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Starting from known identities in density-functional theory, it is shown that for finite electronic systems the
density functional€X[ p] and TX[p] can be expanded in terms of powers of the classical monggfysz®p)
of the electron density, with the expansion coefficients of the two series related in a simple way. For neutral
atoms and coupling constaikt=1, two-term universal linear expansions are demonstrated to be reasonably
accurate: E[p]=-0.1659p)In Z+0.000 4@rp)Z and T.[p]=0.1659p)In Z—0.000 8@rp)Z, whereZ is
the atomic number. The factorsZnandZ in these formulas are rationalizd1050-29479)02702-X]

PACS numbdss): 31.15-p

I. INTRODUCTION (p*). In the present paper, we propose use of the simpler
classical electrostatic momen¢g%y'z%p), or for spherical
Important quantities in the density-functional theory of atoms justrPp).

the electronic structure a@[p], the excess of the true total
kinetic energy over the kinetic energy of the corresponding Il. EXPANSIONS IN MOMENTS
noninteracting systemiA[p], the sum of TA[p] and the
nonclassical part of the electron-electron repulsion, and
the coupling parameter in the electron repulsion part of th

First, let us consider the equation one gets by functionally
éiifferentiating Eq.(1) with respect top,

Hamiltonian. T)[p] andEX[p] are defined by dvt PN
Cc A A Cc
A ) A A )\K—UCZI‘-VUC-FI drlp(rl)l’rvlm, (4)
Eclp]=(WMT+AVed W) = (WA T+ AV J w70 '
where
and N
oE¢[p]
N A _ ¢
Eé[p]Z(\P)‘|'AI'|\II>‘)—<\Iﬂ=°|‘T’|\If"=O>, Uc—vc(r,[P]) 5p(1) (5

respectively. The system of interest has=1 and To[p] issect:r(])?] dcgrr:f;?ﬂounaﬁt(i)ttemial' The last term in E¢) is the
=Tlpl, Edpl=Eglp]- d y

A major difficulty in density-functional theory is the de- SENp]
termination of T, andE;, and a host of papers have been f drlp(rl)rl.vl—c (6)
written on this subject. Here we shall develop some of the op(r)dp(ry)

promise of three basic formulas that reldfg and E. as

functions ofx and functionals of the densijy, namely[1,2], and is hopefully small. If we assume spherical symmetry and

neglect it, we find

JENp] SEXp] du)
A;T=Eé[p]+fp<r>r~v s 9 @ Mg =TV, )
aTglp] ST p] of which the solution is immediate,
A =2T} +f rr-v dr, 2
(9)\ C[p] p( ) ap(r) ( ) Ué:A}\P*'lrp, (8)
and where A and p are constants. The correspondiBigg, from
Eqg. (1), is
JE[p]
Telp]=—N——. 3 Exlp]=ANP"XrPp), 9
so that
Previously[ 2], for finite systems we studied these equations
using linear expansions in terms of the generalized moments Elp]=A(rPp). (10
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But Egs.(4) and(7) are homogeneous, so that a linear com-Also,
bination of solutions is a solution. Hence we obtain, as a
more general solution of Ed7),

K
Té[p]:—Z >

k=1

A APKFA(rPp)< (2D)

A= AAPTIrP, (1)
P and

with which goes

K
Tdpl=—2>2 >
p k=1

Api{rPp). (22
Edlpl=2 AP XrPp), (12

P
ConstantsAp, are yet to be determined.

and If the system is not spherically symmetrical, the formulas
analogous to Eqg20) and(22) turn out to be

Eclp]=2 Ay(rPp). (13 K
p 1 ayr S ,\k
) ] ) o EC[P]:E E ?Aqrsk<x y'z°p) (23
This last formula give€ [ p] as a linear combination of the ars k=1
classical electrostatic moments of the electron density. From
Eq. (3) there also follows and
< 1 1
Telpl=- Ep (p+1)AK(rPp). 14 Tlpl=- qErs 2 + L5t | Aars Xy 2K,
. . . (24
At this point thep values need not be integer. The constants
A, are yet to be determined. with various relations amon@\ys if any symmetry is
This procedure can be iterated, to give a series of hierarpresent.
chical equation$3,4], of which Eq.(4) is the first. Taking While we have employed a hierarchical procedure—

the functional derivative of Eq4) with respect to the den- differentiate, truncate, and solve; repeat—to arrive at the
sity gives the second equation of the hierarchy. Neglectingbove formulas, we need not have. For a simple guess that
the third-order functional derivative & yields an equation any quantity(x%y'z%) or (rPp) satisfies Eqs(1) or (2) is
of which the solution is Eq(12) above plus a correction. readily verified by direct substitution in Eql) or Eq. (2).

Specifically, That is, every one of Eq%9), (12), (16), and(19) is a solu-
tion of Eq. (1), and correspondingly for th€; formulas.
N pL+1,pl P2y 2p2+1/,p2 Other solutions of Eq91) and(2) might exist. Neverthe-
Ve 2 Apth ' % Ap2l (r¥p), (19 less, Eqs(21) and(22) may suffice because of the vast num-

ber of terms in them.
so that

Ill. FIRST-ORDER APPROXIMATIONS FOR ATOMS
EX _ A APLHLpPL oy 1 A \2P2+1/ P2 \2
clp] % Pl (rp) 2% P2 {rp) AccurateE. and T, values are sorely needed, for atoms

(16 and molecules, so that the equations above can be exten-
sively tested. We confine ourselves here to the neutral atoms

and H through Ar, for which reasonably good values are avail-
able for bothE. [5] and T, [6].
Ec[pJZE Ap1<rplp>+ %E Ap2<rp2p)2. (17) Several factors argue for first trying the simple linear ex-
pl p2 pansions in the momentg), (rp), etc. This is the simplest

h i — fth h thing to try. It is the only expansion of the ones we have
We now have a linear combination of the moments and t egiven that is size consistent. It is the only one that is homo-

squares. Continuing, the next equation of the hierarchyeqaq,5 of degree one in the dengityg]. So we set out to
brings in the third powers, and so on. The final results, upofl,¢; Eqgs(13) and (14) in their simplest possible forms,
truncation at ordeK are

K

uczﬁp: k§=:1 %Apk)\pkﬂrZ(rpp)k*l, (18) Eclp]=Ao(p) +Arp) (25)
and
Exlp]= E Z A AP L(rPp)K, (19) TLp]=— Aglp) — 2A5(r p). (26)

1 What we hope is that these formulas can fit the data well
Elp]=> X pk<rpp>k_ (20) with universal valuesA; and A;. They do not. However,

p k=1 some scaling and other arguments, given in Sec. IV below,
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TABLE |. Accurate and fitted values of the correlation eneEgyand its kinetic componerit, for first 18
neutral atoms. Accuratg, and T, values are from Refg5] and[6], respectively. The three parameters in
Ref. [2] are refitted. See footnote for the fitted parameters. Atomic units.

Atom E. Te E. Presentft  T.Presentft  E.Ref.[2]° T, Ref.[2]°
H 0 0 0.0006 —0.0012 —0.0239 0.006 6
He —0.042 0.0374 —-0.0215 0.0200 —-0.0681 0.0456
Li —0.051 0.0421 —0.0486 0.0425 —0.0815 0.0446
Be —0.093 0.0710 —0.0820 0.0722 —-0.1192 0.066 3
B —-0.129 0.0977 —-0.1197 0.1060 —-0.1625 0.1033
C —-0.161 0.1247 —0.1609 0.1437 —-0.2091 0.1466
N —0.188 0.1547 —0.2050 0.1844 —-0.256 7 0.1929
O —-0.261 0.2074 —0.2512 0.226 8 —0.3035 0.2390
F —-0.322 0.2601 —0.299 6 0.2715 —0.3510 0.286 2
Ne -0.376 0.3028 —0.3498 0.3182 —-0.3987 0.3340
Na -0.401 0.3304 —0.3892 0.3413 —-0.4137 0.3376
Mg —0.452 0.3622 —-0.4351 0.3760 —-0.4491 0.356 8
Al —-0.491 0.402 —0.4809 0.4094 —0.486 3 0.3852
Si —0.527 0.436 —0.5308 0.4495 —0.5308 0.4239
P —0.559 0.483 —0.5829 0.4928 —-0.5776 0.4677
S —0.629 0.541 —0.6356 0.536 2 —0.6233 0.5101
Cl —0.689 0.597 —0.6901 0.5821 —0.6710 0.5575
Ar —-0.744 0.663 —0.7459 0.6298 —-0.7190 0.6054
Residue 0.000187 0.000 242 0.000873 0.000 630

3% = —0.165 69N In Z+0.000 40Z(r p).

bT.=0.165 69N In Z—0.000 80Z(r p).

°E.=—0.046 8N+ 0.005 753p>3) — 0.000 9¢p5).
4T.=0.046 8N —2x 0.005 758p%3) + 3 0.000 9§ p*3).

suggest introducing the atomic numbé&rgthemselves func-
tionals of the density into the formulas, by settind\,
= CO In Z andA]_: Clz:

Eclp]=CoInZ(p)+C1Z(rp) (27)

and 0.8

for an atom when one transformsnto Zr (as in the tradi-
tional 1/Z expansion methgd We offer three arguments for
the factor InZ in the first terms of Eqs(27) and (28): (1)

The hydrogenlike system hasgr3InZ+other terms. Real
atomic densities are piecewise exponentially decaying and so

Tlp]l=—CqInZ(p)—2C,Z{rp). (28 0.6 L

The results are very good, as given in Table | and exhibited 041 Y
in Fig. 1. Hartree-Fock densiti¢89] are used in the calcula- _.-""
tions of(rp); (p) is of course the number of electroNsThe )
fit with Cy=—0.1657 andC;=0.00040 is better than the
earlier linear fits in the quantitie®), (p?3), (p*® [2].

-0.2 4
IV. DISCUSSION

-0.4 4

Correlation Energies (a.u.)

There is a good argument for expandikg and T in
terms of the moments, either as in E¢3) and(14) or as in
the more complex Eqg20) and (22). The moments deter-
mine the density, by the classical theory of determination of
a density from moment§10], and the density determines
everything, by the Hohenberg-Kohn theorem. Therefore, the
moments determine everything. What is more, the formulas 0
we have obtained, in terms of moments, arise naturally from
the basic exact Eq$l)—(3), as we have shown. The reason
for preferring the linear forms of Eq$13) and (14) were  atomic numberZ. The solid line is the fittedE,, results and the
given above. dashed line is the fittedl, results. The accuratg, andT, data from

The rationale for the factaf in the second terms of Egs. Refs.[5,6] are in symbols¢ and M, respectively. The fitted equa-
(27) and(28) is that one expects universality in such thingstions are Eqs(27) and(28) of the text.

10 15 20
Atomic Number Z

FIG. 1. Curves of the true and fittel, and T, results vs the
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