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1. Introduction

Throughout this paper, the symbols N, R, and R will stand for the sets of natural (i.e., positive integer),
real, and positive real numbers, respectively, and I will always denote a nonempty open real interval. Let
n,k € N. In the sequel, the ith entry of a real vector

T
T= (Ti)ieq1,.my = | eR”

Ln

will be denoted by x;, and analogously, the ith row and jth column of a real matrix

* The research of the first author was supported by the UNKP-22-3 New National Excellence Program of the Ministry for
Innovation and Technology from the source of the National Research, Development and Innovation Fund and by the Scientific
Council of the University of Nyiregyhdza. The research of the second author was supported by the K-134191 NKFIH Grant.
* Corresponding author.

E-mail addresses: grunwald.richard@nye.hu, richard.grunwald@science.unideb.hu (R. Griinwald), pales@science.unideb.hu
(Zs. Péles).

https://doi.org/10.1016/j.jmaa.2024.128214
0022-247X/© 2024 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).


https://doi.org/10.1016/j.jmaa.2024.128214
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2024.128214&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:grunwald.richard@nye.hu
mailto:richard.grunwald@science.unideb.hu
mailto:pales@science.unideb.hu
https://doi.org/10.1016/j.jmaa.2024.128214
http://creativecommons.org/licenses/by-nc-nd/4.0/

2 R. Grinwald, Zs. Pdles / J. Math. Anal. Appl. 535 (2024) 128214

x% ... x]f
T = () (i) efl,mx {1k} = | . | eR™
xl ... xk

n

will be denoted by x; and x7, respectively. For convenience, we identify R”** by (R™)* in the standard
manner. We define the transpose [z]7 € R¥*" of the matrix x € R"** by

x% ... x’}l
[2]7 = (&) (ijyeft k> (1) = :
ot ok

More generally, for a subset of matrices X C R™** the transpose X of X denotes the set {[z]T | x € X}.
Finally, the diagonal diag(I™) of I™ is defined by

diag(I") := {(z,...,z) e R" | x € I}.
Let us introduce, for n € N, the diagonal map A,,: R — diag(R"™) by
Ap(x):=(x,...,z) € R"
and, for an n-variable function G: I — R, the function G®: I — R by
G2 (x) := G(An(2)) (x eI).

More generally, for n,k € N, we can define the map AF: R¥ — (diag(R™))* C R™**: if y € R¥, then let
Ak (y) denote the n x k matrix whose jth column equals A, (y;) for j € {1,...,k}. Whenever a regularity
property is assumed to be valid at each point of the domain of a function, then we do not emphasize the
set on which the property in question holds.

The celebrated inequalities discovered by Holder and Minkowski can be formulated in various contexts,
for instance, in the setting of power (or Holder) means.

To recall the standard Holder(—Rogers) inequality (which was discovered by Rogers in 1888 and by Hoélder
in 1889), let p,¢ > 1 with p~! + ¢~! = 1. Then, for all n € N and z,y € R}, the inequality

1

1
x1y1+...+xnyn < <x€+...+zﬁ>?(yi}+...+y%)q

n - n n

is valid. In the particular case p = ¢ = 2, this inequality reduces to the so-called Cauchy—-Bunyakovsky—
Schwarz inequality, which in the above form was established by Cauchy in 1821. Given a real parameter
p > 1, the standard Minkowski inequality (established in 1910) states that the pth power mean is subadditive,
i.e., for all n € N and z,y € R?, the inequality

<<x1+yl>p+---+<xn+yn>p>i . (m€+---+w2)é . <yf+-~-+y£)'1’
n n n
holds.

Briefly, the aim of this paper is to investigate analogous inequalities by replacing the addition and the
multiplication by more general operations, and instead of power means, also using generalized Bajraktarevié¢
means and, in particular, Gini means. A further aim is to introduce the concept of local and global validity
of such inequalities and to characterize them in both senses.
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Let n € N. Given a strictly monotone continuous function f: I — R and an n-tuple of positive val-
ued functions p = (p1,...,pn): I — R, the n-variable nonsymmetric generalized Bajraktarevic mean
Agp: I — 1 is given by the following formula:

(@) f(21) + -+ pu(@n) f(2n)
pr(x1) + -+ pn(an)

Appla)i= 17" ) wem.

This is an extension of the notion introduced by Bajraktarevi¢ in the symmetric setting in [1] and [2], that
is, in the case when p; = --- = p,, i.e., when all the weight functions are the same. In the sequel, the sum
of these weight functions will be denoted by po, i.e., po 1= p1+ -+ py. It is easy to see that Ay, is a strict
mean, i.e.,

min{zq,...,z,} < Afp(x) < max{zy,...,z,} (x eI

holds, and the inequalities are strict if min{xy,...,z,} < max{zi,...,z,}. The equality and comparison
problem of nonsymmetric generalized Bajraktarevié means have been investigated by the authors in the
recent papers [6] and [7].

The main goal of this article is to investigate Holder- and Minkowski-type inequality problems for the
n-variable nonsymmetric generalized Bajraktarevi¢ means. More generally, we are going to derive necessary
as well as sufficient conditions for the local as well as for the global validity of the functional inequality

Mo(®(z1), ..., 0(x,)) < B(My(zh),. .., My(zF)), (1)

where n,k € N, for « € {0,...,k}, I, C R is a nonempty open interval, I := I} X -+ X I, My: I? — I,
is an n-variable mean and ®: I — Ij. If there exists an open set U C I™ such that diag(I™) C U and
(1) holds for all z € UT C HZ:l I7, then we say that (1) holds in the local sense. If (1) is valid for all
re (IMT = H];:l I7, then we say that (1) holds in the global sense. Clearly, the global validity of (1)
implies its local validity.

Then we consider the particular case of (1) when all the means are n-variable nonsymmetric generalized
Bajraktarevi¢ means, i.e., we consider the inequality

Ay oo ((21), .., () < R(Ap, i (2h), ..o, Ay, o (z*)), (2)

where n,k € N, for a € {0,...,k}, fo: Io — R is a strictly monotone continuous function, p®: I, — R}.
We obtain necessary as well as sufficient conditions for its validity in the local and also in the global sense.
We mention some important particular cases of (2).

(1) If k=1, Iy = I; =: I and ®(x) = z, then (2) reduces to the local and global comparison problem of
nonsymmetric generalized Bajraktarevi¢ means.

2 Utk>21Ty=5L=-=1, = I, ®(x1,...,25) = %(xl +-4axp),and fo = fr == fi = f,
p’ =p! = ... =p* = p, then (2) means the Jensen convexity of A;,. In this case, (2) is said to be a
Jensen-type inequality.

BItk>2Ip=1=-=1I;, =Ry, ®(x1,...,2,) =21+ -+ xk, and fo = fL = -+ = f = f,
p’ =p' = ... =p¥ =: p, then (2) expresses the subadditivity of Ay p, which is often called a Minkowski-

type inequality.
Q) Iftk>2Ipo=15 =- =1y =Ry, &(xy,...,25) = 21T, then (2) reduces to a Holder-type
inequality for the means Ay, 0, Ay 1, ..., Ag, k.
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There are many results related to the Holder- and Minkowski-type inequalities. Without completeness, we
mention the following standard sources and the references therein: Hardy—Littlewood—Pdlya [8], Beckenbach—
Bellmann [3], Bullen-Mitrinovié-Vasi¢ [4], Mitrinovié-Peéari¢-Fink [16]. We also quote the papers [9-15]
by Losonczi and the papers [5,17-20].

2. Holder- and Minkowski-type inequalities in the local sense
For the investigation of inequality (1), let us introduce the function F': I7 x --- x I C R"** — R by
F(z) = F(a',...,2"%) = ®(M;(ah), ..., Mg (z")) — Mo(®(21), ..., 2(2,)), (3)
where n,k € N and also set [ := I1 X -+ X If.
Remark 1. Observe that, for all y € I, we have
F(AR(y) = 0.
Indeed, by using the mean value property of My, My, ..., My, it follows that

F(AL(Y) = F(An(1), -+ Anlyr)) = 2(M1(An (1)), -+ Mi(An(yr))) — Mo(An(®(y)))
= O(MP (1), -, Mic (yr)) — Mg (2(y)) = D(y1,- - yx) — (y) = 0.

For the computation of the partial derivatives of F' at points of the form A¥ (y), we formulate the following
Lemma. In what follows, d.. will stand for the standard Kronecker symbol.

Lemma 2. Let n,k € N with n,k > 2 and, for « € {0,...,k}, let I, C R be a nonempty open interval and
My I} — I, be an n-variable mean, define F': I x --- x I} = R by (3) and let ®: I — Io.

(i) Assume, for a € {0,...,k}, that M, is partially differentiable on diag(I?) and that ® is differentiable.
Then, for alli € {1,...,k}, £€{1,...,n}, andy € I,

Dni—1 F (AL (1) = 0:0(y) (0. M (i) — 0 MG (2(y)))-

(ii) Assume, for o € {0,...,k}, that M, is twice partially differentiable on diag(IZ}) and that ® is twice
differentiable. Then, for alli,j € {1,...,k}, {me{l,...,n}, andy € I,

Ot (i—1)Omean(—1) F (AL (1)) = 0:0;9(y) (0m M (y;)0e M (i) — So.mOm M (B(y)))
— 0;9(y) (0B (y)DeOm MG (®(y)) — i, j0e0m M (y5))-

Proof. (i) Let i € {1,...,k}, £ € {1,...,n}, and y € I be arbitrary. Then the existence of the partial
derivative 04 y(;—1)F (AL (y)) and also the formula for it is a direct consequence of the standard chain rule.
More precisely,

a€+n(i—1)F(AZ(y)) = 8€+7L(i—1)F(An(y1)v tey An(yk))
= 0;® (M1 (An(y1))s - Mk (An(yk))) 0eMi(An(yi)) — 0eMo(D(y), - . ., B(y))0i®(y),
which simplifies to the formula stated in (i).

(ii) For a € {0,...,k}, there exists an open set U, C I? such that diag(I}) C U,, the first-order
partial derivatives of M, exist over U,, and their first-order partial derivatives, i.e., the second-order partial
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derivatives of M,, exist on diag(I7). Using the continuity of ®, by shrinking the open sets Uy, ..., Uy, we
can also assume

(®(z1),...,P(zn)) € Uy (4)

provided that 2! € Uy, ..., 2" € U.

Let 4,5 € {1,...,k}, {,m € {1,...,n}, and y € I be arbitrary. Computing the partial derivative of F
over U; x -+ x Uy with respect to its (m +n(j — 1))th variable, i.e., with respect to the variable x7,, which
is the jth entry of x,, and the mth entry of 27, we get

Omin(i—nF (@) = 0;@ (M (), ..., My(2"))0p M (27) — 0y Mo(®(1), . .., B(20))0; ()
for all matrices x € R"** with ' € Uj,...,2* € U,. Using this equality, we can compute the partial
derivative of 9, 1n(;j—1)F at A% (y) with respect to its (¢ 4+ n(i — 1))th variable, i.e., with respect to the
variable o}, which is the ith entry of z, and the /th entry of z*, as follows

ae+n(z 1)8m+n] 1) (A ( ))
= 8,02 (M1(An(y1)), - An(yk))) O Mi( A (yi))Om M (An(y;))
+0;@ (M1 (An(y1)), - n(Yr)) )5”8/8 M;(An(y;))
— 000 Mo(2(y), ..., P (y))aifb(y)@j (1) = OmMo(®(y), - .-, D(y))6,m0i0; P (y).

Using the mean value property of My, My, ..., My, this equality simplifies to the formula asserted in state-
ment (ii). O

Our first result describes the first-order necessary condition for the validity of (1) in the local sense.

Theorem 3. Let n,k € N with n,k > 2 and, for a € {0,...,k}, let I, C R be a nonempty open interval,
My: I — I, be an n-variable mean which is partially differentiable on diag(I?) and let ®: 1 — Iy be
surjective and differentiable with nonvanishing first-order partial derivatives, where I := Iy X -+ X Ij.
Assume that inequality (1) holds in the local sense. Then there exist constants A1,..., A\, € R4 such that,
for all (yo,y) € Ip x I and L € {1,...,n},

Ao = e MG (yo) = O M (y1) = -+ - = I ME (yx)- (5)

If, additionally, for some a € {0,...,k} and yo € I, the mean M, is differentiable at A, (y.), then
A1+ -+ X, =1 also holds.

Proof. For o € {1,...,k},let U, C I be a nonempty open set containing diag(I?) such that (1) holds for all
matrices x € R"*F with 2! € Uy,..., 2" € Uy. Then, according to (1), F is nonnegative on Uy X - - - x Uy, and,
for all y € I, we have F(AF(y)) = 0. Therefore, the first-order partial derivatives of F' vanish at the point
AF(y). In view of Lemma 2, for all £ € {1,...,n} and i € {1,...,k}, the equality pin—1)F(A%(y)) =0
implies that

0= ;@ (y) QM (ys) — Mg (2(y))).
Using that the partial derivatives of ® do not vanish, for all £ € {1,...,n}, i € {1,...,k}, it follows that

O M (y;) = 0 ME (2 (y)). (6)
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We will first prove, for all £ € {1,...,n}, that the function 3@M0A is locally constant on I. Without loss
of generality, we may assume that & is strictly increasing in its first variable. To verify the assertion, let
yo € Iy be arbitrary. Then, by the surjectivity of ®, there exists y € I such that yo = ®(y). Let y] < y1 < v
be arbitrarily fixed elements of I;. Then, by the assumed monotonicity of ®, we have

y/O = (b(yg_vaa' .- 7yk7) < Yo = ‘1)(291792;- .- 7y/€) < yg = (I)(yg_/7y2a"'ayk)'

Let u €]y, yy| be arbitrary. Then, by the continuity of the function ®, there exists v €|y}, v} [ such that
u=®(v,y2,...,yr). Applying equality (6) for i =2 and ¢ € {1,...,n} twice, we get

MG (u) = O M (D(v,y2 . . ., yx)) = O M5 (y2) = DM (®(y1,Y2 - - -, yk)) = O M (o).

Therefore 9, M§® is constant on |y}, y4[, which is a neighborhood of yo. It proves that 9, M¢* is differentiable
at yo and (9, ME) (yo) = 0. The choice of yy in Iy was arbitrary, hence (9, M&)’ is identically zero on Iy,
which is an open subinterval of R. This implies that 9, M is constant on Iy. We will denote this constant
by A¢. Equality (6) then implies that the partial derivatives 6@M1A, e, 0eM kA are also equal to the constant
A¢ on their domains.

Finally, assume that, for some « € {0,...,k} and y, € I,, the mean M, is differentiable at (A, (ya))-
Then, by the mean value property of M,, we have that M2 (y) = y for all y € I,. Differentiating this
equality with respect to y at y = y,, we get

61M1’A(y0t) + 4+ 871M2A(y0¢) = 17
which implies A1 +---+ A, =1. O

Theorem 4. Let n,k € N with n,k > 2 and, for a € {0,...,k}, let I, C R be a nonempty open interval,
My : I — I be an n-variable mean which is twice differentiable on diag(I?) and let ®: I — Iy be surjective
and twice differentiable with nonvanishing first-order partial derivatives, where I :== I; X «-- X I},. Assume
that inequality (1) holds in the local sense. Then there exist constants A1,..., Ap € Ry with A\ 4+ A, =1
such that, for all (yo,y) € Iy X I and £ € {1,...,n}, the equalities in (5) hold. In addition, for ally € I, the
(nk) x (nk) matriz whose (+n(i—1),m+n(j — 1))th entry, where i,j € {1,...,k} and {,m € {1,...,n},
s given by

0:0;®(y) AmAr = Se.mAm) — 0i®(y)0; B ()00 M (®(y)) + 65,50, B (y)DeOm M (y;) (7)
1s positive semidefinite.

Proof. For o € {1,...,k}, let U, C I” be a nonempty open set containing diag(I?) such that (1) and (4)
hold for all matrices 2 € R™** with 2! € Uy,...,2" € U,. Then, using Theorem 3, condition (5) is valid
with some nonnegative constants Ay, ..., A, satisfying also \; +--- 4+ A, = 1.

According to (1), F is nonnegative on Uy x - - - x Uy, and, for all y € I, we have F(AF (y)) = 0, that is, F' has
a (local) minimum at A¥(y). Therefore, its second derivative, i.e., the (nk) x (nk) matrix (9,05 F(AL(y)))
is positive semidefinite. In view of Lemma 2, for all y € I1 x - -- X I, it follows that the (nk) x (nk) matrix
whose (¢ +n(i —1),m +n(j — 1))th entry, where i,5 € {1,...,k} and ¢,m € {1,...,n}, is given by

0;0;@(y) (Om M (y;)0e M (yi) — S0,mOm MG (2(y))) — 052 (y) (9 (1) DO M ((y)) — 65,;000m M (y;))

is positive semidefinite. Applying the equalities from (5), the statement follows. O
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3. Holder- and Minkowski-type inequalities for nonsymmetric generalized Bajraktarevi¢ means

In order to apply the results from the previous section for nonsymmetric generalized Bajraktarevi¢ means,
we need to compute their partial derivatives on diag(I™). For this aim, we recall the following result, which
was obtained by the authors in [6].

Lemma 5. Let n,k € N,d € {1,2}, let f: I — R be a d times differentiable function with a nonvanishing
first derivative, p = (p1,...,pn): I = R} and set pg := p1+---+pn. Then we have the following assertions.

(1) If d =1 and p is continuous, then, for all ¢ € {1,...,n}, the first-order partial derivative OyAy,, exists
on diag(I™) and

_ be
Po

64A

(i) If d = 2 and p is continuously differentiable, then, for all £,m € {1,...,n}, the second-order partial
derivatives 07 Ay, and 0¢0,, Ay, exist on diag(I™) and

/ 11 li 11
5248 _ oPero—pe) | pe(po —pr) f77 0,0, 4D — _ (pepm)” pepm [ 0L m),
‘ I g f o P R Em

Theorem 6. Let n,k € N with n,k > 2 and, for a € {0,...,k}, let I, C R be a nonempty open interval,
fa: In = R be a differentiable function with a nonvanishing first derivative and let p* = (p§,...,p%): 1o —
R be continuous, set py := p{ + -+ p; and denote [ := Iy x --- x Iy. Let ®: I — Iy be surjective and
differentiable with nonvanishing first-order partial derivatives. Assume that inequality (2) holds in the local
sense. Then there exist constants A1,...,An € Ry with Ay + -+ + A\, = 1 such that, for all o € {0,...,k}
and L € {1,...,n},

Py = Aepy (8)

holds on I,. If, additionally, for a € {0,...,k}, fo is twice differentiable, p® is continuously differentiable
and @ is twice differentiable, then the k x k matriz T'(y) given by

) = (- 0020) - 2,000() (’;?' B ) @) + 000 (%) ’;)@ ))k] 1

7T )

is positive semidefinite for ally € I.

Proof. For a € {0,...,k}, let M, = Ay, o and apply Theorem 4 to this setting. Then M, is partially
differentiable on diag(I}) and inequality (1) holds in the local sense. According to the first assertion of
Theorem 4 and by the first statement of Lemma 5, there exist A1,..., A, € Ry such that, for all (yo,y) €
Iy x Iand ¢ € {1,...,n}, the equalities in (5) hold, i.e., for a € {0,...,k},

DL (o) = 00A3 (o) = Av.
Po

This shows that (8) is valid on I, for all & € {0,...,k} and £ € {1,...,n}. In view of the definition of p§,
these equalities imply that Ay +--- 4+ A\, = 1 is also valid.

Assume now that, additionally, for a € {0,...,k}, fq is twice differentiable, p* is continuously differ-
entiable and ® is twice differentiable. Using (8), according to the second assertion of Lemma 5, we have
that
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a\/ (e (e Ne « " a\/ "
92 AL a:2(pz)(po_Pe)+pe(po_Pz)_f_a:)\ 1—2)\ (2(190) +f_a>’
¢ Tk R T G

(popy)  peps,  fi (p5)" | I
OO Af == "ay ~ap - e\t ) e

e Jfa
Therefore, for all a € {0,...,k} and £,m € {1,...,n},
Wiy, I
846mAﬁ,pa = /\m((Sg’m — o) <2F + f_/ . (10)

By the second assertion of Theorem 4, for all y € I, the (nk) x (nk) matrix whose (£ + n(i —1),m +
n(j —1))th entry, where 7,5 € {1,...,k} and £,m € {1,...,n}, is given by (7) is positive semidefinite. Using
formula (10), we can conclude that the matrix whose (¢ + n(i — 1),m + n(j — 1))th entry is given by

)\m(éf,m - )\Z)Fi,j (y)

is positive semidefinite.

If a matrix is positive semidefinite, then every minor of the matrix is also positive semidefinite. Therefore,
the k x k submatrix with entries (1 + n(i — 1),1 + n(j — 1))th, where i,5 € {1,...,k}, is also positive
semidefinite, which implies the statement. 0O

In the next result, we reformulate the positive semidefiniteness condition from the above theorem in
terms of a convexity property.

Theorem 7. Let n,k € N with n,k > 2 and, for a € {0,...,k}, let I, C R be a nonempty open in-
terval, fo: Io — R be a twice differentiable function with a nonvanishing first derivative and let p* =
(pf,...,p%): Io = R be continuously differentiable, set p§ := p$ + -+ p& and denote I := I X -+ x Ij,.
Let ®: I — Iy be surjective and twice differentiable with nonvanishing first-order partial derivatives. Assume
that inequality (2) holds in the local sense. Finally, for a € {0,...,k}, define the function vo: I — R and
then o: I — R* by

P = /<p8>2f,; and  o(y) == (@1(40), - - or(ui))-

Then 1, ..., ¢k and @ are twice differentiable and invertible functions and the map ¥: p(I) — R defined
by

U (u) := po(@(p™ " (u))
is concave if f§ >0 and convez if f} < 0.

Proof. According to Theorem 6, our assumptions imply that the matrix-valued map I': I — R¥** defined
by (9) has positive semidefinite values.

Without loss of generality, we can assume that fj > 0. Let o € {0,...,k}. Then the integrand in the
definition of ¢, is either positive everywhere or negative everywhere, therefore ¢,, is a twice differentiable
function with a nonvanishing first derivative, hence it is strictly monotone and it has a twice differentiable
inverse p_1: o (I4) — I,. Furthermore, we have that

va _ ((m)? o) | Ja
Po ()21 (P})2 1L n  Ja

) 20(w0)' fa + () fa _

(a € {0,....,k}). (11)
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It follows from the definition of ¢ that

7 w) = (o1 (), () (w€ pa(ln) x - X ().

Thus, it is clear that ¢ and its inverse are also twice differentiable maps.

In order to show that ¥ is concave, we will prove that ¥ is negative semidefinite over p(I). First, we
compute the first and then the second-order partial derivatives of W. For i,5 € {0,...,k} and u € o(I),
using standard calculus rules, we obtain

and

0i0; (u) = ¢ (D~ (u))) - 0@ (0™ () - ;@ (9™ (w)) - —

(B ) AT S s

@l (@5 (uy))
3

s -1 U .0 -1 uj) -
Seap(®le ™ ) - 0,007 ) S

b0 ) (0007 () - 0,000 ) - £ (0 )

/

~ Pler (w)) - (5 () %

+0:0;9(p~ (w) — 8;,;0;0(0 (w) - =L (07 (1))

Now using the equalities in (11) and (9), it follows that

/

R 1. { Ca )
PO = e ) - By

Therefore, for all u € ¢(I), we obtain that U (u) = (8;0; ¥ (u))¥
that U is concave on ¢(I). O

i j—1 1s negative semidefinite. This implies

Remark 8. It can be seen from the above argument that the concavity of the auxiliary function ¥ is not
merely a consequence of the positive semidefiniteness of the matrix-valued function I' but, in fact, it is
equivalent to it. On the other hand, if all the weight functions are equal to constant 1, then ¢, = f, and,
in this case, according to the theory of quasiarithmetic means (cf. [8]), the concavity of the function ¥ is
also sufficient for inequality (2) to be valid in the global sense.

The following results establish sufficient conditions for inequality (2) to be valid in the local as well as in
the global sense.

Theorem 9. Let k € N and, for a € {0,...,k}, let I, C R be a nonempty open interval, fo: I, — R be
differentiable with a nonvanishing derivative, p§: I — R4 and denote I := I x --- x I,. Furthermore, let
®: I — Iy be partially differentiable. Assume that there exists an open set V. C I? containing diag(I?) such
that, for all (u,y) € V, the inequality

( () (fo(®(y)) — fo(® Xk: po (y;)(fi(y;) — fi(uy))

)
P0( () £ (B () Ph(u,) 1) (12)
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holds. Then, for alln € N and A € R with Ay + -+ A\, = 1, the inequality

Afo7p8)\(q)(x1)7 ceey CD(‘rn)) < (I)(Aﬁ,p(l))\(xl)v cey Afk,p’g)\(‘rk)) (13)
is valid in the local sense.

Proof. Let n € N, A € R} with A; +--- 4+ A, = 1 be fixed and construct the set U C I" as follows:

U=z e RV [2]" €I, (Ag, pan(@h), .., Ap pir (@), 2, k) e V] (14)

i=1

Then, due to the continuity of the mean Ay, ,ox, each member of the intersection is open, and hence so is U.
On the other hand, if [z]” € diag(I™), then, for all a € {1,...,k}, we have 2§ = --- = 2% = Aj_,ax(2%),
whence, by the properties of V, (A, pax(z'), ..., Ap sa(2®), 2}, .. aF) € V holds for all i € {1,...,n}.
This shows that U contains diag(I™).

We now prove that, for all # € R™** with [2]7 € U, inequality (13) is valid. Let us define, for o €

(1, k),
Yo = Ay, pga(r)

and set u € I. As a consequence of this definition, it follows that
D A (@) (falaf) = fa(ua) =0 (a€{l....K}). (15)
i=1

On the other hand, for all « € {1,...,k} and i € {1,...,n}, we have that (ui,...,us,z},...,2%) € V.

Therefore, we can apply (12) with (uy, ..., ug, y1,---,Yx) = (U1, .., uk, or,...,o¥). Then multiplying each
inequality by )\;, summing up the inequalities so obtained, and using the identities in (15), we obtain

ApQ(®(2:)) (fo(®(21) — fo(® b A8 () (fa(29) = falua
Zp(())(f(()f SZZ‘%‘I’ p(%(f(){())

6 (Ua) f4,(Ua

k
- Z 3 Uy f Z)‘%po ') = fa(ua)) = 0.
Therefore,
(P () (fo (@ (i) — fo(P(w)))
D CTTTACIO) =0

Assume that f{ is positive. Then f is strictly increasing and the above inequality is equivalent to

ZAzpo fo(®(@) = fo(®(u))) < 0. (16)

Rearranging this inequality, we obtain

Z?:l Aipg(‘p(zi))fo(‘l)(%))
i1 N (@(4))

< fo(@(uw)). (17)
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Applying fy ! side by side and using that fo ! is strictly increasing, we can conclude that

- PO (P (i L4
Agy on(®(21), .., B(zn)) = f3 <Z¢_§‘;p?(iég<g{gf;( ))>

< O(u) = (A, par(a'), . Ap, ia (@),

which completes the proof of inequality (13). In the case, when f is everywhere negative, the inequalities
(16) and (17) are reversed, however f; ' is strictly decreasing, thus we arrive at the same conclusion. O

Remark 10. In view of Theorem 6, the weight functions of the generalized nonsymmetric Bajraktarevi¢
means appearing in (2) necessarily are of the form given by (8). Therefore, the local as well as the global
validity of (2) immediately follows from the local as well as the global validity of (13), respectively.

Theorem 11. Let k € N and, for a € {0,...,k}, let I, C R be a nonempty open interval, fo: I, — R be
differentiable with a nonvanishing derivative, p§: I, — Ry and let ®: 1 — Iy be partially differentiable,
where I := Iy X -+ x I. Assume, for all u,y € I, that inequality (12) is satisfied. Then, for all n € N,
A€ R with Ay + -+ 4+ X\ = 1, inequality (13) holds in the global sense.

Proof. If (12) is satisfied for all u,y € I, then the condition of the previous theorem is validated with the
open set V := I? and the open set U constructed by (14) equals I". Hence inequality (13) holds for all
x € R™* with [2]T € U, i.e., it holds in the global sense. O

The next result establishes a necessary condition for (12) to be satisfied in the local sense.

Theorem 12. Let k € N and, for a € {0,...,k}, let I, C R be a nonempty open interval, fo: I, — R
be twice differentiable with a nonvanishing first derivative and pg: I, — Ry be twice differentiable. In
addition, let ®: I — Iy be twice differentiable, where I := I x --- X I.. Assume that there exists an open
set V. C I? with diag(I?) C V such that (12) is satisfied for all (u,y) € V. Then the matriz-valued function
I: I — R¥** defined by (9) takes positive semidefinite values.

Proof. If (12) is satisfied for all (u,y) € V then, for all fixed y € I, the map ¥,: I — R defined as

k (e
Wy () i= 3 0a(y) P L) alte) = Jolye)) p8<<1><u>é
a=1

28 (ve) F2 () y (18)

has a local minimum at u = y. This function is twice differentiable according to our assumptions. Therefore,

the second derivative matrix of it at u = y is positive semidefinite. For i € {1,...,k}, we have
() = —FCW) v N ) — () () F (s
81\1’.1;( ) p%)(yz)f{(yl) ((po) ( l)(fZ( z) fz(%)) +p0( 1)fz( %)) (19>
_ 9;®(u) 0V (P(u w)) — 0(P(u)) F (D (u

Thus, for 4,5 € {1,...,k}, we obtain
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0,0, () = 81— 22 (", )£, (1) = £ 1)) + 208) () £ )+ ) £ ()
Po(;) fi(y;)

9,0 (u) 0/ _ 0(P(u) (B (u

( )70 () ((p0)" (@ () (fo(P(w)) — fo(®@(y))) + po(®(u)) fo(P(w))) (20)
( ) ( ) 0N/ U w)) —

( (y ))fo( () ((po) (@(w))(fo(P(u)) — fo(®(y)))
+2(p0)" (®(w)) f(@(w)) + po((w)) f5 (D(w))).

Hence, after substituting « := y in the above equality, we get
00,0,) = 5,000 2 (p> + %)) = 20,00) ~ 202,90 (228 + o) = 1,00
0
(21)

This shows the pointwise positive semidefiniteness of the matrix-valued function I': I — R*** g

Theorem 13. Let k € N and, for o € {0,...,k}, let I, C R be a nonempty open interval, fo: I, — R be
twice continuously differentiable with a nonvanishing first derivative, pg: I, — Ry be twice continuously
differentiable and denote I := Iy X -+ X I,. Furthermore, let ®: I — I be twice continuously differentiable.
Assume, for all y € I, that the k x k matriz T'(y) is positive definite. Then, for alln € N, X\ € R with
AL+ -+ A =1, inequality (13) holds in the local sense.

Proof. For all fixed y € I, define the function ¥,: I — R by the formula (18). This function is twice
continuously differentiable according to our assumptions and ¥, (y) = 0 holds for all y € I. After simple
computations, for i, j € {1,...,k} and u € I, we obtain that the equalities (19) and (20) hold.

Putting u := y into equality (19), we can see that

0;¥,(y) =0 (ied{l,...,k}),

that is, ) (y) = (0¥, (y )) =0 holds for all y € I.

Substituting u := y into equahty (20), we can conclude that (21) is valid for all y € I. According to the
positive definiteness of the matrix-valued function T': I — R¥** it follows that W(y) == (0:0; \I/y(y))f,j:1
is positive definite for all y € I.

For u,y € I, denote the smallest eigenvalue of the k x k symmetric matrix W/ (u) := ((’9 0; ¥y (u )) i =1 by
Y (u,y). In view of our twice continuous differentiability assumptions, the map (u,y) — W¥j/(u) is continuous,
therefore the map (u,y) — ¥ (u,y) is also continuous. On the other hand, for all y € I, we have that
U (y) = I'(y) is positive definite, which implies that ¢ (y,y) > 0. Therefore, there exists an open set
W C I? containing diag(I?) on which 1) is positive.

By the Taylor Mean Value Theorem, for all u,y € I, there exists ¢t € [0, 1] such that

Wy () = Wy () + W )y — )+ 3y — )" W u+ (1= )y — ) -
22

= 2l — )Wt (1= )y — ) > 2t (1~ 1)yl —

l\>|H

Define

Vi={(u,y) € I* | [y, u] x {y} = [(y, ), (u, )] S W}

We will show that V is an open subset of I2. To see this, let (u,y) € V be arbitrary. Since the segment
[(y,y), (u,y)] is a compact subset of W, it follows that it is disjoint from W¢ := R?* \ W, which is the
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complement of W and hence it is a closed set. Therefore, there exists a positive number r so that the distance
of every point of the segment [(y,y), (u,y)] from W€ is at least r. Let v,z € R¥ such that ||v — u|| < r/2
and ||z — y|| < r/2 hold. Let (w,z) be an arbitrary point of the segment [(z, ), (v, z)]. Then there exists
t € [0,1] such that w = tv + (1 — t)x. Therefore,

lw = (tu+ (1 =yl < tllv—ul + A =t)]z =yl <r/2,
which implies that

[(w,z) = (tu+ (1 = )y, y)|| < [[(w,2) = (tu+ (1 =)y, 2)|| + [|(tu + (1 = )y, ) = (tu+ (1 =)y, y)||
= [lw = (tu+ 1=yl +llz —yll <7

In other words, any point of the segment [(z,x), (v, z)] is closer to some point of the segment [(y,y), (u,y)]
than r. This yields that the segment [(x,x), (v,2)] C W, ie., (v,z) € V whenever ||[v — u|| < /2 and
llx — y|| < r/2 hold, consequently (u,y) is an interior point of V. This completes the proof of the openness
of V. On the other hand, it is obvious that V also contains diag(1?).

Using that ¢ is positive on W, it follows from (22) that ¥,(u) > 0 for all (u,y) € V. Therefore, by
applying Theorem 9, it follows that (13) holds in the local sense. O

4. Inequalities for Gini means

In this section, we apply the above results to some important particular cases of (2). First, we deal with
cases obtained by specializing the means M, in (2) for all a € {0,...,k}. Then we draw some conclusions
by choosing the function ® in (2) to be the map k-variable addition and multiplication.

Let us recall the definition of the weighted n-variable Hélder (or power) mean of parameter r € R and
weight vector A € R with Ay + --- + A, = 1, and the weighted n-variable Gini mean corresponding to the

pair parameters (r,s) € R? and weight vector X € R with Ay + -+ + X\, = 1:

1
Azt 4 )\xz; £ 0,
HT?A<x17...’xn) — ( 147 + A )

xi\l...xzn lf’/‘:O,
1
May 4+ Mgl \ T .
if r # s,
Mzy 4+ Az

GT7S;)\(x17 .. ,.Z‘n) =

. Az In(xy) + -+ Ay, In(xy,) ifr=s.

It is clear that in the particular case ¢ = 0, the mean G,, 4.» simplifies to H,,.».
For (r,s) € R? we also define the function ., s: Ry — R by

tr—1°

Xr,s(t) = r—s
t"In(t) ifr=s.

if r #£ s,

Then, for all £ € {1,...,n}, with pe(t) := A\t® and f(t) :=¢"° if r # s or f(¢) := In(¢) if r = s, we can see
that Af, = G, sx. Using Lemma 5, it follows that

QGEA() =N (te{l,....,n},teRy),
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and

DO G\ (8) = A (Fm — m% (me{l,... n}, teRy). (23)

Furthermore,

( )(((?jﬂ( )( )) :uXr,s(%) (u,y€R+). (24)

Theorem 14. Let n,k € N with n,k > 2, A € R}, Iy,..., I} be nonempty open subintervals of Ry, I :=
Iy x - X I, (10,80);---,(rk,8x) € R? and ®: I — Ry be twice differentiable with nonvanishing first
derivatives. Then, for the inequality

GTO,SO;/\<¢)($1)7 s (I>($n)> < (I)(GT17S1;>\(x1)7 s Grmsm)\(xk)) (25)

to be valid in the local sense it is necessary that the k x k matriz T'(y) given by

ro+so—1 ri+s;—1 §
NMZ(&@éw)@¢@W@@)¢@)+5m@¢@)]zf)
j ij=1

be positive semidefinite for all y € 1. Conversely, if this matrixz is positive definite for all y € I, then (25)
holds in the local sense on I.

Proof. The necessity of the positive semidefiniteness of I'(y) for all y € T is an immediate consequence of
Theorem 9, Theorem 12, and formula (23). The other direction is also obvious due to Theorem 13. O

Theorem 15. Let k € N with k > 2, Iy, ..., I} be nonempty open subintervals of Ry, I :== I1 X -+ X Iy,
(70,50),- -+, (Tk, sk) € R? and let ®: I — R be partially differentiable. Assume that, for all (u,y) € I?, the
inequality

() Xro.00 <%> < jilaﬂ(u)ujxrj,sj () (26)

is valid. Then, for all n € N and X € R} with A\y 4 --- + A, = 1, the inequality (25) holds in the global
sense on 1.

Proof. The statement directly follows from Theorem 11 because inequality (12) turns out to be equivalent
to (26) by applying formula (24). O

For the investigation of the particular cases when ® is the sum and the product function, we will need
the following auxiliary result.

Lemma 16. Let k € N with k > 2 and cg,cq,...,c; € R. Then the matriz

C = (61‘0‘02‘ + Co)],C

ij=1

is positive semidefinite if and only if either cg,cy,...,c, > 0 or there exists i € {0,...,k} such that ¢; <0
and ¢; > 0 for all j € {0,...,k}\ {i} and

1
— 4 — 4+ —<0. (27)
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Furthermore, C' is positive definite if and only if either cg,c1,...,cx > 0 and ¢; = 0 can hold for at most
one index i € {0,...,k} or there exists i € {0,...,k} such that ¢; <0 and ¢; >0 for all j € {0,...,k}\ {i}
and (27) is valid with a strict inequality.

Proof. The quadratic form Q: R¥ — R generated by C is given by

k 2 k
Q(z) := 00<er> +Y e} (zeRF).
=1 =1

Assume first that @ is positive semidefinite. This means that Q(z) > 0 for all z € R¥. With the notation

To = — Z?Zl xy, this inequality can be rewritten as
k
ch% >0 for all (xg,x1,...,2r) € RFT! with 29 + 21 + -+ + 2 = 0. (28)
£=0
To prove the necessity of the condition, assume that min(co,c1,...,c;) < 0. Choose i € {0,...,k} such
that ¢; = min(co, ¢1,...,¢,) < 0. For a fixed j € {0,...,k} \ {i}, define the vector z = (z¢,x1,...,zx) by
xy = 0,0 — 05 for £ € {0,...,k}, that is, z, := 0 if £ € {0,...,k}\ {4,7} and ; := 1, 2; := —1. Thus

xo + 1 + - -+ + x, = 0 holds, which, by (28), yields that Z?:o cexd > 0, that is, ¢; + ¢; > 0. This implies
that ¢; > 0 for all j € {0,...,k}\ {i}.

To show that the inequality (27) is also valid, we substitute the vector x = (zg, 1, ..., k) given by
1 . , 1
@j = — (7€{0,...,k}\ {i}) and  x; = — Z = (29)
j ; N
7€{0,....k}\{i}

Then, obviously, zg + x1 + - - - + x = 0, which, again by (28), yields Z?:o cex? > 0, that is,

1\? 1\’
S (= - > =) =o
| | Cj(cj) +c < | | cj> > (30)
J€{0,.. . k}\ {3} J7€{0,....k}\ {3}

After simplifications, this implies that
1+e > L)>o 31
i\ o)=Y (31)
F€{0,....k}\{i}
which, using that ¢; < 0, shows that the inequality (27) is valid.

Assume that @ is positive definite. Then Q(x) > 0 for all z € R¥\ {0}. With the notation zg := — Zif:l Xy
this inequality can be rewritten as

k
ch% >0 for all (xg,x1,...,xx) ERk+1\{0} with zg + 21+ -+, = 0. (32)
(=0

Since the positive definiteness of @) implies its positive semidefiniteness, there are two possible cases:

(a) co,c1y... 0, > 0;
(b) there exists ¢ € {0,...,k} such that ¢; < 0 and ¢; > 0 for all j € {0,...,k} \ {¢} and (27) holds.
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Assume first that case (a) holds. If ¢; = ¢; = 0 were valid for some ¢, € {0,...,k} with ¢ # 7, then
substituting x, := ;¢ — ;¢ for £ € {0,...,k} into (32), we would get that 0 < Z]Z:O cx? =c;+c¢; =0.
This contradiction shows that ¢; = 0 can hold only for at most one index i € {0,...,k}.

Consider now the case (b). Substituting the vector x = (zg, z1,...,x) given by (29) into (32), it follows
that ZLO cer? > 0. This implies that the inequalities (30) and then (31) hold with strict inequalities.
Therefore, (27) is also satisfied with a strict inequality.

Now we show the sufficiency of the conditions. In case (a), it is clear that the inequality (28) holds,
whence @ is positive semidefinite. If, in addition, ¢; = 0 holds for at most one index i € {0,...,k}, then
(32) is also valid, that is, @) is positive definite in this case.

In case (b), it follows from (27) that

—1

1

> - )

¢ > ( > ‘cj> (33)
J€{0,....k}\{3}

Let (zo,71,...,7) € RFFL with 29 + 21 + --- + 23 = 0. Applying the Cauchy-Schwarz inequality to the
vectors

1
— and — \/Cix; ,
<\/C7)je{o,...,k}\{i} ( Ve J>J’6{0 ----- kI\{i}

2
1
5€£0,. I\ {i} J€{0,....k}\{i} J€{0,- B\ {d}

Therefore, combining this inequality with (33), we can conclude that

we obtain that

& -1
cha:? > Z cj:v? — < Z l) xf > 0. (34)

=0 jef0, kN i} ek iy

Thus, we have proved that (28) is valid and hence @ is positive semidefinite. If in this case (27) is valid
with a strict inequality, then (33) is also strict. Then, for a nonzero vector (zg,1,...,zx) € R¥*! with
o+ 1+ -+ -+ x, = 0 the first inequality in (34) is strict provided that z; # 0 and the second inequality is
strict if x; = 0. Thus, (32) is valid, which shows that @ is positive definite. O

4.1. Minkowski-type inequalities
Our next result characterizes the Minkowski-type inequality for Gini means in the local sense.

Theorem 17. Let n,k € N with n,k > 2, A € R, I1,...,I; be nonempty open subintervals of Ry, I :=
Iy x -+ X Iy, (r0,80)- -+, (T, 8k) € R?, v; :=1; + 8, — 1 fori € {0,...,k}. For the inequality

Groson(@] + -+ al, . al +- o +2f) <Gy (@) + -+ Grp sun (@) (35)

to hold in the local sense on I, it is necessary that exactly one of the following cases be valid:

()

Y0 <0 <min(yg, ..., 7%); (36)
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(i1) 0,71, -7k > 0 and

Z (l — i) sup I; < Z (i — l) inf I;; (37)

e, Vi Y0 el Yo Vi

(tit) vo < O and there exists i € {1,...,k} such that v; < 0, for all j € {1,...,k}\ {i}, v; > 0, and
inequality (37) is also valid,

where, for the last two cases, we define

J+:{i€{1,...,k}:1>l} and J_:{ie{l,...,k}:1>1}.

Vi Yo Yo Yi

Conversely, if either (36) is valid and v; = 0 can hold for at most one i € {0,...,k} or o # ¢ for some
Le{l,...,k} and one of the conditions (ii) or (i) hold, then (35) is valid in the local sense on I.

Proof. We apply Theorem 14 with the setting Iy := Ry and ®: I — I defined by ®(y) := y1 + -+ + Y-
According to Theorem 14, for the validity of (35) in the local sense, it is necessary that the values of the
function I': T — R*** defined by

k

i Yo
Fy = (5z,>
() ]yi y1++yk i,j=1

be positive semidefinite matrices. By Lemma 16, this property is characterized by the following system of

conditions: either

Y o )
cpi=——"——— >0, cii=—>0 1e{l,...,k}); 38
’ Y1+t Yk Yi et 2 )

or there exists i € {0,...,k} such that ¢; <0, for all j € {0,...,k}\ {i}, ¢; > 0, and (27) holds, i.e.,

1 1 1
— =t — <0
Co C1 Ck
Observe that sign(vg) = —sign(cp) and sign(y;) = sign(e;) for all ¢ € {1,...,k}. Therefore, the first

alternative can hold if and only if (36) is satisfied. The second alternative can be valid if and only if either
Y0, V1 -+, Yk > 0 or 79 < 0 and there exists ¢ € {1,...,k} such that v; < 0, for all j € {1,...,k}\ {i},
v; > 0, and

b (2 Y (Ao L gen
Yo M1 Y0 Yk

One can easily see that this inequality can be rewritten as (37) and hence the necessity of the other two
alternatives has been established.

To prove the reverse implication of the theorem, consider first the case when (36) is valid and ~; = 0 for
at most one i € {0,...,k}. Then, for every y € I, the numbers cg, ¢1, ..., c; defined in (38) are nonnegative
and ¢; = 0 can hold for at most one ¢ € {0,...,k}. Thus, in view of the second assertion of Lemma 16, it
follows that I'(y) is positive definite.

Now consider the second case when, for some ¢ € {1,...,k}, we have that 7o # 9 and either
Y0, V1 -+, Yk > 0 or 79 < 0 and there exists ¢ € {1,...,k} such that ; < 0, for all j € {1,...,k}\ {i},

v; > 0 and (37) is also valid. Let y € I be fixed. If £ € J4, i.e., % > %, then
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1 1 1 1
(— - —)ye < (— - —) sup I,
Ye o Y0 Ye Yo

while if £ € J_, i.e., % > L then

1
Ve
Therefore, (37) implies that

which then yields that

Hence, (27) is valid with a strict inequality sign. On the other hand, with the exception of one index, the
numbers cy, ..., ¢ are positive. Thus, in view of the second assertion of Lemma 16, it follows that I'(y) is
positive definite in this case as well. O

Corollary 18. Let n,k € N with n,k > 2, A € R}, Ir,...,I;; be nonempty open subintervals of R with
inflj =---=infl, =0, [ :=1I; x -+ x Iy, (10,50),---,(Tk, 5x) € R2. In order that the inequality (35) be
valid in the local sense on I, it is necessary that

max (1,79 + o) < min(ry + s1,...,7% + Sk). (39)
Conversely, if this inequality is strict, then (35) holds in the local sense on I.

Proof. The proof is based on Theorem 17. Denote v; :=r; +s; — 1 for i € {0,...,k}. If condition (36) holds,
then (39) is obvious because

max(1,ro+ o) =1 +max(0,7) =1 < 1+ min(vyy,...,v) = min(ry + $1,...,7% + Sk).

In the remaining two cases (37) is valid. However, due to our assumptions on the intervals, the right hand
side of (37) is equal to 0. Therefore, the left hand side of this equality must be an empty sum, i.e., Jy = 0,
which means

1 1 .

Tz e{lik (40)
should be valid. In the case v9,71,...,7 > 0, that is, when 1 < min(rg + so,71 + S1,...,7k + Sk), the
inequalities in (40) hold if and only if (39) is satisfied. In the case when vy < 0, then for at least one
j€{1,...,k}, we have that v; > 0, and hence (40) cannot hold.

Assume now that (39) is satisfied with a strict inequality. Then 71, ...,y > 0. If 79 < 0, then (39) implies
that (36) is valid with a strict inequality and thus the first alternative of the sufficiency of Theorem 17 holds.
If 79 > 0, then the strict version of (39) shows that vy < ~; for all ¢ € {1,...,k}, therefore, the left and the
right hand sides of (37) are equal to zero and the second alternative of the sufficiency of Theorem 17 holds.
The third alternative of the sufficiency of Theorem 17 cannot happen if (39) is valid. O

For the global validity of the Minkowski-type inequality, Theorem 15 establishes the following sufficient
condition.
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Theorem 19. Let k € N with k > 2, I, ..., I} be nonempty open subintervals of Ry, I :== I3 X -+ X I,
(10,50), -+ -, (Tks Sx) € R2. Assume that, for all (u,y) € I?, the inequality

k
y1+~~+yk) Uj (yj)
| —m | < — X5 | — 41
Xm,‘so(ul_,’_.”_’_uk —;ul_’_“._'_uk)(m,aj uj (41)

holds. Then, for alln € N and A € R} with \y 4+ ---+ \,, = 1, the inequality (35) holds in the global sense
on I.

Proof. With ®(yy,...,yk) :=y1 + - + Yk, the condition (26) turns out to be equivalent to (41) and hence
the result follows from Theorem 15. O

Corollary 20. Let k € N with k > 2 and (r9,580),---, (rk,sx) € R2. Assume that, for all z € Ri and
t1,...,tx €[0,1] with t; + -+t = 1, the following inequality is valid

k
Xro,s0 (tlzl + 4+ tkzk) < thXijsj (Zﬂ) (42)
j=1
Then, for alln € N and A € R, with Ay +---+ X\, = 1, the inequality (35) holds in the global sense on R’j_.

Proof. Let (u,y) € (R%)? be arbitrary. Then, with the substitutions

, W
zj = == and tj=—-—->T—— je{l,...,k
J u; J uy + -+ up (je{ )

inequality (42) implies (41). Therefore, (41) holds for all (u,y) € (R*)? and, according to Theorem 19, this
condition yields that the inequality (35) holds in the global sense on R’i. O

In order to compare our results above to existing ones, we recall two theorems related to the global validity
of the Minkowski-type inequalities. In the setting of two-variable Gini means the Minkowski inequality was
characterized by Czinder and Péles in [5, Theorem 5] (see also [14] for a particular case).

Theorem 21. Let k € N with k > 2, (rg,50),-- ., (T, s1) € R%. Then the inequality

Gm,so (xl +-+ 2yt + yk) < GT1,S1 (CCl,yl) + o+ Grk,sk (Jfk,yk) (43)

is valid for all x1,...,zk,y1,...,yr € Ry if and only if

(i) 0 < min(ry,sy,....1%, Sk),
(it) min(rg, sp) < min(1,r1,s1,....7%, Sk),
(#i) max(1,rg+ sp) < min(ry + s1,...,7% + Sk)-

Remark 22. Observe that the third condition in the above theorem is the necessary condition for the local
validity of (43) on R,. The conditions (i) and (ii) are, however, not necessary for the local validity of (43)
on R,.

Necessary and sufficient conditions for the global validity of the Minkowski-type inequality for Gini means
with arbitrary number of variables was established by Pales in [17, Theorem 3.1].
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Theorem 23. Let k € N with k > 2, (ro,50),-- -, (T, s1) € R%. Then the inequality
Groﬁo(x% et xllcv s ,SU}L et xlfL) < GT1,S1 (xl) +oeeet GT’k,Sk(mk) (44)

is valid for alln € N and x € RiXk if and only if

(Z) 0 < min(rl, S1y--- ,’I“k,sk),
(%) min(rg, so) < min(1,7r1,81,...,7k, Sk),
(iti) max(1,r9,so) < min(max(ry, s1),...,max(rg, Sk)).

Remark 24. Observe that conditions (i) and (ii) of the above two theorems are identical, therefore they may
be necessary for the global validity of (44) for any fixed n € N. The form of the third condition related to
any fixed n € N is not known. We also note that conditions (i)-(iii) of Theorem 23 are also necessary and
sufficient for the validity of the inequality (42) on the domain indicated in Corollary 20.

4.2. Holder-type inequalities
Our next results characterize Holder-type inequalities for Gini means in the local and in the global sense.

Theorem 25. Let n,k € N with n,k > 2, A € R"}, I,..., I} be nonempty open subintervals of Ry, I :=
Iy x -+ X Ip, (10,80); - -+, (Thy 8k) € R?, v; :=1; +s; fori € {0,...,k}. Then, in order that the inequality

Gorgmson (21 @, o 2p) < Gy sya (@) - Gy syia (@) (45)

be valid in the local sense on ]Ri it is necessary that either vo,71,...,7vk > 0 or there exists i € {0,...,k}
such that v; <0, for all j € {0,...,k}\ {i}, v; > 0 and
1 1 1
—+ —Ft— <0 (46)
Yo M Yk
holds. Conversely, if either vo,71,...,vk > 0 and v; = 0 for at most one index i € {0,...,k} or there exists
i €{0,...,k} such thatv; <0, forall j € {1,...,k}\ {i}, v; > 0 and (46) is valid with a strict inequality,
then (45) holds in the local sense on R .

Proof. We apply Theorem 14 with the function ®: I — R defined by ®(y) := y; - - - yx. Then for the validity
of (45) in the local sense it is necessary (and sufficient) that the values of the function I': R% — R*** defined
by

F(?J):( H@/e — — 1) Hyé+5,g HZ/@) o

yzyjél YilYj ;1 yzyjel

)

k
| | 4
(yz 5L 11/@ i3 i 70))

,j=1

be positive semidefinite (positive definite) matrices for all y € I. However, this property holds if and only if
the scalar matrix

I = (6;57; +70)ij:1

is positive semidefinite (positive definite). The statement now follows from Lemma 16 with ¢; := 7; (i €

{0,...,k}). O
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Theorem 26. Let k € N, k > 2.1;,..., I C Ry be nonempty open intervals, (ro,80),---,(rk,sk) € R
Assume that, for oll zy € (I1/ 1), ...,z € (It/Ik), the inequality

k
X—ro,—s0 (Zl T Zk) < Z Xrj,s; (Z]) (47)
j=1

holds. Then, for allm € N and A € R} with \y 4 --- + X\, = 1, the inequality (45) holds in the global sense
on 1.

Proof. With the function ®(y1,...,yx) := y1 - - - Yk, condition (26) turns out to be equivalent to

Y Y a Y

. )
X—ro,—s0 (m) < Zer,sj <u_j)
Jj=1
Introducing the new variables z; := y;/u; for i € {1,...,k}, we can conclude that (47) is valid for all
21 € (I1/1), ..., 2k € (Ix/1}) if and only if the above inequality holds for all (y,u) € (I1 x -+ x Ij)%. Hence
the result follows from Theorem 15. O
The global validity of (45) with a non-fixed number of variables was characterized by Péles in [18,19].

Theorem 27. Let k € N with k > 2, (r,50), ..., (T, s1) € R%. Then the inequality

B

—
3=

G_ry,—s0 (x% o 'xlfv s lp ) < Gry 1 (xl) o Grysy (xk)

is valid for alln € N and x € R’}rx’“ if and only if

(i) for alli€{0,...,k}, max(s;,r;) >0 and

(it) for alli e {0,...,k} with min(s;,r;) <0, we have max(s;,r;) >0 for all j € {0,...,k}\ {i} and
1 a 1

min(s;, ;) <= max(s;, r;)

J#i

<0.

Remark 28. We note that the conditions (i) and (ii) are necessary and sufficient for the validity of the
inequality (47) for all zq,..., 2z, € Ry (cf. [19]).
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