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1. Introduction

Modeling dependencies in high-dimensional data is a central

problem in statistical inference. Undirected graphical models

represent conditional independence by the absence of edges. In

Gaussian graphical models (GGMs), zero entries in the preci-

sion matrix correspond to conditional independence [24]. How-

ever, real-world data often deviates from Gaussian assumptions,

exhibiting heavy tails, skewness, and nonlinear dependence struc-

tures. In many applications, the number of variables also ex-

ceeds the number of observations.

Traditional maximum likelihood estimators yield singular co-

variance matrices in high-dimensional graphical models. Reg-

ularization methods like the ℓ1-penalized GLASSO solve this

by shrinking entries to zero, guaranteeing consistent sparse es-

timation. While originally constrained by Gaussian assump-

tions, robust modern extensions—including elliptical distribu-

tions, copulas, and semiparametric frameworks—now success-

fully accommodate a wide class of non-Gaussian processes [25].

Several extensions have been proposed to tackle this issue by

incorporating other distributions. For instance, preserving the

covariance-based dependence structure when having heavier-tailed

processes by using an elliptical distribution [10]. Also, semi-

parametric and copula-based graphical models soften the nor-

mality assumptions by modelling the marginal distributions sep-

arately from the dependence structure [15].

The main publications related to this thesis are the following:
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[J1, J2, J3, J4, C1, C2].

2. Problem Statement and Research Objec-
tives

Current graphical models exhibit critical limitations: they rely

on fragile Gaussian assumptions, lack clear theoretical links to

conditional independence for non-Gaussian data, and fail to pro-

vide a unified computational framework. Furthermore, prac-

tical applications demand methods that remain robust despite

data deficiency. This dissertation addresses these gaps. Our ob-

jective is to achieve robust estimation and application of high-

dimensional graphical models across both Gaussian and non-

Gaussian environments.

Research Objectives

• Evaluate the theoretical link between the GLASSO frame-

work and conditional independence.

• Extend GLASSO to model non-Gaussian data, specifi-

cally Multivariate Symmetric Generalized Hyperbolic (MSGH)

and Multivariate Power Exponential (MPE) distributions.

• Apply these approaches to improve the detection sensitiv-

ity of statistical process control (SPC) charts.

• Characterize complex network structures in behavioral

science applications.
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• Map nutrient interaction networks in baobab leaves to ad-

vance nutritional profiling in food systems.

3. Methodology

For multivariate normal distributions, partial correlation strictly

dictates conditional independence. Kelker [13] and Baba et al. [17]

explored this relationship across broader elliptically symmetric

families. They proved a critical limitation: zero partial correla-

tion guarantees conditional independence if and only if the data

are multivariate normal. For all non-Gaussian elliptical distribu-

tions, it merely implies zero conditional correlation.

In the context of elliptical distributions, a zero partial correla-

tion implies zero conditional correlation, since the best predictor

is linear. This result follows from the linearity of the best predic-

tor and is slightly more general than the corresponding Gaussian

case.

Lemma 1 Assume Y =
[
Yi,Yj,Y\i j

]
is a multivariate process,

where Y = X−µX for notational convenience. Considering that

the best prediction of Yi with respect to Y\i is linear that is,

E
(
Yi|Y\i

)
= Ŷi∤[Y\i].

If Yi ⊥ Yj ∤Y \i j, then Yi ⊥ Yj|Y \i j. In other words if Yi and Yj are

partially uncorrelated, then they are conditionally uncorrelated

as well.
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EM-GLASSOH estimator: For a Gaussian vector X∼Nd(µ,Σ),

the standard GLASSO estimator Θ̂ relies on the sample covari-

ance matrix Ŝx:

Θ̂ = argmax
Θ

(n
2

log |Θ|− n
2

tr[ΘŜx]−ρ∥Θ∥1

)
.

Under normal variance mixture models with an unobserved la-

tent weight variable τ , we estimate parameters via the EM al-

gorithm. We substitute τ with its exact conditional expectation

τ̂ = E(τ | X):

τ̂(x) =
√

ψ

χ +δ (x)

K d
2−λ+1

(√
ψ
(
χ +δ (x)

))
K d

2−λ

(√
ψ
(
χ +δ (x)

)) .

We initialize this EM algorithm by computing Θ̂0 using the stan-

dard GLASSO estimator.

E-step. Use the current estimate Θ̂k to calculate τ̂i, i = 1 : n, put

µ̂k =
1

∑
n
i=1 τ̂i

n

∑
i=1

τ̂ixi, Ŝx,τ =
1
n

n

∑
i=1

τ̂i (xi − µ̂k)(xi − µ̂k)
⊺
,

M-step. Obtain the next estimate Θ̂i+1 by

Θ̂i+1 = argmax
Θ

(n
2

log |Θ|− n
2

tr
[
ΘŜx,τ

]
−ρ ∥Θ∥1

)
.

The iteration of these E- and M-steps will be referred to as

the EM-GLASSO algorithm.
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EM-GLASSOP estimator

Eτ|X = βδ (x)β−1 . (1)

This result yields the best predictor of the weight variable τ

given the observation x. Accordingly, the resulting estimator is

termed EM-GLASSOP and is implemented via the EM-algorithm,

using the weight specified in (1).

4. Results

4.1. Thesis Group I: Theoretical and simulated results

We evaluated EM-GLASSO, GLASSO, γ-LASSO, and SGLASSO

via average ROC curves generated across 200 replications. We

applied a 10−3 cutoff to define the true graph and parameterized

the baselines using standard literature: λ = 10−5 for SGLASSO [16]

and γ = 0.05 for γ-LASSO [21]. Because EM-GLASSO per-

forms GLASSO optimization at each M-step, it incurs a higher

computational cost. To guarantee reproducibility and bypass

likelihood-based limitations, we tuned our model using StARS,

which robustly isolates the graph structure by measuring edge

stability across subsamples.

4.1.1. Thesis 1: MSGH distribution

Case 1: MS G H ,d = 50 ; sparsity= 30%;n = 100: We

simulated datasets of size n = 50 and n = 100 using the MSGH

distribution: MS G H d(λ ,χ = 0.5,ψ = 0.5,µ = 0,Σ = Θ
−1),
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testing the shape parameters λ ∈ {2,5,10,15}.
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Figure 1: ROC curves for the GLASSO, EM-GLASSOH , γ-LASSO, under
MS G H 50

(
λ ,χ = 0.5,ψ = 0.5,µ = 0,Σ = Θ

−1) distribution.

Figure 1 compares the ROC curves for the four estimators.

At λ = 2, all methods exhibit tightly clustered, comparable re-

covery of the true sparsity pattern. However, as λ increases

(5, 10, 15), EM-GLASSOH strictly dominates, achieving the

highest True Positive Rate (TPR) across all False Positive Rates

(FPR). SGLASSO ranks second. Conversely, GLASSO and

γ-LASSO degrade to nearly identical, lower-tier performance,

clustering at the bottom of the ROC space.

Case 2: MS G H ,d = 100 ; sparsity= 10%;n= 50: The re-

sult in Figure 2 illustrates estimator performance in high-dimensional

(d > n) MSGH settings. At λ = 2, all methods recover the true
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sparsity pattern comparably well. However, as λ increases (5,

10, 15), heavier tails emerge, and EM-GLASSOH strictly domi-

nates the ROC space. It maximizes the TPR for any given False

Positive Rate. SGLASSO consistently ranks second. In con-

trast, GLASSO and γ-LASSO fail under these heavy-tailed con-

ditions, clustering together with inferior sensitivity.
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(d) λ = 15

Figure 2: ROC curves of GLASSO, emLAASOH , γ-LASSO, and SGLASSO under
MS G H 100

(
λ ,χ = 0.5,ψ = 0.5,µ = 0,Σ = Θ

−1) with n = 100.

Objective: Extend the GLASSO framework under the MSGH distribution
while explicitly preserving interpretable conditional relationships.

Key Findings: EM-GLASSOH accurately models heavy-tailed MSGH distri-
butions to extract interpretable networks. Get the open-source R code here:
https://github.com/AbdoDawod/emLASSO.

Related publication: 3.
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4.1.2. Thesis 2: MPE distribution

Case 1: MPE ,d = 50 ; sparsity= 30%;n = 100: We sim-

ulated datasets (n ∈ {50,100}) from the MPE 50(0,Θ−1,β )

distribution to evaluate variations in the shape parameter (β ∈
{1/3,1/2,2/3,3/4,1}). Figure 3 illustrates the resulting esti-

mator performance. EM-GLASSOP strictly dominates the ROC

space across all non-Gaussian settings (β < 1), maximizing the

TPR for any given False Positive Rate. SGLASSO consistently

ranks second. Meanwhile, GLASSO and γ-LASSO fail to ac-

commodate the heavier tails, clustering at the bottom with infe-

rior sensitivity. As expected, when β → 1 (the Gaussian limit),

this performance gap naturally closes, and EM-GLASSOP per-

forms comparably to standard GLASSO.
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Figure 3: ROC curves of the GLASSO, EM-GLASSOP, γ-LASSO, and SGLASSO
under MPE 50

(
0,Θ−1,β

)
distribution.
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Case 2: MPE ,d = 100 ; sparsity= 10%;n = 50: In the

case of a high-dimensional context as d > n, Figure 4 shows the

ROC curves with a high dimension d = 100 and a limited sam-

ple size (n = 50. The EM-GLASSOP estimator demonstrates

a commanding performance advantage over competing methods

across all considered shape parameters (β ∈{1/3,1/2,2/3,3/4}).

As illustrated in the ROC curves, EM-GLASSOP consistently

achieves the highest TPR for low FPR, exhibiting significant

robustness to the heavy-tailed nature of the MPE distribution.

The SGLASSO estimator consistently ranks second, clearly sep-

arating itself from the remaining estimators. Conversely, the

GLASSO and γ-LASSO estimators show substantially degraded

performance in this "large d, small n" regime, clustering to-

gether with much lower sensitivity compared to the top-performing

EM-GLASSOP.

Objective: Extend the GLASSO framework under the MPE distribution while
explicitly preserving interpretable conditional relationships.

Key Findings: EM-GLASSOP accurately models heavy-tailed MPE distribu-
tions to extract interpretable, sparse network structures.

Related publication: 3.
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Figure 4: ROC curves of the GLASSO, EM-GLASSOP, γ-LASSO, and SGLASSO
under MPE 100

(
0,Θ−1,β

)
with n = 50.

4.2. Thesis Group II: Applications of GLASSO

4.2.1. Thesis 3: Cognitive-Behavioral Networks

This case study does not propose a new psychological model;

rather, it serves as an empirical benchmark for the EM-GLASSO

algorithm under standard GLASSO settings. We assess the in-

terpretability, sparsity, and stability of the EM-GLASSO frame-

work.

Post-Traumatic Stress Disorder (PTSD) The dataset was

provided by Armour et al. [3]1 and contains n = 221 obser-

vations across d = 20 PTSD symptoms. The symptoms are

1https://osf.io/mj5wa/files/osfstorage
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grouped into four domains: Intrusion (B1–B5), Avoidance (C1–

C2), Negative alterations in cognition/mood (D1–D7), and Arousal/

reactivity (E1–E6).

Both GLASSO and EM-GLASSOP results align with the es-

tablished clinical literature. Trauma-related amnesia (D1) and

avoidance symptoms (C1, C2) remain isolated in the network as

they lack conditional dependence on other symptoms, confirm-

ing prior findings [5]. Furthermore, the models identify active

conditional dependencies among negative cognitive and mood

alterations (D5–D7). These alterations link directly to intru-

sion symptoms [11]. Finally, intrusion symptoms exhibit strong

conditional dependencies with negative beliefs, self-blame, and

trauma-related emotions (D2–D4). These specific connections

persist even when controlling for all other variables [18]. The

results presented in Figures 5a and 5b.
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Figure 5: Sparse conditional dependence network of PTSD
symptoms

Emotional monitoring: The dataset contains biosensor-based

physiological and behavioral data for student responses in ide-
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ological and political education settings to monitor engagement

and emotional states2. The dataset includes physiological met-

rics where higher values generally indicate stress or engage-

ment: heart rate (bpm), body temperature (°C), cortisol, skin
conductance (arousal), and pupil diameter (cognitive load),

alongside EEG frequencies. Behavioral features include smile/frown
intensity (0.0–1.0) and physical activity level. Environmental

variables (ambient noise, lighting) track potential distractions.

These features are used to analyze the student’s emotional, cog-
nitive, and engagement states.

Figures 6a and 6b present the estimated networks. Both GLASSO

and EM-GLASSOP yield sparse structures that align tightly with

established psychophysiological literature. We draw two pri-

mary structural conclusions. First, cortisol secretion and smile

intensity function as parallel manifestations of the underlying

emotional state, as they do not interact directly. This state ex-

plains their strict conditional independence when controlling for

emotional state [6, 27, 7]. Second, ambient noise, lighting, en-

gagement, and cognitive state remain isolated, exerting only in-

direct effects. They lack unique conditional dependencies when

the model accounts for the entire network [14]. Ultimately, these

sparse psychological graphs are the expected outcome of ℓ1-

regularized estimation [9]. In addition, the results reveal the

conditional dependency structure of student engagement, show-

ing that it is not an isolated variable. It exhibits active condi-

2https://www.kaggle.com/datasets/ziya07/
emotional-monitoring-dataset/data

13

https://www.kaggle.com/datasets/ziya07/emotional-monitoring-dataset/data
https://www.kaggle.com/datasets/ziya07/emotional-monitoring-dataset/data


tional dependencies with exactly three features: skin conduc-

tance, EEG, and lighting. It remains strictly conditionally inde-

pendent of all other network variables.
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Figure 6: Estimated sparse conditional dependence network of
student emotion monitoring variables

Objective: Evaluate the interpretability, sparsity, and stability of the EM-
GLASSO framework relative to the GLASSO benchmark using cogni-
tive–behavioral datasets.

Key Findings: EM-GLASSOP performs comparably to GLASSO when the
Gaussian assumption is correctly specified.

Related publication: 6.

4.2.2. Thesis 4: Process Quality Inspection

Adegoke et al. [1] used GLASSO to design directional MCV

control charts that outperform classical methods under small

subgroup sizes. Extending this approach, we apply GLASSO

and EM-GLASSO to enhance process quality monitoring. Ul-

timately, these estimators drastically improve the detection of
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small and moderate process shifts.

GLASSO-based MCV control charts: For a Gaussian sam-

ple X1:n ∼ Nd(µ,Σ), the theoretical Multivariate Coefficient of

Variation (MCV) is ϕ = (µ⊺Σ
−1

µ)−1/2 [20]. In practice, we

substitute the sample mean X and covariance S to obtain the

empirical estimator:

ϕ̂ =
(

X⊺S−1X
)−1/2

Assuming n > d, ϕ̂ follows a non-central F-distribution with

non-centrality parameter ω [26]. Its inverse Cumulative Distri-

bution Function is given by:

F−1
ϕ̂

(α|n,d,ω) =

√
n(n−d)
(n−1)d

[
1

F−1
F (1−α|d,n−d,ω)

]
Because this distribution is skewed, standard two-sided moni-

toring yields a biased average run length (ARL) [19]. We re-

solve this by employing separate one-sided upward and down-

ward control charts.

We define the lower (LCL) and upper (UCL) control limits

for the directional MCV charts as:

LCL = F−1
ϕ̂

(α|n,d,ω), UCL = F−1
ϕ̂

(1−α|n,d,ω),

where ω = n/ϕ0 and ϕ0 represents the baseline Phase I MCV.

Using the GLASSO framework, we get Θ̂
GL

, then using the

15



estimated precision matrix, we get

ϕ
GL =

(
X⊺

Θ̂
GLX

)−1/2
(2)

Therefore, the GLASSO-based MCV control chart limits are

given as:

LCL = Fϕ̂GL (α|d,n) , UCL = Fϕ̂GL (1−α|d,n)

Similar process we apply for the EM-GLASSO framework. The

control chart triggers an out-of-control signal if either ϕ̂GL <

LCL or ϕ̂GL >UCL.

Results and Discussion This example evaluates production

stability using the Wine Quality dataset with 11 physicochemi-

cal variables [8]. In Phase I, the process is assumed to be stable

and in control, as only samples with quality scores greater than

5 has been considered. The control chart parameters (UCL, CL,

LCL, ω , and ρ) were estimated using 57 batches, each of size

15. The tuning parameter ρ was selected using the eBIC crite-

rion, resulting in ρ = 0.2846. The remaining parameters were

estimated using the precision matrix estimator and are given as

• GLASSO: LCL= 0.00686,CL= 0.06625,UCL= 0.07141.

• EM-GLASSO: LCL= 0.00665,CL= 0.06421,UCL= 0.06921.

Phase II corresponds to the inspection phase, in which the

Phase I control charts are applied to monitor the process under

real operating conditions that may include out-of-control sam-
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ples. In this phase, 40 batches, each of size 15, were monitored

across 11 variables.

The EM-GLASSO framework demonstrates greater sensitiv-

ity than the standard GLASSO approach, as illustrated in Fig-

ures 7 and 8. The GLASSO chart detected 4 batches out-of-

control batches, whereas the EM-GLASSO chart identified 10

batches. This higher detection rate indicates that EM-GLASSO

is more effective at detecting subtle structural shifts in the pro-

cess. In industrial quality monitoring, these control charts as-

sess the multivariate coefficient of variation by tracking the rel-

ative dispersion of complex production data, thereby providing

early warnings of process instability before critical failures oc-

cur. These findings are consistent with the simulation results

reported by Adegoke et al. [1] and with the simulation results

presented for EM-GLASSOP.
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Figure 7: GLASSO-MCV chart.

This study employs one-sided control charts to monitor di-

rectional shifts in the process MCV. We estimate the underlying

17
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Figure 8: EM-GLASSOP-MCV chart.

precision matrices using both the GLASSO and EM-GLASSO

frameworks. The empirical results demonstrate that EM-GLASSO

charts consistently outperform their standard GLASSO.

Objective: Develop and evaluate one-sided upward and downward control
charts for detecting transient process changes under the GLASSO and EM-
GLASSOP frameworks.

Key Findings: The empirical results show that the EM-GLASSOP charts con-
sistently outperform the standard GLASSO charts when the normality assump-
tion is violated.

Related publications: 1, 2,5.

4.2.3. Thesis 5: Nutrients Interaction Network

GGMs provide a systems-level map of nutrient covariation in

baobab leaves, identifying critical biochemical interactions to

advance data-driven food-system modeling. Yet, because GGMs

strictly assume normality, the skewed distributions common in

18



nutritional data can severely distort results [2]. To handle this

non-normality, we apply Semiparametric Gaussian Copula Graph-

ical Models (SGCGMs). It extract true conditional dependen-

cies by applying a monotonic transformation f (X)= ( f1(X1), . . . , fd(Xd))
⊺

to the original vector X = (X1, . . . ,Xd)
⊺, such that the trans-

formed space f (X) achieves multivariate normality.

Results and Discussion: Figure 9 displays the Pearson cor-

relation heatmap for the analyzed nutrients. Positive associa-

tions among ash, Ca, and K indicate linked symplastic trans-

port [4]. Negative correlations between phenolics and minerals

reflect active metal–polyphenol chelation [12]. Additionally, the

high ash–pH correlation (r ≈ 0.9) demonstrates alkaline buffer-

ing [23], whereas fat and minerals correlate negatively due to

low tissue affinity [22]. Ultimately, this Pearson heatmap reveals

only marginal associations; it cannot disentangle direct relation-

ships from indirect confounding.

For the dataset of 60 observations and 13 nutrients, Mardia’s

tests confirmed severe non-normality. Although tail behavior

was normal (kurtosis = 197.11, p = 0.679), the data exhibited

profound asymmetry (skewness = 71.32, p < 0.001). Because

this violates Gaussian assumptions, we deploy SGCGMs to es-

timate the underlying graphical model.

Figure 10a reveals that SGCGMs provides a clear and flex-

ible framework for uncovering nutrient interaction networks in

baobab leaves. It showed four clusters: Mineral cluster, Com-

position cluster, pH-centered interaction layer, and Polyphenol
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Figure 10: The network analysis of Baobab leaves using
SGCGMs
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cluster. The role of Ash and Ca is transitional. Ash shows

strong associations with pH (-0.297) and Ca (-0.274), as well

as with Mg and Fe. Ca links strongly to Pro (0.335) but weakly

elsewhere. These variables act as bridges. They connect com-

position to minerals, but neither dominates. Across clusters,

the strongest effects run through a few edges. The Fat–K link

(0.305), Pro-Ca link (0.335), Mg-Fe link (-0.317), and Mn-TFC

link (-0.236) stand out. These edges shape the network by defin-

ing how information or influence can flow.

The centrality measures shown in Figure 10b confirm a sparse

yet well-organized structure, consistent with the network. The

measures do not contradict the network; instead, they sharpen its

interpretation by showing which nodes matter most once weak

edges have been removed.

Figures 11a and 11b illustrate the EM-GLASSOP network

and centrality measures. EM-GLASSOH recovers a sparse bio-

chemical network driven by K as the central hub. The model

isolates distinct dependencies: TPC and TFC show strong pos-

itive partial correlation, while Fe and Mg correlate negatively.

Peripheral variables (pH, DM, fat) remain completely isolated

with zero betweenness. By aggressively shrinking weak corre-

lations, the algorithm successfully disentangles core pathways

from conditionally independent variables.

Unknown data distributions threaten parametric models. Specif-

ically, the rigid assumptions of EM-GLASSOH can induce spu-

rious partial correlations, inflating dependencies like DM–TFC.
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SGCGM avoids this by using a semiparametric Gaussian cop-

ula to model dependence without specifying marginals. This

approach natively accommodates skewness and unknown gen-

erating processes.
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Figure 11: The network analysis of Baobab leaves using EM-
GLASSOH

Objective: Infer and interpret the conditional dependence structure among nu-
trient components in baobab leaf samples using robust GLASSO and SGCGMs
under non-Gaussian distributional assumptions.

Key Findings: When parametric assumptions fail, SGCGMs outperform EM-
GLASSOH . They strictly separate signal from noise. The resulting networks
are highly interpretable and capture true conditional dependencies.

Related publication: 4.
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