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Introduction

Chern and Kuiper [17] in 1952 defined a distribution on a Riemannian
manifold M which assigns to each point z € M the subspace

Ne(z) ={X € T,M : R(X,Y)=0,VY € T,M},

where R is the curvature of the Riemannian connection on M. It is called the
nullity space at z. The distribution defined by the subspace Nr(x) at each
point x of M is called the nullity distribution A’z of the Riemannian manifold
M. The dimension pg(z) of Nr(x) is called the index of nullity at z. Chern
and Kuiper showed that, if pg(x) is constant in a neighborhood, then Ny
constitutes a completely integrable distribution there, and that the leaves of
the resulting foliation are flat. Later, Maltz and others developed this point in
different papers, for example, [[19} 21}, 23} 132} 33 141}, 149/ 50].

In 1972, Akbar Zadeh [3} /4] extended this work to Finsler geometry adopt-
ing the pullback approach (PB-) approach to Finsler geometry. He studied the
nullity distribution of the (classical) curvature of Cartan connection. Recently,
Bidabad and Refie-Rad [11] studied a more general case called k-nullity dis-
tribution in Finsler geometry.

On the other hand, in 1982, Youssef [51} 53] studied the nullity distribu-
tions of the curvature tensors of Barthel connection and Berwald connection,
adopting the Klein-Grifone approach (KG-) approach to Finsler geometry.

In the PB-approach, the existence and uniqueness theorems for the four
fundamental linear connections (Berwald, Cartan, Chern and Hashiguchi con-
nections) on a Finsler manifold have been satisfactorily established [56,157]. In
the KG-approach, Grifone [25] has investigated Cartan and Berwald connec-
tions. Szilasi and Vincze [47] have studied Chern and Hasiguchi connections
using the technique of lifting vector fields to the tangent bundle.
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In this thesis, we study the nullity distribution in Finsler geometry
adopting both the KG- and PB-approaches. We investigate the metric (degree
of) freedom of a spray. We introduce computational techniques and study
many examples. The thesis is organized as follows:

In Chapter one, a brief introduction to Klein-Grifone formalism for Finsler
geometry is given.

In Chapter two, the nullity distributions of the h-curvature R, hv-curvature
P and v-curvature @ tensors of Cartan connection adopting the Klein-Grifone
approach [24, 25, 30] are introduced and investigated. We show that the nul-
lity distribution A/ is included in the nullity distribution of the curvature of
Barthel connection and we show, by an example, that this inclusion is, in gen-
eral, proper. Through examples, we show that the nullity distributions Np
and N are not completely integrable. Nevertheless, necessary and sufficient
conditions for such distributions to be completely integrable are found.

In Chapter three, we formulate and prove an intrinsic existence and
uniqueness theorem for Chern connection in the KG-approach. We derive its
torsion and curvature tensors. The Bianchi identities and the properties of the
curvature tensors of Chern connection are investigated. The nullity distribu-
tions associated with Chern connection are studied. The integrability and the
2uto—parallel property of the nullity distribution A/p+ of the Chern h-curvature

R are proved. We give two interesting examples. The first shows that the nul-

*k
lity distribution Nz« does not coincide with the kernel distribution of R (Ng-
is proper sub-distribution of kerz+). The second shows that N'p« is not com-
pletely integrable. As a by-product, we provide a class of examples of non
regular Landsberg spaces which are not a Berwald spaces.

In 1971, Akbar-Zadeh [2|] proved that the kernel kerg of the h-curvature
operator R of Cartan connection coincides with the nullity distribution N'r
of that operator. This result was reappeared again in [4] and was used to
prove that the nullity foliation is auto-parallel. Moreover, Bidabad and Refie-
Rad [11] generalized this result to the case of k-nullity distribution following
the same pattern of proof as Akbar-Zadeh’s. In Chapter four, we show by a
counterexample that ker z and Nz do not coincide, contrary to Akbar-Zadeh’s
result. In addition, we find sufficient conditions for ker g and Ay to coincide.

In Chapter five, the question of how many essentially different metrics can
metricize a spray is discussed. The notion of metric freedom of a spray is
introduced and investigated. We show that in the regular case, the holonomy



distribution can be used to calculate the metric freedom of a spray. The metric
freedom of the isotropic spray is characterized. Different examples are given.

Antonelli et al. have had a good contribution in Finsler geometry compu-
tations using MAPLE (cf. [8, 9, [37]]). Rutz and Portugal [39]] have introduced
the remarkable FINSLER package [38]] (it is also included in a CD with the
“Handbook of Finsler geometry” [7]). They illustrated how to use this package
by an example related to general relativity. The calculation of the components
PZ} ;. of the hv-curvature of Cartan connection leads to wrong expressions. On
the other hand, the FINSLER package works only in dimension four. In Ap-
pendix A, we fix the two problems and solve them. Moreover, we extend
this package to compute not only the geometric objects associated with Car-
tan connection but also those associated with Berwald, Chern and Hashiguchi
connections in any dimension. Aso, the problem of simplifying tensor expres-
sions is treated.

In Appendix B, we introduce a computational techinque to calculate the
nullity and kernel vectors. We give three interesting examples. The first shows
that the kernel distribution kerg and the nullity distribution N'g do not coin-
cide, in accordance with [52]. The second proves that the nullity distribution

Npo of the hv-curvature P of Berwald connection is not completely inte-
grable. The third shows that the nullity distribution N of the curvature R of
Barthel connection is not a sub-distribution of the nullity distribution Ao of

the h-curvature R of Berwald connection.

It should finally be noted that most of the results obtained in this thesis
have been published (or submitted for publication) in a series of articles: [35,
59,160, 61}, 163162, [64].






Chapter 1

Preliminaries

In this chapter, we give a brief introduction to the Frolicher-Nijenhuis
formalism concerning scalar forms, vector forms and derivations. The ba-
sic concepts of Klein-Grifone approach to the differential algebraic formalism
of connection theory are presented. The definitions of canonically associated
geometric objects to a Finsler structure are introduced. Finally, an introduc-
tion to the well known two linear connections on the double tangent bundle;
namely, Berwald and Cartan connections is given.

1.1 Frolicher-Nijenhuis theory of derivations

In 1956 A. Frolicher and A. Nijenhuis investigated an elegant theory of
the derivations of the exterior algebra of the differential forms on a manifold.
In this section, we show some results of the Frolicher-Nijenhuis formalism
concerning scalar forms, vector forms and derivations. For more details, we
refer to [22, 126].

Unless otherwise stated, all geometric objects considered are assumed to
be of class C'*°. Throughout, M will denote a real paracompact manifold of
finite dimension n and of class C'°°. Moreover, C*°(M) is the R-algebra of
smooth functions on M and X(M) is the C°°(M )-module of vector fields on
M.

Now, a scalar p-form w on a manifold M is a skew-symmetric C>°(M )-
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multilinear map

w: X(M) % ... x X(M) — C=(M).

p—times

The set of all scalar p-forms on M is a C°°(M )-module, denoted by AP(M).
A vector k-form K on M is a skew-symmetric C°° (M )-multilinear map

K X(M) x ... x X(M) — X(M).

k—times

The set of all vector k-forms on M is a C°°(M)-module, denoted by W*(11).
Let A(M) := @,_o AP(M) and ¥ (M) = P;_, Uk (M) be the graded
algebras of scalar forms and vector forms on M respectively.

Definition 1.1. A derivation of degree r on the graded algebra A(M) over R
is a map
D:AM)— A(M)

such that
(a) Dk =0forall k € R,
(b) DAP(M) C AP*7 (M),
(c) D is R-linear on A(M),
(d) D(eAY) = (Do) N+ (=1)P"o A Dp; p € AP(M), ¢ € A(M).

Theorem 1.2. A derivation on A(M) is completely determined by its action
on A°(M) = C®°(M) and A (M).

Proposition 1.3. The commutator of two derivations D1 and Dy on A(M)
defined by
[D1, D] :== Dy Dy — (—1)""2 Dy Dy, (1.1)

is a derivation of degree r1 + ro; 11 and ro being the degrees of Dy and Ds.

Now, we focus our attention on the most well-known derivations on A(M),
namely, interior product, Lie derivative and exterior derivative:

The interior product of w € AP(M) with respect to X € X (M), is defined
by
(ixw)(Y1,....,Yp—1) = w(X, Y7, ..., Yp1).
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It is a derivation of degree —1 on A(M).

The Lie derivative of w € AP(M) with respect to X € X(M), is defined
by

p
(Lxw)(Y1,. Yp) =X - w(V1, ., Yp) = Y w(Yi, . [X, Y], Y.
=1

It is a derivation of degree 0 on A(M).

The exterior derivative of w € AP(M) with respect to X € X(M), is
defined by|T]

p+1

(dw)(yb "'7Yp+1) = Z(_l)l—’—l sz 'W(Yb "'727"'7}/17%*1)
=1
+ > (D)WY Y] Y, Y, YV, Vo)

1<i<j<p+1

It is a derivation of degree 1 on A(M). Note that d o d = d? = 0.

For any vector k-form K € W*(M) there are associated two derivations
on A(M) as follows:
e i: a derivation of degree k — 1 defined by

irlg(M) =0, igw:=wo K, ifw e & (M).
o dy: a derivation of degree k defined by
dic = lig,d] & i 0 d — (—1)* d o ig.
In particular, we have the following interesting special cases:
(a) If X € W9(M), then iy is the interior product with respect to X.

(b) If X € WO(M), then dx = Lx is the Lie derivative with respect to X.

(c) If K =1 € W' (M), then d; = d is the exterior derivative.

'1//\; means that Y; is to be omitted
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For any two vector forms K € W*(M) and L € W!(M), there exists a
unique vector form [K, L] € W*+!(M), called the Frolicher-Nijenhuis bracket
of K and L, such that

dik,r) = [dk, dL] dg odp, — (—1)Fdy, o dg.
The Frolicher-Nijenhuis bracket of K and L has the properties:
(@) [K, L] = (=)L, K],
() (=1)*[K, [L, N]] + (=1)""[L, [N, K]] + (=1)"[N, [K, L] = 0,
(¢) [I,K]=0.

In particular, if K and L are vector O-forms, i.e., vector fields on M, then
[K, L] reduces to the Lie bracket of vector fields.

If L € V(M) and X € WO(M), then for all Y7,...,Y; € X(M) the
Frolicher-Nijenhuis bracket is given by

!
(X, L|(Y1,....Y)) = [X,L(Y1,...,Y))] — ZL(Yl, s [ X, Y], ).
i=1
In particular, if L € W' (M),
[X,L]Y = [X,LY] - L[X,Y].

If K,L € W'(M), then for all X,Y € X(M) the Frolicher-Nijenhuis
bracket is defined by

[K,L)(X,Y)=[KX,LY] + [LX,KY] + KL[X,Y] + LK[X,Y]
— K[LX,Y] - K[X,LY] - LIKX,Y] — LIX,KY].

In particular, the vector 2-form Ny := %[K , K] is said to be the Nijenhuis
torsion of the vector 1-form K:

Nk(X,Y)=[KX,KY]+ K?X,Y] - K[KX,Y] - K[X,KY]. (1.2)
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1.2 Klein-Grifone formalism

In this section, we give a brief account of the basic concepts of the Klein-
Grifone approach to global Finsler geometry. For more details, we refer to
[24} 1251130, 152].

We start with important vector bundles that will be needed.

Let M be a differentiable manifold of dimension n. For each z € M, let
T, M be the tangent space to M at x. Consider the set TM := |J 7T, M of all

ze M
vectors tangent to M together with the canonical projection

m:TM —M:vel ., M+— x.

The triple (T'M, 7, M) is a vector bundle of rank 7 and fibre type R",
called the rangent bundle of M.

Similarly, the triple (TT'M, wrar, T M) is a vector bundle of rank 2n and
fibre type R?", called the double tangent bundle of M.

We denote the tangent bundle of non-zero tangent vectors by (7 M, 7, M)
or simply by 7M (= TM\{0}), where {0} is the null section, i.e, {0} :=
{0, € T,M : x € M} is the set of all zero vectors of the tangent spaces
T, M;x € M. The manifold 7 M is called the slit tangent bundle of M.

Let 7Y (TM) := TMxTM = {(u,v) € TM x TM : n(u) = 7(v)}
M
and pry : TMXTM — TM: (u,v) — u.
M

The triple (71 (T M), pri1,TM) is a vector bundle of rank n and fibre
type R™, called the pullback bundle of T' M.

If (TM, 7, M) is the tangent bundle of M. Then, the tangent map 7, :
TTM — TM is defined by

Tyt DT M — TryM : Ty (X)) f := X - (f o 7),

forallu € TM, X, € T, TM, f € C°°(M). The tangent map 7, is a linear
map.

A tangent vector X € T,(TM) is said to be vertical at u € TM
if m,(X) = 0. The set of all vertical vectors at u is a vector space of
dimension n, called the vertical space at w and is denoted by V,(TM):
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V(T M) := ker(my,, ). Consider the disjoint union

V(TM) = | ] Vu(TM).
ueT M

The triple (V(T'M), 7rar|v (rary, TM) is a vector bundle of rank n, called
the vertical bundle of M.

Remark 1.4. By abuse of language, we often use the notation 7'M rather
(TM,m, M) to denote the tangent bundle of M, and we even say that T'M is
the tangent bundle of M. The same remark is valid for the pullback bundle
(w=}(T'M), pr1, TM) and the vertical bundle (V (T'M), wrar|v (rary, TM).

Now, we deal with some results from the Klein-Grifone (KG-) formalism
necessary for this work.
The following lemma is of extreme importance for the whole work.

Lemma 1.5. The double tangent bundle (TT M, wrpr, TM) and the pull-
back bundle (7=*(TM),pr1, TM) are related by the following short exact
sequence:

0 — 7 Y (TM) L TTM L5 771 (T M) — 0, (1.3)

where the bundle morphisms p and ~v are defined respectively by p :=
(mrar, me) and y(u,v) := jyu(v), where j, is the natural isomorphism j, :

The exact sequence (I.3) is called the fundamental exact sequence.
The 7-vector field 77 on 7= (T M) defined by

7(u) = (u,u) forallu € TM,

is called the fundamental 7-vector field. The geometry of the tangent bundle
is dominated by two canonical geometric objects: the Liouville vector field
and the natural almost tangent structure. Here are their definitions.

Definition 1.6.

(a) The vertical vector field C' on T'M defined by C' := v o 7 is called the
Liouville vector field.

(b) The vector 1-form J on T'M defined by J := «y o p is called the natural
almost tangent structure of T'M.
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One can show that the natural almost tangent structure J has the proper-
ties:

J2=0, [J,J]=0, [C,J]=—J, Im(J) =ker(J)=V(TM). (1.4)

Hence, JX is vertical, for all X € X(T'M) and any vertical vector field Y’
can be written as Y = JX, for some X € X(T'M). Moreover, in view of
and (1.2)), the identity [J, J] = 0 may be read as follows: the Lie bracket
of two vertical vector fields is a vertical vector field, which means that the
vertical distribution is completely integrable.

Moreover, we have

lig,ds] = [d,dj] =0,
lig, Lc] = [ic,ds) =1y,
[dy, Lc] =d.

Definition 1.7.

(a) A scalar form w on T'M is said to be homogenous of degree r (simply,
h(r)) if

Low=rw.
(b) A vector form L on T'M is said to be homogenous of degree r (simply,
h(r)) if
[C,L] = (r—1)L.
In particular, a function f € C°°(7TM) is k-homogeneous if
Lof =kf. (1.5)
Definition 1.8.
(a) A scalar p-form w is semi-basic if ijxw = 0, VX € X(T'M).

(b) A vector [-form L is semi-basic if JL = OandiyjxL = 0, VX €
X(TM).

In view of (T.4), the almost tangent structure .J is h(0).



12 Chapter 1. Preliminaries

Definition 1.9. A semi-spray on M is a vector field X on TM, C* on T M,
C' on TM, such that JX = C.
A semi-spray X which is homogeneous of degree 2 ([C, X] = X) is called a

spray.

Remark 1.10. If S is a semi-spray on M, then for every vector field X €
X(TM), we have
JJX, S| =JX. (1.6)

Definition 1.11. A nonlinear connection on M is a vector 1-form I" on T' M,
C* on TM, C° on TM, such that

JI=J, TDJ=-J

A nonlinear connection I'" is homogeneous if I' is homogenous of degree 1 as
a vector 1-form: [C,I'] = 0.
A homogenous nonlinear connection I is linear if I" is C'* on T'M.

Let I" be a nonlinear connection on M. The horizontal and vertical projec-
tors i and v associated with I" are defined by

h:= %(I—i— ), v:= %(I -T).
Thus, the horizontal and vertical projectors has the properties:
h? = h, holJ=0, Joh=1,
v? =, vold =1, Jowv=0,
hov=wvoh=0, h+v=1I(=idrru).
Consequently, I" gives rise to the direct sum decomposition
TTM =H(TM)a V(TM),

where V(T'M) := Im(v) = ker(h) is the vertical bundle and H(T'M) :=
Im(h) = ker(v) is a vector bundle called the horizontal bundle. Through-

out, the modules of horizontal and vertical vector fields will be denoted by
X"(TM) and X¥(T M) respectively.

Lemma 1.12. For a homogeneous connection I, we have

[C,hX] = h[C, X], VX € X(TM). (1.7)
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Definition 1.13. The torsion ¢ of I" is the vector 2-form on T'M, C*° on T M,
defined by

1
t:=-|J,T].
2[ ? ]
Clearly, ¢ is semi-basic (i.e., Im(¢) C V(T'M) and iyt = 0).

Definition 1.14. The curvature R of I is the vector 2-form on T'M, C**° on
T M, defined by

1
R = ——|h,h|.
2[7]

Similarly, R is also semi-basic. Moreover, R(X,Y) = —v[hX,hY], for all
X,Y € X(TM), [51].

We end this section with the following result.

Proposition 1.15. With any given nonlinear connection I, one can associate
a semi-spray S which is horizontal with respect to T, namely, S = hS’, where
S’ is an arbitrary semi-spray.

Moreover, if I is homogeneous, then its associated semi-spray is a spray.

1.3 Finsler structure and Barthel connection

In this section, we deal with a Finsler structure and the associated canon-
ical nonlinear connection called Barthel connection, following the Klein-
Grifone formalism. For more detail, we refer to [24, 25! 30].

We start with the definition.

Definition 1.16. /30] A Finsler manifold of dimension n is a pair (M, L),
where M is a differentiable manifold of dimension n and L is a map

L:TM — R,
satisfying the axioms:
(a) L(u) > Oforallu € TM and L(0) =0,
(b) LisC>®onTM,C%onTM,

(c) L is homogenous of degree 1 in the directional argument y: LoL = L,
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(d) The exterior 2-form €2 := dd;E has maximal rank (non-degenerate),
where E := L?/2.

L is called the Finsler structure and F is the energy function associated with
L. We will use the notation (M, L) for a Finsler manifold.

Remark 1.17. When L is defined on an open subset U of TM such that U
is conic (that is, if p € U and A > 0, then Ap € U), then L is called conic
Finsler structure . In this case (M, L) called a conic Finsler manifold.

Theorem 1.18. [30] Let (M, L) be a Finsler manifold. The vector field S
defined by i) = —dF is a spray.
Such a spray is called the canonical spray associated with (M, L).

A nonlinear connection I' on a Finsler manifold (M, L) is said to be con-
servative if dy, ' = 0. Now, we give a fundamental result of Finsler geometry,
which ensures the existence and uniqueness of a certain nonlinear connection
with remarkable properties. Namely,

Theorem 1.19. [30] On a Finsler manifold (M, L), there exists a unique con-
servative homogeneous nonlinear connection with zero torsion. It is given by:

r'=1[J,5],
where S is the canonical spray.

Such a connection is called the canonical connection, the Barthel connection
or the Cartan nonlinear connection associated with (M, L).

It should be noted that the semi-spray associated with the Barthel connec-
tion is a spray, which coincides with the canonical spray.

Associated with T, an almost complex structure F' (F? = —1I) is defined
by F'J = h and FFh = —J. This F defines an isomorphism of 7, (7'M ) for
all z € TM.

1.4 Berwald and Cartan connections

In this section, we present the necessary material, concerning Berwald and
Cartan connections, that will be needed throughout. For more details, we refer
to [25,153].

Theorem 1.20. [25]] For a Finsler space (M, L), there exists a unique linear
connection D on T'M satisfying the following properties:



1.4. Berwald and Cartan connections 15

(a) DJ = 0. 1) DC = v.
(¢) DT = 0 (<=Dh =Dv = 0). (d)DyxJY = JJX,Y].
©T(JX,Y) =0,

where h and v are the horizontal and vertical projectors of Barthel connection
and T is the (classicl) torsion of D This connection is called the Berwald
connection.

The explicit expression of D is given by:

DyxJY = JJX,Y],
DpxJY v[hX, JY], (1.8)
DF = 0.

Lemma 1.21. The h-curvature R, hv-curvature P and h-torsion T tensors of
Berwald connection are given by:

@ R(X,Y)Z = (D;7%)(X,Y),

(b) P(X,Y)Z = v[hX, J[JY, Z]| — J[JY, F[hX, JZ]]
—v[h[hX,JY),JZ] - J[v[hX, JY], Z],

©T(hX,hY) = R(X,Y),
where ‘R is the curvature of Barthel connection.

Let (M, L) be a Finsler space and 2 = dd jE. The map g defined by
g(JX,JY) = Q(JX,Y), VX,V € T(TM)

defines a metric on V(7'M). This metric can be extended to a metric g on
T (T M) defined by the formula:

g(X,Y) =g(JX,JY) +g(vX,vY) = QX, FY). (1.9)

Theorem 1.22. [25]] For a Finsler space (M, L), there exists a unique linear
connection D on T'M satisfying the following properties:

(a) DJ =0. (b) DC = w.
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(¢c) DI' =0 (<= Dh = Dv =0). (d) Dg = 0.
(e T(JX,JY)=0. ) JT(hX,hY) =0.
This connection is called the Cartan connection.
The explicit expression of D is given by:
DyxJY = DyxJY +C(X,Y),

DixJY = DypxJY +C/(X.Y), (1.10)
DF = 0,

where C and C’ are the vector 2-forms on 7'M defined by

AC(X,Y), 2) = 5 (Lax(Tg) (Y. 2),

O(C'(X,Y),2) = S (Laxg) (IY, T2),

with (J*g)(Y, Z) = g(JY, JZ).
The tensors C and C’ will be called the first and second Cartan tensors
respectively. They are semi-basic, symmetric and

C(X,S)=C(X,S)=0. (1.11)

We have the following lemmas.

Lemma 1.23. The (h)h-torsion T(hX,hY') and (h)v-torsion T(hX,JY) of
Cartan connection are given respectively by

T(hX,hY)=R(X,Y), T(hX,JY)=(C'—FC)(X,Y),
where R is the curvature of Barthel connection.

Lemma 1.24. The h-curvature R, hv-curvature P and v-curvature Q) of Car-
tan connection are given respectively by:

(@) R(X,Y)Z =R(X,Y)Z + (DpxC')(Y, Z) — (DpyC')(X, Z)
+C(FC'(X,2),Y)—C(FC'(Y, Z), X)+C(FR(X,Y), Z),

(b) P(X,Y)Z =P(X,Y)Z + (DyxC)(Y, Z) — (DyC')(X, Z)
+C(FC'(X,Z2),Y)+C(FC(X,Y),Z)—-C(FC(Y, Z),X)
—C(FC(X,Y), 2),



1.4. Berwald and Cartan connections 17

© Q(X,Y)Z =C(FC(X,Z),Y) —C(FC(Y, Z), X).

Lemma 1.25. For Cartan connection, the following properties hold:

@) R(X,Y)S =R(X,Y).

(b) P(X,Y)S =C'(X,Y).

(©) P(S,X)Y = P(X,8)Y =0, S is the canonical spray.
@ Q(S, X)Y =Q(X,9)Y = Q(X,Y)S =0.

Lemma 1.26. The Bianchi identities for Cartan connection are given by:
(@) Sxyz{R(X,Y)Z} =S&xyz{C(FR(X,Y),Z)}
b) Gxyz{QX,Y)Z} =
© C(FR(X,Y),Z) = R(FC(X, Z),Y) — R(FC(Y, Z), X).
(D) &xy,z{(DrxR)(Y,2)} = Gx,v,z{C'(FR(X,Y), Z)}.
©) Sxyz{(DixR)(Y,Z)} = &xy,z {P(X, FR(Y, Z))}.
() (DpxP)(Y, Z) = (Dpy P)(X, Z) + (DyzR)(X,Y) =
P(X,FC'(Y, Z)) — P(Y,FC'(X, Z)) + R(FC(Y, Z), X)
—R(FC(X,Z),Y) — Q(FR(X,Y), Z).
@ (DnxQ)(Y, Z) — (Dyy P)(X, Z) + (DJZP)( Y) =
P(FC(X.Y),Z) — P(FC(Z,X),Y) — Q(FC'(X,Y), Z)
+Q(FC'(Z,X),Y).
(h) &xy,z{(DsxQ)(Y,Z)} =0,
where Gx vz is the cyclic sum over the vector fields X, Y and Z.
Lemma 1.27. Forall X,Y € X(T M), we have

@ [JX,JY] = J(DyxY — Dyy X).

() [hX,JY] = J(DaxY) — h(Dyy X) — (C' — FC)(X,Y).

(C) [hX, hY] = h(Dth — DhyX) — %(X, Y)



18 Chapter 1. Preliminaries

Proof.
(a) Using (1.8)) and (1.10)), the symmetry of C, [J, J] = 0, J?> = 0and DJ = 0,
we get

J(DyxY — DyyX) = DyxJY — DyyJX
—DyxJY +C(X,Y) Dy JX — C(Y, X)
= JIJX,Y] - JIJY, X]
— [JX,JY].

(b) Using (1.8) and (1.10), the symmetry of C, DJ = Dh = DF = 0, we
obtain

J(DpxY) — h(DyyX) = DpxJY — DjyhX
—DipxJY +C'(X,Y) —DyyhX — FC(Y, X)
=o[hX,JY] = h[JY,X] + (C' — FC)(X,Y)
= [hX,JY]+ (C' — FC)(X,Y).

(c) Again using (1.8)) and (1.10), by the symmetry property of C’, we have
h(DuxY — DpyX) = DuxhY — DiyhX

= DyxhY + FC'(X,Y) —DpyhX — FC'(Y, X)
= FuvlhX,JY]|+ Fv[JX,hY].

As the torsion of I" vanishes, then 0 = ¢(X,Y) = v[JX,hY ]+ v[hX,JY] —
J[hX,hY], from which Fv[JX,hY] + Fv[hX,JY] = FJ[hX,hY] =
hlhX,hY]. Consequently, h(DpxY — Dpy X) = h[hX,hY]| = [AX,hY] —
v[hX,hY] = [hX,hY] + R(X,Y), where we have used the identity
N(X,Y) = —v[hX, Y] [51]. O

Remark 1.28. It is to be noted that the identity R(X,Y) = —v[hX,hY]
shows that the Lie bracket [h.X, hY] is horizontal if and only if R(X,Y") van-
ishes. This means that a necessary and sufficient condition for the horizontal

distribution to be completely integrable is that R vanishes. This fact can also
be deduced from Lemma (c) above.



Chapter 2

Nullity distributions associated
with Cartan connection

In this chapter, the nullity distribution of the three curvature tensors of
Cartan connection, adopting the Klein-Grifone approach, are investigated. We
introduce the nullity distribution Ny of the h-curvature tensor of Cartan con-
nection, the nullity spaces being subspaces of the horizontal space. We show
that Ny is included in the nullity distribution Ny of the curvature of Barthel
connection and we show, by an example, that this inclusion can be proper.
We study the nullity distributions of the hv-curvature and v-curvature of Car-
tan connection. We show through examples that these distributions are not
completely integrable. Nevertheless, we investigate necessary and sufficient
conditions for such distributions to be completely integrable.

The results of this chapter are published [64].

2.1 Nullity distribution of the Cartan h-curvature

It should first be noted that the nullity distributions of Barthel and Berwald
connections have been investigated in [51} 153]. In this section, we study the
nullity distribution of the h-curvature tensor.

Definition 2.1. Let R be the h-curvature tensor of Cartan connection. The
nullity space of R at a point z € T'M is the subspace of H,(T'M ) defined by

Ng(2):={v e H,(TM)|R.(v,w) =0, forall we H,(TM)}.

19
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The dimension of Ng(2), denoted by pg(2), is the index of nullity of R at z.
If the index of nullity is constant, then the map N : z — Ng(z) defines
a distribution N'g of dimension p g called nullity distribution of R.
Any smooth section in the nullity distribution Ny is called a nullity vector
field. We shall assume that yur # 0 and pg # n.

Throughout the thesis, we denote by Sec(Npg) the C°°(T'M )-module of
the nullity vector fields.

Proposition 2.2. The nullity distribution N'r has the following properties:
(@) Ng # ¢.
(b) Nr C N, where N, is the nullity distribution of the curvature R.
(¢) If Z € Sec(NR), then R(X,Y)Z = C(FR(X,Y), Z).
(d) Let S is arbitrary spray and S € Sec(Ng), then R = 0.

(e) If X € Sec(NR), then [C, X| € Sec(NRg) and consequently, [C, X] €
Sec(Nn).

Proof.
(b) Let X be a nullity vector field. We have

X € Sec(Ng) = R(X,Y)Z =0 VY, Zec X(TM)
= R(X,Y)S=0 VY eX(TM)
= R(X,Y)=0 VY eX(TM)
— X € Sec(Ngy).

(c) Let Z € Sec(NRg), then Z € Sec(Nw) and by Lemma|[1.26(a), we have
Sxyz{R(X,Y)Z} =6xyz{C(FR(X,Y),Z)}.

Since R(Y,Z)X = R(Z,X)Y =0and R(Y, Z) = R(Z, X) = 0, the result
follows.

(d) Let S is arbitrary spray and S € Sec(Ng), then by (c), we have
R(X,Y)S = C(FR(X,Y),S). Then, the result follows from (1.11) and
Lemmal[l.25]
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(e) Let X € Sec(NR). By the identity Do R = 0 [23]], we have
(DeR)(X,Y) =0,

which leads to
R(DcX,Y)=0.

Using (1.8) and (1.10), we have R([C,X],Y) = 0. Since h is h(1), then
[C,h] = 0, from which [C, hX] = h[C, X]. That is, [C, hX] is horizontal.
Hence, [C, X] € Sec(NR). Consequently, by (b), [C, X] € Sec(Nx). O

It is important to note that the converse of property (b) of Proposition [2.2]
is not true in general, that is, Ns3 ¢ Ng. This is shown by the next example
(see[B.4) in which the calculations are performed using MAPLE program and
the NF-package [60] and [61].

From now on, all calculations of the examples throughout are given in
Appendix B.

Example23 Let M = {(z', 2%, 23 x)€R4 x* £ 0},
U={(z,y) € R* xR*: 24 #O,y #0,i=1,..,4} C TM. Let L be
defined on U by

L(z,y) = \/9343/1((3/2)3 + (3)3 + (y*)3) /3.

Let X = X'; € Sec(Ny), where §; = dacz — N[" g, m form a basis
of X"(TM), then X Zi)‘if] = 0 gives a system of algebraic equatlons In this
system, we have X' = t;, t; € Rand X? = X3 = 0. Then, we get ((y?)3
(v3)2 + 5(y*)?)X* = 0. Now, we have two cases, either (y?)% + (y°)
5(5%)° = Oor (5)° + (4) +5(5*)® # 0. Firstly, if (42)° + (5°)° +5(")
0, then X4 = 0 and thus pugx = 1. Secondly, if ()3 + ()% + 5(y*)? = 0
then X* = t4, t4 € R and thus X = t10; + 404 and pug = 2. We will be
interested in the second case.

Let Y = Y'5; € Sec(NR), then YjR?jk = 0 gives a system of algebraic
equations. This system has the solution Y! = #{,#| € Rand Y? = Y3 =
Y4 =0. Thus, Y = 101 and pur = 1. So, the dimension of N = 1 and the
dimension of Ny = 2, consequently, Nz & Ny. O

w w

+
+
£

Nevertheless, we have some cases in which Mgz C Ny as the case of
Landsberg spaces satisfying certain conditions.
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Definition 2.4. [47] A Finsler space is called Landsberg if the second Cartan
tensor vanishes: C’ = 0 or, equivalently, if P = 0.

Theorem 2.5. Let (M,L) be a Landsberg space. If, for all X €
Sec(Nw), DjzX € Sec(Nwn), then Noy C N and hence Nz = Np.

Proof. Let (M, F') be a Landsberg space. Then, using Lemma|l.24} we get
R(X,Y)Z =R(X,Y)Z + C(FR(X,Y), Z).

Let X be a vector field in Sec(Ngz). Then, by the above equation and the fact
that R(X,Y)Z = (Dy7R)(X,Y) [53], R(X,Y)Z = —~R(D,7X,Y). Since
ﬁ]ZX € Sec(Nn),VX € Sec(Nn), then R(X,Y)Z = 0 and we obtain that
X € Sec(Ng). Consequently, Noz C N and hence Nix = Ng. O

Theorem 2.6. For a Landsberg space, the nullity distributions N'r coincides
with the nullity distribution N'ro of the h-curvature R of Berwald connection.

Proof. Let (M, L) be a Landsberg space. Then, C’ = 0. Hence, by Lemma
(a), we get

R(X,Y)Z =R(X,Y)Z + C(FR(X,Y), Z).

Let X € Sec(NR), then X € Sec(Ngy) and thus R(X,Y) = 0, hence,
X € Sec(Ngo). Consequently, Ng C Ngo. Conversely, let X € Sec(Ngo),
then X € Sec(Nyx) [53] and thus R(X,Y) = 0, hence, X € SecX(NR).
Consequently, Ngo C Ng. O

Theorem 2.7. Let ur be constant on an open subset U of TM. Then, the
nullity distribution z — NRg(z) is completely integrable on U.

Proof. To prove this theorem we have to show that if X, Y € Sec(Ng), then
[X,Y] € Sec(Ng). So, let X,Y € Sec(Ng) and Z € X"(TM). This
implies that X and Y are horizontal and X,Y € Sec(Ng). Then, by Lemma
[1.26] (e), we have

Gxyz{(DxR)(Y,Z)} = Gxyz{P(X, FR(Y, Z))}.

Since X,Y € Sec(Nw), then R(X,Y) = R(Y,Z) = R(Z, X) = 0. Mak-
ing use of Lemma and the fact that R is semi-basic and T'(hX,hY) =
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R(X,Y), we have

0=6xyz{(DxR)(Y,Z)}
= Gxyz{DxR(Y, Z) ~ R(DxY.Z) — R(Y.Dx2)}
— —R(DxY,Z) — R(Z, Dy X)
= R(DxY — Dy X, 27)
R([X,Y]+R(X,Y),Z)
R([ ,Z)+ RR(X.Y), Z)
R([X,Y],Z2), YZ e xMTM).
It remains to show that [X,Y] is horizontal. In fact, as R(X,Y) =

—v[hX,hY], 0 = R(X,Y) = —v[X,Y], and hence [X,Y] is horizontal.
Hence, we have [X,Y] € Sec(Ng). O

X,Y
X,Y

Remark 2.8. It should be noted that the nullity distribution Ny of the cur-
vature of Barthel connection is completely integrable as it has been proved in
[51].

Definition 2.9. [1,55] A Finsler space (M, E), where dim M > 3, is said
to be h-isotropic if there exists a scalar function k, such that the h-curvature
tensor R of Cartan connection has the form

R(X,Y)Z = ko{g(X,2)Y — g(Y,2)X}, VX,Y,Z € X(TM).

Theorem 2.10. For an h-isotropic n-Finsler space, the index of nullity g is
either 0 or n.

Proof. Let ur # 0 and let X be a non zero nullity vector in Sec(Ng) and
Y,Z,W € X(TM). Then, by Definition[2.9] we have
0= ko{g(Xv Z)Y - g()/v Z)X}
= ko{g(g(Xv Z)K W) - g(g(Y> Z)X7 W)}
= ko{g(Y,W)g(X, Z) — g(X, W)g(Y, Z)}.

As g is a metric on T'M, its trace is thus 2n. Taking the trace with respect to
the pair Y and W, we get

ko{2n9<X7 Z) - g(X7 Z)} =0,
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Again, taking the trace of the above equation, we have
2n(2n — 1)k, = 0.
which gives k, = 0. Consequently, R = 0 and hence ur = n. O

Definition 2.11. [47,55] A Finsler space (M, E), is said to be Berwald space

if the hv-curvature tensor P of Berwald connection vanishes or, equivalently,
DypxC =0forall X € X(TM).

Theorem 2.12. For a Berwald space, the index of nullity us of N takes its
maximal value if and only if the index of nullity jug of Nr takes its maximal
value.

Proof. Let (M, E) be a Berwald space and so C' = 0 [47]]. Hence, by Lemma
(a), the h-curvature of Cartan connection is written in the form

R(X,Y)Z =R(X,Y)Z + C(FR(X,Y), Z). @.1)

Now, let usy = n. Then R = 0, which is equivalent to ]% = 0 [53]]. Thus,
Equation yields R = 0. Consequently, up = n.

Conversely, let ur = n. Hence, by ,}O%(X, Y)Z+C(Z, FR(X,Y)) =
0. Setting Z = S in this equation, we have}o%(X, Y)S =0. But}o%(X,Y)S =
R(X,Y) [53]. Thus, R = 0, consequently, pgp = n. O

2.2 Nullity distribution of the Cartan hv-curvature

In this section, we study the nullity distribution of the hv-curvature of Car-
tan connection. We show that the nullity distribution N'p of the hv-curvature
P is not completely integrable. We impose a certain condition to make Np
completely integrable. We present a class of Finsler spaces which fulfills such
a condition.

Definition 2.13. Let P be the hv-curvature of Cartan connection. The nullity
space of P at a point z € T'M is the subspace of H,(T'M) defined by

Np(z) :={ue H,(TM) : P,(u,w) =0, YVw € H,(TM)}.

The dimension of A'p(z), denoted by 11p(z), is the index of nullity of P at z.
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Proposition 2.14. The nullity distribution N'p of P has the following proper-
ties:

(a) Np # ¢.

(b) S € Sec(Np), S is the canonical spray.

(©) If u € Np(z), then C,(u,v) =0, Vv € T,(TM).

d) If X,Y € Sec(Np) N Sec(Nw), then R(X,Y)Z = C'([X,Y], Z).

Proof.
(b) Follows from the fact that P(S, X)Y = P(X,S)Y = 0 (Lemma|l.25).

(c) Letu € Np(z),

u € Np(z) = Py(u,v)w =0 Vo,weT,(TM)
= P,(u,v)S, =0 VYveT,(TM)
= CL(u,v) =0 Vv eT,(TM).

(d) Let X, Y € Sec(Np) N Sec(Ngx). Then, by (c) above, Lemma (a)
and the identity R(X,Y)Z = (DjzR)(X,Y) [53]], we have

R(X,Y)Z = (DuxC)(Y, Z) — (D C')(X, Z).
By Lemma (c) and the fact that C’ is semi-basic, we get
R(X,Y)Z = C'([hX,hY], Z). O

The nullity distribution Np is not completely integrable in general as
shown by the following example (see [B.3).

Example 2.15. Let M = {(x!,2%,23) € R3: 2% # 0},
U={(z,y) € R3 x R3: 22 £ 0; y',y?> # 0} C TM. Let L be defined on
U by:

Liz,y) = \Jemo (e ()28 + a2(y2)3)2/5.

Let X = X'6; € Sec(Np), then XjP{]L-k = 0 leads to a system of alge-
braic equations. Thus, the solution of this system is X' = ¢;, X? = Z—jtl and

X3 =t3; t1,t3 € R. Hence, X = t1(61 + %52) +t303 and up = 2. Now, we
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take X,Y € Sec(Np) suchthat X = §; +Z—f§2 and Y = hg. By simple calcu-

lations, we obtain the bracket [X, Y] = [h1 + 3—352, 53] = —%yla%l + y38%3,
which is vertical. Consequently, the nullity distribution Np is not completely
integrable. O

Nevertheless, we have

Theorem 2.16. Let pp be constant on an open subset U of T M. The nullity
distribution N'p is completely integrable on U if and only if R(X,Y) = 0 and
(DjzR)(X,Y)=R(Y,FC(X,Z)) — R(X,FC(Y,Z)),VX,Y € Sec(Np).

Proof. Let X,Y € Sec(Np). Then, R(X,Y) = 0 and (D;zR)(X,Y) =
R(Y,FC(X,Z)) — R(X,FC(Y,Z)), VZ € X(TM). Firstly, [X,Y] =
[hX, hY] is horizontal since R(X,Y) = 0. Making use of Lemma )
and Lemma(I.27](c), we get
(DpxP)(Y, Z) — (Dpy P)(X, Z) = 0 => P(DxY — Dy X,Z) =0
= P([X,Y]+R(X,Y),Z)=0
= P([X,Y],Z)=0
= [X,Y] € Sec(Np).

Hence Np be completely integrable.

Conversely, let Np be completely integrable. Then, if X,Y € Sec(Np),
the bracket [h.X, hY] is horizontal, thus, R(X,Y") = 0. Also, by Lemma 1.26]
(f) and the fact P([hX,hY],Z) = (DpxP)(Y,Z) — (Dpy P)(X, Z) = 0,
we have (D;zR)(X,Y) = R(Y,FC(X,Z)) — R(X,FC(Y, Z)), VX,Y €
Sec(Np),VZ € X(TM). O

Remark 2.17. The class of Finsler spaces with vanishing h-curvature satisfy
the conditions of Theorem Consequently, for such spaces, N'p is com-
pletely integrable.

Moreover, we have

Proposition 2.18. A sufficient condition for N'p to be completely integrable is
that
N, p C Np.

Proof. Let Np C Ng and X,Y € Sec(Np),Z € X(TM). Then,
X,Y € Sec(NR) and hence X,Y € Sec(Nx), consequently, R(X,Y) = 0.
Also, by Lemma [1.26] (f), we have (D7 R)(X,Y) = R(Y,FC(X,Z)) —
R(X,FC(Y,Z)),VX,Y € Sec(Np),VZ € X(TM). Hence, by Theorem
Np is completely integrable. O
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2.3 Nullity distribution of the Cartan v-curvature

In this section, we study the nullity distribution of the v-curvature ) of
Cartan connection. The nullity distribution of () is defined in a similar manner
as that of R (Definition 4.6))

Proposition 2.19. The nullity distribution Ny of Q has the properties:
(@) Ng # ¢.
(b) S € Sec(Ng).
(©) If Z € Sec(Np), then Q(X,Y)Z = 0,¥X,Y € X(TM).
(d) IfX,Y € Sec(Ng), then FIJX,JY] € Sec(No).

Proof.

(b) Follows from the fact that Q(S, X)Y = 0. (Lemma (d)

(c) Follows from Lemma[I.26] (b).

(d) Let X,Y € Sec(Ng), then Lemmas (h) and (a) lead to

0=(D;xQ)Y,2) +(DsyQ)(Z,X)+ (D;zQ)(X,Y)
=-QDxY,Z) - Q(Z, Dy X)
=Q(DyyX — DyxY,Z)
— _Q(F[JX,JY], Z).

Since [J X, JY] is vertical and F'J = h, then F[JX, JY] is horizontal. Con-
sequently, F[JX, JY] € Sec(Ng). O

The nullity distribution N is not completely integrable in general as
shown by the following example (see [B.6).

Example 2.20. M = {(2!, 22 23, 2%) € R*: 22 # 0},
U={(x,y) € R* x R*: 22 # 0; y*,y3,y* # 0} C TM. Let L be defined
on U by

L(z,y) = \/w2(y1)26‘y3/y4 + (y2)2.
Let X = X5; € Sec(Ny), then XjQZhjk = 0 gives a system of algebraic
equations. In this system, we have X2 = ¢, X4 = ¢/, X! = z—it’, X3 =

z—jt’; t,t' € R. Hence, X = tdy + t’(z—iél + %53 + 04) and pg = 2. Now,
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we take X, Y € Sec(Ng) such that X = hg and Y = ﬂhl + ﬁhg +

1,2
hy. Then, the bracket [X,Y] = [do, yl o1 —|— 53 + 04] = Q(ggﬁ’ . ayl +
3 4
% —y3 /y* ‘92 + (x2)2 824, wh1ch is vertical. Consequently, the
nullity distribution NQ is not completely integrable. O

Nevertheless, we have

Theorem 2.21. Let g be constant on an open subset U of T'M. The nullity
distribution N is completely integrable on U if and only if for all X,Y €
Sec(Ng), R(X,Y) = 0 and the tensor

A(X,Y,Z) := P(FC(Z,X),Y) = (DyxP)(Y,Z) — (DjzP)(X,Y),
is symmetric in X and Y.

Proof. Let X,Y € Sec(Ng). Then, R(X,Y) = 0 and the tensor A(X,Y, Z)
is symmetric in the first two arguments. By Lemma[I.26|(g), we have

(DhXQ)(K Z) = (DJYP)(X7 Z) - (DJZP)(XvY) +P(FC(X7Y)7Z)
— P(FC(Z,X),Y) —Q(FC/(X,Y),Z). 2.2)

Interchange X with Y in the above equation, we get

(Dry Q)(X, Z) = (DyxP)(Y, Z) — (DyzP)(Y,X) + P(FC(Y, X), Z)
— P(FC(Z,Y),X) — Q(FC'(Y, X), Z). (2.3)

Making use of the symmetry of C and C’, Equations (2.2)) and (2.3 . ) give
(DixQ)(Y. Z) — (DyQ)(X, Z) = A(X,Y, Z) — A(Y, X, Z). (24
Then, by the symmetry of A(X,Y, Z)in X and Y, we get
Q(Dpy X — DpxY,Z) = 0.
Consequently, it follows from Lemma that
QUX,Y|+R(X,Y),Z)=0.

Since R(X,Y) = 0, [hX,hY] = [X,Y] is horizontal and so [X,Y] €
Sec(Ng). Consequently, Ng(z) is completely integrable.

Conversely, let Ny be completely integrable. Then, for all X,Y €
Sec(Ng), we obtain [hX,hY] € Sec(Ny), i.e., [hX,hY] is horizontal and
hence R(X,Y) = 0. Moreover, by and the fact that Q([hX,hY ], Z) =
0, the tensor A(X, Y, Z) is symmetric in X and Y. O



2.3. Nullity distribution of the Cartan v-curvature 29

Remark 2.22. The class of Minkowski spaces satisfies the conditions of the
above theorem. Consequently, a Minkowski space has a completely integrable

No.

Definition 2.23. Let (M, L) be a Finsler manifold. The angular metric 7 on
T M is defined by

where ¢ is the metric tensor on 7'M given by li and /(X)) := %g(X, Q).
It should be noted that the trace of i is (2n — 1).

Definition 2.24. A Finsler space (M, L), with dim M > 4, is said to be S3-
like if

QX,Y,Z,W) = r{h(JX, JZ)W(JY, JW) — h(JX, JW)h(JY, JZ)},
where Q(X,Y, Z, W) = g(Q(X,Y)Z, JW) and r is a scalar function.

Theorem 2.25. Let (M, L) be an Ss-like space. Then, the index of nullity i
takes its maximal value.

Proof. Let (M, L) be an S3-like space and X € Sec(Ny), then we have
r{(JX, JZ2)WJY,IW) — h(JX, JW)h(JY,JZ)} = 0.
Taking the trace with respect to JX and JZ , we get
(2n —2)ri(JY,JW) = 0.
Again, taking the trace of the above equation, we have
(2n —1)(n —1)r = 0.

Asn > 4, then r = 0 and consequently Q) = 0. O






Chapter 3

Nullity distributions associated
with Chern connection

In this chapter, we formulate and prove an intrinsic existence and unique-
ness theorem for Chern connection. Then, the nullity distributions associated
with the Chern connection are investigated. We prove the integrability and the
iutoparallel property of the nullity distribution ANz« of the Chern h-curvature

R. We give two interesting examples. The first shows that the nullity distri-

*
bution Nz« does not coincide with the kernel distribution of R (Np= is a
proper sub-distribution of kerg+). The second shows that N'p« is not com-
pletely integrable. As a by-product, this allows us to give a simple class of
non-Berwaldian Landsberg spaces with singularities.

Some results of this chapter are published [[62] and others are submitted
for publication [63]].

3.1 Existence and uniqueness of Chern connection

In this section, we formulate and prove an intrinsic existence and uniqueness
theorem for Chern connection. We begin with some definitions quoted from
[25]]. These definitions are important for subsequent use throughout.

Definition 3.1. A linear connection V on T'M is said to be regular if V.J = 0
and the map ¢ : V(TM) — V(TM): X — VxC is an isomorphism of
V(T'M).

31
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For a regular connection V on T'M there is associated a nonlinear con-
nection I on M defied by I' = I — 2¢~! o VC; T is said to be induced by
V.

Definition 3.2. A regular connection V on 7'M is said to be reducible if VI' =
0, where I is the nonlinear connection induced by V.

Definition 3.3. A linear connection V on 7'M is said to be almost-projectable
if VJ =0and V;xC = JX, forall X € T(T'M). (an almost-projectable
connection is necessairly regular).

If we replace the last axiom by the axiom V ;xJY = J[JX, Y], the con-
nection V is called normal almost-projectable.

The connection I' induced on M by an almost-projectable (rep. normal
almost-projectable) connection V on 7'M will be called a projection (rep.
normal projection) of V. We also say that V projects (resp. projects normally)
onl

Definition 3.4. Let I' be a connection on M. The lift of I' is a reducible
connection V on T'M which projects on I'. The lift of I is said to be normal
if V is normal.

Lemma 3.5. For a reducible connection V, we have VF = 0, where F' is the
almost-complex structure associated with the connection 1" induced by V.

Now, we prove the following existence and uniqueness theorem.

Theorem 3.6. For a Finsler manifold (M, L) there exists a unique normal lift
*

D of Barthel connection I = [J, S| such that:
* *
(a) D is horizontally metric: Dpxg =0, VX € X(TM).

* *
(b) The classical torsion T has the property that JT'(hX,hY) = 0, for all
X, Y € X(TM).

This connection is called Chern connection.

*
Proof. Firstly, we prove the uniqueness. Since D is a normal lift of Barthel

connection I' = [J, 5], then

*
DyxJY = J[JX,Y]. 3.1)
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Also, by Lemma[3.5] we have

*
DF =0. (3.2)
Condition (a) implies that:

* *
hX.g(JY,JZ) = g(DpxJY,JZ) 4+ g(JY,Dpx JZ), (3.3)

* *
hY.g(JZ,JX)=gDpyJZ,JX)+ g(JZ,Dypy JX), 3.4)

* *
hZ.g(JX,JY)=g(DnzJX,JY)+ g(JX,D}zJY). (3.5)

By adding (3.3), (3.4) and subtracting (3.3), we get
hX.g(JY,JZ) + hY.g(JZ,JX) — hY.g(JZ, JX) =
9(DuxJY + Dy X, JZ) + g(JY, Dux JZ — DpyJ X) (3.6)
+ g(Dny JZ — DpyJY, JX).

*
Condition (b) together with D.J = 0 imply:
* *
DpxJY —DpyJX = JhX,hY]. 3.7
From and (3.7)), we get

*

9(2Dyx Y, JZ) = hX.g(JY,JZ) + hY.g(JZ, JX)
—hY.g(JZ,JX) + g(JIhX,hY], ] Z) (3.8)
— g(J[hX,hZ],TY) — g(J[hY, hZ], T X).

Since Q(X,Y) = ¢g(X,JY) — g(JX,Y) and using JC' = 0, then

1
5 (Lnxg)(JY, JZ) = QC(X,Y),Z) = g(C'(X.Y), ] Z),
which is totally symmetric. Now,

9(2C(X,Y),JZ) = hX.g(JY, JZ)— g([hX, Y], JZ) — g(JY, [hX, JZ]),

9(2C"(Y,2),JX) = hY.g(JZ,TX) — g([hY, T Z], JX) — g(J Z, [hY, J X]),
—g(2C"(2,X),JY) = —hZ.g(JX, JY)+g([hZ, JX], JY)+g(JX, [hZ, JY]).
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By adding the above three equations, we get

g(2C'(X,Y),JZ) = hX.9(JY,JZ)+hY.g(JZ,JX) — hZ.g(JX,JY)
—g([hX, JY )+ [RY,JX),JZ) + g([hZ,JX]| — [hX,JZ],JY)
+g([hZ,JY] - [nY,JZ],JX) (3.9)

From (3.8)) and (3.9)), we have

9(2Dpx JY, JZ) =g(2C (X, Y), JZ)
+ g([hX, JY] + [RY, JX]| + J[hX,hY], JZ)
—g([hZ,JX] — [hX,JZ] + J[hX,hZ],JY)
—g([hZ,JY] — [hY,JZ] + J[hY,hZ], JX). (3.10)

Since the Barthel connection is torsion-free (Theorem [1.19)), then
0=t(X,Y)=v[JX,hY]|+v[hX,JY]|— JhX,hY]
and so J[hX,hY] = v[JX,hY] + v[hX, JY]. Hence, one can write:

[hX, JY] + [hY, JX] + J[hX, hY] = 20[hX, hY] + h[hX, JY]
+ h[hY, JX],

(hZ,JX) — [hX,JZ) + J[hX,hZ] = h[JZ, JX] + h[hZ, JX),

(hZ,JY) — [hY, JZ) + JIRY, hZ] = h[hZ, JY] + h|J Z, hY].

The above relations and the the fact that g(hX, JY) = 0 enable us to write
(3.10) in the form

*
9(2Dpx JY, JZ) = g(2C'(X,Y) + 20[h X, JY], J Z).

Hence, .
DhXJY:v[hX,JY]—i—C'(X,Y). (3.11)

*
Therefore, DxY is uniquely determined by 1 ,(3.11) and lb

k *
To prove the existence of D, let us define D by the requirement that li
X
3.11) and (3.2)) hold. Now, we have to prove that D is a normal lift of [' =
* * *

[J,S] G.e., DJ =0, DC =wv, DI' =0, Dy;xJY = J[JX,Y]) and
conditions(a) and (b) of the theorem are satisfied.
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ol*)J = 0: From , and (3.11)), we have

* * *
JDnxY = JDpxhY + JDpxvY

* *
=JFDpxJY + JDpxJFY
= (JFu[hX, JY] +vC'(X,Y)) + (Ju[hX,vY] + JC' (X, FY))
=v[hX,JY] +C'(X,Y), since C’ is semi basic and Jv = 0

*
=DyxJY.

* *
Similarly, one can show that JD,xY = D,xJY.

*
e DC = v: From (3.11), (1.11)) and El),weget

* *
DipxC = DypxJS = v[hX, JS|+C'(X, S) = —v[C, hX] = —vh[C, X] = 0.

k k
On the other hand, from lb and (1.10), we obtain D jxC = D jxJS =
J[JX, S =JX.

* *
e DI' = 0 or, equivalently, Dh = 0:

* * * * *
hDpxY = hDpxhY + hDypxvY = hDyxhY, DpxvY is vertical by (3.11

* X
= hDyxFJY = hFDyxJY, by (3.2
= hFv[hX,JY]+ hFC'(X,Y)
= Fv?[hX,JY] + FuC'(X,Y)

*
= Fu[hX,JY]+ FC'(X,Y) = FDyxJY =DyxhY.
* *
Similarly, DthY = hDJXY

oD is h-metrical: As g(JX JY) = g(hX,hY) and X JY) 0, it

suffices to prove that (Dth)(JY JZ) = 0. By i and
have

[O8)

1), we

(Duxg)(JY, JZ) = hX.g(JY, JZ) — g(Dax JY, JZ) — g(JY, Dpx JZ)
— WX.g(JY,JZ) — g[hX, JY],TZ) — g(C'(X,Y), T Z)
GV, uhX, J2]) - g(JY.C(X, 2)
— WX.g(JY,JZ) — g(w[h X, JY], T Z)
 g(JY,v[hX, JZ]) — 204X, Y. Z) = 0.
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e JT(hX,hY) = 0: By (3.11) and the symmetry of C’ , we have

*

* *
JT(hX,hY) = JDpxhY — JDpyhX — JhX,hY]

* *
= DpxJY —DpyJX — JhX,hY]
=o[hX,JY]+C(X,Y) —v[hY,JX] - C' (Y, X)
— JIhX,hY] =t(X,Y) = 0.

This completes the proof. O

*
Corollary 3.7. The Chern connection D is completely determined by:

* o
(a) DyxJY = J[JX,Y] =DxJY.
*
(b) DpxJY =v[hX,JY]+C'(X,Y) = DpxJY.

() l*)F =0.

3.2 Torsion and curvature tensors
In this section, we study the torsion and curvature tensors of Chern connec-

tion. We also derive the Bianchi identities and obtain some properties of the
curvature tensors. The following lemma will be useful for subsequent use.

Lemma 3.8. Forall X,Y € X(T' M), we have
* *
(a) [JX, JY] = J(DJXY —DJY_X).
* *
(b) [hX, JY] = J(Dyx)Y — h(Dyy X) - C'(X,Y).
* *
(C) [hX, hY] = h(Dth — DhyX) — ER(X, Y)
Proof. (a) By Corollary [3.7]and the fact that [J, J] = 0 (L.4), we get

* * * *
J(DyxY —DyyX)=DyxJY —DyyJX
= J[JX,Y] - JJY,X] = [JX,JY].



3.2. Torsion and curvature tensors 37

(b) By Corollary|3.7|and the identity h[JY, X| = h[JY, hX], we obtain

J(DnxY) — h(Dyy X) = DyxJY — Dy hX
=v[hX,JY]+C(X,Y) — h[JY, X]
=v[hX,JY] - h[JY,X]+C'(X,Y)
=v[hX,JY]+hhX,JY]+C(X,Y)
= [hX,JY]+C(X,Y).

(c) Again by Corollary and the symmetry property of C’, we have

h(l*)hxy — BhyX) = Ehxhy — l*)hyhX
= Fu[hX,JY]+ FC'(X,Y) — Fu[hY, JX]
— FC'(Y, X)
= FulhX,JY] + Fu[JX,hY].
As the torsion of I" vanishes, then 0 = ¢(X,Y) = v[JX,hY ]+ v[hX,JY] —
J[hX,hY], from which Fuo[JX,hY] + FvlhX,JY] = FJhX,hY] =
hlh X, hY]. Consequently,

* *
h(DpxY — Dpy X) = h|hX,hY] = [hX,hY] — v[h X, hY]
= [hX,hY] + R(X,Y). O
Proposition 3.9. The h-torsion, hv-torsion and v-torsion of Chern connection

D are given by:
(@) T(hX,hY) = R(X,Y).
(b) T(hX,JY) = C'(X,Y).
(©) T(JX,JY) = 0.

*
Proof. (a) Follows directly from the definition of T'(h X, hY") and Lemma|3.8
(b) By Corollary[3.7)and using the property that h[J X, vY] = 0, we get

*

T(hX,JY) = DpxJY — DyyhX — [hX, JY]

— W[hX, JY] + C'(X,Y) — h[JY, X] — [hX, JY]
— o[hX, JY] 4 C'(X,Y)

— hJY,hX] — (hhX, JY] + v[hX, JY])
=C'(X,Y).



38 Chapter 3. Nullity distributions associated with Chern connection

(c) Is obvious. L]

*

As DF = 0, the (classical) curvature tensor K of Chern connection is
*

completely determined by the three curvature tensors: h-curvature R, hv-
* *

curvature P and v-curvature () defined respectively by:

R(X,Y)Z = K(hX,hY)JZ,
P(X,Y)Z = K(hX,JY)JZ,
Q(X,Y)Z = K(JX, JYJ)Z.

Proposition 3.10. The h-curvature R, hv-curvature P and v-curvature @) of
the Chern connection are given by:

(@) R(X,Y)Z = R(X,Y)Z — C(FR(X,Y), 7).
(b) P(X,Y)Z =P(X,Y)Z — (DyyC')(X, Z).

*
© QX,Y)Z =0.
Proof. We prove (a) only. The other expressions can be proved similarly. As
*
DyxJY = DpxJY (Corollary b)), we have
* * * * * *
R(X,Y)Z = DyxDnyJZ — DpyDpxJZ — Dy x pyJ Z
*
= DpxDpyJZ — Dpy DpxJZ — Dipx py)J Z
*
- R(X, Y)Z + D[hXJLY} JZ - D[hX,hY]JZ
*
= R(X,Y)Z + Dyrinxny)/Z — Dyrpnxny) ) Z
By (I.10) and Corollary the last equation takes the form
*
R(X,Y)Z = R(X,Y)Z +C(F[hX,hY],Z)
=R(X,Y)Z - C(FR(X,Y), 2),

where we have used the identity R(X,Y) = —v[hX, hY] and the fact that C
is semi-basic. O
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* *
Proposition 3.11. The h-curvature R and hv-curvature P of Chern connec-

tion have the following properties:
(@) R(X,Y)S = R(X,Y).
(b) ]ﬂ;’(X, Y)S :;(S, Y)X =C'(X,Y), S is the canonical spray.
(c) ;(X, S)Z = 0.

Proof. (a) Follows from Proposition[3.10] Lemma [I.25]and (I.1T).
(b) By Proposition 3.101, (1.10)), the properties of C' and P, we get

*

P(X,Y)S = (D C)(X, ) = —(DyyC)(X, 8) = C'(X,DyS)
= C'(X,FJ[JY,S)) =C'(X,FJY) =C'(X,Y).

(c) Can be proved similarly. O
To study the Bianchi identities for Chern connection, let us first write the
Bianchi identities for an arbitrary connection V.

Lemma 3.12. Let V be a linear connection on M with torsion tensor T and
curvature tensor K. For every X, Y, 7Z € X(M), we have :

(D Sxyz{K(X,Y)Z} =6xyz{T(T(X,Y),Z)+ (VxT)(Y,Z)},
where the symbol G x y, 7 denotes cyclic sum over X,Y and Z.

Applying the identities (I) and (II) on Chern connection, for different
triples of vector fields (h X, hY,hZ), (hX,hY,JZ), ..., we obtain many iden-
tities. Here, we give only the most important of these identities.

Proposition 3.13. The first Bianchi identity for Chern connection yields:
*
(a) GX,Y,Z {R(X, Y)Z} =0.
*
(b) Sxyz{(Drx R)(Y,2)} = Sxyz{C'(FR(X,Y), Z)}.

(©) P(X,Y)Z = P(Z,Y)X.



40 Chapter 3. Nullity distributions associated with Chern connection

* * * *
(d) P(Xa Y)Z 7P(X7 Z)Y = (DJZC/)(Xv Y) - (DJYC/)(X, Z)
The second Bianchi identity for Chern connection yields:

(e) Sx,y,z{ (thé)(Y, Z)} = GX,Y,Z{;)(X’ FR(Y,2))}.

O (DpxP)(Y, 2)~ (D P)(X, 2)+(DyzR)(X,¥) =P(X, FC'(Y, 2)
—P(Y,FC'(X, Z)).

@ (DyyP)(X,Z) = (DyzP)(X,Y).

Corollary 3.14. The h curvature R and the hv-curvature P satlsfy
(a)DcR =0, (b) DCP =0, (¢ P is totally symmetric if DJZ ' =0.

Proposition 3.15. The h-curvature R has the following properties:
(a) E(X,Y, Z,W) = —]?(Y,X, Z, W),
(b) R(X, Y, 2, W) + R(Y, Z, X, W) + R(Z,X,Y,W) = 0,
Moreover, if R = 0, we have
(© R(X,Y.Z, W) = —R(X,Y. W, 2),
(d) ]:’(X, Y, Z, W) = ]E(Z, W, X,Y),

* *
where R(X,Y,Z, W) := g(R(X,Y)Z, JW).

Proof. (a) is clear.
(b) By making use of Proposition [3.13] we have

R(X,Y,Z, W)+ R(Y.Z, X, W) + R(Z, X, Y, W)
— g(R(X,Y)Z,JW) + g(R(Y, Z)X, JW) + g(R(Z, X)Y, JW)
— g(R(X,Y)Z + R(Y, 2)X + R(Z, X)Y, JW) = 0.
(c) By Theorem [3.6] we have

* *
th(J}/, JZ) = g(thjK JZ) +g(JY,thjZ).
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Then, we can write

* * * *

hW.(hX.g(JY,JZ)) = g(DawDixJY, JZ) + g(Dpx JY, Dpw J Z)
* * * *

+ g(thjY,thjZ) + g(JKththJZ)

Interchanging X and W, we get

* * * *
hX(th(JY, JZ)) = g(ththJY, JZ) + g(thjY,DhXJZ)
* * * *
+ 9(DnxJY,Dpw I Z) + g(JY, (DpxDaw J Z)).

Using the above two equations, we obtain

* *

* *
(W, hX].g(JY,JZ) = g(DhwDnx — DhxDyw)JY, JZ)
* b3 k k
+9(JY, DprwDrx — DpxDyw)J Z).

If ® = 0, then the horizontal distribution is completely integrable. Conse-
*
quently, [AW, h X] is horizontal and so D,y x] g = 0. Hence, we have
* *
(W, hX1.9(JY,JZ) = g(Dpwix) Y, JZ) + g(JY, Dpnwnx)J Z).
Comparing the above two equations, we get

* * * * *

9((DrwDrx — DnxDnw — Dipwinx))JY, JZ)
* * * k ES
+9(JY, (DhwDrx — DrxDrw — Dppwnx))J Z) = 0.

From which, §

*
RW,X,Y,Z)=—-R(W,X,Z,Y).
(d) Using (a), (b) and (c), since R = 0, we have

* * * *

R(X,Y,Z,W)=—R(Y,X,Z,W) =R(X,ZY,W) + R(Z,Y, X, W),

* * *

*
R(X,Y,Z,W)=—-R(X,) YW, Z)=R(Y,W, X, Z)+ RW,X,Y, Z).
Adding the above two equation, we get

* *

*
2R(X,Y,Z, W) =R(X,Z,Y,W) +R(ZY,X,W)
* %
+R(YY,W,X,Z)+RW,X,Y, Z). (3.12)



42 Chapter 3. Nullity distributions associated with Chern connection

Similarly,

* *

*
2R(Z,W,X,Y) = R(Z, X,W.Y) + R(X,W, Z,Y)
* *
+RW,Y, Z,X) +R(Y, Z,W, X). (3.13)

*

*
Comparing (3.12) and (3.13), we get R(X,Y, Z, W) =R(Z,W,X,Y). O

Remark 3.16. We noted that if R vanishes, we get some interesting results:

*
e R = R (Proposition|3.10(a)) and also & xy z {R(X,Y)Z} = 0.

* *
o Sxyz{(DnxR)(Y,Z)} = 0 (Proposition 3.13|(e)).

e The properties (c) and (d) in Proposition hold.

The above properties are very similar to the properties of the Riemannian cur-
vature. The reason lies in the condition R = 0 which is stronger than the
*
condition (b) of Theorem More precisely, the condition T'(hX,hY) =
*

Q(X,Y) = 0 is stronger than the condition JT'(hX,hY") = 0.

Table 1: Intrinsic Comparison

The following table gives a concise comparison concerning Berwald, Car-
tan and Chern connections and the fundamental associated geometric objects.
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3.3 Nullity distribution of the Chern h-curvature

It is be noted first that the nullity distributions of the Barthel, Berwald and
Cartan connections have already been studied in [S1}, 53} 64], respectively. In
this section, we investigate the nullity distribution of the Chern connection.
First, we study the nullity distribution of the h-curvature tensor.

3
Definition 3.17. >[k,et R be the h-curvature tensor of the Chern connection. The

nullity space of R ata point z € T'M is the subspace of H,(T' M) defined by

*

Ng«(2) :={v € H,(TM)|R,(v,w) =0, forall w € H,(TM)}.

*

The dimension of N+ (z), denoted by pp+(z), is the nullity index of R at z.

If the nullity index p g+ is constant, then the map Ng« : 2 — Np«(z) defines
*

a distribution Nz« of rank p g+, called the nullity distribution of R. We shall
assume that g+ % 0 and pugr+ # n.

Let Ng«(x) := m«(Npg=(2)) if 7(z) = z. Then Ng+(x) isomorphic to

NR=(z) via the isomorphism 7. | _(7az).-

*
Definition 3.18. The kernel of R at the point z € T'M is defined by

ES3

kerp«(z) :=={u € H,(TM)|R,(v,w)u = 0, for all v,w € H,(TM)}.
We have kerg-(x) = my(kerg«(2)); z = 7(2).
Proposition 3.19. The nullity distribution Ng+ has the following properties:

(a) Ng+ # ¢ and kerg+ # ¢.

(b) N+ C Ng, where N is the nullity distribution of the curvature R of
the Barthel connection.

(¢) Ng+ C kergs.
(d) If the canonical spray S belongs to Sec(Ng+), then R = 0.

(e) If X € Sec(Ng+), then [C,X] € Sec(Ng+) and, consequently,
[C, X] € Sec(Nw).
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Proof. (b) Let X be a nullity vector field. Using Lemma (a), we have

*
X € Sec(Ng-) = R(X,Y)Z =0 forall Y,Z € X(TM)

*
—=R(X,Y)S=0 foralY € X(TM)
= R(X,Y)=0 forall Y € X(TM)
— X € Sec(Ng).

(c) Let Z € Sec(Ng+), then, by Proposition (b), we have
k *

*
GX,YZ{R(X,Y)Z} = 0. Since R(Y,Z)X = R(Z,X)Y = 0, then
the result follows.

(d) This is an immediate consequence of Lemma (a) and (c) above.

* ok x %

(e) Let X € Sec(Ng+). Since DcR = 0 [63] , we get (DcR)(X,Y) =
Xk

0, which leads to R(DcX,Y) = 0. Using Corollary , we have

*

R([C, X],Y) = 0. By the homogeneity of h, [C, hX]| = h[C, X]. That is,
[C, hX] is horizontal. Hence, [C, X] € Sec(Ng+). Consequently, by (b),
[C, X] € Sec(Nn). O

It is important to note that the reverse inclusion in the property (c) of
Proposition is not true; that is, kerg« ¢ Ng+. This is shown by the
next example (see [B.I).

Example 3.20. Let M = {(z', 2%, 23, 2%) € R*|2? > 0} and
U={(z. ., o4yl . yf) e R* xR*: y! #£0,9y% # 0} € TM. Define L
on U by

L(z,y) == /(@) (y) + (12) + () + (yH)*
The nullity distribution of the Cartan h-curvature R of (M, F') is
Ng = {s03 +tdy € X"(TM)|s,t € R} (3.14)
and the kernel distribution kerp of R is

1 2/ 1,\4 o4 3,4 A4
4 v (y*)

(3.15)

+t/ 5—(y3)35 XMTM)| s\t €R
3 (y4)34 e X" (TM)| st e .
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The nullity distribution Mg~ is
Npe = {865 + 184 s,t € R}. (3.16)

The kernel distribution ker g+« is
2y1
kerps =< r 551 + do +853+t64|7’,8,t€R . 3.17)

Equations (3.16) and (3.17) show that ker g+ can not be a sub-distribution of N'g-. O

Theorem 3.21. The nullity distribution N'g+ of the Chern h-curvature and the
nullity distribution N'g of the Cartan h-curvature coincide.

Proof. Let X € Sec(Ng+). Then, by Proposition (a) and Proposition
(2), X € Sec(Ng). Hence Ny~ is a subset of N'z. Conversely, let
X € Sec(NR). Then, by Proposition 3.10](a) and N'r C N (Proposition[2.2]
(b)), we get X € Sec(Ng-), whence, N C Ng«. O

Remark 3.22. The above example shows that Nz« C kerg+ and the reverse
inclusion is false by (3.16)) and (3.17). It also shows that, although Nz« = Ny

(see (3.14) and (3.16)), kerg+ # kerg by (3.15), (3.17). In view of the above

theorem, the reverse inclusion in (b) of Proposition [3.19] is not true either:

Nn & Ng = Ng-.

Definition 3.23. The conullity space of the h-curvature tensor at z, denoted
by N+ (z), is the orthogonal complement of Nz« in H,(T'M), where the
orthogonality is taken with respect to the metric g defined by (1.9).

Proposition 3.24. For each point z € T'M, either jip<(2) = n or pup+(z) <
n — 2. Consequently, dimkerg= > n — 2.
Proof. Tf g+ (2) # n, then there is a non-zero horizontal vector v & N+ (2).
*k
It follows that there is a vector w € H,(T'M) such that R,(v,w) # 0
*
and so R,(w,v) # 0. Then v,w ¢ Npg+(z) and hence v,w € Ng-(2).
*

By the antisymmetry of R, the vectors v and w are independent. Thus,
dim Nz« (2) > 2. Consequently, pg=(2) < n — 2. O

*

Proposition 3.25. If R = 0, then Im(R) = (JNg-)*. Consequently,
*
rank (R) = n — pup«.
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Proof. Forall X € Sec(Ng+)andY, Z,W € X"(T M), we have

9(R(Y, Z)W,.JX) =R(Y, Z, W, X)
:E(W X,Y,Z) (by Lemma[3.13|(e))
—E(X, W,Y, Z)
— —g(R(X, W)Y, JZ)
= 0 (since X is a nullity vector field),
as wanted. O

As a direct consequence of Theorem [3.21] and the fact that Ny is com-
pletely integrable (Theorem [2.7), we have the following result.

Corollary 3.26. Let pup~ be constant on an open subset U of T M. The nullity
distribution z — Np+(z) is completely integrable on U.

Theorem 3.27. If R = 0, then the two distributions N+ and ker g+ coincide.

Proof. By Proposition [3.19] (c), we always have Nz« C kerg:. Let X €
X(kerg-) and let Y, Z, W be vector fields on 7'M, then by Proposition [3.15]
(d), we have

RY.Z)X =0 —> gR(Y, Z)X, JW) =

g(

L R(Y, Z, X, W) =
:>13(X W,Y,Z) = 0
g(R

— g(R(X, W)Y, JZ) =

:>R(X, W)Y =0
— X € Sec(Ng+).

Hence, kerg+ C Ng=. O

We have seen that if the index of nullity g+ is constant, then the nullity
distribution Np+ is completely integrable. According to the Frobenius the-
orem, there exists a foliation of M by up+-dimensional maximal connected
submanifolds as leaves, such that the nullity space at a point x € M is the
tangent space to the leaf at x. We call the foliation induced by the nullity
distribution Nz~ the nullity foliation and denote it again by Ng-.
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Theorem 3.28. Let (M, L) be a complete Finsler manifold and U the open
subset of M on which p g+ takes its minimum. If R vanishes, then every totally
geodesic integral manifold of the nullity foliation N'r+ in U is complete.

Proof. The proof is inspired by [3]], taking into account the fact that the two
spaces N« (z) and N« (z), x = m(2), are isomorphic. Let N be an integral
manifold of the nullity foliation Nz« in U. To prove that N is complete, it
suffices to show that every geodesic v : [0,¢) — N on N can be extended to
a geodesic 7 : [0,00) — N on N. Suppose that such a geodesic extension 7
does not exist. As N is totally geodesic, y is a geodesic on M and thus has a
geodesic extension 5 : [0,00) — M such that v = 4 N N. It follows that
p:=7(c) ¢ U. Let py := ~v(0) = 4(0) and set r¢ := pp+(po), the dimension
of the nullity space Nr+(po). Since ppg+ is positive and minimal on U, then
pr+(p) > ro > 0. Now, consider a basis B = {€1, ..., €y, €rg+1, -5 € } fOr
Ty, M such that {eq, ..., e, } is a basis for Ng+(po) and e; is tangent to  at
po = v(0). Using the system of differential equations
*
DF;
dt
the basis B can be translated into a parallel frame (F, ..., Fyy, Fro+1, ..., Fn)
along . Then (F1, ..., F},) is a basis for the nullity space at every point (t)
in U NV for some neighborhood V' of ¥(¢) on M. Since pug+(p) > ro, there
is a vector field F, along 7, for a fixed integer a in the range g+ 1, ..., n, such
that for every ¢ € [0, ¢), we have

Fo(y(t) ¢ Nr+(7(t),  Falp) € Nr+(p). (3.18)
Now, let & 7 be the natural lift of ¥ Jto TM and {Fl, . ﬁm, ﬁroﬂ, . ﬁ n}t

:0, Fz(O) = €4, i:1,2,...,n,

the basis of H;( )TM such that m, (F}) = F;. Let <bh .. be the functions deﬁned
by

* 0

R(Fy, Fy)Fy = ¢l o (3.19)

By Proposition [3.13|(e), taking into account that R = 0, we have

(DuxR)(Y, Z) + (Day R)(Z, X) + (DazR)(X,Y) = 0.

Plugging ﬁl, ﬁ’z and ﬁj instead of X, Y and Z, where i,j = rg + 1, ...,n, we

get
*

* ok * ~ * ~ ~
(Dg R)(Fi, Fy) + (Dg R)(Fy, F1) + (DﬁjR)(Fl, F)=0.
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~ *
Since F} € N and T'(hX,hY) = R(X,Y) = 0, the last equality takes the
form
* ok *

~ A~ * —~ A~ A~ ~
Applying the above equation on ﬁa, we get

~ o~ o~ X ~ o~ Xk ~ A~
%

* * ~ ~ ~ ~

D R(F;, Fy)Fo + R(Fj, [Fr, F}))F, + R(F;, [F, FAl)F, =0.  (3.20)
Since, [ﬁl, ﬁl] is horizontal, it can be written in the form [ﬁl, }?’Z] = fkﬁk +
¢ F,, where k =19+ 1,...,nand u = 1, ..., 79. Consequently, by (3.19) and
li noting that F}, are null vector fields, we get

($a) + &8 W — &1 Dla =0 (3.21)

Since Fy, is a nullity vector field at p, then for the fixed index a, qﬁfm “ (p) =0,
where [, m = rg + 1, ...,n. Hence, the differential equations (3.21)) with the
initial condition ¢?ma (p) = 0 imply that the functions qblhma vanish identically.

As R = 0, Theorem and (3.19) give rise to
Fo(y(t)) € Ng«(y(t)), forall t € [0, ] (3.22)

Now (3.18) and (3.22) lead to a contradiction. Consequently, v can be ex-
tended to a geodesic 7 : [0,00) — N. O

3.4 Nullity distribution of the Chern hv-curvature

*
In this section we investigate the nullity distribution of the hv-curvature P of

the Chern connection. We show, by a counterexample, that the nullity distri-
bution Np+ is not completely integrable. We find a sufficient condition for
Np= to be completely integrable.

*
Definition 3.29. *Let P be the hv-curvature of the Chern connection. The
nullity space of P ata point z € T'M is a subspace of H,(T' M) defined by

*

Np«(2) :={v € H,(TM)|P,(v,w) =0, forall w e H,(TM)}.

*
The dimension of Np=(z), denoted by p+(z), is the nullity index of P at 2.
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Proposition 3.30. The nullity distribution of ;; has the properties:
@) Np- # ¢.
(b) If X € Sec(Np+), then [C, X] € Sec(Np~).
(©) If X € Sec(Np~), thenC'(X,Y) =0, forall Y € X"(TM).
(d) If up= = mn, then N+ = Npe,

where Ngo is the nullity distribution of the h-curvature of the Berwald con-
nection [53|].

If the nullity index pp~ takes its maximum, then by Proposition (©),
C' = 0. Consequently, in view of Definition a Finsler manifold (M, L) is
Landsbergian if the nullity index pp+ achieves its maximum.

Theorem 3.31. A Finsler manifold (M, L) is Landsbergian if and only if the
canonical spray S belongs to the nullity distribution Np-.

Proof. We use Lemma[3.11] (b):
(M, L) is Landsbergian <= C' = 0
= P(8,Y)X = 0 forall X,Y € X(TM)
<= S € Sec(Np~),
as was to be shown. O

Remark 3.32. The above theorem shows that the canonical spray .S does not
belong to the nullity distribution AV/p- except in the Landsbergian case. This is
in contrast to the case of Cartan connection, where the canonical spray always
belongs to the nullity distribution of the Cartan hv-curvature P.

The nullity distribution A/p« is not completely integrable in general, as is
illustrated by the following example (see[B.7).

Example 3.33. Let U = {(z,y) € R3 x R3 : y! o2 43 # 0,93 # 49%} C
TM, where M := R3. Define L on U by

3

L(z,y) = f/e“”lﬁ (y")*(v°)%e .

<
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Let W € Sec(Np~), then W/ P*U r = 0 leads to a system of algebraic
equations. This system has a solution if 43 = 2y? and ' > 0: W! = s,
*

W2 =1t W3 =2t s,t € R. Hence, a P-nullity vector must have the form
W = s01 + t(d2 + 203). Consequently, the nullity index pp+ = 2. Now, take
X,Y € Sec(Np-) such that X = 51, = 0y + 263 Taking into account

2
that > = 2y2 then 6 = %%— zQy Py 0y = (%2 + &L 82 and 03 =

89[:3 + == 11 =2=. Hence, the bracket [1, d2 + 203] = 21 9T T y2 822 + ?Lai
is Vemcal and consequently, N'p« is not completely integrable.

O

Theorem 3.34. Let p1p+ be constant on an open subset U of T M. The nullity
dzstrlbutzon Np« is completely integrable on U if and only if R(X,Y) =0

and (DJZR)(X Y) =0, forall X,Y € Sec(Np~).
Proof. Necessity. Let Np- be completely integrable. Then, if X,Y €
Sec(Np-+), the bracket [hX, hY] is horizontal, thus, R(X,Y) = 0. Also,
* * *
by Lemma 3.13| (f) and the fact that P([h.X,hY],Z) = (DpxP)(Y,Z) —
* *

(DhyP)(X Z) = 0 (Lemma , we have (DjzR)(X,Y) = 0, for all
X,Y € Sec(Np~).
* *

Sufficiency. Let R(X,Y) = 0and (Djz R)(X,Y) = 0forall X,Y €
Sec(Np+). As0 =R(X,Y) = —v[hX,hY] = —v[X, Y], the bracket [ X, Y]
is horizontal. Making use of Lemma (f), Lemma|3.8|and Proposition (3.9}
we get

(DuxP)(Y, Z) = (Day P)(X, Z) = 0 — P(DxY — Dy X, Z) =0
— P(X,Y] + R(X,Y), Z) = 0

—P([X,Y],2) = 0
= [X,Y] € Sec(Np~).

Hence Np- is completely integrable. 0

* %
By the property P(X,Y)Z =P(Z,Y)X we have the following result.

Theorem 3.35. The nullity distribution N'p= and the kernel distribution ker p-

coincide.

*
A Finsler manifold for which the Chern hv-curvature tensor P vanishes

is called a Berwald space [47]. It is well known that every Berwald space is
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a Landsberg space, but it is not known whether the converse is true. In [42],
Shen introduced a class of non-regular Finsler metrics which is Landsbergian
and not Berwaldian. The calculations are not easy, especially, if one wants
to study some concrete examples. Here, by using Maple program together
with the results of [42] and [60], we give a simple class (see @]} of proper
non-regular non Berwaldian Landsbergian spaces.

Example 3.36. Let M = R3, U = {(z,y) e R¥ x R3: 32 > 0,4® > 0} C
T M. Define L on U by

1 12 4 0203 4+ ol /0203 %mtf‘mﬁﬁwi 3+%)
L(z,y) == f(=z )\/(y) +y?yt +ytVyyte 3%y :

By the above example, for any non constant positive smooth function f on

R, the Landsberg tensor of (M, L) vanishes (or equivalently, the hv-curvature

P of the Cartan connection vanishes) and hence the class is Landsbergian. On
ES

the other hand, the hv-curvature P of the Chern connection does not vanish

and hence the class is not Berwaldian. So we can confirm:

Theorem 3.37. There are non-regular Landsberg spaces which are not
Berwaldian.



Chapter 4

Nullity distribution in the
pull-back approach

In this chapter, following the pullback formalism, we show by a coun-
terexample that keri and Nz (R is the h-curvature of Cartan connection on
the pullback bundle) do not coincide, contrary to Akbar-Zadeh’s result. In
addition, we find sufficient conditions for kery and N to coincide.

The results of this chapter are published [S9].

4.1 Regular conections on the pullback bundle

In this section, we present a brief review of the geometry of the pullback
bundle 7~ }(T'M) in relation with regular connections. For more detail con-
cerning the pullback (PB-) formalism, we refer the reader, for example, to
[, 144 156].

In what follows, we denote by 7 : T M — M the subbundle of nonzero
vectors tangent to M, m, : T(TM) — TM the linear tangent map of =
and V,(TM) = (ker m,), the vertical space at z € TM. Let X(n(M))
be the C°°(T'M)-module of differentiable sections of the pullback bundle
7 1(TM). The elements of X(7(M)) will be called 7-vector fields and de-
noted by barred letters X.

Definition 4.1. Let V be a linear connection on the pullback bundle

53
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7~} (TM). We associate with V the map
K:TTM — 7 Y(TM) : X — VxTj,

called the connection map or the deflection map of V.
A tangent vector X € T, T M is horizontal if K(X) = 0.

‘We have

H.(TM) ={X € T,TM : K(X) = 0}: the horizontal space of M at z,
H(TM)= |J H,(TM): the horizontal subbundle associated with V.

ze€TM

Definition 4.2. [48] A linear connection V on 71 (T'M) is said to be regular
if the double tangent bundle 77" M has the direct sum decomposition

TTM = V(TM) & H(TM). @.1)

For all z € TM, H.(T M) is isomorphic to Ty, M via the restriction of
the tangent map 7. [, (7ar) on the horizontal space. Moreover, the fibers of
the tangent bundle are isomorphic to the fibers of the pullback bundle. Hence,
for all X € X(T M), there exists X € X(m(M)) such that m,. X = X.

The ((h)hv-) torsion tensor of V, denoted by T, is defined by T'(X,Y) =
T(vX,hY),forall X,Y € X(m(M)), where

T(X,Y) =VxmY — VymX — m[X,Y]

is the (classical) torsion associated with V.
The h-curvature tensor of V, denoted by R, is defined by R(X,Y)Z =
K(hX,hY)Z, where

K(X,Y)mZ = VxVymZ - VyVxmZ — Vix y|mZ

is the (class/i\cal) curvature associated with V. The contracted curvature R is
defined by R(X,Y) = R(X,Y)7.
The following proposition is useful for subsequent use.

Proposition 4.3. Let (M, L) be a Finsler manifold. The map g defined by
3(X,Y) = QUJX,Y), VX,Y € X(TM), 4.2)

is a metric on (T M).
The map § is called the Finsler metric defined on m=*(TM) by E = L?/2.
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If M is endowed with a metric g on 7= (T M), we write
R(X,Y,Z, W) =g(R(X,Y)Z,W). 4.3)

Theorem 4.4. Let (M, L) be a Finsler manifold and G the Finsler metric de-
fined by L. There exists a unique regular connection NV on 7w *(TM) such
that

(a) Vis metric: Vg =0,
(b) The (h)h-torsion of V vanishes: () = 0,
(c) The (h)hv-torsion T of V satisfies g(T(X,Y),Z) =g(T(X,Z2),Y).
Such a connection is called the Cartan connection associated with the
Finsler manifold (M, L).

Lemma 4.5. The h-curvature tensor R of the Cartan connection has the prop-
erties:

4.2 Nullity distributions in PB-formalism

Let (M, L) be a Finsler manifold. Let V be the Cartan connection asso-
ciated with (M, L). It is well known that V is the unique metrical regular
connection on 7~} (T'M) such that g(T(X,Y), Z) = g(T(X, Z),Y) [4,57].
Note that the bracket [X, Y] is horizontal if and only if R(X,Y) = 0, where
R is the contracted curvature of the h-curvature tensor of V.

Let us now define the concepts of nullity and kernel spaces associated with
the curvature K of V, following Akbar-Zadeh’s definitions [2]].

Definition 4.6. The subspace Nk (z) of H,(T'M) at a point z € T'M is de-
fined by

Nk(z) :={ue H,(TM) : K(u,v) =0, Vv € H,(TM)}.

The dimension of Nk (z) is denoted by ik (2).
The subspace Nk (z) = 7. (Nk(z)) C T, M, x = 7z, is linearly isomor-
phic to Nk (z).
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Definition 4.7. The kernel of K at the point x = 7z is defined by
kerk (z) := {X, € {z}xTeM ~ T, M : K(u,v)X, =0, Vu,v € H,(TM)}.
Akbar-Zadeh has obtained the following results.

Theorem 4.8. The nullity spaces N (x) and the kernel space kerk (z) coin-
cide.

4.3 Counterexample

Since Nk and kerk are both subspaces of the horizontal space, we can
replace the classical curvature K by the h-curvature tensor R of Cartan con-
nection. Akbar-Zadeh [2] proved that the nullity space Nk (x) and the kernel
space kerk (z) coincide for each point z € M at which they are defined. We
show by a counterexample that the above mentioned spaces do not coincide.

Theorem 4.9. The nullity space N (x) and the kernel space kerg () do not
coincide.

For the detailed calculations see (B.9).

Example 4.10. Let M = R? and U = {(z,y) € R? x R3 : ¢ #£ 0,4 =
1,2,3}y Cc TM.
Let L be defined on U by:

L(z,y) = e (y'y2y®) /2,

The nullity space Nz (), by using 7. (d;) = %, is given by

0
Nr(x) = {taxS |t e R} : (4.4)

The kernel space kerg (z) is given by
o v o 2P0
kerg (z) = {t <6$1 + S o2 8963) |t' eR 5. 4.5)

Comparing (4.4) and (4.5), we note that there is no values of ¢ and ¢/
for which Nz (z) = kerg(z). Consequently, Nz (x) and kerg(x) can not
coincide. O
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According to Akabr-Zadeh’s proof, if X € Sec(Ng), then, by Lemma
4.5, we have R(Y,Z)X = T(X,[Y, Z]). But there is no guarantee for the
vanishing of the right-hand side. Akabr-Zadeh claimed that by using Theorem
(c) and Lemma (b), one can obtain that R(Y, Z) X = 0. It seems that
the way to reach this goal is as follows:

GRY, Z2)m. X, mW) = g(T(X, [Y, Z]), m W)
=g(TW,[Y, Z]), m.X) (4.6)
=g(R(Y, Z)mW, 7. X) 4.7

W e X"(TM). Since g(R(Y, Z)n. X, m.W) = g(T(X,[Y, Z]), 7 W) is
true only for X € Sec(Ng), we can not move from to . Conse-
quently, we can not use the symmetry or skew-symmetry properties in X and
W to conclude that g(R(Y, Z)X, W) = 0. This can be assured, again, by the
previous example: if we take X = 3 € Sec(Ng) and Y = 61,7 = da,
then the bracket [Y, 7] = —3ylaiy1 + 3y28%2 is vertical and, moreover,
T(d3, [01,02]) = y%(—ylgl + 420s) # 0, where 0 is the basis of the fibers of
the pullback bundle.

As has been shown above, Nz and Kerg do not coincide in general. Nev-
ertheless, we have

Theorem 4.11. Let (M, L) be a Finsler manifold and R the h-curvature of
Cartan connection. If

SxyzR(X,Y)Z =0, (4.8)
then the two distributions N and kerg coincide.

Proof. If X € Sec(Ng), then, from ({@.8), we have R(Y,Z)X = 0 and
consequently X € Sec(kerg). On the other hand, it follows also from (4.8)
that g(R(X,Y)Z, W) = R(X,Y,Z,W) = R(Z,W,X,Y). This proves
that if X € Sec(kerg), then X € Sec(NR). O

The following corollary shows that there are nontrivial cases in which (4.8))
is verified and consequently the two distributions coincide.

Corollary 4.12. Let (M, L) be a Finsler manifold and g the associated Finsler
metric. If one of the following conditions holds:
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(a) R=0 (the integrability condition for the horizontal distribution),

(b) R(X,Y) = AL(UX)Y — 4(Y)X), where A(z,y) is a homogenous
function of degree 0 in y and £(X) := L~'g(X,7) (the isotropy condi-
tion),

then the two distributions N and kerg coincide.

Proof.
(a) We have GY,Y,Z{R(Y7 Y)Z - T(X,R(Y,Z))} = 0[58]. Then, if
R=0,(@8) holds.

) If R(X,Y) = AL(U(X)Y — ¢(Y)X), then, by [44], (4.8) is satisfied. O

Remark 4.13. It should be noted that the identity is a sufficient condition
for the validity of the identity (2.1) of [2]].



Chapter 5

Metric freedom of a spray

In this chapter, the question of how many essentially different metrics can

metricize a spray is discussed. The notion of metric freedom of a spray is

introduced and investigated. We show that in the regular case the holonomy

distribution can be used to calculate the metric freedom of a spray. The metric

freedom of an isotropic spray is characterized. Different examples are given.
The results of this chapter are submitted for publication [35].

5.1 Notation and preliminaries

We denote by (%) local coordinates on the base manifold M and by (27, /%)
the induced coordinates on 7'M . Locally, a spray can be expressed as follows

o .0
oxi 2G oyt’

S =yl (5.1
where the spray coefficients G* = G'(x,y) are 2-homogeneous functions in
the y = (y',...,y") variable. A curve ¢ : I — M is called is called geodesic
of a spray S if Soc = ¢. Locally, c(t) = (2(t)) is a geodesic of S if and
only if it satisfies the equation
d2zt N QGZ( d.f) 0 (5.2)
_ rx.— | = U. .
dt? T dt
Therefore sprays may be seen as the coordinate-free version of systems of
homogeneous second order differential equations.

59
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In this chapter, we mean by a Finsler manifold a pair (M, L) where the Finsler
function L: TM — R is smooth and strictly positive on 7M, L positively 1-
homogeneous in the directional argument iy = (%) and the matrix

1 9%L2

= 2ogoy ©-3)

Gij
is positive definite on 7 M. The energy function associated with L is ¥ = %LQ
and the Finsler metric tensor is defined as g = g;jdx* ® dz’. Because of the
positive definiteness of (5.3) the 2-form g := dd;FE is non-degenerate, and
the Euler-Lagrange equation

wg :=1isQp —d(E — LcE) =0 5.4)

uniquely determines a spray .S on 7'M . This spray is called the geodesic spray
of the Finsler function. The wg is called the Euler-Lagrange form associated
with S and E.

Let us consider the inverse problem:

Definition 5.1. A given spray .S on a manifold M is called Finsler metrizable
if there exists a Finsler function L whose geodesic spray coincides with S.

Let S be a spray. The Euler-Lagrange form associated with S is
wg =1sQp —d(E — LoE). (5.5)

It is easy to see that wg is semi-basic, and the local expression in

the standard coordinate system on T'M is wgp = (Lg(gfi) — gfi) dzt.

Therefore along a curve 7 = (x(t)) associated with S we have wElwz

(% gfi — gfi) dz', where d/dt denotes the derivation along 7.

Definition 5.2. Let S be a given spray. A function £ € C*°(TM) is called
Euler-Lagrange function of the spray S if it is a solution of the Euler-Lagrange

equation (5.4).

If F is aregular Euler-Lagrange function of the spray .S, then the stationary
curves of the functional

10) = [ B30
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are the geodesic curves of S. The set of Euler-Lagrange functions of a spray
S will be denoted by £s and the subset of k-homogeneous Euler-Lagrange
functions will be denoted by £ . In particular, taking (I.3) into account, the
set of 2-homogeneous Euler-Lagrange functions is denoted by

Eg2={E€C®(TM)|wg =0, LcE=2EF}. (5.6)

Property 5.3. A spray S is metrizable if and only if there exists a 2-
homogeneous Euler-Lagrange function £ € £g 2 such that the matrix field
0’E

9ii = oG is positive definite at any point of 7M.

Several works are devoted to the metrizability problem (see for example
(14} 13, [13) 201 281, 1291 134, 146]). In this chapter, we are considering a different
aspect of this problem: How many essentially different Finsler metrics exist
for a given spray to be metrizable. Moreover, how fo determine this number in
terms of the geometric objects associated to the spray? To formulate, precisely,
the problem we introduce the following

Definition 5.4. We say that the metric freedom of a metrizable spray S is
ms € Nif g9 can be locally generated by of m functionally independent of
its elements. If the spray .S is non-metrizable, we set mg = 0.

In other words, if the metric freedom of a spray S is mg > 1, then for
every I/ € g2 and vg € TM there exists a neighbourhood U C TM of vy,
a function p: R™ — R and F1, ..., B, € g2 functionally independent on
U such that

E(W) = ¢(E1(v),..., Eng(v)), Vovel.

To compute the metric freedom we have to determine how many different en-
ergy functions exist for a given spray? To answer this question we have to
investigate the geometric objects associated with the spray. In Section [5.2] we
introduce these objects (parallel translation, holonomy distribution, holonomy
invariant functions) and in Section [5.3] we determine the metric freedom of
sprays in the regular case.

5.2 Geometric objects associated with a spray

In this section, we use the geometric objects associated with a spray S to calcu-
late the metric freedom of S. Every spray S induces an Ehresmann connection
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(see [45]). The corresponding vertical and horizontal projectors, locally, can

be expressed as v = azi ® 6y’ and h = §; @ dz* where 6y’ = dy’+ Njda/,

0

0
0 drt T Oy’

(5.7)

and Nl-j = %Gf . The parallel translation of a vector along curves is defined
through horizontal lifts:

Definition 5.5 (Parallel translation). Let ~: [0,1] — M be a curve such that
is 7(0) = p and v(1) = ¢. Let 4" be a horizontal lift of the curve -, that is
moqt = yand 4 (t) € H (). The parallel translation 7: T, M — ToM
along  is defined as follows: 7(v) = w, where 7"(0) = v, Y*(1) = w.

The curvature tensor R of the nonlinear connection is given by Defi-
nition [1.14] and characterizes the integrability of the horizontal distribution:
the horizontal distribution is integrable if and only if the curvature R is
identically zero. In a local coordinate system, the curvature is given by

R = N, de! @ dz* @ 2 where Riy = 6N} — §;N].

Definition 5.6 ([34]]). The holonomy distribution Dy of a spray S is the dis-
tribution on T'M generated by the horizontal vector fields and their successive
Lie-brackets, that is

Dy = <3€h(TM)> - {[Xl, Lo X1, Xl ] | Xs € %h(TM)}

(5.9)

Lie

Remark 5.7. From the definition we observe that D; contains the horizontal
distribution. Using the horizontal and vertical projectors we have

By Definition[I.14] the image of the curvature tensor is a subset of the vertical
part of the holonomy distribution: Im R C v(Dy). Moreover, Dyy = HT M
if and only if R = 0.

Remark 5.8. Because of the construction (5.8), it is clear that Dy, is an invo-
lutive distribution. When Dy, is also a regular distribution, then it is integrable.
Using the definition of parallel translation via horizontal lifts (Definition[5.5]),
it is easy to see that the integral manifold through v € T'M, O,(v), is the
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orbit of v with respect to the parallel translations. By Frobenius integrability
theorem one can find a coordinate system (U, z) of TM in a neighborhood of
v € TM such that the components of O, N U are the sets

{welU |z (w)=2}, dim O, +1 < i < 2n}, 28] < e. (5.9

We say that the parallel translation is regular if the distribution Dy, is
regular and for any v € TM there is a neighbourhood U C TM such that
any orbits O, have at most one connected subset in U. In that case, using the
Frobenius integrability theorem, there exists a coordinate system (U, z) of TM
in a neighborhood of any v € 7M such that in different z° coordinates
(dim O+1 < i < 2n) correspond to different orbits of the parallel translation.

Definition 5.9. Let S be a spray. A function £ € C°°(T M) is called holon-
omy invariant, if it is invariant with respect to parallel translation, that is, for
any v € T'M and for any parallel translation 7 we have E(7(v)) = E(v). The
set of holonomy invariant functions will be denoted by Hg.

In the case when the parallel translation is regular, then the tangent spaces
of its orbits are given by the holonomy distribution Dy;. Consequently, for any
holonomy invariant function £ € C*°(T'M) we have LxE = 0, X € Dy
that is

Hs={FEe€C®(TM)|LxE =0, X € Dy}. (5.10)

The subset of k-homogeneous holonomy invariant functions will be denoted
by Hg . Using the Euler characterization of homogeneous functions we have

Hor ={E €Hs | LcE =kE}. (5.11)
5.3 Metric freedom of sprays

The Property [5.3] shows that, modulo the regularity condition, one may think
of £g2 as the set of possible energy functions of S. Therefore any relevant
information on £g o can be very interesting from the metrizability point of
view. Comparing the holonomy invariance and the Euler-Lagrange property
we have the following

Lemma 5.10. A 2-homogeneous function is an Euler-Lagrange function of a
spray S if and only if it is a holonomy invariant function. Using the notation

(53.11) and (5.6) we have
Eso=MHspo- (5.12)
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Proof. In [34] it was proven that a 2-homogeneous functions £ € C*°(TM)
is a solution of the Euler-Lagrange PDE (5.4) if and only if it satisfies the
equation

dyE =0, (5.13)

where hy: TT'M — Dy is an arbitrary projection on Dy. Moreover, for any
X € X(TM) we have dy E(X) = hX(E), that is, dy £ = 0 if and only if £
is an element of Hg 2. ]

We emphasis the fact that the Euler-Lagrange system (5.4)) is a second or-
der PDE system and (5.13)) is a first order PDE system. Proposition[5.10|shows
that for 2-homogeneous functions they are equivalent. Using this equivalence
one can understand more easily the structure of £ g2 and therefore the metriz-
ability property of sprays. We note that there is no such equivalence in general
between £s and Hs.

We can observe the following
Property 5.11. The &g, Eg 1, (k € N) are vector spaces over R.

Proof. The Euler-Lagrange equation (5.4), the homogeneity equation (1.3)
and the holonomy equation (5.13) are all linear PDE. Therefore linear combi-
nation of their solutions with constant coefficients are also solutions. O

In particular, Property states that linear combination of 2-
homogeneous Euler-Lagrange functions of .S is also a 2-homogeneous Euler-
Lagrange function of S. We can consider this combination as a “trivial” com-
bination of Euler-Lagrange functions. As the next proposition shows, a much
wider combination of homogeneous Euler-Lagrange functions can produce
new homogeneous Euler-Lagrange functions:

Proposition 5.12. A [-homogeneous functional combination of 2-
homogeneous Euler-Lagrange functions of a spray S is also a 2-homogeneous
Euler-Lagrange functions of S.

Proof. Let ¢ = (21, ..., 2,) be a 1-homogeneous real valued smooth func-
tion on R™\ {0} and E1, ..., E, € £g2 are 2-homogeneous Euler-Lagrange
functions of S. We consider E: TM — R defined as

E(z,y) := ¢(E1(z,Y), ..., Er(z,y)). (5.14)
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and we will show that E is a 2-homogeneous Euler-Lagrange functions of the
spray .S, thatis, F € £g9. Because of the 2-homogeneity of E; we have

E(z, \y) = ¢(Er(z, Ay), - .., Er(x, Ay))
= <p()\2E1 (z,9),..., )\ZET(CC, Y)) = /\QE(x,y),
that is F is a 2-homogeneous. Moreover, we can use the characterization
of £g 2 via holonomy: according to Proposition we have g0 = Hgo.

Hence E; € Hg2 and from (5.10) we get that Lx E; = 0 for any vector field
X € Dy. Therefore the same is true for E:

dy dy
LxEF=—LxFi+..+ —LxE =0
X 9 Xty + +8ZTX7‘ 5
which shows that £ € H g and therefore £ € £g 9. O
Proposition [5.12] shows that the functional combinations of functions of
type (5.14)), satisfying the regularity condition, are also Finsler energy func-

tions. Measuring the number of functionally independent energy functions can
be an important invariance quantity of sprays.

We have the following
Theorem 5.13. Let S be a metrizable spray on a manifold M. If its parallel
translation is regular, then the metric freedom of S is
mg = codim Dy.
To prove the above theorem we need the following three lemmas.

Lemma 5.14. Let S be a Finsler metrizable spray with a Finsler energy func-
tion E. Then FE is a Finsler energy function associated to S if and only if

0°E_
oytoyJ

1. the matrix g;; = % is positive definite on T M,

2.0:=E / E is 0-homogeneous holonomy invariant function on TM.

Proof. Suppose that E is a Finsler energy function associated with S. Then it
is regular and the condition (1) is satisfied. Moreover, since both E and F are
2-homogeneous Euler-Lagrange functions of S, then, using Proposition [5.10]
they are 2-homogeneous holonomy invariant functions. Thus, 6 := E /E is a
0-homogeneous holonomy invariant function, that is, 0 € Hg.

On the other hand, assume that F satisfies the conditions (1) and (2). Then,
it is a regular, 2-homogeneous, holonomy invariant function. By Proposition
E is an Euler-Lagrange function of the spray S. O
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Similar to (5.8), let us consider the smallest involutive distribution con-
taining Dy and C":
Duc = <DH= C>Lie'
Lemma 5.15. The distribution Dy is linearly generated by Dy and C, that
is, Dyc = Span{Dy, C}.

Proof. Firstly, let us consider the case when C' € Dy. By using the involutiv-
ity property of Dy, we get Dy = (Dy, C) = (Dy) = Dy which shows that
the statement in this case is true.

Secondly, suppose that C' & Dy. Take X,Y € Dy . Using the decom-
position corresponding to the directions Dy and C' we get

[(X,Y] = [Xp,,,Yp, ] + [Xc, Y] + [Xc, Yp, | + [Xp,,. Yo  (5.15)

We have [X¢,Ye] € Span{C} and because of the involutivity of Dy, we
have [Xp,,, Yp,,| € Dy. In order to prove that the third and the fourth terms
are in Span{Dy;, C'}, we consider the local basis B = {51, el 5n} of the
horizontal space H7 M. Then the holonomy distribution Dy, can be generated
locally by the elements of B and their successive Lie brackets. Since the spray
coefficients G*(z, y) introduced in are 2-homogeneous in the y-variables,
we have [C, ¢;] = 0. By the Jacobi identity, this is also true for the successive
brackets of the d;’s. Now, Yp,, € Dy can be written as a linear combination of
the elements Yp,, = g°Y,,, where Y,, can be obtained by successive brackets
of the ;’s, and therefore [C, Y, ] = 0. Hence, for the C'-directional component
X¢of X we have X¢ = X°C with X¢ € C°°(TM) and

(X, Yp,] = [X°C, g°Ya] = (Xcg®)Ya — (Y, XO)C + X°g°[C, Yy
= (Xcg")Ya = (Yp, X°)C

which is clearly an element of Span{Dy, C'}. The same argument is valid for
the fourth term in (5.15). O

Lemma 5.16. If the spray S is metrizable, then Span{Dy;,C} = Dy & C on
TM.

Proof. If S is metrizable, then there exists a 2-homogeneous, positive definite
regular Euler-Lagrarange function & € g2 of S. Because of Proposition
(.10, £ € Hgp. On the other hand, by the homogeneity property of £, we
have LoE = 2E > 0 at any point v € 7M. Since the derivatives of E with
respect to the elements of Dy, is zero we get that C, & Dy,,. Consequently
we have Span{Dy;,C} = Dy @ C. O
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Proof of Theorem We will show that in a neighbourhood of any v €
TM one has exactly Codim Dy = 2n — k locally functionally independent
elements in £ 2, where « is the dimension of Dy,.

As S is metrizable, then there exists an energy function £ € £ g9 associ-
ated with .S. We know that the parallel translation is regular. By Lemma[5.16]
we have Dy = Dy ®C and dim Dy = k+1. Both Dy and Dy are invo-
lutive, C*° distributions on 7M. By Frobenius integrability theorem one can
find a coordinate system (U, z) of 7M in a neighborhood of v € TM, such
that 2°(v) = 1, 2(U) =|1—¢, 1+¢[*>" and for all 251, ..., 22" with [1—2}| < e,
the sets

N={weU|z(w)=2, k+1 < i< 2n},

Ne={w € U| ' (w)=2), k+2 <i < 2n}
are integral manifolds of Dy and Dy respectively. Moreover, by the regu-
larity of the parallel translation, one can choose U such that N WU has at most

one connected subset of N. In this case the 2* coordinates (x + 1 < i < 2n)
parametrise the orbits of the parallel translation. Locally,

0 0 0 0 0
DH:Span{B,zl"“’&z“}’ DHC:Span{azl"“’az”"’é?z““}
(5.16)
where % and C' generate the same direction, that is, % = AC, with
A(v) # 0. Hence, from (L.5)) we get
)
W(v) = AcE(v) =2 E(v) # 0. (5.17)

Considering Hg o, the set of 0—homogeneous holonomy invariant functions,
we have

Lx0=0,Y XEDy

0cHso & { } & Lx0=0,VXeDyc.

Lof =0,

(5.18)

From and (5.18), it follows that § € Hgo on U if and only if it is a
function of the variables z*12, ..., 2", thatis

6 =0(z""2...,22"). (5.19)

By using a convenient bump function 1/¢ in each variable z* (k +2 < i < 2n),
we obtain smooth functions 6;(z%) := 1*(z%) - 2 € C°°(TM) (no summa-
tion convention is used here), with supp(#;) C U, such that 6;(v) = 1 and
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do;

24 (v) = 1. Itis locally clear that z* = z*(6;) and therefore

B2y .. 0om (5.20)

are elements of Hgo and are functionally independent on some neighbour-
hood U C U of w. Consequently, any element of H g can be expressed on
U as a function of these functions. The functions (5.20) can be used to “mod-
ify” the original Euler-Lagrange function F to obtain new elements of £g 2,

functionally independent on U.
Indeed, let us consider the functions E; := (1 + 6;)E fork + 2 <1i < 2n
and let E ;1 := E. By Lemma[5.14] the functions

EliJrl) EN+27 ooy Bop, (5.21)

are elements in Hgo. Moreover, by the construction, we have dF; = d((l +
HZ)E) = Y payi 4 (14-6;)dE (with no summation on 7). Hence, atv € TM

T dzt
we get

(dE;)y = (d2")y + (1 + 60;(v)) (dE)..
Taking (5.17) into account, we get at v € TM:

dEyi1 NdE.iaN--- A dEs,
=dE A (d2"% 4+ 0, 2dE) A -+ - A (d2*" + 09,dE)
=dENdZ"T2 A A d2P
=2 \E()dz"TL Adz"T2 A A d22 £ 0,

that is, the functions (5.21) are functionally independent in some neighbour-
hood U C U of v € TM.

On the other hand, let us suppose that E is an is an energy function associ-
ated with S. Using Lemma[5.14] we know that there exists a 0—homogeneous
holonomy invariant function § € Hg,, such that FE = OF. Then, 6 has the
form on U and it can thus be expressed as a function of the elements
(5.20). Consequently E can be expressed locally by the elements (5.21)).

O

Remark 5.17. Using the notation of the above proof, we point out that when
is an energy function of S, then, choosing a sufficiently small nonzero constant
¢ € R, the functions (1 + ¢;0;)E € Hgo will be also an energy function of
S. We can therefore deform the original energy function (or metric) to define
a new one, locally functionally independent from the original one.
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Remark 5.18. From the hypothesis of the Theorem [5.13] one cannot omit
the metrizability. As Example [5.23] (page shows, it may happen that
codim Dy > 0 but the spray is not metrizable and therefore the metric free-
dom is zero.

5.4 Examples: Isotropic sprays

Let S be a spray and fR its curvature tensor. The Jacobi endomorphism ® of
S is defined by
® =1igfR. (5.22)

The Ricci curvature, Ric, and the Ricci scalar, p are given by Ric = (n—1)p =
RE = Tr(P) [43].

Definition 5.19. A spray S is said to be isotropic if its Jacobi endomorphism
has the form
P=pJ—-a®C,

where p € C°°(TM) is the Ricci scalar and « is a semi-basic 1-form on 7M.

Lemma 5.20. For an isotropic sprays with non vanishing Ricci scalar one has
dim Dy > 2n — 1.
Proof. Let X € HT M be a horizontal vector. We have
Lxo IxQ
P(X)=0<= pJX—a(X)C=0<= FJX=——FC << X=—"-5.
p P

(5.23)
By (5.23), ker ® " HTM = Span{S} and, therefore, using the semi-basic
property of ¢, we getker ® = VTM & S and dimker ® = n + 1. Hence,
we have dim(Im®) = 2n — (n 4+ 1) = n — 1. On the other hand, by (5.22),
O(X)=(isR)(X)=R(S,X). Thus Im® C Im R and dim(ImR) > n — 1.
By Remark [5.7] the result follows. O

Proposition 5.21. Let S be an isotropic spray on an n-dimensional manifold
M with regular parallel translation. Then we have my € {0,1,n}. More
precisely, we have the following possibilities:

(@) mgs = 0ifand only if S is not metrizable; (in this case R # 0)

(b) mgs = 1ifand only if R # 0 and S is metrizable;
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(c) mg = n, that is maximal, if and only if R = (.

Proof. Let us first consider (c). We remark that if 8 = 0, then the holonomy is
trivial and S is Riemann and Finsler metrizable: an arbitrary Minowski norm
extended through parallel translation defines a Finsler norm for S. Moreover,
by Remark [5.7)and Theorem [5.13] we have

mg=n <= codimDy =n < dimDy =n <= R=0.

(a) We have mg = 0 if and only if S is not metrizable. In this case we have
necessarily R # 0.

(b) Let mg = 1. Then S is metrizable and by Theorem we have
codim Dy = 1 and therefore dimDy = 2n — 1. Using Remark we
obtain ;& # 0. Conversely, if S is metrizable and R # 0, then by Lemma
5.20} we have dim Dy > 2n — 1. On the other hand, Lemma shows that
C ¢ Dy and therefore dim Dy < 2n — 1. From the two inequalities, we have
dim Dy = 2n — 1 and hence codim Dy = my = 1. O

Explicit examples
Example 5.22 (mg = 0, codim Dy = 0).
Let M = {(z',2%) € R? : 22 > 0} and S the spray (5.I) given by the
coefficents
132
y'y? Y

=y 22 ) e Gy w2y + (22— UL 4) :

Since M is 2-dimensional, then S is isotropic. Moreover, introducing the

notation ¢ := \/ x? (yl)2 + (y?)?, the coefficients of the nonlinear connection
are given by

2(,,1\2 1 2,1,2
y? % (y") 1 Yy xtyy
Nl_— T i _Y
2\2
' oyty? 9 (y*)
NE = N =
1 2.%'2 (P’ 2 ®+ ©

The horizontal basis is {1, d2} where

_ b y2 x2(y12 B y 212 o
1= Gt <2362+*0+¢ oyt 2 Fe

- o yl y 2
52—amz—(ww)—( ) e
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We have

IE2 2
v = [01,85] = W <y15 _ y25>

0 0
= |[01,02],01| = — 2 HH ).
vg == [[61,62], 1] yyay1+(80 +(y))8y2
Being v; and v9 linearly independent we have Dy, = Span{dy, d2,v1,v2} =
TTM. Consequently, C' € Dy, and according to Lemma [5.16]the spray is not

metrizable; that is mg = 0.

Example 5.23 (mg = 0, codim Dy > 0).
Let M = {(x',2?) € R? : 22 > 0} and S the spray (5.I) given by the

1
coefficents G! = &)°
2z

. . 1 . . .
connection is N{ = % The horizontal basis {d1, d2} and their commutator
are

—
N

G? = 0. The non zero coefficient of the non linear

0 yt 0 0 o B yt 0
(51—$—?87y1, 62—7 v = [51,(52]——(1‘2)2@.

One has Dy = Span{di,d2,v}, dim Dy = 3 and codim Dy = 1. For any
holonomy invariant 2-homogeneous function & € Hgo, we have L5 E =
Ls,F = L,E = 0. From the last equation we get g—fl = 0 and threfore
E cannot be a regular Lagrange function. From Proposition [5.10] it follows
that S has no regular Euler-Lagrange function and, therefore, it can not be
metrizable.

Example 5.24 (mg = 1).

Let us consider on the unite disk D C R™ the spray (5.I) where G' =

_ plz,y)
1+ plzf?

spray of the Riemannian norm

_ VP + (2Pl — (2, 9)?)
g 1+ pf|? '

y' with u € R\ {0}. The spray is metrizable: it is the geodesic

L

Since L, is of constant flag curvature ;1 # 0, then the spray is isotropic.
Hence, by Proposition[5.21] we get my = 1.
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Example 5.25 (m; is maximal).

One can consider the trivial example where M = R"™ and the spray (5.1)) where
G' = 0. In this case the parallel translation is regular and the holonomy group
is trivial. Hence we have my = n.

We prefer to give also another, not so obvious coefficients example: Let B C
R™ be the standard unit ball and .S the spray with

) <CL7y> ]
G = - I i 5.24
1+ {(a, x)y ’ (5-24)
where a € R”™ is a constant vector with |a| < 1. Since R = 0, then

Dy, = HTM, the horizontal distribution. Hence, by Theorem[5.13] the metric
freedom is maximal.

We remark, that S.S. Chern and Z. Shen investigated in [18]] the family of
Riemannian metrics associated with the norms

L= W\A p o dewtey) (el 5o

1+ (a,x) ,T) 1+ (a,x)

The geodesic equation of (5.25) is (5.24), but one can find other generating
Finsler metrics too. Indeed, putting 2 = ((1 + (a,2))y’ — (a,y)z")/(1 +
(a,z))? and considering a 1-homogeneous function ¢: R” — R, we get

Ly(xz,y) = ¢(zl(fc, Y)yoo, 2" (x, y)) (5.26)

such that £y, = %Lé is a (not necessarily regular) element of £g2. There-
fore, if Ly satisfies the regularity condition (5.3)), then it is a projectively
flat Finsler metric of zero flag curvature with geodesic spray given by (5.24).
The family can be considered as a special case of by choosing

3(z) =((z,2) — (a,2)%) "%,



Appendix A

New Finsler Package

Antonelli et. al. have had a good contribution in Finsler geometry compu-
tations using MAPLE (cf. [8} 9, [37]]). Rutz and Portugal [39] have introduced
the remarkable FINSLER package [38]] (it is also included in a CD with the
“Handbook of Finsler geometry” [7]]).

During studying an example in which the coefficients of Berwald connec-
tion are functions of positional argument z* only. Hence, the space under con-
sideration is Berwaldian and is thus Landsbergian. It is well known that for a
Landsberg space the hv-curvature PZJL ;. of Cartan connection vanishes. But ac-
cording to the package, the program calculated non-vanishing components of
PZJL ;.- After a deep reading of the source code (Finsler.mpl), we discovered an
error in the definition of PZJL ;. (similar error is found in “Handbook of Finsler
geometry, II 7, page 1154). Another problem with this package is that of di-
mension. If one considers a Finsler space of dimension three, the package can
not compute the components of the h-curvature R?j ;. and hv-curvature PZ-’]‘- i of
Cartan connection.

In this Appendix we solve the above two mentioned problems. We illus-
trate our modification and extension of the FINSLER package by treating a
concrete example of a three dimensional Finsler space. We also propose a
technique for simplifying tensor expressions.

The results of this chapter are published [60].

73
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A.1 Notations and preliminaries

In this section, we give a brief introduction to Finsler connections. For
more details, we refer, for example, to [[7, (10} 12} 54].

Let (M, L) be a Finsler manifold. Let (x%) be the coordinates of any point
of M and (y’) a supporting element at this point. Partial differentiation with
respect to z* (resp. y*) will be denoted by 0; (resp. ;). We use the following
notations:

li = 0L = gyl = gijyfj: the normalized supporting element; [ := yf
lij := il

hij := Ll;; = g;; — l;1;: the angular metric tensor,

Cijr = %@;gzj = %@@&LQ: the Cartan tensor,

C}k := ¢"'Ci.jx: the (h)hv-torsion tensor,

’in‘k = %-(0jgkr + Orgjr — Orgji): the Christoffel symbol with respect to 0;,

G = %fy; w4 y*: the components of the canonical spray of (M, L),

N ; = 3j G": the Barthel (or nonlinear) connection associated with (M, L),

G;h = ahN JZ = 3h3jGi: the coefficients of Berwald connection,

8; = 0; — NJ'9,: the basis vector fields of the horizontal bundle,

1“; k= 39" (8;gkr + Okgjr — rgjk): the Christoffel symboll with respect to ;.
A Finsler connection [6] on M is FT' = (Fj;.(z,y),Nj(z,y), Cj(z,y))

such that, under a change of coordinates (z%) — (%), the geometric objects

F;k (z,y), Né (z,y) and C};, transform respectively as follows:

i _ 0T 0w out | 0%ar 07t
0 pxl o7t 039 P4 9Fi9TI OxP’

i 0T 9at  daP 0P <k 03" 92P 0al
IT 9ar 07 0 95T oxpdza”? T U T Bgl o o PO

Moreover, FT defines two types of covariant derivatives:

X;‘k = 0, X} + X[F), — X[F],.
X3k := 0 X + XjC}y — X/ CJy..
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Let FT = (F;,N’, C};) be a Finsler connection. The (h)h-, (hhv-, (v)h-,
(v)hv- and (v)v-torsion tensors of F'T' are given respectively by [27]:

Ti’k = sz -

" C;- = the connection parameters C; k>

i

kj»

and the h-, hv- and v-curvature tensors of F'T" are given respectively by [27]:
%tjk = Q[(j,k){(skF;zj F:nk} + G}, RY; ko

Plf'zjk - 3kF§zj - Clﬁku + C;'Lm 7127 S;ij - Ql(j,k){a.kclf'zj + Cmccfnj}a
where %((],k){A]k} = Ajk — Akj-

The Cartan connection is given by CT' = (F;k, NZ C’;k) where F;k, N;

and C} ;. are as defined above. The torsion tensors of CI‘ are:
jk = fg”’akgrj, R;kzékN;—(SjN]z, P]lk :8]€N;—F§k
The h-, hv- and v-curvature tensors of CT" are:

RZf.ij = A0 {5krﬁ'zj + I'%; i} + Chn R k>
Pfijk = 8161123' - Chk|j + Chm gk S;ij = Ql(j k {Chkcrinj}-

The Berwald connection is given by BI' = (G; ko VG ¢.0). The associated

geometric objects will be marked by a circle. The torswn tensor is given by:
'y = Ry = 0N} — §;NJ.
The h-, and hv-curvature tensors of BI are:
R;zjk = Ql(%k){fskG% + G}; kb ij = 3kGZﬁj-
The Chern (Rund) connection is given by R = (T e N ¢0). The associ-
ated geometric objects will be marked by a star. The torsion tensors are:
* ) . . Ly

The h- and hv-curvature tensors of RI" are:

*

> ‘ ‘ .
Rk = A {0k h; + Tt hik = Okl
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The Hashiguchi connection is given by HI' = (G* o N :
sociated geometric objects will be marked by an asterisk. The tors1on tensors

The h-, hv- and v-curvature tensors of HI are:
i i
Wit = U 10kG; + GGt + Chy R,
Phix = OkGh; — C;Lijv Shik = G 1CEC; -

Table 2: Fundamental linear connections [|54]]

Cartan Berwald Chern (Rund) Hashiguchi
h h ~h I h
(®F, NP €l | (ol NP el | (cl N 0) (@ NP0y | (Gl NP Ol
(h)h-tors. T; & 0 0 0 0
(hv-tors. Ci Cly, 0 0 Cly,
) ) o. ) * ) * )
(v)h-tors. R;k R; b R}k = R;,\ R;k = R;k R;k = R;k
*
. D ; i
(v)hv-tors. P;k P;k = C;Mhy i 0 P;k = P;k 0
(V)v-tors. S;-k 0 0 0 0
o *
h h h h h
h-curv. Rijk Rq‘ij Rq‘,jk RiLj k R;] k
o *
h h h h h
hv-curv. Pijk Pka Pijk Pzﬂjk P”k
h h Eh h
v-curv,Sij,C Suk 0 0 s”,wfs”k
h-cov. der. Kl K, K', =K, | K. =K
ilk Jlk Jlk ilk
i . ¢ it i il %
v-cov. der. Kj\k K|, =0, K KJ\R:K]’M Kj‘k:Kﬂk

’ ). The as-

A.2  Notes on the FINSLER package

When performing some applications using the FINSLER package, we have
encountered some problems. To show one of these problems, let us consider
the following example. Let M = R, U = {(z,y) € R* x R* : 2! # 0}. Let

L be defined on U by:

L(z,y) = \/a:ly“\/(yl)2

y2)? + (y*)2.
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Based on this package, the non-vanishing coefficients of Berwald connection
are as follows:

1
G52 = G%,:s =1

xl’

Gh = G%Q = G?s = ila

x
This shows that the coefficients of Berwald connection are functions of the po-
sitional argument z* only. Hence, the space under consideration is Berwaldian
and is thus Landsbergian. Consequently, the hv-curvature PZZL ;; of Cartan con-
nection should vanish identically. However, the FINSLER package calculated
non-vanishing components of PZ; i

Summing up, we have two problems with the Rutz and Portugal’s package.

The first is the wrong calculations of the curvature PZ’; w- The second is the

disability of computing R?j ;. and PZJZ i in dimensions different from 4.

A.3 Improvement of the package

In this section, we solve the two above mentioned problems. Moreover,
we extend the package in order to compute various geometric objects asso-
ciated not only with Cartan connection but also with the other fundamental
connections in Finsler geometry. And this is for any dimension. Other geo-
metric objects can be similarly added to the package. We illustrate these tasks
using a concrete example.

Rutz and Portugal have illustrated how to use the package [39]. However,
let us recall some instructions to make the use of this package easier. When
we write, for example, N[i,-j] we mean N, i.e., a positive (resp. negative)
index means that it is a contravariant (resp. covariant) index. If one wants to
lower or raise an index by the metric or the inverse metric, he just changes
its sign from positive to negative or vice versa. The command diff (N[i,-j],
X[k]) means 9}, N7, the command tddiff (N[i,-j], Y[k]) means 8'kN; and the
command Hdiff (N[i,-j], X[k]) means (5kN;f.

In addition to the definitions of geometric objects existing already in the
FINSLER package, we add other definitions by using the command defineten-
sor. We rewrite the correct expression of Pfjl ;. and tackle the issue of dimen-
sion.

It should be that, in the package, the notations X[i] and Y[i] are used only
for the position and direction arguments, respectively.
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Now, let us illustrate what have been said before using a concrete example.
Let M = R3, U = {(z%, 22,23, y',9%,9%) e R3x R3 : 23 £ 0, ¢ # 0} C
TM. Let L be defined on U by

" \/xggjél)g + (y?)2.

It should first be noted that, according to Table 2, we have only three indepen-
dent torsions, namely, C[; thj and Pf; So, we will compute these torsions for
Cartan connection and we will not do the calculation for the other connections.

Following the instructions of the FINSLER package, the following calcu-

lations can be performed.

> Dimension := 3:
> coordinates (x1l,x2,x3):
> Dcoordinates(yl,y2,y3):

Finsler structure F:

> L := sqgrt (x3xy1°3/y2+y372);
3
L = Lgyy; + 432

Metric tensor g;;:
> FO:= y1°3+x3/y2+y372;

3
FO = Lyy; + 432
> metricfunction (FO0) :

‘The components of the metric are:‘

3 z8yl 3 z8y12? _ z8yl3 o
Jxizl = ygy gziz2 = —3 yg2 9x222 = y23 9z3z3 = 1
Inverse metric tensor g*’:
> show(g[i,J]);
zlzl _ _4y2 zlz2 _ 2y2? 222 _ 4y23 z328 _ |
9 323yl z3y12 z3y13
Supporting element /;:
> show(1l[-1i]);
2 3
lﬂ - % / 23% 2y32 lxg - _% /:]cfyf3 2y32
Y2,/ By ;rgyw y22 z3y ;;y Y,

y3

la:f? -
z8y13+y2y32
y2
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Angular metric tensor h;;:
> definetensor(h[-i,-Jl=g[-1i,-3]1-1[-1i1*1[-31);
> show(h[-1, —-3J]);

L _ g3yl (23y13+4y2y3?) L _ 3 z3y12(z5y1°+2y2y3?)
zlzl 4 y2(w3y13+y2y32) rlx2 4 y2($3y13+y2y32)
h __3 23y12y3 h _ l$3y13(3x5’y13+4y2y32)
T1Z3 2 23y134+y2y3>2 T222 4 y23(x3y13+y2y32)
h 1 z3y13y3 h — z3y13
T2 7 2 y2(a3y13+y2y3?) T3S T a3yl5+y2y5?
Cartan tensor C;j:
> show(C[-1i,-3,-k]);
_3z3 o 3 z3yl
Cxl:clazl - 5‘779 Cm:clm? ) y22
3 x3y1? 3 x3y13
nglQO =3 yg3 Cmmm - 3 y?2J4
Spray coefficients G
> show (G[i]);
1 _ 1yly3 2 _ 1y2y3 8 _ 1 y1®
CS 2 z8 G 3 G* = 4 y2
Nonlinear connection (Barthel connection) NV JZ
> show(N[i,-3]);
zl _ 1y3 zl _ 1yl — 1y3
Nﬂ?l_?x N$3_2$3 N12_2x5’
w2 _ 1y2 o3 _ _3yl? _ 1y1®
N€B3 — 2z3 Nﬂﬁl 492 Nll?? 4 y2
Coefficients of Berwald connection G; it
> show(G[i,-3J,-k]);
_ 3yl 3 yl2 1
G:plml - T 2y2 G:):lz 1 Y22 Gml:pB 223
_ 1y13 1
Gm2x2 - _ﬁﬁ Gx2x3 223
Coefficients of Cartan connection F; X
> show (Gammastar[i,—-3,-k]);
_ 1 _y38 3 y2y3
Gammastar® ., = 27941 Gammastar™,, = 5 3y12
3 3yl 1 y3
Gammastary],; = —32 Gammastar®™ ., = —27992



80

Appendix A. New Finsler Package

Gammastar® ., = —%Ig‘zl Gammastar®; ., = %%
Gammastart],; = 55 Gammastar®h . = %;/;yy;
e tar®2 . — 3 _u3 G b3 o — _lyl®
ammastarys,s = 5 73,2 ammastarysey = —553
Gammastar®s . = -1
x2x3 223
Torsion tensors of Cartan connection
o (h)hv-torsion Cihj:
> show(C[i,-3,-k]);
— 1 1 yl
Cx]x] -yl Cxlx? y2 Cx?:r.? 22
__ 3y2 3 3
CI]:L‘] - y12 Cx]m? yl C:r?x,? T2
o (v)h-torsion R%:
> definetensor (RG[i,-J,-k]=Hdiff(N[i,-7],X[k])
> -HAiff (N[i,-k],X[]J]));
> show(RG[i,-7,-k]);
_ 1 _y1® _ 3 yi?
RGarle - 8 x5’y22 RGazle - 8 z3y2
. 1uy3 _ 3 yl?
RG s = —5%% RG3E5 = 8 292
_ _1y3 1 yi1®
RG:EQJ:S’ — T 4132 RG:EQL? T 8 zsy2?
e (V)hv-torsion PZ';
> definetensor (PT[i, -7, ] = GI[1i,-73,-k]
> - Gammastar([i,-Jj,-k]):
> show (PT[i,-3,-k]);
_ 1 y8 _ 3 y2y8
PT zlzl — 2 xz8yl P zlm] T 2713yi?
_ 1 3 3_y3
PTxImQ T 2x3y2 PTxIw? 2 z3yl
— _1yly3 _3_y3
PT 222 T 2 g3y22 PT z2z2 — T 2 z3y2

Curvature tensors of Cartan connection

e h-curvature tensor RZ Uk
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> definetensor (RC[1,
Hdiff (Gammastar[i,
> —Hdiff (Gammastar[i

X[3])+Gammastar[m, ~h, —j] *Gammastar[i, -m,
> —Gammastar([m, —h, -k]*Gammastar[i,-m, 7]
> +4+C[i,-h, m]*RG[m,—-3,-k], antisymm[3,4]):
> show (RC[i,-h,-7,-k]);
_ 3 y12 1 y13
RC rizlz2 = 8 z3y22 RC z2xlz2 — 14 z3y23
_ 3yl 3 _yl?
RCE zlzlz? — ~ 4 z3y2 RC$2$1$2 8 z8y22
_ 1 _ 3 yl
RC 3x1x8 — T 4132 RO zlrlzd — 4 z3y2
_ 3 yi? _ 1
RC z2x1z8 T T 8 g3y22 RC x3r2x8 T T 4132
3 y1? 1 yi13
RC zlz2x8 — T 8 z3y2? RC 122223 4 x3y23
e hv-curvature tensor PZZL ]
> deflnetensor( T[i,-J,-k,-h]=
> Hdiff(C[1i ],X[h])
> +Gammastar[ —u] xC[u, -k, -7J]
> —Gammastar[u, -h]xC[1i, —u, -J]
> —Gammastar([u,-h,-3]*C[i,-u, -k])
> definetensor (PC[i, —h, j,—k]=
> tddiff (Gammastar[i,-h,-3J1,Y[k])-FTI[1i,
> +C[j—1_h1_m] *PT[mI_jl_k]);
pcrl = — L PC*! L
31zl 2z3y1 z3x1z2 ~ 2z5y2
_ 1 1yl
PCY z3z2x1 — 223y2 PC x31212 T T 2 73422
_ 3 _y2 3
PC z8zizl — T 2 z8y12 PC z3x1z2 — 2x3yl
PO 0t = 50— PCT —5
z8z2x1 — 2x8yl 3272 — 223 y2
_ 3 _ 3yl
PC zlelzl — T dy2 PC rlzxlz2 — Zy?
PC®s _ 3yl PC®s EL
xlx2x1 — 4 y22 11232 — 4 y2
_ 3yt 3 y1?
PCE z2zxlzl — 4 y22% PCE z2x1x2 — _ZW

-h,
I_hl

hr_jr_k] =
-J31,X[k])
_k]l

-k]

~h,

_k, —
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_ _3yl? _ 3
P O x2x2x1 — P O z202z2 — 4

yl
T4 y23 y24

e v-curvature tensor Sihj ke
> definetensor(S[i,-h,-j,-k] =
> C[m,-h,-k]*C[i,-m,-3]-C[m,-h,-3]*C[i,-m, -k]):
> show(S[i,-h,-J,-k]);
Sk =0

Remark A.1. According to the above consideration, if we calculate the hv-
curvature P of Cartan connection, in the example mentioned in Section 3, we
find that the components P ik vanish identically as expected.

A.4 Tensor simplification

It is well known that the simplification of tensor expressions is not an easy
task [36]. However, we have noted that if we have a complicated formula of a
geometric object, such as PZZ‘ 1-» We can significantly simplify its expression as
follows. We let the package compute the tensor P = gthZ-’; ;. (instead of

PZJL ;) and ask it to show the tensor Pf; e

To illustrate this technique let us consider the following example.

Let M = R3, U = {(a', 2%, 2%y, y%,y3) € R3 x R3 : ¢* # 0}. Let L
be defined on U by

L= (2 (") + (u"))'.

For example, let us compute the component S35 of the v-curvature
tensor S% %), of Cartan connection.

> definetensor(sCl[i,-h,-3,-k] =
Clm,-h,-k]*C[i,-m, —]]
> —-C[m,-h,-j]*C[i,m,-k]):

SCﬁljk = ChkC -Cy

J mk
> show (SC[i,-h,-7,-k]);
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1 y3yl (—21y23+y3y12)aly2?(ysy12—3x1y23)

Sco =

zlzlz2 — T 18 (m1y23+y3y12)4
o y32y13z1y2?(ysy1243 x1y23)
27 (:Ely23+y5’y12)4

+L y1x1y22(—m1y23+y3y12) y3(—3 z1y23+5y3y12)
36 3 2)4
(z1y23+y3y1?)

1 y1x1y22(4y32y14+21y3y12x1y23+9xl2y26)y3
54 (x1y23+y3y12)4

The above expression is complicated. But, in fact, if we lower the
index ¢ in the above definition and use the command show(SC[i,-h,-j,-k]),
then we have the following simplification.

> definetensor(sC[-i,-h,-3j,-k] =
Clm,-h,-k]*C[-1,-m, -]]
> —-C[m,-h,-3]+xC[-1,-m,-k]):

SCinjk = CppCimj — CpiCimi
> show(SC[i,-h,-7,-k]);

sce

1 y3ylaly2?
12 (w1y23+y5’y1 2)2 ’

xlaxlx2

which is very simple compared with its expression before simplification.

Remark A.2. Be careful when you lower or raise an index, this index should
be lowerable or raisable. For example, in the definition of Pll;k, we en-

counter the term &CF% (cf. §1). The index 7 in this term can not be low-

ered since g,-m(&"kI‘Z;-) %+ ék(giml“hmj). So we can not use the command
tddiff(Gammastar[-i,-h,-j], Y[k]). Such a problem can be treated as illustrated

below:

> definetensor (FT[1i, -k, -hl=

> Hdiff(Cl[i,-73,-k], [ 1)

> +Gammastar[ ,—h,-ulxClu,-k,—-7]

> —Gammastar([u,-k,-h]=* [l,—u,—j]

> —Gammastar([u,-h,-3]*C[i,-u, -k]);

> definetensor(PC[l,—h,—j,—k] =
tddiff(Gammastar[' —h,—j],Y[k])

> -FT[i,-h,-k,—-3]+C[i,-h, -m]*PT[m,-3,-k]);

PC’}WC = tddiff,, (Gammastarﬁlj) - FTﬁij +Cf PT,
> show(PC[i,~-h,-]j,-k]);
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pCel 1 (3:r1 Y2 (—y12ys+3x1y2%)y12ys
lzlel = 72 (II y23+y12y3)2y1 (a:] y23+y12y3)2
10y12(y12y3+321y2°)y2%y3z1 | g 212y2°(—y12y3+321y23)
+ 3 2, 9)2 2 3 2,9)2
(z1y234y12y3) (z1y234y12y3)
5(y12y3+321y2%)y2%z12 | g y23y1*(—y12ys+3x1y23)ys?
(z]y23+y12y3)2 2 (x1y23+y12y3)2
5y23y14(y12y3+3x1 y23)y32
(wl y23+y12y3>2
This component can be simplified using the above mentioned tech-
nique.

— 152142 + y12y3y23)

definetensor (FT[i,-3j,-k,-h] =
Hdiff (C[i,-3J,-k], XT[h])
+Gammastar[i,-h, ul*Clu,-k,—-7J]
—Gammastar ([u, -k, -h]*xC[1,-u, —-]]
—Gammastar[u h,—'] Cli,-u,-k]);
definetensor(ST[ j,—k] =

ddiff(Gammastar[i,*h,*j], Y[k]));
definetensor (PC[-1,-h,-7,-k] =
[_mr _l] *ST [ml _hr _jr _k]
-FT[-i,-h,-k,-3]+C[-1,-h,-m]*PT[m,-J,-k]);
PCz’hjk = Omi STZ;]C - FTihkj + Cinm PT%
> show (PC[i,-h,-7,-k]);

23
Caf:lxlaf}l 16 yl(x1y23+y3y12) ’

vVaQ Vv Vv VvV YV YVYV

which is simpler compared with its expression before simplification.



Appendix B

Computational technique and
explicit examples

Based on the new Finsler package, we introduce a computational technique
to calculate the nullity and kernel vectors. Some examples are shown. Some
details and calculations of the mentioned examples throughout the thesis are
given.

Some results of this appendix are published [61]].

B.1 Nullity and kernel vectors

To calculate the nullity vectors using the NF-package, let Z € Sec(NR) be a
nullity vector. Then, Z can be written locally in the form Z = Z'§;, where
Z' are the components of the nullity vector Z with respect to the basis {d;}
of the horizontal space. The equation R(Z, X)Y =0,V X,Y € X"(TM), is
written locally in the form

Z'Rj,j, = 0.

To derive the resulting system from Z7 Rﬁljk = 0, we first compute the

components RZ;L ik using the NF-package. Then, we define a new tensor by
the command “definetensor’as follows:

> definetensor (RCZ[h,—-i,-k] =
RC[h,—i,_j,—k]*Z[j]),‘

> show (RCZ[h,-i,-k]1);

85
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Putting RC'Z]h, —i, —k] = 0, we obtain a homogeneous system of alge-
braic equations. Solving this system, we get the components Z°.

B.2 Explicit examples

The nullity distributions associated with Cartan connection are studied in
Chapter 2. The following example shows that the nullity space Ny of the
h-curvature R of Cartan connection and the kernel kerr, do not coincide.

Example B.1. Let U = {(z!, ..., 2%y}, .., y%) e REX R : 2 #£ 0,9 #
0} € TM, where M = {(z',...,2%) € R4|l‘ > 0}. Let L be defined on U
by

L(z,y) := /(@)2(y)* + () + () + (v
From now on, the calculations will be performed by Maple program and
the NF-packag.
R-Nullity vectors
> definetensor (RCW[h,-i,-k]=RC[h,-1,-3,-k]1*W[3]);
> show (RCW[h,-1i,-k]);
RCW:EQM =

(3z24y18+13222y14y2% 42222y 1% y4*+2y34 022y 14 +8y2% Y4t +4y28 4+ 8y34y2t) W2
18222 (222y14+y24+y314y4t)y2?

(3z24y18+13222y14y24+2222y 14y 4+ 2934022y 14+ 8y24y 1 +4y25+8y3 4y 2t ) Wo!
—18222(222y14+y2t+y3t+ys*)y2?

Putting RC W = (, then we have a system of algebraic equations. The
system has the followmg solution: Wt = W2 =0, W3 =5 W*=t,;s,tc
R. Then, any nullity vector W has the form

W = sd3 + td4. (B.1)
R-Kernel vectors

> definetensor (RCZ[h,-3j,-k]=RC[h,-1,-73,-k]1*Z2[1]);
> show (RCZ[h, -3, -k]);
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y13 (4y24+z22y14)Z“
222y 14 4y2t+ysttyst)y2’

(3z24y184+13222y14y2* 42222y 14 y4 42y 34 222y 14 +8y2% y4 * +4y 284+ 8y3y24) 222
18722 (222y114y24+y31+y41)y2?

(4y2t+a22y1%)ys® 2= 1 (4y2i4az22y1t)yssze
222y23 (222y1 4 +y2i+ystityst) | 18 222923 (222y1 4 +y2t+y3i4ys?)

1
18

g2 o L
RCZ s 18 26 (222 y 14+ y23 143+ y4 )

1y (4y2i4a22y1t) ze? 1 y13ys®(4y2t4a22y1t) 2z
9 (z22y14+y24+y34+y44)y23 18 y26($22y14+y24+y34+y44)

(224y1847222y1%y2% 42934222y 1442222y 1% y4 * +12y254 8y 24y 44 +8y34y2*)y12 Zo!
18y26(x22y14+y24+y34+y44)

(4y24+z‘22y14)y5’y12Z“ 1 (4y24+122y14)y5’y13Z‘”2

m22y14+y24+y5’4+y44)y23 T 18 (m22y14+y24+y34+y44)y24

RCZH  — 1 (4y2+z22y14)y12y) zo! 1 (4y2t+a2y1t)ysy13ze2
zlz2 — 18 (122y14+y24+y34+y44)y23 18 (I22y14+y24+y34+y44)y24

Putting RCZ Z = 0, we obtain a system of algebraic equations. The NF-
package yields the solution:

2(,,1\4 2\4 3)4 4\4 2(n3

ZV = s 72— g 73 — fand 74 = S@2WHHEY +§§zéyi);r2(y )M —ty*(y?)

3
Then, any kernel vector Z should have the form

20, 1\4 2\4 3\4 4\4 3)\3
)"+ @) +2(°)" + 2" 54)+t<53 v’) 54)

y2(yh)3 C(yh)?
(B.2)

1
Zzs(yz(sl-i-(sz‘f'x
Y

Comparing (B.I) and (B:2), N’z and kerr can not coincide.

*
Nullity distribution of R:
> definetensor (RchernW[h,-i,-k]=Rchernlh,-i,-3,-k]*xW[j]);
> show (RchernWl[h,-1i,-k]);

4 2 4 zl
11 (etta2yrt)w
RchernW 5,0 = —35 227527
2 4 2 6 2
z2 - 1 (4y1 y2 +z2°yl )W
RchernW 7, = —35 L

Putting Rchern Wﬁéw = 0 and RchernW?3_, = 0, then we have a system of

algebraic equations. The system has the following solution: W' = W2 = 0, W3 =
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S, W* =t, where s,t € R. Then, the nullity distribution is

NR* = {8(53 + 104 : 8,t € R} (B.3)

*

Kernel distribution of R:

> definetensor (RchernZ[h,-j,-k]=Rchernlh,-i,-3,-k]*Z[1i]);
> show (RchernZ[h,-3j,-k]);

Reherng® . — 1 (4y2*4a22y1*) 2" (4y2*+a2?y1*)z*
rzlz2 — 18

1
18 222y1y23 ~9 z22y2%

Putting RchernZ®} , = 0, we get Z' = 22%17“, 72 =r,723=57%=t;rs,t€
R. Then, the kernel distribution ker g+ is

1
kerp« = {7“ <2y251 + 52) + 803 + td4 : r,s,t € R} . (B.4)
Yy

Equations (B.3)) and (B.4) show that ker g+ can not be a sub-distribution of N'gz-.

In [33]] Youssef proved that the nullity distribution Az associated with the
h-curvature R of Berwald connection is completely integrable. He conjectured

that the nullity distribution A/po of the hv-curvature P of Berwald connection

is not completely integrable. In the next example, we show that his conjecture
is true.

Example B.2. LetU = { (2!, 22, 23;y1, 52, 9%) e R3xR3: y! £0} Cc TM,
where M = R3. Let L be defined on U by

L= e 2 <y23 " efxle”yfz’ y! 2)1/3

By Maple program and the NF-package, we can perform the following
calculations.

P-Nullity vectors
> definetensor (PBW[i,-h,-k] =
PB[i,—h,_j,—k]*W[j] );

> show (PBW[i,-h,-k]);

8 9 y23wl 9 y22Ww=2
PBW:EZ:E] - 3 y14e—w1w3 2 y1367w1w3

3 _ _9_y2we! 9 _ w*
PBWZL‘QxQ ) y1267w1w3 2 yl e—xlz3
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Putting PB W% = 0, we get a system of algebraic equations. We have two
cases:
The first case is y> = 0 and the solution in this case is W' = 5, W2 = ( and

W3 = t. Hence, anyP-nullity vector is written in the form W = s6; + td3.
Take two nullity vectors X, Y € Sec(./\/ po) such that X = ¢; and Y = 5.

Their Lie bracket [X, Y] -4 3y

The second case is y?> # 0 and the solution in this case is W! = s, W? =

+ 33 8y3’ which is vertical.

yl s and W3 = t. Then any P -nullity vector is written in the form W =
8(51 + y—ég) + td3. Let X and Y be the two nullity vectors in A/po given by
= + 52 and Y = J3. By computing their Lie bracket, we find that

[X Y] = _7W + 3 d =, which is vertical. Consequently, in both cases the

Lie bracket [X, Y] is not a section of Npo.

Let Ngo and Ny be the nullity distributions associated with the h-
curvature R of Berwald connection and the curvature fR of the Barthel con-
nection respectively. In [51]], Youssef proved that Ngo C Nix. The following
example shows that the converse is not true: that is Nge is a proper sub-
distribution of Ng.

Example B.3. Let M = R*and Let U = {(z!,--- ;2% y', - ,9*) e R x
y? # 0, y* # 0} € TM. Let L be defined on U by

L:= \/effgyf f/yg?’ + 3% 4+ 4

R-nullity vectors
> definetensor (RGZ[i,-Jj]=RG[1i,-7,-k]I*Z[k]);
> show (RGZ[i, —-31);

3 y572(y23+y33+y4 )Zzg 3 y42(y23+y33+y43)zz4

2 __ _ 9
RGZ35 = —16 y2?t 16 y2?

22 3 y32(y23+y33+y43)zz2 3 y42(y23+y33+y43)zm2
RGZ%% = 3. o RGZ™ = & o
RGZ™ = — w2 pogas (W2 gy2a

T4 — 16 g2 z8 16y22 16y2

3 3 z3 3 3 3 T4

23 _ 3 (¥2°+y3*+y4®)2 3 (¥23+y33+94°)2

RGZwQ 16 y22 RGZ{EQ 16 y22

RGZI4 _ _ 9 y32Z‘T‘4 RGZQ;4 . £y32zm3 _ i(:[/234,?!334,:[/4S)Z:w
@3 = 16 y2 zf — 16 y2 16 2
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Putting RGZ ? = 0, we get a system of algebraic equations. In the case
where 123 + y33 + y43 = 0, we get the solution Z' = t;, Z2 = ¢, and
73 = Z* =0, where t;, t5 € R. Then,

Z = t101 + t909. (B.5)
I:?-nullity vectors

> definetensor (RBW[i,-h,-k]=RB[i,-h,—-7J,-k]1*xW[]j]);
> show (RBW[i,-h,-k]);

. 9 Wa:2y42y32 9 Wz‘)’y4
RBWs = — 15— RBWE.y = § s
— 9O WPy 9ywH — 9 W2
RBWz4z3 T 16 y22 8 2 RBme T16 y22
3 (y2d—2ysd-2yy3 )W
RBszxz — 16 y23
of 3 (y23-2y8%—2943)W2 g yyesyg2
RBW:L‘QI4 16 y23 + 16 y22
1.4 9 W12y32 gyngﬁ’ 1.4 . 9 Wz4y42
RBWm3x4 16 y22 8 y2 RBWmcz T16 422
Putting RBW = (), we obtain a system of algebraic equations. This

system has the solutlon Wl =t teRand W? = W?3 = W* = 0. Then,
W = td;. (B.6)

Consequently, (B.3)) and (B-6) lead to Nz ¢ Npgo.

B.3 Calculations of the examples

ExampleB4 Let M = {(a!, 2%, 23, 2%) e R* : 2 # 0},
U={(-- 2% ,y)6R4xR4.x #0590} C TM. Let L
be defined on U by:

Liz,y) = \Joty (2 + (59 + ()15,

Nullity vectors of the curvature of Barthel connection:
> definetensor (RGW[i,-j]=RG[1i,-7,-k]I*W[k]);
> show (RGWI[i,-73]);
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P 3 3 3 T4
w2 9 y32w® 3 (5y4P+y234+ys® )W
RGW? — 2. ~3

16 y4z4® 4 2y4?
3 3 3 z2
w2 _ 9 y3PW™ w2 _ 3 (5y4>+y23+4ys5 )W
RGW35 = —15 e RGW3, = 14 SEIE
RO — 9 y22we? 3 (Su4’ty2iryst)we
@3 7 16 y4ay? 16 24%y42
RGW3, = 15 PYEIE RGW 35 = —15 I
ROW™ — 3 y22 (5y4>+y23+y5° )W
z2 — 16 ac42y44
ROW™ — 3 ¥32 (5945 +y23+ys® )W
z38 — 16 242yt
RGW™ = _3 v2? (5y4°+y2+y3% )W 5 y3°(5y4°+y2+ys® )W
@ — 16 z42y4t 16 YDV

Putting RG W? = 0, we get a system of algebraic equations. In this
system, we have Wl = t1;t; € Rand W? = W3 = 0. Then, we get
(y3 4+ y3 + 5y3) X* = 0. Now, we have two cases, either y5 + y3 + 5y = 0
or ys + y3 + 5y; # 0. Firstly, if y3 + 3 + 5y # 0, then W% = 0 and thus
um = 1. Secondly, if yg’ + yg + 5yi’ = 0, then W* = #4; t4 € R and thus
W = t101 + t404 and pg; = 2. We will be interested in the second case.

Nullity vectors of Cartan connection:
> definetensor (RCW[i,-h,-k]=RC[i,-h,-7,-k]I*W[]]);

> show (RCW[i,-h,-k]);

ROW=®L ~— 9 y2yly32Wes _ iy1y2(5y43+y23+y33)wz4
w202 16 g (v2P 43t tud®)as® 16 wp2ug? (925493 4 us®)

2y1y32 W™
rRCW?EL ~ — _ 9 yeyly
228 16 y4(y23+y33+y43)m42

y1y2(5y43+y23+ys® ) W2

1 3

24 2y42 (y23+y3>+y4?)
22y1ySW=3
RCW iy = — 15—
32 16 y4(y23+y33+y43)x42
RCW{EQ _ 9 y32Wwe? RCWJ:B _ 9 y22Wwe3
z1z3 7 32 44 %yiyy elz2 ™ 32 x4 2ylyy

ROW _ — 9 y2y5° (3y23+3y33+5y4 %) W
2w 6y g3 (y2 i tya s )
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3 y32y22 (5y23+5y3° —11y4 2 )W
YR (7 ERREEREE PR

Putting RC W% = 0, we get a system of algebraic equations. This system
has the solution Wl = #;#) € Rand W? = W3 = W* = 0. Thus,
W =t} and pug = 1. So, the dimension of Nz = 1 and the dimension of
N = 2, consequently, Nig ¢ Ng.

The following example shows that Np is not completely integrable.

Example B.5. Let U = {(z!, 2%, 2%y, 9%9y%) € R? x R3 : 2% #
0; y',y2 # 0y ¢ TM and M = {ml,mQ,mS) € R : 22 # 0}. Let L
be defined on U by:

Liz,y) = \Je (e (4128 + a2(42)%)2/5,

Nullity vector of the hv-curvature of Cartan connection:
> definetensor (PCW[h,-i,-k]=PCl[h,-1,-73,-kl*w[]]);
> show (PCW[h, -1, -kI1);

PCW _ 3 z2y23w*! 3 z2y22w*?
xlxl — 32 yl (z2y23+e*z”3y12y3) 32 3321/23-"-6711133/]23/3
_ 3 12y2%w®! 3 ylz2y2w™
PCWm]:E,Q - 32 $2y23+e*“15’y12y3 32 z2y23+e*“15’y12y3
POW . 1 y2(7671”33/12y3+12x2y23)w11
rlxl — 32 y12(x2y23+e—m113y12y3)

(e =123y 12y3+1222y23 )w®?

_i_i
32 y1 (12y23+6_7’1 z3 y12y5’)

22w12

3x2y23w®! 9 322
PCW,, = — 2 uSa2yziu” y3z2y2%w’
xlxl 32 y12(x2y23+€—mlmdy12y3) + 32 y1 (m2y23+e—mlmdy12y3)

Putting PC W% = 0, we get a system of algebraic equations. We have
two cases: Thus, the solution of this system is W! = t;, W? = Z—?tl and
W3 = t3;t1,t3 € R. Hence, W = t1(6; + £52) + t353 and up = 2.
Now, we take X, Y € Sec(Np) such that X = ¢, + 52 and Y = hs.
By simple calculatlons we obtain the bracket [X,Y] = [51 + & 52, d3] =

1yl 82 + 93 8 ==3, which is vertical. Consequently, the nullity dlstrlbutlon

N p 1s not completely integrable.
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The following example shows that N is not completely integrable.
Example B.6. U = {(z',---,2%¢y',---,y") € R* x R* . 22 #

0; yy3,y* #0} C TM and M = {(x!,--- ,2%) € R* : 22 # 0}. Let
F' be defined on U by

F = \[a2(y!2e vt + (42

Nullity vectors:
> show (SCW[i, -h, -kl);

_ 1w 1 y3Ww4 _ 1w 1yl W4
SCWmé’xl - + i SCWIS’&&? — 1

EEE L TRTE e
SCWles = ygfw; + - SCW ey = yZZV“M - -
SOWh = SR+t SOWihe = R34y

Putting SCW% = 0, we get a system of algebraic equations. In this
system, we have W? = ¢, W* = ¢/, W! = ylt’ w3 = z—it’; t,t' € R.
Hence, W = tdy + t’(z—iél + ¥ o (53 + 04) and MQ = 2. Now, we take

X,Y € Sec(Ng) such that X = dp and Y = 51 + Z 53 + 44. Then,
Q
1,2 3_ 4
the bracket [X, Y] = — 5t 0p 4 WL QU0 oy i B g i,

which is vertical. Consequently, the nullity distribution N is not completely
integrable.

The following example shows that A/p« is not completely integrable.

Example B.7. Let M := R3and U = {(z', 22, 2%;y',9%,¢%) € R3 x R3 :
by 3 # 0,93 # 4y%} C TM. Define L on U by

y3

Liz,y) := \/ et (y1) 2 (y?)%e o2

[S

*
P-nullity vectors:

> definetensor (PchernWlh,-1i,-k]=
> Pchernlh,-1i,-3,-kl*w[]]);

> show (PchernW[h,-1i,-k]);
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1221y2 (8y52y2—y3°—24y22y3+24y2° )w™
y3(—y3+4y2)*
62122 (32y25+8y32y2—28y22y3—y3% )w*?
+ y32(7y5’+4y2)4

2
PchernW 5,0 = —

61y2?(—28y2%y3+32y2° +8y52y2—y3° )w"

P =
chernW s, = y3%(—y3+4y2)*

_ 48x1y2°%(2y2—y3)w®s

y33(—y3+4y2)*
6x1y3(y32—4y2y3+8y22 ) w™ 2 3
PChB?”TLW%%Q ( - ) _ 12zx1y2 yf)’w4
(—y3+4y2) (—y3+4y2)
_ 1221y2%y3w®®  6xly2?(—8y2y3+8y2>+ys?)w™

PchernW23 , = T — 1

(—y3+4y2) y3(—y3+4y2)

Putting Pchern W% = 0, we get a system of algebraic equations. This

system has a solution if 43 = 2y? and ' > 0: W' =5, W2 =t, W3 = 2¢;
*
s,t € R. Hence, a P-nullity vector must have the form W = s +t(d2+203).
Consequently, the nullity index pp« = 2. Now, take X, Y € Sec(Np+)
such that X = (51, = J2 + 2603. Taking into account that y3 = 22, then
1,2 1,2
51 = 1+ 2y dy1,52 £2 +w2y 062 and63 = %—i—ﬂi Hence, the
2

bracket [1, 02+2d3] = —78714— 5 ay2 +4% a -2 is vertical and, consequently,
Np- is not completely integrable.

The following example gives a class of Finsler functions which are Lands-
bergian and not Berwaldian.

Example B.8. Let M = R? and U = {(2', 22, 23,91, 9%, 13) € R3 x R3 :
y? > 0,93 > 0} C TM. Define L on U by

1 2 arctan (L—&-i)
L(z,y) == f(z )\/(yl) +y2y3 + y'vy2y ef VauZis Vi)
The Landsberg tensor L;;;; and the Berwald tensor G?j 1. are given by

_LOL N o’Gh

2 a b l] v ayzay]ayk
We show that the Landsberg tensor vanishes identically while there are some
non vanishing components of the Berwald tensor.

y1

—arcanz V3
L = f(a:])\/y12+y2y3+y1«/y2y3e3 tan(§ A5+ %)

%
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> simplify (G1l)

G1 =
> simplify (G2)

1 (W12 -y295) g5 (o
2 f(z1)

G2 = i (%1 (21))y2%y3 (92y25y3oy1® + 408y23y33y1T +
230y22y32y19 + 48y2y3yl + 8y26y3%yr + 306 y2ty3ty1® +
29113 4 (y2%y3% 4 3392%9y3%y1%  + 190 y2%y3ty1* 4+
1219293 y110 4+ 34292%y32%y1® 4+ 393y23y33y1%  +
13y1'%)/y2y3)/(f (x1) (50 y2°y3°y1®  +  126y2%y3%y1”  +
50 y22y32y1° +6 y2 y3 y1't +6 y25y30y1 4+ 126 y24y3ty1°® + (y28y35 +
21 y2°y3°y12% + y1'2 + 90 y24y3ty1* + 21 y2 y3 y1'° + 90 y22y32y1® +
141 y23y3%y1°)/y2 y3)V/y2 y3)

> simplify (G3)

G3 = L (GLf(a1))ys%y2 (408 y23y33y1™ + 230 y22ys2y1® +
8 y20y3Sy1 +2 413+ (33 y12y2593°+393 y16y23y33 +342 y18y32y2% +
121 y1'%38 y2 + 190y1%y3*y2* + 13y1'2 + 426y35)/y2y3 +
92 y25y35y13+306 y2iy3ty1°+48 y2 y3 y1 ') /(f (1) (50 y22y3%y1°+
6y2y3yl't + 126y23y33y1T + 6y2593%y1 + (90y1ty3ty2t +
141 y15923433/y2 y3+21 y1'993 y2 +90 y18y32y2% +21 y12y2°y3° +
Y12 4 y2593%)/y2 y3 + 126 y21y3*y1® + 50 y2°5y3°y13)\/y2 y3)
> yl = yl[1l]; vy2 := yl[2]; y3 := yl[3]
yl = 1
Y2 == 12
Y3 = y3
printlevel := 3;
for i to 3 do
for j to i do
for k to j do
Lli,J,k]l:=simplify ((diff(L,vy1))
* (diff(Gl,y[i],y[3],y[k]))
+(diff (L,y2))* (Aiff (G2, y[i],y[3],y[k]))
+(diff (L, y3)) * (Aiff(G3,y[1i],y[J1,v[k])));
end do; end do; end do;
Lijg =0
Berwald[2,2,2]:=diff (G2,vI[2],yI[2]
> yl[1] := 0; vyl[2] :=1; yI[3] :=1;
y1 =0

VVVVYVVYVYVYV

V
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Yo =
Y3 =
> simplify(Berwald[2, 2, 21)

_3 72 f(=1)
16 f(z1)

The following example shows that Ng and kerr do not coincide.

Example B.9. Let M = R3 and U = {(z,y) € R* x R?: ; # 0} C TM.
Define the pseudo-Finsler function L (of Berwald-Moor type) on U by:

L(z,y) = (/e =% (yly2y3).
Nullity vector
> definetensor (RCW[h,-i,-k]=RC[h,—-1i,-73,-k]*W[j]);
> show (RCW[h, -1, -kI1);

ROW® = 2W*? ROW® , = —2W*!

. ylwx,? o ylWT’]
RCWmf)’xl - T y3 RCW:ES:&Q - y3

Putting RCW/! = 0, we have the system of equations W' = 0, I/V2 =0

having the solutlon W3=t(teR), W =W?2=0.As.(5;) = W’

0
Kernel vector

> definetensor (RCK[h,-j,-k]=RC[h,-1,-7,-k]I*xZ2[1]);
> show (RCK[h,-7J,-k]);

o 1 yl ZacS‘ 22 y2Z13
RCKZ,, = —27% — V2= RCK®,, =227 + 2=
_y8z® | y3z°2 _ y3z° _ y3z™

Putting RCK]; = 0, we get a system has the solution Z! = ¢/, 7% = vy
and 73 = —i/ift’, (t' € R). Thus,
0 y° 0 2% 0
/ /
kerp(z) = {t (8x1 +E8———1$) I eRY.  (BS)
Comparing (B.7) and (B.8), Nr(x) and ker g(x) can not coincide. O
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Chapter 6

Summary

6.1 English summary

Chern and Kuiper [[17] in 1952 defined a distribution on a Riemannian mani-
fold M which assigns to each point x € M the subspace

Ni(z) ={X € T,LM : R(X,Y) =0,VY € T, M},

where R is the curvature of the Riemannian connection on M. It is called the
nullity space at z. The distribution defined by the subspace Ny(x) at each
point x of M is called the nullity distribution N’z of the Riemannian manifold
M. The dimension pp(z) of Ng(z) is called the index of nullity at z. Chern
and Kuiper showed that, if pg(x) is constant in a neighborhood, then Ny
constitutes a completely integrable distribution there, and that the leaves of
the resulting foliation are flat. Later, Maltz and others developed this point in
different papers, for example, [[19} 21} 23132} 33 141} 149, 50].

In 1972, Akbar Zadeh [3} 4] extended this work to Finsler geometry adopt-
ing the pullback approach (PB-) approach to Finsler geometry. He studied the
nullity distribution of the (classical) curvature of Cartan connection. Recently,
Bidabad and Refie-Rad [11] studied a more general case called k-nullity dis-
tribution in Finsler geometry.

On the other hand, in 1982, Youssef [51} 53] studied the nullity distribu-
tions of the curvature tensors of Barthel connection and Berwald connection,
adopting the Klein-Grifone approach(KG-) approach to Finsler geometry.

In the PB-approach, the existence and uniqueness theorems for the four
fundamental linear connections (Berwald, Cartan, Chern and Hashiguchi con-
nections) on a Finsler manifold have been satisfactorily established [56}157]. In
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the KG-approach, Grifone [25] has investigated Cartan and Berwald connec-
tions. Szilasi and Vincze [47] have studied Chern and Hasiguchi connections
using the technique of lifting vector fields to the tangent bundle.

Adopting the Klein-Grifone formalism of Finsler geometry, we investi-
gated the nullity distributions of the h-curvature R, hv-curvature P and v-
curvature () tensors of Cartan connection. We showed that the nullity dis-
tribution A/ is included in Ny of the curvature of Barthel connection and
we showed, by an example, that this inclusion is proper. We proved that Np
is completely integrable. Through examples, we show that the distributions
Np and N are not completely integrable. Nevertheless, we investigated the
necessary and sufficient conditions for these distributions to be completely in-
tegrable. A coordinate-free existence and uniqueness theorem for Chern con-
nection is formulated and proved. The torsion and curvature tensors of Chern
connection are derived. Some properties and the Bianchi identities for this

connection are derived. The nullity distributions of the two curvature tensors
* *

R andP of Chern connection are investigated. The completely integrable prop-
erty of Nz« and the completeness of the nullity foliation associated with N g«
are proved. Two counterexamples are given. The first shows that AV« does

*
not coincide with the kernel distribution of R. The second shows that A/p«
is not completely integrable. An example of non regular Landesbergian non
Berwaldian metric is given.

Adopting the pullback formalism of Finsler geometry, we show by a coun-
terexample that the kernel distribution kerg of the h-curvature R of Cartan
connection and the associated nullity distribution A’z do not coincide, con-
trary to Akbar-Zadeh’s result [2]]. We give sufficient conditions for keri and
N7 to coincide.

The question of how many essentially different metrics metricize a spray
is discussed. The notion of metric freedom of a spray is introduced and in-
vestigated. We show that in the regular case, the holonomy distribution can
be used to calculate the metric freedom of a spray. The metric freedom of
isotropic sprays is characterized. Different examples are given.

Some modifications of the Maple package, FINSLER, (for calculations in
Finsler geometry) included in the book “Handbook of Finsler geometry [7]”
are performed. A technique for simplifying tensor expressions is proposed.
A computational technique for calculating nullity vectors and kernel vectors,
using the new Finsler package, is introduced. Three interesting examples are
given.
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6.2 Hungarian summary

Chern és Kuiper [17] 1952-ben definidlta egy M Riemann-sokasdg nullitas-
disztribicidjat az aldbbi médon. Jelolje minden x € M esetén

Ni(z) ={X € T,M : R(X,Y)=0,VY € T, M}

az z-beli nullitds teret, ahol R a Riemann-konnexié gorbiileti tenzora. Ezen
alterek 9sszességét hivjuk nullitds-disztribicionak. Az N'r(z) dimenzidjat az
x-beli nullitds indexnek nevezziik, és pgr(x)-szel jeloljik. Chern és Kuiper
megmutatta, hogy ha 11z () konstans egy x( pont egy kornyezetén, akkor Nz
integrdlhaté disztribicié ezen a kornyezeten, és az integralsokasdgai laposak.
Késébb Maltz és masok tovabbi vizsgalatokat végeztek a témakdrben [[19) 21)
2311321331141, 149, 150].

1972-ben Akbar-Zadeh [3, 4] kiterjesztette ezeket a vizsgdlatokat a
Finsler-geometridra, a pull-back megkozelitést alkalmazva. A Cartan-
konnexié (klasszikus) gorbiiletének nullitas-disztribicidjat vizsgalta. A
kozelmultban Bidabad és Refie-Rad [[11] vizsgélta az 4ltalanosabb k-nullitds-
disztribuciét a Finsler esetben.

Ezek mellett 1982-ben, Youssef [S1, I53]] tanulminyozta a Barthel- és
Berwald-konnexiok gorbiileti tenzorainak nullitds-disztribicigjat, a Klein—
Grifone megkozelitést alkalmazva.

A PB-megkozelitésben Finsler-sokasdgok négy alapvetd konnexidjdnak
(Berwald-, Cartan-, Chern- ¢és Hashiguchi-konnexidk) létezése és
egyértelmiisége mar ki van dolgozva [56, 57]. A KG-megkozelitésben
Grifone [23]] vizsgélta a Cartan- és Berwald-konnexidkat. Szilasi és Vincze
[47] tanulmédnyozta a Chern- és Hasiguchi-konnexidokat a vektormezdk
érint§sokasagra vald liftelésének technik4javal.

A disszertdcid 2. fejezetében a Finsler-geometria Klein—Grifone for-
malizmusat alkalmazva vizsgéltuk a Cartan-konnexié h-gorbiiletének, hv-
gorbiiletének és v-gorbiiletének (jelolésik rendre R, P és () nullitas-
disztribiciéjat. Megmutattuk, hogy az N nullitds-disztribiciéjat tartalmazza
a Barthel-konnexié Ny nullitds-disztribicidja, €s egy példaval megmutattuk,
hogy a tartalmazds valodi. Megmutattuk, hogy Ny integralhat6. Példakkal
demonstraltuk, hogy az Np és N disztribicidk nem integrdlhaték. Min-
dazondltal vizsgaltuk ezen disztribicidk integralhatésdganak sziikséges és
elégséges feltételeit.

A 3. fejezetben koordindtamentes bizonyitdst adtunk a Chern-konnexié
1étezésére és egyértelmiiségére, és levezettiik a torzid és gorbiileti tenzorait,
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a konnexié tovédbbi tulajdonsdgait és Bianchi-azonossdgokat. Vizsgaltuk a
* *

Chern-konnexi6 2 és P gorbiileti tenzorainak a nullitds-disztribiciéit. Meg-
mutattuk, hogy Mg« integrdlhaté. Két ellenpélddval rdmutattunk, hogy Ny«
*

nem esik egybe az R kernel-disztribicidjdval, és hogy Np» nem integralhat6.
Példat adtunk olyan nem reguldris Landsberg-sokasdgra, ami nem Berwald-
sokasdg.

A 4. fejezetben a pull-back formalizmusban ellenpélddval megmutattuk,
hogy a Chern-konnexié R h-gorbiiletének
keryr magja és a hozzd tartozé Ny nullitds-disztribiicié nem esnek egybe,
cafolva ezzel Akbar-Zadeh eredményét [2l]. Elégséges feltételt adtunk kerg
és N’ egybeesésére.

Az 5. fejezetben azt vizsgaltuk, hogy hany kiilonbdz6 metrikdbdl
szdrmazhat egy adott spray. Bevezettiik és vizsgaltuk egy spray metrikus sza-
badsagdnak fogalmat. Megmutattuk, hogy a regularis esetben a holonémia
disztribicié segitségével meghatdrozhaté a spray metrikus szabadsiga.
Megadtuk az izotropikus sprayk lehetséges metrikus szabadsigait. Tobb
konkrét példéval is szolgaltunk.

Az appendixben tovabbfejlesztettiik a “Handbook of Finsler geometry”
[7] cim0 konyvben taldlhat6, FINSLER nevii Maple csomagot, tobbek kozt
egy tenzor-kifejezések egyszeriisitésére szolgald technikdval Az 4j csomagot
NFP-nek (new Finsler package) neveztiik el.

Az NFP csomagban mddszert adtunk a nullitds és kernel vektorok
kiszamitasara. Végiil példdkon at megmutattuk a kovetkezdket: a Kerp és
Ny disztribiciok nem egyenldek, a Npo disztribicié nem integralhato, és a
N disztribiciét nem tartalmazza Npo.

Megjegyezziik, hogy a disszerticiéban taldlhaté eredmények tobbsége
publikaldsra vagy benyujtasra keriilt ([351 159} 160, 611 163) 62, 64]).
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