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1 Introduction

Linear recurrence sequences form a classical �eld (among others) in
Diophantine number theory. Their �rst appearance is linked to the
famous book of Fibonacci [25]. Since then they have been studied
from many aspects, in several books and papers, by many authors.
We only mention a few directions where intensive and deep research
has been made.

Concerning various divisibility properties of linear recurrence sequences
one may discuss the paper of Bézivin, Peth® and van der Poorten [5],
where a full characterisation of divisibility sequences is given. A more
recent result, equally of great interest and importance is due to Bilu,
Hanrot and Voutier [6] concerning primitive prime divisors of Lucas-
sequences. Another direction concerns the existence of perfect powers
among the terms of linear recurrence sequences. Here we may men-
tion classical papers of Peth® [39] and Shorey and Stewart [42], who
independently proved that (under general assumptions) there are only
�nitely many powers in binary linear recurrence sequences. As a par-
ticular, but interesting and deep related recent result we mention that
Bugeaud, Mignotte and Siksek [11] found all perfect powers in the Fi-
bonacci sequence and among Lucas numbers. For related results and
general �niteness theorems, see e.g. the book of Shorey and Tijde-
man [43]. Another important direction of research concerns the zero-
multiplicity, or more generally the a-multiplicity of linear recurrence
sequences: that is, we are interested in the number of terms being equal
to 0 or to a of a �xed linear recurrence sequence. Here one can mention
classical results of Skolem, Mahler and Lech (see for example Chapter
C of [43] for an account), or e.g. the papers of Beukers and Tijdeman
[4], Schmidt [44] and Brindza, Pintér and Schmidt [10], and the refer-
ences therein. Finally, we mention that certainly there are many more
directions one could discuss. As a particular, but interesting problem
one may e.g. discuss the paper of Fuchs, Luca and Szalay [27] related
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to variants of so-called Diophantine sets. However, instead of trying to
survey the enormous literature, we only refer the reader to the books
of Everest, van der Poorten, Shparlinski and Ward [20] for generalities
on recurrence sequences, the books of Shorey and Tijdeman [43] and
of Evertse and Gy®ry [21] for many e�ective and ine�ective results and
many applications related to them.

In this dissertation we discuss problems and prove various new results
related to linear recurrence sequences. At this point we only sketch
our results and their background. A detailed description of the studied
problems will be given in the corresponding chapters, together with a
thorough survey of the related literature.

First we consider the following question. Given a generalized Pell equa-
tion of the shape

x2 − dy2 = t

with non-zero integers d, t where d > 1 is square-free, how many of
its integral solutions x, y can be represented as an arbitrary, but �xed
term sum of integers with prime factors coming from some given �nite
set of primes? As we shall see, this problem leads to the investigation
of the question that how many terms of a binary linear recurrence
sequence can be obtained as the sum of a �xed number of so-called
integral S-units. We prove that under some conditions, this number is
�nite. It is important to note that our conditions will be necessary, so
in the qualitative sense our results are best possible.

Then we investigate the number of terms of linear recurrence sequences
of arbitrary degree in the solution sets of generalized Pell-equations.
We shall prove that under certain assumptions, the number of such
terms is �nite, and give e�ective upper bounds for the number of ex-
ceptional terms. We shall be able to describe all the degenerate cases
(that is, cases where there are in�nitely many solutions) completely.
Thus our results are qualitatively precise in this case, as well.
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Finally, we extend our results to the case of terms of recurrence se-
quences in the solution sets of norm form equations, i.e. equations of
the form

N (x1γ1 + . . .+ xmγm) = t, (1.1)

whereN is the norm from an algebraic number �eldK to Q, γ1, . . . , γm
are linearly independent elements of K over Q, and t is a non-zero
integer. We shall be able to give �niteness results for the number of
such terms in this case, as well. Further, the conditions we impose will
be necessary here, too.

To prove our results, we shall combine various deep tools, such as
the theory of norm form equations, S-unit equations and polynomial-
exponential equations.

The structure of the dissertation is the following. In the second chapter
we summarize the most important notions and tools used. Namely,
we introduce some notation and recall some important theorems and
assertions related to recurrence sequences, algebraic number �elds, S-
units and S-unit equations and polynomial-exponential equations. The
next three chapters contain our results, following the order indicated
above.
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2 Some important notions and tools

In this section, we collect those notions and tools which will be neces-
sary for our purposes. They are in the background of the problems we
study, and play important roles in our arguments and they (typically)
appear at several points.

2.1 Recurrence sequences

Let r be a positive integer, a1, . . . , ar ∈ Z such that ar 6= 0 and
U0, . . . , Ur−1 ∈ Z not all zero. If

Un = a1Un−1 + · · ·+ arUn−r (n ≥ r) (2.1)

and r is minimal such that (Un) satis�es a relation above, then we say
that U = (Un) = (Un)n≥0 is a linear recurrence sequence (of integers) of
order r. Throughout this thesis, we always assume that a recurrence
sequence is given by its minimal length relation (2.1). Importantly,
we can do this without loss of generality. Indeed, by the Berlekamp-
Massey algorithm [45], one can determine the order r and the minimal
recursion as well. We shall also use the notation

U = U(a1, . . . , ar, U0, . . . , Ur−1).

The characteristic polynomial of (Un) is de�ned by

f(x) := xr − a1x
r−1 − · · · − ar =

q∏
i=1

(x− αi)mi (2.2)

where α1, . . . , αq are distinct algebraic numbers and m1, . . . ,mq are
positive integers. Note that as ar 6= 0, we have αi 6= 0 (i = 1, . . . , q).
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The sequence (Un) is called degenerate if there are integers i, j with
1 ≤ i < j ≤ q such that αi/αj is a root of unity; otherwise it is
non-degenerate. Note that in the literature one can �nd many dif-
ferent de�nitions for the non-degeneracy of a recurrence sequence, for
example in many cases it is also required that some of the coe�cients
a1, . . . , ar are non-zero. However, the property that αi/αj is not a root
of unity is always assumed. Here we only require this commonly used
assumption. The non-degeneracy of the recurrence sequences will play
an important role in our results. Namely, Theorem 4.1 and Theorem
5.1 are not valid for degenerate sequences (see the corresponding re-
marks after them).

We shall also need the following assertion for the explicit representation
of the terms of recurrence sequences. In fact, it is a slightly extended
version of Theorem C1 a.) in part C of [43]. The original theorem
only claims that the polynomials gj appearing in the statement are
of degrees at most mj − 1, but we shall also need that they are not
identically zero. In fact, this is apparent from the proof of the theorem
in [43]. However, to keep the presentation as much self-contained as
possible, we give a full proof of this statement. For this, we follow the
proof of Theorem C1 in part C of [43], with small modi�cations.

Lemma 2.1. Let U be a recurrence sequence given by (2.1). Then we
have

Un =

q∑
j=1

gj(n)αnj for all n ≥ 0, (2.3)

where gj(x) is a not identically zero polynomial of degree at mostmj−1

(j = 1, . . . , q) with coe�cients in the number �eld Q(α1, . . . , αq).

Proof. Let

E(x) =
∞∑
n=0

Unx
n
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be the generating function of the recurrence sequence U and set

F (x) := xrf

(
1

x

)
= 1−

r∑
i=1

aix
i =

q∏
j=1

(1− αjx)mj .

Thus, introducing the notation

φi =

{
−ai, if 0 < i ≤ r,

1, if i = 0,

we have

F (x) =
r∑
i=0

φix
i.

Then by (2.1),

G(x) := E(x)F (x) =
r−1∑
n=0

n∑
j=0

φjUn−jx
n +

∞∑
n=r

r∑
j=0

φjUn−jx
n =

=
r−1∑
n=0

n∑
j=0

φjUn−jx
n +

∞∑
n=r

(
Un −

r∑
j=1

anUn−j

)
xn

=
r−1∑
n=0

xn
n−1∑
j=0

φjUn−j.

Introduce the following notation:

Hn :=
n∑
j=0

φjUn−j (n = 0, 1, . . . , r − 1).

Thus in view of
m1 + . . .+mq = r,

splitting G(x)/F (x) into partial fractions, we obtain

E(x) =
G(x)

F (x)
=

r−1∑
n=0

Hnx
n

q∏
j=1

(1− αjx)mj

=

q∑
j=1

mj∑
i=1

ρij
(1− αjx)i

(2.4)
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for certain numbers ρij ∈ Q(α1, . . . , αq), which are uniquely deter-
mined. Recall that αi 6= 0 (i = 1, . . . , q).

Importantly, observe here that it is not possible that ρ1j, . . . , ρmjj are
all zero for any j ∈ {1, 2, . . . , q}. Indeed, otherwise (2.4) would yield a
contradiction, since 1/αj would be a pole of the left hand side, but it
would not be a pole of the right hand side.

For any x with
|x| < min

1≤j≤q
|αj|−1,

we have

E(x) =

q∑
j=1

mj∑
i=1

ρij

∞∑
n=0

(
−i
n

)
(−αjx)n =

=
∞∑
n=0

(
q∑
j=1

mj∑
i=1

ρij

(
n+ i− 1

n

)
αnj

)
xn.

Note that the Taylor coe�cients are uniquely determined. On com-
paring coe�cients we �nd (2.3) with gj de�ned by

gj(x) =

mj∑
i=1

ρij
(x+ i− 1)(x+ i− 2) . . . (x+ 1)

(i− 1)!
(j = 1, . . . , q).

As for every j with 1 ≤ j ≤ q we have ρij 6= 0 for some i with
1 ≤ i ≤ mj, our claim follows.

2.2 Basics from algebraic number theory

Let K be an algebraic number �eld of degree m. Let OK denote the
ring of integers of K. Write

m = s+ 2l,

where s and l are the numbers of real and complex pairs of embeddings
of K into C, respectively. The following statement is the so-called
Dirichlet unit theorem.
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Theorem 2.1. There exist units ε1, . . . , εr with r = s + l − 1 in OK,
such that every unit ε ∈ OK has a unique representation in the form

ε = ϑεq11 . . . εqrr ,

where q1, . . . , qr ∈ Z and ϑ ∈ OK is a root of unity.

Proof. See e.g. Theorem 5 of [7] on p. 112.

Theorem 2.2. The roots of unity in OK form a �nite cyclic group.

Proof. The statement a is a simple consequence of Theorem 2 of [7] on
p. 105.

Let N be the norm from K to Q. Let γ1, . . . , γm be linearly indepen-
dent elements of K over Q, and t be a non-zero integer. Then the
equation

N (x1γ1 + . . .+ xmγm) = t (2.5)

is called a norm form equation.

For a ring R, a non-trivial ideal P ⊂ R is a prime ideal, if for any
ideals A,B of R

P |AB implies that P |A or P |B.

The following theorem is well-known.

Theorem 2.3. OK is a Dedekind domain, an integral domain where

every ideal I 6= (0) can be factorized into a product of prime ideals in

a unique way.

For a non-zero integer z, let ω(z) denote the number of distinct prime
divisors of |z|. As it is well-known, any number �eld contains only
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�nitely many pairwise non-associate algebraic integers of a given norm.
That is, up to associates, equation (2.5) has only �nitely many solu-
tions. We shall use the following quantitative version of this assertion,
due to Gy®ry [31].

Theorem 2.4. The number of pairwise non-associate solutions of (2.5)
is at most

mω(t) · τm(tm−1),

where τm(α) is the number of factorizations of the principal ideal (α)

into m integral ideals in OK.

Proof. The statement is a simple consequence of Lemma 5 of [31].

By the (naive) height h(γ) of an element γ ∈ K we mean the maximum
of the absolute values of the coe�cients of the de�ning primitive poly-
nomial of γ in Z[x]. Note that for γ ∈ Q, h(γ) is just the maximum of
the absolute values of the numerator and the denominator of γ.

2.3 Pell equations

The equation
x2 − dy2 = t (2.6)

is called a generalized Pell equation, where d, t ∈ Z, d > 1 is square-
free, and t is a non-zero integer. (Note that the name Pell equation
usually refers to the cases t = ±1,±4.) Observe that (2.6) is a norm
form equation in Q(

√
d). Indeed, in this case

m = 2, γ1 = 1, γ2 =
√
d.

If t ∈ {1, 4}, we call
x = ±1 or ± 2, y = 0
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(respectively) the trivial solutions, the others (where y 6= 0) are the
non-trivial solutions. It is well-known that if (2.6) has a solution, it
has in�nitely many solutions, and a Pell equation with t = 1, 4 always
has in�nitely many solutions. The following lemma tells us about the
structure of solutions for t = 1.

Lemma 2.2. Let u0 and v0 be the smallest positive solutions (in x and
y, respectively) of the equation

x2 − dy2 = 1. (2.7)

Then all positive integer solutions u, v of (2.7) are given by

u+
√
dv =

(
u0 +

√
dv0

)m
(m ≥ 1).

Proof. The statement is Theorem 7.26 of [38] on p. 354.

Remark 2.1. The unit
ξ0 := u0 +

√
dv0

is a fundamental unit with N (ξ0) = 1 in Q(
√
d), in the sense that

every unit ξ with N (ξ) = 1 in Q(
√
d) can be obtained as

ξ = ±ξa0 (a ∈ Z).

2.4 S-units and S-unit equations

Let p1, . . . , p` be distinct primes and put

S = {p1, . . . , p`}.

Then a rational number z is an S-unit, if z can be written as

z = ±pb11 . . . pb``

with some b1, . . . , b` ∈ Z. Write US for the set of S-units.
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We shall need a similiar concept in algebraic number �elds as well.

Let
S = {P1, . . . , P`}

be a �nite set of prime ideals of K. Write US for the set of S-units
in K, that is, for the set of those χ ∈ K 6= 0 for which the principal
fractional ideal (χ) can be represented as

(χ) = P b1
1 . . . P b`

` (b1, . . . , b` ∈ Z).

LetK be an algebraic number �eld, and e1, . . . , ek be non-zero elements
of K. Then

e1x1 + . . .+ ekxk = 1 (2.8)

in unknown S-units x1, . . . , xk, is called an S-unit equation, given in
inhomogeneous form. Note that by changing the notation, for example
writing

ek+1 = −1, xi =
yi
yk+1

(i = 1, . . . , k)

where yi ∈ US (i = 1, . . . , k + 1), we can give (2.8) in homogeneous
form, that is as

e1y1 + . . .+ ekyk + ek+1yk+1 = 0.

S-unit equations have a long history, a vast literature, and also many
and many types of applications (see for example the book of Evertse
and Gy®ry [21]). We shall need results guaranteeing the �niteness of
the number of solutions of S-unit equations. For this, we need to in-
troduce the following notion.

If for a solution x1, . . . , xk of (2.8) we have

ei1xi1 + · · ·+ eijxij = 0

12



for some 0 < j ≤ k and 1 ≤ i1 < · · · < ij ≤ k, we say the solution has
a vanishing subsum.

For example, let S = {2, 5}. Then for

x1 + x2 + x3 + x4 = 1

we can get an in�nite number of solutions by the identity

2a · 5− 2a+2 − 2a + 1 = 1.

Observe that here we have

2a(5− 4− 1) + 1 = 1,

where 5− 4− 1 = 0 gives a vanishing subsum.

Lemma 2.3. Use the above notation, and let e1, . . . , ek be non-zero
elements of K. Then the equation

e1x1 + . . .+ ekxk = 1 (2.9)

has at most c0 solutions

(x1, . . . , xk) ∈ Uk
S

for which the left hand side of (2.9) has no vanishing subsums. Here
c0 is an e�ectively computable constant depending only on k, ` and
degK.

Further, if k = 2 then we also have

max(h(x1), h(x2)) < c8,

where c8 is an e�ectively computable constant depending only on the
coe�cients e1, e2 in (2.9), and on K and S.

Proof. This statement follows from Theorem 6.1.3 on p. 132 and Corol-
lary 4.1.5 on p. 65 of [21].
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2.5 Polynomial-exponential equations

Consider the equation
k∑
τ=1

Pτ (x)κxτ = 0 (2.10)

in variables
x = (x1, . . . , xs) ∈ Zs,

where the Pτ are polynomials with coe�cients in an algebraic number
�eld K, and

κxτ = κx1τ1 · · ·κ
xs
τs (2.11)

with given non-zero

κτ1 , . . . , κτs ∈ K (τ = 1, . . . , k).

Let P be a partition of the set

Λ = {1, . . . , k}.

Then the system of equations∑
τ∈λ

Pτ (x)κxτ = 0 (λ ∈ P) (2.12)

yields a re�nement of (2.10). Let S(P) be the set of solutions of (2.12)
which are not solutions of∑

τ∈λ

Pτ (x)κxτ = 0 (λ ∈ Q)

with any proper re�nement Q of P . For two indices τ1, τ2 ∈ Λ, intro-
duce the notation

τ1
P∼ τ2

if τ1 and τ2 lie in the same subset λ of P . Let G(P) be the subgroup
of Zs consisting of z with

κzτ1 = κzτ2 for any τ1, τ2 with τ1
P∼ τ2.
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Now we can give a deep theorem of Schlickewei and Schmidt [41], yield-
ing a strong �niteness result for such polynomial-exponential equa-
tions.

Lemma 2.4. Using the above notation, suppose that G(P) = {0}.
Then we have

|S(P)| < 235A3

D6A2

with D = deg(K) and

A = max

(
s,
∑
τ∈Λ

(
s+ deg(τ)

s

))
,

where deg(τ) is the total degree of the polynomial Pτ .

Proof. The statement is Theorem 1 in [41].

15





3 Sums of S-units in the solution sets of

generalized Pell equations

3.1 Introduction

There are many papers about equations of the form

Un = z1 + · · ·+ zk, (3.1)

where (Un)∞n=0 is a linear recurrence sequence, and z1, . . . , zk are inte-
gers with prime factors coming from a �xed �nite set of primes. Here
we only refer to the papers Guzman-Sanchez and Luca [30], Bertók,
Hajdu, Pink and Rábai [2], Bérczes, Hajdu, Pink and Rout [3] and the
(many) references there, where several and various related �niteness
results have been proved. We mention that there are also many results
in the literature where other similiar questions are discussed. For ex-
ample, Bravo, Faye and Luca [9] considered a problem connected to
sums of terms of a recurrence sequence yielding perfect powers (also
see the references there).

In this section, we consider the problem of representability of solutions
of generalized Pell equations as a �xed term sum of integers with prime
factors coming from some �nite set of primes. As we shall see, this
problem is closely related to equation (3.1). In fact, the problem is
more general: it turns out that we need to �nd sums of the form

z1 + · · ·+ zk

in unions of recurrence sequences, rather than in only one �xed se-
quence. We note that there are some closely related results in the
literature. We mention only two recent papers Luca and Togbé [37]
and Ddamulira and Luca [14] about the x-coordinates of certain Pell-
equations which are (generalized) Fibonacci numbers, and the refer-
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ences therein, and one by Erazo, Gómez and Luca [19] on linear com-
binations of prime powers in the x-coordinates of solutions of Pell equa-
tions.

3.2 New results

We recall from Section 2.3 of Chapter 2 that a generalized Pell equation
is an equation of the shape

x2 − dy2 = t, (3.2)

where d, t ∈ Z, d > 1 is square-free, t 6= 0. We mention that in fact,
such an equation can be considered to be a norm-form equation over
a quadratic number �eld.

Let X and Y be the sets of solutions of equation (3.2) in x ∈ Z and
y ∈ Z, respectively.

Now we can give our results about sums of S-units in the solution
sets of generalized Pell equations. In the particular case of 'one-term'
sums, our theorem is e�ective, that is, we are able to bound all the
parameters involved. In the general case we can bound only the number
of solutions.

Theorem 3.1 (Hajdu and Sebestyén [32]). Use the above notation,

and let k ≥ 1. Then there are at most c1 tuples

(z1, . . . , zk) ∈ Uk
S

such that

zi1 + · · ·+ zij 6= 0 (3.3)

for any 0 < j ≤ k and 1 ≤ i1 < · · · < ij ≤ k, and

z1 + · · ·+ zk ∈ X ∪ Y, (3.4)
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where c1 is an e�ectively computable constant depending only on ω(t),

k and `. Further, if k = 1 then we also have

h(z1) < c2,

where c2 is an e�ectively computable constant depending only on d, t

and S.

Remark. Schinzel [40] proved that the greatest prime divisor of f(x)

where f is a quadratic polynomial with integer coe�cients having dis-
tinct roots e�ectively tends to in�nity as |x| tends to in�nity. From
this one can easily deduce the case k = 1 of the above theorem. How-
ever, as we would like to keep the presentation coherent, we shall give
a general proof to Theorem 3.1, ultimately based upon the theory of
S-unit equations.

We also note that the condition (3.3) related to vanishing subsums is
not only natural, but it is necessary, as well. Indeed, if for some

z1, . . . , zk ∈ US

we have inclusion (3.4), but (3.3) does not hold for some indices with
0 < j ≤ k and 1 ≤ i1 < · · · < ij ≤ k, then the following sums

z1 + · · ·+ zk + (z0 − 1)(zi1 + · · ·+ zij) (z0 ∈ US)

would yield in�nitely many solutions for the inclusion (3.4).

3.3 The proof of Theorem 3.1

Before formulating our further lemmas, we need to introduce some
notation concerning recurrence sequences. Let A,B be integers with
B 6= 0, and let U0, U1 be integers such that at least one of them is
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non-zero. Then the sequence U = (Un)n≥0 satisfying a relation of the
form

Un = AUn−1 +BUn−2 (n ≥ 2) (3.5)

is the special case r = 2 of (2.1), a binary linear recurrence sequence.
We shall also use the notation

U = U(A,B, U0, U1)

for the sequence. Then by using (2.2), the characteristic polynomial of
U is

f(x) := x2 − Ax−B.

Write α and β for the roots of f(x). It is known from (2.3) that if U
is non-degenerate then we have

Un =
(U1 − U0β)αn − (U1 − U0α)βn

α− β
(n ≥ 0). (3.6)

The following lemma shows that the sets of the coordinates of the
solutions of equation (3.2) are unions of �nitely many non-degenerate
binary linear recurrence sequences. We note that this assertion is long
and well-known qualitatively. However, we do not know any source
where this statement is explicitly formulated (let alone the paper of
Liptai [36] which is in Hungarian and which does not provide an upper
bound for the number of the recurrence sequences involved). In fact,
we shall need only the case concerning solutions with gcd(x, y) = 1.
However, we �nd the general case of possible independent interest. For
a non-negative integer m, write τ(m) for the number of divisors of |m|.
Lemma 3.1. Let u0 be as in Lemma 2.2. If equation (3.2) has a solution,
then all its solutions are given by

(x, y) =
(
G(i)
n , H

(i)
n

)
(i = 1, . . . , I)

with some binary recurrence sequences

G(i) = G(i)(2u0,−1, G
(i)
0 , G

(i)
1 ), H(i) = H(i)(2u0,−1, H

(i)
0 , H

(i)
1 ).
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Here I and
G

(i)
0 , G

(i)
1 , H

(i)
0 , H

(i)
1 (i = 1, . . . , I)

are some positive integers with

I < c3

and
|G(i)

j |, |H
(i)
j | < c4 (0 ≤ j ≤ 1, 1 ≤ i ≤ I), (3.7)

where c3 is an e�ectively computable constant depending only on τ(t),
while c4 is an e�ectively computable constant depending only on d and
t. Further, for the solutions (x, y) of (3.2) with gcd(x, y) = 1 the same
conclusion holds, with

I < c5

and (3.7), where c5 is an e�ectively computable constant depending
only on ω(t).

Proof. Obviously, we may restrict to positive integer solutions of (3.2).
So let (ε, δ) be a positive solution of (3.2). Then the norm N (ε+

√
dδ)

of the algebraic integer ε +
√
dδ is t in the �eld Q(

√
d). By Theorem

2.4 we know that there are only �nitely many pairwise non-associate
algebraic integers U +

√
dV in Q(

√
d) of norm t, and their number

I can be bounded in terms of τ(t); further, under the assumption
gcd(ε, δ) = 1, even in terms of ω(t). It is well-known (see e.g. Chapter
A of [43]) that we may assume here that

max(|U |, |V |) < c6,

where c6 is an e�ectively computable constant depending only on d, t.
Thus there exist algebraic integers Ui +

√
dVi with

N(Ui +
√
dVi) = t

and
max(|Ui|, |Vi|) < c6 (i = 1, . . . , I)
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such that
ε+
√
dδ = ν(Ui +

√
dVi)

for some 1 ≤ i ≤ I, where ν is a unit in Q(
√
d). We immediately get

that N (ν) = 1. Thus Lemma 2.2 yields that

ν = ±(u0 +
√
dv0)z (z ∈ Z).

For simplicity, we assume that

ν = (u0 +
√
dv0)m

with some m ≥ 0, since all the other cases are similar (or can be
excluded by our assumption that ε and δ are positive). Then we have

ε+
√
dδ = (Ui +

√
dVi)(u0 +

√
dv0)m,

whence also

ε−
√
dδ = (Ui −

√
dVi)(u0 −

√
dv0)m.

Putting
α := u0 +

√
dv0, β := u0 −

√
dv0

from these assertions we obtain

ε =
Ui +

√
dVi

2
αm +

Ui −
√
dVi

2
βm

and

δ =
Ui +

√
dVi

2
√
d

αm − Ui −
√
dVi

2
√
d

βm.

Hence as α, β are roots of the polynomial

x2 − 2u0x+ 1

(also in view of (3.6)), we get that ε and δ are elements of the recurrence
sequences

G = G(A,B,G
(i)
0 , G

(i)
1 ) and H = H(A,B,H

(i)
0 , H

(i)
1 ),
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respectively, with

A = 2u0, B = −1

and

(G
(i)
0 , G

(i)
1 ) = (Ui, u0Ui + dv0Vi), (H

(i)
0 , H

(i)
1 ) = (Vi, v0Ui + 2u0Vi).

Finally, note that it is obvious that the terms of these recurrence se-
quences are solutions of (3.2). Hence our claim follows.

We shall also need the following �niteness result of Bérczes, Hajdu,
Pink and Rout [3] concerning the number of terms of recurrence se-
quences representable as k-term sums of S-units.

Lemma 3.2. Let Un be a non-degenerate binary linear recurrence se-
quence as in (3.5), and suppose that the characteristic polynomial of
Un has non-rational roots. Then for any �xed k ≥ 1, equation (3.1) is
solvable in

z1, . . . , zk ∈ US

at most for �nitely many n. Further, the number of indices n for
which (3.1) is solvable for this �xed k, can be bounded by an e�ectively
computable constant depending only on ` and k.

Proof. The statement is a simple consequence of Theorem 1 of [3] and
its proof. Note that the statement in [3] concerns only the case where

z1, . . . , zk ∈ US ∩ Z,

however, from the proof it is clear that this more general formulation
is also valid.

Now we are ready to give the proof of Theorem 3.1.
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Proof of Theorem 3.1. Let z1, . . . , zk ∈ US satisfying (3.4) and (3.3).
Assume �rst that

z1 + · · ·+ zk ∈ X.

Let (ε, δ) be a solution of (3.2) such that

z1 + · · ·+ zk = ε,

and write
z = gcd(ε, δ).

Observe that
z | t.

By Lemma 3.1 we have that

z1 + · · ·+ zk = zG(i)
n (3.8)

with some i ∈ {1, . . . , I} and n ≥ 0, where I is bounded in terms of
ω(t) and G(i)

n is a term of a non-degenerate binary recurrence sequence

G(i) = G(i)(2u0,−1, G
(i)
0 , G

(i)
1 ).

Note that as v0 > 0 in Lemma 2.2, we have u0 > 1. Thus the roots α
and β of the characteristic polynomial

f(x) = x2 − 2u0 + 1

are (real) irrational numbers. (Observe that here f(x), hence α and β
are independent of i.) We can rewrite (3.8) as

z−1z1 + · · ·+ z−1zk = G(i)
n ,

and observe that here

wj := z−1zj (j = 1, . . . , k)

are S∗-units, where

S∗ = S ∪ {p prime : p | t}.
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Thus by Lemma 3.2 we see that the number of possible indices n in
(3.8) is bounded by a constant c9 depending only on `, ω(t) and k.
Further, by (3.3),

G(i)
n 6= 0

in (3.8). Thus setting

ej =
1

G
(i)
n

(j = 1, . . . , k),

equation (3.8) can be rewritten as

e1w1 + · · ·+ ekwk = 1.

Hence in view of (3.3), and as the number of the above type equations
appearing is at most c9, our statement concerning the number of so-
lutions to (3.4) follows by Lemma 2.3. Further, in the particular case
k = 1, equation (3.8) reduces to

w1 = G(i)
n , (3.9)

which in view of Lemma 3.1 and (3.6) can be rewritten as

ai
αn

w1

+ bi
βn

w1

= 1

with some ai, bi depending only on d, t, where

α = u0 +
√
dv0, β = u0 −

√
dv0.

Let
S =

⋃
p∈S∗
{P : P is a prime ideal in Q(

√
d), P |(p)}.

As α and β are roots of the polynomial

x2 − 2u0x+ 1,

they are units in Q(
√
d), so

α, β ∈ US .
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Thus by Lemma 2.3 we obtain that for some

(γ1, γ2) ∈ US × US

with
max(h(γ1), h(γ2)) < c10,

where c10 is a constant depending only on d, t and S, we have

αn

w1

= γ1,
βn

w1

= γ2.

By multiplying these expressions, in view of

αβ = 1

we obtain
w2

1 =
1

γ1γ2

,

whence we can bound h(z1) in terms of d, t and S. Hence in this case
our claim follows also for k = 1.

Let now
z1 + · · ·+ zk ∈ Y.

In this case a similar argument applies, using the sequences H(i) in
place of the sequences G(i). We can apply the same calculations once
again, and the proof of the theorem is complete.

Remark. In case of
t ∈ {±1,±4},

one can easily check that the sequences

G(i) and H(i) (i = 1, . . . , I)

are Lucas-sequences of the �rst and second kind, respectively. Hence,
in this case for k = 1, in (3.9) (or in the equation

w1 = H(i)
n
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when z1 ∈ Y ) one can get a very good bound for n, using the fa-
mous result of Bilu, Hanrot and Voutier [6] concerning the existence
of primitive prime divisors of the terms of such sequences.
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4 Terms of recurrence sequences in the so-

lution sets of generalized Pell equations

4.1 Introduction

There are several papers in the literature concerning recurrence se-
quences with terms occurring in the solution sets of (generalized) Pell
equations. We mention a few such recent results; the interested reader
may consult their references. In the papers [8, 12, 13, 16, 14, 15, 18,
22, 28, 29, 35] the authors provide various �niteness results concerning
the values (or sums or products of values) of certain concrete recur-
rence sequences (such as Fibonacci, Tribonacci, generalized Fibonacci,
Lucas, Padovan, Pell, repdigits) in the x coordinate of equation (2.6),
for the cases t = ±1,±4. Concerning the y-coordinate, we are aware
only of two related results. Faye and Luca [23] proved that for t = 1

and d > d0 with some d0, any �xed binary recurrence sequence has
at most two terms among the y-coordinates of the solutions of (2.6),
and the same authors [24] showed that again with t = 1, there are at
most two solutions of (2.6) with y-coordinates of the form 2n − 1. For
related results, for example concerning sums or linear combinations of
integers with �xed prime factors in the solution sets of Pell equations,
see e.g. the papers [17, 19, 32] and the references there.

In view of the above results, it seems to be interesting to consider the
question under more general circumstances. In this section, we com-
pletely describe those recurrence sequences which have in�nitely many
terms in either of the x, y coordinates of the solution sets of generalized
Pell equations, i.e. of (2.6) with arbitrary t. Furthermore, we establish
an upper bound for the number of solutions in the case where there are
only �nitely many solutions. We note that equation (2.6) can be con-
sidered as a norm form equation of degree two. Recently, Fuchs and
Heintze [26] obtained similar results concerning values of recurrence
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sequences in the coordinates of solutions of general norm form equa-
tions. However, their results concern only non-degenerate recurrences.
Thus our results can also be considered as an extension of those in [26]
in the case of norm form equations of degree two.

4.2 New results

In this section, we still examine the generalized Pell equation and its
various properties. We recall that

x2 − dy2 = t

is a generalized Pell equation where d, t ∈ Z, d > 1, square-free, t 6= 0.
Let X and Y be sets of solutions in the �rst and second coordinates
respectively.

Now we can give our main result about terms of recurrence sequences
in the solution sets of generalized Pell equations.

Theorem 4.1 (Hajdu and Sebestyén [33]). Let (Un) be a non-degenerate

linear recurrence sequence of integers of order r ≥ 2, such that its char-

acteristic polynomial is not of the form x2 + ax ± 1 with (a2 ∓ 4)/d

being a square in Q. Then the inclusion

Un ∈ X ∪ Y (4.1)

holds only for �nitely many indices n. Further, the number of such

values n is bounded by c10 = c10(r, d, t), where c10 is an e�ectively

computable constant depending only on r, d, t.

Remark. We note that the assumption that (Un) is non-degenerate
is necessary. Indeed, consider the sequence de�ned by U0 = 0, U1 = 1

and Un+2 = Un+1 − Un (n ≥ 0). Then the elements of the sequence
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(Un) are the following: 0, 1, 1, 0,−1,−1, 0, 1, . . .. Then taking d = 7

and t = 1 we have the equation

x2 − 7y2 = 1.

It is easy to see that (x, y) = (±1, 0) is a solution, so Un ∈ X ∪ Y for
in�nitely many indices n. Here the characteristic polynomial of (Un)

is f(x) = x2 − x + 1, so (Un) is degenerate. Further, the exclusion
of the speci�c binary recurrence sequences from Theorem 4.1 is also
necessary. This is demonstrated by the following example. Take d = 2

and t = 1, that is consider the classical Pell equation

x2 − 2y2 = 1.

As it is well-known, its positive solutions are given by

x+
√

2y = (3 + 2
√

2)m (m ≥ 0). (4.2)

Let U0 = 1, U1 = 3 and

Un+2 = 6Un+1 − Un (n ≥ 0).

One can easily check that (Un) is contained in X - this sequence comes
from the formula (4.2). On the other hand, here a = 6, and (a2 −
4)/2 = 16 is a full square, yielding that the roots of the characteristic
polynomials x2 − 6x+ 1 are units of the ring of integers of Q(

√
2).

4.3 The proof of Theorem 4.1

Proof of Theorem 4.1. Let (Un) be a linear recurrence sequence of or-
der r, satisfying the assumptions of the statement. In view of Lemma
3.1, X ∪ Y is the union of at most 2c11 binary recurrence sequences
(Vm) satisfying

Vm+2 = 2u0Vm+1 − Vm (m ≥ 0)
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with some V0, V1 obeying

|V0|, |V1| ≤ c12.

Here c11 and c12 are the constants c3 and c4 appearing in Lemma 3.1.
Since u0 > 1, by (2.3) we get that

Vm = Lυm +Mωm (m ≥ 0),

where υ, ω are the (real) roots of the polynomial

x2 − 2u0x+ 1

and L,M are non-zero conjugated elements of Q(
√
d). In particular,

υ, ω are units and conjugates in Q(
√
d).

Thus, writing Un in the form (2.3), the inclusion Un ∈ X ∪ Y is equiv-
alent with

Lυm +Mωm =

q∑
i=1

gi(n)αni (4.3)

for some m ≥ 0. Note that by our convention on the minimality
on r in (2.1), here none of gi and αi is zero; further, the degrees of
the gi are bounded by r. We shall show that (4.3) has only �nitely
many solutions in (n,m), whose number is e�ectively bounded in terms
of r, d, t. This, in view of that L,M, υ, ω are coming from a �nite
set of at most 2c11 elements, implies our theorem. Observe that as
deg(gi) ≤ r, the number of those values of n which are roots of one
of these polynomials, is bounded by r2. So in what follows we shall
assume that n is not a root of gi (1 ≤ i ≤ q).

We shall handle equation (4.3) by Lemma 2.4. For this, introduce
the following notation. Suppose that the positive integers n,m are
solutions of (4.3). Write N = (n,m),

hi(N) =


gi(n), if i = 1, . . . , q,

−L, if i = q + 1,

−M, if i = q + 2,
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and

δi =


(αi, 1), if i = 1, . . . , q,

(1, υ), if i = q + 1,

(1, ω), if i = q + 2.

Let P be a partition of the set

{1, . . . , q, q + 1, q + 2}

such that we have ∑
i∈λ

hi(N)δNi = 0 (λ ∈ P), (4.4)

but (4.4) does not hold for any proper re�nement of P . Observe that
all solutions (n,m) of (4.3) are solutions of (4.4) with some P . Now
we distinguish subcases according to the structure of P .

Assume �rst that there is a subset λ of P such that

λ ⊆ {1, . . . , q}.

Here |λ| = 1, as αi 6= 0 (1 ≤ i ≤ q), is not possible. Thus |λ| ≥ 2. We
shall use Lemma 2.4 to prove our claim. For this, observe that by the
non-degeneracy of (Un) we have G(P) = {(0, 0)}. Hence by Lemma
2.4 we get an upper bound for the number of these values of n in terms
of r.

Suppose next that there is a subset λ of P such that

q + 1, q + 2 ∈ λ.

Since υ/ω is not a root of unity, we see that G(P) = {(0, 0)} again.
So Lemma 2.4 yields an upper bound for the number of such values of
n in terms of r also in this case.

Thus we are left with the case where P consists of precisely two sets,
say λ1 and λ2 with

q + 1 ∈ λ1, q + 2 ∈ λ2.
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Obviously,
|λ1|, |λ2| ≥ 2.

Assume that one of these sets, say λ1, has more than two elements.
Then there exist i, j with 1 ≤ i < j ≤ q with i, j ∈ λ1. Since αi/αj
is not a root of unity, we get that G(P) = {(0, 0)}. Thus Lemma 2.4
provides an upper bound in terms of r for the number of these values
of n once again. That is, we may assume that

|λ1| = |λ2| = 2

and that (4.4) (switching back to the notation used in (4.3)) reads as{
Lυm = g1(n)αn1 ,

Mωm = g2(n)αn2 .
(4.5)

Importantly, we also see that the characteristic polynomial of (Vn) has
precisely two distinct roots. In particular, α1, α2 are either rational, or
conjugated quadratic algebraic numbers. If in (4.5) we have G(P) =

{(0, 0)}, then we can bound the number of solutions in the usual way.
So we may assume that G(P) 6= {(0, 0)}. Thus there exist t1, t2 ∈ Z
for which

υt1 = αt21 , ωt1 = αt22 .

If α1, α2 ∈ Q, then taking conjugates in

K := Q(υ) = Q(ω),

we get that α1 = α2, a contradiction. So α1, α2 are conjugated quadratic
integers. This easily implies that α1, α2 ∈ K, since υ and ω are units
in Z[

√
d], α1, α2 are units in OK . Multiplying the left and right hand

sides of (4.5), using that υω = 1 and that α1, α2 are conjugated units
of OK , we obtain

LM = (±1)ng1(n)g2(n).

Hence, if any of g1, g2 is not a constant polynomial, we get at most 2r2

solutions for n in this case. Thus we may assume that g1 and g2 are
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constant, that is, the characteristic polynomial of (Vn) is

T (x) := (x− α1)(x− α2) ∈ Z[x].

However, as the roots of T (x) are units of OK , its constant term is ±1

and the square-free part of its discriminant equals d. So we are just
in the exceptional case excluded from the theorem, and the statement
follows.
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5 Terms of recurrences in solutions of norm

form equations

5.1 Introduction

Arithmetic properties of solutions of norm form equations have a con-
siderable literature. Here we mention only one result (which is the
most important from our viewpoint), and for generalities on norm form
equations or other related result we refer the interested reader to the
papers [1] or [26]. Fuchs and Heintze considered terms of so-called
multi-recurrences (being natural generalizations of linear recurrence
sequences) among the coordinates of solutions of norm form equations.
They set the problem in the general case, however, their results con-
cern the case of multi-recurrences which are simple. Simplifying their
result to the case of linear recurrence sequences, this means that the
characteristic polynomials of these sequences have simple zeroes. They
could prove that a simple multi-recurrence, under certain necessary as-
sumptions, can have only �nitely many terms among the coordinates
of solutions of a norm form equation.

In the special situation when the underlying �eld is quadratic, we in
fact investigate terms of recurrence sequences among the solutions of
generalized Pell equations. For an account on these results see the
previous section (which is based on [32]). In particular, Theorem 4.1
states that under certain assumptions, a recurrence sequence has only
�nitely many terms among the coordinates of solutions of generalized
Pell equations.

In this section, we provide a common extension of the main results
of [26] (more precisely, its corollary to the case of linear recurrence
sequences) and of Theorem 4.1. That is, we prove that under cer-
tain assumptions, an arbitrary linear recurrence sequence can have
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only �nitely many terms in the coordinates of solutions of norm form
equations. We show that the imposed assumptions are necessary. In
our proof we shall combine the �niteness of solutions of polynomial-
exponential equations proved by Schlickewei and Schmidt [41] with
some other tools and ideas.

5.2 The main result

To formulate our main result, we need to introduce some notation. Let
K be an algebraic number �eld of degree m, and write N (γ) for the
norm of γ ∈ K (over Q). Let γ1, . . . , γm ∈ K be linearly indepen-
dent over Q, and let t be a non-zero integer. Consider the norm form
equation

N (x1γ1 + . . .+ xmγm) = t (5.1)

in integers x1, . . . , xm. Write Xi (i = 1, . . . ,m) for the coordinate sets
of solutions of (5.1).

Now we can formulate our main result.

Theorem 5.1 (Hajdu and Sebestyén [34]). Let K be an algebraic num-

ber �eld of degree m, and (Un) be a non-degenerate linear recurrence

sequence of integers of order r ≥ 2 given by (2.1) and (2.3). If αi 6= ±1

for some i = 1, . . . , l and one of the conditions

(i) ar 6= ±1,

(ii) K ∩Q(αi) = Q (i = 1, . . . , l)

is satis�ed, then

Un ∈ X1 ∪ . . . ∪Xm (5.2)

holds only for �nitely many indices n, where Xi (i = 1, . . . ,m) are the

sets of the coordinates of the solutions of (5.1). Further, the number of
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such indices is bounded by c13, where c13 = c13(t,m, r) is an e�ectively

computable constant depending only on t,m, r.

Remarks. Clearly, the statement would remain valid also if we take
only m′ linearly independent algebraic integers

γi ∈ K (i = 1, . . . ,m′)

with m′ < m in (5.1). Indeed, in that case we could choose algebraic
integers

γm′+1, . . . , γm

from K such that γ1, . . . , γm are linearly independent over Q. As

X1 ∪ . . . ∪Xm′ ⊆ X1 ∪ . . . ∪Xm,

the �niteness of the set of indices n with

Un ∈ X1 ∪ . . . ∪Xm′

immediately follows from Theorem 5.1.

We also note that the conditions in the theorem are all necessary. To
show this, we exhibit some examples. However, we do so after the
proof of Theorem 5.1, since then we shall have the required machinery
and notation.

5.3 Lemmas and proofs

To prove our theorem we need an application of Lemma 2.4 with s = 1

to linear recurrence sequences. Note that it is closely related to the
zero multiplicity of linear recurrence sequences, known to be �nite and
bounded due to a deep result of Schmidt [44].
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Lemma 5.1. Let (Un) be a non-degenerate linear recurrence sequence
of integers of order r ≥ 2. Using (2.3), let

I ⊆ {1, . . . , l}.

Then there are only �nitely many indices n for which∑
i∈I

gi(n)αni = 0 (5.3)

holds. Further, the number of such indices n can be bounded by c14,
where c14 = c14(r) is an e�ectively computable constant depending
only on r.

Proof. We apply Lemma 2.4 with s = 1. Let n be a solution of (5.3).
First observe that if gi(n) = 0 for some i ∈ I, then n comes from a
�nite set of cardinality bounded in terms of r. So we may assume that

gi(n) 6= 0 (i ∈ I).

Clearly, there is a partition P of I such that n ∈ S(P). If I has a class
λ with |λ| = 1, then n is a root of one of the polynomials gi (i ∈ I),
which is excluded. So we can suppose that |λ| ≥ 2 for all λ ∈ P .
Clearly, since (Un) is non-degenerate, we have G(P) = {0}. Thus by
Lemma 2.4 n comes again from a �nite set of cardinality bounded in
terms of r, and our claim follows.

Now we can prove our main result.

Proof of Theorem 5.1. By (2.4) we know that there are only �nitely
many pairwise non-associate algebraic integers µ in K of norm t, and
their number can be bounded in terms of m, t. That is, if

(x1, . . . , xm) ∈ Zm
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is any solution of (5.1), then we have

x1γ1 + . . .+ xmγm = εµ (5.4)

with such a µ, where ε is a unit of K. As we need to bound the number
of indices n for which Un = xi for some solution (x1, . . . , xm) and i with
1 ≤ i ≤ m, we may assume that µ is �xed. Let

ε1, . . . , ε`

be a system of fundamental units in K. Then (5.4) yields

x1γ1 + . . .+ xmγm = ζεu11 . . . εu`` µ, (5.5)

where ζ is a root of unity in K. Since the number of roots of unity
in K is bounded in terms of m, we may assume that here ζ is �xed.
Taking the conjugates in (5.5) (following arguments from [1] and [26])
we getσ1(γ1) · · · σ1(γm)

...
. . .

...
σm(γ1) · · · σm(γm)


x1

...
xm

 =

 σ1(ζµ)νu111 · · · ν
u`
1`

...
σm(ζµ)νu1m1 · · · ν

u`
m`

 , (5.6)

where σ1, . . . , σm are the isomorphisms of K into C (in any order), and

νij = σi(εj) (1 ≤ i ≤ m, 1 ≤ j ≤ `).

As the determinant of the matrix on the left hand side of (5.6) is known
to be non-zero, we can write

xi = b1iν
u1
11 · · · ν

u`
1` + . . .+ bmiν

u1
m1 · · · ν

u`
m` (i = 1, . . . ,m) (5.7)

with some algebraic numbers bij (belonging to the normal closure of
K). Then, using the notation (2.11), by (2.3) and (5.7) relation (5.2)
gives

b1iν
u
1 + . . .+ bmiν

u
m = P1(n)αn1 + . . .+ Pl(n)αnl (5.8)
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with
u = (u1, . . . , u`)

for some i with 1 ≤ i ≤ m. We may clearly assume that i is �xed. We
shall apply Lemma 2.4 to handle the solutions u, n of (5.8). For this,
we need to introduce some new notation. De�ne the (m+ 1)-tuples ϑj
(1 ≤ j ≤ m+ l) by

ϑj =

{
(νj1, . . . , νj`, 1) for 1 ≤ j ≤ m,

(1, . . . , 1, αj−m) for m+ 1 ≤ j ≤ m+ l,

and the polynomials Qj (1 ≤ j ≤ m + l) in ` + 1 variables z =

(z1, . . . , z`+1) by

Qj(z) =

{
bji for 1 ≤ j ≤ m,

−Pj(zk+1) for m+ 1 ≤ i ≤ m+ l.

Then we can rewrite (5.8) as

m+l∑
j=1

Qj(z)ϑz
j = 0. (5.9)

Let P be any partition of the set J = {1, . . . ,m+ l}. Observe that the
number of such partitions is bounded in terms of m and r. Consider
the re�nement ∑

j∈λ

Qj(z)ϑz
j = 0 (λ ∈ P). (5.10)

of (5.9). We shall be concerned with the solutions of (5.10) which are
not solutions of proper re�nements of it; that is, with S(P). If there
is a λ ∈ P such that

λ ⊆ {m+ 1, . . . ,m+ l},

then any solution of (5.10) comes from a case where we have a vanishing
subsum in the right hand side of (5.8). However, since by Lemma 5.1
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the number of indices n which allow this is bounded in terms of r,
we may assume that it is not the case. We study the set G(P) - in
fact, we show that G(P) = {0} in any case. Take an index j1 with
m + 1 ≤ j1 ≤ m + l, such that αj1 6= ±1. (By our assumptions, such
an index exists.) Then j1 ∈ λ for some λ ∈ P . By the above argument
we see that there is a j2 ∈ λ with 1 ≤ j2 ≤ m such that Qj2 is not

identically zero. If z ∈ G(P), then as j1
P∼ j2, we have

νz1j21 · · · ν
z`
j2`

= α
z`+1

j1
. (5.11)

If (i) holds, then since αj1 is not a unit in σj2(K), we get z`+1 = 0.
Then, as νj21, . . . , νj2` is a system of fundamental units in σj2(K), we
obtain zv = 0 (1 ≤ v ≤ `). Hence z = 0, so G(P) = {0}, and our
statement follows from Lemma 2.4 in this case. Assume that (ii) holds.
Taking the inverse σ−1

j2
of σj2 , (5.11) yields

εz11 · · · ε
z`
` = α

z`+1

h , (5.12)

where αh = σ−1
j2

(αj1). Clearly, αh is an algebraic conjugate of αj2 ,
so it is a root of f(x) in (2.2). Thus (ii) gives that the unit αz`+1

h is
rational - that is, it is ±1. Since αj1 6= ±1 and by the non-degenerate
property of (Un), αh cannot be a root of unity, this gives z`+1 = 0.
Then as ε1, . . . , ε` form a system of fundamental units in K, we also
get z1 = . . . = z` = 0. So z = 0, and G(P) = {0}. Thus our statement
follows from Lemma 2.4 also in this case. The proof of the theorem is
complete.

As we mentioned earlier, the assumptions made in Theorem 5.1 are
necessary. We conclude this section by some examples showing that
this is the case indeed.

Examples. Let (Un) be given by U0 = 0, U1 = 1 and Un+2 =

Un+1 − Un (n ≥ 0). Then as one can easily check, (Un) is given
by 0, 1, 1, 0,−1,−1, 0, 1, . . .. That is, Un = 1 for in�nitely many in-
dices n, and so it is easy to construct a norm form equation such that
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Un ∈ X1 ∪ . . . ∪ Xm for in�nitely many n. However, in this case the
characteristic polynomial of (Un) is f(x) = x2− x+ 1, so the sequence
is degenerate. Hence it is necessary to exclude this property.

Next, consider the sequence (Un) de�ned by U0 = 0, U1 = 1 and
Un+2 = 2Un+1 − Un (n ≥ 0). Then one readily gets that Un = n

(n ≥ 0), so again, it is trivial to �nd a norm form equation such that
Un ∈ X1 ∪ . . . ∪ Xm for in�nitely many n. Now we have f(x) =

x2 − 2x + 1 = (x − 1)2, so the condition that one of the roots of f is
di�erent from ±1 is violated.

Finally, assume that none of the conditions (i) and (ii) in Theorem 5.1
is satis�ed. Let γ = 3

√
2 and K = Q(γ). Then 1, γ, γ2 form an integral

basis of K. Further, γ − 1 is a fundamental unit of K, and the only
roots of unity in K are ±1. Putting (γ1, γ2, γ3) = (1, γ, γ2) and t = 1,
the norm-form equation (5.1) is given by

N (x1 + x2γ + x3γ
2) = 1.

Since the norm of γ − 1 is 1, this equation is equivalent to

x1 + x2γ + x3γ
2 = (γ − 1)u (u ∈ Z).

Thus in this case (5.6) reads as1 γ γ2

1 ξγ ξ2γ2

1 ξ2γ ξγ2

x1

x2

x3

 =

 (γ − 1)u

(ξγ − 1)u

(ξ2γ − 1)u

 ,

where ξ = (−1 +
√
−3)/2 (which is a primitive third root of unity).

From this by a simple calculation we obtain that

x1 =
1

3
(γ − 1)u +

1

3
(ξγ − 1)u +

1

3
(ξ2γ − 1)u (u ∈ Z). (5.13)

Set U0 = 1, U1 = −1, U2 = 1 and Un+3 = −3Un+2 − 3Un+1 + Un
(n ≥ 0). So (Un) is a linear recurrence sequence of order r = 3, with
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characteristic polynomial f(x) = x3 + 3x2 + 3x− 1. As one can easily
check, the roots of f(x) are given by γ − 1, ξγ − 1, ξ2γ − 1, and also
that in this case (2.3) is given by

Un =
1

3
(γ − 1)n +

1

3
(ξγ − 1)n +

1

3
(ξ2γ − 1)n (n ≥ 0). (5.14)

Comparing (5.13) and (5.14) we see that Un ∈ X1 for every n ≥ 0.
Observe that now (i) does not hold as a3 = −1, and (ii) does not hold
since K ∩ Q(γ − 1) = K. So we need to require the validity of (i) or
(ii), indeed.
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Magyar nyelv¶ összefoglaló (Summary in Hun-

garian)

A disszertációban lineáris rekurzív sorozatokra vonatkozó eredménye-
ket tárgyalunk.

A lineáris rekurzív sorozatok irodalma rendkívül gazdag: számos klasszi-
kus eredmény mellett rengeteg modern eredménnyel is találkozhatunk.
Az ilyen típusú sorozatok tulajdonságait sok szerz® több szempontból
vizsgálta. Csupán néhány f® irányt említve: oszthatósági tulajdonsá-
gok vizsgálata (pl. Bézivin, Peth® és van der Poorten [5], vagy Bilu,
Hanrot és Voutier [6]), teljes hatványok létezésének kérdése a soro-
zat tagjai között (pl. Peth® [39], Shorey és Stewart, vagy Bugeaud,
Mignotte és Siksek [11]), a zéró-multiplicitás vagy általánosabban az
a-multiplicitás kérdése (lásd pl. Beukers és Tijdeman [4], Schmidt [44]
Brindza, Pintér és Schmidt [10], illetve az ezekben található hivatkozá-
sok). Egy további, speciális de érdekes problémát említve, Fuchs, Luca
és Szalay [27] úgynevezett diofantoszi halmazok egy kiterjesztését vizs-
gálja lineáris rekurzív sorozatok esetére. További nyitott kérdéseket,
illetve e�ektív és ine�ektív végességi eredményeket és különböz® alkal-
mazásokat például a Shorey és Tijdeman [43], Everest, van der Poorten,
Shparlinski és Ward [20], illetve az Evertse és Gy®ry [21] könyvekben
találhatunk.

A jelen disszertációban különböz®, lineáris rekurzív sorozatokhoz kap-
csolódó problémákat és eredményeket tárgyalunk, illetve bizonyítunk.

Els®ként a következ® kérdést vizsgáljuk. Adott d, t nem nulla egész
számokat véve, ahol d > 1 négyzetmentes, tekintsük az

x2 − dy2 = t

alakú általánosított Pell egyenletet. A probléma: az egyenlet hány x, y
egész megoldása állhat el® olyan számok rögzített tagszámú összege-
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iként, melyek prímfaktorai egy el®re megadott véges prímhalmazhoz
tartoznak? Amint a disszertációból kiderül, ez a kérdés másodren-
d¶ lineáris rekurzív sorozatok elemei között el®forduló, úgynevezett
S-egység összegek tanulmányozásához vezet. Bebizonyítjuk, hogy bi-
zonyos feltételek mellett ez a szám véges. Fontos megjegyezni, hogy
a végességet garantáló feltételünk szükséges, más szavakkal kvalitatív
értelemben eredményünk nem javítható.

Ezután tetsz®leges rend¶ lineáris rekurzív sorozatok elemeinek számát
vizsgáljuk általánosított Pell egyenletek megoldáshalmazaiban. Bebi-
zonyítjuk, hogy bizonyos megkötések mellett ez a szám is véges, vala-
mint fels® korlátot adunk a lehetséges el®fordulások számára. Emellett
teljes pontossággal meghatározzuk az összes elfajuló esetet (azaz azon
eseteket, amikor végtelen sok megoldás létezik). Ily módon ezen ered-
ményeink is kvalitatíve a lehet® legpontosabbak.

Végül, eredményeinket kiterjesztjük rekurzív sorozatok elemeinek le-
írására norma forma egyenletek, azaz

N (x1γ1 + . . .+ xmγm) = t

alakú egyenletek megoldáshalmazaiban, ahol N egy adott K algebrai
számtest normája Q-ra nézve, γ1, . . . , γm lineárisan független elemek
K-ban Q felett, t pedig egy nem nulla egész. (Megjegyezzük, hogy
az általánosított Pell egyenlet egy norma forma egyenlet egy másod-
fokú algebrai számtest felett.) Ebben az esetben is sikerül végességi
eredményeket adnunk, oly módon, hogy az ebben az általánosságban
megadott feltételeink is szükségesek lesznek.

Tételeink bizonyításához több különböz® módszer és tétel kombinálá-
sára volt szükség: többek között felhasználtuk a a norma forma egyen-
letek, az S-egység egyenletek és a polinomiális-exponenciális egyenletek
elméletét.

A disszertáció felépítése a következ®. A második fejezetben összefog-
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laljuk a legfontosabb fogalmakat és eszközöket, amelyekre a disszertá-
cióban támaszkodunk. Nevezetesen, bevezetünk és összefoglalunk né-
hány, rekurzív sorozatokhoz, S-egységekhez, S-egység egyenletekhez és
polinomiális-exponenciális egyenletekhez kapcsolódó jelölést és tételt.
Az utána következ® három fejezet tartalmazza új eredményeinket, a
fent említett sorrendben. Az egyes fejezetekben az új eredmények és
bizonyításaik bemutatása mellett a vizsgált problémák hátterét is fel-
vázoljuk, illetve azok irodalmi beágyazását is elvégezzük.
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Summary

The topic of this dissertation is the study of linear recurrence se-
quences.

Such sequences are of classical and recent interest, and have been inves-
tigated from many aspects: divisibility properties (see e.g. results of
Bézivin, Peth® and van der Poorten [5], and Bilu, Hanrot and Voutier
[6]), existence of perfect powers among the terms (cf. for example pa-
pers of Peth® [39], Shorey and Stewart [42], Bugeaud, Mignotte and
Siksek [11]), zero-multiplicity or more generally, a-multiplicity (see for
example Beukers and Tijdeman [4], Schmidt [44] and Brindza, Pin-
tér and Schmidt [10], and the references therein). Certainly, there are
many more directions one could mention. As a particular, but interest-
ing problem one may e.g. discuss the paper of Fuchs, Luca and Szalay
[27] related to variants of so-called Diophantine sets. For other prob-
lems, properties and various general e�ective and ine�ective �niteness
results and many applications, see e.g. the books of Shorey and Ti-
jdeman [43], Everest, van der Poorten, Shparlinski and Ward [20], and
Evertse and Gy®ry [21].

In this dissertation we discuss problems and prove various new results
related to linear recurrence sequences.

First we consider the following question. Given a generalized Pell equa-
tion of the shape

x2 − dy2 = t

with non-zero integers d, t where d > 0 is square-free, how many of
its integral solutions x, y can be represented as an arbitrary, but �xed
term sum of integers with prime factors coming from some given �nite
set of primes? As we see, this question leads to the investigation of the
question that how many terms of a binary linear recurrence sequence
can be obtained as the sum of a �xed number of so-called integral S-
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units. We prove that under some conditions, this number is �nite, and
we give an e�ective upper bound for the number of such numbers. It
is important to note that our conditions will be necessary, so in the
qualitative sense our results are best possible.

Then, we investigate the number of terms of linear recurrence sequences
of arbitrary degree in the solution sets of generalized Pell-equations.
We prove that under certain assumptions, the number of such terms is
�nite, and give e�ective upper bounds for the number of exceptional
terms. We are able to describe all the degenerate cases (that is, cases
where there are in�nitely many solutions) completely. Thus our results
are qualitatively precise in this case, as well.

Finally, we extend our results to the case of terms of recurrence se-
quences in the solution sets of norm form equations, i.e. equations of
the form

N (x1γ1 + . . .+ xmγm) = t,

whereN is the norm from an algebraic number �eldK to Q, γ1, . . . , γm
are linearly independent elements of K over Q, and t is a non-zero
integer. (We mention that the generalized Pell equation appearing
in the previous paragraph, is in fact a norm form equation over an
algebraic number �eld of degree two.) We are able to give �niteness
results for the number of such terms in this case, as well. Further, the
conditions we impose are necessary here, too.

To prove our results, we combine various deep tools, such as the theory
of norm form equations, S-unit equations and polynomial-exponential
equations.

The structure of the dissertation is the following. In the second chapter
we summarize the most important notions and tools used. Namely, we
introduce some notation and recall some important theorems and asser-
tions related to recurrence sequences, algebraic number �elds, S-units
and S-unit equations and polynomial-exponential equations. The next
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three chapters contain our results, following the order indicated above.
Beside our new results, in these chapters we give the background of the
investigated problems, together with a thorough account of the related
problems and literature as well.
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