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Abstract

In this paper, sequences of trials having three outcomes are studied. The outcomes are labelled
as success, failure of type I and failure of type II. A run is called at most 1+ 1 contaminated, if
it contains at most one failure of type I and at most one failure of type II. The accompanying
distribution for the length of the longest at most 1 + 1 contaminated run is obtained. The
proof is based on a powerful lemma of Csaki, Foldes and Komlés. Besides a mathematical
proof, simulation results supporting our theorem are also presented.
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1 Introduction

The problem of the length of the longest head run for n Bernoulli random variables was first
raised by T. Varga. The first answer for the case of a fair coin was given in the classical
paper by Erdds and Rényi [1]. A surprisingly more precise answer, the almost sure limit
result for the length of the longest runs containing at most 7" tails was given by Erdds and
Révész [2]. Their result is the following. Consider the usual coin tossing experiment with
a fair coin. Let Z7(N) denote the longest head run containing at most 7 tails in the first
N trials. Let log denote the logarithm to base 2 and let [.] denote the integer part. Let
h(N) = log N + T loglog N — logloglog N — logT! 4 logloge. Let ¢ be an arbitrary
positive number. Then for almost all @ € 2 there exists a finite N9 = No(w) such that
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Zr(N) > [h(N)—2—¢]if N > Ny, moreover, there exists an infinite sequence N; = N; (w)
of integers such that Z7 (N;) < [A(N;) — 1 +¢€].

These results later inspired renewed interest in this research area and several subsequent
papers came up. Asymptotic results for the distribution of the number of T-contaminated
head runs, the first hitting time of a T-contaminated head run having a fixed length, and
the length of the longest 7T-contaminated head run were presented by Foldes [3]. For the
asymptotic distribution of Z7 (N), Foldes [3] presented the following result. For any integer
kand T >0

27(k+17{logN+T10glogN})
P(Z7(N) —[logN + T loglog N] < k) =exp | — dl +o0(1)

as N — oo, where {.} denotes the fractional part.

By applying extreme value theory, Gordon et al. [4] obtained the asymptotic behaviour of
the expectation and the variance of the length of the longest 7'-contaminated head run. Also,
in the same article, accompanying distributions were obtained for the length of the longest
T -contaminated head run.

Fazekas and Suja [5] showed that the accompanying distribution initially obtained by
Gordon et al. [4] could as well be arrived at using the approach given by Foldes [3]. After some
probabilistic calculations and algebraic manipulations of the approximation of the length of
the longest T-contaminated run and using the main lemma in Cséki et al. [6], a convergence
rate was obtained for an accompanying distribution of the longest T -contaminated head run
by Fazekasetal. [7]forT =1and T = 2.

Different authors have given in depth considerations to experiments involving sequences of
runs emerging from trinary trials, where the Markov chain approach is used in their analysis.
Such sequences include system theoretic applications, where components might exist in the
following states: ‘perfect functioning’, ‘partial functioning’ and ‘complete failure’ (see [8,
9.

In this paper, we study sequences of trials having three outcomes: success, failure of type
I and failure of type II. We shall say that a run is at most 1 + 1 contaminated if it includes at
most 1 failure of type I and at most 1 failure of type II. Section2 contains the main results.
We give accompanying distributions for the appropriately centralized length of the longest
at most 1 4+ 1 contaminated run, see Theorem 2.1. In Sect.2, we also present simulation
results supporting our theorem. The proofs are presented in Sect. 3. The proofs are based on
a powerful lemma by Csaki et al. [6]. For the reader’s convenience, we quote it in Sect. 3. We
mention that the manuscript Fazekas et al. [10] is an extended version of the present paper.
In that manuscript one can find minor details of the proofs, additional simulation examples
and some further results.

2 The longest at most 1 + 1 contaminated run
Let X1, X2, ..., Xy be a sequence of independent random variables with three possible
outcomes; 0, +1 and — 1 labelled as success, failure of type I and failure of type II, respectively,
with the distribution

P(X;=0)=p, PXi=+1)=gq1 and P(X; =-1) =q,
where p+¢qg1+¢g> =1and p > 0,491 > 0,92 > 0.
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A sequence of length m is called a pure run if it contains only O values. It is called a
one-type contaminated run if it contains precisely one nonzero element: eithera +1ora —1.
On the other hand, it is called a two-type contaminated run if it contains precisely one +1,
and one —1 while the rest of the elements are 0’s.

A run is called at most one +one contaminated (shortly at most 1 + 1 contaminated) if it
is either pure, one-type contaminated, or two-type contaminated.

So, for an arbitrary fixed m, let A, = A, ,, denote the occurrence of the event at the n' h
step, that is, there is an at most 1+ 1 contaminated run in the sequence X,,, Xy +1, - - - » Xntm—1
and A, is its non-occurrence. Clearly,

P(A) = p" +m(1 = p)p"~ " +m(m — Dp"2q14.

Let £ (N) be the length of the longest at most 1 + 1 contaminated run in Xy, X2, ..., Xn.
Then, {{t(N) < m} if and only if no run of length m in X1, X», ..., Xn is two-type contam-
inated, one-type contaminated or pure.

In what follows, we shall use the notation

Co + %C 1+ =0

m(m—1)

“= p(1-p) p? ’ @D
I+ oobaie T moeDara
where
2 2
r(qi +q5)
Co=(qi+q), C; =120
q1492
= @i +a)r* | p | 2Q2p+Dqq
app—1)  p—1 (r—173

‘We also need the notation

« — 2CoCa— Cc?—C3
B 20C3

’

where C = In % and In is the logarithm to base e. Let

4loglog N
ClogN

Ci—Cy 1 4 (loglog N)?
CCy logN C (logN)2

( 8 2(Cy — Co)> loglog N

m(N) =log N +2loglog N +

C2 CCy (log N)2
2(Cy — Co) 1 16 (loglog N)3
C2Cy (logN)2 ~ 3C (logN)3
16 4(Cy — Co)\ (loglog N)?
+|-= +
C? CCy (log N)3
8 —
_(ax + (C1 —Cp) \ loglog N
C2Cy (log N)3
16 loglog N 8 (loglog N)?  4(Cy — Cp) loglog N
C3 (logN)? C? (logN)3 C2Cy (logN)3’
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where log denotes the logarithm to base 1/p. Let [m(N)] denote the integer part of m(N)
and let {m(N)} = m(N) — [m(N)] denote its fractional part. Introduce the function
4 loglog N C1 —Co 1
+ X — = X — X
Clog N C (logN)? CCy (logN)?
4(C; —Co) 8 loglog N 8 (loglog N)?
_ = X4+ =
CCy C2 ) (logN)3 C (logN)3
1 1 5, 4loglogN ,
- = X — X
C (log N)? C (log N)3

H(x)=—x

(2.2)

Theorem2.1 Let p > 0, q1 > 0, g2 > 0 be fixed with p + q1 + g2 = 1. Let u(N) be
the length of the longest at most 1 + 1 contaminated run in X1, X3, ..., Xn. Then, for any
integer k,

P(u(N) — [m(N)] < k)

B 1
- _ p=Uog(Copqq)+HKk=m(NM (1 1 O 23
exp (=p )( +0(Goew)) @Y

where f(N) = O(g(N)) if f(N)/g(N) is bounded as N — o0.

Analysing the beginning of the proof of Theorem 2.1, we can see that the lemma of Csaki
et al. [6] offers a good approximation if p is small, but it offers a worse approximation if p
is close to 1. However, our simulation studies show that the approximation for the longest
run is very good for small values of p, but it is still appropriate if p is close to 1.

Example 2.2 We performed several computer simulation studies for certain fixed values of
P, q1, and g>. Below N denotes the length of the sequences generated by us and s denotes
the number of repetitions of the N-length sequences.

Figures 1, 2, 3 and 4 present the results of the simulations. Each figure shows the empirical
distribution of the longest at most 1 + 1 contaminated run and its approximation suggested
by Theorem 2.1. An asterisk (i.e., ) denotes the result of the simulation, i.e., the empirical
distribution function of the longest at most 1 4 1 contaminated run and circle (o) denotes the
approximation offered by Theorem 2.1.

3 Proofs

The following lemma of Csaki, Foldes and Komlés plays a fundamental role in our proofs.

Lemma 3.1 (Main lemma, stationary case, finite form of Csdki et al. [6]) Let X1, X2, ... be
any sequence of independent random variables, and let F,, ,, be the o-algebra generated by
the random variables X, Xp+1, ..., Xn+m—1. Let m be fixed and let A, = Apm € Fnom.
Assume that the sequence of events A, = Ay, is stationary, thatis, P(A;, 14 Ais4d - - Aiy+d)
is independent of d.

Assume that there is a fixed number o, 0 < a < 1, such that the following three conditions
hold for some fixed k with 2 < k < m and fixed ¢ with 0 < ¢ < min{p/10, 1/42}:

(S
|P(Ay- - AklAr) —a] <e,
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Fig. 1 Longest at most 1 + 1 contaminated run and its approximation, p = 1/3, g1 = 1/3, g2 = 1/3,
N =3 x 10% 5 = 3000
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Fig. 2 Longest at most 1 4+ 1 contaminated run and its approximation, p = 0.4, g1 = 0.3, go = 0.3,
N =3 x 108, 5 = 3000

(SII)
Y. P(AAD <,
k+1<i<2m
(SIII)
P(A)) <¢&/m.
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Fig. 3 Longest at most 1 + 1 contaminated run and its approximation, p = 0.5, g1 = 0.4, go = 0.1,
N =4 x10°, 5 = 3000
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Fig. 4 Longest at most 1 4+ 1 contaminated run and its approximation, p = 0.6, g1 = 0.2, g = 0.2,
N =4 x 100, s = 3000

Then, forall N > 1,

P(Ay---AnlAY)
PlAy---AnlAD

= = < Te
P(Az---An)

and

¢~ @FI0ONPADN=2MPAD _ p(| ... Ay) < e~ @ 100NPAD+2mP (A 3.1

Before proceeding with the proof, we shall consider the fulfilment of some conditions given
in the main Lemma for the case of k = m (for fixed m) and 0 < p < 1 and for some ¢ > 0.
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Remark 3.2 First, we consider condition (SIIT) and show that it is true for any large enough
m. We have

1— 2
P(A1)=m(m—1)pm_2611q2{1+ pd—p) P }s

(m —1Dqiqz ~ m(m —1)q192
This inequality is true for any positive ¢ if m is large enough.

logN _ (log N)®
= e

If m ~ log N, then p™ ~ p %andthensw

Remark 3.3 Now, consider condition (SII). If i > m, then A; and A; are independent,
therefore

2m

> P(AilA) =mP(A) <, (3.3)
i=m-+1

which gives precisely the previous assumption in Remark 3.2.

Lemma 3.4 Condition (SI) is satisfied for k = m in the following form:
|P(A2A3 - AplA)) —af <e, (3.4)

where « is given by (2.1) and ¢ = O(p™).

Proof To begin, we shall be required to divide the event A; into the following pairwise
disjoint parts:

m

= U(0aro)U(Uaro)u( U apen)
i=1

i=1 i j=1,i%j
where AEO) is the event that X1, X2, ..., X, is a pure run,
A(1+) (i) denotes that X; = +1, while the rest are zeros,
A(l_) (i) denotes that X; = —1, while the rest are zeros,

finally, A(lz) (i, j) denotes that X; = +1, X; = —1, while the rest are zeros.
Then

m
i=1
m m
+ 3 PADY DAy Ay + Y PAP G, A2 Aw)

i=1 i<j

m
+ Y PAPG Ay A)

i>]
m m m m
—y© + -
=rO 3y A3 YO+ v+ v
i=1 i=1 i<j i>j

Here, we can obtain the formula for > /" | Yi(f) by interchanging the role of ¢; and g; in the
m

corresponding formula ) i, )’i(+). Similarly, we can obtain ) ;" ;

role of g and ¢» in the corresponding formula ) ;" i Yij

Y; ; by interchanging the
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1. Y =0, since the event is impossible.
2. Now, calculate Yl.(+) = P(Ai+) ()Ap -+ Ap).
We want to evaluate probabilities corresponding to different values of i as follows.

(a) Ifi = 1, then the event is impossible. So Y’ 1(+) =0.

(b) Let 1 < i < m. Then the m + 1 position should be +1. Furthermore, in positions
m+2,...,m+1i,itis not possible that all elements are zeros and also not possible
that there is a —1 and the rest of the elements are zeros. So, for this case,

+) -1 i—1 . i—2 : :
v =g g (1= p T =G = Dgp ), i L <i<m (33)
(c) If i = m, then X,,41 should be +1 and the remaining elements are arbitrary. So
YD =qi1p" g1 (3.6)

3. Now, let us turn to Y; ;; first we consider the case wheni < ;.

(@ If i = 1 and j = m, then X,,4 should be —1 and the remaining elements are
arbitrary. So

Yim = q1920" 2. 3.7
(b) Now, leti = 1 and j < m. Then X, 1| should be —1. Moreover, it is not possible

that all elements in positions m + 2, ..., m + j are zeros; nor is it possible that one
is +1 and the rest are zeros. So

Y = q1q20™ 2 (1 il pit2( - 1)q1) if 1<j<m (38

(c) Now, leti > 1 and j = m. Then X,,4+ can either be +1 or —1.
If X,,41 is —1, then the remaining elements are arbitrary. However, if X,,+1 is +1,
then in positions m + 2, ..., m + i there should be at least one nonzero element. So

Vi =qig2p" 2 (a1 (1=p"7) +q2) i i>1 j=m (39

(d) Consider now the case i > 1 and j < m. We divide this event into two parts.
First, let X,,4+1 = +1. Then it is not possible that the elements in positions m +
2,...,m + i are all zeros. It also impossible that there is one —1 among m +
2,...,m+iwhieallm+i+1,...,m+ j are zeros. So this part of ; ; is

aap" 2 (1= = (= Dp2qp ™) i i =1, j<m (310)

Finally, let X,,+1 = —1. Then it is not possible that all elements in positions m +
2,...,m 4+ j are zeros, nor is it possible that among m + 2, ..., m + j there is one
+1 and the rest are zeros. So this second part of Y; ; is

Q"2 (1= p ™ = (= Daip’™2) it =1, j<m  G1D
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Summing (3.5) and (3.6), we get Yi(+) and consequently by interchanging the roles of ¢

and ¢ we obtain Y;_) as follows:

m m
) )
IS
i=1 i=1
=Y qip™! (1 —p T =G = Dgap'” )+612p’" :

+> g pm! (1 —ph =i - 1)5]1Pi_2> +q3p™!

' 3.12
=m-Dp" " (gi+a3) - (gt +a3) " Y P! G12)

m—1

- " @+ aa) Y (i —Dp?
i=2

1
=p"! {(q% +43) [(m -+ p%] T —

1 1

m—2
+q192 [(m —ypr2 =L “
p—1

m—1

2 2, P
h "“Iz)p_1

Here we applied

b a—1 a b

—ap p —P
ip ™! = + :
Z _1 ([?—1)2

which can be obtained by differentiating the known formula for the sum of a geometric
sequence. Similarly, summing (3.7), (3.8), (3.9), (3.10) and (3.11) together with their corre-
sponding versions we get by interchanging the roles of ¢; and ¢», we obtain

Y+ Y Yij=qa20™ g1 +92)

i<j i>j
m—1
+aiqp" 2 ( ( PG~ l)ql) +q1 (1 —plT = pI T2 - l)qz))
j=2
m—1 m—1
+a102p"? <q1 (1 - pi_l) +q2) +y (qz (1 - pi_l) + ‘]l):|
i=2 i=2

m— —
> Z [qlqu i (1= == p 2gap )
i=2 j=i

+a102p" 2 (1 —ph G- 1)q1pj’2)
+a1aep" 0 (1 —p - l)p"fqupjf")

+aq1020" a1 (1= 77! = G = Da2p’?) |

) pm—l -p m—1 5
=qqp" " (@1 +q) |m—1- o1 ) 29192 Y (i —p/~
j=2
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m—2 m—1
2+ )= - @+ ——L+ 3 3 @+ -ph
i=2 j=i+l
“20192G = Dp 72 + (@1 + 421 = pT ™) = 201026 = DpI 72|
_ pm—l —p
= q1920" 2=(q1+qz)(3m—5)—2(q1 +42)——
m-2p" -1 p—p"?
—29192 +
p—1 (p—1)?
m—2 - pm—2_pi—l
T2 | @t =pThim =i = 1) = 21426 = DT
i=2

pm—l _pi
+(@1 +q2)m —i—1) = (q1 +q2)ﬁ

(m — 2)pm_2 _ ipi—l pi _ pm—Z
—249192 + .
p—1 (p—12

So

DY+ Vi

i<j i>j

=01920" | (@1 + a2 Gm —5) + 20" = p)

(m—2)p"2—1  p—p"? m—2
2q1qz< A + ) @+ -3

p—1 (p—1?
m—2 ) m—2 )
(g1 +am Y P @ +a Y P+
i=2 i=2
pm -2 9192 _ m—2
“102 (m—3>—+2 Z( DT @+ g m =3 =
P! Hte"S 24
—(q1 +q2) =3+ =3 P = =" 2 - 3)
p—1 p-1 = p-
quqz 2(11(12 2q1q2 2
_ -3}
Z 1)2 Z 1)2 (m )

=" {(m + )G =5+ (n = 3)m —2) +2 (p" ! = p)

(m —2)p" 2 L 2q@p | 2q10p™ > m-2

P —p
—2q192 +2q192 - (g1 +g)m———
-1 p—1 (-1 (p-12 p—1
it [ m—pm~t—3p> 1 p>—pn! P (m—3)(m —2)
q1+q2) | —- - —2q192
p p—1 p (p—1)7? -1 2
2 -3 m—3_] _ ,m=3 m—1 _ 2
e (m—=3)p p—r S ptp" lm—3 =L P
p—1 p—1 (p—1) -1
2 m—2 2 m—2 m72_2 2 .m—2
_2NDRPT o — 3y 4 292 ( )p PP =P ;
p—1 p—1 p—1 (p—1
210 P =0 2140 e
_ > " Zm—3)}.
(p—=1> p—1 (p—1D
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Finally,

ZYi,j-f-ZYi,j:

i<j i>j
= qiq2p™ > {m(m — (g1 +q2) — (m—1)+

(p—1?3
m—2
+ %( —3(p— D2m® +m(p— H(13p —7)

+(—14p* +12p — 4)) +p" Hm — 1)] .

22p + Dqig2

(3.13)

Therefore, combining (3.12) and (3.13) and by some simplification, we obtain

P(AIA_Z"'Am)

+0(mp'")}
p—1

2Q2p + Dq1q2
(p—1)3

G+ O(Pm)} .

=p" {(q]2 +43) [(m -D+ ﬁ} +q192

+q1q2p™ {m(m —D(g1+q2) —(m—1)+
m—2 1 1
=m(m—1)p" “q1g21Co+ —C{ + ————
m m(m — 1)
So,
Co+ %CH + L Cy +0(p™)

m(m—1)
2

P(A_Z"'AmlAl)z »
m(m—1)q192

p(l=p)
I+ (m—1)q192 +
We therefore satisfy from Lemma 3.4
|P(Ay-- AnlA1) —a| <,

where ¢ = O(p™) and « is given by (2.1).

+0<m2p'">}

m}

Proof of Theorem 2.1 Let Ny = N — m + 1, where m will be specified so that m ~ log N.

Then

P(M(N) < m) — P(A_] . A_Nl) ~ e*(()t:l:lOE)N]P(A]):l:ZmP(Al)
e—D{N[P(A])eﬂ:losN]P(A])eﬂ:sz(A])

3 3
AsmP (A1) ~m3p" ~ (log%,soeﬂmp(m) =140 (aog%).Similarly,ass =0(p™)

and m ~ log N,

2
GEL0sNIP(AD) _ (EI0P(AD)  yeogNP/N _ | | o ((log N) ) '
N
Therefore, we can calculate

e—@NIP(AD) _ ,~aNP(AD ,+a(m=D)P(A])
—

3
1+0(7<‘°gNN ) )
So we have to calculate

e~ aNP(AD _ I

’
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where

| = OtNP(A])
Co + Cl + 1
o =) ,,)z Nm(m —1)p"(q142)
I+ ehae T moenas

p(1—p) p? )
1
< T oDz | mm — Daraa

= Np"2q1g> (m*Co + m(Cy — Co) + C2 — C1).

Our aim is to find m (N) so that the asymptotic behaviour of P(u(N) — [m(N)] < k) can
be obtained. Then

P(u(N) — [m(N)] < k) = P(u(N) < m(N) +k — {m(N)}).

Letm =m(N) +k — {m(N)}. So

3
P((N) — [m(N)] < k) = P(u(N) <m) = e (1 +0 (“‘)g%» .

We want to find m(N) so that the remainder term in the exponent / be small. We shall do it

step by step using several Taylor expansions. We try to find m(N) as log N + A, where A
will be specified later. Som =1log N + A + k — {m(N)}.

Then, using the Taylor expansion log(xg 4+ y) = log xg + CXO — 2

is between xg and xo + y and xo > 0, xo + y > 0, we obtain

m(Cy — Co) + (C2 — Cy)

L = logl = log (p~q142) — m +log N + log(m*Co) + Cm2Cy

1 (m(Cy — C0)+(C2—C1))2+O< 1)

2C (Cm2Cy)? m3

-2 C1 —Co 1 1
= log(p~*q192) —m +log N 4 2logm +1logCo + ——— + K +0( — ).
CCom m m

Now since m =log N + A +k — {m(N)}, we have

L = log(Cop~2q1q2) — logN — A — (k — {m(N)}) + log N

Ci—Cy 1 1
+210g(logN+A+k—{m(N)})+¥+—2K+O(—3>.
CCom m m

Again applying the above Taylor expansion, we infer

2(A+k—
L = log(Cop™?q192) — A — (k — {m(N)}) + 2loglog N + AALE bmah

ClogN
CLA+k—{m(\MP* 2 A+k—(mN))®  C1-Co K ( 1 )
Cc (log N)? 3C (log N)3 CCom — m2 (log N)3
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Now, we let A = 2loglog N + B. Then

4loglogN 2B 2(k — {m(N
L = log(Cop~2qiqn) — B — (k — {m(N)}) + ——2°% (k — {m(N)})

Clog N Clog N Clog N
1 A2 2AG —{m(N)) 1 (k—{m@MNPr 2 A3
CUogN)2 C (logN)2  C (logN)2 3C (log N)3
242(k — {m(N)}) 24Kk —{m(N)PD? C1—Cy K 1
C(log N)3 C(log N)3 CCom m2 ((logN)3> '

_ 4loglog N
Let B = Clogn~ T D- Then

8loglog N 2D 2(k — {m(N
L = 1og(Cop~2q142) — D — (k — {m(N)}) + =5 o—" (k= {m(N))

C%2(logN)? = ClogN ClogN

1 2loglog N + B)? 2 (2loglogN + B)(k — {m(N)}) 1 (k — {m(N)}H?

C (log N)? c (log N)? C  (logN)?

i (2loglog N + B 202 loglog N + B)2(k — {m(N)})

3C (log N)3 C(log N)3

2(2loglog N + B)(k — {m(N))?> Ci—Co K 1
+(gg )(3{()})+1 0+—2+O ).

C(log N) CCom m (log N)

We shall use the Taylor expansion xo:- ~ = % -5+ i—i - ;—i, where X is between x( and

0 0
xo + x and where xg > 0, xo +x > 0. Sincem = log N + A + k — {m(N)},

1 1 Atk={m(N)} | (A+k—{m(N))? < 1 )
m  logN (log N)? (log N)3 (log N)3
and
11 2logN(A+k—{m(N) o( 1 )
m2 ~ (log N)? (log N)* (logN)3 ) °
Now let
D= Ci—Co 1
CCo logN
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Then
L = log(Copq142) ~ COC" 10; I %

2(C1—Cy) 1 2E 2(k — {m(N)} 4 (loglog N)?
C2C,  (ogN)? | Clogh ClogN  C (logN)?

4B loglogN 4 (loglog N)(k — {m(N)}) 2B (k — {m(N)})

C (logN)?2 C (log N)2 ~C  (logN)?

1 (k—{m(N)})* 16 (loglogN)> 8B (loglog N)?

" C (logN)? 3C (logN)3 ' C (logN)3

8 (loglog N)*(k — {m(N)}) | 4 (loglog N)(k — {m(N)})?

c (log N)3 c (log N)3

C;—Cy 1 A+k—{m(N)} (2loglogN + k — {m(N)})?
CCo (logN ~ (logN)? (log N)3 )

I 244k — (m(N))) I
K ((log NE T (ogN)? ) o ((log N>3> '

So we have obtained

8loglogN  2(Cy — Cp) 1

L = log(Cop2q142) — E — (k — {m(N)}) +

C2(log N)? C2Cy  (log N)?
N 2F 2(k —{m(N)}) 4 (loglogN)> 1 (4loglogN)*>  Cj —Cq 4loglog N
ClogN ClogN C (ogN)2  CZ (logN)3 C2Cy (logN)3
4 (loglog N)(k —{m(N)}) 8 (loglog N)(k — {m(N)}) 1 (k — {m(N))*
Cc (log N)2 c? (log N)3 C  (logN)?2
16 (loglog N)> 8 (loglog N)2(k — {m(N)}) 4 loglog N(k — {m(N)})?
3C (logN)3 C (log N)3 Cc (log N)3
+C1 —Co (_ZIOgIOgN _ 4loglog N _ k—{m(N)}  4(loglog N)?
CCy (log N)2 C(log N)3 (log N)? (log N)3
410g10gN(k—{m(N)})> K 4KloglogN O< 1 >
(log N)3 (log N)? (log N)3 (log N)3
Now let
E—_ 4 (loglogN)2+< 8 2(C1—Co)>10g10gN
C (logN)?2 CCy (log N)?
(2(C1 Co)
+ K
C2Cy (log N)2
16 (loglog N)3 4(C1 Co)\ (loglog N)?
3C (logN)* ( Co ) (log N)3
<4K n 8(Cy — Co)> log logN
C2Cy (log N)2
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To collect those terms which contain k — {m(N)}, we use the function H (x) introduced in
(2.2). Inserting these expressions, we obtain

L = log(Cop2q1q2) + H (k — {m(N)})
16 loglogN 8 (loglog N)?
C3 (logN)? C? (logN)3
4(C1 — Cyp) loglog N 1
- 0 .
C2Cy (logN)3 (log N)3

So choosing

_ 16 loglog N 8 (loglog N)?  4(Cy — Cp) loglog N

T C3 (logN)3 €2 (logN)3 C2Cy (logN)3’

we have
1
L =1log(Cop~*q1q2) + H(k — {m(N)}) + O (W) :

So we obtain

P(u(N) — [m(N)] < k)

3
et (1 +0 (Lgl\;v) ))
—pt (log N)3>)
e <1 +0 <7N

—exp (— —(log<00p—2q1qz)+H(k—{m<N)}))) 1ot
exp( p < + Iog N)? .

4 Discussion

In this paper we studied experiments, where two types of failures may occur. Repeating the
experiment several times, we considered those runs which contain at most one failure of type
I and at most one failure of type II. We were able to find a good approximation for the length
distribution of the longest such kind of runs.
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