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Matematika- és Számı́tástudományok Doktori Iskola
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Matematika- és Számı́tástudományok Doktori Iskola Differenciálgeometria prog-
ramja keretében készı́tettem a Debreceni Egyetem természettudományi doktori (PhD)
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témavezető
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Introduction

Chern and Kuiper [17] in 1952 defined a distribution on a Riemannian
manifold M which assigns to each point x ∈M the subspace

NR(x) = {X ∈ TxM : R(X,Y ) = 0, ∀Y ∈ TxM},

where R is the curvature of the Riemannian connection on M . It is called the
nullity space at x. The distribution defined by the subspace NR(x) at each
point x of M is called the nullity distributionNR of the Riemannian manifold
M . The dimension µR(x) of NR(x) is called the index of nullity at x. Chern
and Kuiper showed that, if µR(x) is constant in a neighborhood, then NR
constitutes a completely integrable distribution there, and that the leaves of
the resulting foliation are flat. Later, Maltz and others developed this point in
different papers, for example, [19, 21, 23, 32, 33, 41, 49, 50].

In 1972, Akbar Zadeh [3, 4] extended this work to Finsler geometry adopt-
ing the pullback approach (PB-) approach to Finsler geometry. He studied the
nullity distribution of the (classical) curvature of Cartan connection. Recently,
Bidabad and Refie-Rad [11] studied a more general case called k-nullity dis-
tribution in Finsler geometry.

On the other hand, in 1982, Youssef [51, 53] studied the nullity distribu-
tions of the curvature tensors of Barthel connection and Berwald connection,
adopting the Klein-Grifone approach (KG-) approach to Finsler geometry.

In the PB-approach, the existence and uniqueness theorems for the four
fundamental linear connections (Berwald, Cartan, Chern and Hashiguchi con-
nections) on a Finsler manifold have been satisfactorily established [56, 57]. In
the KG-approach, Grifone [25] has investigated Cartan and Berwald connec-
tions. Szilasi and Vincze [47] have studied Chern and Hasiguchi connections
using the technique of lifting vector fields to the tangent bundle.
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2 Chapter 0. Introduction

In this thesis, we study the nullity distribution in Finsler geometry
adopting both the KG- and PB-approaches. We investigate the metric (degree
of) freedom of a spray. We introduce computational techniques and study
many examples. The thesis is organized as follows:

In Chapter one, a brief introduction to Klein-Grifone formalism for Finsler
geometry is given.

In Chapter two, the nullity distributions of the h-curvatureR, hv-curvature
P and v-curvature Q tensors of Cartan connection adopting the Klein-Grifone
approach [24, 25, 30] are introduced and investigated. We show that the nul-
lity distribution NR is included in the nullity distribution of the curvature of
Barthel connection and we show, by an example, that this inclusion is, in gen-
eral, proper. Through examples, we show that the nullity distributions NP
and NQ are not completely integrable. Nevertheless, necessary and sufficient
conditions for such distributions to be completely integrable are found.

In Chapter three, we formulate and prove an intrinsic existence and
uniqueness theorem for Chern connection in the KG-approach. We derive its
torsion and curvature tensors. The Bianchi identities and the properties of the
curvature tensors of Chern connection are investigated. The nullity distribu-
tions associated with Chern connection are studied. The integrability and the
auto-parallel property of the nullity distributionNR∗ of the Chern h-curvature
∗
R are proved. We give two interesting examples. The first shows that the nul-

lity distributionNR∗ does not coincide with the kernel distribution of
∗
R (NR∗

is proper sub-distribution of kerR∗). The second shows that NP ∗ is not com-
pletely integrable. As a by-product, we provide a class of examples of non
regular Landsberg spaces which are not a Berwald spaces.

In 1971, Akbar-Zadeh [2] proved that the kernel kerR of the h-curvature
operator R of Cartan connection coincides with the nullity distribution NR
of that operator. This result was reappeared again in [4] and was used to
prove that the nullity foliation is auto-parallel. Moreover, Bidabad and Refie-
Rad [11] generalized this result to the case of k-nullity distribution following
the same pattern of proof as Akbar-Zadeh’s. In Chapter four, we show by a
counterexample that kerR andNR do not coincide, contrary to Akbar-Zadeh’s
result. In addition, we find sufficient conditions for kerR and NR to coincide.

In Chapter five, the question of how many essentially different metrics can
metricize a spray is discussed. The notion of metric freedom of a spray is
introduced and investigated. We show that in the regular case, the holonomy
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distribution can be used to calculate the metric freedom of a spray. The metric
freedom of the isotropic spray is characterized. Different examples are given.

Antonelli et al. have had a good contribution in Finsler geometry compu-
tations using MAPLE (cf. [8, 9, 37]). Rutz and Portugal [39] have introduced
the remarkable FINSLER package [38] (it is also included in a CD with the
“Handbook of Finsler geometry” [7]). They illustrated how to use this package
by an example related to general relativity. The calculation of the components
P hijk of the hv-curvature of Cartan connection leads to wrong expressions. On
the other hand, the FINSLER package works only in dimension four. In Ap-
pendix A, we fix the two problems and solve them. Moreover, we extend
this package to compute not only the geometric objects associated with Car-
tan connection but also those associated with Berwald, Chern and Hashiguchi
connections in any dimension. Aso, the problem of simplifying tensor expres-
sions is treated.

In Appendix B, we introduce a computational techinque to calculate the
nullity and kernel vectors. We give three interesting examples. The first shows
that the kernel distribution kerR and the nullity distribution NR do not coin-
cide, in accordance with [59]. The second proves that the nullity distribution
NP ◦ of the hv-curvature

◦
P of Berwald connection is not completely inte-

grable. The third shows that the nullity distribution NR of the curvature R of
Barthel connection is not a sub-distribution of the nullity distribution NR◦ of
the h-curvature

◦
R of Berwald connection.

It should finally be noted that most of the results obtained in this thesis
have been published (or submitted for publication) in a series of articles: [35,
59, 60, 61, 63, 62, 64].





Chapter 1

Preliminaries

In this chapter, we give a brief introduction to the Frölicher-Nijenhuis
formalism concerning scalar forms, vector forms and derivations. The ba-
sic concepts of Klein-Grifone approach to the differential algebraic formalism
of connection theory are presented. The definitions of canonically associated
geometric objects to a Finsler structure are introduced. Finally, an introduc-
tion to the well known two linear connections on the double tangent bundle;
namely, Berwald and Cartan connections is given.

1.1 Frölicher-Nijenhuis theory of derivations

In 1956 A. Frolicher and A. Nijenhuis investigated an elegant theory of
the derivations of the exterior algebra of the differential forms on a manifold.
In this section, we show some results of the Frölicher-Nijenhuis formalism
concerning scalar forms, vector forms and derivations. For more details, we
refer to [22, 26].

Unless otherwise stated, all geometric objects considered are assumed to
be of class C∞. Throughout, M will denote a real paracompact manifold of
finite dimension n and of class C∞. Moreover, C∞(M) is the R-algebra of
smooth functions on M and X(M) is the C∞(M)-module of vector fields on
M .

Now, a scalar p-form ω on a manifold M is a skew-symmetric C∞(M)-

5



6 Chapter 1. Preliminaries

multilinear map

ω : X(M)× ...× X(M)︸ ︷︷ ︸
p−times

−→ C∞(M).

The set of all scalar p-forms on M is a C∞(M)-module, denoted by Λp(M).
A vector k-form K on M is a skew-symmetric C∞(M)-multilinear map

K : X(M)× ...× X(M)︸ ︷︷ ︸
k−times

−→ X(M).

The set of all vector k-forms on M is a C∞(M)-module, denoted by Ψk(M).
Let Λ(M) :=

⊕n
p=0 Λp(M) and Ψ(M) :=

⊕n
k=0 Ψk(M) be the graded

algebras of scalar forms and vector forms on M respectively.

Definition 1.1. A derivation of degree r on the graded algebra Λ(M) over R
is a map

D : Λ(M) −→ Λ(M)

such that

(a) Dk = 0 for all k ∈ R,

(b) DΛp(M) ⊂ Λp+r(M),

(c) D is R-linear on Λ(M),

(d) D(ϕ ∧ ψ) = (Dϕ) ∧ ψ + (−1)prϕ ∧Dψ; ϕ ∈ Λp(M) , ψ ∈ Λ(M).

Theorem 1.2. A derivation on Λ(M) is completely determined by its action
on Λ0(M) = C∞(M) and Λ1(M).

Proposition 1.3. The commutator of two derivations D1 and D2 on Λ(M)
defined by

[D1, D2] := D1D2 − (−1)r1r2D2D1, (1.1)

is a derivation of degree r1 + r2; r1 and r2 being the degrees of D1 and D2.

Now, we focus our attention on the most well-known derivations on Λ(M),
namely, interior product, Lie derivative and exterior derivative:

The interior product of ω ∈ Λp(M) with respect toX ∈ X(M), is defined
by

(iXω)(Y1, ..., Yp−1) := ω(X,Y1, ..., Yp−1).
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It is a derivation of degree −1 on Λ(M).

The Lie derivative of ω ∈ Λp(M) with respect to X ∈ X(M), is defined
by

(LXω)(Y1, ..., Yp) := X · ω(Y1, ..., Yp)−
p∑
i=1

ω(Y1, ..., [X,Yi], ..., Yp).

It is a derivation of degree 0 on Λ(M).

The exterior derivative of ω ∈ Λp(M) with respect to X ∈ X(M), is
defined by 1

(dω)(Y1, ..., Yp+1) :=

p+1∑
i=1

(−1)i+1 Yi · ω(Y1, ..., Ŷi, ..., Yp+1)

+
∑

1≤i<j≤p+1

(−1)i+j ω([Yi, Yj ], Y1..., , Ŷi, ..., Ŷj , ..., Yp+1)

It is a derivation of degree 1 on Λ(M). Note that d ◦ d = d2 = 0.

For any vector k-form K ∈ Ψk(M) there are associated two derivations
on Λ(M) as follows:
• iK : a derivation of degree k − 1 defined by

iK |F(M) = 0, iKω := ω ◦K, if ω ∈ Φ1(M).

• dK : a derivation of degree k defined by

dK := [iK , d]
(1.1)
= iK ◦ d− (−1)k−1d ◦ iK .

In particular, we have the following interesting special cases:

(a) If X ∈ Ψ0(M), then iX is the interior product with respect to X .

(b) If X ∈ Ψ0(M), then dX = LX is the Lie derivative with respect to X .

(c) If K = I ∈ Ψ1(M), then dI = d is the exterior derivative.

1Ŷi means that Yi is to be omitted
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For any two vector forms K ∈ Ψk(M) and L ∈ Ψl(M), there exists a
unique vector form [K,L] ∈ Ψk+l(M), called the Frölicher-Nijenhuis bracket
of K and L, such that

d[K,L] := [dk, dL]
(1.1)
= dK ◦ dL − (−1)kldL ◦ dK .

The Frölicher-Nijenhuis bracket of K and L has the properties:

(a) [K,L] = (−1)kl+1[L,K],

(b) (−1)kn[K, [L,N ]] + (−1)lk[L, [N,K]] + (−1)nl[N, [K,L]] = 0,

(c) [I,K] = 0.

In particular, if K and L are vector 0-forms, i.e., vector fields on M , then
[K,L] reduces to the Lie bracket of vector fields.

If L ∈ Ψl(M) and X ∈ Ψ0(M), then for all Y1, ..., Yl ∈ X(M) the
Frölicher-Nijenhuis bracket is given by

[X,L](Y1, ..., Yl) = [X,L(Y1, ..., Yl)]−
l∑

i=1

L(Y1, ..., [X,Yi], ..., Yl).

In particular, if L ∈ Ψ1(M),

[X,L]Y = [X,LY ]− L[X,Y ].

If K,L ∈ Ψ1(M), then for all X,Y ∈ X(M) the Frölicher-Nijenhuis
bracket is defined by

[K,L](X,Y ) =[KX,LY ] + [LX,KY ] +KL[X,Y ] + LK[X,Y ]

−K[LX, Y ]−K[X,LY ]− L[KX,Y ]− L[X,KY ].

In particular, the vector 2-form NK := 1
2 [K,K] is said to be the Nijenhuis

torsion of the vector 1-form K:

NK(X,Y ) = [KX,KY ] +K2[X,Y ]−K[KX,Y ]−K[X,KY ]. (1.2)
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1.2 Klein-Grifone formalism

In this section, we give a brief account of the basic concepts of the Klein-
Grifone approach to global Finsler geometry. For more details, we refer to
[24, 25, 30, 52].

We start with important vector bundles that will be needed.

Let M be a differentiable manifold of dimension n. For each x ∈ M , let
TxM be the tangent space to M at x. Consider the set TM :=

x ∈ M

⋃
TxM of all

vectors tangent to M together with the canonical projection

π : TM −→M : v ∈ TxM 7−→ x.

The triple (TM, π,M) is a vector bundle of rank n and fibre type Rn,
called the tangent bundle of M .

Similarly, the triple (TTM, πTM , TM) is a vector bundle of rank 2n and
fibre type R2n, called the double tangent bundle of M .

We denote the tangent bundle of non-zero tangent vectors by (TM,π,M)
or simply by TM(= TM\{0}), where {0} is the null section, i.e, {0} :=
{0x ∈ TxM : x ∈ M} is the set of all zero vectors of the tangent spaces
TxM ;x ∈M . The manifold TM is called the slit tangent bundle of M .

Let π−1(TM) := TM
M
×TM = {(u, v) ∈ TM × TM : π(u) = π(v)}

and pr1 : TM
M
×TM −→ TM : (u, v) 7−→ u.

The triple (π−1(TM), pr1, TM) is a vector bundle of rank n and fibre
type Rn, called the pullback bundle of TM .

If (TM, π,M) is the tangent bundle of M . Then, the tangent map π∗ :
TTM −→ TM is defined by

π∗u : TuTM −→ Tπ(u)M : π∗u(Xu)f := Xu · (f ◦ π),

for all u ∈ TM, Xu ∈ TuTM, f ∈ C∞(M). The tangent map π∗ is a linear
map.

A tangent vector X ∈ Tu(TM) is said to be vertical at u ∈ TM
if π∗u(X) = 0. The set of all vertical vectors at u is a vector space of
dimension n, called the vertical space at u and is denoted by Vu(TM):
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Vu(TM) := ker(π∗u). Consider the disjoint union

V (TM) :=
⋃

u∈TM
Vu(TM).

The triple (V (TM), πTM |V (TM), TM) is a vector bundle of rank n, called
the vertical bundle of M .

Remark 1.4. By abuse of language, we often use the notation TM rather
(TM, π,M) to denote the tangent bundle of M , and we even say that TM is
the tangent bundle of M . The same remark is valid for the pullback bundle
(π−1(TM), pr1, TM) and the vertical bundle (V (TM), πTM |V (TM), TM).

Now, we deal with some results from the Klein-Grifone (KG-) formalism
necessary for this work.

The following lemma is of extreme importance for the whole work.

Lemma 1.5. The double tangent bundle (TTM, πTM , TM) and the pull-
back bundle (π−1(TM), pr1, TM) are related by the following short exact
sequence:

0 −→ π−1(TM)
γ−→ TTM

ρ−→ π−1(TM) −→ 0, (1.3)

where the bundle morphisms ρ and γ are defined respectively by ρ :=
(πTM , π∗) and γ(u, v) := ju(v), where ju is the natural isomorphism ju :
Tπ(u)M −→ Tu(Tπ(u)M).

The exact sequence (1.3) is called the fundamental exact sequence.
The π-vector field η on π−1(TM) defined by

η(u) = (u, u) for all u ∈ TM,

is called the fundamental π-vector field. The geometry of the tangent bundle
is dominated by two canonical geometric objects: the Liouville vector field
and the natural almost tangent structure. Here are their definitions.

Definition 1.6.

(a) The vertical vector field C on TM defined by C := γ ◦ η is called the
Liouville vector field.

(b) The vector 1-form J on TM defined by J := γ ◦ ρ is called the natural
almost tangent structure of TM .
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One can show that the natural almost tangent structure J has the proper-
ties:

J2 = 0, [J, J ] = 0, [C, J ] = −J, Im(J) = ker(J) = V (TM). (1.4)

Hence, JX is vertical, for all X ∈ X(TM) and any vertical vector field Y
can be written as Y = JX , for some X ∈ X(TM). Moreover, in view of
(1.4) and (1.2), the identity [J, J ] = 0 may be read as follows: the Lie bracket
of two vertical vector fields is a vertical vector field, which means that the
vertical distribution is completely integrable.

Moreover, we have

[iJ , dJ ] = [d, dJ ] = 0,

[iJ ,LC ] = [iC , dJ ] = iJ ,

[dJ ,LC ] = dJ .

Definition 1.7.

(a) A scalar form ω on TM is said to be homogenous of degree r (simply,
h(r)) if

LCω = rω.

(b) A vector form L on TM is said to be homogenous of degree r (simply,
h(r)) if

[C,L] = (r − 1)L.

In particular, a function f ∈ C∞(TM) is k-homogeneous if

LCf = kf. (1.5)

Definition 1.8.

(a) A scalar p-form ω is semi-basic if iJXω = 0, ∀X ∈ X(TM).

(b) A vector l-form L is semi-basic if JL = 0 and iJXL = 0, ∀X ∈
X(TM).

In view of (1.4), the almost tangent structure J is h(0).
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Definition 1.9. A semi-spray on M is a vector field X on TM , C∞ on TM ,
C1 on TM , such that JX = C.
A semi-spray X which is homogeneous of degree 2 ([C,X] = X ) is called a
spray.

Remark 1.10. If S is a semi-spray on M , then for every vector field X ∈
X(TM), we have

J [JX, S] = JX. (1.6)

Definition 1.11. A nonlinear connection on M is a vector 1-form Γ on TM ,
C∞ on TM , C0 on TM , such that

JΓ = J, ΓJ = −J.

A nonlinear connection Γ is homogeneous if Γ is homogenous of degree 1 as
a vector 1-form: [C,Γ] = 0.
A homogenous nonlinear connection Γ is linear if Γ is C1 on TM .

Let Γ be a nonlinear connection on M . The horizontal and vertical projec-
tors h and v associated with Γ are defined by

h :=
1

2
(I + Γ), v :=

1

2
(I − Γ).

Thus, the horizontal and vertical projectors has the properties:

h2 = h, h ◦ J = 0, J ◦ h = J,

v2 = v, v ◦ J = J, J ◦ v = 0,

h ◦ v = v ◦ h = 0, h+ v = I (= idTTM ).

Consequently, Γ gives rise to the direct sum decomposition

TTM = H(TM)⊕ V (TM),

where V (TM) := Im(v) = ker(h) is the vertical bundle and H(TM) :=
Im(h) = ker(v) is a vector bundle called the horizontal bundle. Through-
out, the modules of horizontal and vertical vector fields will be denoted by
Xh(TM) and Xv(TM) respectively.

Lemma 1.12. For a homogeneous connection Γ, we have

[C, hX] = h[C,X], ∀X ∈ X(TM). (1.7)
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Definition 1.13. The torsion t of Γ is the vector 2-form on TM , C∞ on TM ,
defined by

t :=
1

2
[J,Γ].

Clearly, t is semi-basic (i.e., Im(t) ⊂ V (TM) and iJ t = 0).

Definition 1.14. The curvature R of Γ is the vector 2-form on TM , C∞ on
TM , defined by

R := −1

2
[h, h].

Similarly, R is also semi-basic. Moreover, R(X,Y ) = −v[hX, hY ], for all
X,Y ∈ X(TM), [51].

We end this section with the following result.

Proposition 1.15. With any given nonlinear connection Γ, one can associate
a semi-spray S which is horizontal with respect to Γ, namely, S = hS′, where
S′ is an arbitrary semi-spray.
Moreover, if Γ is homogeneous, then its associated semi-spray is a spray.

1.3 Finsler structure and Barthel connection

In this section, we deal with a Finsler structure and the associated canon-
ical nonlinear connection called Barthel connection, following the Klein-
Grifone formalism. For more detail, we refer to [24, 25, 30].

We start with the definition.

Definition 1.16. [30] A Finsler manifold of dimension n is a pair (M,L),
where M is a differentiable manifold of dimension n and L is a map

L : TM −→ R,

satisfying the axioms:

(a) L(u) > 0 for all u ∈ TM and L(0) = 0,

(b) L is C∞ on TM , C0 on TM ,

(c) L is homogenous of degree 1 in the directional argument y: LCL = L,
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(d) The exterior 2-form Ω := ddJE has maximal rank (non-degenerate),
where E := L2/2.

L is called the Finsler structure and E is the energy function associated with
L. We will use the notation (M,L) for a Finsler manifold.

Remark 1.17. When L is defined on an open subset U of TM such that U
is conic (that is, if p ∈ U and λ > 0, then λp ∈ U ), then L is called conic
Finsler structure . In this case (M,L) called a conic Finsler manifold.

Theorem 1.18. [30] Let (M,L) be a Finsler manifold. The vector field S
defined by iSΩ = −dE is a spray.
Such a spray is called the canonical spray associated with (M,L).

A nonlinear connection Γ on a Finsler manifold (M,L) is said to be con-
servative if dhE = 0. Now, we give a fundamental result of Finsler geometry,
which ensures the existence and uniqueness of a certain nonlinear connection
with remarkable properties. Namely,

Theorem 1.19. [30] On a Finsler manifold (M,L), there exists a unique con-
servative homogeneous nonlinear connection with zero torsion. It is given by:

Γ = [J, S],

where S is the canonical spray.
Such a connection is called the canonical connection, the Barthel connection
or the Cartan nonlinear connection associated with (M,L).

It should be noted that the semi-spray associated with the Barthel connec-
tion is a spray, which coincides with the canonical spray.

Associated with Γ, an almost complex structure F (F 2 = −I) is defined
by FJ = h and Fh = −J . This F defines an isomorphism of Tz(TM) for
all z ∈ TM .

1.4 Berwald and Cartan connections

In this section, we present the necessary material, concerning Berwald and
Cartan connections, that will be needed throughout. For more details, we refer
to [25, 53].

Theorem 1.20. [25] For a Finsler space (M,L), there exists a unique linear

connection
◦
D on TM satisfying the following properties:
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(a)
◦
DJ = 0. (b)

◦
DC = v.

(c)
◦
DΓ = 0 (⇐⇒

◦
Dh =

◦
Dv = 0). (d)

◦
DJXJY = J [JX, Y ].

(e)
◦
T (JX, Y ) = 0,

where h and v are the horizontal and vertical projectors of Barthel connection
and

◦
T is the (classicl) torsion of

◦
D. This connection is called the Berwald

connection.

The explicit expression of
◦
D is given by:

◦
DJXJY = J [JX, Y ],
◦
DhXJY = v[hX, JY ],

◦
DF = 0.

 (1.8)

Lemma 1.21. The h-curvature
◦
R, hv-curvature

◦
P and h-torsion

◦
T tensors of

Berwald connection are given by:

(a)
◦
R(X,Y )Z = (

◦
DJZR)(X,Y ),

(b)
◦
P (X,Y )Z = v[hX, J [JY, Z]]− J [JY, F [hX, JZ]]

− v[h[hX, JY ], JZ]− J [v[hX, JY ], Z],

(c)
◦
T (hX, hY ) = R(X,Y ),

where R is the curvature of Barthel connection.

Let (M,L) be a Finsler space and Ω = ddJE. The map g defined by

g(JX, JY ) := Ω(JX, Y ), ∀ X,Y ∈ T (TM)

defines a metric on V (TM). This metric can be extended to a metric g on
T (TM) defined by the formula:

g(X,Y ) = g(JX, JY ) + g(vX, vY ) = Ω(X,FY ). (1.9)

Theorem 1.22. [25] For a Finsler space (M,L), there exists a unique linear
connection D on TM satisfying the following properties:

(a) DJ = 0. (b) DC = v.
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(c) DΓ = 0 (⇐⇒ Dh = Dv = 0). (d) Dg = 0.

(e) T (JX, JY ) = 0. (f) JT (hX, hY ) = 0.

This connection is called the Cartan connection.

The explicit expression of D is given by:

DJXJY =
◦
DJXJY + C(X,Y ),

DhXJY =
◦
DhXJY + C′(X,Y ),

DF = 0,

 (1.10)

where C and C′ are the vector 2-forms on TM defined by

Ω(C(X,Y ), Z) =
1

2
(LJX(J∗g))(Y,Z),

Ω(C′(X,Y ), Z) =
1

2
(LhXg)(JY, JZ),

with (J∗g)(Y,Z) = g(JY, JZ).
The tensors C and C′ will be called the first and second Cartan tensors

respectively. They are semi-basic, symmetric and

C(X,S) = C′(X,S) = 0. (1.11)

We have the following lemmas.

Lemma 1.23. The (h)h-torsion T (hX, hY ) and (h)v-torsion T (hX, JY ) of
Cartan connection are given respectively by

T (hX, hY ) = R(X,Y ), T (hX, JY ) = (C′ − FC)(X,Y ),

where R is the curvature of Barthel connection.

Lemma 1.24. The h-curvature R, hv-curvature P and v-curvature Q of Car-
tan connection are given respectively by:

(a) R(X,Y )Z =
◦
R(X,Y )Z + (DhXC′)(Y, Z)− (DhY C′)(X,Z)

+C′(FC′(X,Z), Y )−C′(FC′(Y,Z), X)+C(FR(X,Y ), Z),

(b) P (X,Y )Z =
◦
P (X,Y )Z + (DhXC)(Y, Z)− (DJY C′)(X,Z)

+ C(FC′(X,Z), Y ) + C(FC′(X,Y ), Z)− C′(FC(Y,Z), X)
− C′(FC(X,Y ), Z),



1.4. Berwald and Cartan connections 17

(c) Q(X,Y )Z = C(FC(X,Z), Y )− C(FC(Y,Z), X).

Lemma 1.25. For Cartan connection, the following properties hold:

(a) R(X,Y )S = R(X,Y ).

(b) P (X,Y )S = C′(X,Y ).

(c) P (S,X)Y = P (X,S)Y = 0, S is the canonical spray.

(d) Q(S,X)Y = Q(X,S)Y = Q(X,Y )S = 0.

Lemma 1.26. The Bianchi identities for Cartan connection are given by:

(a) SX,Y,Z{R(X,Y )Z} = SX,Y,Z{C(FR(X,Y ), Z)}.

(b) SX,Y,Z{Q(X,Y )Z} = 0.

(c) C(FR(X,Y ), Z) = R(FC(X,Z), Y )−R(FC(Y,Z), X).

(d) SX,Y,Z{(DhXR)(Y,Z)} = SX,Y,Z{C′(FR(X,Y ), Z)}.

(e) SX,Y,Z {(DhXR)(Y,Z)} = SX,Y,Z {P (X,FR(Y,Z))}.

(f) (DhXP )(Y, Z)− (DhY P )(X,Z) + (DJZR)(X,Y ) =
P (X,FC′(Y, Z))− P (Y, FC′(X,Z)) +R(FC(Y,Z), X)
−R(FC(X,Z), Y )−Q(FR(X,Y ), Z).

(g) (DhXQ)(Y,Z)− (DJY P )(X,Z) + (DJZP )(X,Y ) =
P (FC(X,Y ), Z)− P (FC(Z,X), Y )−Q(FC′(X,Y ), Z)
+Q(FC′(Z,X), Y ).

(h) SX,Y,Z{(DJXQ)(Y, Z)} = 0,

where SX,Y,Z is the cyclic sum over the vector fields X , Y and Z.

Lemma 1.27. For all X,Y ∈ X(TM), we have

(a) [JX, JY ] = J(DJXY −DJYX).

(b) [hX, JY ] = J(DhXY )− h(DJYX)− (C′ − FC)(X,Y ).

(c) [hX, hY ] = h(DhXY −DhYX)−R(X,Y ).
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Proof.
(a) Using (1.8) and (1.10), the symmetry of C, [J, J ] = 0, J2 = 0 andDJ = 0,
we get

J(DJXY −DJYX) = DJXJY −DJY JX

=
◦
DJXJY + C(X,Y )−

◦
DJY JX − C(Y,X)

= J [JX, Y ]− J [JY,X]

= [JX, JY ].

(b) Using (1.8) and (1.10), the symmetry of C, DJ = Dh = DF = 0, we
obtain

J(DhXY )− h(DJYX) = DhXJY −DJY hX

=
◦
DhXJY + C′(X,Y )−

◦
DJY hX − FC(Y,X)

= v[hX, JY ]− h[JY,X] + (C′ − FC)(X,Y )

= [hX, JY ] + (C′ − FC)(X,Y ).

(c) Again using (1.8) and (1.10), by the symmetry property of C′, we have

h(DhXY −DhYX) = DhXhY −DhY hX

=
◦
DhXhY + FC′(X,Y )−

◦
DhY hX − FC′(Y,X)

= Fv[hX, JY ] + Fv[JX, hY ].

As the torsion of Γ vanishes, then 0 = t(X,Y ) = v[JX, hY ] + v[hX, JY ]−
J [hX, hY ], from which Fv[JX, hY ] + Fv[hX, JY ] = FJ [hX, hY ] =
h[hX, hY ]. Consequently, h(DhXY −DhYX) = h[hX, hY ] = [hX, hY ]−
v[hX, hY ] = [hX, hY ] + R(X,Y ), where we have used the identity
R(X,Y ) = −v[hX, hY ] [51].

Remark 1.28. It is to be noted that the identity R(X,Y ) = −v[hX, hY ]
shows that the Lie bracket [hX, hY ] is horizontal if and only if R(X,Y ) van-
ishes. This means that a necessary and sufficient condition for the horizontal
distribution to be completely integrable is that R vanishes. This fact can also
be deduced from Lemma 1.27 (c) above.



Chapter 2

Nullity distributions associated
with Cartan connection

In this chapter, the nullity distribution of the three curvature tensors of
Cartan connection, adopting the Klein-Grifone approach, are investigated. We
introduce the nullity distribution NR of the h-curvature tensor of Cartan con-
nection, the nullity spaces being subspaces of the horizontal space. We show
that NR is included in the nullity distribution NR of the curvature of Barthel
connection and we show, by an example, that this inclusion can be proper.
We study the nullity distributions of the hv-curvature and v-curvature of Car-
tan connection. We show through examples that these distributions are not
completely integrable. Nevertheless, we investigate necessary and sufficient
conditions for such distributions to be completely integrable.

The results of this chapter are published [64].

2.1 Nullity distribution of the Cartan h-curvature

It should first be noted that the nullity distributions of Barthel and Berwald
connections have been investigated in [51, 53]. In this section, we study the
nullity distribution of the h-curvature tensor.

Definition 2.1. Let R be the h-curvature tensor of Cartan connection. The
nullity space of R at a point z ∈ TM is the subspace of Hz(TM) defined by

NR(z) := {v ∈ Hz(TM)|Rz(v, w) = 0, for all w ∈ Hz(TM)}.

19
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The dimension of NR(z), denoted by µR(z), is the index of nullity of R at z.
If the index of nullity is constant, then the map NR : z 7→ NR(z) defines

a distribution NR of dimension µR called nullity distribution of R.
Any smooth section in the nullity distributionNR is called a nullity vector

field. We shall assume that µR 6= 0 and µR 6= n.

Throughout the thesis, we denote by Sec(NR) the C∞(TM)-module of
the nullity vector fields.

Proposition 2.2. The nullity distribution NR has the following properties:

(a) NR 6= φ.

(b) NR ⊆ NR, where NR is the nullity distribution of the curvature R.

(c) If Z ∈ Sec(NR), then R(X,Y )Z = C(FR(X,Y ), Z).

(d) Let S is arbitrary spray and S ∈ Sec(NR), then R = 0.

(e) If X ∈ Sec(NR), then [C,X] ∈ Sec(NR) and consequently, [C,X] ∈
Sec(NR).

Proof.
(b) Let X be a nullity vector field. We have

X ∈ Sec(NR) =⇒ R(X,Y )Z = 0 ∀Y, Z ∈ X(TM)

=⇒ R(X,Y )S = 0 ∀Y ∈ X(TM)

=⇒ R(X,Y ) = 0 ∀Y ∈ X(TM)

=⇒ X ∈ Sec(NR).

(c) Let Z ∈ Sec(NR), then Z ∈ Sec(NR) and by Lemma 1.26 (a), we have

SX,Y,Z{R(X,Y )Z} = SX,Y,Z{C(FR(X,Y ), Z)}.

Since R(Y, Z)X = R(Z,X)Y = 0 and R(Y, Z) = R(Z,X) = 0, the result
follows.

(d) Let S is arbitrary spray and S ∈ Sec(NR), then by (c), we have
R(X,Y )S = C(FR(X,Y ), S). Then, the result follows from (1.11) and
Lemma 1.25.
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(e) Let X ∈ Sec(NR). By the identity DCR = 0 [25], we have

(DCR)(X,Y ) = 0,

which leads to
R(DCX,Y ) = 0.

Using (1.8) and (1.10), we have R([C,X], Y ) = 0. Since h is h(1), then
[C, h] = 0, from which [C, hX] = h[C,X]. That is, [C, hX] is horizontal.
Hence, [C,X] ∈ Sec(NR). Consequently, by (b), [C,X] ∈ Sec(NR).

It is important to note that the converse of property (b) of Proposition 2.2
is not true in general, that is, NR 6⊂ NR. This is shown by the next example
(see B.4) in which the calculations are performed using MAPLE program and
the NF-package [60] and [61].

From now on, all calculations of the examples throughout are given in
Appendix B.

Example 2.3. Let M = {(x1, x2, x3, x4) ∈ R4 : x4 6= 0},
U = {(x, y) ∈ R4 × R4 : x4 6= 0; yi 6= 0, i = 1, ..., 4} ⊂ TM . Let L be
defined on U by

L(x, y) =
√
x4y1((y2)3 + (y3)3 + (y4)3)1/3.

Let X = Xiδi ∈ Sec(NR), where δi := ∂
∂xi
− Nm

i
∂

∂ym form a basis
of Xh(TM), then XiRh

ij = 0 gives a system of algebraic equations. In this
system, we have X1 = t1, t1 ∈ R and X2 = X3 = 0. Then, we get ((y2)3 +
(y3)3 + 5(y4)3)X4 = 0. Now, we have two cases, either (y2)3 + (y3)3 +
5(y4)3 = 0 or (y2)3+(y3)3+5(y4)3 6= 0. Firstly, if (y2)3+(y3)3+5(y4)3 6=
0, then X4 = 0 and thus µR = 1. Secondly, if (y2)3 + (y3)3 + 5(y4)3 = 0,
then X4 = t4, t4 ∈ R and thus X = t1δ1 + t4δ4 and µR = 2. We will be
interested in the second case.

Let Y = Y iδi ∈ Sec(NR), then Y jRhijk = 0 gives a system of algebraic
equations. This system has the solution Y 1 = t′1, t

′
1 ∈ R and Y 2 = Y 3 =

Y 4 = 0. Thus, Y = t′1δ1 and µR = 1. So, the dimension of NR = 1 and the
dimension of NR = 2, consequently, NR 6⊂ NR.

Nevertheless, we have some cases in which NR ⊂ NR as the case of
Landsberg spaces satisfying certain conditions.



22 Chapter 2. Nullity distributions associated with Cartan connection

Definition 2.4. [47] A Finsler space is called Landsberg if the second Cartan
tensor vanishes: C′ = 0 or, equivalently, if P = 0.

Theorem 2.5. Let (M,L) be a Landsberg space. If, for all X ∈
Sec(NR),

◦
DJZX ∈ Sec(NR), then NR ⊂ NR and hence NR = NR.

Proof. Let (M,F ) be a Landsberg space. Then, using Lemma 1.24, we get

R(X,Y )Z =
◦
R(X,Y )Z + C(FR(X,Y ), Z).

Let X be a vector field in Sec(NR). Then, by the above equation and the fact

that
◦
R(X,Y )Z = (

◦
DJZR)(X,Y ) [53], R(X,Y )Z = −R(

◦
DJZX,Y ). Since

◦
DJZX ∈ Sec(NR),∀X ∈ Sec(NR), then R(X,Y )Z = 0 and we obtain that
X ∈ Sec(NR). Consequently, NR ⊂ NR and hence NR = NR.

Theorem 2.6. For a Landsberg space, the nullity distributions NR coincides
with the nullity distribution NR◦ of the h-curvature

◦
R of Berwald connection.

Proof. Let (M,L) be a Landsberg space. Then, C′ = 0. Hence, by Lemma
1.24 (a), we get

R(X,Y )Z =
◦
R(X,Y )Z + C(FR(X,Y ), Z).

Let X ∈ Sec(NR), then X ∈ Sec(NR) and thus R(X,Y ) = 0, hence,
X ∈ Sec(NR◦). Consequently, NR ⊆ NR◦ . Conversely, let X ∈ Sec(NR◦),
then X ∈ Sec(NR) [53] and thus R(X,Y ) = 0, hence, X ∈ SecX(NR).
Consequently, NR◦ ⊆ NR.

Theorem 2.7. Let µR be constant on an open subset U of TM . Then, the
nullity distribution z 7→ NR(z) is completely integrable on U .

Proof. To prove this theorem we have to show that if X,Y ∈ Sec(NR), then
[X,Y ] ∈ Sec(NR). So, let X,Y ∈ Sec(NR) and Z ∈ Xh(TM). This
implies that X and Y are horizontal and X,Y ∈ Sec(NR). Then, by Lemma
1.26 (e), we have

SX,Y,Z{(DXR)(Y, Z)} = SX,Y,Z{P (X,FR(Y,Z))}.

Since X,Y ∈ Sec(NR), then R(X,Y ) = R(Y, Z) = R(Z,X) = 0. Mak-
ing use of Lemma 1.27 and the fact that R is semi-basic and T (hX, hY ) =
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R(X,Y ), we have

0 = SX,Y,Z{(DXR)(Y,Z)}
= SX,Y,Z{DXR(Y,Z)−R(DXY, Z)−R(Y,DXZ)}
= −R(DXY,Z)−R(Z,DYX)

= R(DXY −DYX,Z)

= R([X,Y ] + R(X,Y ), Z)

= R([X,Y ], Z) +R(R(X.Y ), Z)

= R([X,Y ], Z), ∀Z ∈ Xh(TM).

It remains to show that [X,Y ] is horizontal. In fact, as R(X,Y ) =
−v[hX, hY ], 0 = R(X,Y ) = −v[X,Y ], and hence [X,Y ] is horizontal.
Hence, we have [X,Y ] ∈ Sec(NR).

Remark 2.8. It should be noted that the nullity distribution NR of the cur-
vature of Barthel connection is completely integrable as it has been proved in
[51].

Definition 2.9. [1, 55] A Finsler space (M,E), where dimM ≥ 3, is said
to be h-isotropic if there exists a scalar function ko such that the h-curvature
tensor R of Cartan connection has the form

R(X,Y )Z = ko{g(X,Z)Y − g(Y,Z)X}, ∀X,Y, Z ∈ X(TM).

Theorem 2.10. For an h-isotropic n-Finsler space, the index of nullity µR is
either 0 or n.

Proof. Let µR 6= 0 and let X be a non zero nullity vector in Sec(NR) and
Y,Z,W ∈ X(TM). Then, by Definition 2.9, we have

0 = ko{g(X,Z)Y − g(Y, Z)X}
= ko{g(g(X,Z)Y,W )− g(g(Y, Z)X,W )}
= ko{g(Y,W )g(X,Z)− g(X,W )g(Y, Z)}.

As g is a metric on TM , its trace is thus 2n. Taking the trace with respect to
the pair Y and W , we get

ko{2ng(X,Z)− g(X,Z)} = 0,
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Again, taking the trace of the above equation, we have

2n(2n− 1)ko = 0.

which gives ko = 0. Consequently, R = 0 and hence µR = n.

Definition 2.11. [47, 55] A Finsler space (M,E), is said to be Berwald space

if the hv-curvature tensor
◦
P of Berwald connection vanishes or, equivalently,

DhXC = 0 for all X ∈ X(TM).

Theorem 2.12. For a Berwald space, the index of nullity µR of NR takes its
maximal value if and only if the index of nullity µR of NR takes its maximal
value.

Proof. Let (M,E) be a Berwald space and so C′ = 0 [47]. Hence, by Lemma
1.24 (a), the h-curvature of Cartan connection is written in the form

R(X,Y )Z =
◦
R(X,Y )Z + C(FR(X,Y ), Z). (2.1)

Now, let µR = n. Then R = 0, which is equivalent to
◦
R = 0 [53]. Thus,

Equation (2.1) yields R = 0. Consequently, µR = n.
Conversely, let µR = n. Hence, by (2.1),

◦
R(X,Y )Z+C(Z,FR(X,Y )) =

0. Setting Z = S in this equation, we have
◦
R(X,Y )S = 0. But

◦
R(X,Y )S =

R(X,Y ) [53]. Thus, R = 0, consequently, µR = n.

2.2 Nullity distribution of the Cartan hv-curvature

In this section, we study the nullity distribution of the hv-curvature of Car-
tan connection. We show that the nullity distribution NP of the hv-curvature
P is not completely integrable. We impose a certain condition to make NP
completely integrable. We present a class of Finsler spaces which fulfills such
a condition.

Definition 2.13. Let P be the hv-curvature of Cartan connection. The nullity
space of P at a point z ∈ TM is the subspace of Hz(TM) defined by

NP (z) := {u ∈ Hz(TM) : Pz(u,w) = 0, ∀w ∈ Hz(TM)}.

The dimension of NP (z), denoted by µP (z), is the index of nullity of P at z.
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Proposition 2.14. The nullity distribution NP of P has the following proper-
ties:

(a) NP 6= φ.

(b) S ∈ Sec(NP ), S is the canonical spray.

(c) If u ∈ NP (z), then C′z(u, v) = 0, ∀ v ∈ Tz(TM).

(d) If X,Y ∈ Sec(NP ) ∩ Sec(NR), then R(X,Y )Z = C′([X,Y ], Z).

Proof.
(b) Follows from the fact that P (S,X)Y = P (X,S)Y = 0 (Lemma 1.25).

(c) Let u ∈ NP (z),

u ∈ NP (z) =⇒ Pz(u, v)w = 0 ∀ v, w ∈ Tz(TM)

=⇒ Pz(u, v)Sz = 0 ∀ v ∈ Tz(TM)

=⇒ C′z(u, v) = 0 ∀ v ∈ Tz(TM).

(d) Let X , Y ∈ Sec(NP ) ∩ Sec(NR). Then, by (c) above, Lemma 1.24 (a)

and the identity
◦
R(X,Y )Z = (

◦
DJZR)(X,Y ) [53], we have

R(X,Y )Z = (DhXC′)(Y,Z)− (DhY C′)(X,Z).

By Lemma 1.27 (c) and the fact that C′ is semi-basic, we get

R(X,Y )Z = C′([hX, hY ], Z).

The nullity distribution NP is not completely integrable in general as
shown by the following example (see B.5).

Example 2.15. Let M = {(x1, x2, x3) ∈ R3 : x2 6= 0},
U = {(x, y) ∈ R3 × R3 : x2 6= 0; y1, y2 6= 0} ⊂ TM . Let L be defined on
U by:

L(x, y) =

√
e−x1(e−x1x3(y1)2y3 + x2(y2)3)2/3.

Let X = Xiδi ∈ Sec(NP ), then XjP hijk = 0 leads to a system of alge-

braic equations. Thus, the solution of this system is X1 = t1, X
2 = y2

y1 t1 and
X3 = t3; t1, t3 ∈ R. Hence, X = t1(δ1 + y2

y1
δ2) + t3δ3 and µP = 2. Now, we
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takeX,Y ∈ Sec(NP ) such thatX = δ1+ y2

y1
δ2 and Y = h3. By simple calcu-

lations, we obtain the bracket [X,Y ] = [h1 + y2

y1 δ2, δ3] = −1
2y

1 ∂
∂y1 + y3 ∂

∂y3 ,
which is vertical. Consequently, the nullity distribution NP is not completely
integrable.

Nevertheless, we have

Theorem 2.16. Let µP be constant on an open subset U of TM . The nullity
distributionNP is completely integrable on U if and only if R(X,Y ) = 0 and
(DJZR)(X,Y ) = R(Y, FC(X,Z))−R(X,FC(Y, Z)), ∀X,Y ∈ Sec(NP ).

Proof. Let X,Y ∈ Sec(NP ). Then, R(X,Y ) = 0 and (DJZR)(X,Y ) =
R(Y, FC(X,Z)) − R(X,FC(Y,Z)), ∀Z ∈ X(TM). Firstly, [X,Y ] =
[hX, hY ] is horizontal since R(X,Y ) = 0. Making use of Lemma 1.26 (f)
and Lemma 1.27 (c), we get

(DhXP )(Y,Z)− (DhY P )(X,Z) = 0 =⇒ P (DXY −DYX,Z) = 0

=⇒ P ([X,Y ] + R(X,Y ), Z) = 0

=⇒ P ([X,Y ], Z) = 0

=⇒ [X,Y ] ∈ Sec(NP ).

Hence NP be completely integrable.
Conversely, let NP be completely integrable. Then, if X,Y ∈ Sec(NP ),

the bracket [hX, hY ] is horizontal, thus, R(X,Y ) = 0. Also, by Lemma 1.26
(f) and the fact P ([hX, hY ], Z) = (DhXP )(Y,Z) − (DhY P )(X,Z) = 0,
we have (DJZR)(X,Y ) = R(Y, FC(X,Z)) − R(X,FC(Y,Z)), ∀X,Y ∈
Sec(NP ), ∀Z ∈ X(TM).

Remark 2.17. The class of Finsler spaces with vanishing h-curvature satisfy
the conditions of Theorem 2.16. Consequently, for such spaces, NP is com-
pletely integrable.

Moreover, we have

Proposition 2.18. A sufficient condition forNP to be completely integrable is
that

NP ⊂ NR.

Proof. Let NP ⊂ NR and X,Y ∈ Sec(NP ), Z ∈ X(TM). Then,
X,Y ∈ Sec(NR) and hence X,Y ∈ Sec(NR), consequently, R(X,Y ) = 0.
Also, by Lemma 1.26 (f), we have (DJZR)(X,Y ) = R(Y, FC(X,Z)) −
R(X,FC(Y,Z)), ∀X,Y ∈ Sec(NP ), ∀Z ∈ X(TM). Hence, by Theorem
2.16, NP is completely integrable.
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2.3 Nullity distribution of the Cartan v-curvature

In this section, we study the nullity distribution of the v-curvature Q of
Cartan connection. The nullity distribution ofQ is defined in a similar manner
as that of R (Definition 4.6 )

Proposition 2.19. The nullity distribution NQ of Q has the properties:

(a) NQ 6= φ.

(b) S ∈ Sec(NQ).

(c) If Z ∈ Sec(NQ), then Q(X,Y )Z = 0, ∀X,Y ∈ X(TM).

(d) If X,Y ∈ Sec(NQ), then F [JX, JY ] ∈ Sec(NQ).

Proof.
(b) Follows from the fact that Q(S,X)Y = 0. (Lemma 1.25 (d))
(c) Follows from Lemma 1.26 (b).
(d) Let X,Y ∈ Sec(NQ), then Lemmas 1.26 (h) and 1.27 (a) lead to

0 = (DJXQ)(Y,Z) + (DJYQ)(Z,X) + (DJZQ)(X,Y )

= −Q(DJXY, Z)−Q(Z,DJYX)

= Q(DJYX −DJXY,Z)

= −Q(F [JX, JY ], Z).

Since [JX, JY ] is vertical and FJ = h, then F [JX, JY ] is horizontal. Con-
sequently, F [JX, JY ] ∈ Sec(NQ).

The nullity distribution NQ is not completely integrable in general as
shown by the following example (see B.6).

Example 2.20. M = {(x1, x2, x3, x4) ∈ R4 : x2 6= 0},
U = {(x, y) ∈ R4 × R4 : x2 6= 0; y1, y3, y4 6= 0} ⊂ TM . Let L be defined
on U by

L(x, y) =

√
x2(y1)2e−y3/y4 + (y2)2.

Let X = Xiδi ∈ Sec(NQ), then XjQhijk = 0 gives a system of algebraic

equations. In this system, we have X2 = t, X4 = t′, X1 = y1

y4 t
′, X3 =

y3

y4 t
′; t, t′ ∈ R. Hence, X = tδ2 + t′(y

1

y4 δ1 + y3

y4 δ3 + δ4) and µQ = 2. Now,
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we take X,Y ∈ Sec(NQ) such that X = h2 and Y = y1

y4
h1 + y3

y4
h3 +

h4. Then, the bracket [X,Y ] = [δ2,
y1

y4
δ1 + y3

y4 δ3 + δ4] = − y1y2

2(x2)2y4
∂
∂y1 +

(y1)2(5y3−2y4)
4x2(y4)2

e−y
3/y4 ∂

∂y2 + y4

2(x2)2
∂
∂y4 , which is vertical. Consequently, the

nullity distribution NQ is not completely integrable.

Nevertheless, we have

Theorem 2.21. Let µQ be constant on an open subset U of TM . The nullity
distribution NQ is completely integrable on U if and only if for all X,Y ∈
Sec(NQ), R(X,Y ) = 0 and the tensor

A(X,Y, Z) := P (FC(Z,X), Y )− (DJXP )(Y, Z)− (DJZP )(X,Y ),

is symmetric in X and Y .

Proof. Let X,Y ∈ Sec(NQ). Then, R(X,Y ) = 0 and the tensor A(X,Y, Z)
is symmetric in the first two arguments. By Lemma 1.26 (g), we have

(DhXQ)(Y,Z) = (DJY P )(X,Z)− (DJZP )(X,Y ) + P (FC(X,Y ), Z)

− P (FC(Z,X), Y )−Q(FC′(X,Y ), Z). (2.2)

Interchange X with Y in the above equation, we get

(DhYQ)(X,Z) = (DJXP )(Y,Z)− (DJZP )(Y,X) + P (FC(Y,X), Z)

− P (FC(Z, Y ), X)−Q(FC′(Y,X), Z). (2.3)

Making use of the symmetry of C and C′, Equations (2.2) and (2.3) give

(DhXQ)(Y,Z)− (DhYQ)(X,Z) = A(X,Y, Z)−A(Y,X,Z). (2.4)

Then, by the symmetry of A(X,Y, Z) in X and Y , we get

Q(DhYX −DhXY,Z) = 0.

Consequently, it follows from Lemma 1.27 that

Q([X,Y ] + R(X,Y ), Z) = 0.

Since R(X,Y ) = 0, [hX, hY ] = [X,Y ] is horizontal and so [X,Y ] ∈
Sec(NQ). Consequently, NQ(z) is completely integrable.

Conversely, let NQ be completely integrable. Then, for all X,Y ∈
Sec(NQ), we obtain [hX, hY ] ∈ Sec(NQ), i.e., [hX, hY ] is horizontal and
hence R(X,Y ) = 0. Moreover, by (2.4) and the fact that Q([hX, hY ], Z) =
0, the tensor A(X,Y, Z) is symmetric in X and Y .
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Remark 2.22. The class of Minkowski spaces satisfies the conditions of the
above theorem. Consequently, a Minkowski space has a completely integrable
NQ.

Definition 2.23. Let (M,L) be a Finsler manifold. The angular metric ~ on
TM is defined by

~(X,Y ) = g(X,Y )− `(X)`(Y ),

where g is the metric tensor on TM given by (1.9) and `(X) := 1
Lg(X,C).

It should be noted that the trace of ~ is (2n− 1).

Definition 2.24. A Finsler space (M,L), with dimM ≥ 4, is said to be S3-
like if

Q(X,Y, Z,W ) = r{~(JX, JZ)~(JY, JW )− ~(JX, JW )~(JY, JZ)},

where Q(X,Y, Z,W ) = g(Q(X,Y )Z, JW ) and r is a scalar function.

Theorem 2.25. Let (M,L) be an S3-like space. Then, the index of nullity µQ
takes its maximal value.

Proof. Let (M,L) be an S3-like space and X ∈ Sec(NQ), then we have

r{~(JX, JZ)~(JY, JW )− ~(JX, JW )~(JY, JZ)} = 0.

Taking the trace with respect to JX and JZ , we get

(2n− 2)r~(JY, JW ) = 0.

Again, taking the trace of the above equation, we have

(2n− 1)(n− 1)r = 0.

As n ≥ 4, then r = 0 and consequently Q = 0.





Chapter 3

Nullity distributions associated
with Chern connection

In this chapter, we formulate and prove an intrinsic existence and unique-
ness theorem for Chern connection. Then, the nullity distributions associated
with the Chern connection are investigated. We prove the integrability and the
autoparallel property of the nullity distribution NR∗ of the Chern h-curvature
∗
R. We give two interesting examples. The first shows that the nullity distri-

bution NR∗ does not coincide with the kernel distribution of
∗
R (NR∗ is a

proper sub-distribution of kerR∗). The second shows that NP ∗ is not com-
pletely integrable. As a by-product, this allows us to give a simple class of
non-Berwaldian Landsberg spaces with singularities.

Some results of this chapter are published [62] and others are submitted
for publication [63].

3.1 Existence and uniqueness of Chern connection

In this section, we formulate and prove an intrinsic existence and uniqueness
theorem for Chern connection. We begin with some definitions quoted from
[25]. These definitions are important for subsequent use throughout.

Definition 3.1. A linear connection∇ on TM is said to be regular if∇J = 0
and the map ϕ : V (TM) −→ V (TM): X 7−→ ∇XC is an isomorphism of
V (TM).

31
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For a regular connection ∇ on TM there is associated a nonlinear con-
nection Γ on M defied by Γ = I − 2ϕ−1 ◦ ∇C; Γ is said to be induced by
∇.

Definition 3.2. A regular connection∇ on TM is said to be reducible if∇Γ =
0, where Γ is the nonlinear connection induced by∇.

Definition 3.3. A linear connection∇ on TM is said to be almost-projectable
if ∇J = 0 and ∇JXC = JX , for all X ∈ T (TM). (an almost-projectable
connection is necessairly regular).

If we replace the last axiom by the axiom ∇JXJY = J [JX, Y ], the con-
nection∇ is called normal almost-projectable.

The connection Γ induced on M by an almost-projectable (rep. normal
almost-projectable) connection ∇ on TM will be called a projection (rep.
normal projection) of∇. We also say that∇ projects (resp. projects normally)
on Γ.

Definition 3.4. Let Γ be a connection on M . The lift of Γ is a reducible
connection ∇ on TM which projects on Γ. The lift of Γ is said to be normal
if ∇ is normal.

Lemma 3.5. For a reducible connection∇, we have∇F = 0, where F is the
almost-complex structure associated with the connection Γ induced by∇.

Now, we prove the following existence and uniqueness theorem.

Theorem 3.6. For a Finsler manifold (M,L) there exists a unique normal lift
∗
D of Barthel connection Γ = [J, S] such that:

(a)
∗
D is horizontally metric:

∗
DhXg = 0, ∀X ∈ X(TM).

(b) The classical torsion
∗
T has the property that J

∗
T (hX, hY ) = 0, for all

X,Y ∈ X(TM).

This connection is called Chern connection.

Proof. Firstly, we prove the uniqueness. Since
∗
D is a normal lift of Barthel

connection Γ = [J, S], then

∗
DJXJY = J [JX, Y ]. (3.1)



3.1. Existence and uniqueness of Chern connection 33

Also, by Lemma 3.5, we have

∗
DF = 0. (3.2)

Condition (a) implies that:

hX.g(JY, JZ) = g(
∗
DhXJY, JZ) + g(JY,

∗
DhXJZ), (3.3)

hY.g(JZ, JX) = g(
∗
DhY JZ, JX) + g(JZ,

∗
DhY JX), (3.4)

hZ.g(JX, JY ) = g(
∗
DhZJX, JY ) + g(JX,

∗
DhZJY ). (3.5)

By adding (3.3), (3.4) and subtracting (3.5), we get

hX.g(JY, JZ) + hY.g(JZ, JX)− hY.g(JZ, JX) =

g(
∗
DhXJY +

∗
DhY JX, JZ) + g(JY,

∗
DhXJZ −

∗
DhZJX)

+ g(
∗
DhY JZ −

∗
DhZJY, JX).

(3.6)

Condition (b) together with
∗
DJ = 0 imply:

∗
DhXJY −

∗
DhY JX = J [hX, hY ]. (3.7)

From (3.6) and (3.7), we get

g(2
∗
DhXJY, JZ) = hX.g(JY, JZ) + hY.g(JZ, JX)

− hY.g(JZ, JX) + g(J [hX, hY ], JZ) (3.8)

− g(J [hX, hZ], JY )− g(J [hY, hZ], JX).

Since Ω(X,Y ) = g(X, JY )− g(JX, Y ) and using JC′ = 0, then

1

2
(LhXg)(JY, JZ) = Ω(C′(X,Y ), Z) = g(C′(X,Y ), JZ),

which is totally symmetric. Now,

g(2C′(X,Y ), JZ) = hX.g(JY, JZ)−g([hX, JY ], JZ)−g(JY, [hX, JZ]),

g(2C′(Y, Z), JX) = hY.g(JZ, JX)− g([hY, JZ], JX)− g(JZ, [hY, JX]),

−g(2C′(Z,X), JY ) = −hZ.g(JX, JY )+g([hZ, JX], JY )+g(JX, [hZ, JY ]).
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By adding the above three equations, we get

g(2C′(X,Y ), JZ) = hX.g(JY, JZ) + hY.g(JZ, JX)− hZ.g(JX, JY )

− g([hX, JY ] + [hY, JX], JZ) + g([hZ, JX]− [hX, JZ], JY )

+ g([hZ, JY ]− [hY, JZ], JX) (3.9)

From (3.8) and (3.9), we have

g(2
∗
DhXJY, JZ) =g(2C′(X,Y ), JZ)

+ g([hX, JY ] + [hY, JX] + J [hX, hY ], JZ)

− g([hZ, JX]− [hX, JZ] + J [hX, hZ], JY )

− g([hZ, JY ]− [hY, JZ] + J [hY, hZ], JX). (3.10)

Since the Barthel connection is torsion-free (Theorem 1.19), then

0 = t(X,Y ) = v[JX, hY ] + v[hX, JY ]− J [hX, hY ]

and so J [hX, hY ] = v[JX, hY ] + v[hX, JY ]. Hence, one can write:

[hX, JY ] + [hY, JX] + J [hX, hY ] = 2v[hX, hY ] + h[hX, JY ]

+ h[hY, JX],

[hZ, JX]− [hX, JZ] + J [hX, hZ] = h[JZ, JX] + h[hZ, JX],

[hZ, JY ]− [hY, JZ] + J [hY, hZ] = h[hZ, JY ] + h[JZ, hY ].

The above relations and the the fact that g(hX, JY ) = 0 enable us to write
(3.10) in the form

g(2
∗
DhXJY, JZ) = g(2C′(X,Y ) + 2v[hX, JY ], JZ).

Hence,
∗
DhXJY = v[hX, JY ] + C′(X,Y ). (3.11)

Therefore,
∗
DXY is uniquely determined by (3.1), (3.11) and (3.2).

To prove the existence of
∗
D, let us define

∗
D by the requirement that (3.1),

(3.11) and (3.2) hold. Now, we have to prove that
∗
D is a normal lift of Γ =

[J, S] (i.e.,
∗
DJ = 0,

∗
DC = v,

∗
DΓ = 0,

∗
DJXJY = J [JX, Y ]) and

conditions(a) and (b) of the theorem are satisfied.
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•
∗
DJ = 0: From (3.1), (3.2) and (3.11), we have

J
∗
DhXY = J

∗
DhXhY + J

∗
DhXvY

= JF
∗
DhXJY + J

∗
DhXJFY

= (JFv[hX, JY ] + vC′(X,Y )) + (Jv[hX, vY ] + JC′(X,FY ))

= v[hX, JY ] + C′(X,Y ), since C′ is semi basic and Jv = 0

=
∗
DhXJY.

Similarly, one can show that J
∗
DvXY =

∗
DvXJY .

•
∗
DC = v: From (3.11), (1.11) and (1.7), we get
∗
DhXC =

∗
DhXJS = v[hX, JS]+C′(X,S) = −v[C, hX] = −vh[C,X] = 0.

On the other hand, from (3.1) and (1.10), we obtain
∗
DJXC =

∗
DJXJS =

J [JX, S] = JX.

•
∗
DΓ = 0 or, equivalently,

∗
Dh = 0:

h
∗
DhXY = h

∗
DhXhY + h

∗
DhXvY = h

∗
DhXhY,

∗
DhXvY is vertical by (3.11)

= h
∗
DhXFJY = hF

∗
DhXJY, by (3.2)

= hFv[hX, JY ] + hFC′(X,Y )

= Fv2[hX, JY ] + FvC′(X,Y )

= Fv[hX, JY ] + FC′(X,Y ) = FDhXJY =
∗
DhXhY.

Similarly,
∗
DJXhY = h

∗
DJXY .

•
∗
D is h-metrical: As g(JX, JY ) = g(hX, hY ) and g(hX, JY ) = 0, it

suffices to prove that (
∗
DhXg)(JY, JZ) = 0. By (3.1), (3.2) and (3.11), we

have

(
∗
DhXg)(JY, JZ) = hX.g(JY, JZ)− g(

∗
DhXJY, JZ)− g(JY,

∗
DhXJZ)

= hX.g(JY, JZ)− g(v[hX, JY ], JZ)− g(C′(X,Y ), JZ)

− g(JY, v[hX, JZ])− g(JY, C′(X,Z))

= hX.g(JY, JZ)− g(v[hX, JY ], JZ)

− g(JY, v[hX, JZ])− 2C′b(X,Y, Z) = 0.
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• JT(hX, hY ) = 0: By (3.11) and the symmetry of C′ , we have

J
∗
T (hX, hY ) = J

∗
DhXhY − J

∗
DhY hX − J [hX, hY ]

=
∗
DhXJY −

∗
DhY JX − J [hX, hY ]

= v[hX, JY ] + C′(X,Y )− v[hY, JX]− C′(Y,X)

− J [hX, hY ] = t(X,Y ) = 0.

This completes the proof.

Corollary 3.7. The Chern connection
∗
D is completely determined by:

(a)
∗
DJXJY = J [JX, Y ] =

◦
DJXJY.

(b)
∗
DhXJY = v[hX, JY ] + C′(X,Y ) = DhXJY.

(c)
∗
DF = 0.

3.2 Torsion and curvature tensors

In this section, we study the torsion and curvature tensors of Chern connec-
tion. We also derive the Bianchi identities and obtain some properties of the
curvature tensors. The following lemma will be useful for subsequent use.

Lemma 3.8. For all X,Y ∈ X(TM), we have

(a) [JX, JY ] = J(
∗
DJXY −

∗
DJYX).

(b) [hX, JY ] = J(
∗
DhX)Y − h(

∗
DJYX)− C′(X,Y ).

(c) [hX, hY ] = h(
∗
DhXY −

∗
DhYX)−R(X,Y ).

Proof. (a) By Corollary 3.7 and the fact that [J, J ] = 0 (1.4), we get

J(
∗
DJXY −

∗
DJYX) =

∗
DJXJY −

∗
DJY JX

= J [JX, Y ]− J [JY,X] = [JX, JY ].
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(b) By Corollary 3.7 and the identity h[JY,X] = h[JY, hX], we obtain

J(
∗
DhXY )− h(

∗
DJYX) =

∗
DhXJY −

∗
DJY hX

= v[hX, JY ] + C′(X,Y )− h[JY,X]

= v[hX, JY ]− h[JY,X] + C′(X,Y )

= v[hX, JY ] + h[hX, JY ] + C′(X,Y )

= [hX, JY ] + C′(X,Y ).

(c) Again by Corollary 3.7 and the symmetry property of C′, we have

h(
∗
DhXY −

∗
DhYX) =

∗
DhXhY −

∗
DhY hX

= Fv[hX, JY ] + FC′(X,Y )− Fv[hY, JX]

− FC′(Y,X)

= Fv[hX, JY ] + Fv[JX, hY ].

As the torsion of Γ vanishes, then 0 = t(X,Y ) = v[JX, hY ] + v[hX, JY ]−
J [hX, hY ], from which Fv[JX, hY ] + Fv[hX, JY ] = FJ [hX, hY ] =
h[hX, hY ]. Consequently,

h(
∗
DhXY −

∗
DhYX) = h[hX, hY ] = [hX, hY ]− v[hX, hY ]

= [hX, hY ] + R(X,Y ).

Proposition 3.9. The h-torsion, hv-torsion and v-torsion of Chern connection
∗
D are given by:

(a)
∗
T (hX, hY ) = R(X,Y ).

(b)
∗
T (hX, JY ) = C′(X,Y ).

(c)
∗
T (JX, JY ) = 0.

Proof. (a) Follows directly from the definition of
∗
T (hX, hY ) and Lemma 3.8.

(b) By Corollary 3.7 and using the property that h[JX, vY ] = 0, we get
∗
T (hX, JY ) =

∗
DhXJY −

∗
DJY hX − [hX, JY ]

= v[hX, JY ] + C′(X,Y )− h[JY,X]− [hX, JY ]

= v[hX, JY ] + C′(X,Y )

− h[JY, hX]− (h[hX, JY ] + v[hX, JY ])

= C′(X,Y ).
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(c) Is obvious.

As
∗
DF = 0, the (classical) curvature tensor K of Chern connection is

completely determined by the three curvature tensors: h-curvature
∗
R, hv-

curvature
∗
P and v-curvature

∗
Q defined respectively by:

∗
R(X,Y )Z = K(hX, hY )JZ,
∗
P (X,Y )Z = K(hX, JY )JZ,
∗
Q(X,Y )Z = K(JX, JY J)Z.

Proposition 3.10. The h-curvature
∗
R, hv-curvature

∗
P and v-curvature

∗
Q of

the Chern connection are given by:

(a)
∗
R(X,Y )Z = R(X,Y )Z − C(FR(X,Y ), Z).

(b)
∗
P (X,Y )Z =

◦
P (X,Y )Z − (

∗
DJY C′)(X,Z).

(c)
∗
Q(X,Y )Z = 0.

Proof. We prove (a) only. The other expressions can be proved similarly. As
∗
DhXJY = DhXJY (Corollary 3.7(b)), we have

∗
R(X,Y )Z =

∗
DhX

∗
DhY JZ −

∗
DhY

∗
DhXJZ −

∗
D[hX,hY ]JZ

= DhXDhY JZ −DhYDhXJZ −
∗
D[hX,hY ]JZ

= R(X,Y )Z +D[hX,hY ]JZ −
∗
D[hX,hY ]JZ

= R(X,Y )Z +DJF [hX,hY ]JZ −
∗
DJF [hX,hY ]JZ

By (1.10) and Corollary 3.7, the last equation takes the form

∗
R(X,Y )Z = R(X,Y )Z + C(F [hX, hY ], Z)

= R(X,Y )Z − C(FR(X,Y ), Z),

where we have used the identity R(X,Y ) = −v[hX, hY ] and the fact that C
is semi-basic.
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Proposition 3.11. The h-curvature
∗
R and hv-curvature

∗
P of Chern connec-

tion have the following properties:

(a)
∗
R(X,Y )S = R(X,Y ).

(b)
∗
P (X,Y )S =

∗
P (S, Y )X = C′(X,Y ), S is the canonical spray.

(c)
∗
P (X,S)Z = 0.

Proof. (a) Follows from Proposition 3.10, Lemma 1.25 and (1.11).
(b) By Proposition 3.10, (1.10), the properties of C′ and

◦
P , we get

∗
P (X,Y )S = −(

∗
DJY C′)(X,S) = −(

◦
DJY C′)(X,S) = C′(X,

◦
DJY S)

= C′(X,FJ [JY, S]) = C′(X,FJY ) = C′(X,Y ).

(c) Can be proved similarly.

To study the Bianchi identities for Chern connection, let us first write the
Bianchi identities for an arbitrary connection∇.

Lemma 3.12. Let ∇ be a linear connection on M with torsion tensor T and
curvature tensor K. For every X,Y, Z ∈ X(M), we have :

(I) SX,Y,Z{K(X,Y )Z} = SX,Y,Z{T(T(X,Y ), Z) + (∇XT)(Y,Z)},

(II) SX,Y,Z{K(T(X,Y ), Z) + (∇XK)(Y, Z)} = 0,

where the symbol SX,Y,Z denotes cyclic sum over X ,Y and Z.

Applying the identities (I) and (II) on Chern connection, for different
triples of vector fields (hX, hY, hZ), (hX, hY, JZ), ..., we obtain many iden-
tities. Here, we give only the most important of these identities.

Proposition 3.13. The first Bianchi identity for Chern connection yields:

(a) SX,Y,Z {
∗
R(X,Y )Z} = 0.

(b) SX,Y,Z {(
∗
DhX R)(Y,Z)} = SX,Y,Z{ C′(FR(X,Y ), Z)}.

(c)
∗
P (X,Y )Z =

∗
P (Z, Y )X .
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(d)
∗
P (X,Y )Z −

∗
P (X,Z)Y = (

∗
DJZC′)(X,Y )− (

∗
DJY C′)(X,Z).

The second Bianchi identity for Chern connection yields:

(e) SX,Y,Z{ (
∗
DhX

∗
R)(Y,Z)} = SX,Y,Z{

∗
P (X,FR(Y,Z))}.

(f) (
∗
DhX

∗
P )(Y, Z)−(

∗
DhY

∗
P )(X,Z)+(

∗
DJZ

∗
R)(X,Y ) =

∗
P (X,FC′(Y, Z))

−
∗
P (Y, FC′(X,Z)).

(g) (
∗
DJY

∗
P )(X,Z) = (

∗
DJZ

∗
P )(X,Y ).

Corollary 3.14. The h-curvature
∗
R and the hv-curvature

∗
P satisfy:

(a)
∗
DC

∗
R = 0, (b)

∗
DC

∗
P = 0, (c)

∗
P is totally symmetric if

∗
DJZ C′ = 0.

Proposition 3.15. The h-curvature
∗
R has the following properties:

(a)
∗
R(X,Y, Z,W ) = −

∗
R(Y,X,Z,W ),

(b)
∗
R(X,Y, Z,W ) +

∗
R(Y,Z,X,W ) +

∗
R(Z,X, Y,W ) = 0,

Moreover, if R = 0, we have

(c)
∗
R(X,Y, Z,W ) = −

∗
R(X,Y,W,Z),

(d)
∗
R(X,Y, Z,W ) =

∗
R(Z,W,X, Y ),

where
∗
R(X,Y, Z,W ) := g(

∗
R(X,Y )Z, JW ).

Proof. (a) is clear.
(b) By making use of Proposition 3.13, we have

∗
R(X,Y, Z,W ) +

∗
R(Y,Z,X,W ) +

∗
R(Z,X, Y,W )

= g(
∗
R(X,Y )Z, JW ) + g(

∗
R(Y,Z)X, JW ) + g(

∗
R(Z,X)Y, JW )

= g(
∗
R(X,Y )Z +

∗
R(Y, Z)X +

∗
R(Z,X)Y, JW ) = 0.

(c) By Theorem 3.6, we have

hX.g(JY, JZ) = g(
∗
DhXJY, JZ) + g(JY,

∗
DhXJZ).
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Then, we can write

hW.(hX.g(JY, JZ)) = g(
∗
DhW

∗
DhXJY, JZ) + g(

∗
DhXJY,

∗
DhWJZ)

+ g(
∗
DhWJY,

∗
DhXJZ) + g(JY,

∗
DhW

∗
DhXJZ).

Interchanging X and W , we get

hX.(hW.g(JY, JZ)) = g(
∗
DhX

∗
DhWJY, JZ) + g(

∗
DhWJY,

∗
DhXJZ)

+ g(
∗
DhXJY,

∗
DhWJZ) + g(JY, (

∗
DhX

∗
DhWJZ)).

Using the above two equations, we obtain

[hW, hX].g(JY, JZ) = g((
∗
DhW

∗
DhX −

∗
DhX

∗
DhW )JY, JZ)

+ g(JY, (
∗
DhW

∗
DhX −

∗
DhX

∗
DhW )JZ).

If R = 0, then the horizontal distribution is completely integrable. Conse-

quently, [hW, hX] is horizontal and so
∗
D[hW,hX] g = 0. Hence, we have

[hW, hX].g(JY, JZ) = g(
∗
D[hW,hX]JY, JZ) + g(JY,

∗
D[hW,hX]JZ).

Comparing the above two equations, we get

g((
∗
DhW

∗
DhX −

∗
DhX

∗
DhW −

∗
D[hW,hX])JY, JZ)

+ g(JY, (
∗
DhW

∗
DhX −

∗
DhX

∗
DhW −

∗
D[hW,hX])JZ) = 0.

From which,
∗
R(W,X, Y, Z) = −

∗
R(W,X,Z, Y ).

(d) Using (a), (b) and (c), since R = 0, we have

∗
R(X,Y, Z,W ) = −

∗
R(Y,X,Z,W ) =

∗
R(X,Z, Y,W ) +

∗
R(Z, Y,X,W ),

∗
R(X,Y, Z,W ) = −

∗
R(X,Y,W,Z) =

∗
R(Y,W,X,Z) +

∗
R(W,X, Y, Z).

Adding the above two equation, we get

2
∗
R(X,Y, Z,W ) =

∗
R(X,Z, Y,W ) +

∗
R(Z, Y,X,W )

+
∗
R(Y,W,X,Z) +

∗
R(W,X, Y, Z). (3.12)
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Similarly,

2
∗
R(Z,W,X, Y ) =

∗
R(Z,X,W, Y ) +

∗
R(X,W,Z, Y )

+
∗
R(W,Y,Z,X) +

∗
R(Y,Z,W,X). (3.13)

Comparing (3.12) and (3.13), we get
∗
R(X,Y, Z,W ) =

∗
R(Z,W,X, Y ).

Remark 3.16. We noted that if R vanishes, we get some interesting results:

•
∗
R = R (Proposition 3.10 (a)) and also SX,Y,Z {R(X,Y )Z} = 0.

• SX,Y,Z{ (
∗
DhX

∗
R)(Y, Z)} = 0 (Proposition 3.13 (e)).

• The properties (c) and (d) in Proposition 3.15 hold.

The above properties are very similar to the properties of the Riemannian cur-
vature. The reason lies in the condition R = 0 which is stronger than the

condition (b) of Theorem 3.6. More precisely, the condition
∗
T (hX, hY ) =

Ω(X,Y ) = 0 is stronger than the condition J
∗
T (hX, hY ) = 0.

Table 1: Intrinsic Comparison

The following table gives a concise comparison concerning Berwald, Car-
tan and Chern connections and the fundamental associated geometric objects.
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3.3 Nullity distribution of the Chern h-curvature

It is be noted first that the nullity distributions of the Barthel, Berwald and
Cartan connections have already been studied in [51, 53, 64], respectively. In
this section, we investigate the nullity distribution of the Chern connection.
First, we study the nullity distribution of the h-curvature tensor.

Definition 3.17. Let
∗
R be the h-curvature tensor of the Chern connection. The

nullity space of
∗
R at a point z ∈ TM is the subspace of Hz(TM) defined by

NR∗(z) := {v ∈ Hz(TM)|
∗
Rz(v, w) = 0, for all w ∈ Hz(TM)}.

The dimension of NR∗(z), denoted by µR∗(z), is the nullity index of
∗
R at z.

If the nullity index µR∗ is constant, then the map NR∗ : z 7→ NR∗(z) defines

a distribution NR∗ of rank µR∗ , called the nullity distribution of
∗
R. We shall

assume that µR∗ 6= 0 and µR∗ 6= n.

Let NR∗(x) := π∗(NR∗(z)) if π(z) = x. Then NR∗(x) isomorphic to
NR∗(z) via the isomorphism π∗ �Hz(TM).

Definition 3.18. The kernel of
∗
R at the point z ∈ TM is defined by

kerR∗(z) := {u ∈ Hz(TM)|
∗
Rz(v, w)u = 0, for all v, w ∈ Hz(TM)}.

We have kerR∗(x) = π∗(kerR∗(z)); x = π(z).

Proposition 3.19. The nullity distribution NR∗ has the following properties:

(a) NR∗ 6= φ and kerR∗ 6= φ.

(b) NR∗ ⊆ NR, where NR is the nullity distribution of the curvature R of
the Barthel connection.

(c) NR∗ ⊆ kerR∗ .

(d) If the canonical spray S belongs to Sec(NR∗), then R = 0.

(e) If X ∈ Sec(NR∗), then [C,X] ∈ Sec(NR∗) and, consequently,
[C,X] ∈ Sec(NR).
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Proof. (b) Let X be a nullity vector field. Using Lemma 3.11 (a), we have

X ∈ Sec(NR∗) =⇒
∗
R(X,Y )Z = 0 for all Y,Z ∈ X(TM)

=⇒
∗
R(X,Y )S = 0 for all Y ∈ X(TM)

=⇒ R(X,Y ) = 0 for all Y ∈ X(TM)

=⇒ X ∈ Sec(NR).

(c) Let Z ∈ Sec(NR∗), then, by Proposition 3.15 (b), we have

SX,Y,Z{
∗
R(X,Y )Z} = 0. Since

∗
R(Y, Z)X =

∗
R(Z,X)Y = 0, then

the result follows.

(d) This is an immediate consequence of Lemma 3.11 (a) and (c) above.

(e) Let X ∈ Sec(NR∗). Since
∗
DC

∗
R = 0 [63] , we get (

∗
DC

∗
R)(X,Y ) =

0, which leads to
∗
R(
∗
DCX,Y ) = 0. Using Corollary 3.7, we have

∗
R([C,X], Y ) = 0. By the homogeneity of h, [C, hX] = h[C,X]. That is,
[C, hX] is horizontal. Hence, [C,X] ∈ Sec(NR∗). Consequently, by (b),
[C,X] ∈ Sec(NR).

It is important to note that the reverse inclusion in the property (c) of
Proposition 3.19 is not true; that is, kerR∗ 6⊂ NR∗ . This is shown by the
next example (see B.1).

Example 3.20. Let M = {(x1, x2, x3, x4) ∈ R4|x2 > 0} and
U = {(x1, ..., x4; y1, ..., y4) ∈ R4 × R4 : y1 6= 0, y2 6= 0} ⊂ TM . Define L
on U by

L(x, y) := 4
√

(x2)2(y1)4 + (y2)4 + (y3)4 + (y4)4.

The nullity distribution of the Cartan h-curvature R of (M,F ) is

NR = {sδ3 + tδ4 ∈ Xh(TM)| s, t ∈ R} (3.14)

and the kernel distribution kerR of R is

kerR =

{
s′

(
y1

y2
δ1 + δ2 +

x2(y1)
4

+ (y2)
4

+ 2(y3)
4

+ 2(y4)
4

y2(y4)
3 δ4

)

+t′

(
δ3 −

(y3)
3

(y4)
3 δ4

)
∈ Xh(TM)| s′, t′ ∈ R

}
.

(3.15)
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The nullity distribution NR∗ is

NR∗ = {sδ3 + tδ4| s, t ∈ R}. (3.16)

The kernel distribution kerR∗ is

kerR∗ =

{
r

(
2y1

y2
δ1 + δ2

)
+ sδ3 + tδ4| r, s, t ∈ R

}
. (3.17)

Equations (3.16) and (3.17) show that kerR∗ can not be a sub-distribution ofNR∗ .

Theorem 3.21. The nullity distributionNR∗ of the Chern h-curvature and the
nullity distribution NR of the Cartan h-curvature coincide.

Proof. Let X ∈ Sec(NR∗). Then, by Proposition 3.10 (a) and Proposition
3.19 (2), X ∈ Sec(NR). Hence NR∗ is a subset of NR. Conversely, let
X ∈ Sec(NR). Then, by Proposition 3.10 (a) andNR ⊂ NR (Proposition 2.2
(b)), we get X ∈ Sec(NR∗), whence, NR ⊂ NR∗ .

Remark 3.22. The above example shows that NR∗ ⊂ kerR∗ and the reverse
inclusion is false by (3.16) and (3.17). It also shows that, althoughNR∗ = NR
(see (3.14) and (3.16)), kerR∗ 6= kerR by (3.15), (3.17). In view of the above
theorem, the reverse inclusion in (b) of Proposition 3.19 is not true either:
NR 6⊂ NR = NR∗ .

Definition 3.23. The conullity space of the h-curvature tensor at z, denoted
by NR∗⊥(z), is the orthogonal complement of NR∗ in Hz(TM), where the
orthogonality is taken with respect to the metric g defined by (1.9).

Proposition 3.24. For each point z ∈ TM , either µR∗(z) = n or µR∗(z) ≤
n− 2. Consequently, dim kerR∗ > n− 2.

Proof. If µR∗(z) 6= n, then there is a non-zero horizontal vector v /∈ NR∗(z).

It follows that there is a vector w ∈ Hz(TM) such that
∗
Rz(v, w) 6= 0

and so
∗
Rz(w, v) 6= 0. Then v, w /∈ NR∗(z) and hence v, w ∈ NR∗⊥(z).

By the antisymmetry of
∗
R, the vectors v and w are independent. Thus,

dimNR∗⊥(z) ≥ 2. Consequently, µR∗(z) ≤ n− 2.

Proposition 3.25. If R = 0, then Im(
∗
R) = (JNR∗)⊥. Consequently,

rank(
∗
R) = n− µR∗ .
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Proof. For all X ∈ Sec(NR∗) and Y,Z,W ∈ Xh(TM), we have

g(
∗
R(Y, Z)W,JX) =

∗
R(Y,Z,W,X)

=
∗
R(W,X, Y, Z) (by Lemma 3.13 (e))

= −
∗
R(X,W, Y, Z)

= −g(
∗
R(X,W )Y, JZ)

= 0 (since X is a nullity vector field),

as wanted.

As a direct consequence of Theorem 3.21 and the fact that NR is com-
pletely integrable (Theorem 2.7), we have the following result.

Corollary 3.26. Let µR∗ be constant on an open subset U of TM . The nullity
distribution z 7→ NR∗(z) is completely integrable on U .

Theorem 3.27. If R = 0, then the two distributionsNR∗ and kerR∗ coincide.

Proof. By Proposition 3.19 (c), we always have NR∗ ⊂ kerR∗ . Let X ∈
X(kerR∗) and let Y,Z,W be vector fields on TM , then by Proposition 3.15
(d), we have

∗
R(Y,Z)X = 0 =⇒ g(

∗
R(Y,Z)X,JW ) = 0

=⇒
∗
R(Y,Z,X,W ) = 0

=⇒
∗
R(X,W, Y, Z) = 0

=⇒ g(
∗
R(X,W )Y, JZ) = 0

=⇒
∗
R(X,W )Y = 0

=⇒ X ∈ Sec(NR∗).

Hence, kerR∗ ⊂ NR∗ .

We have seen that if the index of nullity µR∗ is constant, then the nullity
distribution NR∗ is completely integrable. According to the Frobenius the-
orem, there exists a foliation of M by µR∗-dimensional maximal connected
submanifolds as leaves, such that the nullity space at a point x ∈ M is the
tangent space to the leaf at x. We call the foliation induced by the nullity
distribution NR∗ the nullity foliation and denote it again by NR∗ .
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Theorem 3.28. Let (M,L) be a complete Finsler manifold and U the open
subset of M on which µR∗ takes its minimum. If R vanishes, then every totally
geodesic integral manifold of the nullity foliation NR∗ in U is complete.

Proof. The proof is inspired by [3], taking into account the fact that the two
spaces NR∗(z) and NR∗(x), x = π(z), are isomorphic. Let N be an integral
manifold of the nullity foliation NR∗ in U . To prove that N is complete, it
suffices to show that every geodesic γ : [0, c) → N on N can be extended to
a geodesic γ̃ : [0,∞) → N on N . Suppose that such a geodesic extension γ̃
does not exist. As N is totally geodesic, γ is a geodesic on M and thus has a
geodesic extension γ̃ : [0,∞) → M such that γ = γ̃ ∩ N . It follows that
p := γ̃(c) /∈ U . Let p0 := γ(0) = γ̃(0) and set r0 := µR∗(p0), the dimension
of the nullity space NR∗(p0). Since µR∗ is positive and minimal on U , then
µR∗(p) > r0 > 0. Now, consider a basis B = {e1, ..., er0 , er0+1, ..., en} for
Tp0M such that {e1, ..., er0} is a basis for NR∗(p0) and e1 is tangent to γ at
p0 = γ(0). Using the system of differential equations

∗
DFi
dt

= 0, Fi(0) = ei, i = 1, 2, ..., n,

the basis B can be translated into a parallel frame (F1, ..., Fr0 , Fr0+1, ..., Fn)
along γ̃. Then (F1, ..., Fr0) is a basis for the nullity space at every point γ̃(t)
in U ∩ V for some neighborhood V of γ̃(t) on M . Since µR∗(p) > r0, there
is a vector field Fa along γ̃, for a fixed integer a in the range r0 +1, ..., n, such
that for every t ∈ [0, c), we have

Fa(γ(t)) /∈ NR∗(γ(t)), Fa(p) ∈ NR∗(p). (3.18)

Now, let ̂̃γ be the natural lift of γ̃ to TM and {F̂1, ..., F̂r0 , F̂r0+1, ..., F̂n}
the basis ofĤ̃γ(t)TM such that π∗(F̂i) = Fi. Let φhijk be the functions defined
by

∗
R(F̂i, F̂j)F̂k = φhijk

∂

∂yh
. (3.19)

By Proposition 3.13 (e), taking into account that R = 0, we have

(
∗
DhX

∗
R)(Y,Z) + (

∗
DhY

∗
R)(Z,X) + (

∗
DhZ

∗
R)(X,Y ) = 0.

Plugging F̂1, F̂i and F̂j instead of X , Y and Z, where i, j = r0 + 1, ..., n, we
get

(
∗
D
F̂1

∗
R)(F̂i, F̂j) + (

∗
D
F̂i

∗
R)(F̂j , F̂1) + (

∗
D
F̂j

∗
R)(F̂1, F̂i) = 0.
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Since F̂1 ∈ NR∗ and
∗
T (hX, hY ) = R(X,Y ) = 0, the last equality takes the

form ∗
D
F̂1

∗
R(F̂i, F̂j) +

∗
R(F̂j , [F̂1, F̂i]) +

∗
R(F̂i, [F̂j , F̂1]) = 0.

Applying the above equation on F̂a, we get

∗
D
F̂1

∗
R(F̂i, F̂j)F̂a +

∗
R(F̂j , [F̂1, F̂i])F̂a +

∗
R(F̂i, [F̂j , F̂1])F̂a = 0. (3.20)

Since, [F̂1, F̂i] is horizontal, it can be written in the form [F̂1, F̂i] = ξk1iF̂k +

ξµ1iF̂µ, where k = r0 + 1, ..., n and µ = 1, ..., r0. Consequently, by (3.19) and
(3.20), noting that F̂µ are null vector fields, we get

(φhija)
′ + ξk1i φ

h
jka − ξk1j φhika = 0 (3.21)

Since Fa is a nullity vector field at p, then for the fixed index a, φhlma(p) = 0,
where l,m = r0 + 1, ..., n. Hence, the differential equations (3.21) with the
initial condition φhlma(p) = 0 imply that the functions φhlma vanish identically.
As R = 0, Theorem 3.27 and (3.19) give rise to

Fa(γ(t)) ∈ NR∗(γ(t)), for all t ∈ [0, c] (3.22)

Now (3.18) and (3.22) lead to a contradiction. Consequently, γ can be ex-
tended to a geodesic γ̃ : [0,∞) −→ N .

3.4 Nullity distribution of the Chern hv-curvature

In this section we investigate the nullity distribution of the hv-curvature
∗
P of

the Chern connection. We show, by a counterexample, that the nullity distri-
bution NP ∗ is not completely integrable. We find a sufficient condition for
NP ∗ to be completely integrable.

Definition 3.29. Let
∗
P be the hv-curvature of the Chern connection. The

nullity space of
∗
P at a point z ∈ TM is a subspace of Hz(TM) defined by

NP ∗(z) := {v ∈ Hz(TM)|
∗
P z(v, w) = 0, for all w ∈ Hz(TM)}.

The dimension of NP ∗(z), denoted by µP ∗(z), is the nullity index of
∗
P at z.
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Proposition 3.30. The nullity distribution of
∗
P has the properties:

(a) NP ∗ 6= φ.

(b) If X ∈ Sec(NP ∗), then [C,X] ∈ Sec(NP ∗).

(c) If X ∈ Sec(NP ∗), then C′(X,Y ) = 0, for all Y ∈ Xh(TM).

(d) If µP ∗ = n, then NR∗ = NR◦ ,

where NR◦ is the nullity distribution of the h-curvature of the Berwald con-
nection [53].

If the nullity index µP ∗ takes its maximum, then by Proposition 3.30 (c),
C′ = 0. Consequently, in view of Definition 2.4, a Finsler manifold (M,L) is
Landsbergian if the nullity index µP ∗ achieves its maximum.

Theorem 3.31. A Finsler manifold (M,L) is Landsbergian if and only if the
canonical spray S belongs to the nullity distribution NP ∗ .

Proof. We use Lemma 3.11 (b):

(M,L) is Landsbergian⇐⇒ C′ = 0

⇐⇒
∗
P (S, Y )X = 0 for all X,Y ∈ X(TM)

⇐⇒ S ∈ Sec(NP ∗),

as was to be shown.

Remark 3.32. The above theorem shows that the canonical spray S does not
belong to the nullity distributionNP ∗ except in the Landsbergian case. This is
in contrast to the case of Cartan connection, where the canonical spray always
belongs to the nullity distribution of the Cartan hv-curvature P .

The nullity distribution NP ∗ is not completely integrable in general, as is
illustrated by the following example (see B.7).

Example 3.33. Let U = {(x, y) ∈ R3 × R3 : y1, y2, y3 6= 0, y3 6= 4y2} ⊂
TM , where M := R3. Define L on U by

L(x, y) :=
4

√
e−x1x2(y1)2(y3)2e

− y3

y2 .
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Let W ∈ Sec(NP ∗), then W jP ∗hijk = 0 leads to a system of algebraic
equations. This system has a solution if y3 = 2y2 and x1 > 0: W 1 = s,

W 2 = t, W 3 = 2t; s, t ∈ R. Hence, a
∗
P -nullity vector must have the form

W = sδ1 + t(δ2 + 2δ3). Consequently, the nullity index µP ∗ = 2. Now, take
X,Y ∈ Sec(NP ∗) such that X = δ1, Y = δ2 + 2δ3. Taking into account
that y3 = 2y2, then δ1 = ∂

∂x1 + x2y1

2
∂
∂y1 , δ2 = ∂

∂x2 + x1y2

2
∂
∂y2 and δ3 =

∂
∂x3 + x1y2

2
∂
∂y3 . Hence, the bracket [δ1, δ2 + 2δ3] = −y1

2
∂
∂y1 + y2

2
∂
∂y2 + y2

2
∂
∂y3

is vertical and, consequently, NP ∗ is not completely integrable.

Theorem 3.34. Let µP ∗ be constant on an open subset U of TM . The nullity
distribution NP ∗ is completely integrable on U if and only if R(X,Y ) = 0

and (
∗
DJZ

∗
R)(X,Y ) = 0, for all X,Y ∈ Sec(NP ∗).

Proof. Necessity. Let NP ∗ be completely integrable. Then, if X,Y ∈
Sec(NP ∗), the bracket [hX, hY ] is horizontal, thus, R(X,Y ) = 0. Also,

by Lemma 3.13 (f) and the fact that
∗
P ([hX, hY ], Z) = (

∗
DhX

∗
P )(Y, Z) −

(
∗
DhY

∗
P )(X,Z) = 0 (Lemma 3.8), we have (

∗
DJZ

∗
R)(X,Y ) = 0, for all

X,Y ∈ Sec(NP ∗).

Sufficiency. Let R(X,Y ) = 0 and (
∗
DJZ

∗
R)(X,Y ) = 0 for all X,Y ∈

Sec(NP ∗). As 0 = R(X,Y ) = −v[hX, hY ] = −v[X,Y ], the bracket [X,Y ]
is horizontal. Making use of Lemma 3.13 (f), Lemma 3.8 and Proposition 3.9,
we get

(
∗
DhX

∗
P )(Y,Z)− (

∗
DhY

∗
P )(X,Z) = 0 =⇒

∗
P (
∗
DXY −

∗
DYX,Z) = 0

=⇒
∗
P ([X,Y ] + R(X,Y ), Z) = 0

=⇒
∗
P ([X,Y ], Z) = 0

=⇒ [X,Y ] ∈ Sec(NP ∗).

Hence NP ∗ is completely integrable.

By the property
∗
P (X,Y )Z =

∗
P (Z, Y )X we have the following result.

Theorem 3.35. The nullity distributionNP ∗ and the kernel distribution kerP ∗

coincide.

A Finsler manifold for which the Chern hv-curvature tensor
∗
P vanishes

is called a Berwald space [47]. It is well known that every Berwald space is
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a Landsberg space, but it is not known whether the converse is true. In [42],
Shen introduced a class of non-regular Finsler metrics which is Landsbergian
and not Berwaldian. The calculations are not easy, especially, if one wants
to study some concrete examples. Here, by using Maple program together
with the results of [42] and [60], we give a simple class (see B.8) of proper
non-regular non Berwaldian Landsbergian spaces.

Example 3.36. Let M = R3, U = {(x, y) ∈ R3 × R3 : y2 > 0, y3 > 0} ⊂
TM . Define L on U by

L(x, y) := f(x1)

√
(y1)2 + y2y3 + y1

√
y2y3 e

1√
3
arctan

(
2y1
√

3y2y3
+ 1√

3

)
.

By the above example, for any non constant positive smooth function f on
R, the Landsberg tensor of (M,L) vanishes (or equivalently, the hv-curvature
P of the Cartan connection vanishes) and hence the class is Landsbergian. On

the other hand, the hv-curvature
∗
P of the Chern connection does not vanish

and hence the class is not Berwaldian. So we can confirm:

Theorem 3.37. There are non-regular Landsberg spaces which are not
Berwaldian.



Chapter 4

Nullity distribution in the
pull-back approach

In this chapter, following the pullback formalism, we show by a coun-
terexample that kerR and NR (R is the h-curvature of Cartan connection on
the pullback bundle) do not coincide, contrary to Akbar-Zadeh’s result. In
addition, we find sufficient conditions for kerR and NR to coincide.

The results of this chapter are published [59].

4.1 Regular conections on the pullback bundle

In this section, we present a brief review of the geometry of the pullback
bundle π−1(TM) in relation with regular connections. For more detail con-
cerning the pullback (PB-) formalism, we refer the reader, for example, to
[5, 44, 56].

In what follows, we denote by π : TM −→ M the subbundle of nonzero
vectors tangent to M , π∗ : T (TM) −→ TM the linear tangent map of π
and Vz(TM) = (ker π∗)z the vertical space at z ∈ TM . Let X(π(M))
be the C∞(TM)-module of differentiable sections of the pullback bundle
π−1(TM). The elements of X(π(M)) will be called π-vector fields and de-
noted by barred letters X .

Definition 4.1. Let ∇ be a linear connection on the pullback bundle

53
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π−1(TM). We associate with∇ the map

K : TTM −→ π−1(TM) : X 7−→ ∇Xη,

called the connection map or the deflection map of∇.
A tangent vector X ∈ TzTM is horizontal if K(X) = 0.

We have

Hz(TM) ={X ∈ TzTM : K(X) = 0}: the horizontal space of M at z,

H(TM) =
z ∈ TM

⋃
Hz(TM): the horizontal subbundle associated with∇.

Definition 4.2. [48] A linear connection∇ on π−1(TM) is said to be regular
if the double tangent bundle TTM has the direct sum decomposition

TTM = V (TM)⊕H(TM). (4.1)

For all z ∈ TM , Hz(TM) is isomorphic to TπzM via the restriction of
the tangent map π∗ �Hz(TM) on the horizontal space. Moreover, the fibers of
the tangent bundle are isomorphic to the fibers of the pullback bundle. Hence,
for all X ∈ X(TM), there exists X ∈ X(π(M)) such that π∗X = X .

The ((h)hv-) torsion tensor of ∇, denoted by T , is defined by T (X,Y ) =
T(vX, hY ), for all X,Y ∈ X(π(M)), where

T(X,Y ) = ∇Xπ∗Y −∇Y π∗X − π∗[X,Y ]

is the (classical) torsion associated with∇.
The h-curvature tensor of ∇, denoted by R, is defined by R(X,Y )Z =

K(hX, hY )Z, where

K(X,Y )π∗Z = ∇X∇Y π∗Z −∇Y∇Xπ∗Z −∇[X,Y ]π∗Z

is the (classical) curvature associated with ∇. The contracted curvature R̂ is
defined by R̂(X,Y ) = R(X,Y )η.

The following proposition is useful for subsequent use.

Proposition 4.3. Let (M,L) be a Finsler manifold. The map g defined by

g(X,Y ) := Ω(JX, Y ), ∀ X,Y ∈ X(TM), (4.2)

is a metric on π−1(TM).
The map g is called the Finsler metric defined on π−1(TM) by E = L2/2 .
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If M is endowed with a metric g on π−1(TM), we write

R(X,Y , Z,W ) := g(R(X,Y )Z,W ). (4.3)

Theorem 4.4. Let (M,L) be a Finsler manifold and g the Finsler metric de-
fined by L. There exists a unique regular connection ∇ on π−1(TM) such
that

(a) ∇ is metric: ∇g = 0,

(b) The (h)h-torsion of∇ vanishes: Q = 0,

(c) The (h)hv-torsion T of∇ satisfies g(T (X,Y ), Z) = g(T (X,Z), Y ).

Such a connection is called the Cartan connection associated with the
Finsler manifold (M,L).

Lemma 4.5. The h-curvature tensorR of the Cartan connection has the prop-
erties:

(a) R(X,Y , Z,W ) = −R(Y ,X,Z,W ),

(b) R(X,Y , Z,W ) = −R(X,Y ,W,Z),

(c) SX,Y ,Z {R(X,Y )Z − T (R̂(X,Y ), Z)} = 0.

4.2 Nullity distributions in PB-formalism

Let (M,L) be a Finsler manifold. Let ∇ be the Cartan connection asso-
ciated with (M,L). It is well known that ∇ is the unique metrical regular
connection on π−1(TM) such that g(T (X,Y ), Z) = g(T (X,Z), Y ) [4, 57].
Note that the bracket [X,Y ] is horizontal if and only if R̂(X,Y ) = 0, where
R̂ is the contracted curvature of the h-curvature tensor of∇.

Let us now define the concepts of nullity and kernel spaces associated with
the curvature K of ∇, following Akbar-Zadeh’s definitions [2].

Definition 4.6. The subspace NK(z) of Hz(TM) at a point z ∈ TM is de-
fined by

NK(z) := {u ∈ Hz(TM) : K(u, v) = 0, ∀ v ∈ Hz(TM)}.

The dimension of NK(z) is denoted by µK(z).
The subspace NK(x) = π∗(NK(z)) ⊂ TxM , x = πz, is linearly isomor-

phic to NK(z).
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Definition 4.7. The kernel of K at the point x = πz is defined by

kerK(x) := {Xz ∈ {z}×TxM ' TxM : K(u, v)Xz = 0, ∀u, v ∈ Hz(TM)}.

Akbar-Zadeh has obtained the following results.

Theorem 4.8. The nullity spaces NK(x) and the kernel space kerK(x) coin-
cide.

4.3 Counterexample

Since NK and kerK are both subspaces of the horizontal space, we can
replace the classical curvature K by the h-curvature tensor R of Cartan con-
nection. Akbar-Zadeh [2] proved that the nullity space NK(x) and the kernel
space kerK(x) coincide for each point x ∈ M at which they are defined. We
show by a counterexample that the above mentioned spaces do not coincide.

Theorem 4.9. The nullity space NR(x) and the kernel space kerR(x) do not
coincide.

For the detailed calculations see (B.9).

Example 4.10. Let M = R3 and U = {(x, y) ∈ R3 × R3 : yi 6= 0; i =
1, 2, 3} ⊂ TM .
Let L be defined on U by:

L(x, y) = e−x
1x2

(y1y2y3)1/3.

The nullity space NR(x), by using π∗(δi) = ∂
∂xi

, is given by

NR(x) =

{
t
∂

∂x3
| t ∈ R

}
. (4.4)

The kernel space kerR(x) is given by

kerR(x) =

{
t′
( ∂

∂x1
+
y2

y1
∂

∂x2
− 2y3

y1
∂

∂x3

)
| t′ ∈ R

}
. (4.5)

Comparing (4.4) and (4.5), we note that there is no values of t and t′

for which NR(x) = kerR(x). Consequently, NR(x) and kerR(x) can not
coincide.
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According to Akabr-Zadeh’s proof, if X ∈ Sec(NR), then, by Lemma
4.5, we have R(Y , Z)X = T(X, [Y,Z]). But there is no guarantee for the
vanishing of the right-hand side. Akabr-Zadeh claimed that by using Theorem
4.4 (c) and Lemma 4.5 (b), one can obtain that R(Y , Z)X = 0. It seems that
the way to reach this goal is as follows:

g(R(Y , Z)π∗X,π∗W ) = g(T(X, [Y, Z]), π∗W )

= g(T(W, [Y, Z]), π∗X) (4.6)

= g(R(Y , Z)π∗W,π∗X) (4.7)

= −g(R(Y , Z)π∗X,π∗W ),

W ∈ Xh(TM). Since g(R(Y , Z)π∗X,π∗W ) = g(T(X, [Y, Z]), π∗W ) is
true only for X ∈ Sec(NR), we can not move from (4.6) to (4.7). Conse-
quently, we can not use the symmetry or skew-symmetry properties in X and
W to conclude that g(R(Y , Z)X,W ) = 0. This can be assured, again, by the
previous example: if we take X = δ3 ∈ Sec(NR) and Y = δ1, Z = δ2,
then the bracket [Y, Z] = −3y1 ∂

∂y1 + 3y2 ∂
∂y2 is vertical and, moreover,

T(δ3, [δ1, δ2]) = 1
y3 (−y1∂̄1 + y2∂̄2) 6= 0, where ∂̄i is the basis of the fibers of

the pullback bundle.

As has been shown above,NR and KerR do not coincide in general. Nev-
ertheless, we have

Theorem 4.11. Let (M,L) be a Finsler manifold and R the h-curvature of
Cartan connection. If

SX,Y ,ZR(X,Y )Z = 0, (4.8)

then the two distributions NR and kerR coincide.

Proof. If X ∈ Sec(NR), then, from (4.8), we have R(Y, Z)X = 0 and
consequently X ∈ Sec(kerR). On the other hand, it follows also from (4.8)
that g(R(X,Y )Z,W ) =: R(X,Y , Z,W ) = R(Z,W,X, Y ). This proves
that if X ∈ Sec(kerR), then X ∈ Sec(NR).

The following corollary shows that there are nontrivial cases in which (4.8)
is verified and consequently the two distributions coincide.

Corollary 4.12. Let (M,L) be a Finsler manifold and g the associated Finsler
metric. If one of the following conditions holds:
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(a) R̂ = 0 (the integrability condition for the horizontal distribution),

(b) R̂(X,Y ) = λL(`(X)Y − `(Y )X), where λ(x, y) is a homogenous
function of degree 0 in y and `(X) := L−1g(X, η) (the isotropy condi-
tion),

then the two distributions NR and kerR coincide.

Proof.
(a) We have SX,Y ,Z{R(X,Y )Z − T (X, R̂(Y , Z))} = 0 [58]. Then, if

R̂ = 0, (4.8) holds.
(b) If R̂(X,Y ) = λL(`(X)Y − `(Y )X), then, by [44], (4.8) is satisfied.

Remark 4.13. It should be noted that the identity (4.8) is a sufficient condition
for the validity of the identity (2.1) of [2].



Chapter 5

Metric freedom of a spray

In this chapter, the question of how many essentially different metrics can
metricize a spray is discussed. The notion of metric freedom of a spray is
introduced and investigated. We show that in the regular case the holonomy
distribution can be used to calculate the metric freedom of a spray. The metric
freedom of an isotropic spray is characterized. Different examples are given.

The results of this chapter are submitted for publication [35].

5.1 Notation and preliminaries

We denote by (xi) local coordinates on the base manifold M and by (xi, yi)
the induced coordinates on TM . Locally, a spray can be expressed as follows

S = yi
∂

∂xi
− 2Gi

∂

∂yi
, (5.1)

where the spray coefficients Gi = Gi(x, y) are 2-homogeneous functions in
the y = (y1, . . . , yn) variable. A curve c : I →M is called is called geodesic
of a spray S if S ◦ c′ = c′′. Locally, c(t) = (xi(t)) is a geodesic of S if and
only if it satisfies the equation

d2xi

dt2
+ 2Gi

(
x,
dx

dt

)
= 0. (5.2)

Therefore sprays may be seen as the coordinate-free version of systems of
homogeneous second order differential equations.

59
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In this chapter, we mean by a Finsler manifold a pair (M,L) where the Finsler
function L : TM → R is smooth and strictly positive on TM , L positively 1-
homogeneous in the directional argument y = (yi) and the matrix

gij =
1

2

∂2L2

∂yi∂yj
(5.3)

is positive definite on TM . The energy function associated withL isE = 1
2L

2

and the Finsler metric tensor is defined as g = gijdx
i ⊗ dxj . Because of the

positive definiteness of (5.3) the 2-form ΩE := ddJE is non-degenerate, and
the Euler-Lagrange equation

ωE := iSΩE − d(E − LCE) = 0 (5.4)

uniquely determines a spray S on TM . This spray is called the geodesic spray
of the Finsler function. The ωE is called the Euler-Lagrange form associated
with S and E.

Let us consider the inverse problem:

Definition 5.1. A given spray S on a manifold M is called Finsler metrizable
if there exists a Finsler function L whose geodesic spray coincides with S.

Let S be a spray. The Euler-Lagrange form associated with S is

ωE = iSΩE − d(E − LCE). (5.5)

It is easy to see that ωE is semi-basic, and the local expression in
the standard coordinate system on TM is ωE =

(
LS
(
∂E
∂yi

)
− ∂E

∂xi

)
dxi.

Therefore along a curve γ = (x(t)) associated with S we have ωE
∣∣
γ
=(

d
dt
∂E
∂ẋi
− ∂E

∂xi

)
dxi, where d/dt denotes the derivation along γ.

Definition 5.2. Let S be a given spray. A function E ∈ C∞(TM) is called
Euler-Lagrange function of the spray S if it is a solution of the Euler-Lagrange
equation (5.4).

IfE is a regular Euler-Lagrange function of the spray S, then the stationary
curves of the functional

I(γ) =

∫
E(γ(t), γ̇(t))dt
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are the geodesic curves of S. The set of Euler-Lagrange functions of a spray
S will be denoted by ES and the subset of k-homogeneous Euler-Lagrange
functions will be denoted by ES,k. In particular, taking (1.5) into account, the
set of 2-homogeneous Euler-Lagrange functions is denoted by

ES,2 = {E ∈ C∞(TM) | ωE = 0, LCE = 2E } . (5.6)

Property 5.3. A spray S is metrizable if and only if there exists a 2-
homogeneous Euler-Lagrange function E ∈ ES,2 such that the matrix field
gij = ∂2E

∂yi∂yj
is positive definite at any point of TM .

Several works are devoted to the metrizability problem (see for example
[14, 13, 13, 20, 28, 29, 34, 46]). In this chapter, we are considering a different
aspect of this problem: How many essentially different Finsler metrics exist
for a given spray to be metrizable. Moreover, how to determine this number in
terms of the geometric objects associated to the spray? To formulate, precisely,
the problem we introduce the following

Definition 5.4. We say that the metric freedom of a metrizable spray S is
mS ∈ N if ES,2 can be locally generated by of mS functionally independent of
its elements. If the spray S is non-metrizable, we set mS = 0.

In other words, if the metric freedom of a spray S is mS > 1, then for
every E ∈ ES,2 and v0 ∈ TM there exists a neighbourhood U ⊂ TM of v0,
a function ϕ : RmS → R and E1, ..., EmS ∈ ES,2 functionally independent on
U such that

E(v) = ϕ
(
E1(v), . . . , EmS (v)

)
, ∀ v ∈ U.

To compute the metric freedom we have to determine how many different en-
ergy functions exist for a given spray? To answer this question we have to
investigate the geometric objects associated with the spray. In Section 5.2 we
introduce these objects (parallel translation, holonomy distribution, holonomy
invariant functions) and in Section 5.3 we determine the metric freedom of
sprays in the regular case.

5.2 Geometric objects associated with a spray

In this section, we use the geometric objects associated with a spray S to calcu-
late the metric freedom of S. Every spray S induces an Ehresmann connection



62 Chapter 5. Metric freedom of a spray

(see [45]). The corresponding vertical and horizontal projectors, locally, can
be expressed as v = ∂

∂yi
⊗ δyi and h = δi ⊗ dxi where δyi = dyi+N i

jdx
j ,

δi =
∂

∂xi
−N j

i

∂

∂yj
, (5.7)

and N j
i = ∂Gj

∂yi
. The parallel translation of a vector along curves is defined

through horizontal lifts:

Definition 5.5 (Parallel translation). Let γ : [0, 1] → M be a curve such that
is γ(0) = p and γ(1) = q. Let γh be a horizontal lift of the curve γ, that is
π ◦ γh = γ and γ̇h(t) ∈ Hγh(t). The parallel translation τ : TpM → TqM

along γ is defined as follows: τ(v) = w, where γh(0) = v, γh(1) = w.

The curvature tensor R of the nonlinear connection is given by Defi-
nition 1.14 and characterizes the integrability of the horizontal distribution:
the horizontal distribution is integrable if and only if the curvature R is
identically zero. In a local coordinate system, the curvature is given by
R = Ri

jkdx
j ⊗ dxk ⊗ ∂

∂yi
where Ri

jk = δkN
i
j − δjN i

k.

Definition 5.6 ([34]). The holonomy distribution DH of a spray S is the dis-
tribution on TM generated by the horizontal vector fields and their successive
Lie-brackets, that is

DH :=
〈
Xh(TM)

〉
Lie

=
{

[X1, [. . . [Xm−1, Xm]...]]
∣∣ Xi ∈ Xh(TM)

}
(5.8)

Remark 5.7. From the definition we observe that DH contains the horizontal
distribution. Using the horizontal and vertical projectors we have

DH = h(DH)⊕ v(DH) = HTM ⊕ v(DH).

By Definition 1.14, the image of the curvature tensor is a subset of the vertical
part of the holonomy distribution: ImR ( v(DH). Moreover, DH = HTM
if and only if R ≡ 0.

Remark 5.8. Because of the construction (5.8), it is clear that DH is an invo-
lutive distribution. WhenDH is also a regular distribution, then it is integrable.
Using the definition of parallel translation via horizontal lifts (Definition 5.5),
it is easy to see that the integral manifold through v ∈ TM , Oτ (v), is the
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orbit of v with respect to the parallel translations. By Frobenius integrability
theorem one can find a coordinate system (U, z) of TM in a neighborhood of
v ∈ TM such that the components of Oτ ∩ U are the sets

{w∈U | zi(w)=zi0, dimOτ+1 ≤ i ≤ 2n}, |zi0| < ε. (5.9)

We say that the parallel translation is regular if the distribution DH is
regular and for any v ∈ TM there is a neighbourhood U ⊂ TM such that
any orbits Oτ have at most one connected subset in U . In that case, using the
Frobenius integrability theorem, there exists a coordinate system (U, z) of TM
in a neighborhood of any v ∈ TM such that in (5.9) different zi coordinates
(dimOτ+1 ≤ i ≤ 2n) correspond to different orbits of the parallel translation.

Definition 5.9. Let S be a spray. A function E ∈ C∞(TM) is called holon-
omy invariant, if it is invariant with respect to parallel translation, that is, for
any v ∈ TM and for any parallel translation τ we have E(τ(v)) = E(v). The
set of holonomy invariant functions will be denoted byHS .

In the case when the parallel translation is regular, then the tangent spaces
of its orbits are given by the holonomy distributionDH. Consequently, for any
holonomy invariant function E ∈ C∞(TM) we have LXE = 0, X ∈ DH
that is

HS = {E ∈ C∞(TM) | LXE = 0, X ∈ DH} . (5.10)

The subset of k-homogeneous holonomy invariant functions will be denoted
byHS,k. Using the Euler characterization of homogeneous functions we have

HS,k = {E ∈ HS | LCE = kE } . (5.11)

5.3 Metric freedom of sprays

The Property 5.3 shows that, modulo the regularity condition, one may think
of ES,2 as the set of possible energy functions of S. Therefore any relevant
information on ES,2 can be very interesting from the metrizability point of
view. Comparing the holonomy invariance and the Euler-Lagrange property
we have the following

Lemma 5.10. A 2-homogeneous function is an Euler-Lagrange function of a
spray S if and only if it is a holonomy invariant function. Using the notation
(5.11) and (5.6) we have

ES,2 = HS,2. (5.12)
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Proof. In [34] it was proven that a 2-homogeneous functions E ∈ C∞(TM)
is a solution of the Euler-Lagrange PDE (5.4) if and only if it satisfies the
equation

dhE = 0, (5.13)

where h : TTM → DH is an arbitrary projection on DH. Moreover, for any
X ∈ X(TM) we have dhE(X) = hX(E), that is, dhE = 0 if and only if E
is an element ofHS,2.

We emphasis the fact that the Euler-Lagrange system (5.4) is a second or-
der PDE system and (5.13) is a first order PDE system. Proposition 5.10 shows
that for 2-homogeneous functions they are equivalent. Using this equivalence
one can understand more easily the structure of ES,2 and therefore the metriz-
ability property of sprays. We note that there is no such equivalence in general
between ES andHS .

We can observe the following

Property 5.11. The ES , ES,k, (k ∈ N) are vector spaces over R.

Proof. The Euler-Lagrange equation (5.4), the homogeneity equation (1.5)
and the holonomy equation (5.13) are all linear PDE. Therefore linear combi-
nation of their solutions with constant coefficients are also solutions.

In particular, Property 5.11 states that linear combination of 2-
homogeneous Euler-Lagrange functions of S is also a 2-homogeneous Euler-
Lagrange function of S. We can consider this combination as a “trivial” com-
bination of Euler-Lagrange functions. As the next proposition shows, a much
wider combination of homogeneous Euler-Lagrange functions can produce
new homogeneous Euler-Lagrange functions:

Proposition 5.12. A 1-homogeneous functional combination of 2-
homogeneous Euler-Lagrange functions of a spray S is also a 2-homogeneous
Euler-Lagrange functions of S.

Proof. Let ϕ = ϕ(z1, ..., zr) be a 1-homogeneous real valued smooth func-
tion on Rn\{0} and E1, . . . , Er ∈ ES,2 are 2-homogeneous Euler-Lagrange
functions of S. We consider E : TM → R defined as

E(x, y) := ϕ
(
E1(x, y), ..., Er(x, y)

)
. (5.14)
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and we will show that E is a 2-homogeneous Euler-Lagrange functions of the
spray S, that is, E ∈ ES,2. Because of the 2-homogeneity of Ei we have

E(x, λy) = ϕ(E1(x, λy), . . . , Er(x, λy))

= ϕ(λ2E1(x, y), . . . , λ2Er(x, y)) = λ2E(x, y),

that is E is a 2-homogeneous. Moreover, we can use the characterization
of ES,2 via holonomy: according to Proposition 5.10 we have ES,2 = HS,2.
Hence Ei ∈ HS,2 and from (5.10) we get that LXEi = 0 for any vector field
X ∈ DH. Therefore the same is true for E:

LXE =
∂ϕ

∂z1
·LXE1 + ...+

∂ϕ

∂zr
·LXEr = 0,

which shows that E ∈ HS,2 and therefore E ∈ ES,2.

Proposition 5.12 shows that the functional combinations of functions of
type (5.14), satisfying the regularity condition, are also Finsler energy func-
tions. Measuring the number of functionally independent energy functions can
be an important invariance quantity of sprays.

We have the following

Theorem 5.13. Let S be a metrizable spray on a manifold M . If its parallel
translation is regular, then the metric freedom of S is

mS = codimDH.

To prove the above theorem we need the following three lemmas.

Lemma 5.14. Let S be a Finsler metrizable spray with a Finsler energy func-
tion E. Then Ẽ is a Finsler energy function associated to S if and only if

1. the matrix g̃ij = 1
2

∂2Ẽ
∂yi∂yj

is positive definite on TM ,

2. θ := Ẽ/E is 0-homogeneous holonomy invariant function on TM .

Proof. Suppose that Ẽ is a Finsler energy function associated with S. Then it
is regular and the condition (1) is satisfied. Moreover, since both E and Ẽ are
2-homogeneous Euler-Lagrange functions of S, then, using Proposition 5.10,
they are 2-homogeneous holonomy invariant functions. Thus, θ := Ẽ/E is a
0-homogeneous holonomy invariant function, that is, θ ∈ HS,0.

On the other hand, assume that Ẽ satisfies the conditions (1) and (2). Then,
it is a regular, 2-homogeneous, holonomy invariant function. By Proposition
5.10, Ẽ is an Euler-Lagrange function of the spray S.
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Similar to (5.8), let us consider the smallest involutive distribution con-
taining DH and C:

DHC :=
〈
DH, C

〉
Lie
.

Lemma 5.15. The distribution DHC is linearly generated by DH and C, that
is, DHC = Span{DH, C}.

Proof. Firstly, let us consider the case when C ∈ DH. By using the involutiv-
ity property of DH we get DHC = 〈DH, C〉 = 〈DH〉 = DH which shows that
the statement in this case is true.

Secondly, suppose that C 6∈ DH. Take X,Y ∈ DHC . Using the decom-
position corresponding to the directions DH and C we get

[X,Y ] = [XDH , YDH ] + [XC , YC ] + [XC , YDH ] + [XDH , YC ] (5.15)

We have [XC , YC ] ∈ Span{C} and because of the involutivity of DH, we
have [XDH , YDH ] ∈ DH. In order to prove that the third and the fourth terms
are in Span{DH, C}, we consider the local basis B =

{
δ1, . . . , δn

}
of the

horizontal spaceHTM . Then the holonomy distributionDH can be generated
locally by the elements of B and their successive Lie brackets. Since the spray
coefficientsGi(x, y) introduced in (5.1) are 2-homogeneous in the y-variables,
we have [C, δi] = 0. By the Jacobi identity, this is also true for the successive
brackets of the δi’s. Now, YDH ∈ DH can be written as a linear combination of
the elements YDH = gαYα, where Yα can be obtained by successive brackets
of the δi’s, and therefore [C, Yα] = 0. Hence, for the C-directional component
Xc of X we have XC = XcC with Xc ∈ C∞(TM) and

[XC , YDH ] = [XcC, gαYα] = (XCg
α)Yα − (YDHX

c)C +Xcgα[C, Yα]

= (XCg
α)Yα − (YDHX

c)C

which is clearly an element of Span{DH, C}. The same argument is valid for
the fourth term in (5.15).

Lemma 5.16. If the spray S is metrizable, then Span{DH, C} = DH⊕C on
TM .

Proof. If S is metrizable, then there exists a 2-homogeneous, positive definite
regular Euler-Lagrarange function E ∈ ES,2 of S. Because of Proposition
5.10, E ∈ HS,2. On the other hand, by the homogeneity property of E, we
have LCE = 2E > 0 at any point v ∈ TM . Since the derivatives of E with
respect to the elements of DHv is zero we get that Cv 6∈ DHv. Consequently
we have Span{DH, C} = DH ⊕ C.
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Proof of Theorem 5.13. We will show that in a neighbourhood of any v ∈
TM one has exactly CodimDH = 2n − κ locally functionally independent
elements in ES,2, where κ is the dimension of DH.

As S is metrizable, then there exists an energy function E ∈ ES,2 associ-
ated with S. We know that the parallel translation is regular. By Lemma 5.16
we haveDHC = DH⊕C and dimDHC = κ+1. BothDH andDHC are invo-
lutive, C∞ distributions on TM . By Frobenius integrability theorem one can
find a coordinate system (U, z) of TM in a neighborhood of v ∈ TM , such
that zi(v) = 1, z(U) =]1−ε, 1+ε[2n and for all zκ+1

0 , ..., z2n0 with |1−zi0| < ε,
the sets

N={w∈U | zi(w)=zi0, κ+1 ≤ i ≤ 2n},

NC ={w ∈ U | zi(w)=zi0, κ+2 ≤ i ≤ 2n}

are integral manifolds of DH and DHC respectively. Moreover, by the regu-
larity of the parallel translation, one can choose U such thatN ∩U has at most
one connected subset of N . In this case the zi coordinates (κ + 1 ≤ i ≤ 2n)
parametrise the orbits of the parallel translation. Locally,

DH = Span

{
∂

∂z1
, . . . ,

∂

∂zκ

}
, DHC = Span

{
∂

∂z1
, . . . ,

∂

∂zκ
,

∂

∂zκ+1

}
(5.16)

where ∂
∂zκ+1 and C generate the same direction, that is, ∂

∂zκ+1 = λC, with
λ(v) 6= 0. Hence, from (1.5) we get

∂E

∂zκ+1
(v) = λLCE(v) = 2λE(v) 6= 0. (5.17)

Considering HS,0, the set of 0−homogeneous holonomy invariant functions,
we have

θ ∈ HS,0 ⇔

{
LXθ = 0, ∀ X∈DH
LCθ = 0,

}
⇔ LXθ = 0, ∀ X∈DHC .

(5.18)
From (5.16) and (5.18), it follows that θ ∈ HS,0 on U if and only if it is a
function of the variables zκ+2, . . . , z2n, that is

θ = θ(zκ+2, . . . , z2n). (5.19)

By using a convenient bump function ψi in each variable zi (κ+ 2 ≤ i ≤ 2n),
we obtain smooth functions θi(zi) := ψi(zi) · zi ∈ C∞(TM) (no summa-
tion convention is used here), with supp(θi) ⊂ U , such that θi(v) = 1 and
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dθi
dzi

(v) = 1. It is locally clear that zi = zi(θi) and therefore

θκ+2, . . . , θ2n (5.20)

are elements of HS,0 and are functionally independent on some neighbour-
hood Ũ ⊂ U of v. Consequently, any element of HS,0 can be expressed on
Ũ as a function of these functions. The functions (5.20) can be used to “mod-
ify” the original Euler-Lagrange function E to obtain new elements of ES,2,
functionally independent on Ũ .

Indeed, let us consider the functions Ei := (1 + θi)E for κ+ 2 ≤ i ≤ 2n
and let Eκ+1 := E. By Lemma 5.14, the functions

Eκ+1, Eκ+2, . . . , E2n, (5.21)

are elements in HS,2. Moreover, by the construction, we have dEi = d
(
(1+

θi)E
)

= dθi
dzi
Edzi + (1+θi)dE (with no summation on i). Hence, at v ∈ TM

we get
(dEi)v = (dzi)v +

(
1 + θi(v)

)
(dE)v.

Taking (5.17) into account, we get at v ∈ TM :

dEκ+1 ∧ dEκ+2∧ · · · ∧ dE2n

= dE ∧ (dzκ+2 + θκ+2dE) ∧ · · · ∧ (dz2n + θ2ndE)

= dE ∧ dzκ+2 ∧ · · · ∧ dz2n

= 2λE(v) dzκ+1 ∧ dzκ+2 ∧ · · · ∧ dz2n 6= 0,

that is, the functions (5.21) are functionally independent in some neighbour-
hood Û ⊂ Ũ of v ∈ TM .

On the other hand, let us suppose that Ẽ is an is an energy function associ-
ated with S. Using Lemma 5.14, we know that there exists a 0−homogeneous
holonomy invariant function θ ∈ HS,0, such that Ẽ = θE. Then, θ has the
form (5.19) on U and it can thus be expressed as a function of the elements
(5.20). Consequently Ẽ can be expressed locally by the elements (5.21).

Remark 5.17. Using the notation of the above proof, we point out that whenE
is an energy function of S, then, choosing a sufficiently small nonzero constant
ci ∈ R, the functions (1 + ciθi)E ∈ HS,2 will be also an energy function of
S. We can therefore deform the original energy function (or metric) to define
a new one, locally functionally independent from the original one.
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Remark 5.18. From the hypothesis of the Theorem 5.13 one cannot omit
the metrizability. As Example 5.23 (page 71) shows, it may happen that
codimDH > 0 but the spray is not metrizable and therefore the metric free-
dom is zero.

5.4 Examples: Isotropic sprays

Let S be a spray and R its curvature tensor. The Jacobi endomorphism Φ of
S is defined by

Φ = iSR. (5.22)

The Ricci curvature, Ric, and the Ricci scalar, ρ are given by Ric = (n−1)ρ =
Ri
i = Tr(Φ) [43].

Definition 5.19. A spray S is said to be isotropic if its Jacobi endomorphism
has the form

Φ = ρJ − α⊗ C,

where ρ ∈ C∞(TM) is the Ricci scalar and α is a semi-basic 1-form on TM .

Lemma 5.20. For an isotropic sprays with non vanishing Ricci scalar one has
dimDH ≥ 2n− 1.

Proof. Let X ∈ HTM be a horizontal vector. We have

Φ(X)=0⇐⇒ ρJX−α(X)C=0⇐⇒ FJX=
iXα

ρ
FC ⇐⇒ X=

iXα

ρ
S.

(5.23)
By (5.23), ker Φ ∩HTM = Span{S} and, therefore, using the semi-basic
property of Φ, we get ker Φ = V TM ⊕ S and dim ker Φ = n + 1. Hence,
we have dim(ImΦ) = 2n − (n + 1) = n − 1. On the other hand, by (5.22),
Φ(X)=(iSR)(X)=R(S,X). Thus Im Φ ⊂ ImR and dim(ImR) ≥ n− 1.
By Remark 5.7, the result follows.

Proposition 5.21. Let S be an isotropic spray on an n-dimensional manifold
M with regular parallel translation. Then we have mS ∈ {0, 1, n}. More
precisely, we have the following possibilities:

(a) mS = 0 if and only if S is not metrizable; (in this case R 6= 0)

(b) mS = 1 if and only if R 6= 0 and S is metrizable;
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(c) mS = n, that is maximal, if and only if R = 0.

Proof. Let us first consider (c). We remark that if R = 0, then the holonomy is
trivial and S is Riemann and Finsler metrizable: an arbitrary Minowski norm
extended through parallel translation defines a Finsler norm for S. Moreover,
by Remark 5.7 and Theorem 5.13, we have

mS = n ⇐⇒ codimDH = n ⇐⇒ dimDH = n ⇐⇒ R = 0.

(a) We have mS = 0 if and only if S is not metrizable. In this case we have
necessarily R 6= 0.
(b) Let mS = 1. Then S is metrizable and by Theorem 5.13 we have
codimDH = 1 and therefore dimDH = 2n − 1. Using Remark 5.7, we
obtain R 6= 0. Conversely, if S is metrizable and R 6= 0, then by Lemma
5.20, we have dimDH ≥ 2n− 1. On the other hand, Lemma 5.16 shows that
C 6∈ DH and therefore dimDH ≤ 2n− 1. From the two inequalities, we have
dimDH = 2n− 1 and hence codimDH = mS = 1.

Explicit examples

Example 5.22 (mS = 0, codimDH = 0).
Let M = {(x1, x2) ∈ R2 : x2 > 0} and S the spray (5.1) given by the
coefficents

G1 := y1
√
x2(y1)2 + (y2)2 +

y1y2

2x2
, G2 := y2

√
x2(y1)2 + (y2)2− (y1)2

4
.

Since M is 2-dimensional, then S is isotropic. Moreover, introducing the

notation ϕ :=

√
x2(y1)2 + (y2)2, the coefficients of the nonlinear connection

are given by

N1
1 =

y2

2x2
+ ϕ+

x2(y1)2

ϕ
, N1

2 = −y
1

2
+
x2y1y2

ϕ
,

N2
1 =

y1

2x2
+
y1y2

ϕ
, N2

2 = ϕ+
(y2)2

ϕ
.

The horizontal basis is {δ1, δ2} where

δ1 =
∂

∂x1
−
(
y2

2x2
+ ϕ+

x2(y1)2

ϕ

)
∂

∂y1
+

(
y1

2
− x2y1y2

ϕ

)
∂

∂y2
,

δ2 =
∂

∂x2
−
(
y1

2x2
+
y1y2

ϕ

)
∂

∂y1
−
(
ϕ+

(y2)2

ϕ

)
∂

∂y2
.
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We have

v1 := [δ1, δ2] =
4(x2)2 + 1

4(x2)2

(
y1

∂

∂y2
− y2 ∂

∂y1

)
v2 :=

[
[δ1, δ2], δ1

]
=

4(x2)2 + 1

4x2ϕ

(
y1y2

∂

∂y1
+
(
ϕ2 + (y2)2

) ∂

∂y2

)
.

Being v1 and v2 linearly independent we have DH = Span{δ1, δ2, v1, v2} =
TTM . Consequently, C ∈ DH and according to Lemma 5.16 the spray is not
metrizable; that is mS = 0.

Example 5.23 (mS = 0, codimDH > 0).
Let M = {(x1, x2) ∈ R2 : x2 > 0} and S the spray (5.1) given by the
coefficents G1 = (y1)2

2x2 , G
2 = 0. The non zero coefficient of the non linear

connection is N1
1 = y1

x2 . The horizontal basis {δ1, δ2} and their commutator
are

δ1 =
∂

∂x1
− y1

x2
∂

∂y1
, δ2 =

∂

∂x2
, v := [δ1, δ2] = − y1

(x2)2
∂

∂y1
.

One has DH = Span{δ1, δ2, v}, dimDH = 3 and codimDH = 1. For any
holonomy invariant 2-homogeneous function E ∈ HS,2, we have Lδ1E =
Lδ2E = LvE = 0. From the last equation we get ∂E

∂y1 = 0 and threfore
E cannot be a regular Lagrange function. From Proposition 5.10, it follows
that S has no regular Euler-Lagrange function and, therefore, it can not be
metrizable.

Example 5.24 (mS = 1).
Let us consider on the unite disk D ⊂ Rn the spray (5.1) where Gi =

− µ〈x, y〉
1 + µ|x|2

yi with µ ∈ R \ {0}. The spray is metrizable: it is the geodesic

spray of the Riemannian norm

Lµ =

√
|y|2 + µ(|x|2|y|2 − 〈x, y〉2)

1 + µ|x|2
.

Since Lµ is of constant flag curvature µ 6= 0, then the spray is isotropic.
Hence, by Proposition 5.21, we get mS = 1.
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Example 5.25 (mS is maximal).
One can consider the trivial example whereM = Rn and the spray (5.1) where
Gi = 0. In this case the parallel translation is regular and the holonomy group
is trivial. Hence we have mS = n.
We prefer to give also another, not so obvious coefficients example: Let Bn ⊂
Rn be the standard unit ball and S the spray with

Gi = − 〈a, y〉
1 + 〈a, x〉

yi, (5.24)

where a ∈ Rn is a constant vector with |a| < 1. Since R = 0, then
DH = HTM , the horizontal distribution. Hence, by Theorem 5.13, the metric
freedom is maximal.

We remark, that S.S. Chern and Z. Shen investigated in [18] the family of
Riemannian metrics associated with the norms

La =

√
1− |a|2

(1 + 〈a, x〉)2

√
|y|2 − 2〈a, y〉〈x, y〉

1 + 〈a, x〉
− (1− |x|2)〈a, y〉2

1 + 〈a, x〉
. (5.25)

The geodesic equation of (5.25) is (5.24), but one can find other generating
Finsler metrics too. Indeed, putting zi = ((1 + 〈a, x〉)yi − 〈a, y〉xi)/(1 +
〈a, x〉)2 and considering a 1-homogeneous function φ : Rn → R, we get

Lφ(x, y) = φ
(
z1(x, y), . . . , zn(x, y)

)
(5.26)

such that Eφ = 1
2L

2
φ is a (not necessarily regular) element of ES,2. There-

fore, if Lφ satisfies the regularity condition (5.3), then it is a projectively
flat Finsler metric of zero flag curvature with geodesic spray given by (5.24).
The family (5.25) can be considered as a special case of (5.26) by choosing
φ(z) =

(
〈z, z〉 − 〈a, z〉2

)1/2.
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New Finsler Package

Antonelli et. al. have had a good contribution in Finsler geometry compu-
tations using MAPLE (cf. [8, 9, 37]). Rutz and Portugal [39] have introduced
the remarkable FINSLER package [38] (it is also included in a CD with the
“Handbook of Finsler geometry” [7]).

During studying an example in which the coefficients of Berwald connec-
tion are functions of positional argument xi only. Hence, the space under con-
sideration is Berwaldian and is thus Landsbergian. It is well known that for a
Landsberg space the hv-curvature P hijk of Cartan connection vanishes. But ac-
cording to the package, the program calculated non-vanishing components of
P hijk. After a deep reading of the source code (Finsler.mpl), we discovered an
error in the definition of P hijk (similar error is found in “Handbook of Finsler
geometry, II ”, page 1154). Another problem with this package is that of di-
mension. If one considers a Finsler space of dimension three, the package can
not compute the components of the h-curvature Rhijk and hv-curvature P hijk of
Cartan connection.

In this Appendix we solve the above two mentioned problems. We illus-
trate our modification and extension of the FINSLER package by treating a
concrete example of a three dimensional Finsler space. We also propose a
technique for simplifying tensor expressions.

The results of this chapter are published [60].

73
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A.1 Notations and preliminaries

In this section, we give a brief introduction to Finsler connections. For
more details, we refer, for example, to [7, 10, 12, 54].

Let (M,L) be a Finsler manifold. Let (xi) be the coordinates of any point
of M and (yi) a supporting element at this point. Partial differentiation with
respect to xi (resp. yi) will be denoted by ∂i (resp. ∂̇i). We use the following
notations:

li := ∂̇iL = gijl
j = gij

yj

L : the normalized supporting element; li := yi

L ,

lij := ∂̇ilj ,

hij := Llij = gij − lilj : the angular metric tensor,

Cijk := 1
2 ∂̇kgij = 1

4 ∂̇i∂̇j ∂̇kL
2: the Cartan tensor,

Cijk := griCrjk: the (h)hv-torsion tensor,

γijk := gir

2 (∂jgkr + ∂kgjr − ∂rgjk): the Christoffel symbol with respect to ∂i,

Gi := 1
2γ

i
jky

jyk: the components of the canonical spray of (M,L),

N i
j := ∂̇jG

i: the Barthel (or nonlinear) connection associated with (M,L),

Gijh := ∂̇hN
i
j = ∂̇h∂̇jG

i: the coefficients of Berwald connection,

δi := ∂i −N r
i ∂̇r: the basis vector fields of the horizontal bundle,

Γijk := 1
2g
ir(δjgkr + δkgjr− δrgjk): the Christoffel symbol with respect to δi.

A Finsler connection [6] on M is FΓ = (F i
jk(x, y),Ni

j(x, y),C i
jk(x, y))

such that, under a change of coordinates (xi) → (x̃i), the geometric objects
F i
jk(x, y), Ni

j(x, y) and C i
jk transform respectively as follows:

F̃
k

ij =
∂x̃k

∂xl
∂xp

∂x̃i
∂xq

∂x̃j
F l
pq +

∂2xp

∂x̃i∂x̃j
∂x̃k

∂xp
,

Ñ
i

j =
∂x̃i

∂xp
∂xq

∂x̃j
Np
q +

∂xp

∂x̃j
∂2x̃i

∂xp∂xq
yq, C̃

k

ij =
∂x̃k

∂xl
∂xp

∂x̃i
∂xq

∂x̃j
C l
pq.

Moreover, FΓ defines two types of covariant derivatives:

Xi
j|k := δkX

i
j +Xr

jF i
rk −Xi

rF
r
jk.

Xi
j |k := ∂̇kX

i
j +Xr

jC i
rk −Xi

rC
r
jk.
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Let FΓ = (F i
jk,N

i
j ,C

i
jk) be a Finsler connection. The (h)h-, (h)hv-, (v)h-,

(v)hv- and (v)v-torsion tensors of FΓ are given respectively by [27]:

Tijk = Fijk − Fikj , Ci
jk = the connection parameters Ci

jk,

Ri
jk = δkNi

j − δjNi
k, Pijk = ∂̇kNi

j − Fijk, Sijk = Ci
jk − Ci

kj .

and the h-, hv- and v-curvature tensors of FΓ are given respectively by [27]:

Ri
hjk = A(j,k){δkFihj + FmhjF

i
mk}+ Ci

hmRm
jk,

Pihjk = ∂̇kFihj − Ci
hk|j + Ci

hmPmjk, Sihjk = A(j,k){∂̇kCi
hj + Cm

hkCi
mj},

where A(j,k){Ajk} := Ajk −Akj .

The Cartan connection is given by CΓ = (Γijk, N
i
j , C

i
jk), where Γijk, N i

j

and Cijk are as defined above. The torsion tensors of CΓ are:

Cijk =
1

2
gir∂̇kgrj , Rijk = δkN

i
j − δjN i

k, P ijk = ∂̇kN
i
j − Γijk.

The h-, hv- and v-curvature tensors of CΓ are:

Rihjk = A(j,k){δkΓihj + ΓmhjΓ
i
mk}+ CihmR

m
jk,

P ihjk = ∂̇kΓ
i
hj − Cihk|j + CihmP

m
jk , Sihjk = A(j,k){CmhkCimj}.

The Berwald connection is given by BΓ = (Gijk, N
i
j , 0). The associated

geometric objects will be marked by a circle. The torsion tensor is given by:
◦
Rijk = Rijk = δkN

i
j − δjN i

k.

The h-, and hv-curvature tensors of BΓ are:
◦
Rihjk = A(j,k){δkGihj +GmhjG

i
mk},

◦
P ihjk = ∂̇kG

i
hj .

The Chern (Rund) connection is given by RΓ = (Γijk, N
i
j , 0). The associ-

ated geometric objects will be marked by a star. The torsion tensors are:

?
Rijk = Rijk = δkN

i
j − δjN i

k,
?
P ijk = P ijk = ∂̇kN

i
j − Γijk.

The h- and hv-curvature tensors of RΓ are:
?
Rihjk = A(j,k){δkΓihj + ΓmhjΓ

i
mk},

?
P ihjk = ∂̇kΓ

i
hj .
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The Hashiguchi connection is given by HΓ = (Gijk, N
i
j , C

i
jk). The as-

sociated geometric objects will be marked by an asterisk. The torsion tensors
are:

∗
Cijk = Cijk,

∗
Rijk = Rijk = δkN

i
j − δjN i

k.

The h-, hv- and v-curvature tensors of HΓ are:

∗
Rihjk = A(j,k){δkGihj +GmhjG

i
mk}+ CihmR

m
jk,

∗
P ihjk = ∂̇kG

i
hj − Ci

hk
∗
|j
,

∗
Sihjk = A(j,k){CmhkCimj}.

Table 2: Fundamental linear connections [54]

Cartan Berwald Chern (Rund) Hashiguchi

(Fh
ij ,Nh

i ,Ch
ij) (Γh

ij , N
h
i , C

h
ij) (Gh

ij , N
h
i , 0) (Γh

ij , N
h
i , 0) (Gh

ij , N
h
i , C

h
ij)

(h)h-tors. Ti
jk 0 0 0 0

(h)hv-tors. Ci
jk Ci

jk 0 0 Ci
jk

(v)h-tors. Ri
jk Ri

jk

◦
Ri

jk = Ri
jk

?
Ri

jk = Ri
jk

∗
Ri

jk = Ri
jk

(v)hv-tors. Pi
jk P i

jk = Ci
jk|hy

h 0
?
P i

jk = P i
jk 0

(v)v-tors. Sijk 0 0 0 0

h-curv. Rh
ijk Rh

ijk

◦
Rh

ijk

?
Rh

ijk

∗
Rh

ijk

hv-curv. Ph
ijk Ph

ijk

◦
Ph

ijk

?
Ph

ijk

∗
Ph

ijk

v-curv. Shijk Sh
ijk 0 0

∗
Sh
ijk = Sh

ijk

h-cov. der. Ki
j|k Ki

j
◦
|k

Ki

j
?
|k

= Ki
j|k Ki

j
∗
|k

= Ki

j
◦
|k

v-cov. der. Ki
j |k Ki

j

◦
|k = ∂̇kK

i
j Ki

j

?
|k = Ki

j

◦
|k Ki

j

∗
|k = Ki

j |k

A.2 Notes on the FINSLER package

When performing some applications using the FINSLER package, we have
encountered some problems. To show one of these problems, let us consider
the following example. Let M = R4, U = {(x, y) ∈ R4 × R4 : x1 6= 0}. Let

L be defined on U by:

L(x, y) =

√
x1y4

√
(y1)2 + (y2)2 + (y3)2.
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Based on this package, the non-vanishing coefficients of Berwald connection
are as follows:

G1
11 = G2

12 = G3
13 =

1

x1
, G1

22 = G1
33 = − 1

x1
.

This shows that the coefficients of Berwald connection are functions of the po-
sitional argument xi only. Hence, the space under consideration is Berwaldian
and is thus Landsbergian. Consequently, the hv-curvature P hijk of Cartan con-
nection should vanish identically. However, the FINSLER package calculated
non-vanishing components of P hijk.

Summing up, we have two problems with the Rutz and Portugal’s package.
The first is the wrong calculations of the curvature P hijk. The second is the
disability of computing Rhijk and P hijk in dimensions different from 4.

A.3 Improvement of the package

In this section, we solve the two above mentioned problems. Moreover,
we extend the package in order to compute various geometric objects asso-
ciated not only with Cartan connection but also with the other fundamental
connections in Finsler geometry. And this is for any dimension. Other geo-
metric objects can be similarly added to the package. We illustrate these tasks
using a concrete example.

Rutz and Portugal have illustrated how to use the package [39]. However,
let us recall some instructions to make the use of this package easier. When
we write, for example, N[i,-j] we mean N i

j , i.e., a positive (resp. negative)
index means that it is a contravariant (resp. covariant) index. If one wants to
lower or raise an index by the metric or the inverse metric, he just changes
its sign from positive to negative or vice versa. The command tdiff (N[i,-j],
X[k]) means ∂kN i

j , the command tddiff (N[i,-j], Y[k]) means ∂̇kN i
j and the

command Hdiff (N[i,-j], X[k]) means δkN i
j .

In addition to the definitions of geometric objects existing already in the
FINSLER package, we add other definitions by using the command defineten-
sor. We rewrite the correct expression of P hijk and tackle the issue of dimen-
sion.

It should be that, in the package, the notations X[i] and Y[i] are used only
for the position and direction arguments, respectively.
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Now, let us illustrate what have been said before using a concrete example.
Let M = R3, U = {(x1, x2, x3; y1, y2, y3) ∈ R3 × R3 : x3 6= 0, yi 6= 0} ⊂
TM . Let L be defined on U by

L =

√
x3(y1)3

y2
+ (y3)2.

It should first be noted that, according to Table 2, we have only three indepen-
dent torsions, namely, Chij ,R

h
ij and P hij . So, we will compute these torsions for

Cartan connection and we will not do the calculation for the other connections.
Following the instructions of the FINSLER package, the following calcu-

lations can be performed.

> Dimension := 3:
> coordinates(x1,x2,x3):
> Dcoordinates(y1,y2,y3):

Finsler structure F:
> L := sqrt(x3*y1ˆ3/y2+y3ˆ2);

L :=
√

x3y13

y2 + y3 2

Metric tensor gij:
> F0:= y1ˆ3*x3/y2+y3ˆ2;

F0 := x3y13

y2 + y3 2

> metricfunction(F0):

‘The components of the metric are:‘

gx1x1 = 3 x3y1
y2 gx1x2 = −3

2
x3y12

y22 gx2x2 = x3y13

y23 gx3x3 = 1

Inverse metric tensor gij:
> show(g[i,j]);

gx1x1 = 4y2
3x3y1 gx1x2 = 2y22

x3y12 gx2x2 = 4y23

x3y13 gx3x3 = 1

Supporting element li:
> show(l[-i]);

lx1 = 3
2

x3y12

y2

√
x3y13+y2y32

y2

lx2 = −1
2

x3y13

y22

√
x3y13+y2y32

y2

lx3 = y3√
x3y13+y2y32

y2
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Angular metric tensor hij:
> definetensor(h[-i,-j]=g[-i,-j]-l[-i]*l[-j]);

> show(h[-i, -j]);

hx1x1 = 3
4

x3y1(x3y13+4y2y32)
y2(x3y13+y2y32)

hx1x2 = −3
4

x3y12(x3y13+2y2y32)
y2(x3y13+y2y32)

hx1x3 = −3
2

x3y12y3
x3y13+y2y32 hx2x2 = 1

4

x3y13(3x3y13+4y2y32)
y23(x3y13+y2y32)

hx2x3 = 1
2

x3y13y3

y2(x3y13+y2y32)
hx3x3 = x3y13

x3y13+y2y32

Cartan tensor Cijk:
> show(C[-i,-j,-k]);

Cx1x1x1 = 3
2
x3
y2 Cx1x1x2 = −3

2
x3y1
y22

Cx1x2x2 = 3
2
x3y12

y23 Cx2x2x2 = −3
2
x3y13

y24

Spray coefficients Gi:
> show(G[i]);

Gx1 = 1
2
y1 y3
x3 Gx2 = 1

2
y2 y3
x3 Gx3 = −1

4
y13

y2

Nonlinear connection (Barthel connection) N i
j :

> show(N[i,-j]);

Nx1
x1 = 1

2
y3
x3 Nx1

x3 = 1
2
y1
x3 Nx2

x2 = 1
2
y3
x3

Nx2
x3 = 1

2
y2
x3 Nx3

x1 = −3
4
y12

y2 Nx3
x2 = 1

4
y13

y2

Coefficients of Berwald connection Gijk:
> show(G[i,-j,-k]);

Gx3
x1x1 = −3

2
y1
y2 Gx3

x1x2 = 3
4
y12

y22 Gx1
x1x3 = 1

2x3

Gx3x2x2 = −1
2
y13

y23 Gx2x2x3 = 1
2x3

Coefficients of Cartan connection Γijk:
> show(Gammastar[i,-j,-k]);

Gammastarx1
x1x1 = 1

2
y3

x3y1 Gammastarx2
x1x1 = 3

2
y2y3
x3y12

Gammastarx3
x1x1 = −3

2
y1
y2 Gammastarx1

x1x2 = −1
2

y3
x3y2
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Gammastarx2x1x2 = −3
2

y3
x3y1 Gammastarx3x1x2 = 3

4
y12

y22

Gammastarx1
x1x3 = 1

2x3 Gammastarx1
x2x2 = 1

2
y1y3
x3y22

Gammastarx2
x2x2 = 3

2
y3

x3y2 Gammastarx3x2x2 = −1
2
y13

y23

Gammastarx2x2x3 = 1
2x3

Torsion tensors of Cartan connection
• (h)hv-torsion Chij:

> show(C[i,-j,-k]);

C x1
x1x1 = − 1

y1 C x1
x1x2 = 1

y2 C x1
x2x2 = − y1

y22

C x2
x1x1 = −3y2

y12 C x2
x1x2 = 3

y1 C x2
x2x2 = − 3

y2

• (v)h-torsion Rhij:

> definetensor(RG[i,-j,-k]=Hdiff(N[i,-j],X[k])
> -Hdiff(N[i,-k],X[j]));

> show(RG[i,-j,-k]);

RGx1
x1x2 = −1

8
y13

x3y22 RGx2
x1x2 = −3

8
y12

x3y2

RGx1
x1x3 = −1

4
y3
x32 RGx3

x1x3 = 3
8

y12

x3y2

RGx2
x2x3 = −1

4
y3
x32 RGx3

x2x3 = −1
8

y13

x3y22

• (v)hv-torsion P hij:

> definetensor(PT[i,-j,-k] = G[i,-j,-k]
> - Gammastar[i,-j,-k]):

> show(PT[i,-j,-k]);

PT x1
x1x1 = −1

2
y3

x3y1 PT x2
x1x1 = −3

2
y2y3
x3y12

PT x1
x1x2 = 1

2
y3

x3y2 PT x2
x1x2 = 3

2
y3

x3y1

PT x1
x2x2 = −1

2
y1y3
x3y22 PT x2

x2x2 = −3
2

y3
x3y2

Curvature tensors of Cartan connection
• h-curvature tensor Rhijk:
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> definetensor(RC[i,-h,-j,-k] =
Hdiff(Gammastar[i,-h,-j],X[k])
> -Hdiff(Gammastar[i,-h,-k],
X[j])+Gammastar[m,-h,-j]*Gammastar[i,-m, -k]
> -Gammastar[m,-h,-k]*Gammastar[i,-m,-j]
> +C[i,-h,-m]*RG[m,-j,-k], antisymm[3,4]):

> show(RC[i,-h,-j,-k]);

RC x1
x1x1x2 = −3

8
y12

x3y22 RC x1
x2x1x2 = 1

4
y13

x3y23

RC x2
x1x1x2 = −3

4
y1

x3y2 RC x2
x2x1x2 = 3

8
y12

x3y22

RC x2
x3x1x3 = − 1

4x32 RC x3
x1x1x3 = 3

4
y1

x3y2

RC x3
x2x1x3 = −3

8
y12

x3y22 RC x2
x3x2x3 = − 1

4x32

RC x3
x1x2x3 = −3

8
y12

x3y22 RC x3
x2x2x3 = 1

4
y13

x3y23

• hv-curvature tensor P hijk:

> definetensor(FT[i,-j,-k,-h]=
> Hdiff(C[i,-j,-k],X[h])
> +Gammastar[i,-h,-u]*C[u,-k,-j]
> -Gammastar[u,-k,-h]*C[i,-u,-j]
> -Gammastar[u,-h,-j]*C[i,-u,-k]):

> definetensor(PC[i,-h,-j,-k]=
> tddiff(Gammastar[i,-h,-j],Y[k])-FT[i,-h,-k,-j]
> +C[i,-h,-m]*PT[m,-j,-k]);

PC x1
x3x1x1 = − 1

2x3y1 PC x1
x3x1x2 = 1

2x3y2

PC x1
x3x2x1 = 1

2x3y2 PC x1
x3x2x2 = −1

2
y1

x3y22

PC x2
x3x1x1 = −3

2
y2

x3y12 PC x2
x3x1x2 = 3

2x3y1

PC x2
x3x2x1 = 3

2x3y1 PC x2
x3x2x2 = − 3

2x3y2

PC x3
x1x1x1 = − 3

4y2 PC x3
x1x1x2 = 3

4
y1
y22

PC x3
x1x2x1 = 3

4
y1
y22 PC x3

x1x2x2 = −3
4
y12

y23

PC x3
x2x1x1 = 3

4
y1
y22 PC x3

x2x1x2 = −3
4
y12

y23
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PC x3
x2x2x1 = −3

4
y12

y23 PC x3
x2x2x2 = 3

4
y13

y24

• v-curvature tensor Shijk:

> definetensor(S[i,-h,-j,-k] =
> C[m,-h,-k]*C[i,-m,-j]-C[m,-h,-j]*C[i,-m,-k]):

> show(S[i,-h,-j,-k]);

Shijk = 0

Remark A.1. According to the above consideration, if we calculate the hv-
curvature P of Cartan connection, in the example mentioned in Section 3, we
find that the components P hijk vanish identically as expected.

A.4 Tensor simplification

It is well known that the simplification of tensor expressions is not an easy
task [36]. However, we have noted that if we have a complicated formula of a
geometric object, such as P hijk, we can significantly simplify its expression as
follows. We let the package compute the tensor Phijk := grhP

r
ijk (instead of

P hijk) and ask it to show the tensor P hijk.

To illustrate this technique let us consider the following example.

Let M = R3, U = {(x1, x2, x3; y1, y2, y3) ∈ R3 × R3 : yi 6= 0}. Let L
be defined on U by

L = (x1(y2)3 + (y1)2y3)1/3.

For example, let us compute the component S1
112 of the v-curvature

tensor Shijk of Cartan connection.

> definetensor(SC[i,-h,-j,-k] =
C[m,-h,-k]*C[i,-m,-j]
> -C[m,-h,-j]*C[i,-m,-k]):

SC i
hjk = CmhkC

i
mj − CmhjCimk

> show(SC[i,-h,-j,-k]);
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SC x1
x1x1x2 = − 1

18

y3y1(−x1y23+y3y12)x1y22(y3y12−3x1y23)
(x1y23+y3y12)

4

− 2
27

y32y13x1y22(y3y12+3 x1y23)
(x1y23+y3y12)

4

+ 1
36

y1x1y22(−x1y23+y3y12) y3(−3 x1y23+5y3y12)
(x1y23+y3y12)

4

+ 1
54

y1x1y22(4y32y14+21y3y12x1y23+9x12y26)y3

(x1y23+y3y12)
4

The above expression is complicated. But, in fact, if we lower the
index i in the above definition and use the command show(SC[i,-h,-j,-k]),
then we have the following simplification.

> definetensor(SC[-i,-h,-j,-k] =
C[m,-h,-k]*C[-i,-m,-j]
> -C[m,-h,-j]*C[-i,-m,-k]):

SC ihjk = CmhkCimj − CmhjCimk
> show(SC[i,-h,-j,-k]);

SC x1
x1x1x2 = 1

12
y3y1x1y22

(x1y23+y3y12)
2 ,

which is very simple compared with its expression before simplification.

Remark A.2. Be careful when you lower or raise an index, this index should
be lowerable or raisable. For example, in the definition of P hijk we en-
counter the term ∂̇kΓ

i
hj (cf. §1). The index i in this term can not be low-

ered since gim(∂̇kΓ
m
hj) 6= ∂̇k(gimΓmhj). So we can not use the command

tddiff(Gammastar[-i,-h,-j], Y[k]). Such a problem can be treated as illustrated
below:

> definetensor(FT[i,-j,-k,-h]=
> Hdiff(C[i,-j,-k], X[h])
> +Gammastar[i,-h,-u]*C[u,-k,-j]
> -Gammastar[u,-k,-h]*C[i,-u,-j]
> -Gammastar[u,-h,-j]*C[i,-u,-k]);

> definetensor(PC[i,-h,-j,-k] =
tddiff(Gammastar[i,-h,-j],Y[k])
> -FT[i,-h,-k,-j]+C[i,-h,-m]*PT[m,-j,-k]);

PC i
hjk = tddiff k

(
Gammastar ihj

)
− FT i

hkj + Cihm PTm
jk

> show(PC[i,-h,-j,-k]);
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PC x1
x1x1x1 = 1

72
1

(x1y23+y12y3)
2
y1

(
3x1y26(−y12y3+3x1y23)y12y3

(x1y23+y12y3)
2

+
10y12(y12y3+3x1y23)y26y3x1

(x1y23+y12y3)
2 + 3

2

x12y29(−y12y3+3x1y23)
(x1y23+y12y3)

2

+
5(y12y3+3x1y23)y29x12

(x1y23+y12y3)
2 + 3

2

y23y14(−y12y3+3x1y23)y32

(x1y23+y12y3)
2

+
5y23y14(y12y3+3x1y23)y32

(x1y23+y12y3)
2 − 15x1 y2 6 + y1 2y3 y2 3

)
This component can be simplified using the above mentioned tech-

nique.
> definetensor(FT[i,-j,-k,-h] =
> Hdiff(C[i,-j,-k], X[h])
> +Gammastar[i,-h, u]*C[u,-k,-j]
> -Gammastar[u,-k,-h]*C[i,-u,-j]
> -Gammastar[u,-h,-j]*C[i,-u,-k]);
> definetensor(ST[i,-h,-j,-k] =
tddiff(Gammastar[i,-h,-j], Y[k]));
> definetensor(PC[-i,-h,-j,-k] =
g[-m,-i]*ST[m,-h,-j,-k]
> -FT[-i,-h,-k,-j]+C[-i,-h,-m]*PT[m,-j,-k]);

PC ihjk = gmi STm
hjk − FT ihkj + Cihm PTm

jk

> show(PC[i,-h,-j,-k]);

PC x1
x1x1x1 = 1

16
y23

y1(x1y23+y3y12)
,

which is simpler compared with its expression before simplification.
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Computational technique and
explicit examples

Based on the new Finsler package, we introduce a computational technique
to calculate the nullity and kernel vectors. Some examples are shown. Some
details and calculations of the mentioned examples throughout the thesis are
given.

Some results of this appendix are published [61].

B.1 Nullity and kernel vectors

To calculate the nullity vectors using the NF-package, let Z ∈ Sec(NR) be a
nullity vector. Then, Z can be written locally in the form Z = Ziδi, where
Zi are the components of the nullity vector Z with respect to the basis {δi}
of the horizontal space. The equation R(Z,X)Y = 0, ∀X,Y ∈ Xh(TM), is
written locally in the form

ZjRihjk = 0.

To derive the resulting system from ZjRihjk = 0, we first compute the
components Rihjk using the NF-package. Then, we define a new tensor by
the command “definetensor”as follows:

> definetensor(RCZ[h,-i,-k] =
RC[h,-i,-j,-k]*Z[j]);

> show(RCZ[h,-i,-k]);

85
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Putting RCZ[h,−i,−k] = 0, we obtain a homogeneous system of alge-
braic equations. Solving this system, we get the components Zi.

B.2 Explicit examples

The nullity distributions associated with Cartan connection are studied in
Chapter 2. The following example shows that the nullity space NR of the
h-curvature R of Cartan connection and the kernel kerR do not coincide.

Example B.1. Let U = {(x1, ..., x4; y1, ..., y4) ∈ R4 × R4 : y2 6= 0 , y4 6=
0} ⊂ TM , where M = {(x1, ..., x4) ∈ R4|x2 > 0}. Let L be defined on U
by

L(x, y) := 4
√

(x2)2(y1)4 + (y2)4 + (y3)4 + (y4)4.

From now on, the calculations will be performed by Maple program and
the NF-packag.

R-Nullity vectors
> definetensor(RCW[h,-i,-k]=RC[h,-i,-j,-k]*W[j]);

> show(RCW[h,-i,-k]);

RCW x1
x2x1 =

(3x24y18+13x22y14y24+2x22y14y44+2y34x22y14+8y24y44+4y28+8y34y24)W x2

18x22(x22y14+y24+y34+y44)y24

RCW x1
x2x2 =

(3x24y18+13x22y14y24+2x22y14y44+2y34x22y14+8y24y44+4y28+8y34y24)W x1

−18x22(x22y14+y24+y34+y44)y24

Putting RCW h
ij = 0, then we have a system of algebraic equations. The

system has the following solution: W 1 = W 2 = 0,W 3 = s,W 4 = t, ; s, t ∈
R. Then, any nullity vector W has the form

W = sδ3 + tδ4. (B.1)

R-Kernel vectors
> definetensor(RCZ[h,-j,-k]=RC[h,-i,-j,-k]*Z[i]);

> show(RCZ[h, -j, -k]);
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RCZ x1
x1x2 = 1

9

y13(4y24+x22y14)Zx1

(x22y14+y24+y34+y44)y23

−(3x24y18+13x22y14y24+2x22y14y44+2y34x22y14+8y24y44+4y28+8y34y24)Zx2

18x22(x22y14+y24+y34+y44)y24

+ 1
18

(4y24+x22y14)y33Zx3

x22y23(x22y14+y24+y34+y44)
+ 1

18
(4y24+x22y14)y43Zx4

x22y23(x22y14+y24+y34+y44)

RCZ x2
x1x2 = − 1

18

y13y43(4y24+x22y14)Zx4

y26(x22y14+y24+y34+y44)

+1
9

y13(4y24+x22y14)Zx2

(x22y14+y24+y34+y44)y23 − 1
18

y13y33(4y24+x22y14)Zx3

y26(x22y14+y24+y34+y44)
+

(x24y18+7x22y14y24+2y34x22y14+2x22y14y44+12y28+8y24y44+8y34y24)y12Zx1

18y26(x22y14+y24+y34+y44)

RCZ x3
x1x2 = 1

18
(4y24+x22y14)y3y12Zx1

(x22y14+y24+y34+y44)y23 − 1
18

(4y24+x22y14)y3y13Zx2

(x22y14+y24+y34+y44)y24

RCZ x4
x1x2 = 1

18
(4y24+x22y14)y12y4Zx1

(x22y14+y24+y34+y44)y23 − 1
18

(4y24+x22y14)y4y13Zx2

(x22y14+y24+y34+y44)y24

Putting RCZ h
ij = 0, we obtain a system of algebraic equations. The NF-

package yields the solution:
Z1 = sy1

y2 , Z2 = s, Z3 = t and Z4 = s(x2(y1)4+(y2)4+2(y3)4+2(y4)4)−ty2(y3)3

y2(y4)3
.

Then, any kernel vector Z should have the form

Z = s

(
y1

y2
δ1 + δ2 +

x2(y1)4 + (y2)4 + 2(y3)4 + 2(y4)4

y2(y4)3
δ4

)
+t

(
δ3 −

(y3)3

(y4)3
δ4

)
.

(B.2)

Comparing (B.1) and (B.2), NR and kerR can not coincide.

Nullity distribution of
∗
R:

> definetensor(RchernW[h,-i,-k]=Rchern[h,-i,-j,-k]*W[j]);

> show(RchernW[h,-i,-k]);

RchernW x1
x2x2 = − 1

9

(4y24+x22y14)W x1

x22y24

RchernW x2
x1x1 = − 1

9

(4y12y24+x22y16)W x2

y26

Putting RchernW x1
x2x2 = 0 and RchernW x2

x1x1 = 0, then we have a system of
algebraic equations. The system has the following solution: W 1 = W 2 = 0,W 3 =
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s,W 4 = t, where s, t ∈ R. Then, the nullity distribution is

NR∗ = {sδ3 + tδ4 : s, t ∈ R}. (B.3)

Kernel distribution of
∗
R:

> definetensor(RchernZ[h,-j,-k]=Rchern[h,-i,-j,-k]*Z[i]);

> show(RchernZ[h,-j,-k]);

RchernZ x1
x1x2 = 1

18

(4y24+x22y14)Zx1

x22y1y23 − 1
9

(4y24+x22y14)Zx2

x22y24

Putting RchernZ x1
x1x2 = 0, we get Z1 = 2y1

y2 r, Z
2 = r, Z3 = s, Z4 = t; r, s, t ∈

R. Then, the kernel distribution kerR∗ is

kerR∗ =

{
r

(
2y1

y2
δ1 + δ2

)
+ sδ3 + tδ4 : r, s, t ∈ R

}
. (B.4)

Equations (B.3) and (B.4) show that kerR∗ can not be a sub-distribution of NR∗ .

In [53] Youssef proved that the nullity distributionNR◦ associated with the
h-curvature

◦
R of Berwald connection is completely integrable. He conjectured

that the nullity distribution NP ◦ of the hv-curvature
◦
P of Berwald connection

is not completely integrable. In the next example, we show that his conjecture
is true.

Example B.2. LetU = {(x1, x2, x3; y1, y2, y3) ∈ R3×R3 : y1 6= 0} ⊂ TM ,
where M = R3. Let L be defined on U by

L := e−x
1
(

y2 3 + e−x
1 x3

y3 y1 2
)1/3

.

By Maple program and the NF-package, we can perform the following
calculations.

◦
P -Nullity vectors
> definetensor(PBW[i,-h,-k] =
PB[i,-h,-j,-k]*W[j]);

> show(PBW[i,-h,-k]);

PBW x3
x1x1 = −9

2
y23W x1

y14e−x1x3 + 9
2

y22W x2

y13e−x1x3

PBW x3
x2x2 = −9

2
y2W x1

y12e−x1x3 + 9
2

W x2

y1e−x1x3
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Putting PBW h
ij = 0, we get a system of algebraic equations. We have two

cases:
The first case is y2 = 0 and the solution in this case is W 1 = s, W 2 = 0 and
W 3 = t. Hence, any

◦
P -nullity vector is written in the form W = sδ1 + tδ3.

Take two nullity vectors X,Y ∈ Sec(NP ◦) such that X = δ1 and Y = δ3.
Their Lie bracket [X,Y ] = −y1

2
∂
∂y1 + y3 ∂

∂y3 , which is vertical.
The second case is y2 6= 0 and the solution in this case is W 1 = s, W 2 =
y2

y1 s and W 3 = t. Then any
◦
P -nullity vector is written in the form W =

s(δ1 + y2

y1 δ2) + tδ3. Let X and Y be the two nullity vectors in NP ◦ given by

X = δ1 + y2

y1 δ2 and Y = δ3. By computing their Lie bracket, we find that

[X,Y ] = −y1

2
∂
∂y1 + y3 ∂

∂y3 , which is vertical. Consequently, in both cases the
Lie bracket [X,Y ] is not a section of NP ◦ .

Let NR◦ and NR be the nullity distributions associated with the h-
curvature

◦
R of Berwald connection and the curvature R of the Barthel con-

nection respectively. In [51], Youssef proved that NR◦ ⊆ NR. The following
example shows that the converse is not true: that is NR◦ is a proper sub-
distribution of NR.

Example B.3. Let M = R4 and Let U = {(x1, · · · , x4; y1, · · · , y4) ∈ R4 ×
R4 : y2 6= 0, y4 6= 0} ⊂ TM . Let L be defined on U by

L :=

√
e−x2 y1 3

√
y2 3 + y3 3 + y4 3.

R-nullity vectors
> definetensor(RGZ[i,-j]=RG[i,-j,-k]*Z[k]);

> show(RGZ[i, -j]);

RGZ x2
x2 = − 3

16

y32(y23+y33+y43)Zx3

y24 − 3
16

y42(y23+y33+y43)Zx4

y24

RGZ x2
x3 = 3

16

y32(y23+y33+y43)Zx2

y24 RGZ x2
x4 = 3

16

y42(y23+y33+y43)Zx2

y24

RGZ x3
x4 = − 9

16
y42Zx3

y2 RGZ x3
x3 = −(3y23+y33+y43)Zx2

16y22 + 9y42Zx4

16y2

RGZ x3
x2 = 3

16
(y23+y33+y43)Zx3

y22 RGZ x4
x2 = 3

16
(y23+y33+y43)Zx4

y22

RGZ x4
x3 = − 9

16
y32Zx4

y2 RGZ x4
x4 = 9

16
y32Zx3

y2 − 3
16

(y23+y33+y43)Zx2

y22
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Putting RGZ h
i = 0, we get a system of algebraic equations. In the case

where y23 + y33 + y43 = 0, we get the solution Z1 = t1, Z2 = t2 and
Z3 = Z4 = 0, where t1, t2 ∈ R. Then,

Z = t1δ1 + t2δ2. (B.5)

◦
R-nullity vectors
> definetensor(RBW[i,-h,-k]=RB[i,-h,-j,-k]*W[j]);

> show(RBW[i,-h,-k]);

RBW x2
x4x3 = − 9

16
W x2 y42y32

y24 RBW x3
x4x4 = 9

8
W x3 y4

y2

RBW x3
x4x3 = 9

16
W x2 y42

y22 − 9
8
y4W x4

y2 RBW x3
x2x4 = − 9

16
W x3 y42

y22

RBW x4
x2x2 = − 3

16
(y23−2y33−2y43)W x4

y23

RBW x4
x2x4 = 3

16
(y23−2y33−2y43)W x2

y23 + 9
16
W x3 y32

y22

RBW x4
x3x4 = 9

16
W x2 y32

y22 − 9
8
y3W x3

y2 RBW x4
x4x2 = − 9

16
W x4 y42

y22

Putting RBW h
ij = 0, we obtain a system of algebraic equations. This

system has the solution W 1 = t, t ∈ R and W 2 = W 3 = W 4 = 0. Then,

W = tδ1. (B.6)

Consequently, (B.5) and (B.6) lead to NR 6⊂ NR◦ .

B.3 Calculations of the examples

Example B.4. Let M = {(x1, x2, x3, x4) ∈ R4 : x4 6= 0},
U = {(x1, · · · , x4; (y1, · · · , y4) ∈ R4 ×R4 : x4 6= 0; yi 6= 0} ⊂ TM . Let L
be defined on U by:

L(x, y) =
√
x4y1((y2)3 + (y3)3 + (y4)3)1/3.

Nullity vectors of the curvature of Barthel connection:
> definetensor(RGW[i,-j]=RG[i,-j,-k]*W[k]);

> show(RGW[i,-j]);
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RGW x2
x2 = 9

16
y32W x3

y4x42 − 3
16

(5y43+y23+y33)W x4

x42y42

RGW x2
x3 = − 9

16
y32W x2

y4x42 RGW x2
x4 = 3

16
(5y43+y23+y33)W x2

x42y42

RGW x3
x3 = 9

16
y22W x2

y4x42 − 3
16

(5y43+y23+y33)W x4

x42y42

RGW x3
x4 = 3

16
(5y43+y23+y33)W x3

x42y42 RGW x3
x2 = − 9

16
y22W x3

y4x42

RGW x4
x2 = 3

16

y22(5y43+y23+y33)W x4

x42y44

RGW x4
x3 = 3

16

y32(5y43+y23+y33)W x4

x42y44

RGW x4
x4 = − 3

16

y22(5y43+y23+y33)W x2

x42y44 − 3
16

y32(5y43+y23+y33)W x3

x42y44

Putting RGW h
i = 0, we get a system of algebraic equations. In this

system, we have W 1 = t1; t1 ∈ R and W 2 = W 3 = 0. Then, we get
(y32 + y33 + 5y34)X4 = 0. Now, we have two cases, either y32 + y33 + 5y34 = 0
or y32 + y33 + 5y34 6= 0. Firstly, if y32 + y33 + 5y34 6= 0, then W 4 = 0 and thus
µR = 1. Secondly, if y32 + y33 + 5y34 = 0, then W 4 = t4; t4 ∈ R and thus
W = t1δ1 + t4δ4 and µR = 2. We will be interested in the second case.

Nullity vectors of Cartan connection:

> definetensor(RCW[i,-h,-k]=RC[i,-h,-j,-k]*W[j]);

> show(RCW[i,-h,-k]);

RCW x1
x2x2 = 9

16
y2y1y32W x3

y4(y23+y33+y43)x42 − 3
16

y1y2(5y43+y23+y33)W x4

x42y42(y23+y33+y43)

RCW x1
x2x3 = − 9

16
y2y1y32W x2

y4(y23+y33+y43)x42

RCW x1
x2x4 = 3

16

y1y2(5y43+y23+y33)W x2

x42y42(y23+y33+y43)

RCW x1
x3x2 = − 9

16
y22y1y3W x3

y4(y23+y33+y43)x42

RCW x2
x1x3 = 9

32
y32W x2

x42y1y4
RCW x3

x1x2 = 9
32

y22W x3

x42y1y4

RCW x4
x2x3 = 9

64

y2y32(3y23+3y33+5y43)W x2

y43x42(y23+y33+y43)
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− 3
64

y32y22(5y23+5y33−11y43)W x4

y44(y23+y33+y43)x42

Putting RCW h
ij = 0, we get a system of algebraic equations. This system

has the solution W 1 = t′1; t
′
1 ∈ R and W 2 = W 3 = W 4 = 0. Thus,

W = t′1δ1 and µR = 1. So, the dimension of NR = 1 and the dimension of
NR = 2, consequently, NR 6⊂ NR.

The following example shows that NP is not completely integrable.

Example B.5. Let U = {(x1, x2, x3; y1, y2, y3) ∈ R3 × R3 : x2 6=
0; y1, y2 6= 0} ⊂ TM and M = {(x1, x2, x3) ∈ R3 : x2 6= 0}. Let L
be defined on U by:

L(x, y) =

√
e−x1(e−x1x3(y1)2y3 + x2(y2)3)2/3.

Nullity vector of the hv-curvature of Cartan connection:
> definetensor(PCW[h,-i,-k]=PC[h,-i,-j,-k]*w[j]);

> show(PCW[h, -i, -k]);

PCW x1
x1x1 = − 3

32
x2y23wx1

y1(x2y23+e−x1x3 y12y3)
+ 3

32
x2y22wx2

x2y23+e−x1x3 y12y3

PCW x1
x1x2 = 3

32
x2y22wx1

x2y23+e−x1x3 y12y3
− 3

32
y1x2y2wx2

x2y23+e−x1x3 y12y3

PCW x2
x1x1 = − 1

32

y2(7e−x1x3 y12y3+12x2y23)wx1

y12(x2y23+e−x1x3 y12y3)

+ 1
32

(7e−x1x3 y12y3+12x2y23)wx2

y1(x2y23+e−x1x3 y12y3)

PCW x3
x1x1 = − 9

32
y3x2y23wx1

y12(x2y23+e−x1x3 y12y3)
+ 9

32
y3x2y22wx2

y1(x2y23+e−x1x3 y12y3)

Putting PCW h
ij = 0, we get a system of algebraic equations. We have

two cases: Thus, the solution of this system is W 1 = t1,W
2 = y2

y1 t1 and

W 3 = t3; t1, t3 ∈ R. Hence, W = t1(δ1 + y2

y1 δ2) + t3δ3 and µP = 2.

Now, we take X,Y ∈ Sec(NP ) such that X = δ1 + y2

y1 δ2 and Y = h3.

By simple calculations, we obtain the bracket [X,Y ] = [δ1 + y2

y1 δ2, δ3] =

−1
2y

1 ∂
∂y1 + y3 ∂

∂y3 , which is vertical. Consequently, the nullity distribution
NP is not completely integrable.
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The following example shows that NQ is not completely integrable.

Example B.6. U = {(x1, · · · , x4; y1, · · · , y4) ∈ R4 × R4 : x2 6=
0; y1, y3, y4 6= 0} ⊂ TM and M = {(x1, · · · , x4) ∈ R4 : x2 6= 0}. Let
F be defined on U by

F =

√
x2(y1)2e−y3/y4 + (y2)2.

Nullity vectors:
> show(SCW[i, -h, -k]);

SCW x1
x3x1 = −1

4
W x3

y42 + 1
4
y3W x4

y43 SCW x1
x3x3 = 1

4
W x1

y42 − 1
4
y1W x4

y43

SCW x1
x3x4 = −1

4
y3W x1

y43 + 1
4
y1W x3

y43 SCW x1
x4x1 = 1

4
y3W x3

y43 − 1
4
y32W x4

y44

SCW x1
x4x3 = y3W x1

−4y43 + y3y1W x4

4y44 SCW x1
x4x4 = y32W x1

4y44 − y3y1W x3

4y44

SCW x3
x1x1 = −1

2
y3W x3

y4y12 + 1
2
y32W x4

y42y12 SCW x3
x1x3 = 1

2
y3W x1

y4y12 − 1
2
y3W x4

y42y1

Putting SCW h
ij = 0, we get a system of algebraic equations. In this

system, we have W 2 = t, W 4 = t′, W 1 = y1

y4 t
′, W 3 = y3

y4 t
′; t, t′ ∈ R.

Hence, W = tδ2 + t′(y
1

y4 δ1 + y3

y4 δ3 + δ4) and µQ = 2. Now, we take

X,Y ∈ Sec(NQ) such that X = δ2 and Y = y1

y4 δ1 + y3

y4 δ3 + δ4. Then,

the bracket [X,Y ] = − y1y2

2(x2)2y4
∂
∂y1 + (y1)2(5y3−2y4)

4x2(y4)2
e−y

3/y4 ∂
∂y2 + y4

2(x2)2
∂
∂y4 ,

which is vertical. Consequently, the nullity distribution NQ is not completely
integrable.

The following example shows that NP ∗ is not completely integrable.

Example B.7. Let M := R3 and U = {(x1, x2, x3; y1, y2, y3) ∈ R3 × R3 :
y1, y2, y3 6= 0, y3 6= 4y2} ⊂ TM . Define L on U by

L(x, y) :=
4

√
e−x1x2(y1)2(y3)2e

− y3

y2 .

∗
P -nullity vectors:
> definetensor(PchernW[h,-i,-k]=
> Pchern[h,-i,-j,-k]*w[j]);

> show(PchernW[h,-i,-k]);
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PchernW x2
x2x2 = −12x1y2(8y32y2−y33−24y22y3+24y23)wx2

y3 (−y3+4y2 )4

+
6x1y22(32y23+8y32y2−28y22y3−y33)wx3

y32(−y3+4y2 )4

PchernW x2
x3x2 =

6x1y22(−28y22y3+32y23+8y32y2−y33)wx2

y32(−y3+4y2 )4

−48x1y25(2y2−y3 )wx3

y33(−y3+4y2 )4

PchernW x3
x2x2 =

6x1y3(y32−4y2y3+8y22)wx2

(−y3+4y2 )4
− 12x1y22y3wx3

(−y3+4y2 )4

PchernW x3
x3x2 = −12x1y22y3wx2

(−y3+4y2 )4
− 6x1y22(−8y2y3+8y22+y32)wx3

y3 (−y3+4y2 )4

Putting PchernW h
ij = 0, we get a system of algebraic equations. This

system has a solution if y3 = 2y2 and x1 > 0: W 1 = s, W 2 = t, W 3 = 2t;

s, t ∈ R. Hence, a
∗
P -nullity vector must have the formW = sδ1+t(δ2+2δ3).

Consequently, the nullity index µP ∗ = 2. Now, take X,Y ∈ Sec(NP ∗)
such that X = δ1, Y = δ2 + 2δ3. Taking into account that y3 = 2y2, then
δ1 = ∂

∂x1 + x2y1

2
∂
∂y1 , δ2 = ∂

∂x2 + x1y2

2
∂
∂y2 and δ3 = ∂

∂x3 + x1y2

2
∂
∂y3 . Hence, the

bracket [δ1, δ2+2δ3] = −y1

2
∂
∂y1 + y2

2
∂
∂y2 + y2

2
∂
∂y3 is vertical and, consequently,

NP ∗ is not completely integrable.

The following example gives a class of Finsler functions which are Lands-
bergian and not Berwaldian.

Example B.8. Let M = R3 and U = {(x1, x2, x3; y1, y2, y3) ∈ R3 × R3 :
y2 > 0, y3 > 0} ⊂ TM . Define L on U by

L(x, y) := f(x1)

√
(y1)2 + y2y3 + y1

√
y2y3 e

1√
3
arctan

(
2y1
√

3y2y3
+ 1√

3

)
.

The Landsberg tensor Lijk and the Berwald tensor Ghijk are given by

Lijk :=
L

2

∂L

∂yh
Ghijk, Ghijk :=

∂3Gh

∂yi∂yj∂yk
.

We show that the Landsberg tensor vanishes identically while there are some
non vanishing components of the Berwald tensor.

L := f (x1 )

√
y1 2 + y2 y3 + y1

√
y2 y3 e

√
3

3
arctan

(
2
3

y1
√

3√
y2 y3

+
√

3
3

)
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> simplify(G1)

G1 := 1
2

(y12−y2 y3) d
dx1

f(x1 )

f(x1 )

> simplify(G2)

G2 := 1
2

(
d
dx1 f (x1 )

)
y2 2y3 (92 y2 5y3 5y1 3 + 408 y2 3y3 3y1 7 +

230 y2 2y3 2y1 9 + 48 y2 y3 y1 11 + 8 y2 6y3 6y1 + 306 y2 4y3 4y1 5 +
2 y1 13 + (y2 6y3 6 + 33 y2 5y3 5y1 2 + 190 y2 4y3 4y1 4 +
121 y2 y3 y1 10 + 342 y2 2y3 2y1 8 + 393 y2 3y3 3y1 6 +
13 y1 12)

√
y2 y3 )/(f (x1 ) (50 y2 5y3 5y1 3 + 126 y2 3y3 3y1 7 +

50 y2 2y3 2y1 9 + 6 y2 y3 y1 11 + 6 y2 6y3 6y1 + 126 y2 4y3 4y1 5 + (y2 6y3 6 +
21 y2 5y3 5y1 2 + y1 12 + 90 y2 4y3 4y1 4 + 21 y2 y3 y1 10 + 90 y2 2y3 2y1 8 +
141 y2 3y3 3y1 6)

√
y2 y3 )

√
y2 y3 )

> simplify(G3)

G3 := 1
2

(
d
dx1 f (x1 )

)
y3 2y2 (408 y2 3y3 3y1 7 + 230 y2 2y3 2y1 9 +

8 y2 6y3 6y1 +2 y1 13+(33 y1 2y2 5y3 5+393 y1 6y2 3y3 3+342 y1 8y3 2y2 2+
121 y1 10y3 y2 + 190 y1 4y3 4y2 4 + 13 y1 12 + y2 6y3 6)

√
y2 y3 +

92 y2 5y3 5y1 3+306 y2 4y3 4y1 5+48 y2 y3 y1 11)/(f (x1 ) (50 y2 2y3 2y1 9+
6 y2 y3 y1 11 + 126 y2 3y3 3y1 7 + 6 y2 6y3 6y1 + (90 y1 4y3 4y2 4 +
141 y1 6y2 3y3 3

√
y2 y3 +21 y1 10y3 y2 +90 y1 8y3 2y2 2 +21 y1 2y2 5y3 5 +

y1 12 + y2 6y3 6)
√

y2 y3 + 126 y2 4y3 4y1 5 + 50 y2 5y3 5y1 3)
√

y2 y3 )

> y1 := y[1]; y2 := y[2]; y3 := y[3]

y1 := y1
y2 := y2
y3 := y3

> printlevel := 3;
> for i to 3 do
> for j to i do
> for k to j do
> L[i,j,k]:=simplify((diff(L,y1))
> *(diff(G1,y[i],y[j],y[k]))
> +(diff(L,y2))*(diff(G2,y[i],y[j],y[k]))
> +(diff(L,y3))*(diff(G3,y[i],y[j],y[k])));
> end do; end do; end do;

Li,j,k := 0

> Berwald[2,2,2]:=diff(G2,y[2],y[2],y[2])

> y[1] := 0; y[2] := 1; y[3] := 1;

y1 := 0
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y2 := 1

y3 := 1

> simplify(Berwald[2, 2, 2])

−3
16

d
dx1

f(x1 )

f(x1 )

The following example shows that NR and kerR do not coincide.

Example B.9. Let M = R3 and U = {(x, y) ∈ R3 × R3 : yi 6= 0} ⊂ TM .
Define the pseudo-Finsler function L (of Berwald-Moor type) on U by:

L(x, y) = 3

√
e−x1x2(y1y2y3).

Nullity vector
> definetensor(RCW[h,-i,-k]=RC[h,-i,-j,-k]*W[j]);

> show(RCW[h, -i, -k]);

RCW x1
x1x1 = 2W x2 RCW x1

x1x2 = −2W x1

RCW x1
x3x1 = y1W x2

y3 RCW x1
x3x2 = −y1W x1

y3

Putting RCW h
ij = 0, we have the system of equations W 1 = 0, W 2 = 0

having the solution W 3 = t (t ∈ R), W 1 = W 2 = 0. As π∗(δi) = ∂
∂xi

,

NR(x) =

{
t
∂

∂x3
| t ∈ R

}
. (B.7)

Kernel vector
> definetensor(RCK[h,-j,-k]=RC[h,-i,-j,-k]*Z[i]);

> show(RCK[h,-j,-k]);

RCK x1
x1x2 = −2Zx1 − y1Zx3

y3 RCK x2
x1x2 = 2Zx2 + y2Zx3

y3

RCK x3
x1x2 = −y3Zx1

y1 + y3Zx2

y2 RCK x3
x2x1 = y3Zx1

y1 − y3Zx2

y2

Putting RCK h
ij = 0, we get a system has the solution Z1 = t′, Z2 = y2

y1 t
′

and Z3 = −2y3

y1 t
′, (t′ ∈ R). Thus,

kerR(x) =

{
t′
( ∂

∂x1
+
y2

y1
∂

∂x2
− 2y3

y1
∂

∂x3

)
| t′ ∈ R

}
. (B.8)

Comparing (B.7) and (B.8), NR(x) and kerR(x) can not coincide.



Chapter 6

Summary

6.1 English summary

Chern and Kuiper [17] in 1952 defined a distribution on a Riemannian mani-
fold M which assigns to each point x ∈M the subspace

NR(x) = {X ∈ TxM : R(X,Y ) = 0, ∀Y ∈ TxM},

where R is the curvature of the Riemannian connection on M . It is called the
nullity space at x. The distribution defined by the subspace NR(x) at each
point x of M is called the nullity distributionNR of the Riemannian manifold
M . The dimension µR(x) of NR(x) is called the index of nullity at x. Chern
and Kuiper showed that, if µR(x) is constant in a neighborhood, then NR
constitutes a completely integrable distribution there, and that the leaves of
the resulting foliation are flat. Later, Maltz and others developed this point in
different papers, for example, [19, 21, 23, 32, 33, 41, 49, 50].

In 1972, Akbar Zadeh [3, 4] extended this work to Finsler geometry adopt-
ing the pullback approach (PB-) approach to Finsler geometry. He studied the
nullity distribution of the (classical) curvature of Cartan connection. Recently,
Bidabad and Refie-Rad [11] studied a more general case called k-nullity dis-
tribution in Finsler geometry.

On the other hand, in 1982, Youssef [51, 53] studied the nullity distribu-
tions of the curvature tensors of Barthel connection and Berwald connection,
adopting the Klein-Grifone approach(KG-) approach to Finsler geometry.

In the PB-approach, the existence and uniqueness theorems for the four
fundamental linear connections (Berwald, Cartan, Chern and Hashiguchi con-
nections) on a Finsler manifold have been satisfactorily established [56, 57]. In
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the KG-approach, Grifone [25] has investigated Cartan and Berwald connec-
tions. Szilasi and Vincze [47] have studied Chern and Hasiguchi connections
using the technique of lifting vector fields to the tangent bundle.

Adopting the Klein-Grifone formalism of Finsler geometry, we investi-
gated the nullity distributions of the h-curvature R, hv-curvature P and v-
curvature Q tensors of Cartan connection. We showed that the nullity dis-
tribution NR is included in NR of the curvature of Barthel connection and
we showed, by an example, that this inclusion is proper. We proved that NR
is completely integrable. Through examples, we show that the distributions
NP and NQ are not completely integrable. Nevertheless, we investigated the
necessary and sufficient conditions for these distributions to be completely in-
tegrable. A coordinate-free existence and uniqueness theorem for Chern con-
nection is formulated and proved. The torsion and curvature tensors of Chern
connection are derived. Some properties and the Bianchi identities for this
connection are derived. The nullity distributions of the two curvature tensors
∗
R and

∗
P of Chern connection are investigated. The completely integrable prop-

erty of NR∗ and the completeness of the nullity foliation associated with NR∗
are proved. Two counterexamples are given. The first shows that NR∗ does

not coincide with the kernel distribution of
∗
R. The second shows that NP ∗

is not completely integrable. An example of non regular Landesbergian non
Berwaldian metric is given.

Adopting the pullback formalism of Finsler geometry, we show by a coun-
terexample that the kernel distribution kerR of the h-curvature R of Cartan
connection and the associated nullity distribution NR do not coincide, con-
trary to Akbar-Zadeh’s result [2]. We give sufficient conditions for kerR and
NR to coincide.

The question of how many essentially different metrics metricize a spray
is discussed. The notion of metric freedom of a spray is introduced and in-
vestigated. We show that in the regular case, the holonomy distribution can
be used to calculate the metric freedom of a spray. The metric freedom of
isotropic sprays is characterized. Different examples are given.

Some modifications of the Maple package, FINSLER, (for calculations in
Finsler geometry) included in the book “Handbook of Finsler geometry [7]”
are performed. A technique for simplifying tensor expressions is proposed.
A computational technique for calculating nullity vectors and kernel vectors,
using the new Finsler package, is introduced. Three interesting examples are
given.
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6.2 Hungarian summary

Chern és Kuiper [17] 1952-ben definiálta egy M Riemann-sokaság nullitás-
disztribúcióját az alábbi módon. Jelölje minden x ∈M esetén

NR(x) = {X ∈ TxM : R(X,Y ) = 0, ∀Y ∈ TxM}

az x-beli nullitás teret, ahol R a Riemann-konnexió görbületi tenzora. Ezen
alterek összességét hı́vjuk nullitás-disztribúciónak. Az NR(x) dimenzióját az
x-beli nullitás indexnek nevezzük, és µR(x)-szel jelöljük. Chern és Kuiper
megmutatta, hogy ha µR(x) konstans egy x0 pont egy környezetén, akkorNR
integrálható disztribúció ezen a környezeten, és az integrálsokaságai laposak.
Később Maltz és mások további vizsgálatokat végeztek a témakörben [19, 21,
23, 32, 33, 41, 49, 50].

1972-ben Akbar-Zadeh [3, 4] kiterjesztette ezeket a vizsgálatokat a
Finsler-geometriára, a pull-back megközelı́tést alkalmazva. A Cartan-
konnexió (klasszikus) görbületének nullitás-disztribúcióját vizsgálta. A
közelmúltban Bidabad és Refie-Rad [11] vizsgálta az általánosabb k-nullitás-
disztribúciót a Finsler esetben.

Ezek mellett 1982-ben, Youssef [51, 53] tanulmányozta a Barthel- és
Berwald-konnexiók görbületi tenzorainak nullitás-disztribúcióját, a Klein–
Grifone megközelı́tést alkalmazva.

A PB-megközelı́tésben Finsler-sokaságok négy alapvető konnexiójának
(Berwald-, Cartan-, Chern- és Hashiguchi-konnexiók) létezése és
egyértelműsége már ki van dolgozva [56, 57]. A KG-megközelı́tésben
Grifone [25] vizsgálta a Cartan- és Berwald-konnexiókat. Szilasi és Vincze
[47] tanulmányozta a Chern- és Hasiguchi-konnexiókat a vektormezők
érintősokaságra való liftelésének technikájával.

A disszertáció 2. fejezetében a Finsler-geometria Klein–Grifone for-
malizmusát alkalmazva vizsgáltuk a Cartan-konnexió h-görbületének, hv-
görbületének és v-görbületének (jelölésük rendre R, P és Q) nullitás-
disztribúcióját. Megmutattuk, hogy azNR nullitás-disztribúcióját tartalmazza
a Barthel-konnexió NR nullitás-disztribúciója, és egy példával megmutattuk,
hogy a tartalmazás valódi. Megmutattuk, hogy NR integrálható. Példákkal
demonstráltuk, hogy az NP és NQ disztribúciók nem integrálhatók. Min-
dazonáltal vizsgáltuk ezen disztribúciók integrálhatóságának szükséges és
elégséges feltételeit.

A 3. fejezetben koordinátamentes bizonyı́tást adtunk a Chern-konnexió
létezésére és egyértelműségére, és levezettük a torzió és görbületi tenzorait,
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a konnexió további tulajdonságait és Bianchi-azonosságokat. Vizsgáltuk a

Chern-konnexió
∗
R és

∗
P görbületi tenzorainak a nullitás-disztribúcióit. Meg-

mutattuk, hogy NR∗ integrálható. Két ellenpéldával rámutattunk, hogy NR∗
nem esik egybe az

∗
R kernel-disztribúciójával, és hogy NP ∗ nem integrálható.

Példát adtunk olyan nem reguláris Landsberg-sokaságra, ami nem Berwald-
sokaság.

A 4. fejezetben a pull-back formalizmusban ellenpéldával megmutattuk,
hogy a Chern-konnexióR h-görbületének
kerR magja és a hozzá tartozó NR nullitás-disztribúció nem esnek egybe,
cáfolva ezzel Akbar-Zadeh eredményét [2]. Elégséges feltételt adtunk kerR
és NR egybeesésére.

Az 5. fejezetben azt vizsgáltuk, hogy hány különböző metrikából
származhat egy adott spray. Bevezettük és vizsgáltuk egy spray metrikus sza-
badságának fogalmát. Megmutattuk, hogy a reguláris esetben a holonómia
disztribúció segı́tségével meghatározható a spray metrikus szabadsága.
Megadtuk az izotropikus sprayk lehetséges metrikus szabadságait. Több
konkrét példával is szolgáltunk.

Az appendixben továbbfejlesztettük a “Handbook of Finsler geometry”
[7] cı́mű könyvben található, FINSLER nevű Maple csomagot, többek közt
egy tenzor-kifejezések egyszerűsı́tésére szolgáló technikával Az új csomagot
NFP-nek (new Finsler package) neveztük el.

Az NFP csomagban módszert adtunk a nullitás és kernel vektorok
kiszámı́tására. Végül példákon át megmutattuk a következőket: a KerR és
NR disztribúciók nem egyenlőek, a NP ◦ disztribúció nem integrálható, és a
NR disztribúciót nem tartalmazza NR◦ .

Megjegyezzük, hogy a disszertációban található eredmények többsége
publikálásra vagy benyújtásra került ([35, 59, 60, 61, 63, 62, 64]).
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