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Watson-Crick DOL systems (WDOL systems) are augmented variants of DOL systems defined over
a DNA-like alphabet, where each letter has a complementary letter and this relation is symmetric.
WDOL systems operate under a control that is inspired by the well-known phenomenon of Watson-
Crick complementarity of the double helix of DNA. Depending on a trigger, the standard DOL
rewriting step is applied either to the string or to its complementary string. In this paper, we
examine extended networks of standard Watson-Crick DOL systems (ENSWDOL systems) with a
variant of incomplete communication. An NWDOL system is a finite set of WDOL systems defined
over a common DNA-like alphabet and operating in a synchronized manner. After rewriting
their own strings in the WDOL manner, they communicate copies of certain generated strings
(the so-called good strings) to the other nodes. In some previous papers, it was shown that
ENSWDOL systems are computationally complete, and their computational power does not change
if the communicated string is a non-empty prefix (non-empty suffix) of the generated string. We
strengthen the previous results, namely we show that ENSWDOL systems are computationally
complete even if the communicated string is an arbitrary substring of the generated string.

1. Introduction

Watson-Crick complementarity is a fundamental concept in DNA computing. The notion is motivated by the well-known phe-
nomenon of the double helix of DNA, namely, that two DNA strands form a double strand if they are complement of each other.
A paradigm where complementarity is considered in the operational sense, was introduced in [1,2]. The seminal model is called a
Watson-Crick DOL system (a WDOL system for short).

A WDOL system is a DOL system given over a DNA-like alphabet and a mapping called the trigger for complementarity transition.
In a DNA-like alphabet each letter has a complementary letter and this relation is symmetric. The letters of a DNA-like alphabet
are called purines and pyrimidines, by the analogy of the nucleotides which are the sequence elements forming DNA strands. The
complement of each purine is a pyrimidine and the complement of each pyrimidine is a purine. The trigger is a logical-valued
mapping over the set of strings over the DNA-like alphabet with the following property: the value of the trigger of the axiom is 0,
and whenever the value of the trigger of a string is 1, then the trigger value of its complementary string is 0. (The complementary
string of a string is obtained by replacing each letter with its complementary letter.)
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The derivation in the Watson-Crick DOL system is defined as follows: the string is rewritten in the standard DOL manner. Then the
new string is checked according to the trigger. If the value of the trigger is O (the string is a so-called good string), then the derivation
continues with the string. If the value of the trigger is 1 (the string is a so-called bad string), then the derivation continues with the
complementary string.

One of the most important and popular variants of Watson-Crick DOL systems are the standard Watson-Crick DOL systems (SWDOL
systems for short). In this case, the trigger is defined as follows: after applying the DOL rewriting step to the string, the number of
occurrences of purines and the number of occurrences of pyrimidines in the new string are checked. If there are more occurrences
of pyrimidines than that of purines, then the derivation continues with the complementary string of the new string, otherwise the
derivation continues in the usual manner.

Watson-Crick DOL systems have been studied from several points of view. The interested reader can find further information on
the computational power and different properties of these systems in [3-13]. A recent survey on Watson-Crick DOL systems and their
variants is presented in [14].

WDOL systems were put in a distributed and communicating framework in [15] where networks of Watson-Crick DOL systems
(NWDOL systems for short) were introduced. A network of Watson-Crick DOL systems (an NWDOL system) is a finite set of WDOL
systems that are defined over a common DNA-like alphabet and operate in a synchronized manner. If no confusion arises, the WDOL
systems of the network can also be called the nodes of the network. The WDOL systems perform derivation steps on their own strings
in the WDOL manner and after each derivation step communicate copies of some of the new strings to the other nodes. The condition
for communication is given by the trigger for turning to the complementary string, i.e. depending on whether or not a turn to the
complement took place, the string or its complementary string is communicated.

For NSWDOL systems, two communication protocols were introduced in [15]: in the first case (protocol (a)), after rewriting the
string, the WDOL system in the node keeps the good new strings and the complementary strings of the bad new strings and sends a
copy of each good new string to every other node. In the second case (protocol (b)), the WDOL system keeps the good new strings
and the complementary strings of the bad new strings and sends a copy of the complementary string of each bad new string to every
other nodes.

Several important results were obtained on NSWDOL systems and their variants. In [16], two well-known NP-complete problems,
namely, the Hamiltonian Path Problem and the Satisfiability Problem were shown to be solvable in linear time with NSWDOL systems.
In [17] it was proved that any recursively enumerable language can be obtained as the language of an extended NSWDOL system
using protocol (a). The language of an extended NSWDOL system is the set of strings which are given over a sub-alphabet of the
system (the terminal alphabet) and appear at a dedicated node at some derivation step during the operation of the system.

In this paper, we deal with networks of standard WDOL systems with a certain type of incomplete information communication.
The question was whether or not the computation power of NSWDOL systems changes if not the whole string but only one of its
substrings is communicated to the other node.

In a predecessor paper, [18], we studied the computational power of NSWDOL systems with communication protocol (pref,a). In
this case, the node sends to every other node a good non-empty prefix of every good non-empty string obtained by the rewriting step
(this can be the whole good string itself) and keeps the new good strings and the complementary strings of the obtained bad strings.

An SWDOL system in the network is allowed to send different prefixes of the same string to different nodes, but it is allowed to
send only one prefix of the string to a certain node. We proved that even with this type of incomplete information communication,
networks of extended SWDOL systems (ENSWDOL systems) are computationally complete, i.e. generate any recursively enumerable
language. An analogous statement was also formulated for the case when not a prefix but a suffix of the string is communicated
(communication protocol (suff,a)).

In this paper, we examine the case when arbitrary non-empty substring of the good strings or complementary strings of the
bad strings are communicated (communication protocol (sub,a)). In this case, after the rewriting step, the SWDOL system sends an
arbitrary substring of its good strings and an arbitrary substring of the complementary strings of the obtained bad strings to every
other node. We show that these variants of ENSWDOL systems are also computationally complete.

In the proof of the result on communication of prefixes in [18], marker symbols were added to the beginning and to the end
of the string, and their presence was checked at the arrival to the target node, based on conditions being good or bad strings of
SWDOL systems i.e. the relation between the number of purines and the number of pyrimidines. If the markers were present in
the communicated string, then the whole string arrived at its target node. The proof of the main result, namely, that substring
communication is sufficient to generate any recursively enumerable language also implements the communication of the whole
string. But the technique we use in the proof is very much different from the one that is used in [18]. In this case, the string w in
the recursively enumerable language is present in the nodes in the form of f'ap’’f’”", where «a is a sentential form (according to a
derivation in a DOL manner) and f’, '/, p’"" are the primed, double-primed, and triple-primed versions of f, where f is equal either
to a or to @, i.e. the complementary string of . The rules of the system are given in such way that if not the whole string g’ ap" g’
is communicated, then the system is not able to produce a terminal string from this string any more. The primed copies of § together
with a guarantee the necessary number of purines and pyrimidines in the string.

The paper is organized as follows. The Introduction is followed by the section of Preliminaries, the notions and notations which
are necessary to read the paper. In Section 3, we show that any EDTOL language can be generated by an ENSWDOL system using
communication protocol (sub, a). The proof of the statement provides some kind of characterization of the strings that can be obtained
in the master node of the ENSWDOL system and introduces the technique of enforcing the communication of the complete string,
as we described above. The construction in this proof is used to prove the main result, presented in the next section. In Section 4,
as the main result of the paper, we show that ENSWDOL systems using protocol (sub,a) are computationally complete. The proof of
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this statement uses a simulation of the generation of a recursively enumerable language based on the Extended Post Correspondence
and the construction in the proof of the result on generating EDTOL languages by ENSWDOL systems, given in Section 3. Finally, in
Section 5 some conclusions are derived.

2. Preliminaries
2.1. Basic notions

We assume that the reader is familiar with formal language theory and the basics of DNA computing. For detailed information
consult [19] and [20].

The set of strings over an alphabet V' is denoted by V*; if the empty string, A, is excluded, then the notation V'* is used. A set of
strings L C V* is called a language over alphabet V.

The number of occurrences of elements of U in w, where U CV and w € V* is denoted by |w|. If U is a singleton, say {a},
then the notation |w|, can also be used.

A string u is a substring of w € V* if w = xuy (x,y € V*). If xy # A, then u is a proper substring of w. If x = 4, then u is a prefix of
w and if y # 4, then we speak of a proper prefix. Analogously, if y = A, then u is a suffix of w and if x # A, then it is a proper suffix.
Throughout the paper, sub(w), pref(w), and suff(w) denote the set of substrings, the set of prefixes, and the set of suffixes of a string
w.

A triple H = (V, P,w) is a DOL system, where V is an alphabet, P is a finite non-empty set of rules of the form a - u witha €V,
u€V* and w € V. Furthermore, P is complete and deterministic, i.e. for every a € V' there exists a rule ¢ — u in P and for each
a €V there is only one rule in P.

A direct derivation step in H is defined as follows: for two strings x,y € V*, x directly derives y in H, denoted by x = y, if
X=X|...X, Y=Y ... V3, and x; > y; € P, 1 <i < k. If no confusion arises, index H can be omitted from = ;. The transitive (and
reflexive) closure of = is denoted by =71 (=*).

The language L(H) of H = (V, P,w) is defined by L(H) = {u | w =" u}.

A fourtuple G = (V, T, P,w) is an extended DOL system (an EDOL system for short), if (V, P,w) is a DOL system and T C V. T is
called the set of terminal letters of G. The language L(G) of G is defined by L(G) ={u € T* | w =" u}.

A triple I' = (V, M, w) is called a tabled DOL system (a DTOL system for short), where M ={M,,...,M,}, n > 1, and for each i,
1<i<n, (V,M;,w)is a DOL system. (We use notation M; instead of P;.)

A direct derivation step in I" is defined as follows: for two strings x,y € ¥*, x directly derives y in I', denoted by x = M; ¥ if
X=Xy ...Xg, Y= ... ¥y, and there exists j, | <j <n such that x; >y, € M;, 1 <i <k holds.

The language L(I') of I' = (V, M, w) is defined by L(I') = {u | w:,'Mll Uy :Mis ul<ij<nl<j<s}h

A fourtuple A = (V,T, M, w) is called an extended tabled DOL system (an EDTOL system for short), if M ={M;,...,M,}, n>1,
and for each i, 1 <i <n, (V,T, M;,w) is an EDOL system.

The direct derivation step in A is defined in the same way as the direct derivation step in DTOL systems.

The language L(A) of Ais L(A)={ueT* | w=>Mi1 Uy :>Mix ul<i;<nl<j< s}.

2.2. Networks of Watson-Crick DOL systems

In the following, we recall some basic notions concerning Watson-Crick DOL systems and their variants. Standard Watson-Crick
DOL systems were introduced in [1].

A DNA-like alphabet is an alphabet £ = {a,,...,a,.,a,,...,a,}, n > 1. Letters q; and a;, 1 <i <n, are said to be complementary
letters. £; = {ay,...,a,} is called the subalphabet of purines in X, and X, = {a, ..., a,} is called the subalphabet of pyrimidines in X.

A string w € X* is said to be a good string if |wlz, > |wls,, otherwise it is called a bad string. The empty string is a good string.

The letter to letter endomorphism of a DNA-like alphabet X which maps each letter to its complementary letter is denoted by 4.
It is called the Watson-Crick morphism.

A standard Watson-Crick DOL system (an SWDOL system for short) is a triple H = (Z, P,w,) where X, P, and w, are defined as
for DOL systems, X is a DNA-like alphabet, and wy is a non-empty good string over X. The direct derivation step in H is defined in
the following manner: for two strings x,y € X*, x directly derives y in H, denoted by x = y, if the following hold: x = x; ... x,,,,
z=12zy ...z, where x; - z; € P, 1 <i < k. Then y =z if z is a good string and y = h,,(z) if z is a bad string.

That is, if after applying a parallel rewriting to the letters of the string x, the obtained new string has less occurrences of purines
than pyrimidines, then the new string turns to its complementary string and the derivation continues from this complementary string.
If this is not the case, then the derivation continues in the usual manner.

An extended standard WDOL system (an ESWDOL system for short) is a fourtuple G = (X, T, P, w,), where (Z, P, w) is an SWDOL
system and 7' C Z. T is called the set of terminal letters.

Networks of standard Watson-Crick DOL systems were introduced in [15,17]. Here, we present a slightly modified version of that
seminal definition, namely, we indicate a master node.

A network of standard Watson-Crick DOL systems (an NSWDOL system for short) is an (n + 2)-tuple

F=(Z,(Pl,wl),...,(Pn,wn),e),

where
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+ X is a DNA-like alphabet (the alphabet of the system),
* (X, P,w;), 1 <i<nisan SWDOL system, called the ith component of I',
* (Z,P,,w,) is the master node, 1 <e <n.

If no confusion arises, then P; can also be called the ith component of I'.

NSWDOL systems operate by changing their states. A direct change of a state consists of rewriting the strings in the WDOL manner
and communicating them according to a given protocol.

A state of an NSWDOL system I" = (%, (P, wy), ..., (P,,w,),e), n>1, is an n-tuple (L, ..., L,), where L, is a set of good strings
over X, 1 <i < n. The initial state of the system is ({w, },... {w, }), where w; is the axiom of the ith component, 1 <i <n.

In [18] modified communication protocols were introduced and studied. The original protocols are given in [15] as follows: after
the rewriting step, the node sends a copy of every obtained good non-empty string to each other node and keeps the obtained good
strings and the complementary strings of the generated bad strings (protocol (a)). In the case of protocol (b), it sends a copy of the
complementary string of every generated bad string to each other node and keeps the good strings and the complementary strings of
the bad strings.

In [18], communication protocols (x,a), where x € {pref, suff } were introduced. In this case, after the parallel rewriting step, the
node sends a good non-empty prefix (a good non-empty suffix) of every obtained good non-empty string to each other node and keeps
the obtained good strings and the complementary strings of the generated bad strings. It was shown that any recursively enumerable
language can be generated by an NSWDOL system using communication protocol (pref,a). It was also stated, without a proof, that
the statement holds for communication protocol (suff,a) as well.

In this paper, we deal with the case when arbitrary non-empty substring is communicated, i.e. we examine the case of communi-
cation protocol (sub,a). This protocol is defined as follows.

Let T =(Z, (P, w;),...,(P,,w,),e), n > 1, be an NSWDOL system and let s, =(L,,...,L,) and s, = (L', ... ,L;) be two states of I

(sub,a)
We say that s, directly derives s, according to protocol (sub,a), denoted by s; = - s,, if the following conditions are met: for

every i, 1 <i<n,let
n
1 4! ’ /
L=AluB J c,
Jj=L1j#i

where

A,'. ={z|z=h,(p).x =p V. XEL; y is a bad string},

B/ ={y|x =p »,x € L;, yisagood string},
and C; is a set of elements obtained from the elements of
U Y= {y|x=>P/_ ¥, x€L;jis a good string}

rj
as follows:
! — ! “ee !

Cj={vj }u--ufy; ),

where v;.k € sub(v;,), v;k is a non-empty good string and v;, € B;, l<k<r. If B; is the empty set, then C; is also the empty set.

(sub,a) (suba) *
The transitive and reflexive closure of = - is denoted by = - .

The language of an NSWDOL system I" using protocol (sub,a) is

(.vub,a)*
Ly = {uy € Lo | ({wy s oo {wy D) => 1(Ly, ..., L))

That is, the language of I is the set of strings which are present at the master node at some derivation step of the operation of
the system. The axiom is also an element of the language.

By an extended NSWDOL system (an ENSWDOL system for short) we mean an (n + 3)-tuple I' = (X, T, (P, w,), ..., (P,,w,),e),
n>1, where T C X and all other components of I" are defined in the same way as in the case of NSWDOL systems.

The language of an extended NSWDOL system I" using protocol (sub, a) is defined by

(sub,a)*
Loy = {u; € T* N L) [ (w0}, {w, ) = ((Ly. .o, L)

3. EDTOL systems versus ENSWDOL systems with communication protocol (sub,a)

In this section, we show that every EDTOL language can be obtained as the language of an ENSWDOL system with communication
protocol (sub,a). Since EDTOL systems resemble ENSWDOL systems using protocol (a), this statement is an interesting result on the
relation of these two models. In the proof of the statement, a novel technique is provided for checking whether in a communication
step of the ENSWDOL system a substring or the whole string itself is communicated. Furthermore, the construction gives some kind
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of characterization of the strings that can be obtained at the master node of the ENSWDOL system. The construction of the proof is
used in the proof of the main result of the paper, Theorem 2, in Section 4, which states the computational completeness of ENSWDOL
systems working with communication protocol (sub, a).

Theorem 1.

L(EDTOL) C Ly, o,(ENSW DOL)

Proof. Let G =(V,T, M,w) with M =(M,,..., M,) be an EDTOL system. We construct an ENSWDOL system I', such that L(I") =
L(G). Let

r=ET,(P,S),(P,S),....(P,,S),e)

with =3, UE, with
// /// ! ! /" "
2 ={a, ag, ay, a, |a€V}U{a,j, Qo j>0; 150y > 0; 5>y s
a:.';,a;';.laeV, 1<i<n 1<j<3}U{F,S,S}.

Note that we use the notation ag € X for some superscript @ and subscript f to denote the indexed and/or primed variant of
the corresponding symbol a € V. Similarly, ug € X* will denote the strings corresponding to some u € V* by being composed of the
indexed or the indexed and primed versions of the symbols of u. Moreover, we write ug and aﬁ if the string is composed of non-barred
or barred letters only.

The components of I" are defined as follows.

P, = {8 = wywywy wy" | w is the axiom of G} U {a — F |a€eV} U

_ ~
o1 ael—>F, a —>a2’1, a21—>F a”'—»a

"

{(ay—~d "

aZ’—»F ay—a,, ae!l—>F|a€V}U

’
e,l

" =/

{a —>ae , > F a —d ,—~F, a, 1Ay

20 @ ? Vel 82’

"
e?2

=/ H " =/ ="
{a,, = e3’ “ ;> F.af 02 3 Q3= F, 8,5, d, 5,

"
e3

a, —F, a'e’l—uie’z, ae’2—>F|a€V}U

a,—F, ‘7e,2—’ae,3’ a,;—>FlagV}u

—///

{a23—>/1,ae’3—>a,ﬁ”—)i Lo AlagViu

3

{agj—>F, él.j—>F alj—>F, 6ij—>Fa - F, '”'—»F

F—>F, F>FlaeV,1<i<n 1<j<3}.

If A € L(G), then we also add rule S — A to P,. This component starts and finishes the generation of the strings. The process starts

when it introduces the string w/ wowo 6’ " which is a concatenation of four indexed and primed copies of the axiom w of the EDTOL

system G. This is a good string, so after it is introduced, substrings are sent to all other components.
The other components correspond to the tables M;,1 <i <n of G, and they are defined as
= "

Y ’ ’
P={ay—d, a,~F, af—>a, a,

"
i1’

- F, a'”—)a

=11

a;, —F, a0—>d,-’1,a,»’1—>F|a€V}U

la,~ay ay~F a »da)), &)~ F, df > a),
a?'é - F, a‘,yl —a;,, ai32—>F|a€V} u

{a‘2—>a,3, '. - F, a ’3, —>F "”—wif';,
a;g = F, a;,— a3, &i33—>F|a€V}U

{alg—>a0, a;3 — &, '(1—>a0,d:.'3'—>a”'|a—>(x€Mi}U

d, —->F,d, 6 —>F d, 6 —-F d —-Fd'—>Fad’"—>F,
Jik Jik Jik Jk Jj-k %k

al

=/ " -
e,k_’F’ ae’k—>F, ae’k—>F, a

=/
e,k_)Fae,k _)F’ae,k_)F’
F—-F, F>F,a>Fla€V, j#i,1<j<n, 1<k<3}uU

{S'—)F,S:'—)F}.



E. Csuhaj-Varjii and G. Vaszil Theoretical Computer Science 995 (2024) 114493

These components start with .S as axiom that is immediately rewritten to the trap symbol. The components rewrite the strings
they receive from the other components. When the ith component receives a string, it either simulates the application of the table
M;, or if something goes wrong, it turns the string into a string of trap symbols F ... F which can only be rewritten identically.

To avoid the introduction of the trap symbols, the component must receive a string of the form uguqugu;’ for some u € V*. In
the first phase of its functioning, the components check if the lengths of the four differently primed parts of the string coincide,
that is, if |up| = [ug| = |4y | = |uy’| holds. This equality holds, if and only if, no part of the string was “lost” during the substring
communication. We call such a string complete. The checking of the completeness is done as follows. Given a substring

" ///
“Oyo 0

of a complete string, the ith component changes it to

- =/ /N
xl 14, 1yll i1°

If this is a bad string, then it turns to its complement, and a string of the form F ... F is obtained after the next rewriting step. If
x ViV 1z’ " is a good string, then copies of it are communicated to the other components which turn it into strings of the form
F...F since they have no other rules for symbols indexed with i.

The ith component continues the processing of x7,7;, )71’.’ 2l based on the following considerations. If x 18 7 ’1 z”’ is a good
string, then one of the following cases must hold:
Lo|x] 1= la, ] =17, l| = |z’” |, which means that x’ L1l y z”’ is complete, thus, the communicated substring x(uyy; z," coincides

with the complete sentent1a1 form.

2. ¥,z = A and |x’ | > |&; 1|, which means that the double and triple primed parts of the string were lost completely, together
w1th p0531b1y some of the primed and non-primed symbols.

3. x 1 i#;y = 4 and |y’ "< |z”’| which means that the primed and non-primed parts of the string were lost completely, together
w1th possibly some of the double and triple primed symbols.

No matter which of the above cases holds, the rewriting process continues by changing the string to

///
xl 2u’ 2y12 i2°

In the first case, that is, when the communicated substring is the complete string, this is again a good string since the number of
non-barred and barred symbol occurrences are equal. After the successful rewriting step, substrings are communicated to the other
components where strings of the form F ... F are introduced, as we have seen above.

In the second case, this newly obtained string is a bad string, so it turns to its complement which can only be rewritten to F ... F
in the next step, producing no terminal string in any possible derivation that might follow.

In the third case, the obtained string is also a good string, so the derivation continues and produces y z’ '’ which is a bad string,
so it turns to its complement and then it is changed to F ... F producing no terminal string afterwards.

If, on the other hand, we started with a completely communicated string (in the first case, according to the numbering above),
we get the string

X! u 920
i,370.37i, 3 i3
which is a good string, so (after communicating with the other components where strings of the form F ... F are introduced), we
get vjvouy vy’ corresponding to v € V', the result of the application to the ith table of the EDTOL system G to the sentential form
uev*.

As this is a good string, it is communicated to all the other components where the application of another table is simulated (after
the completeness of the communicated string is checked), or in the case of the master component, the string v € V*, a possible
sentential form of the EDTOL system G is produced. If this string is terminal, that is, if v € L(G), then v is also an element of
L (4p,4)(I), the language generated by the ENSWDOL system I'.

To see how the master component works, consider the rules of the production set P,. Similarly to the other components, after

receiving a substring of the sentential form v vou[ vy)’, it produces

=1 =
U Ue 3 U6 3Ue 3

in three rewriting steps, if and only if, it received the complete string v UOU’ """ by the substring communication. Now, in the next
rewriting step the primed symbols are erased, v € V* is obtained, and then the trap symbols are introduced

/ ///
Up3 e3Ue% 03 ™ v=>F...F
which are then rewritten identically for the rest of the derivation. These are all good strings, so their substrings are sent to the other
components, but they can only be rewritten to strings of trap symbols by any of them, so these communications will not contribute
to the results of the derivation. On the other hand, if v € T*, then it is considered to be part of the language generated by I'.
We can see by the construction above that the strings produced by the components either turn into strings of the form F ... F, or

they correspond to a sentential form of the EDTOL system, in particular, the terminal strings appearing at the master component of
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I' can also be generated by G. We may also see that any series of applications of the tables of G can be reproduced in I by applying
the corresponding components to the string wgwowg’ wg’ (which is initially received by all components) in the same sequence as the
tables are applied to the axiom w in G. []

4. Computational completeness of ENSWDOL systems with communication protocol (sub,a)

In this section, we show that every recursively enumerable language can be generated by an ENSWDOL system working with the
protocol (sub,a). The proof of the statement is based on a representation of recursively enumerable languages by the Extended Post
Correspondence [21] and the on the construction in the proof of Theorem 1.

Let X ={ay,a,,...,a;} be an alphabet, where / > 1. An Extended Post Correspondence (an EPC) is a pair

= ({1201 (U U} (Zg 224D,

where m> 1, u;, v;, Zg, €{0,1}* for ] <i<mand 1 <j <I. The language represented by II, written as L(I1, X), is defined by

L(LX)={x;...x, € X* | there is (5|, 55, ...,5,) € {1,2,...,m}",r>1,

such that ug uy, ...u, =v, v Uy Z, 2

5, = Us Usy -+ Us, Zx, Xz...zxn}.

It is shown in [21] that for each recursively enumerable language L C X*, there exists an Extended Post Correspondence II such
that L(IL,X) = L

We first note that the statement that every recursively enumerable language is the language of an instance of the EPC also holds
if the strings u;,v;, 2z, are defined over {1,2} instead of {0, 1}. Therefore, we may consider the strings uy u, ...uy , vy ...v, , and
Zy, .- Zy, @S numbers in the base three notation and represent them with the values of these numbers.

For a string u € {1,2}*, let val(u) € N denote the number that is represented by u in the base three notation, and let dig(u) € N
denote the length of u (the number of digits in ). In the following, we will use the modified version of the EPC defined with
strings over the binary alphabet {1,2}, where a string w =x;...x,, x; €X, 1 <i<n, is in L if and only if there exist indices
sy,...,8 € {1,...,r}, such that the two strings Ug ...Us € {1,2}* and Ug) oo Ug, Zy) o Zy € {1,2}* have the same value as numbers
in the base three notation, val(uy, ...uy)=val(vy, ... 03z, ... 2, ).

Based on a EPC II, we can generate the elements of L = L(II,X) as follows. We start the generation with a string of the form
Ug Vg5 S € {1,...,r}. Then, based on the pairs (u, v) from I1, we add u-s and v-s to the string in the correct manner to obtain a string
of the form af with @ =uy ...u; and f=uv; ...0,, for some 7 > 1. Then, in a second phase, we add x-s and z-s to the string to
obtain x; ... XUy ..U Uy .. Ustle e Zy Now in the final phase, we check whether a =u ...u; andy = v, ...05 2, ... 2, are
equal or not. If the equality holds, then we delete both substrings from the string. (If the empty strmg isin L, we can generate it by
continuing with the final generation phase directly after the first phase of the above procedure.)

The strings in L can also be obtained if in the previous procedure we represent « and f (or y) with strings with exactly as many
occurrences of certain letters, say A and B, as the values of a and g (or y), respectively, according to the base three notation. Thus,
we can simulate the appending of a pair (uj,v;) or (a;,z,,) to the string in generation by modifying the number of occurrences of
letters A and B in the string.

Based on the above discussion, we can establish a connection between EDTOL systems and the Extended Post Correspondence.

First, we introduce some auxiliary notions.

J’/

Definition 1. Let X = {a;,a,,...,q;} and let IT = ({(u;,v}), ..., (U, V) }s (za1 ,za[)) be an EPC with m > 1 and Ui Vjs Zq, € {1,2}*
for1<i<m,1<j<lI.
The string x;, ... x; ug Uy, ...ug Uy Uy ... Ug Zy Zo ... Z, is called a valid string of 1T in X, if x; ... x, € £* and (s|,55,...,5,) €

DR T ) Xy Sxp tt Axy

(1,2,....m}", r 2 1. The set ofall valid slnngs of ITin Z is denoted by S(I1, X).

Lemma 1. Let £ = {ay,...,q;}, | > 1, be an alphabet, and let

H:({(ul,ul),‘..,(um,vm)},(za],‘..,zal)),

be an Extended Post Correspondence with 1 <m and u;, UisZq; € {L2}* for1<i<m, 1 <j<I.
We can construct an EDTOL system G = (V, T, M, w) Wlth T =X U {A, B} CV, such that the following hold. Let h : V* — Z* be a
projection defined as h(a) = a for a € ¥ and h(b) = 4 otherwise. Then

« for any w € L(G), there exists a valid string

V=X o Xy Ug ool Ug o Vg Z .2, € S(IL YD),

such that |w| 4 = ual(us1 ~~”s,)’ |w|g = val(vS U, Zy -Zx,,)’ h(y)=xl-1 e X and

cforany y=x; ...x;ug ooug U O 22, € S(ILE), there exists a string

we L),
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such that |w|, = val(uy, ...u, ), |wlg =val(vy, ... v, zy ... 2, ), and (W) =x; ... x; .

Sr n

Proof. We construct an EDTOL system G = (V,T, M,w,) with V =X U {A,A,,B,B,S,,5,,F}, T=XU {A, B}, and wy =.5,. The
set of tables M of I" is given as follows.
For each pair (uj,v;,), 1 <h <m, M has a table

val(up) pual(vy) dig(uy) dig(vy)
M(“hs”h)= {S, - 814 h B, WA - A " B, - B, L
S, > F,F—>F}u{a— FlaeX},
for each pair (ai,zai), 1<i<I, M has a table

val(zq,;
1

dig(zg,;

: ),A1—>A],F—>F}U

)
M(aivzai)z{S2—>S2aiB ,B,—» B

{a—>alaeX}.

In addition, M also has a table to switch between the two phases of the derivation

M, isen=1{81—>5,A, > A,B,—> B;,S, > F,F>F}u
{a—alaeX},

and a table to produce terminal strings

M,,,={S— 1A -AB —-BS —>F,F->F}U

term
{a—alaeZ}.

Every derivation in G starts with the axiom . Then, in the first phase of the derivation, tables of the form M, ,,), 1 <h <m, are
applied. This derivation phase results in a string u over {.S}, A, B } such that it represents a string @ = u ...u; v; ...0; , 1 <5 <m,
1<k<r,ie. |oz|A1 = ual(us1 “s,) and |at|B1 = ual(usl vsr). The strings obtained in this derivation phase correspond to the first
phase of the generation of a string in IT in X.

The derivation can be continued by the applications of M, ;.

, and then the tables M(a,wza)’ 1 <i <. The resulting string, y,
corresponds to a valid string of I in X. Then, after applying M,,, a terminal version of the sentential form is produced which rep-
resents a String x; ...x; ug ..Uy Uy ... Uy Zy ... 2, , Where |y|, =val(uy ...u; ) and |y|p = val(vy, ... 05 2z, ... 2, ). Furthermore,
h()=x; ...x; .

Notice that if table of the form M(,, , , is applied after introducing S, in the string in generation, then no terminal string can
be generated since nonterminal F is introduced in the string that does not disappear from the string in the following steps. Thus, a
derivation of a terminal string in I" corresponds to a generation of a valid string in II.

By the rules of the tables of G, it can be seen that the application of a table corresponds to appending a pair (uy, vy) or (a;,2,,)
to the string in generation. Furthermore, the tables of G are defined in such way that to obtain a terminal string, tables of the form
M., are applied first and after that the application of tables of the form M(u,,za,-) follows. No mixed application of the two types
of tables is possible. By these observations we conclude that each derivation in I" resulting in a terminal string corresponds to a
generation of a valid string in I1. []

Using Lemma 1 and the construction in the proof of Theorem 1 we can now prove the main statement of the paper.
Theorem 2. For every recursively enumerable language L, we can construct an ENSWDOL system I" such that L, ,,(I') = L.

Proof. To prove the statement, we modify the construction presented in the proof of Theorem 1.
Let X ={ay,...,q;}, let L CX* be a recursively enumerable language, and let L = L(I1, X) for the EPC IT= ({(uy,v¢), ..., (U, v,)},
(zal,...,zal)), where m > 1, Ups Vs Z, e{l,2}*for 1 <i<m, 1< j<I. Thus,

LILE) ={x;xy...x, EZ* | (51,52, ...,5,) €{1,2,....m}",r>1,

Ug Uy, oo Uy =Ug Vg ..Uy Zy Zo oo Zy )

By Lemma 1, we can construct an EDTOL system G = (V,T, M, w,) for the EPC II, such that T =X U {A, B} C V, and for any
w € L(G) there exists a string

u U, Vg ...0

V=X o X Uy ool U 5, %x, - Zx, € SULX),

In
such that |wly = val(ug, ...u, ), |wlp =val(vy, ...vg 2y ... 2, ), and h(y) = x;, ...x; , where the projection & : V* — X* is defined
by h(a) = a for a € ¥ and h(a) = A otherwise. (Note that h(1) = 4.)

By Theorem 1, we can construct an ENSWDOL system I" such that L(I") = L(G). By the proof of Theorem 1, any string is a terminal
string of G, if and only if it can be obtained at the master node of I'. The terminal strings of G consist of letters from X U {A, B}. To
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satisfy the conditions set in the Extended Post Correspondence, we need to select those strings where the number of letters A and B
are equal.

To meet this requirement, we add further symbols to the alphabet of I', modify the rule set of the master P,, and add further rules
to the other components. The new symbols and rules will assist the checking of the equality of the number of occurrences of letters
A and letters B in the terminal strings of G.

We add to the nonterminal alphabet of I" the set of letters together with their complementary letters

V,={a,;,C,;14<i<6, a€T},

e,
and add to the rule sets
{a— FlaeV,uV,}
to the components P; corresponding to the ith tables of G.
We modify the rule set of P, as follows. We replace the rules
{a;3 -4, a,3—a, 62:3 - A, ﬁ;’é > Ala€eV}
with

! ~ =/ =/
{aa3 =4 a,53a,4C, 4, a,,— A, a,,

—>AlaeT}u
{023—>I:", ae’3—>F, é;’3—>F, d;’g—»ﬁlaGV\T}.

These rules, instead of finishing the derivation, select the terminal strings. If a string w/ ,w, 3w ;w!"; corresponding to a sentential
form w of the simulated EDTOL system is produced by the ENSWDOL system at P,, then it is rewritten to w, 4 (if w € T*) or it is
rewritten to a bad string (if w contains at least one nonterminal). In the latter case, the string turns to the complement, and then is

rewritten to F ... F by the rules

{@y4y > F,C,y > Fla€eT}

which we also add to P,.
If w, 4 is successfully generated, we can start to check the equality of the occurrences of symbols A, 4 and B, 4. First we check
that [we4l4,, = |W,4lp,, Dy using the rules (also added to P,)
{ae,4 - ae,Svae,S - F | ae T}U
{Apy > Aes.Aps > F, B,y > B,5,B,5 > F,C,, » C,5,C,5s— F}.

If the number of symbols B, , was greater than the number of symbols A, 4, then the rewritten string turns to its complement, and
then to F... F. Next, in a similar way, we check that |w,4l4,, <|w,4lp,, by using the rules

{ae,S - ae,6’de,6 - F | ae T}U
{Ae,S - Ae,G’Ae,é - F7Be,5 - Be,G’ Be,é - Fvée,S - C€,6’ Ce,() - F}

If the result of the last rewriting step is a good string, we have w, ¢, such that |w,¢l 5, , = |w,¢lp, ;- If we now delete the unnecessary

nonterminals, we get a string of the language represented by the EPC II. For this purpose, we can use the rules (which we also add
to P,)

{a,6 > alaeT}u {/ie,ﬁ = 4,B, 6~ A,C_'eﬁ — A},

As we have seen above, the modified construction is able to use the capabilities of standard Watson-Crick DOL systems to check
the equality of the number of occurrences of different symbols in the valid strings of an Extended Post Correspondence, so it can be
used to make sure that the ENSWDOL system only generates strings, if and only if, they are in the language of the EPC. []

5. Conclusions

In this paper, we examined extended networks of standard Watson-Crick DOL systems (ENSWDOL systems) with a new variant
of incomplete communication, namely, when the SWDOL systems in the nodes communicate to the other nodes arbitrary substrings
of the good strings they generated. It was shown in previous papers that ENSWDOL systems are computationally complete and
their computational power does not change if the communicated string is a non-empty prefix (non-empty suffix) of the generated
string. Here we strengthened these results, namely we proved that ENSWDOL systems are computationally complete even if the
communicated string is an arbitrary substring of the generated string. To prove the result, we present a novel technique for simulating
EDTOL systems with ENSWDOL systems where the derivation leads to a terminal string if and only if after each rewriting step the
whole string and not any of its proper substrings is communicated.
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