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Chapter 1

Introduction

1.1 Affine and projective maps

The two kinds of differential geometric structures in the title of the thesis are
both generalizations of Finsler structures. The basic idea of Finsler geometry
may be found already in Riemann’s famous Habilitationsvortrag, where he sug-
gested the study of geometric spaces where ‘the metric depends also on the
direction’. It was Paul Finsler who started the systematic study of these spaces
in 1918 in his dissertation [16], most probably independently of Riemann’s talk
and motivated by completely different ideas. In our approach, a Finsler mani-
fold will be a special case of a manifold endowed with a generalized metric; the
details will be described in section 5.1.

The main domains of differential geometry can be characterized by certain
objects specified on a differentiable manifold. A diffeomorphism between two
differentiable manifolds completely ‘carries’ the differentiable structure from the
first one to the second. Therefore, given any differential geometric object or
structure on the first manifold, we may construct a corresponding object of the
same type on the second one with the help of the diffeomorphism. Hence, given
a manifold endowed with a structure, it is a meaningful question to ask whether
a diffeomorphism of our manifold onto itself preserves the structure or not. If
it does, it is said to be a (global) symmetry. A certain branch of differential
geometry may be regarded as the theory of the invariants of these symmetries.
In the case of a diffeomorphism between two open subsets of the manifold we
speak of a local symmetry. The flow of a vector field on a manifold consists



2 CHAPTER 1. INTRODUCTION

of the integral curves of the vector field as a first order ordinary differential
equation. (We shall present a precise definition of flows in section 2.3.) With a
fixed value of the parameter, a flow yields a diffeomorphism between two open
submanifolds. If it is a local symmetry, the vector field is a geometric vector
field or an infinitesimal symmetry.

In the case of a Finsler manifold there is a natural second-order differential
equation on the tangent manifold whose coefficients are positively homogeneous
functions of degree 2. It is a natural geometric problem to study differential
equations of this type which does not emerge from a Finsler structure, and
which are nowadays called sprays. A spray is uniquely determined by its para-
metrized integral curves, therefore the geometry of sprays is sometimes called
the geometry of paths.

Spray geometry had its first golden age in the 1930’s. Several outstanding
mathematicians worked in this field, e.g., L. Berwald, E. Cartan, J. Douglas,
T. Y. Thomas and J. H. C. Whitehead, among many others. In the 1960’s, in
relative isolation, A. Rapcsak also obtained important results in spray geometry
([43], see also [55]). Its renaissance began in the 1970’s, partly by the geometric
foundation of Lagrangian mechanics [8, 9] and partly by the discovery of the
fundamental role of sprays in Finsler geometry [14, 18, 19]. Finsler geometry and
its generalizations gave a new impulse to these studies in the late 1990’s, mainly
due to the activity of Zhongmin Shen [50] and the development of Grifone’s
theory [54, 55], but also through other lines of research [39, 45].

In this renaissance of spray theory, however, an important field has been
rather neglected: the modern foundation of the theory of transformations of
spray manifolds, mainly the infinitesimal ones, although Youssef’s paper [64] and
the above mentioned papers [54, 55] represent a definite progress towards the
projective theory of spray manifolds. Although several authors have dealt with
projective transformations of Finsler manifolds [4, 34, 35, 58], there is hardly
any literature available about infinitesimal affine and projective transformations
of spray manifolds, save Yano’s classical book [63], which is, however, rather
laborious to read for the present-day reader. Chapter 3 of this thesis is intended
to take the first few steps to cover this important field. We note that two
important works on projective connections [11, 12] became available roughly
simultaneously with the writing of this thesis.

Apart from the general theoretical motivations outlined above, we find these
problems interesting also from the point of view of physical interpretation. Since
a spray is a vector field on the tangent manifold, its integral curves run in
the tangent manifold. Their projections onto the base manifold are called the
geodesics of the spray. A diffeomorphism between two spray manifolds is said to
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be an affine map if it takes (parametrized) geodesic curves to geodesic curves.
More generally, if it takes geodesics to pregeodesics, then it is called a projective
map. Here, by a pregeodesic we mean a curve which can be reparametrized
to be a geodesic by a strictly increasing parameter transformation. An affine
(projective) vector field on a spray manifold is a vector field whose flow consists
of local affine (projective) transformations. Affine vector fields are geometric
vector fields of spray manifolds in the sense described above. Projective vector
fields become geometric vector fields in the same sense if we introduce the notion
of projective equivalence of sprays. Roughly speaking, two sprays over the
same base manifold are projectively equivalent if their geodesics are the same
up to a strictly increasing parameter transformations. (The same idea will
be formulated in 3.3.1 in a more precise manner.) Then a projective vector
field becomes an infinitesimal symmetry of the structure determined by the
equivalence class of all sprays projectively equivalent to the given one.

In the geometric interpretation of time-independent classical mechanical sys-
tems the base manifold is the configuration space, which is the space of all
possible positions of the objects in the mechanical system. The parameter of
the paths has a very important physical meaning, namely, the time. In general
relativity, the base manifold is the space-time, which is a 4-dimensional Lorentz
manifold. Here, time is included in the structure of the base manifold, hence the
parameter of the paths of point particles has no real physical relevance. There-
fore, the group of transformations leaving the physical interpretation of paths
invariant in classical mechanics is the group of affine transformations, whereas
in general relativity it is the group of projective transformations.

1.2 Generalized metrics

Working on a Finsler manifold, the Hessian of the Finsler energy is a symmetric,
non-degenerate (0,2) tensor in the pull-back bundle 7*7 of the tangent bundle
7 by itself. This tensor is usually known as the Finsler (or Riemann—Finsler)
metric of the Finsler manifold. By a generalized metric we shall mean a straight-
forward generalization of this notion: a symmetric non-degenerate (0,2) tensor
in 7*7 which does not necessarily arise from a Finsler structure. For technical
reasons, we shall not assume that this metric tensor is defined on the whole
tangent manifold, but only on some open subset of it.

The study of metrics of this type dates back to the 1950’s. The Debrecen
school contributed to this theory with a pioneering work [40], which inspired
further studies [61]. Later, the Romanian differential geometric school achieved
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important results on generalized metrics [5, 38, 39]. A new classification for them
has been published recently [36]. Some of their characteristic properties in which
they differ from Finsler structures were already pointed out in [40], e.g., the fact
that their autoparallel and extremal curves do not necessarily coincide, even with
a natural choice of a covariant derivative. These metrics may be interesting not
only from a geometrical, but also from a physical viewpoint, since, as noticed by
J. I. Horvath and A. Moor [22], they furnish a natural geometric description of
the so-called bilocal field theories introduced by Yukawa in the 1940’s. Yukawa’s
main goal was to explain mass quantization and to eliminate certain types of
divergences in quantum field theory. For a review on multi-local field theories,
which were developed as generalizations of bilocal field theories, we refer to
[44]. In this thesis, however, we restrict ourselves to the geometric aspects of
generalized metrics; we wish to consider physical implications later.

In 1987, Makoto Matsumoto wrote the following: ‘Through the author’s
several experiences the author became convinced that there should exist the
best Finsler connection for every theory of Finsler spaces.” In Chapter 5 of this
thesis we tried to extend Matsumoto’s principle to the quite strange world of
generalized metrics, and to study the following heuristically formulated problem:
find the ‘best’ or, at least, a ‘good’ metric derivative for the different special
classes of generalized metrics.

We say, informally, that a metric derivative is ‘good’ if there is an Ehresmann
connection attached to it determined by the metric alone. In the case of a
Moor — Vanstone metric, we have a natural Ehresmann connection: the Barthel
connection Hg determined by the (Finslerian) absolute energy. On the other

o
hand, given an Ehresmann connection on 7'M, there is a unique metric covariant
derivative in 7*7 whose vertical torsion vanishes and whose horizontal torsion
coincides with the torsion of the given Ehresmann connection. However, the
metric derivative arising from Hpg is not ‘good’ in the sense above. Thus, to
obtain a ‘good’ metric derivative, we have to look for a more suitable Ehresmann
connection than Hg.

The geometric vector fields or infinitesimal symmetries of a manifold endo-
wed with a generalized metric are the so-called Killing vector fields. In general
relativity, they express the infinitesimal symmetries of space-time. Therefore, it
is an important problem to determine the Killing vector fields of different clas-
ses of generalized metrics. In a Euclidean space, translations are distinguished
from other types of isometries by the property that their orbits are straight lines.
This property is used to generalize the notion of translations to more general
classes of metrics: translations are Killing vector fields whose integral curves
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are at the same time geodesics (in some sense, to be described more precisely
in section 6.3). In this work we also study the translations of a certain type of
generalized metrics.

I note that I did not aim at completeness in this thesis. Namely, I do not
treat infinitesimal conformal transformations at all. The reason for this is that
I have no new results in this field, in contrast to the other topics treated. As
for conformal transformations of Finsler manifolds, I refer to [3, 20, 21, 56].

1.3 The outline of the thesis

Chapter 2 may be regarded as a preparatory part, since it does not contain
any essentially new result; it only makes the thesis more or less self-contained.
In Chapter 3 we derive several necessary and sufficient conditions for a vector
field to be affine or projective. To the latter we shall use a recently formulated
characterization of projectively equivalent sprays in terms of Yano’s covariant
derivative [53]. Many of these results are already known for manifolds with an
affine (i.e., quadratic) spray (cf. [10, 42]). The novelty lies mainly in the fact
that we prove these results in a coordinate-free manner and for arbitrary sprays.

Finsler - Minkowski vector spaces are closely related to Finsler manifolds,
therefore we devoted Chapter 4 to them. The observation 4.3 is the main original
result in this chapter.

Chapters 5 and 6 contain the most of original parts. In section 5.1 we col-
lected some basic facts about generalized metrics. In 5.2 we give a complete
description of metric derivatives attached to an Ehresmann connection under
certain conditions. These results were motivated by [23], we proceed here, ho-
wever, much further. In 5.3 we find a covariant derivative having some of the
good properties of Cartan’s under more general circumstances. Finally, in 5.4
we show how these achievements give back the proof of the uniqueness of Car-
tan’s covariant derivative on a Finsler manifold, with no Ehresmann connection
given in advance. To our knowledge, this is the first coordinate-free proof for
this result.

Chapter 6 is devoted to our results on Killing vector fields. In section 6.1 we
have collected those which are relevant to all generalized metrics. We discuss
the Killing vector fields of special types of metrics in section 6.2. In section 6.3
we study the translations of weakly normal and Miron regular metrics, and we
also discuss some open problems. Section 6.4 contains applications to Randers
manifolds, while in section 6.5 we give a visualizable geometric characterization
of the Killing fields of a Funk metric.
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In the last two chapters we summarized our main results in English and in
Hungarian. Section 7.1 comprises once more our notations. In section 7.2 we
enumerated our results in the projective geometry of sprays. In the last two
sections we collected our results concerning manifolds endowed with generalized
metrics. Chapter 8 is roughly the translation of Chapter 7. The Appendix
contains local coordinate expressions of some important objects.



Chapter 2

Preliminary constructions

2.1 The pull-back bundle

In this thesis the term ‘manifold’ will always mean a finite-dimensional, second
countable, Hausdorff-type manifold of class C'>°. We shall work on a connected
n-dimensional manifold M (n € N*). The ring of smooth functions on the
manifold M will be denoted by C*°(M), and the C°°(M)-module of smooth
vector fields on M by X(M). The tangent manifold of M will be denoted by
TM, and 7 : TM — M will be the tangent bundle of M.

If TM C TM is an open set such that 7 (f}\?) = M, then the restriction

of 7 to TM will be denoted by 7 := 7 | TM. Then we can construct a vector
bundle over T'M, called the the pull-back bundle 7w* 1 of T over 7 as follows. The
total space of w*7 will be

T*TM :=TM % TM := {(v,w) = w, € TM x TM’ m(v) = T(w)} .
The projection 77 : #*TM — TM is defined by (m*7)(w,) = v, and the real
vector space structure of (7*TM), by

a(wr)y + B(wz)y := (awy + Pwa)y (o, B € R, wi,wy € Tr(yyM).
Thus, the vector space (7*1°M ), may be canonically identified with T,y M, and

a section X : TM — 7*TM (also called a wvector field along 7) with a smooth

map X : TM — TM such that 7o X =7m. We shaull~ omit the distinction between
X and X, and we use the two interpretations of X freely and interchangeably.

7
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These sections form a C*° (ﬁ\? > -module, which is denoted by X(7), while
7T (m) denotes the tensor algebra of this module. The elements of 7 (7) will be
also mentioned as tensors along .

If M and N are two manifolds, and f : M — N is a smooth map, then, as
usual, f, : TM — TN will denote its tangent map. However, to avoid confusion,
if f is a diffeomorphism, then the resulting isomorphisms between the modules
of vector fields will be denoted by fy. Namely, if X is a vector field on M, 1 on
TM and Y a vector field along 7, then

fﬁX::f*oXof_l, fﬁ775:f**°77°f*_17 fﬁ?::f*of/of*_l.

If X € X(M), and o € T4(M) is a symmetric or skew-symmetric tensor, then
the substitution operator ix acts by

(iXo(>(X1,...,XS,1) = Oé(X,Xl,...7XS,1) (Xz S X(M), 1 g ) é s — 1)

Now we construct a short exact sequence of vector bundles on TM. If pe M,
we use the shorthand 1/’;]\/4 = T,M N TM. If v € f;]\/l, and w € T,M, then
w, = (v,w) € 7*TM, and the map i : #*TM — TTM is defined by the
requirement that i(w,) is the initial velocity of the parametrized straight line
t € R vttw e TM. Ifv € TM, and z € T,TM, then j(z) := (m.2), € 7T M.
Then we have the short exact sequence

(2.1) 0— 7*TM 5 TTM % 7T M — 0.

The property that this is an exact sequence means that i and j are fibrewise
linear maps between the fibres of 7*T'M and the tangent bundle of T'M, i is
injective, j is surjective, and Imi = Ker j. The latter is the set of vertical vectors
over T'M, denoted by VI'M C T1TM, and it is the total space of the vertical
subbundle of the tangent bundle of TM. The tangent vector fields of TM whose
values are vertical vectors are called wvertical vector fields on T M. They form

a submodule of X (:FM ), denoted by X" (m) We did not endow i and j

with subscripts indicating that they are defined only on ﬁ\?, since they can be
defined on the whole T'M, and then in (2.1) we have their natural restrictions
to TM. -

The maps i and j give rise to C* (TM ) -homomorphisms between X(7) and

X (f}\?) denoted by the same symbols. Thus we obtain the exact sequence

0—>%(w)i>x(ﬁ4)$x(w)—>o
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of C (ﬂ? ) -homomorphisms.
If X is a vector field on M, we define

X) = (v, X(7(v))) (vaM), X? = iX.

Obviously, X is a vector field along 7, while XV is a vertical vector field. The
vector field X is said to be a basic vector field along w, and X" is called the
vertical lift of X. Further important canonical objects, the canonical section of
77, the Liouville vector field on T M and the vertical endomorphism, are given
by

8(v) := (v,v) (v € f]\?), C:=i) and J:=ioj,

respectively. We associate to J the vertical differential dj on TM. By definition,

dyf=df oJ (fe o (m)) .
Then dy; f is a (semibasic) one-form on TM. The operator d¥ along 7 is defined
by
(@ f) (X) = (IX) f (f e > (T’JTJ) X e f{(w)) .

Then d;f =d”f oj, and d” as well is usually known as the vertical differential.
We note that X, X", §, C and J may all be defined on the whole T'M if needed.
In that case, X is homogeneous of degree 0, i.e., [C, XV] = —X".

If « € TQ(M) is a symmetric or skew-symmetric k-form on M, then the
tensor fields & and @ defined by

Gy (v, 0) == ap(vr, .o vk), GV, ., Uk—1) = ap(V, 01, .., Vk—1)
(vem,vieTpM,l§i§k;peM)
are symmetric or skew-symmetric k- and (k — 1)-forms along 7, respectively. In
particular, if f € C*°(M), then f¥ := f = for € C(T'M) is the vertical lift
of f, and f¢:=df € C®°(TM) is the complete lift of f.

If Ais a (1,1) tensor over T M, then its Nijenhuis torsion may be given by
the formula

Na(n,€) = [An, AC] + A%[n,¢] - A[An, ] — Alp, A (n,¢ € x (T)).

We shall use the well-known fact that the Nijenhuis torsion N; of the vertical
endomorphism vanishes [18, 52].
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—_— [e]
The most important special case will be TM = T M, the open subset of non-

zero tangent vectors to the manifold M. In this case, we shall write Ti=1 [ TM
rather than 7.

2.1.1 Definition. A map D : T (M) — T (M) is said to be a tensor derivation
on M if it satisfies the following conditions:

(1) D is R-linear.
(2) D is type-preserving, i.e. D(TT(M)) C T5(M) for each (r,s) € N x N.

(3) D obeys the Leibniz rule: D(A® B) = DA® B+ A® DB for any tensor
fields A and B on M.

(4) D commutes with all contractions.

Let D be a tensor derivation on M. Then it satisfies the product rule: if
AeTr(M), then

(DAY, ... 9", X1,...,Xs) =D[AW, ..., 9", X1,..., X,)]

=A@, DY, 0 Xy, X
i=1

= AW',... 9", X1,...,DX;,.. ., Xo)
j=1

(W ex (M), 1<i<r, X; € X(M),1<j<s).

2.1.2 Lemma (Willmore’s theorem). Any tensor derivation of the tensor
algebra T (M) is completely determined by its action over the smooth functions
and vector fields on M. Conversely, given a vector field X € X(M) and an
R-linear map Dg : X(M) — X(M) satisfying the condition

Do(fY)= (XY + fDyY forall f € C*(M), Y € X(M),
there exists a (necessarily unique) tensor derivation D on M such that
DIC®M)=X and D|X(M)=D,.

Now we wish to formulate Willmore’s theorem for tensor derivations in the
pull-back bundle.
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2.1.3 Definition. A map D : T(w) — T (7) is said to be a tensor derivation
along 7 if it satisfies the following conditions:

(1) D is R-linear.

(2) D is type-preserving, i.e. D(T%(m)) C T5(w) for each (r,s) € N x N.

(3) D obeys the Leibniz rule: D (fl ® B) —DA®B+A®DB for any tensor
fields A and B along .

(4) D commutes with all contractions.

If D is a tensor derivation along 7, then the product rule has the following
form: if A € T7(n), then

(PA) (9. 07, K X ) =D [A (00, K, K

=S A( DI R R
i=1

(éiex*(w), 1<i<r, X; €X(n), 1§j§s>.

2.1.4 Lemma (Willmore’s theorem in the pull-back bundle). Any tensor
derivation of the tensor algebra T (mw) is completely determined by its action

over the smooth functions on TM and sections of m*1. Conversely, given a
vector field n € X <TM) and an R-linear map Dy : X(mw) — X(7) satisfying the

condition
Do(fY) = f)Y + fDoY  for all f € O (:FM) Y e x(m),
there exists a (necessarily unique) tensor derivation D along w such that
D O™ (TZ\V4> =n and D[ X(r)=Dy.

Most of our presentation will be coordinate-free, in a few cases, however, we
shall use local coordinates as well. Consider a chart (Ll , (uz)?zl) on M. If

zt = (u')Y and y = (u')° (te{1,...,n}),



12 CHAPTER 2. PRELIMINARY CONSTRUCTIONS

or, equivalently,

zhi=ulor and y' = dut,
then (77 1(U), (z")",, (y")I_,) is a chart on TM, called the induced chart by
(U , (ui)?zl) on TM. The coordinate vector fields of the induced chart satisfy

the relations
J(ON_ 0 _ (2}
ort) oyt \ou) '

For coordinate expressions of our most important objects see the Appendix.

2.2 Ehresmann connections and covariant
derivatives

Following the terminology used e.g. in [31], by an Ehresmann connection we
shall mean a split short exact sequence:

0= "TM = TTM = 7*TM = 0.
% H

The requirement that this is a splitting means that Voi=joH = 177, and
ImH = Ker V. Then H is also said to be a horizontal map for 7, while V is called
the vertical map belonging to H. The horizontal map H determines V uniquely.
The type (1, 1) tensor field h := Hoj on TM is said to be the horizontal pm]ectm"

belongmg to H, and H, TM = Imh, is called the horizontal subspace of T, ™
if v € TM. The module of horizontal vector fields on TM is X" (TM) The
Ehresmann connection is completely determined either by H or h. The map

v = l.73,; — h is the vertical projector belonging to h. The almost complex

structure associated to h is F := HoV — J. As in the case of i and j, we
denote by the same symbols the arising C'*° (TM )—homomorphism between

the modules of vector fields as the corresponding bundle maps. Thus we have
the exact sequence

0= x(w)%x(m) %x(w) =

If X € X(M) is a vector field on M, then X" := HX e x! (:FM) is its
horizontal lift.
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The (weak) torsion of an Ehresmann connection is the (1,2) tensor T along
7 determined by the formula

iT (XY) = [X", YY) = [VhXU] - [X,Y]Y(X,Y € X(M))
The tension t is determined by
itX = [X" C].

An Ehresmann connection is said to be homogeneous if its domain satisfies

TM C ﬁ/l, and its tension vanishes. In this case, X" is homogeneous of degree
1, ie, [C,X"] =0.

A covariant derivative operator in w*7 (or along 7) is amap D : X (f]\?) X
X(m) — X(m) that satisfies the following conditions:

(1) Dis C= (m) -linear in its first variable,
2) D, (X+17) = D,X + D,V (n €x (m) X,V e f{(w)),

(3) D, (fX) — fD,X +nf-X (nex(m) X € X(n),f € O (fz\?))

Similarly, a v-covariant derivative operator is a map DV : X(7) x X(7) — X(n)
satisfying

(1) DV is C* <m)-linear in its first variable,
(2) DY (Y + Z) - DuY 4+ D% Z (X,Y, 7€ x(w)),

(3) D (ff/) — fDLY + (1)() oy <XY € X(r), f € O (f]\?))

It is easy to see that the operator D, satisfies the conditions of Willmore’s
theorem (2.1.4), thus it can be uniquely extended to any tensor along 7, to be
a tensor derivation. A similar remark holds for D ¢, although it does not fit in
the scheme of Willmore’s theorem properly, since X is not a tangent vector of
TM. The vertical covariant derivative of a one-form ¥ along 7 acts by

(03) () = (35) (35) -9 (057).
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and the product rule has the following form if & € 77 (n):
(D%a) (307 Y, V) = (iX) e (0 T T

72&(51,...,D§21§i R ?)

i

- &(&1,...,ér,?l,...,D§ﬁ,..., s)

(&iex*(w), 1<i<r V) €X(n), 1§j§3>.
The deflection p of a covariant derivative is defined to be the covariant
differential of the canonical section . More precisely,

p:n€eX (:Fz\?) — u(n) = Dy0.
The wvertical deflection is
p’X = p <1X> (X € X(ﬂ')) )

The covariant derivative D is said to be regular if 4 has rank n at every point
of TM. In the presence of an Ehresmann connection, the horizontal deflection
may be given by

WX =p (’Hf() (X € %(77)) .

We say that H is attached to D if X" (m) = Ker p. This is possible only if

D is regular.

Let X and Y be two vector fields along 7. Choose a vector field  on TM
such that jn = Y. We define the canonical v-covariant derivative of Y with
respect to X by

Y, v —
VY =Viin:=] {1X n}
It can easily be seen that the definition is independent of the choice of 7.
If D is a covariant derivative operator in 7*7, an Ehresmann connection is

given on TM M, and X is a vector field along 7, then the horizontal covariant
differential of X with respect to D is the tensor D"X given by

Ve x(n) (th() (f/) = D, X.
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The horizontal curvature R and the mized curvature P of D are given by

N\}}

R (X7 Y) Dy DyyZ — Dyy Dy Z — Dzt 1) 2
Dy x Dy

Z

N\

P (X’ Y) vZ = Diy Dy Z — Dy iy

for X,Y,Z € X(m). We define the horizontal torsion T and the vertical torsion
Q by

T (XY) =D,V — Dy X — [HX,H?} :
Q(X,¥) = DV = Dy X i |iX,i¥ ]

Note that only the horizontal torsion depends on the Ehresmann connection.
Similarly, the torsion of a v-covariant derivative DV will be

Q(X¥) = D5V - DpX — i [iX,i7].

Berwald’s covariant derivative induced by an Ehresmann connection is the
covariant derivative operator V : X (TM) x X(m) — X(x) in 7*7 given by

VX =j [vn,HX] +V [hn, iX}

for any n € X (m), X € X(m). We note that the vertical part of Berwald’s

covariant derivative coincides with the canonical v-covariant derivative, and
therefore it is independent of the Ehresmann connection. The horizontal and

the mixed curvature of V will be denoted by 101 and 1%, respectively. If XY, Z €
X(M), an easy calculation shows that

iP (XY) 7 =[[x" v"],2"].

2.3 Flows, complete lifts and Lie derivatives

Let X € X(M) be a vector field. Suppose that W C R x M is a set such that
W N (R x {p}) is an open interval containing 0 for any p € M, and ¢ : W — M
is a map such that ¢, : t — ¢(t,p) is the maximal integral curve of X starting
from p for each p € M, ie., é, = X o¢p,, ¢,(0) = p, and any other curve with



16 CHAPTER 2. PRELIMINARY CONSTRUCTIONS

these two properties is a restriction of ¢,. Then, as usual, we say that ¢ is the
flow of X. The map p € M — ¢(t,p) will also be denoted by ¢; for a fixed
t € R. Then ¢y is a diffeomorphism between two open subsets of M. It can also
occur that the domain of ¢; is empty if |¢| is large enough. The vector field X
is said to be complete if W = R x M, i.e., if its integral curves are defined on
the whole real line R.

There is a unique vector field X¢ on TM whose flow is (¢,v) — (p¢)s(v)
it (t,7(v)) € W. We call this vector field the complete lift of X, and it is
homogeneous of degree 1, i.e., [C, X¢] = 0. If an Ehresmann connection is given,
it is easy to show that the horizontal and vertical lifts of X can be expressed as
X" =hX¢and XV = JX¢. If we have a chart on M and the induced chart on
TM as described in section 2.1, then

9 [0\
drt  \out)

If X and Y are vector fields on M, the Lie derivative of Y with respect to
X is

LxY :=[X,Y].

The Lie derivative of an arbitrary tensor field on M with respect to X is defined
according to Willmore’s theorem. -
Suppose that an Ehresmann connection is given on TM C TM. Let n €

X (ﬁ\?) and X € %(n). Now we introduce three types of Lie derivatives of X
with respect to n:

L’Z}? =] [77,7-{5(} — horizontal Lie derivative,
ﬁ;X =] {hn,HX] +V {vn, 15(} — total Lie derivative,
EZX =V [n, iX} — vertical Lie derivative.

The horizontal Lie derivative was introduced by Akbar-Zadeh in the case of
Finsler manifolds [2], and these three types were published together in [27] and
[52] for the first time. They were motivated by the fact that Cartan’s ‘magic
formula’ can be generalized to them in a natural manner. All the three operators
EZ, .C% and L) can be extended to the whole tensor algebra along 7 according

to Willmore’s theorem. If X € X(M), £%. coincides with LY., since

ich .y =J[XY"] = [X,Y]" = [X° V"] =iL%.Y.
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We shall denote the coinciding operators £%. and £L%. by Lx. Moreover, from
the calculation above it can be also seen that

LxV =it [XC,iﬂ

for any Y € ¥(r), and therefore it is independent of the Ehresmann connection.
IfY € X(M), we have

LxY =[X,Y].
In the rest of the thesis we shall use only the operator Lx. This coincides
with the Lie derivative formulated in local coordinates in many classical works
and first defined by E. T. Davies [13]. It was Gy. So6s who first applied Lie

derivatives efficiently in the study of isometries and affine transformations of
Finsler manifolds [48].

Let D : X (Tz\?) x X(m) — X(m) be a covariant derivative operator. The
Lie derivative of D with respect to X € X(M) is given by

(£xD) (1Y) i= £xDy¥ = Die ¥ = DyLx¥

(n €x (fz\?) Ve %(w)).
The Lie derivative Lx D is C'* (m) -linear in both of its variables, not just
in the first one, as D itself, since, e.g., if f € C* (m), we have

(£xD) (m, f7) = £xDy (F7) = Dixesy (17) = Dytox (f7)
— Ly (nf Rt fDnY> —[X°nlf Y = fDixe )V — D, (ch Rt f.cxff)
=X°nf-Y4+nf LxY +X°f-D,Y + fLxD,)Y — X°nf-Y +3nX°f-Y
— fDixe Y —=nX°f-Y = Xf-D,Y —nf - LxY — fD,LxY
—  (£xDyY = Dpe gV = Dy£x¥ ) = f(£xD) (n,¥ ).
Thus L£x D may be evaluated on individual vectors as well, not only on vector
fields.
In this thesis we shall repeatedly use the known fact that the Lie derivative
of the vertical endomorphism with respect to a complete lift or a vertical lift

vanishes [18, 52], i.e.,
Lxed =Lxvd =0.
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2.3.1 Lemma. Let X be a vector field on M, and ¢ its flow.
(1) IfY € X(M),
1
LxY = lim g((@—t)ﬁy —Y).

(2) If Y € X(n), .
£xV = lim g (0¥~ 7).

(3) If D is a covariant derivative in w*T, then
. 1 - .
(£xD) (n.2) = lim = [(p-)sDion),n(90)sZ — Dy Z]

for any vector fields n € X (fM) , Z € X(nm).

Assertion (1) is very well-known, and its proof can be found in most of the
books treating smooth manifolds; see e.g. [41, 59]. Assertion (2) is an immediate
consequence of (1). The proof of (3) is a quite straightforward generalization
and rather lengthy, therefore we omit it. We note that the statements of the
lemma may be reformulated in the following ‘pointwise’ forms:

(£xY)(p) = Tim +[(p-).Y (o1(p)) — Y (7)] for p € M:
(cx?) (v) = t“l%% [(<p,t)*?((¢t)*v) - )7(1))} for v € TM;

- 1 - -
(£xD) (wo 2(0) = lim 5 [(9-0)e Dy, (0052 = D, Z]
forve TM, we TrwyM and Z € X(m).

2.3.2 Lemma. If the Berwald derivatives induced by two homogeneous Ehres-
mann connections coincide, then the two Ehresmann connections are identical.

Proof. Let H and H be the horizontal maps of the given Ehresmann connections,
and then we distinguish the data of H from those of H by a bar. For any vector
fields X, Y on M we have

0 == i (VXCY _ vXci/) - i (thY + VVXCY - vXZY/ - v{,XcY/>

— I:Xh7yv] _ |:XB7Y7):| — |:Xh —X;L,Yv:| .
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Since X" — X" is vertical, and a vertical vector field whose Lie bracket with any
vertical vector field vanishes is itself a vertical lift [57], X — X" is a vertical
lift, and hence it is homogeneous of degree 0. On the other hand, since both
Ehresmann connections are homogeneous, X" — X" is homogeneous of degree
1 as well. Therefore X" — X" = 0. O



Chapter 3

Affine and projective vector
fields on spray manifolds

3.1 Sprays and their associated objects

3.1.1 Definition. A vector field & : TM — TTM on TM of class C', smooth

on TM 1is said to be a spray over M if J¢ = C and & is positively homogeneous
of degree 2, i.e., [C,&] = &. The spray & is quadratic if it is smooth on the whole
TM. A smooth curve c: I CR — M is called a geodesic of £ if ¢ =Eo¢.

A constant curve is trivially a geodesic of a spray. On the other hand, from
the uniqueness theorem of the solutions of ordinary differential equations, it
follows that, provided there is a parameter ¢t € I such that ¢(t) # 0, then ¢ is
nowhere zero along the geodesic c.

From now on in Chapter 3, we shall assume that a spray £ is specified over
the manifold M.

According to Crampin and Grifone’s theorem [7, 8, 18, 19], a horizontal
projector h can be associated to a spray by

1
h = 5(1;{(1“]\/1) — EgJ)

In Chapter 3, h will always mean the horizontal projector associated to the
given spray &, and the other notations introduced in 2.2 will mean the data
of the Ehresmann connection determined by h. This Ehresmann connection is

20
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homogeneous, and its torsion vanishes. Berwald’s covariant derivative induced
by h will be V. The horizontal projector h is of class C° on TM and C*

on T'M, therefore some of its associated objects are defined only on T'M (the
Berwald derivative V among others). If X is a vector field on M, its horizontal
liftt may be given by

Xt = S(X+ X", 8))

3.1.2 Lemma. If the Berwald derivatives induced by two sprays coincide, then
the two sprays coincide.

Proof. Let ¢ and € be the two sprays. From 2.3.2 it follows that the Ehresmann
connections given by ¢ and ¢ coincide, and therefore Le_gJ =0, and, since § —£
is vertical, this implies that & — £ is a vertical lift [57], thus it is homogeneous of
degree 0. On the other hand, since ¢ and £ are homogeneous of degree 2, & — &
is also homogeneous of degree 2. This is possible only if £ — & = 0. O

It can be shown that the mixed curvature P of V is totally symmetric if h

comes from a spray [52]. Therefore, all its three possible contractions coincide,

and thus tr P will denote any of them.

3.1.3 Definition. Yano’s covariant derivative D induced by & in T s defined
by the formula

D,,)N( = an(—l— %Htrlg (jn,f() -0
forne.’{(%M), X 6%(?)

This covariant derivative was first introduced by K. Yano [63], in terms of
local coordinates; that is why we call it Yano’s derivative (see also [54]).

3.2 Affine vector fields

3.2.1 Definition. A diffeomorphism f :U — V between two open subsets of M
is said to be a local affine transformation if it leaves € invariant, i.e.,

HETTU) =& 1TV,

Let X be a vector field on M and ¢ the flow of X. If vy is a local affine
transformation between two open submanifolds of M for each t € R such that
the domain of p: is not empty, then X is called an affine vector field for &.



22 CHAPTER 3. AFFINE AND PROJECTIVE VECTOR FIELDS

It is easy to see that a local affine transformation takes a geodesic of ¢ to
another geodesic.

3.2.2 Theorem. Let X be a vector field on M. The following statements are
equivalent:

(5) (V'vhx) (V. 2) = R (x.7) Z+P (VX V) Z for any V', Z € X(7)
(generalized Killing equation).

Proof. The scheme of our proof will be the following:
(1) = 3) <= (5

T

2) = @)

(1) = (3) Suppose that X is affine, and ¢ : W C R x M — M is the flow
of X. Let Y,Z € X(M) be arbitrary vector fields. It is enough to show that

(LxV) (Yh72) = 0. We begin by showing that (¢;); X" = ((p¢)s X)":

2(p0)s X" = (00)e(X° 4 [X7,€]) = (00 X+ [(0): X7, (90)5¢]
= (P X)° + [((20): X)", €] = 2((00): X)".

Using this, we obtain
. ; L, 5 A
(LxV) (Y9, 2) = lim 7 [i(e-0); Vg (0052 = iV 2

1 . ]
= lim — {(@—t)ulv((%)ﬁy)h (pt)sZ —iVyn Z}

= tim + {(e-el((@)¥)", ((0)s2)"] — V", 2]}

— Jim © (Y, zv1—[Y" zv]) =o0.

t—0 t
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(3) = (1) Now we suppose that the vector field X has the property LxV =
0. Let nn € %(TM) and Z € %(70') be arbitrary vector fields. Choose an

arbitrary tangent vector v € T'M, and define a function ¢ on a suitable open
interval I containing 0 by

telwLt):= [((p_t)ﬁV(%)w(%)nZ} (v).

The function ¢ is constant, since for all t € I we have

000 = 1m [0tV (@ Z — (- Vpnle0)eZ] (0)

s—0 8

1 _ ;
= lim B [(W—t—s)*v(%ﬂ)**n(u)(¢t+s)uz - (‘P—t)*v(sat)*m(v)(‘ﬁt)ﬁz}

= (p—t)« ;lg%é {(@—s)*v(wm)**n(v)(¢t+s)u2 - V(w)**nw)(%)uz}
= (p-)e(LxV) ((0)een(®), (2052 ((20).0) ) = 0.

Since two sprays coincide provided their associated Berwald’s derivatives coin-
cide (3.1.2), this implies that X is indeed an affine vector field.

(3) = (4) Suppose that LxV =0, and let Y, Z € X(M) be arbitrary vector
fields. Then we have

0=i(LxV) (Yh, Z) —iLxVynZ — iV xeynZ — iVynLx Z
=[X°,[Y", 2"]] —v [h[X,Y"],Z2"] —v [Y" [X¢, 2]
= - [V (2, X - [20, 1%, Y] - XY 20 - R Ixe, 2]
= [z, [X,Y]" - [x°,Y"]].

Since J ([X, Y — [XC,Yh]) =0, ie, [X,Y]" — [X¢,Y"] is vertical, it follows
that it is a vertical lift for each vector field Y € X(M). On the other hand,

[C, X, V)" — [X°, V"] = - [C,[X°, Y] = [X°,[Y",C]] + [Y",[C, X°]] =0,

hence [X,Y]" — [X¢ Y"] is homogeneous of degree both 0 and 1. This implies
(X, Y] — [XC, Yh] = 0. Now turning back to the original assertion,

(Lx<h)Y® = [X°,hY] — h[X¢, Y] 2™ [x¢ v — [X,Y]" = 0.

Thus we conclude that Lx-h = 0.
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(4) = (3) Now we suppose that Lxch = 0 holds. Then, using also the
previous arguments, we obtain

(LxV) (Yh, Z) = [2°,[X, Y] — [X°,Y"]] = — (2", (Lx-h)Y<] =0,

which implies LxV = 0.
(4) = (2) f Y is an arbitrary vector field on M,

0=2(Lx-h)(Y%) =2[X°Y"] - 2[X,Y]"
= [X, Y+ [YV,¢]] - [X, Y]~ [[X, Y], €] = [X<, [Y°, €] - [[X, Y], €]
= —[[Y*, €], X9 - [[X°, V"], €] LM [, X, ).

Since [X€,¢] is vertical, this implies as above that [X€, ] is a vertical lift and
hence positively homogeneous of degree 0. On the other hand,

[C, [X°, €] LM X<, 6, C)) - [¢,[C, X¥]) = —[X4, [¢,C)) = [X°,¢],

thus [X¢, €] is homogeneous of degree both 0 and 2, hence, as in the proof of
(3) = (4), it is the zero vector field.

(2) = (4) Supposing [X¢,&] = 0 and using the relation obtained in the
previous part of the proof, we get

(Lx-h)(Y) = S[[§, X, Y] =0

1

2

for any Y € X(M), and thus Lx-h vanishes.
(3) <= (5) It is enough to show that

(LxV) (HY/, Z) -R (X f/) Z-P (VXC,Y/) 7+ (vwvhf() (Z) ,

forY,Zex (?), or, equivalently, that

(LxV) (yh, 2) ~R (X, Y/) 7P (vxc, Y/) 74 (vyhvhx) (z)
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itY,Z € X(M). Starting from the right-hand side of this equation, we find
R(X,7)2-P(V,2)vxe+ (VyV"X) (2)
= ththZ - VYIzthZ - V[X}z7yh]2
— (Vyr Ve VX = V7 Vyr VX — V[Yh,zv]vXc)
+VyrVan X — VHVYh,ZX
= (VX;LVth — VHVYhZX) — Vyun (thZ — VZ}LX) - V[Xh’yh]ZA
—V Y JZY FvX)] +§ (2 FY" vX +5[[Y", 2], FvX‘].

where we have used the definition of Berwald’s derivative. Since the torsion of
‘H vanishes, so does the horizontal torsion of V. We use this, the disappearence
of LzvJ and later on the Jacobi identity:

R(X,V)Z-P(V.2)vX°+ (Vv X) (2)
—j [Xh,Hvth] — Vyni [X", 2" = Vixnyn 2
—V[Y" [z vX) +V[Z2°, V" vX )] +5[[Y", 27, FvX©]
= [X" FY", 2] = Vyu [X, Z] = Vixe yn 2
+V[vXe, Yz - [FvXe, (Y, 2]
O 5 [X"FYP, 2Y)] = VynL£xZ — Vixeyn Z +3 [vX, BV, 27|
=j[XFY", 2"]] = VixeynZ — VynLxZ
= LxVy1Z = VixeynZ = VyilxZ = (£xV) (Y",2).
In the step denoted by (x) we used N; = 0. O

3.2.3 Corollary. The affine vector fields on M form a sub-Lie-algebra of X(M).

Proof. The closure under addition and multiplication by scalars is obvious. The
closure under the Lie bracket follows from

(X, Y% 8] = [[X5 Y7, €] = [V, ], X = [[§, X, Y] = 0

where X and Y are affine vector fields, which implies according to the previous
theorem that [X,Y7] is also affine. O
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[e]
If £ is a quadratic spray, P vanishes, and Berwald’s covariant derivative
reduces to a ‘lift’ of a torsion-free covariant derivative operator V on M in the
sense that

—

VinY =VyY

if X and Y are vector fields on M. In this case, £ is the spray of V, and 3.2.2
reduces to the known results for affine sprays [10, 42].

3.3 Projectively equivalent sprays

3.3.1 Definition. Let & and & be two sprays over M, and suppose that for
any geodesic ¢ : I — M of £ there is a strictly increasing smooth parameter
transformation 9 : J — I such that ¢ := co 4 is a geodesic of . Then & and &
are said to be projectively equivalent.

It is easy to see that the projective equivalence of sprays is an equivalence
relation and the geodesics of projectively equivalent sprays coincide as point
sets.

3.3.2 Proposition. Let £ and € be two sprays over M, and D, D the induced
Yano derivatives. The following statements are equivalent:

(1) € and & are projectively equivalent.

(2) There is a continuous function f on TM such that & = ¢ + fC.

(3) There is a smooth function f on TM such that

DyZ =D,7 - % [(Jn)f 7+ (12) ¥ -jn] <n c %(TM)Z e x(?)) .

If one (and hence all) of these conditions is satisfied, then f in (2) and (3)
can be chosen such that they coincide on T M, and, in this case, [ is positively

homogeneous of degree 1.

For the proof of the equivalence of (1) and (2), see [25]; for that of (2) and
(3), see [53].
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3.4 Projective vector fields

In this section D will stand for Yano’s derivative.

3.4.1 Definition. A diffeomorphism f : U — V between two open subsets of
M is a local projective transformation if it takes & | TU to a spray projectively
equivalent to & | TV over V. Let X € X(M), and ¢ : W — M the flow of X.
If ;¢ is a local projective transformation between two open submanifolds of M
for each t € R such that the domain of ¢ is not empty, then X is a projective
vector field for &.

The maps ¢; (t € R) take geodesics to geodesics as point sets.

3.4.2 Theorem. Let X € X(M) be a vector field. The following statements
are equivalent:

(1) X is a projective vector field;

(2) there is a continuous function F on TM, smooth on TM, such that

(X<, ¢l =FC

(3) there is a smooth function F' on TM, positively homogeneous of degree 1,
such that

(Lxeh)(n) = %(FJn +(F-C), nex(TM

N———

(4) there is a smooth function F' on TM such that

(LxD) (nz) - ((Jn )F - Z+( ) )
nex(TM), Zex(7).

Proof. The scheme of this proof will be as follows:

1 =
i 4
4) =

(1) = (2) For any (¢,7(v)) € W (the domain of ¢), we define
§i(v) = ((p-1)16) (V) = (1) == ((1)0)-
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Then &; is a spray on its domain, and it is projectively equivalent to £&. Thus
there is a function f; such that & =&+ f;C, and

X%, = Jim L& — ) = lim 0.

hence F := }in% % is a continuous function on T'M, smooth on IO’M .
(2) = (3) First we restrict F' to JO“M, and we show that it is 1-homogeneous:

3 Jacobi . c
(CP)C=[C,FC=[C,[X°¢]] =" —[X[¢Cl-[§[C, X )] = [X,{] = FC,

and thus CF = F. Now let Y € X(M) be a vector field. We calculate the action
of Lxch on its lifts:

(Lx-h)Y" = [X° hY"] — h[X®, V"] =0,

2(Lx-h)Y" =2 ([X°,Y"] — h[X°,Y"]) = 2 (X, V"] - [X,Y]")
= [X* Yc Y7, 8] = (X, Y] = [[X, Y], ¢]
= [X5 Y7 €] - [[X5 Y0 €] = [V, [X4, €]
=

Y'Y, FC ] F[Y",C]+ (Y'F)C = FY" + (Y'F)C.

This proves the desired statement (3).
(3) = (4) Let Y, Z € X(M) be arbitrary vector fields. For £x D we obtain

(£xD) (Y",2) = (£xV) (Y. 2) + - (£x trfo’) (v.2)s

n —+

Now we proceed by treating the two terms separately:

iLxDynZ —iDixe ymZ — iDynLxZ
[(xXe, v,z - [[X, )", 2] - [Y" [Xx¢, 2]
= [[Xcayh] - [va]h?Zv} = [(‘CX“h)thzv]

1(LxV) (Yh, Z)

(FY" + (Y°F)C), 2°] = —%[(Z“F)Y” L (YYF)ZY + (YU Z'F)C).

l\:JIr—l

The operators Lx and tr commute, since Lx is a tensor derivation. Thus we
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calculate £LxP:

i(£xP) (V,2,0) =itx (P (V. 2) 0) - iP (xV,2) O

=[xe,ip (v, 2) 0] _ip (], 2)0
_ip A,m)ﬁ_lﬁ(y,z)m

With the Jacobi identity applied twice, this yields

i(£xP) (V,2,0) = [[[x°,v"

- XY 2], U]

| =

= [[(ex-m)y", 2] U] = S [FY" + (Y'F)C, 2], U"]
— _%[(Z'UF)Y?) _|_ (YUF)Z'U + (}/7)27)}7‘)6{7 Ui)]

(UYZ°F)YYY + (UYYF)Z° + (Y'Z'F)U" + (U°Y"Z"F)C).

DN | =

Thus we need the trace of the map
Uex(?)m (i0)2°F-¥ + (i0) Y'F- 2+ (V" 2°F)U + (i0) Y'2°F -6,

We calculate the trace of these terms separately. Around each point p € M
where Y (p) # 0, Y may be completed to a local basis (Y, Eq,..., E,_1), thus

Y, El, .. ,En_l) is a local basis of %(70') If we substitute the vector fields of

this local basis into the linear map
Uex(?) (i) 2°F -7,

then we see that the component of EY ZVF - Y with respect to E; vanishes for
each i € {1,...,n — 1}, and in this basis, the trace consists of only one term:

tr [U — (iU) ZF . Y} —YYZ'F
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We obtain in a similar way that the trace of the second term is Y'Z"F as well.
The third term is the identity transformation multiplied by the funcion Y?ZVF,
thus its trace is nY"ZVF. Finally, to determine the trace of the last term, we

complete d to be a local basis of %(?’) around v € TM: (5, Ei,... ,En,l). We
substitute these vector fields into the map

0w (i0) v 2F 6.
In the expression of the trace all but the first term vanish:

tr [U - (iﬁ) YUZVF - 5} = CY'Z'F = [C,Y"]|Z°F + Y'CZ'F
— YVZYF 4 Y'[C, Z°]|F + Y Z'CF
— YVZYF _Y'Z'F {YYZ'F = —Y"Z"F,
and hence we obtain

n+1

0N o o1
(LX tr P) (V.2) = J(Y"Z'F+Y " Z°F+nY"2°F ~Y"Z'F) = YUZ'F.

Putting these together, we obtain

(LxD) (Yh,Z) S [(Y”F)Z+ (Z'F)Y + (Y°Z°F)o| + %(Y”Z”F)é

N = N =

('R Z+ (2 )Y,

thereby proving the implication.

4) = (1) Ift € R,v € TM, and (t,7(v)) € W, let

fi(v) ::/0 F((ps)sv)ds.

Then f; is a smooth function on an open submanifold of TM. The smoothness
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of f; follows from the differentiability of parametric integrals. Now we compute:

/

(-0)sDipu)yn(90): Z(v) = Dy Z(v) = / (51 (6-0)sDipon(20)s 2 (v)]

t
o1 - .
= / 1 = (9 e-n)i Doy (Po+1)sZ(0) = (9-)s Doy, (0s)s 2 (0)| ds

t o . -
:/0 Lim [(Sﬁ—s—h)*D(wmn*n(v)(90s+h)riZ* (w—s)*D(m**n(v)(%)uZ} ds

1 ~

t
= / (‘P—S)* }LH% I3 [(Sp—h)*D(slo,)wn(v)(‘ps+h)ﬁZ - D(ws)**n(v)(‘:@s)ﬁz} ds
0 —_—

- /t(‘Ps)*(ﬁxD) ((905)**17(1)), (‘Ps)ﬁZ((ws)*v)) ds.
0

Here we used the dynamic interpretation of the Lie derivative (2.3.1 (3)). Now
we express D with the help of F' as prescribed in condition (4):

2(p-1)tD(p0)n(91): Z(v) — 2Dy Z (v)

= _/Ot {[J(%)**??(U)]F-Z(v) + [i(gps)*Z(v)} F. (@—s)*j((%)**n(v))}ds

- / [(pa)enTn(0) Flds - Z(v) — / (pe)esiZ(v) Flds - ()

0

. / Tn)(F o (p2).)ds - Z(v) — / iZ(0)(F o (92).)ds - ju(v)
0 0

— () / (F o (a))ds - Z(v) —iZ(v) / (F o (s).)ds - (o)
=~ 2(0) = (iZ(v)) fi - 3n(ov):

Due to 3.3.2, this result implies that ¢; is a local projective transformation for
every t € R, which means that X is a projective vector field. O

3.4.3 Corollary. The projective vector fields on M form a sub-Lie-algebra of

Proof. As in the case of affine vector fields, it is enough to show that [X,Y]
is projective if X and Y are projective vector fields on M. If this holds, then,

[e]
according to the previous theorem, there are smooth functions F' and G on T M
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such that [X¢,&] = FC and [Y*¢,£] = GC, and thus

HX; Y}caﬂ = [[XC7YCL§] - 7[[}/5’5]’){0} - [[§7Xc]7yc]
— _[GC, X°] + [FC, Y] = (X°G)C — (Y°F)C = (X°G — Y°F)C,

which implies that [X, Y] is also a projective vector field. O

If the spray £ is affine, a similar remark holds as in Section 3.2, i.e., our
conditions are in accordance with the well-known results for covariant derivatives

on M.
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Finsler — Minkowski vector
spaces

In what follows, by a vector space we shall always mean a finite dimensional
(non-trivial) real vector space with its canonical linear topology. If (b;)7 ; is a
basis of V, the map®

a=a'b; eV (at,...,a") eR",

also called a linear coordinate system, is a global chart on V', therefore it is
contained in a unique maximal smooth atlas of the topological manifold V.
Moreover, any two such linear coordinate systems are C'°°-compatible, since the
passage map is a linear automorphism of R™. Hence any two linear coordinate
systems determine the same differentiable structure on V. We shall consider a
vector space as a manifold endowed with this structure.

If V and W are vector spaces, and U C V is an open set, we can speak of
the pointwise differentiability of a map f: U — W: f is said to be differentiable
at a point p € U if there is a linear map f'(p) : V. — W such that

£ (o)) = lim L2 = 1)

lim " (veV).

Then f’(p) is uniquely determined, and it is called the derivative of f at p. If f
is differentiable at every point of U, we can speak of the differentiability of the

1We use Einstein’s summation convention, i.e., if an index appears twice in a product, it
means summation for all possible values of that index.

33
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map
f ipeUwr f'(p) € Hom(V,W),

since the vector space Hom(V, W) is also finite dimensional. If f’ is differentiable
at each point of U, its derivative is a map

" U — Hom(V,Hom(V, W)).

The vector space Hom(V, Hom(V,W)) is canonically isomorphic to L(V, W),
the vector space of bilinear maps V' x V' — W, therefore they may be considered
as identical. Proceeding inductively, we can define the kth derivative f*) of f.
If it exists at every point of U, and it is continuous, then f is called of class
CF*onU. Amap f:U — W is of class C* or smooth as a map between two
differentiable manifolds if and only if it is of class C* for all integers & > 1 in
the sense just defined.

4.1 Definition. A Finsler —Minkowski norm on a vector space V is a function
¢ : V — R that satisfies the following axioms:

(1) p(v) > 0 if v # 0 (positivity);
(2) if A > 0, then o(Av) = Ap(v) for all v € V' (positive homogeneity);
(3) ¢ is smooth over V' \ {0};
7 1= 5¢~, then jor all p € the symmetric bilinear form
4) if E := 3¢, then for all VA {0} th ¢ bili f
g =FE"(p): VxV =R
s mon-degenerate.

A Finsler — Minkowski vector space is a vector space endowed with a Finsler —
Minkowski norm. The function F is the energy function, the map

g:peV\{0} g, € L*(V,R)

is the metric tensor of the Finsler - Minkowski space (V, F'). The (open) unit
ball in (V) ) is the set

Q::{veVgo(v)<1}=<p1[0,1[:{1}6V’E(v)<%};

the unit sphere in (V, F) is the boundary 9 of the unit ball. Thus

N ={veV|plv)=1} =¢ (1) = {v eV ‘E(v) = %} =F! (%) :
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A Finsler - Minkowski norm ¢ : V' — R is called reversible if ¢(v) = p(—v) for
all v € V. We note that (2) immediately implies ¢(0) = 0.

We can speak of the curvature of the unit sphere in two different senses.
First, since (V' \ {0}, g) is a semi-Riemannian manifold, we may consider the
shape operator on 0f) induced by this structure. This way is followed, e.g.,
in [62]. On the other hand, we may identify V' with R™ by a linear coordinate
system, and use the shape operator induced by the Euclidean metric of R™. Here
we shall follow this second way. This identification is no canonical; in the proof
of 4.3, however, we shall find an estimate on the sign of the normal curvature
which will be independent of the choice of the linear coordinate system.

4.2 Lemma. The metric tensor g of a Finsler — Minkowski vector space (V, F')
has the following properties:

E'(p)(v
2E(p) = ¢*(p)

~

9p(P,v)
9p(p: D)

forallp e V\ {0}, veV.

The proof is easy and well-known. Since ¢ is positively homogeneous of
degree 1, the energy function E is positively homogeneous of degree 2, and its
derivative is also 1-homogeneous. Taking these into account we get the result.

Also by the homogeneity properties, it is not difficult to check that the
Finsler - Minkowski norm ¢ is continuous at 0 and the energy E has a derivative
at 0. However, the existence of the second derivative E”(0) cannot be expected
in general, and, what is more, if its existence is supposed, the structure becomes
semi-Euclidean, namely

1
E(p) = §E”(O)(p,p) forallp €V,
thus the function
(v,w) €V XV = (v,w) := E"(0)(v,w)

is a scalar product on V. Our next observation will show that this scalar product
is positive definite.

4.3 Proposition. The metric tensor g of a Finsler — Minkowski norm is positive
definite, i.e. g, € L*(V,R) is a positive definite scalar product for allp € V\{0},
therefore (V '\ {0}, g) is a Riemannian manifold.
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Proof. For simplicity, we may replace our vector space V with the Euclidean
vector space R™ endowed with the canonical scalar product { , ) and the norm
I || induced by (, ). The tangent space of R™ at a point p is T,R™ := {p} x R",
sometimes it will be identified with R™ itself.

The unit sphere 9Q = E~1(1/2) is a smooth hypersurface in R™. Indeed, the
non-degeneracy of the metric tensor g guarantees that at any point p € R™\ {0}
there exists a vector v € R" such that

gp(p,v) = E'(p)(v) #0.

Thus FE is a submersion at any point of 0€2.

If n = 2, any two points p,q € R™ \ {0} can be joined by a smooth arc.
The parallel translation along this smooth arc with respect to the Levi-Civita
connection induced by the semi-Riemannian metric g is an isometry between the
semi-Euclidean vector spaces (T,R", g,) and (T,R", g,), therefore the signature
of g is the same at every point of R™ \ {0}. Hence it is enough to show that g
is positive definite at a particular point.

To prove this, we shall need the unit normal vector field

grad E(p)
| grad E(p) ||

on J9). Now we are going to use a quite standard trick (cf. [60, proof of Theorem
4, Chapter 12]). Define the function f : R® — R by f(p) := ||p||*>. Then f is
continuous, and the compactness of 92 implies the existence of a point p € 92
at which the maximum of f | 0 is attained. Given any unit tangent vector
vp € T,0Q (‘unit’ means ||v,|| := ||v]| = 1), choose a curve ¢ : I C R — 9 such
that

N:pedQ— N(p) = (p,N(p)) € T,R", N(p) :=

¢(0) = vy, ie. ¢(0) =p, (0) =w.
Then the function foc: I — R has a maximum at 0. Thus

(f o C),(O) = <C, C>I (O) =2 <C(O)7 C/(O)> =2 <pp7vp> ’
(f00)"(0) = 2(c,d) (0) = 2((¢, ¢} + (¢, ¢"))(0) = 2+ 2 (p, " (0)) .

(4.1) 0
0

1\

Since v, was an arbitrary unit tangent vector to 02 at p, (4.1) implies that

(p, ﬁ) is a unit normal vector to 92 at p, thus

Mp)z(nn%n) or Mp)=(p,—”%).



CHAPTER 4. FINSLER -MINKOWSKI VECTOR SPACES 37

To decide between these two possibilities we calculate the scalar product
(p, grad E(p)). By Lemma 4.2 we obtain

(p,grad E(p)) = E'(p)(p) = 9,(p,p) = 2E(p) =1 >0,

N(p) = <p, ﬁ) |

L, :u, € T,000 — Ly(up) := (p, —N'(p)(u))

therefore

Consider the shape operator

of 9 at p. The normal curvature of 92 in the direction v, is

1

_m <p7 CN(O>> )

k(vp) == (Lyp(vp),vp) = (<"(0), N(p)) =

therefore (4.2) leads to the relation
1

k(vy) = —.

" el

In particular, all principal curvatures k;(p) satisfy the inequality
ki(p) 2 o, 1SiSn—1,
vl

Let (b;)!—;' be an orthonormal basis of the Euclidean vector space T,0 consis-
ting of the eigenvectors of L, with the eigenvalues k1(p),. .., kn—1(p). Then

B:=(by,...,b,_1,N(p))
is an orthonormal basis of T,R™ = R". If ¢, is the canonical isomorphism
T,R™ — TyR™, (p,v) = (q,v),
then the maps
Bi:q e R" = Bi(q) := ¢pe(b;) € TLR" (1=isn—1)

are (constant) vector fields on R™. Using these, in the next and final step we
show that the basis B is orthogonal also relative to the scalar product gp.
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For any indices i,5 € {1,...,n — 1} we have

G (bisby) = by(B,E) = b, (grad E, Bj) = ((Dy, grad E)(p), bj)

219 Zg

grad B
= <Dbi <|| gfadEm) (P)7bj>

—erad £ ( (Do E2 T ) (01,05 ) =~ srad B (D03 0,1

= | grad E(p)|| {Lp(b;),b;) = ki(p)|| grad E(p)||6s;,

thus gp(b;,b;) > 0 for all ¢ € {1,...,n —1}. The gp-length of N(p) is also

240 L9

positive, since

1

(N ). N ) = Tr0,(00) = T ) = o >0

It remains only to check that N(p) is gp-orthogonal to T,00. An immediate
calculation shows that
1

9p(bi; N(p)) = N(p)(B:E) = — P (grad E, B;)

for all i € {1,...,n — 1}. Since (grad F, B;) vanishes at p, by the homogeneity
of E it follows that it also vanishes on the ray with vertex 0 through p. Thus

gp(b;; N(p)) =0 (1=i=n—1)

We have obtained that all the vectors of the basis B have positive length
relative to g,. This proves that g, is a positive definite scalar product. O



Chapter 5

Natural metric covariant
derivatives of generalized
metrics

5.1 Generalized metrics

In this section we introduce generalized metrics and some of their special classes.
Our main source is reference [36].

5.1.1 Definition. Let g be a symmetric and non-degenerate tensor of type (0,2)
in the bundle 7*71. Then g is said to be a generalized metric or briefly a metric.

It is crucial that g need not be defined on the zero section, since, if g is
homogeneous and is defined in the whole 77 (and, of course, is smooth), then
it is the lift of a pseudo-Riemannian metric on M.

It is important to note that we mean non-degeneracy pointwise and not on
the level of sections. (The latter would be a weaker condition on g.) More
precisely, it is required that

Yo e TM : 9o+ Ty M X Ty M — R

should be a non-degenerate symmetric bilinear form.
Due to the non-degeneracy of g, if & is a one-form along m, there is a unique

vector field &f along 7 such that & (f/) =g (dﬁ,)}) for any vector field Y

39
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along 7 (Riesz’ lemma). Conversely, if X is a vector field along 7, then we
have a one-form X € X¥*(r) such that X° (?) =g (X', }7) for any vector field

Y € X(m).
Using again non-degeneracy, the first Cartan tensor C and the lowered first
Cartan tensor C, of a generalized metric g are defined by the following formulae:

g(c(%.7).2)=¢ (X.7.2) = (Vio) (V.2) (X.V.Zex(m).

The definition formally coincides with the one known from Finsler geometry.
Generalized metrics differ from Finsler metrics in the essential point that the
lowered Cartan tensor C, of a generalized metric is not totally symmetric in
general, only in its last two variables. The one-form

Vg1 X € X(m) > 9, X :zg(X,é)

along 7 is called the Lagrange one-form associated to g, and the two-form
wg :=d(¥4 0j) on TM is the Lagrange two-form associated to g. The absolute
energy of g is E := ¢(5,6).

5.1.2 Definition. A metric g along  is said to be variational if the first Cartan

tensor C associated to it is symmetric, weakly variational if C, ()N(,f/,é) =
Gy (f/,f(,é) for every X, Y € %(n), normal if C (f(, (5) =0 for every X € X(r),
and weakly normal if C, (f(, 0, 5) = 0 for every X € X(m). The metric is regular
in Miron’s sense or briefly Miron regular [38] if the tensor

A: X € X(r) > AX ;=X+C<X,5)

has mazimal rank at every point of TM. If v := V'V'E is also non-degenerate,
g is called energy-regular. An energy-reqular and homogeneous (Vig = 0) met-
ric s also mentioned as a Moor — Vanstone metric.

We note that the tensors w, and A are closely related by the formula

we(Jn,¢) = g (A(n), j¢) (n,C €x (ﬁ\?))

Now, for the sake of the reader’s convenience, we summarize some results of
[36] we shall make use of.
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(1) If f;]\//_f is simply connected for every p € M, then a metric g on T™
is variational if and only if there is a smooth function L on TM whose
Hessian is g, more precisely, g = VYVVL. In this case, we shall call L a
Lagrangian.

(2) If m is simply connected for every p € M, then a metric g is weakly

variational if and only if there is a smooth function L on TM such that
¥y =d"L.

(3) It TM = TM , and ¢ is weakly normal and Miron regular, then it is
energy-regular, and F is positively homogeneous of degree 2 (CE = 2F).
Furthermore, ¥, = d"E.

4) ¥ TM = IO“M, and ¢ is normal, then g = V'V'E.
g g

If F is positively homogeneous of degree 2, it can be extended continuously
to the zero section. In that case, it will be zero on the zero vectors.
By a Finsler energy function, we shall mean a continuous function £ on TM,
[e]

smooth on 7'M, which is positively homogeneous of degree 2, and which has the
property that VYVYFE is non-degenerate. In view of this convention, (3) says
that E is a Finsler energy function. Moreover, (4) may be interpreted in the
following way: there is a natural one-to-one correspondence between the Finsler
energy functions and the normal metrics on M. Namely, for a Finsler energy
E, g:= V'V"E is a normal metric; and for a normal metric g, E := 3g(5,9) is
a Finsler energy. Therefore, by a Finsler manifold we may mean either a pair
(M, E) where E is a Finsler energy, or a pair (M, g) where g is a normal metric.

If a Finsler energy E has the property that E(v) > 0 for any v # 0, then

F := /2E is a continuous function on T'M, smooth on TM. In this case, F is
said to be a Finslerian fundamental function or simply a fundamental function.
The restriction of a fundamental function to a tangent space 7, M is a Finsler —
Minkowski norm in the sense of 4.1. In this case, by 4.3, g is positive definite.
Therefore, we shall call this kind of Finsler energy functions positive definite. A
positive definite Finsler structure may be given either by the energy function or
by the fundamental function.

We shall denote by & : TM — TTM the canonical spray of the Finsler ma-

nifold (M, E') determined by the relation (dd;E)(&,n) = —nE for n € %(TM)

A geodesic of the Finsler manifold is a geodesic of €. The Ehresmann connection
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associated to £ as described in section 3.1 is called the Barthel connection. This
connection is conservative with respect to E in the sense that X"E = 0 for
any vector field X on M. The spray £ is horizontal with respect to the Barthel
connection; moreover, { = H4.

If a metric g is given on T'M, a covariant derivative D in 7*7 is said to be
metric if Dg = 0. If an Ehresmann connection H is also given on T M, we can
construct a (unique) metric covariant derivative D in 7*7 whose vertical torsion
vanishes and whose horizontal torsion coincides with the torsion of the given
Ehresmann connection, as follows (see [24, 36]). Let V be Berwald’s covariant
derivative in 7*7 induced by the Ehresmann connection. First, we introduce
the second Cartan tensor C" by means of the relation

(ch (X Y) Z) (Vy59) (Y z) (XY Ze %(77)) .
Next, using the Christoffel trick, we define two other tensors along 7
g(C(X.7).2) =g (c(X.¥).2) +g(c(V.2).%) —g(c(2.X).V),
o(¢"(X7).2) =g (" (X7).2) 4 (" (7.2) .X)
~a("(2.%).7).
With the help of C and C" we define D by the rules

~ ~ o s . ~ ~ 1o ~ ~
DigV i= ViV + 2C(X,7), Dy = VixV +5C" (x.7)

DN | =

(X,Y, 7 e x(ﬂ)) .

Finally, this covariant derivative operator can also be extended to any type of
tensors by Willmore’s theorem (2.1.4). Then it will be metric, i.e., Dg = 0. We
note that 7 is not necessarily attached to this covariant derivative in the sense
described in section 2.2. In the next section we give a necessary and sufficient
condition for H to be attached to D in a special case.

If g arises from a Finsler energy function, and H is the Barthel connection

o
on the Finsler manifold, then C is totally symmetric, C = C, and D coincides
with the well-known Cartan’s covariant derivative [51, 57]. Therefore, we use
here this construction as a definition of Cartan’s covariant derivative, and in
section 5.4 we shall show that, on a Finsler manifold, this is the unique covariant
derivative which possesses certain nice properties.
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5.2 A characterization of metric derivatives

In this section, g will be a weakly normal Mo6r — Vanstone metric on T'M, & the
canonical spray belonging to the Finsler energy FE, Hr the Barthel connection,

E
and V Berwald’s covariant derivative arising from Hg. Other data of Hg will be
distinguished from those of an arbitrary Ehresmann connection by a subscript
FE. An Ehresmann connection H is said to be conservative with respect to F if

xh (f]\?) C Ker dE.

5.2.1 Proposition. Given a type (1,1) tensor field P along ;, suppose that
H =Hg —1io P is a conservative Ehresmann connection with respect to E on

TM such that HO = £. Then H is attached to the metric covariant derivative
D arising from H if and only if

o (7o (%) ) 0 (5. 70 (7)) = (¥er) (1)
for any X,Y € X(;)
Proof. Let V be Berwald’s derivative arising from H. Since g is non-degenerate,

it is enough to consider the expression g (D xn0, f’) Using our condition H§ =

&, we obtain

— 2 (tXY) + X"hg (Y, 5) _g (vth/,a - (Y vxh(s)
+&g (XaY) -9 (VgXJA/) -9 <X,V§Y>

_Yhy (X 6) 4y (vyhx, 5) tg (X vyh(s) .

Since g is weakly normal, by the property (3) mentioned above we have ¥, =
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d’FE, and we may use, e.g., ¢ (}A/, 5) =YVE. Thus we get
2 (DXML Y/) — 29 (tf(, Y) FXPYUE (vth/) E
—g (V.Y [x".0]) + (Veg) (£.7) +9(VeX. )
. B SN N N
+ g(X, vgy) _g (vgx,y) _g (X, vgy)
—YhXYE +i (vyhf() E+g (X Vvt C]) :
Now we use the definition of the tension as described in section 2.2:
29 (DXha, Yf) _2g (tX, Y) +XMYYE - (XM YU E— g (tX,Yf)
+ (Veo) (X.9) +9(VeX — Ve, ¥) + (X, 97 - ve¥)
~Y"X'E+ [Y" X"|E+g (X,tY)
=g (¢X,7) +9(X,67) + "X "B+ (Vole, X - VIE, X7,V
+g (X, Vsle Y- VIEY']) + (égg) (X.7) - x"v"E.

Now by our condition that H is conservative with respect to E, the expression
obtained in the last step takes the following form:

2 (thé, Y) —g (tX,Y) tg (X,ti/)
g (Pile.x"1.¥) — g (£.Pile.v")) + (Veo) (X.7)
=g (PXY) 40 (1X.7) 44 (X.PV) + g (X.07) + (Veo) (£.7).

Hence it remains only to show that Vo P = P+t. Using the relation LoJ = —J,
we find:

iPX +itX = JHPX — [C,X"] = —(LcJ)HPX — [C, Xhe _ iPX}
_ [C, iPX} +J [C, HPX} + [C, iPX} —iVe (PX) —i(VeP) (X) :

thus proving our proposition. O
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5.2.2 Theorem. Let P € T} (?’) be an arbitrary tensor. Consider the Ehres-

mann connection H := Hg —io P on T M and the unique metric covariant deri-
vative D along 7 whose vertical torsion vanishes, and whose horizontal torsion
coincides with the torsion of H. The horizontal map H satisfies the conditions

(i) Hé=¢,

(ii) H is conservative with respect to E,
(iii) H is attached to D
if and only if

. 1, E \t . o .
PX:—§<2)~(V59) +P.X+PX (Xeae(r)),

where the tensors Py, P, € T3 (70') are such that Py is self-adjoint (with respect
to g) and homogeneous of degree 0, P, is skew-symmetric (with respect to g),

and the image of both Ps and P, is contained in the orthogonal complement of
the canonical section d.

Proof. By the previous proposition, we have to solve the following mixed system
of algebraic equations and a partial differential equation for P:

As the system is linear, we may search its general solution as the sum of a
general solution of the homogeneous part and a particular solution. First we
show that the tensor P defined by

o -~ 1 . E # o
X ex(r) —» PX = —5(2Xv59) € x(7)

(roughly speaking, the first term of the main formula in the proposition) is a
particular solution, i.e., it satisfies (1) (3). To show that it satisfies (1), it is
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enough to check that g (P5, X) =0 for all X € X(M):

) (55.5) = (580" 5) = (480 (9) - (Be) (5
=&y (5,X> — g(égé,)&) — g<5, égX)
=& (9,%) — g (Vale. C1. X) -, (55)2) — EXVE - (i@g&)E
=6 X'E = (vpl¢, X*])E = (hpl¢, X*])E =0,
thus (1) is indeed satisfied. On the other hand,

E \i E \i E E .
i(ixvsg) E=yg ((ixvsg) 75) = (ixvsg) (0) = (ng) (X,é) =0,
as in the proof of (1); this proves (2). To verify that (3) is satisfied as well,

E \t E \t E \t
first we show that V¢ (iXVw) = (iXV§g> , 1.e., the vector field (iX,Vgg) is
positively homogeneous of degree 1. Using the homogeneity of g, i.e. the relation
Veg = 0, we obtain

g (vc (iﬁégg)ﬁ,f/) —Cy <(z‘X€59)u,?> —y ((iﬁégg)ﬁ,%?)
= (i Veg) (V) = 0(Veg) (£.7)
= Ceg (X.7) ~ 0(VeX.¥) - 0(X.9e7).

Now we treat these terms separately:
Ceg (X.7) =[C.€lg (X,7) +¢Cg (X,7) =[C.elg (£,7) =9 (£,7),
Cg(VeX. V) = g(VeVeX.¥) +9(Vex. Vo) = g (JiC. HeVele. X)) 7)
= g (€. HpVEX YY) = g (7(C.vEX] — (Lo HEVEXY), )
=g (i (10X~ [C.X"5]) + VpX© V) = g (Vele, X1 V) = g(égfc, )
and similarly,

Cg(X,%gY) = g(X,%gY),
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(Vc( Vea)" ) g (X.7) - (Vex.¥) - (£.9.7)
() (5) - ) () o () 7).

E o\t
which proves that (z XVgg) is indeed positively homogeneous of degree 1. Fi-
nally, substituting it into the third equation, we obtain

el ) -t (i) e (8 )
- o (5. Fa)) = 5(65820) ) 3ol ¥er) (9
- bfa) (17) - ) (7)< () (),

thus (3) is satisfied as well. Now we turn to the solution of the homogeneous
part of our system:

(1) Pé=0
2) (iPX)E=0 (X ex(?)
3) g ((vcph) (X) ,Yf) tg (X, (VePy) (Y)) =0 (X, Y e x(?)) .

If we decompose Py, into the sum of a self-adjoint part P and a skew-symmetric
part P,, then we obtain

=9 ((VeP)X + (VoP)X, V) +g (X, (VaP)Y + (VePa)Y)

=g (vc (PSX) Ve (Paf() Y) +g (X Vo (PSY> Ve (Pa?))
—Cyg (PSX, Y) +Cyg (X PSY/> +Cyg (Paf(, Y) +Cyg (X Pa?)

— 920y (PSX,?) — 9 ((VCPS)X, Y) ,

thus (3’) holds if and only if Ps is homogeneous of degree 0. Now it remains
only to find the conditions imposed by (1) and (2) on Ps and P,. Equation (1)
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implies
g (Phé, X) —g (PS(S + Py, X) —g (5, Psf() _ (5, th()
=g (8. - P (X)) =0,
whereas equation (2) is equivalent to
(iP.X) B+ (iP.X) B =0, (P.X) + 9, (PuX)
—g (Psf(, 5) +g (Paf(,d) —g ((Ps + P (X) ,5) -0,

thus (1) and (2) holds if and only if both the sum and the difference of Py and
P, are contained in the orthogonal complement of §, which implies the desired
statement. 4

5.3 A generalization of Cartan’s covariant
derivative

In this section g will be a weakly normal metric along 7. Then it is weakly
variational as well, and the tensors A, introduced in 5.1.2 are self-adjoint for

any v € T M, since
9o (Apwr, w2) = gy (w1, w2) + g (Cv (w1, v) , w2)
= go (W1, w2) + go (Cv (W1, w2) ,v) = go (w1, w2) + gu (Co (w2, w1) , V)
= gv (W1, w2) + go (w1, Cy (w2, v)) = g (W1, Ayw2) .
We shall need the following lemma whose proof may be found in [17].

5.3.1 Lemma. Let K be a commutative ring with a unit element 1 such that
the element 2 := 1+ 1 has a multiplicative inverse in K. Consider a K-module
V. Let the map [ :V — V* be an isomorphism, and suppose that the function

(,):VxV =K, (vw)— (v,w) = fv)(w)

is symmetric. Then every skew-symmetric (K-)bilinear map w : VXV — V
determines a unique (K-)bilinear map

P: VXV -V
such that



5.3 A GENERALIZATION OF CARTAN’S COVARIANT DERIVATIVE 49

(i) Yu,v,w eV : (Y(u,v),w) + (v,¥(u, w)) =0,
(i) Yo,w € V : w(v,w) = ¢(v,w) — P(w,v).

5.3.2 Lemma. There is a unique metric v-covariant derivative operator DV :
%(?’) X %(70') — %('cr)) whose torsion vanishes.

Proof. From the construction sketched in section 5.1, it can be seen that there
exists such a v-covariant derivative. To show that it is unique, suppose that D"
is another one. Let 1" be the difference tensor of DV and DV, more precisely:

YU X,V € X(7) o 0 (X', 17) .= DLV — DLV
Since we supposed that both D” and DY are metric, we have
0= (D%g (Y Z) ( ) (YZ) _g (D}(Y,Z) _g (Y’,D}(Z)
(D” Y, Z) (Y L7 ) g (DXYZ) _g (?,D;’?Z)
=0 (v (%.7).2) - (V.0 (£.2))

for any X,Y,Z € %(;) On the other hand, if X,Y € X(M), by the vanishing
of Q and Q we obtain

0=D4Y - DyX = DYV +y" (X,7) - DyX — v (V, X)
_— (XY) — P (YX) .
Thus " satisfies the conditions of the previous lemma with w = 0, and it follows
that 1* = 0, and DV = D". O

Recall that the first Cartan tensor C is self-adjoint if we fix its first argument.
In the rest of this section C* will denote its adjoint linear transformation with its
second variable fixed, or in other words, we take the adjoint of C ‘with respect
to the first variable’, i.e., C* is defined by

g(c(27).2)=g(Xc7(2.Y)) (X.7.2ex(?).

~ o ~
5.3.3 Lemma. Let H, H be Ehresmann connections on TM and D, D metric
covariant derivatives along 7 with vanishing vertical torsions. Suppose that the



50 CHAPTER 5. NATURAL METRIC COVARIANT DERIVATIVES

torsion of H, the horizontal torsion of D with respect to H and the horizontal
torsion of D with respect to H vanish. Then for all X,Y € %(;)

where P is the difference tensor field of H and H (more precisely, ioP = H — 7:[),
and P* is the adjoint of P with respect to the metric tensor g.

Proof. First we note that, since the torsion of H vanishes, D has to be the metric

covariant derivative arising from H. Let 1" be the tensor along 7 determined
by

Dy 5V = Dy 5V + " (f/, z) (X,f/ c x@)) .

Since 5.3.2 implies that the vertical parts of D and D coincide, we can write
this last equation also in the form

DygV = DV + " (fa 2) (;z-, Ye x(?)) .
Now we show that 1" satisfies the conditions of 5.3.1 with
w(X.7)=—[e(Px.¥) ~¢(Py.X)].

First, using the condition that both D and D are metric, we get

On the other hand, using the disappearence of the horizontal torsion 7 of D
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and the horizontal torsion 7 of D, if X,Y € X(M),

0=T (XY) = DxnV — DynX — [X,Y]
=DV + DipgV = Dy X = Dypg X = [X,Y] = DV + 0" (X, V)
43¢ (PRY) = Dy Xt (V.X) - 28 (PY.X) - X7
=T (X V) +ut (X,7) ot (V,X) + 3¢ (PX,7) - 2¢ (PV,X)
=t (X,7) o (V.X) + 3¢ (PR V) - 3¢ (PV X)),
thus 1" satisfies (i) and (ii) in the lemma, and therefore these two equations
determine it uniquely. We show that the only possible choice for 1" is given by

the formula
(5.1)

o' (X7) =4 [e(P7.X) —¢(7.PX) 4 (v, PX) - Pre (V. X))

To see this it is enough to check that the tensor " so defined also satisfies
conditions (i), (ii) of 5.3.1. The calculation is quite immediate:

g (o (X.7).2) 29 (V0" (X.2))

:g(C (PY X) Z) (c (Y,PX),Z)+g(C* (Y/,PX),Z)
—g(Prer (V.%),2) +9(V.c(P2.X)) -4 (V.c(2 PX))
+g (Ve (2.PX)) -g(¥,Pc (2,%))

=9 (c(PV.X).2) =g (c(V.PX).2) +9(V.C (2.PX))
—g(V.e(P2.X)) +9 (V. (P2.X)) =9 (V. (2.PX))

+g(c (YPX)Z) (c (PY X) Z) =0,
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thus (i) is satisfied. Using the non-degeneracy of g, one gets that

2 (o (X.7) =" (V. %) 2)

=g(c(PV.X).2)-g(c(v.PX).2)+g(c (V.PX),2)
—g (Pt (V,X).2) - g (c(PX,¥).2) +g(c(X,PY),2)

—g(c* (X,PY) ) (P c*( )Z)

Now, remembering that C* is the adjoint of C with the second variable fixed, we
obtain

5.3.4 Theorem. Suppose that g is positive definite and the tensor A : X —
X+ (X,(S) has the following property: for a fized v € TM, the self-adjoint

linear transformation A, has no (not necessarily different) eigenvalues \;, A; €
R such that A; + A; = 0. Then there is a unique covariant derivative operator

D : %(TM) x X(1) — X(7) and a unique Ehresmann connection H on TM
such that

(1) D is metric,

(2) its vertical torsion vanishes,
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(3) its horizontal torsion with respect to H vanishes,
(4) the horizontal subbundle is contained in the kernel of the deflection of D.
In particular, if D is regular, then H is attached to it.

~ [e]
Proof. Let H be an arbitrary Ehresmann connection on T'M with vanishing
torsion (such an object exists: consider, e.g., the Barthel connection of the
Finsler energy E). Let D be the covariant derivative arising from H. The
symbol fi"* will denote the horizontal deflection of D with respect to H. We
shall look for H in the form

H=H+ioP.

By the previous lemma, D has necessarily the form

DHX? = DHXY
+ % e (py.X) —c(v.PX) + et (v.PX) - Prer (V.5)].

From the proof of the lemma it can also be seen that D satisfies conditions
(1)—(3). It remains to show that the additional condition (4) determines P
uniquely:

o:zg(DHX@fj
:g(zDHX5+c(P@Xj-c(@pX)+wﬁ(@PX)-p%ﬁ(@X),?)
:Qg(DﬂX@?)+29(Dwidfj—+g(c(P&X),Y)
—g(c(8PX). V) +g(c (5,PX),¥)-g(Pc (5X).7).
Using again the definition of C*, we have
O:QgQﬂXy?)+g@vm~6+5(PXﬁ)jﬁ

~g(c(5PX). V) +g(c(v.P

)
_ (mx,y) +2g (PX,Y/) +g(c (PX,&) ,}7)
+9(c(6¥),PX)—g(c(v.PX),6)+g(c(PsX).7)
—g(c@Jﬁ,PX)+g(c@aPX)ﬁ)—g(CQﬁéX)ﬁ)
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i.e., we have to solve the equation
(5.2) 2 (ghf(,f/) +2g9 (PX,Y/) +g (c (PX,&) jf)
+9(c(Ps,X). V) —g(c(PV.X).6) =0

for P. If we substitute X = 8, the last term vanishes, and, due to the non-
degeneracy of g, it follows that

2"5 4+ 2P§ + 2C (P6,5) = 0,

or, equivalently, A(P§) = —j"d. Since our condition on the spectrum of A
is a special case of Miron regularity, A has an inverse, and P§ = —A~'j"6.
Substituting this into (5.2) we find

0=29("X.V) +29 (PX,¥) +g(c(PX,5).7)
+g (c (—A*lgha X’) , ) _g (c (P?,X) 5
=2 (" X,V) +29 (PX,¥) +g(c(PX.6).7)
—g(c(a i, X). V) —g(Prc (5,X).7),
which, in turn, by the non-degeneracy of g, is equivalent to
(5.3) 2PX +C (PX, 5) _ prc* (5, X) —C (A‘lﬁh& X) 2" X.
If we introduce the tensor Q by
QX =C (A*l,zha, X) _ i X,
and the transformation ¢ by
(oP) (X) —2PX +C (PX, 5) _pct (5, X) :

then (5.3) takes the form
P =0Q.

To show that this equation has a unique solution for P, it suffices to show that
the linear transformation ¢ of the endomorphism algebra of each fibre is of rank
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o
n?, or that (pP), = 0 implies P, = 0 for any v € TM. Since ¢ is tensorial, we
may well suppress the index v and simply suppose (¢P) (X ) = 0. Forming the
scalar product of both sides of this equation with X we get

0=2(PX,X)+g(c(PX,0),X)-g(Pc(5X).)
=29 (PX,X)+g(c(PX.X),0) —g(c(PX.X),0) =2 (PX %),

thus P is skew-symmetric with respect to g, i.e., P* = —P, and the equation
@P =0 has the form

(5.4) 2PX +C (PX, 5) + PC* (5, X) —0.
We transform further the last term as follows:
g (c* (5X) 7?) —g (c (YX) ,5) ©y (c (XY) ,5) —g (c (X(S) ,Y/) .

At the step denoted by (x) we used the weak normality of g, which implies weak
variationality as well. Thus it follows that

¢ (6,X) =c(X.0);
substituting this into (5.4), we obtain
2PX +C (PX,é) + PC (Xd) —(AoP+PoA) (X) —0.

We have seen that A, is self-adjoint, thus, by the positive definiteness of g,
there is an orthonormal base (e;)j; of T;(,)M such that A,(e;) = Ase; for any
i €{1,...,n}. Therefore

0=gy, ((Ay 0 P, + P, 0 A,) ei,e5) = gy (Poei, Avej) + Nigy (Poei, €5)
= ()\l + )‘j)gv (Pvei7 e]) )

which implies P = 0, taking into account our condition on the eigenvalues of
A,. Thus the linear map ¢ is indeed regular, and (5.3) has a unique solution for
P. Finally, since (5.2) and (5.3) are equivalent only if P§ = —A~1i"§, thus, to
show that the unique solution of (5.3) is a solution of (5.2) as well, we have to
check that it satisfies the condition P§ = —A~'i"§. To this end, we substitute
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X =4 into (5.3). The third term vanishes due to the weak normality of g, and
we have

2P +C (P5,8) = C (A~ i"6,8) — 26 = C (A~ i"0,8) — 2447 "o
=C (A '3"6,6) — 247 @ —2C (A ih6,0) = — AT s — AAT ",

or, equivalently,
(1+A)(Ps) = (1+A) (A j"s).

By the weak normality of ¢ again, J is an eigenvector field of A corresponding to
the eigenvalue 1, and from our conditions it follows that A has no eigenvalue —1,
and the linear transformation 1+ A is invertible at each point. We conclude that
(5.3) implies P§ = —A~1ji"§, thus (5.2) and (5.3) are indeed equivalent. O

5.4 Cartan’s covariant derivative

Scrutinizing carefully the proof of 5.3.4, it turns out that the positive definiteness
of g is not needed if we start from a Finsler manifold. In this case, the normality
of g and the total symmetry of the lowered first Cartan tensor C, simplify the
circumstances considerably. We include here our proof, since this is a new and
coordinate-free deduction of the existence and uniqueness of Cartan’s covariant
derivative under the condition that no Ehresmann connection is specified in
advance. For a proof that uses local coordinates, see [1].

In this section we shall work on a Finsler manifold. The Barthel connection
will be denoted by Hp, and Cartan’s covariant derivative, as defined in section

5.1, by D.

o
5.4.1 Lemma. If H is an FEhresmann connection on T M, and D is a metric
covariant derivative with vanishing vertical and horizontal torsions (the latter

with respect to H), then for all X|Y € %(?)
Dys¥ = DV 4 5 (¢ (X, PV) - Pre(X.7)),

where P is the difference tensor field of H and Hp (more precisely, io P =
H —Hp), and P* is the adjoint of P with respect to the Finsler metric tensor.

Proof. Let us define the mapping 1" by
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We show that 1" satisfies (i) and (ii) of 5.3.1 with w given by
w(X.7) = (c(x.PV) ~c(7,PX)).

o]
Since D and D are metric,

thus condition 5.3.1(i) is satisfied. At the step denoted by (x) we used the

coincidence of the vertical parts of D and D assured by 5.3.2. On the other
hand, by the vanishing of the horizontal torsion 7 of D and the horizontal

torsion 7 of D, for any X,Y € X(M) we have
0="T (XY) = Dy Y — Dyn X —j [X", Y]

~ o — N ~

=DynpY = Dynp X — [X, Y]+ DypgY — Dypyp X

A1 PN L1 NN
+VipxV +5C (PX.Y) = Vipp X — 50 (PY, X)
IR ~ A 1 PN 1 " A
— ot (X,Y) _gh (Y,X) +5C (PX,Y) - 5C (PY,X) :
taking into account that the v-covariant derivatives of basic vector fields vanish.
This implies

w (X V) =u (X7) - " (V. %)
as we claimed. Thus, by lemma 5.3.1, ¥" is uniquely determined. Finally we
show that the only possible choice for 4" is the map given by

(5.5) W (X7) = % (¢ (x.p¥) ~pPre(x.7)).
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Indeed,

e (X, ff,z) —q (x,z py) e (X,pz,f/) —c (;z-,xapz) -0

due to the symmetry of C,. Thus the map (5.5) satisfies 5.3.1(i). It also satisfies
5.3.1(ii), since by the same reason,

20" (X,7) - 20" (¥, %)
C@XPY) PC(X )—C(KPX)—Pm<ﬁXj
= ()N(,PXN/)—(Z(Y/,P~ :2w()~(7}~/

5.4.2 Proposition. If ‘H is an Ehresmann connection and D : }C(TM) X
.’{(?’) — %(?’) is a covariant derivative such that

1 is metric,

2) its vertical torsion vanishes,

3) its horizontal torsion with respect to H vanishes,

(1) D
(2)
3)
(4) H is attached to it,

then D s Cartan’s covariant derivative, and H is the Barthel connection of the
Finsler manifold.

Proof. We have already known that Cartan’s derivative and the Barthel con-
nection satisfy these conditions. We suppose that another D and another H
also satisfy them. As before, we look for H in the form

H=Hp+ioP.
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By the previous lemma, D has necessarily the form

Dy sV =DV + % (c(%.p¥)-Pec(X¥)).
It remains to show that the additional condition (4) implies P = 0. Since
2D,,56 = 2D,,50 +C (X, P8) — P*C (X,0)
—2D,, 0+ 2D,pgd+C (X P5)
=29,p50+C (PX,6) +¢ (X, Ps) =2PX +C (X, Ps),
we have to solve the equation
2PX +C (X, Po) = 0.

If we substitute X = 4, the second term vanishes, hence Pé = 0. Substituting
this into the original equation, we conclude PX = 0 for any X. ]



Chapter 6

Killing vector fields of
generalized metrics

6.1 Killing vector fields in general

In this section g will be a generalized metric on an open set TM C TM such
that 7 (m) = M, and 7 will be the restriction of 7 to f]\v47 as in section 2.1.

6.1.1 Definition. A diffeomorphism f :U — V between two open subsets of M
is a local isometry of g if its tangent map leaves g invariant, i.e.,

1. (0) (e (w1), fu(w2)) = go(w1, w2)

for any v € TUN TM and wy,wy € TryM. A vector field X € X(M) with
flowp: W CRx M — M is said to be an infinitesimal isometry of g if ©; is a
local isometry between two open subsets of M for all t € R such that the domain
of @i is not empty. A wvector field X € X(M) is called a Killing vector field if
[:Xg =0.

6.1.2 Proposition. Let X € X(M) be a vector field. Then X is an infinitesimal
isometry of g if and only if it is a Killing vector field.

Proof. In this proof we shall repeatedly use the dynamic interpretation of the
Lie derivatives of vector fields (2.3.1 (1), (2)). Now let us begin with proving the
necessity, and assume that X is an infinitesimal isometry. For arbitrarily chosen

60
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vector fields Y and Z on M, define a function f € C* (ﬂ?) by f:=g (Y, Z)
Ifve m, t € R and (t,p) € W, we have

Fe1)«v) = go0).(0) Y (91 (P)), Z(04(p)))
= (o). ) (20)[(0-)sY](P), (1) (0 -1)1Z](p))
= 9u([(e-0)sY1(p), [(p—1):Z](p)),

using in the last step that ¢y is a local isometry for every sufficiently small ¢ € R.
Now we use the fact that the curve ¢, : t — (p¢)«(v) is an integral curve of X°
to obtain

X(0)f = lim ~[£((0)- () — ()]

t—0 ¢
= lim — : (90 ((p—t)eY (p), (p—1)tZ(p)) — 9o (Y (), Z(p))]

0t
[gv((so-t)ﬁY(p) —Y(p), (p_1)sZ(p)) N 90(Y(p), (p—1)1Z(p) — Z(p))

t 4

=0 (1 (o) ) = Y0).Jim(o-0:200) )

+ 9o (Y(p%}ii% %((‘Pft)ﬁZ(P) - Z(?))) = 9,([X,Y](p), Z(p))

-

+9u(Y(p). [X. ZI(p) = (9 (X.Y1.2) +9 (V. [X. 2]) ) (0),
and therefore

X% (¥.2) = X1 = o (FV1,2) 4. (V.15 7)

Thus we conclude
(Lxg) (V. 2) = x9 (V. 2) ~ g (£xV,2) =g (V. £x7) =0,

i.e., X is a Killing vector field.

To prove the converse, assume that X is a Killing vector field, consider the
ﬂowgp:WCRXM—>MofX,andletp€M7vei_,7\//[,w17w2ETpM
be arbitrary. We shall again denote the maximal integral curve of X°¢ starting
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from v by ¢, : I, — TM. (The domain of this curve depends only on p.) We
define the function ¢ : I,, C I, — R in the following way:

1) = 9p0). (0) ((P2)« (w1), (1) (W2)) = Ge, (1) ((P2)« (w1), (01) (w32))-

(If ™ # TM, ¢ need not necessarily be defined on the whole I, since the

curve ¢, may leave ™ .) Tt is enough to show that £ is constant. To this end,
we define two vector fields Y and Z along ¢, as follows:

V(1) = (pr)«(w1), Z(t) = (pr)«(w2) (¢ € L).

If X¢(v) =0, ¢, is constant, and the assertion is trivial. If X“(v) #0, Y and Z
can be extended, at least locally, to vector fields Y and Z on an open subset U
of T'M such that

Y(t) =Y(c(t), Z(t) = Z(co(t)) (teT)

(I C I, is another open interval). Now with the help of the function h given by

ha) = g, (Y(2), 2(0)) (4 € D),
we have £ [ I = hoc,. Thus,
U(t) = (hoey) (t) = o ()h = X (cy(t))h = (X h)(cu(1))
= {9 (ﬁxﬁz) +9g (}77£XZ>} (co(t)),

(£x7) (@ =1 1 [(0-0- V(000 V(@] =0 (g € co(1)

due to the construction of Y. We obtain in a similar way that £xZ = 0. Hence
¢ is indeed constant. O

[e]
If the metric g is defined at least on T'M, and it is positive definite and
homogeneous (Vig = 0, or, equivalently, the function g (X ,f/) is positively

homogeneous of degree 0 for any X,Y € X(M)), then we may define the length
of an arc ¢ : [, B] = M by

o) = /a N /a " o @0, 0t
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The distance of two points p,q € M is then given by
d(p, q) == inf{{(c)|c : [0,1] = M, c(0) = p,c(1) = ¢}

We say that g is reversible if g_, (w1, w2) = g, (w1, w2) for any v, wi,we € Tp,M
and p € M. In this case, d is symmetric, and (M, d) becomes a metric space.

It is known that every Killing field is complete on a complete Riemannian
manifold [47]. This result can easily be generalized as follows.

6.1.3 Proposition. Let g be a homogeneous, reversible and positive definite
metric, and suppose that X is a Killing vector field of g. If M is complete as a
metric space, the vector field X is complete as well.

Proof. Let ¢, : [0,a] — M be an integral curve of X starting from p. We show
that ¢, can be extended to [0, a]. Since ¢, = X0 ¢, and

1 1
XFE = chg(av 5) = i(EXg)(évé) =0,
the function E o ¢, is constant. Let A := /2E(¢é,(t)) (¢t € [0, of is arbitrary).
Then, if ¢, € ]0, af,

d(cp(t), cp(t')) < /t V2E o ¢yl = At —1'].

This implies, by the completeness of M, that the limit lim, ., ¢,(t) exists. O

Now we suppose that an Ehresmann connection is specified on ™ whose
torsion vanishes. Let D be the metric covariant derivative operator on T'M
constructed in section 5.1.

The following proposition was formulated in [49] for the special case of Finsler
manifolds. It generalizes the skew-symmetry of the covariant differential of a
Killing field in Riemannian geometry.

6.1.4 Proposition. Let X be a Killing vector field on M. Then

for any Y, Z € %(n).
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Proof. Since the left-hand side is tensorial in Y, Z, it is enough to verify the

formula for basic vector fields Y, Z. Using the condition that X is a Killing
field, we obtain

where the symbol (Y < Z) means an expression consisting of all preceding
terms, with Y and Z interchanged. By the vanishing of the torsion of our
Ehresmann connection,

+ % [cb (VXC,Y,Z e Y,Z,VX"’) —¢ (Z,VX%Y)] (Y < 2)
—g (Dyhfc, Z) tg (if, DZ;LX) re, (VXC,?, Z)
—g (Dwfc, 2) +g (ff,pzhfc) +yg (c (vxcy) ,2) ,

thus concluding the proof. O
6.2 Results for some special classes of generalized
metrics
For any metric g, we introduce the (1,1) tensor C along 7 by the prescription
c;f(eae(w)Hc(f(,a),

where C is the first Cartan tensor of the metric.
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6.2.1 Theorem. Suppose that 1/",_,7\/4 is connected for all p € M, and let g be a

weakly variatonal and Miron regular metric on TM with ¥4 = d"L. A vector
field X on M is a Killing vector field for g if and only if the function XL is a

vertical lift and LxC = 0.
Proof.

(1) Necessity

Suppose that X is a Killing field. If Y € X(M), we have

YYX°L = X°Y'L — [X°,Y']L = X°Y'L — [X,Y]'L

— X(d°L)Y — (d"L)[X,Y] = X° (199?) —9,[X,Y]

= X¢g (?,5) . ([?,\Y],a) — (Lxg) (f/,a) ~0.

If we substitute coordinate vector fields of a chart for Y, then we see that
all partial derivatives of the function XL vanish on the intersection of
a fibre with T'M, and, taking into account that this set is connected, it
follows that X°L is constant on it. Thus XL is a vertical lift. To verify
the necessity of the second condition, let Z be another vector field on M.
Using our assumption L£xg = 0 repeatedly, we get

= X (Z’fﬂ A)—g(é?,EXZA —g(é[X,/?LZA)
= x5 (67.2) - (6T 2) -4 (67, K2
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where we have used the definition of C. By the definition of C,

g ((LXE)Y/, z)
= X (V5g) (5, Z) - (v%ﬁ g) s, Z) ~ (V%g) (5, [f?})
— XYy (5, Z) — X (Y Z) ~ X4, Yy (5, Z) tg ([X/?] Z)
vy (7)o (v.7)
=Y"X¢ (5, Z) —Y%g (5, [?,7]) =Y"(Lxyg) ((5, Z) =0,
which implies, by the non-degeneracy of g, that £ XZ’ =0.
(2) Sufficiency

If X°L is a vertical lift, we obtain
(Lx0,)YV = X° (ﬂgf/) — 9, (zXY) = X°(d"L)Y — d°L (i1 [X*, "))
= XYL — [X°,Y’|L = Y"X°L =0
for any vector field Y on M, and therefore

Lxe(Vg05)(n) =X (Igjn) — 951X, n]) = X(Dgin) — Ig(Lxin)
= (ﬁXﬁg)(jn) =0

for n € X (:FM) which implies L. (?, 0j) = 0. Since the Lie derivative

and the exterior derivative commute, we also have
Lxcwg = Lxcd(”&g Oj) = dﬁXc(ﬂg Oj) = O
The second condition implies
£xA=Lx(1xr) +€) =0.

As Lxg is tensorial, and ¢ is Miron regular, it is sufficient to show that
(Lxg) (Af/, Z) = 0 for any vector fields Y and Z on M. Using

wo(I1,€) = g (AGn).J0)  (n.¢ € X (TM)),
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we get
(Lx) (AV,2) = x°q (4V,Z) - g (£x (4V),2) - g (47, [X, 7))
=X (A)A/, Z) —g (A[)(,/?},Z> —g (AY, @)
= X wy(Y", Z°) —wy([X, Y], Z°) —we (Y, [X€, Z°)
= (Lxewy)(Y", Z2°) =0,

thus concluding the proof.

Now we introduce two canonical inclusions. The first one will be
i1: M —TM, pe M —ii(p) :=0,.

In other words, i1 is an embedding of M into T'M that assigns to each point p
the zero vector at p. The second inclusion is given by the prescription

i : TM — TTM, v € TM — iy(v) := é,(0),
where ¢, : t € R+ 07, + tv.

We shall also use the shorthand 7 := 47 o 7. The image Imi; =: M C TM is an
embedded submanifold, and it consists of the zero tangent vectors. From the
coordinate expression of a complete lift X¢ (see Appendix) it can be seen that
X°¢ is tangent to M: at the points of M all the functions y® vanish, hence the
second term vanishes, and since the coordinate vector fields % are tangent to
M , it follows that X ¢ is tangent to M as well.

The metric g does not determine L uniquely, since a vertical lift can be added
to L without changing d" L. Moreover, we have

6.2.2 Corollary. With conditions similar to those in 6.2.1, if g is defined on
the whole TM, and X is a Killing vector field on M, L can be chosen such that
XL =0.

Proof. By 6.2.1, there is a Lagrangian L onTM for g such that X°L is a vertical
lift. Let us define L by

L:=L—-Lor,

or, more explicitely,

L(v) = L(v) = L(0,()) (veTM).
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The second term is a vertical lift, and therefore d"L = L = ¥y. We show that
X°¢L = 0. In the expression

X°L = XL — X¢ (Eo?)

the first term is a vertical lift by the choice of Z, and the second is a vertical lift
as well, since the action of a complete lift on a vertical lift yields a vertical lift.
Therefore it suffices to show that X°¢L vanishes on M, i.e., on the zero section.
This follows immediately from our previous observation that X¢ is tangent to
the submanifold M. O

6.2.3 Theorem. Let g be a variational metric defined on the whole TM. A
vector field X on M is a Killing vector field if and only if there is a Lagrangian
L for g such that X°L = 0.

Proof.

(1) Necessity

Suppose that X is a Killing vector field, and Lis an arbitrary Lagrangian
for g. Then we obtain

0= (£x0) (1. 2) = x (7.2) — o (F71.2) o (7. £ 2)
for any vector fields Y, Z € X(M). Using g = VUV?L, this further implies
0=XY"Z'L - [X,Y]"Z°L - Y'[X, Z]"L
_ chvzvz _ [Xc’ Y?)]sz _yv [)(c7 ZU]E — YDZUXCE.

It follows that XL is an affine function on each fibre of TM , 1.e., on each
tangent space. Now we define a new Lagrangian L by

L::Z—Zoilor—dzoz'g.

It is easy to see that the difference of L and L is also a fibrewise affine
function, thus their Hessians are the same, i.e.,

VUVYL = V'V'L = g.
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We compute the action of X¢ on the difference L — L over an induced
chart (77H(U), (") y, (y*)7,) on TM by a chart (U, (u')l_;) on M:

Xc<zoilor+dzoi2> = [X(Eoz'l)r—FXc(dzoiz)

Xza(g;h) + (Xz)v % (dzoig) +yj (gf;)v 8iyl (dzolé).

We shall further transform the expression dL o io by evaluating it at a
particular tangent vector v € T'M. Thus ¢, is the curve ¢ — 0.(,) + tv,
whose component functions are the following:

' (cy(t)) = u'(v), y'(e(t)) =ty'(v) (teRie{l,...,n}).
Substituting this into the definition of is, we get
) ) i 0
ia(v) = ¢(0) =" (v) { 77 :
0Y" ) 2w)

and thus

(dLoiz) () = y'(v) gf (7(v),

which is equivalent to
- (oL
dLois =1y ( . or) .
oy’

Finally, turning back to the interrupted computation,

XC(EoiloTerZoig)

o (0L no [ 0L (0X*\" [ OL
- X’L -y T XZ J P raa— T J n ey T .
o (S o) 0 (o) +v () ()
This is a fibrewise affine function, just like X L. To show that they are
equal, it is enough to check that they coincide on the zero section and

so do their linear parts on each fibre. The expression of X L over our
induced chart is

o av 0L (9X\" OL
X I=(x) o0 (5 ) 5
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Thus, X°L = Xe[ — X© (E — L) vanishes indeed on the zero section:
- - (oL (L
X¢Loi; — X° (L—L) 0iy = X1 (a : oi1> _x (8—,01'1) —0,
ox? oxt
whereas the linear part of XL is
(D s o o 0°L (9X\" [ OL
’ - XL |oT—(X") ¢/ —— o7 | —y’ . —oT | =0.
Y <6y1 >OT ( ) Y <8xlay307> Y (6’&]) <ayz OT)

(2) Sufficiency
If L is a Lagrangian for g such that X¢L = 0, then we have

(txg) (V.2) = x°9 (V. 2) - g (X,],2) = 9 (V. X, Z])
=XYYZ'L - [ XY |Z'L-Y" X Z°|L=Y"Z"X L = 0,
thus X is indeed a Killing vector field.
O

6.2.4 Corollary. If (M, E) is a Finsler manifold with Finslerian metric g =
VUVVE, then a vector field X on M is a Killing vector field of g if and only if
X¢E=0.

Proof. In this case, g is variational, and the energy function F is a Lagrangian
for g. From the proof of the previous theorem it can be seen that the function
X°F is affine on each tangent space. On the other hand, since E is positively
homogeneous of degree 2, we also have

CX°E=[C,X°|E+ X°CFE = X°CE =2X°E,
hence X°FE is also positively homogeneous of degree 2. This is possible only if

X°E =0. O

6.3 Translations

In this section we shall work on a manifold M endowed with a weakly normal

[e]
and Miron regular metric on M. We recall that in this case the absolute
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energy E is a Finsler energy function (see (3) in section 5.1). We shall apply
the Barthel connection, Cartan’s covariant derivative and the canonical spray
corresponding to the Finsler energy E.

The well-known straightening-out theorem will be used repeatedly in our
considerations. For the sake of completeness we include it here as a lemma. For
a proof, we can refer to e.g. [6].

6.3.1 Lemma (straightening-out theorem). If X is a vector field on the
manifold M such that X (p) # 0 for some p € M, then there exists a chart
U, (u)ry) around p such that X [U = 2.

6.3.2 Definition. A Killing vector field X of g is called a translation if every
(non-constant) integral curve of X is a geodesic of the Finsler manifold (M, E).

For classical results on translations of Riemannian manifolds, see [15, 46,
63]. Now we generalize the important conservation lemma from Riemannian
geometry [41, p. 252] to our setting as follows.

6.3.3 Proposition. If X € X(M) is a Killing vector field, and ¢ : I — M is a
geodesic of E, then the function

t €1 gory(X(c(t), é(t))
1s constant.

Proof. Let us denote the function in question by f. Obviously, it may also be
written in the form

f=g (X , 5) o¢.
The curve ¢ is an integral curve of the spray £ arising from E, thus we have
=g (X.0)0c

Using (3) in section 5.1 and the relation X¢E = 0 (which follows from the
condition that X is a Killing field), we obtain

£q (X 5) .y (09X) = ¢(dE) (X) —¢XYE = —X°E — X"¢E 1+ ¢X'E
= —(X+[X",¢)E =-2X"FE =0,

and therefore f’ = 0, which implies that f is constant. O
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We recall from section 5.1 that E can be extended continuously to the zero
section. In the next proposition E will be this extended function.

6.3.4 Proposition. Let X be a Killing vector field of g. Then X is a translation
if and only if the function
p€M— E(X,)

18 constant.
Proof.

(1) Necessity
Suppose that X is a translation. If E(X,) = 0 for any ¢ € M, the
statement is obvious. Hence we assume that there is a point ¢ € M such
that E(X,) # 0. We define the following subset of M:

V:={pe M|E(X,)=E(X,)}.

We shall show that V = M. First, V # (), since ¢ € V. Furthermore, V is
closed, since it is the inverse image of the closed set {E(X,)} C R under
the continuous function

f:peMw f(p) = E(X,).
As agreed in section 2.1, M is connected, thus it remains only to show

that V is open.

To see this, take a point p € V. By the straightening-out theorem (6.3.1),
there is a chart (L{ , (uz)?zl) around p such that X [ U = %. Consider an
integral curve ¢ : I — M of X, which is, by the definition of translations, a
geodesic of the Finsler manifold (M, E) as well. Its components ¢! := u’oc
have the following form:

) =c'0)+t, c(t)=c(0) (ie€{2...,n}),

hence ¢’ = 0 for any i € {1,...,n}. On the other hand, c satisfies the
differential equations of geodesics:

" +2G 0 =0,

1, 0%E OF
i A4 k _
¢ 2 (y dxk oy 83:j> ’

where
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and (7%) is the inverse matrix of

(i) = (L
Yij) = 8y18yﬂ

(see the Appendix). Putting these together, we infer that G% o -2

T = 0 on

U. Since the matrix (v¥) is regular, using y° o 52 = 4}, this implies that

o (s B OB\ 0 (@B 0B\ o
-V Oxkdys  OxI oul  \0xloyl  Oxd oul

_ o8 0 _ 9 ([, 0
T Qa9 Oul T AW oul )’

which, in turn, implies that the function F o % is constant on . Hence
p € V is contained together with an open neighbourhood in V. We conc-
lude that V = M.

Sufficiency

Suppose that the function f : p € M — f(p) := E(X,) is constant, and
choose a chart similar to that in the previous part. Then the components
of the integral curves of X satisfy ¢/’ = 0. By the same reasoning as in
the previous part, G* o 8%1 =0, thus G o ¢ = 0 along the integral curves
of X, and c satisfies the differential equation of the geodesics. Therefore

the integral curves of X are geodesics as well.

O

It is known that a geodesic on a Riemannian manifold meets a translation
at constant angles [15, 46, 63]. In the general case, if g is positive definite, the
angle ¢ of a translation X and a geodesic ¢ may be given by

_ getn (X(e(0)),é(1))
Vet (X (E0), X () et (20, €0))

cos (1) :

or, equivalently,

) (353

(o (x.0)a00)"

cos p 1=

The numerator is constant by 6.3.3, and the second factor in the denominator
is constant as well even in the most general case. It follows from 6.3.4 that
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in the Riemannian case the first factor is also constant, since then the function
g (X , X > is constant on each fibre. From our results, however, it does not follow
that the first factor is constant in general, even for Finsler manifolds. Therefore,
it does not follow that ¢ is constant. It remains an open question whether there
exists any class of metrics in which this angle is constant and which is more
general than the Riemannian case.

Moreover, there is a broad class of (even Riemannian) metrics that have no
non-trivial translations at all. For example, the hyperbolic plane does not have
any. Consider Poincaré’s upper half-plane model:

H* := {p=(p',p*) € R*|p* > 0}

with canonical coordinate functions (ul7 u2) and metric tensor given by

Vo w) = (v,w) 2 v.w 2
gp( Y2 P) . (ug(p))g (PG H s Uy € R )

The Killing fields of the Riemannian manifold (Hz, g) have the form

X = [o((uh)? = (u2)?) + pu' +1] % + (20u! + B) ug%

with some «, 3,7 € R. The upper half-plane H? coincides with the set of comp-
lex numbers with positive imaginary part. Suppose that o # 0, and introduce
the notation k := /|32/4 — ay|. Then the integral curves of X are given by

k ccoshkt —sinhkt S B2
== _ g2 _
2(t) acsinhkt —coshkt 2« VI >0,
k ccoskt +sinkt 2
t)f=———m— — — f _
2(t) acsinkt —coskt 2« VI <0,

_ 1 B . 3 _
Z(t)__at—i—c_% 1fz—ory_0

with ¢ € C such that Imc¢ > 0, which are no geodesics. That is, however,
not surprising, since, if the hyperbolic plane had a non-trivial translation, its
flow could be used to construct a geodesic quadrangle with angle sum 27, in
contradiction with the Gauss—Bonnet theorem (cf. Figure 6.1).
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Figure 6.1: There are no translations on the hyperbolic plane

6.4 An application to Randers manifolds

Let (M, ) be a Riemannian manifold and 3 a one-form on M. We recall from
section 2.1 that the tensor & along 7 and the function 8 on T'M are given by

Gy (Wi, w2) = ap(wi, ws2), B(v) = Fpv) (v,wr,we € T,M,p e M).

We define the following functions on T'M:

= 1
Fo(v) :i=y/ar@y(v,0) (veTM), F:=F,+p, E:= §F2.

Then F' and F are smooth on %M

On the Riemannian manifold (M, «) we have the same type of canonical
one-to-one correspondence between vector fields and one-forms as in the case of
metrics along the projection 7 as described in section 5.1, namely:

X'(Y)i=a(X,Y), (4%, Y) =) (X,Y € X(M),y € X*(M)).

If HﬁﬁH <1, (M, E) is a Finsler manifold, called the Randers manifold obtained
from the Riemannian manifold (M, «) by the perturbation with the one-form
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(B. For the expression of the metric tensor of this Finsler structure we use the
following formula from [37]:

6.4.1 Lemma. Let (M, E) be the Randers manifold arising from the Rieman-
nian manifold (M,a) by perturbation with 8 such that ||ﬂﬁ|| < 1. Then the

metric tensor g of (M, E) takes the form
F 3 1 N A A
9= 0= %a®d+%a®ﬂ+ﬁ®ﬂ7

where ® stands for the symmetric product.

In his paper [33], M. Matsumoto proved that 3% is a Killing vector field
of the Randers manifold if and only if it is a Killing vector field of the original
Riemannian manifold (M, ) as well. Now we give a new proof of the sufficiency
of this condition:

6.4.2 Proposition. Suppose that (M, «) is a Riemannian manifold, and X €
X(M) is a Killing vector field of (M,a) such that | X|| < 1. Let g = X°,
F:=F,+0 and E = %FZ. Then X is a Killing vector field of the Randers
manifold (M, E).

Proof. First, suppose that X (p) # 0 at p € M. Consider a chart (U, (u");)
around p and the induced chart (77'(U), (z)iy, (y*)7,) on TM. Let i,j €
{1,...,n} be arbitrary, then

)
(ﬁxg) <w, @)

(T T 9 a), (9, @
—X@<a?aﬁ*90&a%aﬁ+g&w¢&%ﬁ~

By the straightening-out theorem (6.3.1), we can choose a chart such that X =
=2 over Y. Then the last two terms vanish since, e.g.,

oul
5 [0 [0 @
“w—kw}bmﬁyo

It remains to show that the first term also vanishes. We have the following
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coordinate expressions:

(o 9\, 5 ERA N AT
N ouw ouw | ~ Y ou | i Y\ gui ) T Y
B=py', Fo=\lalylyl, F=,/a%yiy/+p6y".

We substitute the expression in the preceding lemma for g:

o (7 @
G0 g (auz 3u3> = a1’ (aTaT)

= i 1+ 7ﬂ}c}yk ot — 7ﬂgyk ol av yrys
Oxl (a’lvmylym)l/Q v (a;)mylym)S/Q ity s

(aly" B + Braty" >+ﬁz’6;f},

1
oty

and
_ j J
,67; = Olin] = aijél = Q1.

On the other hand, since X is a Killing vector field of (M, «), it follows that

_ (9 8 o 8012-]-
0=(£,2.0) (%%) = Bl

Thus we have shown that all functions in the square bracket of (6.1) have
vanishing partial derivatives with respect to ', and hence Lxg = 0 on T, M if
X (p) # 0. On the other hand, if X(p) = 0, and there is a series (p,)52, such
that p,, — p and X (p,) # 0 (n € N), then Lx g vanishes on T,M by continuity.
Finally, if there is a neighbourhood of p on which X vanishes, then Lxg = 0 on
T,M automatically. O

6.5 Killing vector fields of a Funk metric

In this section we shall work on an open subset of R™; D, will denote the
directional derivative with respect to a vector v € R™ and D; the ith partial
derivative (i = 1,...,n).

Let ¢ : R" — R be a Finsler— Minkowski norm as defined in Chapter 4,
and Q = 1[0, 1] the open unit ball. We shall use the canonical identification
TQ = O x R™ and the natural projections pr; : T2 — Q and pr, : TQ? — R™. A
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Figure 6.2: Funk metric on €

Finslerian fundamental function F' : T2 — R on € is determined by the relation

(6.2) po (pr1 +%> —1 onTQ.

The Finsler structure given by F' is traditionally called the Funk metric on 2

[e]
(cf. Figure 6.2). The Finsler energy is then £ = %F2. If we substitute v € TQ
into (6.2), we see that it is equivalent to

p+ € 01,

v
F(uvp)
as shown in the figure. For more about Funk metrics, see [50].

6.5.1 Proposition. With notations and hypotheses as above, for a vector field
X on Q the following conditions are equivalent:

(1) X is a Killing vector field of (0, F);

(2) for every point p € Q and vector v € R™ such that p + v € 0N, the vector
X(p) + D, X(p) is parallel to the tangent hyperplane of 9Q in p +v.
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Proof. Let (u’)™_; be the restriction of the canonical coordinates of R™ to {2, thus
we have a global chart (€2, (u)l_). Let (TQ, (z")", (y)?zl) be the induced
chart on 7). If the coordinate expression of X is X* 61“ , its complete lift is

o @ (X" 9
c __ i J
X=X gty (am) Dy

(see the Appendix). Now we act by X ¢ on both sides of (6.2). Using the chain
rule for the compound map on the left-hand side, we obtain

0= [Drgo (br, +*)] [(Xl)v oa ( k)
o (55) g ()
= [Drgo (o +22)] [(X’ ' (5k - ﬁaxi)

+ J ﬁ _ i aF
4 F2 9yt
Regrouping these terms yields

- Pro E\Y yj D (AN
0= [Dugo (or+22)] [(6° + 2 (5 )
k i\ Y
2 <(X) o Y <6uﬂ‘) ay)]
- Pro k\Y ?Jj ox"* k c
= [Dreo (o +72) | [(“ +F<auj> - X

By 6.2.4, X is a Killing field if and only if X°F' = 0. Furthermore, if v,(# 0) €
T is arbitrary, and z 1= p + 7(;~ (E 0Q), then

1 ’ — E'(2)(v) =
*w(Z)E(Z)(U)*E( )(v) =0.

Therefore, it follows that X is a Killing field if and only if

(6.3) [Dkgoo <pr1+p—F2ﬂ {(X’“)“ (8;5) } ~0.
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From now on, we suppose that v, is of the form as in the proposition, i.e.,
p+ v € 0. By the homogeneity of F, if (6.3) is satisfied for such v,’s, it is
satisfied for all. In that case F'(v,) = 1, and evaluating (6.3) at v, we obtain

(Dr)(p + v)(X*(p) + v/ D; X*(p)) = (Drep) (p + v)(X*(p) + Dy X" (p))
= (grad p(p +v), X(p) + D, X(p)) =0,

or, equivalently, the vector X (p)+ D, X (p) is parallel to the tangent hyperplane
of the indicatrix at p 4 v. O

—_— =



Chapter 7

Summary

7.1 Notations

In this thesis we work on an n-dimensional connected manifold M. If TM Cc TM
is an open set such that 7 (TM ) = M, then the restriction of the tangent bundle

projection 7 to TM is denoted by 7. The pull-back bundle of 7 by 7 is 7*7. The
c> (TM) -module of its sections (also called vector fields along 7) is denoted

by X(7). The most important special case is TM = TM , the open subset of

° [e]
non-zero tangent vectors to the manifold M. The restriction of 7 to TM is 7.
We have the following short exact sequences on T'M:

0— 7*TM 5 TTM % 7*TM — 0 and 0 — X(x) —>3€(f]\7) 3 %m0 —o.
The vertical and the complete lift of a smooth function f on M are denoted by
fY and f€, respectively. The vertical lift of a vector field X on M is X¥ =iX,
and its complete lift is X¢. The canonical section of 77, the Liouville vector
field on TM and the vertical endomorphism are given by

o(v) := (v,v) (v € ﬁ\Z), C:=1i) and J:=ioj,
respectively. If f is a smooth function on ™ , dV f is defined by the formula
(d°f) (X) - <1X) f (X € %(w)) .

81
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By an Ehresmann connection we mean a split short exact sequence:
0=m"TM < TTM =" TM =0 or 0=2X(r) <X (TM) & X(r) = 0.
% H % H

The horizontal and vertical projectors are h :=Hojand v:=io V.

A covariant derivative operator in m*T isamap D : X (TM) x X(m) — X(m)
satisfying the familiar conditions. Its deflection p is the covariant differential
of §. The vertical deflection u” is, roughly speaking, the restriction of u to the
vertical subbundle. The covariant derivative D is said to be regular if p¥ has
rank n at every point of TM. We say that an Ehresmann connection is attached

to D if X" (f}\?) = Ker pu.
We denote by V Berwald’s covariant derivative arising from an Ehresmann

connection. The horizontal and mixed curvatures of an arbitrary covariant
derivative are R and P, respectively, whereas those of Berwald’s derivative are

R and P. .
The Lie derivative of a vector field Y along m with respect to X € X(M)
may be given by
LxV =it [XC, iﬂ .

A Finsler — Minkowski norm on a finite-dimensional real vector space V is a
function ¢ : V' — R that satisfies the following axioms:

(1) p(v) > 0if v # 0 (positivity);

(2) if A > 0, then p(A\v) = Ap(v) for all v € V' (positive homogeneity);
(3) ¢ is smooth over V '\ {0};
(4)

4) if E := ¢, then for all p € V' \ {0} the symmetric bilinear form g, :=
E"(p) is non-degenerate.

Proposition. The metric tensor g of a Finsler — Minkowski norm is positive
definite, therefore (V '\ {0}, g) is a Riemannian manifold.
7.2 Affine and projective vector fields

The Barthel connection of a spray manifold (M, &) is used in the results sum-
marized in this section.
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A diffeomorphism between two open subsets of M is said to be a local affine
transformation if its tangent map leaves £ invariant. If X is a vector field on
M whose flow consists of local affine transformations, then X is called an affine
vector field for €. The affine vector fields are characterized by the following

Theorem. Let X be a vector field on M. The following statements are equiva-
lent:

(5) (V' X) (V. 2) = R (x.7) Z+P (VXOV) Z for any V', Z € X(7)
(generalized Killing equation).

Yano’s covariant derivative D induced by & in 7*7 is defined by the formula

DX =V, X + - ! - trP (. %) -o.

To sprays are projectively equivalent if their geodesics differ only in an incre-
asing parameter transformation. A diffeomorphism between two open subsets of
M is a local projective transformation if its tangent map takes £ to another spray
projectively equivalent to it. If the flow of X € X(M) consists of local projec-
tive transformations, then X is a projective vector field. We have characterized

projective vector fields as follows:
Theorem. If X € X(M), the following statements are equivalent:
(1) X is a projective vector field;

(2) there is a continuous function F on TM, smooth on TM, such that
(X ¢l =FC;

(3) there is a smooth function F' on TM, positively homogeneous of degree 1,
such that

(Lxeh)(n) = (P + (Jn)F-C), ne x(TM);
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(4) there is a smooth function F' on TM such that

(Lx D) (nz) - —% ((Jn)F 7+ (12) F ~jn) :

nex(TM), Zex(7).

7.3 Natural metric covariant derivatives

Let g be a symmetric and non-degenerate tensor of type (0,2) in the bundle
7*7. Then g is said to be a (generalized) metric. Using non-degeneracy, the
first Cartan tensor C and the lowered first Cartan tensor C, of a generalized
metric g are defined by the following formulae:

g(c(X7).2) =¢ (X,7.2) = (Vi9) (V.2) (X.V.Zex(m).

The one-form 9, : X — g (5(,5) along 7 is called the Lagrange one-form
associated to g. The absolute energy of g is E := 3g(4,6).

A metric g along 7 is said to be wariational if its first Cartan tensor
C is symmetric, weakly variational if C, (X,?,é) =G (?,X,J) for every

XY e X(m), normal if C (X,é) — 0 for every X € X(7), and weakly nor-
mal if C, (X,(S, 5) = 0 for every X € X(n). The metric is Miron regular
[38] if the tensor A : X — X +C (f( ,6) has maximal rank at every point

of TM. 1If v = VU'V'FE is also non-degenerate, g is called energy-regular.
An energy-regular and homogeneous (Vjg = 0) metric is also mentioned as a
Modr — Vanstone metric. .

Given an Ehresmann connection on T'M, there is a unique metric covariant
derivative in 7m*7 whose vertical torsion vanishes and whose horizontal torsion
coincides with the torsion of the given Ehresmann connection.

If ’f;]\//[ is simply connected for every p € M, then g is variational if and
only if there is a smooth function L on TM whose Hessian is g, more precisely,
g = VU'V'L. In this case, we call L a Lagrangian. If m is simply connected
for every p € M, then g is weakly variational if and only if there is a smooth

function L on TM such that Uy =d’L. If ™ = TM, and g is weakly normal
and Miron regular, then F is a possibly indefinite Finsler energy (in the usual



7.3. NATURAL METRIC COVARIANT DERIVATIVES 85

sense). Furthermore, ¥, = d"E. Finally, if TM =TM , and g is normal, then g
is itself a Finsler metric.

7.3.1 Theorem. Let g be a weakly normal Moor— Vanstone metric on TM, &
the canonical spray belonging to the Finsler energy E, Hg the Barthel connec-

E o]
tion, and V Berwald’s covariant derivative arising from Hg. Let P € T1 (T)
be an arbitrary tensor. Consider the Ehresmann connection H := Hg —io P

° o
on TM and the unique metric covariant deriwative D along T whose vertical
torsion vanishes, and whose horizontal torsion coincides with the torsion of H.
The horizontal map ‘H satisfies the conditions

(i) Ho=¢,
(ii) H is conservative with respect to E (%h (TM) C Ker dE),

(i) H is attached to D
if and only if
. 1, E N\ ~ S o o
PX = —3(ixVeg) +PX +PX (X ex(7)),

where Py, P, € T} (;) are tensors such that Py is self-adjoint (with respect to
g) and homogeneous of degree 0, P, is skew-symmetric (with respect to g), and
the image of both Ps and P, is contained in the orthogonal complement of the
canonical section 6.

Theorem. Let g be a positive definite weakly normal metric along 7. Suppose
that the tensor A : X — X +C (X,é) has the following property: for a fi-

zed v € TM, the self-adjoint linear transformation A, has no (not necessarily
different) eigenvalues X\;, \; € R such that \; + A; = 0. Then there is a uni-

que covariant derivative operator D : %(%M) x X(7) — X(7) and a unique
Ehresmann connection 'H on %M such that

(1) D is metric,

(2) its vertical torsion vanishes,

(3) its horizontal torsion with respect to H vanishes,
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(4) the horizontal subbundle is contained in the kernel of the deflection of D.
In particular, if D is regular, then H is attached to it.

In the special case of a Finsler manifold, this theorem gives an axiomatic
characterization of Cartan’s covariant derivative:

Proposition. If H is an Ehresmann connection on a Finsler manifold and
D : %(TM) X X(?’) — .'{(70') s a covariant derivative such that

1) D is metric,

2) its vertical torsion vanishes,

(1)
(2)
(3) its horizontal torsion with respect to H vanishes,
(4)

‘H is attached to it,

then D is Cartan’s covariant derivative, and H is the Barthel connection of the
Finsler manifold.

7.4 Killing vector fields

Let g be a generalized metric along 7. A diffeomorphism between two open
subsets of M is a local isometry of g if its tangent map leaves g invariant. A
vector field X € X(M) is said to be an infinitesimal isometry of g if its flow
consists of local isometries. A vector field X € X(M) is called a Killing vector
field if Lxg=0.

Proposition. Let X € X(M) be a vector field. Then X is an infinitesimal
isometry of g if and only if it is a Killing vector field.

In Riemannian geometry, the covariant differential of a Killing field is skew-
symmetric. This result is generalized as follows:

Proposition. Suppose that an Ehresmann connection is specified on TM whose
torsion vanishes, and D is the unique metric covariant derivative operator whose
vertical and horizontal torsions vanish. Let X be a Killing vector field on M.
Then

g (DH{,X,Z) +g (}N/,DHzX) +g (C (VXC,?) ,Z) =0

for any Y, Z € X(n).
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*
For any metric g, we introduce the (1,1) tensor C along 7 by the prescription

C:X—C (f(, 5), where C is the first Cartan tensor of the metric.

Theorem. Suppose that 7/“;]\/4 is connected for all p € M, and let g be a weakly

variatonal and Miron regular metric on TM with ¥4 = d°L. A wvector field X
on M is a Killing vector field for g if and only if the function XL is a vertical

lift and LxC = 0.

The metric g does not determine L uniquely, since a vertical lift can be added
to L without changing d”L. Moreover, we have

Corollary. With conditions similar to those in the theorem, if g is defined on
the whole TM , and X is a Killing vector field on M, L can be chosen such that
XL =0.

Theorem. Let g be a variational metric defined on the whole TM. A wvector

field X on M is a Killing vector field if and only if there is a Lagrangian L for
g such that XL = 0.

Corollary. If (M,g) is a Finsler manifold, then a vector field X on M is a
Killing vector field of g if and only if X°E = 0.

If g is weakly normal and Miron regular, then a Killing vector field X of g
is called a translation if every integral curve of X is a geodesic of the Finsler
manifold (M, E).

Proposition. If X € X(M) is a Killing vector field, and ¢ : I — M is a
geodesic of E, then the function
t €1 gegry(X(c(t)), c(1))
18 constant.
The next proposition gives a characterization of translations.

Proposition. Let X be a Killing vector field of g. Then X is a translation if
and only if the function p € M — E(X,) is constant.

There is a broad class of (even Riemannian) metrics that have no non-trivial
translations at all. For example, the hyperbolic plane does not have any. The
Killing fields of Poincaré’s upper half plane model have the form

+ (2au1 + 6) u2i

X = o ((u)? — (a2)?) + B’ +7] 2

out
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with some «, 3,7 € R. The upper half-plane coincides with the set of complex
numbers with positive imaginary part. Suppose that a # 0, and introduce the
notation k := 1/|82/4 — ay|. Then the integral curves of X are given by

k ccoshkt —sinhkt f3 B2
= — — _—— f — —
2(t) acsinhkt —coshkt 2« VRt >0,
k ccoskt+sinkt 3 B2
= —_— f _ =
(1) acsinkt —coskt 2« VR <0,
1 B . B2
t) = — —_— f— —_ —
2(t) at+c 2« ! 4 ay=0

with ¢ € C such that Imc¢ > 0, which are no geodesics. That is, however, not
surprising, since, if the hyperbolic plane had a non-trivial translation, a geodesic
quadrangle with angle sum 27 could be constructed, in contradiction with the
Gauss — Bonnet theorem (cf. Figure 6.1).

We have given a new proof for the following classical result:

Proposition. Suppose that (M,«) is a Riemannian manifold, X € X(M) is
a Killing vector field of (M,a) such that ||X|| < 1, and B8 := X°. Then X
is a Killing vector field of the Randers manifold arising from (M,«) by the
perturbation with [3.

Suppose that ¢ : R® — R is a Finsler - Minkowski norm, and  := ¢~10,1]
is the unit ball. Consider the Funk metric on  (cf. Figure 6.2). The following
proposition gives a description of its Killing vector fields:

Proposition. For a vector field X on Q) the following conditions are equivalent:
(1) X is a Killing vector field;

(2) for every point p € Q and vector v € R™ such that p + v € 0N, the vector
X(p) + Dy, X(p) is parallel to the tangent hyperplane of 9Q in p +v.



Chapter 8

Magyar nyelvi osszefoglal6
(Summary in Hungarian)

8.1 Jelolések

Ebben a disszertaciéban egy n-dimenzios M Osszefiiggs sokasdgon dolgozunk.
Ha TM C TM olyan nyilt részhalmaz, amelyre 7 (m) = M teljesiil, akkor
a 7 érintényalab-projekcio TM-ra valo leszikitését m-vel jeloljik. A 7-nak a
7 altali visszahtzottja 7*7. Ezen nyalab metszeteinek a C'*° (ﬁ/[) -moduluséat
(amelyeket w-menti vektormezdknek is neveziink) X(r) jeloli. A legfontosabb
specialis eset: T™ = %M , vagyis az M sokasag nemnulla érintévektorainak

nyilt halmaza. A 7 projekcio T'M-re valo lesziikitését 7 jeloli.
Rendelkezésiinkre allnak a kévetkezd rovid egzakt sorok T'M folott:

0— m*TM 5 TTM % m*TM — 0 és OHX(W)Qf(m> g.’{(ﬂ)%().
Egy M-en adott f sima fliggvény vertikilis és teljes liftjét /v, ill. f¢ jeloli.
Egy M-en adott X vektormezd vertikalis liftje XV = iX, teljes liftje pedig X°.

A 7*1 kanonikus metszetét, a T M {o6lotti Liouville-vektormezdt és a vertikdlis
endomorfitmust rendre a

0(v) := (v,v) (vem), C:=1if és J:=ioj

89
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Osszefiiggések definialjak. Ha f sima fiiggvény m—on, akkor d f-et a kovetkezo
képlettel definialjuk:

(@ f) (X) = (1)() 7 (X € x(w)) .
Ehresmann-konnexio alatt egy hasitott rovid egzakt sort értiink:
i — i —\ J
— TM = TTM = 7*TM = 0, = LN (TM EN —0.
0=m = = 0, vagy 0 = X(n) = X ) - X(m) =0

A horizontdlis és vertikdlis projektor: h:=Hojés v:=ioV.

A 77 nyalab menti kovaridns derivdlds olyan D : X (ﬁ/f) x X(m) — X(m)
leképezés, amely kielégiti a szokasos feltételeket. Defleridja a § kovarians diffe-
rencialja, amelyet u-vel jeloliink. A v vertikalis deflexio, durvéan szolva, a pu-nek
a vertikalis résznyalabra valo lesziikitése. A D kovarians derivalast reguldrisnak
mondjuk, ha p¥ a T'M minden pontjaban n rangt. Egy Ehresmann-konnexioét
D-hez csatoltnak neveziink, ha X" (f]\?) = Ker p.

Egy Ehresmann-konnexiobol szarmazo Berwald-féle kovarians derivalast V-
val jeloljiik. Egy tetszoleges kovarians derivilas horizontalis és vegyes gorbiile-

tének a jele R, ill. P, mig egy Berwald-féle derivalas gorbiileteié R és P.
Egy Y m-menti vektormez§ X € X(M) szerinti Lie-derivaltjat az

LxV =it {X”,if/}

eléirassal adhatjuk meg.
Egy V végesdimenziés valés vektortéren adott Finsler — Minkowski-norma
alatt olyan ¢ : V — R fiiggvényt értiink, amely eleget tesz az alabbi axiémaknak:

1) ¢(v) >0, ha v # 0 (¢ pozitiv definit);

(1)
(2) ha A > 0, akkor p(Av) = Ap(v) minden v € V esetén (p pozitiv homogén);
(3) ¢ sima V' \ {0} folott;

(4) ha E := J¢?, akkor a g, := E”(p) szimmetrikus bilinearis forma minden
p € V\ {0} esetén nemelfajulo.

Allitas. Minden Finsler - Minkowski-norma metrikus tenzora pozitiv definit, te-
hat (V '\ {0}, g) Riemann-sokasdyg.
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8.2 Affin és projektiv vektormezdk

Az ezen szakaszban osszefoglalt eredmények targyalasaban egy (M, &) permet-
sokasag (spraysokasag) Barthel-konnexiojat hasznaljuk.

Az M sokasag két nyilt részhalmaza kozti diffeomorfizmust lokdlis affin
transzformdcionak nevezzik, ha érintSleképezése €-t invariansan hagyja. Ha
X olyan vektormezd M-en, amelynek a folyama lokalis affin transzforméciok-
bol all, akkor X-et & affin vektormezdjének nevezziik. Az affin vektormezdket
jellemzi az alabbi

Tétel. Legyen X vektormezd M-en. A kévetkezd kijelentések ekvivalensek:
X affin vektormezd;

[Xc7 g] = O;

(5) (vhth) (f/, Z) - R (X f/) 74P (VXC, }7) 7 birmely Y, Z € X(?)
esetén (altalanositott Killing-egyenlet).

A £ altal indukalt Yano-féle kovarians derivdldst a kovetkezs Osszefiiggés
értelmezi:

~ - 1 o /. ~
D,X =V, X + —— P (. %) -o.

Két permet projektiven ekvivalens, ha geodetikusaik legfeljebb csak névekvd
(iranyitastartd) paramétertranszformacio erejéig kiilonboznek egymastol. Az
M két nyilt részhalmaza kozti diffeomorfizmus lokdlis projektiv transzformdcid,
ha érintSleképezése &-t vele projektiven ekvivalens masik permetbe viszi. Ha
X € X(M) folyama lokalis projektiv transzformaciokbol all, akkor X projektiv
vektormezd. A projektiv vektormezdknek az alabb kovetkezd jellemzését adtuk:

Tétel. Ha X € X(M), akkor a kovetkezd kijelentések ekvivalensek:

(1) X projektiv vektormezd;

(2) létezik olyan folytonos F fiigguény T M -en, amely sima T M -en, és amelyre
[X€,&] = FC teljesiil;
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o
(3) létezik olyan elséfoki pozitiv homogén sima F figgvény T M -en, hogy

(Lxeh)(n) = 3 (FIn + (In)F - C), n e %(TM);

(4) létezik olyan sima F fiigguény T M -en, hogy

(cxD) (n.2) = - 2((J77F Z+ (iZ) F-jn).

ne%( ) Z € x(7).

8.3 Természetes metrikus kovarians derivalasok

Legyen g szimmetrikus nemelfajulo (0,2)-tipust tenzor a 7*7 nyaldbon. Ekkor
g-t (dltaldnositott) metrikdnak nevezziik. A nemelfajultsagot felhasznélva, egy
g altalanositott metrika C elsé Cartan-tenzordt és C, leszdllitott elsé Cartan-
tenzordt az alabbi Osszefiiggésekkel értelmezziik:

g(c(%.7).2)=¢ (X.7.2) = (Vi) (V.2) (XV.Zex(n).

A m-menti ¥, : X — g (f(,cS) 1-format a g metrika Lagrange-1-formdjinak

nevezzitk. A metrikihoz tartozo abszolit energia az E := $¢(5,6) fiiggvény.
A m-menti g metrikit varidcidsnak mondjuk, ha C elsé Cartan-tenzora

szimmetrikus; gyengén varidcidsnak, ha C, (5(,17,5) =G (?,Xﬁ) minden
XY € X(m) esetén; normdlisnak, ha C (5(,5) = 0 minden X € X(T) ese-
tén; és gyengén normdlisnak, ha C, (X,(S, (5) = 0 minden X € X(m) esetén. A

metrika Miron-reguldris [38], ha az A : X — X +C (5(,5) tenzor TM min-
den pontjaban maximélis rangi. Ha v := VYV'E szintén nemelfajulo, akkor
g-t energiarequldrisnak nevezziik. Egy energiaregularis és homogén (Vig = 0)
metrikat Modr— Vanstone-metrikaként is emlitiink.

Ha adva van TM-on egy Ehresmann-konnexi6, akkor egyértelmten létezik
egy olyan metrikus kovaridns derivalas a 7*7 nyalabon, amelynek a vertikalis
torzidja elttinik, horizontalis torzi6ja pedig megegyezik az adott Ehresmann-
konnexié torzidjaval.
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Ha 2/“;,\]\7[ minden p € M esetén egyszeresen Osszefiiggs, akkor g variéci-

Ossaga ekvivalens egy olyan L sima fiiggvény létezésével ™ -on, amelynek a
Hesse-formaja g, pontosabban: g = VYVVL. Ebben az esetben L-et Lagrange-

fiiggvénynek nevezziik. Ha T, M egyszeresen sszefiiggé minden p € M esetén,
akkor g gyengén variacios volta ekvivalens egy olyan L sima fiiggvény létezésével

TM- -on, amelyre ¥, = d"L teljesiil. Ha T™ = TM és g gyengén normalis és
Miron-regularis, akkor E (esetleg indefinit) Fmsler -energia (a szokasos értelem-

ben), tovabba ¥, = dVE. Végiil, ha ™ = TM és g normalis, akkor maga a g
Finsler-metrika.

Tétel. Legyen g gyengén normdlis Moor— Vanstone-metrika, & az E Finsler-

E
energidhoz tartozé permet, Hg a Barthel-konnexic és V a Hg-bdl szarmazo
Berwald-féle kovaridns derivdlds. Legyen P € T3 (?) tetszdleges tenzor. Te-

[e]
kintsiik a H :== Hg —io P Ehresmann-konnexiot T M-en és azt az egyértelmiien

létez6 D kovaridns derivdldst T mentén, amelynek a vertikdlis torzidja eltinik, a
horizontdlis torzidja pedig megegyezik H torzidjaval. A H horizonzdlis leképezés
akkor és csak akkor elégiti ki az

() Ho=¢&,
(IT1) H konzervativ E-re nézve (%h (%M) C Ker dE),
(III) H csatolva van D-hez

feltételeket, ha léteznek olyan Py, P, € T3 (;) tenzorok, hogy

PX = (ixVeg) + PX 4+ PX (X ex(3)),

P, onadjungdlt (g-re nézve) és nulladfoki homogén, P, ferdeszimmetrikus (g-
re nézve), és mind Ps, mind P, képhalmaza benne van a 6 kanonikus metszet
ortogondlis komplementerében.

Tétel. Legyen g pozitiv definit és gyengén normdlis metrika T mentén. Tegyiik

fel, hogy az A : X — X +C (f(, 5) tenzor rendelkezik a kovetkezd tulajdonsdggal:

[e]
rogzitett v € TM esetén az A, onadjungdlt linedris transzformdcionak nincsenek
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olyan A;, \j € R (nem feltétlenil kilonbézd) sajdtértékei, hogy A; + X; = 0. Ak-
kor egyértelmien létezik olyan D : }J(%M) X X(7) — X(7) kovaridns derivdlds

[e]
és olyan H Ehresmann-konnexio T M -en, hogy
1) D metrikus,

(
(2) vertikdlis torzidja eltinik,

(3) H-ra vonatkozd horizontdlis torzidja eltinik,
(4)

4) a D deflexiojdnak a magtere tartalmazza a horizontdlis résznyaldbot.

Specidlisan, ha D reguldris, akkor H csatolva van hozzd.

Abban a specialis esetben, ha g Finsler-metrika, ez a tétel a Cartan-féle
kovaridns derivaldsnak egy axiomatikus jellemzését adja:

Allitas. Ha H Ehresmann-konnexié egy Finsler-sokasdgon, és D : %(TM) X
%(;) — %(;) olyan kovaridns derivdlds, amelyre az alabbiak teljestilnek:

1) D metrikus,

3

(1)
(2) a vertikdlis torzidja eltinik,
(3) a H-ra vonatkozd horizontdlis torzidja eltdnik,
(4) H csatolva van hozzd,

akkor D megegyezik a Cartan-féle kovarians derivdldssal, H pedig a Finsler-

sokasdg Barthel-konnexidja.

8.4 Killing-vektormezdk

Legyen ¢ altalanositott metrika m mentén. Az M két nyilt részhalmaza kozti
diffeomorfizmust lokdlis izometridnak nevezziik, ha érintéleképezése g-t invari-
ansan hagyja. Egy X € X(M) vektormezst infinitezimdlis izometridnak mon-
dunk, ha folyama lokalis izometriakbol all. Egy X € X (M) vektormez6t Killing-
vektormezdnek neveziink, ha Lxg = 0.

Allitas. Egy X € X (M) vektormezd akkor és csak akkor infinitezimdlis izomet-
ridja g-nek, ha Killing-vektormezd.
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A Riemann-geometriaban egy Killing-mez8 kovarians differencialja ferde-
szimmetrikus. FEz az eredmény a kovetkezSképpen altalanosithato:

Allitas. Tegyiik fel, hogy adva van TM-on egy torziomentes Ehresmann-konne-
xi0, D pedig az az egyértelmien létezd metrikus kovaridns derivdlds, amelynek a
vertikdlis €s a horizontdlis torzidja eltinik. Legyen X Killing-vektormezd M -en.
Akkor

9(DyX.2) +9(V, Dz X) +g(c(vxe V). 2) =0
barmely Y, Z € X(m) esetén.

*
TetszGleges g metrika esetén bevezetjiik a C (1,1)-tipust tenzort 7 mentén a

C:X—C (f( , 5) el6irassal, ahol C a metrika els§ Cartan-tenzora.

Tétel. Tegyiik fel, hogy 1/}_,7\/4 minden p € M esetén dsszefiiggd, legyen g gyengén
varidcids Miron-requldris metrika TM-on, és legyen 9, = d"L. Az X vektor-
mezd M -en akkor és csak akkor Killing-vektormezdje g-nek, ha az X°L fligguény

vertikdlis lift, és LxC = 0.

A g metrika nem hatarozza meg egyértelmten L-et, hiszen L-hez hozzaad-
hatunk egy vertikalis liftet, anélkiil hogy d”L megvaltozna. Fennéll tovabba az
alabbi

Kovetkezmény. A tételbelivel megegyezd feltételek mellett, ha g rdaddsul az
egész T M-en értelmezve van, és X Killing-vektormezd M -en, akkor L megud-
laszthato gy, hogy X°L = 0 teljesiiljon.

Tétel. Legyen g az egész T M -en definidlt varidcios metrika. Az X vektormezd
M-en akkor és csak akkor Killing-vektormezd, ha létezik olyan L Lagrange-
fiigguény g szamdra, amelyre X°L = 0 teljestil.

Kovetkezmény. Amennyiben (M,g) Finsler-sokasdg, gy az M-en adott X

vektormezd akkor és csak akkor Killing-vektormezdje g-nek, ha X°E = 0.

Ha g gyengén normalis és Miron-regularis, akkor g-nek az X Killing-vektor-
mezGjét transzldcionak nevezziik, ha minden integralgérbéje egyuttal geodeti-
kusa az (M, F) Finsler-sokasagnak.

Allitas. Ha X € X(M) Killing-vektormezd, és ¢ : I — M geodetikusa E-nek,
akkor a

t €1 ge)(X(c(t)), e(t))

fiigguény konstans.
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A kovetkez§ allitasban egy lehetséges jellemzését adjuk a transzlacioknak.

Allitas. Amennyiben X a g metrika Killing-vektormezdje, igy X akkor és csak
akkor transzldcid, ha a p € M — E(X,) fiiggvény konstans.

A metrikdk egy széles osztalyanak egyaltalan nincs trivialistol kiilonbo6zé
transzlacidja. A Riemann-strukturak kozil ilyen példaul a hiperbolikus sik. A
Poincaré-féle felséfélsik-modellben a Killing-mezdk a kovetkezs alakiak:

0 0
_ 132 242 1 1 2
X = [a(@W")? = (*)?) + pu' + 1] w—i—@au +B)u 97
valamely «, 3,7 € R szamokkal. A fels6 félsik megegyezik a pozitiv képzetes
részi komplex szamok halmazaval. Tegyiik fel, hogy a # 0, és vezessiik be a
|32/4 — ary| jelolest. Akkor X integralgorbéit a kovetkezd alakt gorbék
szolgaltatjak:

kcchkt —shkt 32
—_rzmeem 2 ha 2 _ .
(1) acshkt —chkt 2a’ 7 ar > 0;
_ kccoskt +sinkt 3 32 _
) = acsinkt —coskt  2a’ ha 4 oy <0

1 B B2
t)=— 2 ha 2 — ay = 0:
(1) aot+c 2o’ RV 0

ahol ¢ € C, és Imc¢ > 0. Ezek a gorbék nem geodetikusok. Ez nem is meglepé,

hiszen ha a hiperbolikus siknak volna trividlistol kiillonbo6z& transzlacidja, akkor

konstrualni tudnank rajta egy olyan geodetikus négyszoget, amelynek a belsé

sz0gosszege 27, ami ellentmondana a Gauss—Bonnet-tételnek (lasd 6.1. abra).
Uj bizonyitasat adtuk a kivetkezs klasszikus eredménynek:

Allitas. Tegyiik fel, hogy (M, ) Riemann-sokasdg, és X az (M, )-nak olyan
Killing-vektormezdje, amelyre | X|| < 1 teljesiil. Legyen tovdbbd ( := X°. Ak-
kor X az (M, a) Riemann-sokasdg B-val vald perturbdldsdval keletkezé Randers-
sokasdgnak is Killing-vektormezdje.

Tegyiik fel, hogy ¢ : R® — R Finsler — Minkowski-norma, amelynek € :=
0~ 10,1] az egységgombje. A kivetkezd allitas az Q-n megadott Funk-metrika
(6.2. abra) Killing-vektormezéit jellemzi.

Allitas. Egy Q-n adott X vektormezdre a kivetkezd feltételek ekvivalensek:
(1) X Killing-vektormezd;
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(2) Minden olyan p € Q pont és v € R™ vektor esetén, amelyekre p+v € 09
teljesil, az X (p) + D, X (p) vektor pdarhuzamos 0Q-nak a p + v pontbeli
érintd-hipersikjdval.



Appendix: formulae in local
coordinates

In this appendix, (U, (u’)’,) will be a chart on M and (7~ *(U), (z*)7y, (y*)7;)
the induced chart on T'M, as described in section 2.1. Every formula should
be meant where it has sense, since we shall suppress the deluge of signs of
restriction.

The members of the short exact sequence (2.1) act in the following way:

(oN_o (oN_9o (9N _,
out | oy’ Iz ) =~ oul J oyt )

If X = X?-2; is a vector field on M, then we have

ou’
5 o 0 ) . R 2 AN
X=(X) gy X' =) gy wnd X°=(X) axi”](auj) oy

The canonical section and the Liouville vector field may be described as

—

0
oyt

6= and C =y’

ii
Y oui

In section 2.2 we have seen that an Ehresmann connection is completely
determined by its horizontal map H, and therefore it is also determined by the

functions Gi defined by
Gl 0 0
T (81&) oz’ v oyl

98
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A covariant derivative operator is characterized by the so-called connection
parameters or Christoffel symbols:
9 el e} e}
po 2% p, 0 _cr O
2t Qud T Ouk ay? QuJ T Ouk
For Berwald’s covariant derivative induced by an Ehresmann connection, these
reduce to

— — —

9 )
— —Ggk = _ ko
vaii oul GU ouk’ Vv afi —8uj 0, where G” .

oG*
oy’

—

Now suppose that X = X* a?ﬂ is a vector field on M and Y = Y (,gi is a
vector field along w. Then

- Lw YT XN oYt /9XiI\"] 9
ﬁXY:[(XJ) 027 Y (auk) oyl _Y](auj> ]aur

If D is a covariant derivative whose vertical part coincides with the canonical
v-covariant derivative (or, equivalently, C’fj = 0), then

) » OTF NV grk. E\ Y

Ox! oum oy 9\ oul

ax'\" [ 22X+’ ax'"\"1 @
R <8u1) * <8u’6u3> T <8u3 ) } Ouk
Among the covariant derivatives we work with, Berwald’s and Yano’s satisfy

this condition.
If ¢ is a spray over M, there are functions G* of class C* on TU, smooth on

707/{ , such that

E=y' 0 9 9
Ozt oyt
Then the parameters of the Ehresmann connection associated to £ are
@ 0G?
K3 a 7 °
Y

These functions are smooth on TU and only continuous on TU in general. With
the notations
k 1

k. i R o
Gij = gl Giji = PG and  Gjj = Gy,
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the coordinate expression of Yano’s covariant derivative is

D s g :(ij—‘r‘ L G”yk> 9 D s g =0.

527 OuJ n+1 Ouk’ a7 Ou

A vector field X = X* ?“, on M is affine if and only if

2
v G i (OXENT PX N\’ L (0X1
2 (x7 -+ 2y G : Tyk | —— 2G7 -] =0
(x7) 890J+ Y k(@uﬂ) oy <8u38u’“> * <8uﬂ>
for any ¢ = 1,...,n. The same vector field is projective if and only if there is a

[e]
continuous function F' on TU, smooth on TU, such that

v OG! XN\ 92Xt \" - (OX _

2 (X7 -+ 27 Gl : Iyh | 2G9 | = Fy'

(x7) O’ ka(auJ) Ty ((’“)uh?u’“) 26 <8u3> Y
forany i =1,...,n.

If ¢ is a generalized metric on 11]\7{ C TM, then its components are the
following smooth functions on TU N T M:

(20
Ji =9\ Gui” oud |-

Due to the nondegeneracy of g, the matrix (g;;) is invertible in every point of
TUNTM , and its iverse matrix is denoted by (g%).

The components of the first Cartan tensor C and the lowered first Cartan
tensor C, of g are

89jk
oyt’

9g;i
k ._ klYI) .
Cij =g 8y1 and Cijk =

respectively; thus we have

AN ERCE
C(ww)—%w s (%’@’W)‘C”’“'

The Lagrange one-form acts as
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and the absolute energy is E = %gijyiyj .
The Miron regularity of a metric is equivalent to the (pointwise) regularity
of the matrix function

. .
A% =65+ Chry”,
and energy-regularity is equivalent to the regularity of
0’E
oy oyI
If (M, g) is a Finsler manifold, then its canonical spray has the coefficients

1 0’E OF
[ ¥ k_ Y~ Y=
¢ 29 (y Ozk oyl 8xj) '

If an Ehresmann connection is given on TM with parameters Gf , then the
parameters of the unique metric covariant derivative whose vertical torsion va-
nishes and whose horizontal torsion coincides with the torsion of the Ehresmann
connection are

ok = Lou (391'! . 99u 59@‘)
ij

— 1 kl
2 oy’ Dyl - dy! = 29 (Ciji + Cja — Cuij)

Ffj Ll <3gjl Ogu  0gij am 99,1 am 0gil Lo 8gij) .

=929 \ 02t THxd T Bzl T T fym 7 gym L gym

We can reformulate 5.2.2 with the help of local coordinates in the following
way:

Let g be a weakly normal Moér— Vanstone metric, G* the coefficients of
the canonical spray belonging to the Finsler energy E, and GJ the parameters

of the Barthel connection. Consider an Ehresmann connection ‘H on TU with
parameters N; and the unique covariant derivative D along 7 whose vertical
torsion vanishes, and whose horizontal torsion coincides with the torsion of H.
Then H satisfies the conditions

oE i OF
ii - =N/ — (i=1,...
(ll) ot 7 ay] (Z ’ an)7

(iii) H is attached to D
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if and only if there are smooth functions P}, Pf; on TUu (i= ..,n) such that
s s a __ k ;J _
Py =P}, Pi=—-Pj, y P P =0,y ok 0, and

: 1 ; . 1 891 891 s a
NfZg(Gi—gikg]le)+2g <y ok 2Gk62+ 0+ P ) -

We note that the coordinate expressions of the covariant derivative and the
Ehresmann connection described by 5.3.4 are horrid, and therefore we do not

include them here.
Finally, a vector field X = X* 8?#‘ is a Killing vector field of the metric g if

and only if

v 0G; oxX*k vagi- OXF\" oX*
X‘k 2] l J ) - +
(X%) ok Y < oul > oy* Jik \ "B 9ik \ Bt =0

forany i,7=1,...,n
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