xl_}ﬂoﬁ(x) = —0
removable -
discontinuities
too lim f,(x) =0, lim f,(x) =0
X——00 X—+00
xt—6x3+8x2 x2-(x—2)(x—4)
fs(x) = > =
x2 —2x x-(x—2)
Zeros x=4
poles x =0, xl_}grlofs(x) =0, xLl(I)Ilo fs(x)=0
removable x=2, lim fi(x)=—4, lim fi(x) =—4
discontinuities #7270 X240
oo lim f5(x) = +oo, lirp fs(x) = 4+
X—>—00 X—+00
2x2—4x+3 x-(2x2—4x+3)
fe(x) =x- > = >
x2—-2x+1 (x—-1)
Zeros =
poles x =1, xl_}{rlofl(x) = +oo, xl—}mo fi(x) = 4+
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removable -
discontinuities
+o0 lim f;(x) = —oo, lim f(x) = 4o
xX—>—00 xX—+00
) = x B x
frlx Cx2-2x+1 (x—1)2
Zeros x=0
poles x =1, xl_grlo fr(x) = 400, xL‘ﬂo fr(x) = 4+
removable —
discontinuities
+o0 lim f,(x) =0, lim f,(x)=0
xX—>—00 xX—+0
) = x3 +4x? + 4x _x-(x+2)?
folx T xS 4 6x* 4+ 12x3 +8x2 x2-(x +2)3
Zeros —
poles x=-2, [lim f3(x)=-0o,  lim f4(x)=+oo
x =0, xl}gflofs(x) = +0o, xl}m_ofs(x) = -
removable -
discontinuities
too lim fz(x) =0, lim fg(x)=0
X——00 X—+00
) = 3x—6 _3-(x—3)
folx T x2—6x+9  (x—3)2
Zeros x=2
poles x =3, xL13rrlo fi(x) = 4o, xng{lLo fi(x) = 4+
removable -
discontinuities
too lim fy(x) =0, lim fo(x) =0
X—>—00 X—+00
x¥—3x2+3x -1 (x—1)3
fio(x) = =—
1—x x—1
Z€eros —
poles —
removable x =1, lim fi,(x) =0, lim fi,(x)=0
discontinuities x=1-0 xo140
iOO lim flo(x) = —00, lim flo(x) = —
X——00 X—>+00
( )_4-x3—2x2—30x_2x-(x—3)-(x+2.5)
fa(x) = x3 — 9x  ox (x=3)-(x+3)
Zeros x=—-25
poles x=-3 x_1>1_1§1_0f11(x) =+, lergl+of11(x) = -
removable x =0, li(r)nofn(x) =10/3, 11(1)110 fi1(x) =10/3
. . g x—0— xX—
discontinuities | . _ 5 £ =11/3,  lim fi,(x) = 11/3
x—-3-0 x—-3+0
+oo

lir_n fuu(x) =4, 1ir+n fii(x) =4
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>>>Exercise 9.2 — 2
Give the partial fraction decomposition of the following rational functions.

2x+3 x+1
L ¢ =
x2+5x+6 x-(x?+1)
x
b G-2)8

>>>Exercise 9.2 — 2 - Solution
al

2x+3 _ 2x+3 _ A 4 B _Ax+3A+Bx+ZB_
x2+5x+6 (x+2)-(x+3) x+2 x+3  (x+2)-(x+3)
_@A+B)x+(3A+28) -1 3
B (x+2)-(x+3) T x+2 x+3
[I. A+B = 2 - A=—1]
II. 3A4+2B = 3 B =
b’
X _ A 4 B 4 c _A+Bx—ZB+Cx2—4-Cx+4-C_
(x—2)3 (x—-2)3 (x—2)2 x-—-2 (x —2)3 -
_Cx>+(B—4C)-x+(A—2B+4C) 2 L1
- (x —2)° S (x=2)3 0 (x—2)?
I1. B —4C =1 = B=1
Hl. A-2B+4C = 0 C=0
C,
x+1 _A+Bx+C_Ax2+A+Bx2+Cx_(A+B)-x2+C-x+A_1 —x+1
x-(x2+1) x  x2+1 x-(x?2+1) h x-(x2+1) Tx o x2+1
I. A+B = 0 A=1
1. Cc = 1 = B=-1
I11. A = 1 c=1
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10 Appendix 3 - The Real Sine and Cosine Functions

10.1 Basic Transformations of Sine and Cosine Functions
General form of a harmonic signal

2m
x(t)=A-sin(w-t+(p)+B=A-sin(2nf-t+<p)+B=A-sin(7-t+<p>+B
where

w is the angular frequency [%]

f is the frequency E] = [Hz]

T is the period [s]

@ is the phase [rad]

To understand the calculations with the trigonometric systems it is necessary to see

clearly the properties of the sine and the cosine functions and also the way the different
transformations alter these properties.

At the end of this chapter some important properties of the trigonometric functions are
summarised.

>>>Exercise 10.1 -1
Sketch the graph of the following functions and characterize them

t > sint, t-sin2t, t-sin3t, te€|[-2m2n]
>>>Exercise 10.1 — 1 - Solution

AWATONE. NIV
ANAV IV OV

t - sint t - sin 2t t — sin 3t

amplitude 1 1 1
maximum value 1 1 1
minimum value -1 -1 -1
period 2m s 2m/3
angular frequency 1 2 3
frequency 1/2n 1/m 3/2m
smallest positive zero place T /2 /3

>>>FExercise 10.1 — 2

Sketch the graph of the following functions and characterize them

/s
t - sin (E t), x — sin(wt), t - sin(2nt), t€ [—2m, 27|
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>>>Exercise 10.1 — 2 - Solution

CALIZANANE ZVA

N

INWALVALY, RIVALWY AW

t—>s1nzt t — sinmt t — sin2mt
amplitude 1 1 1
maximum value 1 1 1
minimum value -1 -1 -1
period 4 2 1
angular frequency /2 s 2w
frequency 1/4 1/2 1
smallest positive zero place 2 1 1/2

>>>Exercise 10.1 — 3 - Solution

Sketch the graph of the following functions and characterize them

t > cost,
>>>Exercise 10.1 — 3 - Solution

t — cos2t,

t — cos 3t,

t € [-2m, 27]

\. //.\\ _\ %\ //\\ /
NONULX 1 WAL

t— cost t - cos 2t t — cos 3t

amplitude 1 1 1
maximum value 1 1 1
minimum value -1 -1 -1
period 21 s 2m/3
angular frequency 1 2 3
frequency 1/2m 1/m 3/2n
smallest positive zero place /2 /4 /6

>>>Exercise 10.1 — 4

Sketch the graph of the following functions and characterize them

T
t = cos (E t), x — cos(mt), t - cos(2mt), t € [-2m, 2m]
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>>>Exercise 10.1 — 4 - Solution

GBS

”\ ANANIZiN </\ BN
\/ \/ AN

VN

\
\.../ S
t—>cos—t x — cos Tt t — cos 2wt

amplitude 1 1 1
maximum value 1 1 1
minimum value -1 -1 -1

period 4 2 1

angular frequency /2 s 2m
frequency 1/4 1/2 1
smallest positive zero place 1 1/2 1/4

>>>Exercise 10.1 — 5

Sketch the graph of the following functions and characterize them

t > sint,

1
t —>§sint, t > 3sint, t€[-2m, 2n]

>>>Exercise 10.1 — 5 - Solution

t > sint t—>%sint t - 3sint

amplitude 1 1/3 3
maximum value 1 1/3 3
minimum value -1 -1/3 -3
period 2m 2 2
angular frequency 1 1 1
frequency 1/2m 1/2m 1/2n
smallest positive zero place s s s
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>>>Fxercise 10.1 — 6
Sketch the graph of the following functions and characterize them

1
t > cost, t—>§sint, t » 3sint, te€[-2m, 2m]

>>>Exercise 10.1 — 6 - Solution

t > cost t—>%cost t— 3cost
amplitude 1/3 3
maximum value 1/3 3
minimum value -1 -1/3 -3
period 2 21 27
angular frequency 1 1 1
frequency 1/2m 1/2x 1/2m

>>>Exercise 10.1 — 7
Sketch the graph of the following functions and characterize them

t »>sint, t-osint—1, t-osint+2, te€|[-2m 2]
>>>Exercise 10.1 — 7 - Solution
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t - sint t—-sint—-1 t->sint+2
amplitude 1 1 1
maximum value 1 0 3
minimum value -1 -2 1
period 2m 2m 2m
angular frequency 1 1 1
frequency 1/2m 1/2m 1/2n
>>>Fxercise 10.1 — 8
Sketch the graph of the following functions and characterize them
t >cost, t—-cost—2, t-cost+1, te€][-2m2n]

>>>Exercise 10.1 — 8 - Solution

t > cost t—cost—2 t—>cost+1
amplitude 1 1 1
maximum value 1 -1 2
minimum value -1 -3 0
period 2 2m 2
angular frequency 1 1 1
frequency 1/2n 1/2n 1/2m

>>>Exercise 10.1 — 9

Sketch the graph of the following functions and characterize them

t - sint, tasin(t—g), t—>sin(t+g), t € [-2m, 2m]

>>>Exercise 10.1 — 9 - Solution

VaVaNN

AV

NS LANEL

t - sint

. T
tasm(t——

2)

; T
temn@+§

)
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amplitude

maximum value

minimum value -1 -1 -1
period 2 2m 2m
angular frequency 1 1 1
frequency 1/2m 1/2m 1/2n
smallest positive zero place s g g

>>>Exercise 10.1 — 10
Sketch the graph of the following functions and characterize them

t > cost, tﬁcos(t—%), t—>cos(t+%), t € [-2m, 27]

>>>Exercise 10.1 — 10 - Solution

e
ST A ST

t - cost tﬁcos(t—f) t—>cos(t+2)
amplitude 1 1
maximum value 1
minimum value -1 -1 -1
period 2 21 27
angular frequency 1 1 1
frequency 1/2m 1/2x 1/2m
smallest positive zero place s /2 /2

>>>Fxercise 10.1 — 11
Sketch the graph of the function
x(t) = 12.5-sin(25-t — 0.8) + 44.9
and characterize it.
>>>FExercise 10.1 — 11 - Solution




amplitude 12.5
maximum value 57.4
minimum value 324
period 2 /25 = 0.251
frequency 25/2m ~ 3.979
angular frequency 25
phase -0.8

>>>Exercise 10.1 — 12
Sketch the graph of the function
x(t) = 0.078 - sin(1250 - t — 0.05) + 2.442
and characterize it.
>>>FExercise 10.1 — 12 - Solution

2,52

2,50 o

T T T T T T T T T T T
0,005 0,010 0015

amplitude 0.078
maximum value 2.520
minimum value 2.364
period 2m /1250 = 0.005
frequency 1250/2m = 200
angular frequency 1250
phase —0.05

>>>Exercise 10.1 — 12
Give the displacement-time function of an oscillation motion if the amplitude is 0.032 m, the
frequency is 560 Hz, and the phase is 0.2 rad.
>>>Exercise 10.1 — 12 - Solution
x(t) = 0.032 - sin(2m - 560 - t + 0.2)
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10.2 Trigonometric Polynomials

Functions
2n

2n
t—>sm<k-7-t) and t- cos(k-?-t>,k =23, ..
are called the harmonics of the basic functions
. (2@ 2m
t— sm(?-t) and t - cos<T-t),
respectively. The periods of the harmonics are half, third, fourth... of the period of the

basic function and the frequencies are two, three, four, ... times higher.
Linear combinations of finite many elements of the system

{15 (G ) cos (G ) o255 ) cos (25 0). . ]
,sin T , COS T ,sin T , COS T

are called trigonometric polynomials:

+n k-2 ) + by -sin (k- 22
a, kzlak cos( ?t) X sm( ?t)

The following table shows the basic functions of period T and some harmonics. Considering
the physical meaning of the quantities, period T is related to frequency f = 1/T.

period frequency
(Zn t) 3 5 . N _1 1
cos T = cos(2nf - t) F f= T
: (271 t)— in(2f - ©) T—l 1
sin T = sin(2nf =7 f= T
21 T
COS(Z-—-t>=cos(2-2nf-t) — 2f
T 2
21 T
sin(Z-—-t>=sin(2-2th-t) - 2f
T 2
21 T
Cos(3-T-t>=cos(3-2nf-t) 3 3f
2m T
sin(3-—-t)=sin(3-2nf-t) - 3f
T 3
21 T
cos(4-7-t) = cos(4 - 2nf - t) 7 4f
4 2n t|=sin(4-2 t r 4f
sm( T ) = sin( f - t) 7
; . (2@ . . 21 ,
N . i
sm( T ) — cos ( T )
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10.3 Some Properties of Sine and Cosine Functions

sin(x+z) — cosx sin(x + ™) = —sinx
2
oS (x _|_E) — —sinx cos(x +m) = —cos x
2
sin(x + y) =sinx-cosy + cosx - siny cos(x +y) =cosx-cosy —sinx-siny
sin(x —y) = sinx - cosy — cosx - siny cos(x —y) =cosx-cosy +sinx-siny
sin(2x) = 2 sinx - cosx cos(2x) = cos?x —sin? x
sin(3x) = 3-sinx — 4 - sin® x cos(3x) = 4-cos3x —3-cosx
n
: _ nNo ok ak. . ((Rok)w
sm(nx)—Z(k) cos®x - sin™ " x sm(i2
k=0
= (n—k)m
— M | kg cinn—k .
cos(nx)—Z(k) cos®x - sin™ " x cos< >
k=0
. x_+ 1—cosx x_+ 1+ cosx
sing =+ 3 cosy =% 3
. . X xX—Yy . . Xty _x-—Yy
sinx + siny = 2 - sin rcos— sinx —siny = 2 - cos 5 sin—
x+y xX—y Cx+y | x—y
cosx + cosy = 2 - cos > cos— cosx —cosy = —2 - sin 5 sin—

A-sinx + B -cosx =+ A% + B? - sin(x + @),

where
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B
arctgz, ifA=>0
Q= B
arcth+ w, IfA<O0

A-sinx + B - sin(x + ) = /A% + B2 + 2AB - cos a - sin(x + f)
where
B-sina
= arctgA +B-cosa

With the notation T,,(x) = cos(n - arccos x), |x| < 1, we have
cos(n-x) = T,(cosx)
The de Moivre formula is
cos(n-x)+i-sin(n-x) = (cosx +i-sinx)"

- 1 — cos(2x) 5 1 + cos(2x)
sinx = ——= cos‘x=——=
2 2
5 3sinx — sin(3x) 3 3 cosx + cos(3x)
sifbx=——— cos’x =
4 4
cos(x —y) + cos(x +y) ] ) cos(x —y) —cos(x +y)
COSX " COSY = 3 sinx -siny = 3
) sin(x — y) + sin(x + y)
sinx-cosy =
2
sinx = i(—l)” Lt x 2kl cosx = i(—l)" L x2k
- 2k + 1)! - (2k)!

sinx = x -

— 18

1 o
1— . 2) 1
( k2 cosx=1_[ 1-————x?

=
1l

1

[ Jeos(

©
k=1
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