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Abstract

In the present paper we describe a new algorithm to determine the
minimal index and all elements with minimal index in totally real bi-
quadratic fields with Galois group D8. The method is based on sieving
procedures and can be successfully applied in about 70 % of the cases. If
the method applicable, then it produces the results very fast, moreover
we can characterize the cases, when it is applicable. At the end of the
paper we include some tables, demonstrating our computations by using
this method.

We also consider the possibilities of applying the Baker—Davenport
reduction algorithm in our case. Further, we give an infinite family of
totally real quartic fields with Galois group D8 having minimal index 1.

*The author is greatful to the Alexander von Humboldt Stiftung for supporting his work
and also to the Mathematisches Institut der Heinrich—-Heine—Universitdt Diisseldorf for its
hospitality during the author’s stay there as a Humboldt—fellow.

TResearch supported in part by Hungarian National Foundation for Scientific Research
Grant 1641/90

fResearch supported in part by the Deutsche Forschungsgemeinschaft



1 Introduction

Let K be a quartic number field with Galois group Dg. All such fields
can be obtained in the form K = Q(\/n) with p = (e + fy/m)/2 (cf. [13]),
where e,m, f € 7L, m is square free, u is totally positive and not a square
in the quadratic subfield L = Q(y/m). Let ¢ = h = 1 if m = 1(mod 4)
and g = 0,h = 2 if m = 2,3(mod 4) so that setting w = (g + hy/m)/2 we
become an integral basis {1,w} of L. We assume, that there exist a,b,c,d € Z
such that taking ¢ = (a + by/m + (c + dy/m)./ft) /4 we obtain an integral basis
{l,w,¥,wp} of K. If L has class number one, then K has such an integral
basis, cf. [13]. We recall (cf. (2) of [4]) that the discriminant of K is

D = ((w—w')?(thr — ¢3) (2 — ¢4))2

where w’ is the conjugate of w € L over Q and v;(i = 1,...,4) are the con-
jugates of 1 € K over Q. Note that the conjugates of \/u € K over Q are

\/ﬁ? Wa _\/ﬁ7 _\//7' with /1’/ = (6 - f\/ﬁ)/2

Denote by [;(X) = [;(X2, X3, X4) the conjugates of the linear form
(X)) =wXs + X3+ wipX, for 1 <i,j < 4. Then we obtain the six forms

he(X) = (w—w)Xot+ (1 —12) X3+ (wipy — w'ih) Xy
lo3(X) = (W —w)Xot+ (Y2 — ¥3) X3 + (W2 — wip3) Xy
I34(X) = (w—w)Xo+ (V3 —1ha) X3+ (wih3 — w'y) Xy
In(X) = (W —w)Xot+ (s — 1) X3+ (Wthy —wipy) Xy
hs(X) = (1 — 3) (X3 + wXy)
loy(X) = (12 — Pa) (X3 +w'Xy)

The discriminant form

DrjowXo + X5 +wiXy) = [ 1;(X)

can be rewritten as
Dgjq(wXa + 9 X3 +wipXy) = (I(X2, X3,X4))* Dk

where I(Xs2, X3,X4) is a form of degree 6 with integer coefficients called the
index form corresponding to the basis {1,w, ¢, w} of K.

In a series of papers ([4],[5],[6]) we considered the problem of the resolution
of the index fom equation

I(zy,20,23) = J (x2,23,24 € ZL) (1)



where J is a given non—zero integer. If J = +1 the solutions give all power
integral bases of K. In case of biquadratic fields with Galois group D8 we
gave [4] a ”fast” algorithm to determine the ”small” solutions of (1). It means,
our algorithm determines the solutions with e.g. max(|xal, |z3],|z4]) < 10%°
within some seconds. Methods for the complete resolution of (1) we could give
until now only in case of quartic fields with Galois group C4 ([5]) and V4 (]6]).
These methods produce all solutions of (1), however the computation time is
the matter of minutes rather then seconds.

The purpose of the present paper is to describe an algorithm, that in general
produces all solutions of (1) in quartic fields of Galois group D8, in a fast way.
The present method bases on certain sieving methods, and reduces the problem
of solving (1) to solving equations of type

G,=2>+D (2)

in n,x € Z where G,, is a second order linear recurrence sequence and D is a
given integer. The presented method is applicable for determining all solution
of (1) only in about 70% of the cases. When it applies to (1), then it produces
the all solutions very fast (in some seconds), moreover we characterize those
cases when it can be applied successfully. The algorithm is suitable also for
determining the minimal index of K (that is to finding the J with minimal
absolute value for which (1) is solvable), and to determining all integers of K
with minimal index.

Taking the occassion, that in this paper we again consider quartic fields
with Galois group D8, our further purpose is to check some other possibilities
for the resolution of (1). A well known general method for the resolution of some
types of decomposable form equations, among others index form equations is
to reduce the equation to a unit equation in two variables and applying the
combination of Baker’s method and the Baker-Davenport reduction algorithm
to it. In Section 8 we show what kind of difficulties arise by an attempt to
applying this a method to our equation (1).

In Section 10 we present an infinite family of totally real quartic fields of
Galois group D8 with minimal index 1.

Finally, at the end of the paper we incude some numerical results, obtained
by the sieving algorithm described in Sections 2-7.



2 From index form equations to linear
recurrences

In this Section we show, how can we reduce the index form equation (1)
to an equation of type (2), that is to searching for elements of type 22 + D in
second order linear recurrence sequences.

The proofs of the following two statements are essentially those of Proposi-
tion 1 and Theorem 1 of [4]. In the sequel o’ denotes the conjugate of o € L
over Q.

Proposition 1 Let J € Z\ {0}. z = (21, 29,23) € Z* is a solution of (1) if
and only if there exist ji,jo € 7 such that ji1jo = J and

23+ (w+ w)azzy + ww'zl = 5 (3)

and
li2(2)l2s(2)l34(2) a1 (z) = jo(w — w')2. (4)

Theorem 1 If the system of equations (3) and (4) has a solution x € 7>, then
there exists a v € Z such that

s 02— fm [ —d*m
v =0
4 4

2
) + 4joh*m (5)

holds.

Now we prove:

Theorem 2 Assume that the system of equations (3) and (4) has a solution
x e Z>. Lete > 1 be the fundamental unit of L and B be a mazimal set of non-
associated elements of 7Ly, with norm jy. Then there exist 3 € B;y,n,v € Z;v
satisfying (5) such that

(e + fvm)(c+dym)*B**" + (e — fy/m)(c — dy/m)*B"""

5 =my® +8v. (6)
For m = 2,3 (mod 4) the coordinates xa,x3, x4 satisfy
_ per 4 plem Be™ — B —2(bx3z + axy) +y

Ty = and o9 =

2 2/m 8

xs3



and for m =1 (mod 4)

—w'Be™ +wBe™ Be™ — ['e™ —2bxz — (a+b)xg+y
T3 = Ty = ———— and ro = .

Vm o Vm 4

Proof Assume that z € 7Z* is a solution of (1). Then there exist by
Proposition 1 and by Theorem 1 integers ji, jo,v € Z for which (3), (4) and (5)
hold.

If m = 2,3 (mod 4) then (3) has the form
1:% —mzi = ji.
Hence there exist 8 € B,n € 7Z with
x3 + /maxy = B
This implies that x5 and x4 are of the form given in the theorem.
Analogously, as we derived (20) of [4] we obtain

(mA3 + A4 + A34\/%)6262n + (mA3 + A4 — A34\/ﬁ)ﬂ’26’2”

4m

i1(mAs — A
= g+ 2 - DA A, )

2m

where (since we have g = 0, h = 2 in the actual case), the constants in (7) are

Az = 4dm(c*e + d*me + 2cdfm)

Ay = 4m?(Pe + d*me + 2cdfm) = mAs
Azy = 8m*(*f + d*mf + 2cde)

Ay = 32mw.

Because of Ay = mAg, the third summand on the right side of (7) is 0, and
further
mAsz + Ay + Azgv/m = 8m?(e + fv/m)(c+ dym)?.

Thus (7) can be written as
2m [(e + fy/m) e+ dy/m) B2 + (e — fy/m)(c — dy/m)202e""] = y2+32mo.

As in the actual case e and f are even and m is square-free, 2m divides y;, say
y1 = 2my. Dividing the last equation by 4m we get (6).

If m =1 (mod 4) then the proof is similar and is left to the reader. O



3 Some properties of recurrence sequences

Let P,Q € Z such that P2 +4Q # 0 and denote by «, 3 the (distinct) zeros
of 22 — Pz — Q. For n € Z=" and in case |Q| = 1 even for n € Z we set

virQ) = S

and
Vo (P,Q) if P is odd

W (P, Q) = { Va(P,Q)/2 otherwise.

It is easy to see that for P even also V,, is even and for P odd the number V,,
is even if and only if n = 0 (mod 3). The following properties are easily proved
for n,l € Z=° (n,1 € 7, if |Q| = 1) :

Wy = U Vi+UV, (8)
Wost = ViVi+ (a—B)2UU (9)
Von = VZ—2(-Q)" (10)
Usw = UpVy (11)
Vi | Vam for all odd m. (12)

Lemma 1 Let |Q| =1 and n = 2¥m € Z with k > 1. Additionally, if P is odd
let m £ 0 (mod 3) and if Q =1 let m be even. Then the congruences

Un+l =-U (mOd W2k_1m)a (13)
Vn+l =-V (mOd WQ’“*lm) (14)

hold for alll € 7Z.
Proof We only prove (13) because the proof of the other congruence is
similar. By (8),(11) and (10) we obtain

2Uny = U Vi+UV,=UV, (mod V)
—2U;(-Q)™? (mod V).

IfQ=-1orif @ =1and m is even we get
2Up 41 = —2U; (mod V;,/5).

If P is even then V}, /5 is also even, otherwise (2, V;,/2) = 1 because 3/m. Dividing
the last congruence by 2 we get (13). O



This lemma can be generalized to all second order linear recurrence se-
quences. If all terms of a sequence {G,,}22, satisfy the equation

Gn+2 = PG7L+1 + QGn
then 22 — Pz — Q is called the characteristic polynomial of {G,,}.
Theorem 3 Let {G,} be a second order linear recurrence sequence of integers

with characteristic polynomial 2> — Px — Q, |Q| = 1. Let n,k and m be as in
Lemma 1. Then the congruence

Gn+l =-G; (mOd WQk—lm) (15)
holds for every l € 7Z.

Proof It is well known that

G, = aa™ — bpa"
a—f
for a = G1 — Gy, b = G1 — aGy and n € ZZ. Hence a short calculation yields
G, = G1U, + QGoU,_1. (16)

Using (13) we get (15) immediately. O

4 The first sieving procedure

In the sequel (%) denotes the Jacobi symbol for z,m € Z=° m > 0. For
an integer m fix a complete residue system mod m and let r(m) denote the
length of the minimal period of the sequence {U, mod m}. It follows from
(10) that if {G,} denotes a recurrence sequence with the same characteristic
polynomial, as {U,,} then the minimal period of {G,, mod m} divides r(m).
In this case Q) is arbitrary.

The following lemma can be used very efficiently to prove that (2) is not
solvable or to localize its solutions in a few residue classes with respect to an
appropriate module. For a,b € 7Z we denote the least common multiple of a
and b by [a, b].

Lemma 2 LetD € 7ZZ, S = {p1,...,p:} a set of prime numbers, R = [r(p1), ...,7(pt)]
and M = {my,...,ms} with 0 < my < my < ... < mg < R. If there exists for
allme M ani (1 <i<t) such that

(Cm L) = -1 (17)
then all solution n,x € ZZ of (2) satisfy n Z m (mod R), for all m € M.



Proof Assume that n,z € ZZ is a solution of (1) with n (mod R) € M. We
have
(Gn - D
p

) =1 or 0 (18)
by (2) for all primes p.

On the other hand by assumption there exists a p; € S satisfying (17).
Because of n =m (mod R) and r(p;) divides R we have n =m (mod r(p;)).
Thus G,, = G, (mod p;) and the equations (18) and (17) are contradictory. O

The idea to use modular methods for the resolution of (2) goes back to
Wunderlich [15]. Its combination with an effective upper bound for the solutions
was applied by Pethd for determining all cubes [10] and fifth powers [11] in the
Fibonacci sequence. An ”intelligent“ implementation of those ideas is described
in Nemes [9].

5 The second sieving procedure.

The disadventage of the first sieving procedure is that if (2) has a solution
n,x € 7 then we are not able to localize it in its residue class mod R. Therefore
we need another method to prove that for all but one element of the mod R
residue class containing n equation (2) is not solvable. Here R; denotes another
module, which is (we hope) not much bigger as R.

Such a method was invented by Cohn [3] and applied also by Ribenboim [14].
In the next lemma we formulate the background of the algorithm. In the sequel
we assume that the recurrence sequences under consideration satisfy |Q] = 1.

Lemma 3 Let m,D € 7Z, S = {p1,...,p:} a set of prime numbers with p; >
3,1 <i<t. Assume that there exist a,b,...,b; € ZZ”° such that there exist for
every o > a integers (1, ..., B¢ € ZL such that 0 < 3; < b;,i=1,...,t and

<WGmD> . (19)
2ap/131 . _pft

Then (2) has at most one solution n,x € 7 with
n=m (mod 2°t1pbr ... phr) (20)

and this is n = m.

Proof Let n,z € ZZ be a solution of (2) satisfying (20) and such that n # m.
Then there exists a h € Z such that n = m +2%*!sh, where s = plil .- 'pft. Let



h = £2°h; with hq odd. Then Via+ct1g divides Voaterigp,, because of (12) hence
Waa+tet1s divides Waater14y, and Lemma 1 yields

G, —D=-G,, — D (mod Waa+cy).
Put @« = a + ¢ > a. Then by assumption there exist 31,...,0; € Z with 0 <
Bi <b;,i=1,..,t satisfying (19). By (12) V, 8, divides V, by s

b
2ap?1...pt 20‘p11...pt
hence the last congruence implies

G,—D=-Gp —D (mod W_, s, .
( 2l )

DRI ptﬁt
This and (19) make it impossible that n, z is a solution of (2). O
How do we apply this lemma?

We can apply Jacobi’s reciprocity law almost automatically because for any
n € 7Z not divisible by 3 we have

_ [ =1 (mod4) ifPisodd
Win (P, Q) = { 1 (mod 4) if P is even

The proof of this property is a simple application of (12). Choosing « > 2 and
combining the last congruence with (19) we get

W
(W_G’” =D > =+ (22])?1 ”bpft>
« t m + ’
20+ py

where the sign on the right hand side depends only on the sign of G,,, + D and on
the parity of P. To be able to apply Lemma 3 we have to analyze the sequence
V,, more carefully. This is done in the next Section.

6 Analysis of the second sieving procedure

For fixed t, M € Z”° define
v(t, M,n) = Vion (mod M)

for every n € Z, where we take the smallest non-negative residues (mod M).
It is obvious that the sequence {v(t, M,n)}S2, is periodic. Let e(t, M) and

r(t, M) be the length of the minimal preperiod and of the minimal period of
{v(t, M,n)}52,, respectively, normalized such that e(t, M) > 1.

Lemma 4 Lett be odd and M > 1 then
r(t, M)lr(1, M) and e(t,M) <e(l,M). (21)



Proof We prove (21) by induction on ¢. It is obviously true for ¢ = 1.
Assume that it is true for any u with 1 < u < ¢. Put e = ¢(1,M) and r =
r(1,M). Then

v(u, M,e) = v(u, M,r +e) (mod M) (22)

immediately follows by the induction hypothesis for all odd value of u, (1 < u <
t). Further, to prove (21) for ¢, it is sufficient to prove (22) for u =¢. For u =1
equation (22) means

o 4+ 82 =a2" 4+ 427" (mod M). (23)

because of the definition of V;,. Taking the ¢-th power of (23), using the binomial
theorem and the identity (;) =(,".) we get

t—j
t—1)/2
| Z)/ (t) (aﬂ'zemtn‘)f + a“fﬁzeﬂﬂe)
3=0 J

~—

/2 1t
= > () <a32 i [t=9)2 Ty 2T (72 i ) (mod M) (24)
j=0 J

We have j <t —j,af = —Q = +1 and e > 1, hence
Q2 gU=02 = gt=24)2°

alt=D2 i (e=2)2°

Analogous identities hold if we replace e by e + . Thus (24) implies

(t—1)/2 ;
> (J> (Vie—2iy2e = Vie—2jpae+r) =0 (mod M).
7=0

Ast—2j <tfor j >0 andt—2jis always odd, all the summands with j > 0
on the left hand side of the last congruence are 0 by the induction hypothesis.

The remaining congruence is exactly (22) with u = ¢, and the lemma is proved.
O

We can now characterize those values of n, D for which the result of Lemma 4
can be successfully applied. We remark that if m and D are fixed then —G,,, — D
is a fixed integer, say M.

Theorem 4 Let |[M| > 1 be an odd integer. If there exist integers my, ms such
that e(1, M) < my,mq <e(1,M)+r(1,M) and

(B5) () =

10



then for all k,e such that e(1, M) < k < e(1,M) +r(1,M) and ¢ € {1,-1}
there exists a prime p > 3 satisfying

()

Proof Set e =e(1,M) and r = (1, M) for abbrevation. Denote by R =
R(M) the minimal length of the period of the sequence {V,, mod M} ___ . We
remark that this sequence is purely periodic for all M because of |Q]| = 1. Let
R = 2%u, with an odd w. Starting, if necessary, with a longer preperiod than
the minimal one, we may assume without loss of generality that

(%) ==

e = mq > s and my; < k. By Dirichlet’s theorem on primes in arithmeti-
cal progressions there exists a prime p > 3 which satisfies the congruence
p2k = 2™ (mod R). This implies Vor, = Vom: (mod M) and as M is odd we
get War, = Wami (mod M) from which the assertion of the theorem follows. O

Combining the results of Theorem 2 and Lemma 4 we immediately get

Corollary 1 Let {G,} be a recurrence sequence with |Q| =1, D € 7ZZ and take
M =G, + D. Let {V,} be the recurrence sequence defined by the zeros of the
characteristic polynomial of {G,}. Assume that there exist integers my, ms such
that e(1, M) < my,mq < e(l,M)+r(1,M) and

(%) () = -1

then there exist an integer a < e(1, M)+ r(1, M)+ 1 and primes p1,...,pt >3
such that (2) has at most one solution n,x € ZZ with n = m (mod 2%py - - - py)
and this is n = m.

11



7 The algorithm

In this Section we describe a practical algorithm for the resolution of (1).

The first step is to apply the assertions of Section 1 in order to reduce (1)
to (2). In solving (2) we apply the two sieving procedures, called Sieve 1 and
Sieve 2 in the following.

Sieve 1 means the application of Lemma 2 of Section 4.

Sieve 2 is the following: Let m € Z be an index, which survived Sieve 1,
ie m € [0, R — 1]\ M. Let M be the square free part of G,, + D.

v(1, M,n)
M

Compute the sequence } If it is ultimately constant then by

Theorem 4. we can not rule out the index m. Try in this case an other index.

r+e
If the test was successful, compute the sequences {(W)} for

n=0

v(p, M, n)
V4

p € {1,5,7,..} so until you find for any n > e a p such that ( = &+1.

The right side one gets from Lemma 3. For given P, and small M one can
naturally precompute the suitable sieving moduls, that is the product of the
convenient primes.

The proposed method consists of three steps:

Step 1. Choose a modul Ry, and find all solutions of (2) in n modulo
Ry. For this purpose use Sieve 1 so that the absolute smallest representatives
of the surviving residue classes correspond to the actual solutions. Denote by
ng,t = 1,...,t these representatives.

Step 2. Let 1 <1 <t. By using Sieve 2 find, if possible, a number R; =
2Fip;1...pis, With the property that if n is a solution of (2) with n = n; (mod R;)
then n = n,;.

Step 3. Prove for each i(1 <4 < ¢) that if n is a solution of (2) then there
isa j(1 <j<t)withn=n; (mod R;). Here use again Sieve 1.

In Section 9 we are given an elaborated example for the application of the
algorithm. Moreover we present the results of a computation, where we applied
the algorithm for all totally real quartic fields with discriminant at most 10°.

12



8 An attempt for applying the
Baker—Davenport reduction method

In this section we demonstrate why is it very important to have such fast
methods, like the one described above, that computes all solutions but is not
always usable, or the one described in [4] that computes the ”small” solutions
(that is e.g. the solutions with absolute value < 10%°) in any case.

In the following we report on the difficulties occurring by an attempt of ap-
plying Baker’s method combined with an analogue of the reduction algorithm
of Baker and Davenport [1] for the complete resolution of index form equations
in quartic fields with Galois group D8. The reduction of the equation to a unit
equation in two variables and the application of Baker’s method and a numer-
ical reduction algorithm due originally to Baker and Davenport is until today
the only general method for the complete resolution of some types of decom-
posable form equations. Unfortunately (as it is shown by our experiments) the
complexity of the computations involved grows about exponentially with the
unit rank of the splitting field of the equation. That is the reason why a similar
method was usable in the case of index form equations in cyclic quartic fields
[5], and why it can not be performed in our case within a reasonable time. For
the purposes of practical applications it is more worthy e.g. to build up an
extensive table of ”small” solutions then to waste some weeks of CPU time by
proving for a single example that there are really no ”large” solutions, only the
”small” ones that we have known after the first 10 seconds.

As example we take the totally real quartic field with Galois group D8 and
smallest discriminant, that is the field K = Q(1/7 4+ 2v/5) with discriminant
Dy = 725. We set p = 7+ 25, wo=7- 2v/5. An integral basis of the
field is {1,w,¥,wy)} with w = (1 ++/5)/2,9 = (1 + /)/2. Observe that in
this case the coefficients of the linear forms [;;(X) are divisible by the algebraic

integers F)/ij = ’lf)i — d)j. These satisfy |’}/12’}/23")/34’)/41713")/24| = v/ DK and taking
15:(X) = 1i(X)/7ij we can write the index form equation corresponding to the
above basis of the field in the form

H l;‘j(xg,l'g,lq) ==+1 (1'2,1'371‘4 S Z) (25)

1<i<j<4

In the following let xo,x3, x4 € 7 be a solution of (25). In order to obtain
a unit equation we use the identity

Lia(za, x3,24) + lag(x2, 23, 24) — lig(2,23,24) =0

that is

Y12l19(x2, 3, 4) + Y23l53(%2, T3, 1) — M3l13(w2, x5, 24) =0 . (26)

13



By (25) the factors [f;(z2,73,74) (having algebraic integer coefficients) of
the index form equation must be units, however not in K but in the normal
closure of K that we shall denote in the following by F'.

The field F has discriminant Dp = 442050625 = 7252 - 292 and is generated
by a root p of the polynomial

flz) = 2% — 627 4 22° + 322° — 332% — 382% + 552% — 132 — 1
An LLL reduced integral basis {#; = 1,6,,...,0s} in F can be obtained in the

form

8
1 .
91':7 E aijpj_l (221,,8)
a9 :
Jj=1

where a;; are the entries of the 8 - 9 matrix

1 0 0 0 0 0 0 1
—-12 11 6 70 -39 -18 14 7
-9 109 22 =203 46 93 21 21
24 =55 40 -7 71 1 =21 21

5 235 =230 —-392 354 67 -98 21
—32 15 114 147 43 43 28 21
1 21 9 —42 16 10 -7 3

0
—2
2
4
—4 316 —-509 28 225 —-62 -—-14 4 21
16
4
1

Considering the conjugates of the elements in the integral basis one observes

that
-1+5 1+ ki 11—V’
=——F, U= , 05 =
2 2 2
that is the coefficients occurring in equation (26) are easily expressed in terms
of the basis of F":

62

_ 7
712=¢1—¢2=M=—91+94+95
+ /
723:¢2*¢3:M:94*95

M3 == —01 + 204

The field F is totally real with unit rank 7. Its fundamental units are

8

’I]Z:wao] (Z:L,7)

j=1

where b;; are the entries of the 7 - 8 matrix

14



-1 -1 0 0 0 0 0 0
0 0 -1 0 0 0 0 0
0 -1 0 0 0 -1 0 0
1 0 0 0 1 0 -1 0
0 1 0 0 -1 0 0 0
1 1 0 0 0 1 0 0
2 0 -1 -2 1 0 0 -1

We remark, that the integral basis and the fundamental units of F' were com-
puted with the KANT system [16].

We can now return to our basic equation (26). Rewrite it in the form

Y12 (22, 3, 24) | Y23 133(w2, w3, 74)

=1 . 27
M3 lis(x2, 23, 24) Y13 [3(72, 73, 74) @7)

As we have already seen, all the l;‘j (22,3, 24) are units in F. Hence it holds
also for their quotiens, that is we can write

7
I3 .
12(3527563@4) — [ =
332,73, 74) i1

and
l§3(l‘2,1‘3,$4) if[ 2z
= N, = €2
113($2,x3,$4) i—1 ‘
where y;,2; € Z (i =1,...,7) and put Y = maxi<;<7 |y:|, Z = maxi<;<7 |2 -

In the following we have to consider two cases according as Y > Z or Z > Y.
We assume here Y > Z, the other case should be considered similarly. Further,
we set

o — B, 8= J23
Y13 Y13
Then equation (27) obtains the form
o€l + Pea =1 (28)

which is a unit equation over F'.

At this point it is important to remark, that Ii5(z2, z3,24) is a unit in the
quadratic subfield Q(v/5) and hence if we determine €; and s, then using the
properties of the field and equation (25) it is easy the determine the values of
all the forms l;‘j(m7 x3,x4) and from those the values of xa, x5, 4.
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Denote by J the conjugate of €5 for which |eg‘])\ is maximal. From the system
of equations

7
logle”| =3 zilogn”| (j=1,...,8)
1=1
we conclude, that
Z < ¢ log eS|

where c; is the row-norm of the inverse matrix of a matrix obtained from the
matrix with log \77;»2)| in the ith row and jth column, by omitting a row. (For
our example we obtained ¢; = 2.098.) Taking into consideration, that €3 is a
unit, from the avobe estimate we conclude, that there must be an s for which

s —Z
log|e” < =~ . (29)

We have to consider in our computations all the eight possibilities for s. If Z is
not very small (the ”small” values can be tested directly) then from (28), (29)
and Y > Z we obtain

A = [log|a®| +yilog [n{7] + ... + yrlog 0S| <

s s -7 -Y
S 2‘@(5)65) — ]_‘ = 2|5(S)6§)‘ S Co eXp <701) S C2 €Xp (701) (31)
where ¢y = 2|3®)|. (The values of ¢ in cases s = 1,...,8 were between 0.53
and 3.13). On the other hand by applying the estimate of [2] we obtain a lower
bound
exp(—cs(logY +c¢4)) < A

Comparing it with (31) we get an upper bound for Yy for Y, which lays between
107 and 107% in the eight cases.

Divide inequality (31) by |log [n{”|| to get

[y1&1 + .. + yols + yr + &s| < cacs ¥ (32)
with (®)
log ;"] . log |a®)|
€i:ﬁ(1:1,...,6), 8:ﬁ
log |17 log [’

and ¢; = exp(1/7cy). By using the following generalization of the Baker—
Davenport method it is possible to reduce the bound Yy obtained for Y.

Lemma 5 (Pethd and Schulenberg [12]) Let Q1,Q2, Q3 be positive real numbers
with Q2 > 1,Q1 > 2" Y((r—1)Q2+1), and let d1, dy be given positive constants..
If q is an integer satisfying

1<q¢<@Q1Qs

16



g€l < Q2(@1Q3) V™V (i=1,...,r —1)
and
||qgr+1” > ((T — 1)@2 + 1)@1*1/(7“71)

then there is no solution yi,...,y, € Z of the inequality

161+ o Yr1br1 Fyr + Epa| < didyY

with )
log(Q Q3dy) <y <QYrh
log ds
where ||.|| denotes the distance from the nearest integer and Y = max |y;|.

We would like to find out, how far were it possible to reduce Yy by using the
lemma. For applying the Lemma we have to take r =7, dy = ¢, do = c5. The
constant (3 schould be chosen such that Qzl,,/ r=1) _ Yy . The best reduction is
obtained if we choose (1 and ()2 as small as possible. The Lemma allows to
take Q2 = 1 and Q1 = 2" 1((r —1)Q2+1). If we could compute such a g and we
could repeat again and again the reduction step until the new bound does not
decrease any more, then we could reduce Yy to Yi which is the maximum of the
bounds obtained in the eight cases (the maximum of 704, 729, 666, 672, 690,
669, 699 and 756) that is Yr = 756. These bounds (that can not be diminished
any further by this method) we could reach in five reduction steps. (A typical
sequence is 1075, 15375, 998, 757, 732, 729.) It would yield, that with the known
methods we had to test al least

27 . 7567 = 18066022141228700663808 ~ 1.8 - 10%2

possible vectors (ya, ...,47). The amount of these possibilities is unfortunately
too much to test within a reasonable CPU time.

17



9 Application of the sieve method

For comparison we apply the algorithm of Section 7. to the same problem
discussed in the last section. We adopt the notations from Sections 1-5.

The input data we need are: D = 725,m =5,a =2,0=0,c=2,d =0,g9 =
h=J=1e=14 and f = 4. Equation (5) has four solutions: (ji,j2,v) =
(1,—1,43) and (1,1,47). Thus we have to solve four equations of type (6) in

integers n, y1, which are

Gy = 5(7 4 2V5) (32\/5) +5(7 - 2V5) (3_;5) =92 +10v. (33)

The binary recursive sequence {G,} is defined by the initial terms Gy = 70,
(GG1 = 55 and by the difference equation G,, 12 = 3G, 41 — G, forn > 0 or n < 0.
Considering (1) modulo the primes belonging to the set S = {3,7,11,13,29, 31,
41,61,71,83,167,211,241,281,421,911, 1427} we realize by means of Lemma 2
that the solutions of (33) modulo 840 are as listed in table 1.

vom oy =2y1/5
3 1 5 2
-3 4 25 10
-3 0 10 4
7T 2 5 2
7 0 0 0
-7 -1 15 6
Table 1.

We apply now the second sieving procedure six times. We have P = 3,Q = —1

3+\/5>k+<3—\/5

5 5 . By the remark at the end of Section

5 we have Vi, = —1 (mod 4), if k is not divisible by 3.
Let m=1,v=3,D = 30, then —G,, — D = —85 = —5-17. Let k£ be an integer
which is not divisible by 3. Then we have

“Gm =D\ _ (517N (Vi) (Ve _ (V&
Vi N Vi N 5 17) \17)’
as (Vk = —1 for all k. In table 2 we listed the values of (‘f;) and <Vi72k>
for k=0,...,4.

ande:Vk:<
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k 0o 1 2 3 4

@ -1 -1 1 -1 -1
17

Vs.2 1 -1 -1 1 -1
17

Table 2.

The period length of both sequences is 3 and by means of Lemma 3 we get that
if n = 1 (mod 20) then n = 1, hence there exist only one solution which is
congruent 1 modulo 840.

In five of the six cases similar computation leads to the same result. The new
period lengths are (v, m, NP) = (—3,4,1540), (7,2,56), (7,0,16), (=7, —1, 20).
Unfortunatelly our method does not work in the last case, namely when m =
0,v = —3 and D = —30. We have now —G,, — D = —40 = —23 . 5 but as

—23.5 2
( ) = ( ) = 1 holds for all £ > 0, which are not divisible by 3, we

Vi Vi

can not apply Lemma 3.

The above method was implemented in the computer algebra package MAPLE.
We tested the method for all totally real number fields of Galois group Dg with
discriminants less then 10%, and such that their quadratic subfield has class
number one. We computed in each case the minimal index and if the method
worked all elements with minimal index. In the following table we displayed a
statistic of our computation. The numbers in the columns have the following
meaning;:

Dk Range of discriminants.
2 Number of fields, i.e. the number of index form equations, in the above range.

3 Number of the resulting reccurrence equations of form (1).

4 Number of recurrence equations without solutions, i.e. for which sieve 1.
terminated successfull.

5 Number of equivalence classes including solutions of the recurrence equations,
detected by sieve 1.

6 Number of solutions of recurrence equations isolated by sieve 2.

7 Number of equivalence classes for which sieve 2. was not able to isolate the
solution.
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D

1-100000
100001-200000
200001-300000
300001-400000
400001-500000
500001-600000
600001-700000
'700001-800000
800001-900000

900001-1000000

1-1000000

2

379
428
449
442
451
449
431
450
447
453

4379

3 4
1036 406
1223 590
1400 691
1404 709
1340 705
1490 806
1268 650
1436 767
1366 701
1304 670
13267 6595
Table 3.

20

839
792
856
825
742
799
722
778
770
727

7850

574
568
640
610
569
617
545
615
611
570

9919

265
224
216
215
173
182
177
163
159
157

1931



10 An infinite family of fields with minimal
index 1

In this section we describe an infinite family of totally real biquadratic fields
with Galois group D8 and minimal index 1.

Theorem 5 There are infinitely many positive integers k, such that K = \/2k + /2
1s a totally real biquadratic field with minimal index 1.

Proof Let k > 1 be integer, and set 1 = 2k ++/2. The norm of y (in Q(v/2)
) is
N(p) = 2(2k* — 1)

Obviously, this norm is not divisible by 22. It follows from the assertions of
Nagel [8] that there are infinitely many positive integers k, such that 2k? — 1
is not divisible by the square of any prime number. For all these values of k
the field Q(,/it) is biquadratic, because p is square—free. We show, that for all
these values of k the field K = Q(,/z) has minimal index 1.

An integral basis of the field is {1,v/2, /i, v2/} (cf. [13]). Obviously,
V2 = (VR)* — 2k, hence for o = \/zi the system {1,a,0? o} is a power
integral basis of K. O

We remark, that the discriminant of the field K involved in Theorem 5 is
Dy = 2'0(4k? — 2). By Proposition 1 in the integral basis {1,v/2, /i, v2,/ii}
the index form equation I(x2,z3,24) = +1 is equivalent with the system of
equations

3225 = +1
8x5 — 8kadx: — 1625231y — 16kasa? + a5 + S8kadry + 4wda?+
16k2x222 + 16krsxs +4a] = +1

a solution of which is (z2, 3, 24) = (0, 1,0), which yields the same result.
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