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Notations

C the set of complex numbers
R the set of real numbers
Q the set of rational numbers
Z the set of integers
N the set of positive integers
K a field of characteristic zero
F a subfield of K
F× the set of units of the field F
A∗ the diagonalization of an n-additive function A
∆ the difference operator
Dn(F,K) the set of derivations of order at most n defined on F

with values in K
On(F,K) the set of differential operators of order atmost n de-

fined on F with values in K
Mn(F,K) the set of monomials of degree n from F to K



Introduction

G. Ancochea was likely the first who investigated additive mappings
from a ring into another ring which also fulfill a ‘polynomial equation’.
More concretely, in [4] he described those additive functions that pre-
serve squares. Later, these results were strengthened by (among others)
Kaplansky [25] and Jacobson–Rickart [24].

Recall that if R,R′ are rings, then the mapping φ : R → R′ is called a
homomorphism if

φ(a+ b) = φ(a) + φ(b) (a, b ∈ R)

and

φ(ab) = φ(a)φ(b) (a, b ∈ R) .

Furthermore, the function φ : R → R′ is an anti-homomorphism if

φ(a+ b) = φ(a) + φ(b) (a, b ∈ R)

and

φ(ab) = φ(b)φ(a) (a, b ∈ R) .

From now on, the set of the positive integers will be denoted by N.
Let n ∈ N, n ≥ 2 be fixed. The function φ : R → R′ is called an n-Jordan
homomorphism if

φ(a+ b) = φ(a) + φ(b) (a, b ∈ R)

and

φ(an) = φ(a)n (a ∈ R) .

In case n = 2, the mapping φ is called a Jordan homomorphism. It was
G. Ancochea who first explored the connection between Jordan homo-
morphisms and homomorphisms, see [4]. These results have since been
generalized and expanded in various ways, as seen in works [24], [25],
[36]. In [23] I.N. Herstein showed that if φ is a Jordan homomorphism
of a ring R onto a prime ring R′ of characteristic different from 2 and 3,
then either φ is a homomorphism or an anti-homomorphism.

In addition to homomorphisms, derivations also play an essential role
in the theory of rings and fields. Concerning this notion, we will follow
[27, Chapter 14].

3
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Let Q be a ring and let P be a subring of Q. A function d : P → Q is
called a derivation if it is additive, i.e.

d(x+ y) = d(x) + d(y) (x, y ∈ P )

and also satisfies the so-called Leibniz rule, i.e. equation

d(xy) = d(x)y + xd(y) (x, y ∈ P ) .

It is well-known that in case of additive functions, Hamel bases play
an important role. As [27, Theorem 14.2.1] shows in case of derivations,
algebraic bases are fundamental.

Theorem 1. Let (K,+, ·) be a field of characteristic zero, let (F,+, ·)
be a subfield of (K,+, ·), let S be an algebraic base of K over F, if it exists,
and let S = ∅ otherwise. Let f : F → K be a derivation. Then, for every
function u : S → K, there exists a unique derivation g : K → K such that
g|F = f and g|S = u.

Let F ⊂ C be a field. In Chapter 2, we examine generalized monomial
functions f, g : F → C (of possibly different degree) that also satisfy

f(P (x)) = Q(g(x)) (x ∈ F) ,

where P ∈ F[x] and Q ∈ C[x] are given (classical) polynomials. The
results of this chapter appeared in the article Gselmann–Iqbal [17].

In particular, we will focus on generalized monomials f : F → C of
degree n under the condition that the mapping

F ∋ x 7−→ f(P (x))

is a (normal) polynomial, where n is a positive integer and P ∈ F[x] is a
polynomial.

Similar to homomorphisms, characterization theorems related to de-
rivations also have extensive literature, see e.g. the monographs [27, 35].

According to a classical result in connection to derivations, if F is a
subfield of the field K with characteristic zero, P ∈ F[x] is a polynomial
and the additive function a : F → K fulfills

a(P (x)) = P ′(x)a(x) (x ∈ F) ,

then a is a derivation.
It is important to note that all the aforementioned problems can be

viewed as special cases of a more general problem. Indeed, let K be a
field of characteristic zero and F ⊂ K be a subfield, let further P ∈ F[x]
and Q ∈ K[x1, x2] be given polynomials and a : F → K be an additive
function such that

a(P (x)) = Q(x, a(x)) (x ∈ F) .
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The key question then arises: Does this identity imply that the addi-
tive function a takes a ”special form”? For certain polynomials P and
Q, in the case of classical results, the unknown additive function a is a
homomorphism, a derivation, or a linear combination of these. Natu-
rally, the question arises as to whether this is the case for all polynomials
P and Q. Similar questions can be raised about generalized monomial
functions instead of additive functions: assume that n and k are positive
integers, Pi,j ∈ F[x] and P ∈ K[z, x1,1, . . . , xn,k] are given polynomials for
i = 1, . . . , n; j = 1, . . . , k. Suppose further that f1, . . . , fn : F → K are
generalized monomials (of possibly different degree) such that
(•)
P (x, f1(P1,1(x)), . . . , f1(P1,k(x)), . . . , fn(Pn,1(x)), . . . , fn(Pn,k(x))) = 0

holds for all x ∈ F? Is it true that the monomial functions here necessarily
have a ‘special’ form? If so, is there a method to determine these special
forms?

In the case where the unknown generalized monomial functions are
additive, some results can be found e.g. in [10, 11, 12, 13, 20, 21]. The
papers [16, 17] contain related results, but there the unknown functions
were assumed to be quadratic. The Chapter 3 and 4 is a continuation of
these.

We also mention papers [3, 7, 6, 8, 9] where the authors also dealt
with quadratic functions that satisfy additional identities, typically an
alternative equation, or a conditional equation. As the papers [1] and [2]
(and also their references) show, such and similar so-called polynomial
equations as (•) can appear in many areas of mathematics. Of course,
most often in algebra, the theory of functional equations, but also in the
field of probability theory or statistics.

One of the main challenges in solving equation (•) is that it contains a
single independent variable but n unknown functions. Thus, the primary
goal is usually to be able to increase the ‘degree of freedom’ provided by
this independent variable. In other words, we would like to formulate
an equation for the unknown functions that is equivalent to equation (•)
but contains many more independent variables. This is achieved by the
assumption that the functions f1, . . . , fn in the equation are monomial
functions. More precisely, the so-called Polarization formula gives the
possibility that (if certain additional conditions are met) the unknown
functions in the equation satisfy a Levi-Civita equation

f(xy) =
k∑

i=1

gi(x)hi(y)
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on F×, i.e. on the multiplicative structure of the domain. Therefore, our
main objective in Chapter 3 is to determine all those quadratic functions
q that satisfy a Levi-Civita equation on the multiplicative structure, i.e.,
that can be written as

q(xy) =
k∑

i=1

gi(x)hi(y)

with some positive integer k and with some appropriate functions gi, hi,
i = 1, . . . , k. For this, those quadratic functions q that satisfy the equa-
tions

q(xy) = q(x)q(y)
(
x, y ∈ F×)

and
q(xy) = x2q(y) + q(x)y2

(
x, y ∈ F×) ,

respectively, must be determined first.
In Chapter 4, we focus on addressing this problem by examining the
equation

f(x2) = κ · xnf(x) (x ∈ F)
for the unknown monomial function f : F → K. Our objective is to
present a method for determining the solutions to this functional equation.
Our study, inspired by the work in [7], seeks to build upon the work of
the authors who investigated real quadratic functions f that satisfy the
equation

f(x2) = K · x2f(x) (x ∈ R) .
Their research laid the groundwork for our further exploration of func-
tional equations involving monomial functions. Assuming that the func-
tions involved are generalized monomials, we started the systematic exam-
ination of polynomial equations in the papers Gselmann–Iqbal [17, 18].
Our work delves into a natural extension of the aforementioned equation,
as we set out to uncover the properties of monomial functions f : F → K
of degree n that satisfy the equation

f(x2) = κ · xnf(x) (x ∈ F) .
As we will demonstrate, similar to the additive and quadratic functions,
the monomial functions in the equation in some cases can be represented
with the aid of homomorphisms and higher-order derivations.



CHAPTER 1

Preliminaries

1. Generalized polynomial functions

Polarization formula for multi-additive functions and the symmetriza-
tion method will play an important role while proving our results. How-
ever, first we need to familiarize ourselves with some basic concepts, such
as multi-additive functions, generalized monomial functions, and general-
ized polynomial functions. In this section the most important notations
and statements are summarized, based on the monograph Székelyhidi
[32].

Definition 1. Let G,S be commutative semigroups, n ∈ N and let
A : Gn → S be a function. We say that A is n-additive if it is a ho-
momorphism of G into S in each variable. If n = 1 or n = 2 then the
function A is simply termed to be additive or bi-additive, respectively.

The diagonalization or trace of an n-additive function A : Gn → S is
defined as

A∗(x) = A (x, . . . , x) (x ∈ G) .

As a direct consequence of the definition each n-additive function A : Gn

→ S satisfies

A(x1, . . . , xi−1, kxi, xi+1, . . . , xn)

= kA(x1, . . . , xi−1, xi, xi+1, . . . , xn) (x1, . . . , xn ∈ G)

for all i = 1, . . . , n, where k ∈ N is arbitrary. The same identity holds for
any k ∈ Z provided that G and S are groups, and for k ∈ Q, provided
that G and S are linear spaces over the rationals. For the diagonalization
of A we have

A∗(kx) = knA∗(x) (x ∈ G) .

The above notion can also be extended for the case n = 0 by letting
G0 = G and by calling 0-additive any constant function from G to S.

One of the most important theoretical results concerning multiaddi-
tive functions is the so-called Polarization formula, that briefly expresses
that every n-additive symmetric function is uniquely determined by its
diagonalization under some conditions on the domain as well as on the

7
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range. Suppose that G is a commutative semigroup and S is a com-
mutative group. The action of the difference operator ∆ on a function
f : G → S is defined by the formula

∆yf(x) = f(x+ y)− f(x) (x, y ∈ G) .

Note that the addition in the argument of the function is the operation of
the semigroup G and the subtraction means the inverse of the operation
of the group S.

Theorem 2 (Polarization formula). Suppose that G is a commuta-
tive semigroup, S is a commutative group, n ∈ N. If A : Gn → S is a
symmetric, n-additive function, then for all x, y1, . . . , ym ∈ G we have

∆y1,...,ymA
∗(x) =

{
0 if m > n

n!A(y1, . . . , ym) if m = n.

Corollary 1. Suppose that G is a commutative semigroup, S is a
commutative group, n ∈ N. If A : Gn → S is a symmetric, n-additive
function, then for all x, y ∈ G

∆n
yA

∗(x) = n!A∗(y).

Lemma 1. Let n ∈ N and suppose that the multiplication by n! is
surjective in the commutative semigroup G or injective in the commutative
group S. Then for any symmetric, n-additive function A : Gn → S, A∗ ≡
0 implies that A is identically zero, as well.

Definition 2. Let G and S be commutative semigroups, a function
p : G → S is called a generalized polynomial from G to S if it has a
representation as the sum of diagonalizations of symmetric multi-additive
functions from G to S. In other words, a function p : G → S is a gener-
alized polynomial if and only if, it has a representation

p =
n∑

k=0

A∗
k,

where n is a nonnegative integer and Ak : G
k → S is a symmetric, k-

additive function for each k = 0, 1, . . . , n. In this case we also say that p
is a generalized polynomial of degree at most n.

Let n be a nonnegative integer, functions pn : G → S of the form

pn = A∗
n,

where An : G
n → S is symmetric and n-additive function are the so-called

generalized monomials of degree n.
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Remark 1. Obviously, generalized monomials of degree 0 are constant
functions and generalized monomials of degree 1 are additive functions.

Furthermore, generalized monomials of degree 2 will be termed qua-
dratic functions.

Definition 3. Let G be a commutative semigroup. We say that the
nonzero function m : G → C is an exponential if

m(x+ y) = m(x)m(y)

holds for all x, y in G.

Remark 2. Recall that on a commutative semigroup, the identically
1 function is always an exponential.

Definition 4. Let G be a commutative semigroup, n be a positive in-
teger and m : G → C be an exponential. The function f : G → C is called
a generalized exponential monomial of degree at most n corresponding to
the exponential m, if there exists a generalized polynomial p : G → C such
that

f(x) = p(x)m(x) (x ∈ G) .

Finite sums of generalized exponential monomials are called general-
ized exponential polynomials.

2. Polynomial functions

There are several notions of polynomials defined on groups, as pro-
vided by Laczkovich [28]. One of them is the notion of generalised poly-
nomials, that we introduced in Section 1. As we will see in the upcomming
sections, not only this notion, but also that of (normal) polynomials will
be important. The definitions and results presented here can be found in
[32].

Throughout this section G is assumed to be a commutative group
(written additively).

Definition 5. Polynomials are elements of the algebra generated by
additive functions over G. Namely, if n is a positive integer, P : Cn → C
is a (classical) complex polynomial in n variables and ak : G → C (k =
1, . . . , n) are additive functions, then the function

x 7−→ P (a1(x), . . . , an(x))

is a polynomial and, also conversely, every polynomial can be represented
in such a form.

Remark 3. For the sake of easier distinction, at some places polyno-
mials will be called normal polynomials.
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Remark 4. We recall that the elements of Nn for any positive inte-
ger n are called (n-dimensional) multi-indices. Addition, multiplication
and inequalities between multi-indices of the same dimension are defined
component-wise. Further, we define xα for any n-dimensional multi-index
α and for any x = (x1, . . . , xn) in Cn by

xα =
n∏

i=1

xαi
i ,

where we always adopt the convention 00 = 1. We also use the notation
|α| = α1 + · · · + αn. With these notations any polynomial of degree at
most N on the commutative semigroup G has the form

p(x) =
∑
|α|≤N

cαa(x)
α (x ∈ G) ,

where cα ∈ C and a = (a1, . . . , an) : G → Cn is an additive function.
Furthermore, the homogeneous term of degree k of p is∑

|α|=k

cαa(x)
α.

It is easy to see that each polynomial, that is, any function of the form

x 7−→ P (a1(x), . . . , an(x)),

where n is a positive integer, P : Cn → C is a (classical) complex polyno-
mial in n variables and ak : G → C (k = 1, . . . , n) are additive functions, is
a generalized polynomial. The converse however is in general not true. A
complex-valued generalized polynomial p defined on a commutative group
G is a polynomial if and only if its variety (the linear space spanned by
its translates) is of finite dimension. To make the situation more clear,
here we also recall Theorem 13.4 from Székelyhidi [33].

Theorem 3. The torsion free rank of a commutative group is finite
if and only if every generalized polynomial on the group is a polynomial.

Definition 6. Let G be commutative semigroup, n be a positive in-
teger and m : G → C be an exponential. The function f : G → C is
called a exponential monomial of degree at most n corresponding to the
exponential m, if there exists a polynomial p : G → C such that

f(x) = p(x)m(x) (x ∈ G) .

Finite sums of exponential monomials are called exponential polyno-
mials.

In the next section the lemma below will be used, see [16, Lemma 6],
too.



2. POLYNOMIAL FUNCTIONS 11

Lemma 2. Let k and n be positive integers and f : F → C be a gen-
eralized monomial of degree n, where F is assumed to be a field with
char(F) = 0. Then the mapping

F ∋ x 7−→ f(xk)

is a generalized monomial of degree n · k.

Henceforth, not only the notion of (exponential) polynomials, but also
that of decomposable functions will be used. The basics of this concept
are due to Shulman [31], besides this we heavily rely on the work of
Laczkovich [29].

Definition 7. Let G be a group and n ∈ N, n ≥ 2. A function
F : Gn → C is said to be decomposable if it can be written as a finite sum
of products F1 · · ·Fk, where all Fi depend on disjoint sets of variables.

Remark 5. Without loss of generality we can suppose that k = 2 in
the above definition, that is, decomposable functions are those mappings
that can be written in the form

F (x1, . . . , xn) =
∑
E

∑
j

AE
j B

E
j ,

where E runs through all non-void proper subsets of {1, . . . , n} and for
each E and j the function AE

j depends only on variables xi with i ∈ E,

while BE
j depends only on the variables xi with i /∈ E.

The connection between decomposable functions and generalized ex-
ponential polynomials was described in Laczkovich [29].

Theorem 4. Let G be a commutative topological semigroup with unit.
A continuous function f : G → C is a generalized exponential polynomial
if and only if there is a positive integer n ≥ 2 such that the mapping

Gn ∋ (x1, . . . , xn) 7−→ f(x1 + · · ·+ xn)

is decomposable.

The notion of derivations can be extended in several ways. We will
employ the concept of higher order derivations according to Reich [30]
and Unger–Reich [34]. For further results on characterization theorems
on higher order derivations consult e.g. [10, 11, 13] and [20].

Definition 8. Let F ⊂ C be a field. The identically zero map is
the only derivation of order zero. For each n ∈ N, an additive mapping
f : F → C is termed to be a derivation of order n, if there exists B : F×
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F → C such that B is a bi-derivation of order n − 1 (that is, B is a
derivation of order n− 1 in each variable) and

f(xy)− xf(y)− f(x)y = B(x, y) (x, y ∈ F) .

The set of derivations of order n of the field F will be denoted by Dn(F).

Remark 6. Since D0(F) = {0}, the only bi-derivation of order zero
is the identically zero function, thus f ∈ D1(F) if and only if

f(xy) = xf(y) + f(x)y (x, y ∈ F) ,

that is, the notions of first order derivations and derivations coincide. On
the other hand, for any n ∈ N the set Dn(F)\Dn−1(F) is nonempty because
d1 ◦ · · · ◦dn ∈ Dn(F), but d1 ◦ · · · ◦dn /∈ Dn−1(F), where d1, . . . , dn ∈ D1(F)
are non-identically zero derivations.

The main result of [26] is Theorem 1.1 that reads in our settings as
follows.

Theorem 5. Let F ⊂ C be a field and let n be a positive integer.
Then, for every function D : F → C, D ∈ Dn(F) if and only if D is

additive on F, D(1) = 0, and
D

id
, as a map from the group F× to C, is a

generalized polynomial of degree at most n. Here id stands for the identity
map defined on F.

Remark 7. Recall the notions of generalized polynomials, polynomi-
als, generalized exponential polynomials and exponential polynomials, re-
spectively were introduced on commutative groups (i.e; on an algebraic
structure where we have one binary operation, the addition). Note that
however in Definition 8 and in Theorem 5 we considered functions that
are defined on F ⊂ C , where we have two binary operations. On fields two
commutative groups arise naturally. Namely, the additive group (F,+),
but also the multiplicative group (F×, ·) where F× = {x ∈ F |x ̸= 0}. The
previous theorem says in an illustrative way that these functions are well-
connected to both the additive and multiplicative structures. The same
holds for field homomorphisms, since the assumption that the function
φ : F → C is a field homomorphism can be expressed (using previous no-
tations) as φ is a additive function on the additive group (F,+), while it
is an exponential on the multiplicative group (F×, ·). This observation
will play a very important role in our research. Our goal will be to show
that if a monomial function satisfies the conditions presented there, then
this function is necessarily a generalized polynomial on the multiplica-
tive structure. This is why homomorphisms and higher order derivations
appear in these theorems.
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Definition 9. Let F ⊂ K be fields of characteristic zero. We say that
the map D : F → K is a differential operator of order at most n if D is
the linear combination, with coefficients from F, of finitely many maps of
the form d1 ◦ · · · ◦ dk, where d1, . . . , dk are K-valued derivations on F and
k ≤ n. If k = 0 then we interpret d1 ◦ · · · ◦ dk as the identity function.
We denote by On(F,K) the set of differential operators of order at most
n defined on F. We say that the order of a differential operator D is n if
D ∈ On(F,K) \ On−1(F,K) (where O−1(F,K) = ∅, by definition).

The main result of [26] is Theorem 1.1 which reads in our settings as
follows.

Theorem 6. Let F ⊂ K be fields of characteristic zero and let n be
a positive integer. Then, for every function D : F → C, the following are
equivalent.

(i) D ∈ Dn(F,K)
(ii) D ∈ cl (On(F,K))

(iii) D is additive on F, D(1) = 0, and D/id, as a map from the group
F× to K, is a generalized polynomial of degree at most n. Here id
stands for the identity map defined on F.

3. Moment sequences

A composition of a nonnegative integer n is a sequence of nonnegative
integers α = (αk)k∈N such that

n =
∞∑
k=1

αk.

For a positive integer r, an r-composition of a nonnegative integer n is a
composition α = (αk)k∈N with αk = 0 for k > r.

Given a sequence of variables x = (xk)k∈N and compositions α =
(αk)k∈N and β = (βk)k∈N we define

α! =
∞∏
k=1

αk, |α| =
∞∑
k=1

αk, xα =
∞∏
k=1

xαk
k ,

(
α

β

)
=

∞∏
k=1

(
αk

βk

)
.

Furthermore, β ≤ α means that βk ≤ αk for all k ∈ N and β < α stands
for β ≤ α and β ̸= α.

Definition 10. Let G be an Abelian group, r a positive integer, and
for each multi-index α in Nr let fα : G → C be a continuous function. We
say that (fα)α∈Nr is a generalized moment sequence of rank r, if

(1) fα(x+ y) =
∑
β≤α

(
α

β

)
fβ(x)fα−β(y)
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holds whenever x, y are in G. The function f0, where 0 is the zero element
in Nr, is called the generating function of the sequence.

Remark 8. (a) For r = 1, instead of multi-indices, we have ‘ordi-
nary’ indices and (1) is nothing but

fα(x+ y) =
α∑

β=0

(
α

β

)
fβ(x)fα−β(y)

for each x, y in G and nonnegative integer α, yielding that generalized
moment functions of rank 1 are moment sequences.

(b) For α = (0, . . . , 0) we have

f0,...,0(x+ y) = f0,...,0(x) · f0,...,0(y)
for each x, y in G hence f0,...,0 = m is an exponential, or identically
zero. An easy computation shows that if f0,...,0 is identically zero, then
for any multi-index α ∈ Nr we have fα ≡ 0. Thus we always assume
that the generating function is not identically zero, hence it is always
an exponential.

(c) The sequence of functions (fα)α∈Nr is a generalized moment sequence
of rank r associated with the nonzero exponential f0,...,0 = m if and
only if (fα/m)α∈Nr is a generalized moment sequence of rank r asso-
ciated with the exponential which is identically one.

(d) Generalized moment sequences of rank r are exponential monomials.

As a supplement to part (d), we recall Theorem 2 from [14]. In the
statement below, Bα stands for the Bell polynomial corresponding to the
multi-index α ∈ Nr.

Theorem 7. Let G be a commutative group, r a positive integer, and
for each α in Nr, let fα : G → K be a function. If the sequence of functions
(fα)α∈Nr forms a generalized moment sequence of rank r, then there exists
an exponential m : G → K and a sequence of K-valued additive functions
a = (aα)α∈Nr such that for every multi-index α in Nr and x in G we have

fα(x) = Bα(a(x))m(x).

And also conversely, if r is a positive integer, m : G → C is an exponen-
tial and a = (aα)α∈Nr is a sequence of complex-valued additive functions
and for all α ∈ Nr, we define the function by the above formula, then
(fα)α∈Nr forms a generalized moment sequence of rank r associated with
the exponential m.



CHAPTER 2

Monomial functions, normal polynomials and
polynomial equations

Based on the paper Gselmann–Iqbal [17], in this chapter, we consider
generalized monomial functions f, g : F → C (of possibly different degree)
that also fulfill

f(P (x)) = Q(g(x)) (x ∈ F) ,

where P ∈ F[x] and Q ∈ C[x] are given (classical) polynomials.

1. Preliminary results

Henceforth let F ⊂ C be a field, n be a positive integer and P ∈ F[x]
be a polynomial. In what follows we will study generalized monomials
f : F → C of degree n under the condition that the mapping

F ∋ x 7−→ f(P (x))

is a (normal) polynomial.
At first we show that instead of polynomials P , we always may re-

strict ourselves to (classical) monomials. For this we need the following
statement which is in some sense an extension of Lemma 2.

Lemma 3. Let F ⊂ C be a field, n ∈ N, α1, . . . , αn be non-negative
integers and F : F → C be a symmetric and n-additive function. Then
the function g : F → C defined by

g(x) = F (xα1 , . . . , xαn) (x ∈ F)

is a generalized monomial of degree (α1 + · · ·+ αn).

Proof. Let F ⊂ C be a field, n ∈ N, α1, . . . , αn be non-negative
integers and F : F → C be a symmetric and n-additive function and
consider the function g : F → C defined by

g(x) = F (xα1 , . . . , xαn) (x ∈ F) .
15
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Let N = α1 + · · ·+ αn and define the mapping F : FN → C through

F (x1, . . . , xN)

=
1

N !

∑
σ∈Sn

F (xσ(1) · · ·xσ(α1), . . . , xσ(N−αn+1) · · ·xσ(N))

(x1, . . . , xN ∈ F) .

Since F is a symmetric and n-additive function, F is also symmetric and
N -additive, further we have

F (x, . . . , x) = F (xα1 , . . . , xαn) = g(x) (x ∈ F) .

Thus g can be represented as the trace of a symmetric and (α1+ · · ·+αn)-
additive mapping, showing that the function g is indeed a generalized
monomial of degree (α1 + · · ·+ αn). □

Lemma 4. Let k, n ∈ N, k ≥ 2, F ⊂ C be a field, P ∈ F[x] be a
(classical) polynomial of degree k with leading coefficient 1 and f : F → C
be a generalized monomial of degree n. If the mapping

F ∋ x 7−→ f(P (x))

is a normal polynomial, then the mapping

F ∋ x 7−→ f(xk)

is a normal polynomial as well.

Proof. Let k, n ∈ N, F ⊂ C be a field, P ∈ F[x] be a (classical)
polynomial of degree k and f : F → C be a generalized monomial of
degree n. Suppose further that the mapping

F ∋ x 7−→ f(P (x))

is a normal polynomial.
Since P ∈ F[x] is a (classical) polynomial of degree k, we have

P (x) =
k∑

l=0

αlx
l (x ∈ F) ,

with some constants αl ∈ F, l = 0, 1, . . . , k such that αk = 1. Further, as
f : F → C is a monomial of degree n, there exists a uniquely determined
symmetric and n-additive function F : Fn → C such that

f(x) = F (x, . . . , x) (x ∈ F) .

This together yield that there exists a positive integer m, linearly inde-
pendent additive functions a1, . . . , am over C and a complex polynomial
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Q ∈ C[x] such that

F

(
k∑

l=0

αlx
l, . . . ,

k∑
l=0

αlx
l

)
= Q(a1(x), . . . , am(x))

=
∑

β∈Nm|β|≤kn

cβa(x)
β (x ∈ F) .

Using that F is symmetric and additive in each of its variables, we get
that

F (xk, . . . , xk) + λk−1,k,...,kF (αk−1x
k−1, αkx

k, . . . , αkx
k) + · · ·

· · ·+ λ0,...,0F (α0, . . . , α0) =
∑
β∈Nm

|β|≤kn

cβa(x)
β

for all x ∈ F with some complex constants λγ, γ ∈ Nn, |γ| ≤ kn. Due
to Lemma 3, the left and also the right hand side of this identity is a
generalized polynomial (being linear combinations of generalized mono-
mials) and these agree for all possible values. This can however happen
only if the monomial terms are the same on each side. From this we get
especially that

F (xk, . . . , xk) =
∑
β∈Nm

|β|=kn

cβa(x)
β,

showing that the mapping

F ∋ x 7−→ f(xk)

is a normal polynomial as well. □

Remark 9. According to the previous lemma once f : F → C is a
generalized monomial of degree n such that the mapping

F ∋ x 7−→ f(P (x))

is a normal polynomial, then the mapping

F ∋ x 7−→ f(xk)

is a normal polynomial as well. This enables us to restrict ourselves to
considering generalized monomials for which the mapping

F ∋ x 7−→ f(xk)

is a normal polynomial for a fixed k ≥ 2. At the same time, we have to
emphasize that the assumption that the mapping

F ∋ x 7−→ f(P (x))
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is a normal polynomial for a fixed polynomial P ∈ F[x] is more restrictive
than the previous one. To illustrate this let us consider the following
example. Let f : F → C be a quadratic function and let

P (x) = x2 + α1x+ α0 (x ∈ F) ,
where α1, α0 ∈ F are fixed. The assumption that the mapping

F ∋ x 7−→ f(P (x))

is a normal polynomial means that we have

F (x2 + α1x+ α0, x
2 + α1x+ α0) = Q(a1(x), . . . , am(x)) (x ∈ F)

with appropriate linearly independent additive functions a1, . . . , am : F →
C and a complex polynomial Q ∈ C[x1, . . . , xm], where F : F2 → C denotes
the uniquely determined bi-additive mapping whose trace is the quadratic
function f . Using the symmetry and also the bi-additivity of F , we get
that

F (x2, x2) + 2F (x2, α1x) + 2F (x2, α0)

+ F (α1x, α1x) + 2F (α1x, α0) + F (α0, α0)

= Q(a1(x), . . . , am(x)) (x ∈ F) .
Due to Lemma 3, the mappings

F ∋ x 7−→ F (xi, xj)

are generalized monomials of degree (i + j). Further, generalized mono-
mials of different degree are linearly independent. Therefore, not only the
mapping

F ∋ x 7−→ F (x2, x2)

is a normal polynomial, but also the mappings

F ∋ x 7−→ F (x2, α1x)
F ∋ x 7−→ 2F (x2, α0) + F (α1x, α1x)
F ∋ x 7−→ F (α1x, α0)
F ∋ x 7−→ F (α0, α0),

too. Obviously, this is always true for the last two functions. Neverthe-
less, the fact that the first three functions have this property carries more
information than that only the first of them is a normal polynomial.

Our second lemma says that while considering this problem, we may
restrict ourselves to homogeneous (normal) polynomials.

Lemma 5. Let k, n ∈ N, k ≥ 2, F ⊂ C be a field and f : F → C be a
generalized monomial of degree n. If the mapping

F ∋ x 7−→ f(xk)
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is a normal polynomial, then there exists a homogeneous complex polyno-
mial P̃ and there are linearly independent, complex valued additive func-
tions a1, . . . , am on F such that

f(xk) = P̃ (a1(x), . . . , am(x)) (x ∈ F) ,

in other words, we have

f(xk) =
∑
α∈Nm

|α|=kn

λαa
α(x) =

∑
α1,...,αm≥0

α1+···+αm=kn

λα1,...,αma
α1
1 (x) · · · aαm

m (x)

for each x ∈ F.

Proof. Let k, n ∈ N, k ≥ 2, F be a field and f : F → C be a
generalized monomial of degree n. Assume further that the mapping

F ∋ x 7−→ f(xk)

is a normal polynomial. Then due to Lemma 2 this mapping is a gener-
alized monomial of degree kn and hence it is Q-homogeneous of degree
kn.

If additionally, this mapping is a normal polynomial, there exists a
complex polynomial P and there are linearly independent, complex valued
additive functions a1, . . . , am on F such that

f(xk) = P (a1(x), . . . , am(x)) = P (a(x)) =
N∑
l=0

∑
α∈Nm

|α|=l

λαa
α(x) (x ∈ F) .

Let r ∈ Q be arbitrary and let us substitute rx in place of x in the above
identity. Using the Q-homogeneity of the involved functions, we deduce

rknf(xk)−
N∑
l=0

rl
∑
α∈Nm

|α|=l

λαa
α(x) = 0 (r ∈ Q, x ∈ F) .

Observe that the left hand side of this identity is a polynomial in r that
is identically zero. So all of its coefficients should vanish, yielding that

f(xk) =
∑
α∈Nm

|α|=kn

λαa
α(x)

holds for all x ∈ F. □
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2. IIlustrative examples

At first glance the assumption of the lemma above, i.e., the mapping

F ∋ x 7−→ f(xk)

is a normal polyomial, seems a bit artificial. Nevertheless, the following
examples show that this is not the case.

Example 1. Let k be a positive integer, φ1, . . . , φk : F → C be linearly
independent homomorphisms and λi,j ∈ C for all i, j = 1, . . . , k. Then
the mapping f : F → C defined by

f(x) =
k∑

i,j=1

λi,jφi(x)φj(x) (x ∈ F)

is a quadratic function. Further if n ∈ N, then we also have

f(xn) =
k∑

i,j=1

λi,jφi(x)
nφj(x)

n (x ∈ F) .

In other words, we have

f(xn) = P (φ1(x), . . . , φk(x)) (x ∈ F) ,
where the k-variable complex, homogeneous polynomial P is defined by

P (x1, . . . , xk) =
k∑

i,j=1

λi,jx
n
i x

n
j (x1, . . . , xk ∈ C) .

Example 2. Suppose now that F is a subfield of C. Let k be a positive
integer, d1, . . . , dk : F → C be linearly independent derivations and λi,j ∈
C for all i, j = 1, . . . , k. Then the mapping f : F → C defined by

f(x) =
k∑

i,j=1

λi,jdi(x)dj(x) (x ∈ F)

is a quadratic function. Further if n ∈ N, then we also have

f(xn) =
k∑

i,j=1

λi,jn
2x2n−2di(x)dj(x) (x ∈ F) .

In other words,

f(xn) = P (x, d1(x), . . . , dk(x)) (x ∈ F) ,
where the (k + 1)-variable complex polynomial P is defined by

P (x1, . . . , xk, z) =
n∑

i,j=1

λi,jn
2z2n−2xixj (x1, . . . , xk, z ∈ C) .
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Example 3. Assume in this example that F is a subfield of C. Let k be
a positive integer and d : F → C be a derivation and define the quadratic
function f : F → C by

f(x) = dk(x2) = d ◦ · · · ◦ d︸ ︷︷ ︸
k times

(x2) (x ∈ C) .

Further, if n is a positive integer, then we have

f(xn) = dk(x2n) =
∑

l1,...,l2n≥0
l1+···+l2n=k

(
k

l1, . . . , l2n

)
dl1(x) · · · dl2n(x)

for all x ∈ F. In other words, we have

f(xn) = P (x, d(x), d ◦ d(x), . . . , dk(x)) (x ∈ F) .

Remark 10. All of the above examples can easily be generalized from
quadratic functions to monomial functions. To get similar examples in-
stead of quadratic functions, for monomials of degree n, where n is fixed
it is enough to consider the mappings

f(x) =
k∑

i=1

∑
α∈Nn

|α|=n

λiΦi(x)
α (x ∈ F) ,

f(x) =
k∑

i=1

∑
α∈Nn

|α|=n

λiDi(x)
α (x ∈ F) ,

and

f(x) = dk(xn) = d ◦ · · · ◦ d︸ ︷︷ ︸
k times

(xn) (x ∈ F) ,

here

Φi(x) = (φ1,i(x), . . . , φn,i(x)) (x ∈ F) ,
and

Di(x) = (d1,i(x), . . . , dn,i(x)) (x ∈ F) ,
where the functions φl,i are homomorphisms, while d and dl,i are deriva-
tions for all possible indices l and i.

3. Main results

Regarding ‘polynomial equations’ for generalized monomials, we note
that in the literature, there are several results for additive functions
a : F → C that also satisfy a polynomial equation. Based on the results
presented above, the following statement can be deduced.
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Proposition 1. Let F ⊂ C be a field, k ∈ N, k ≥ 2 and P ∈ Q[x] be
a (classical) polynomial of degree k.

(i) If the additive function a : F → C fulfills

a(P (x)) = P (a(x)) (x ∈ F) ,

then there exists a homomorphism φ : F → C such that a(x) =
a(1)φ(x) for all x ∈ F. Further, we also have a(1) ∈ {0, 1}.

(ii) If the additive function a : F → C fulfills

a(P (x)) = P ′(x)a(x) (x ∈ F) ,

then a is a derivation.

Proof. (i) Let F ⊂ C be a field, k ∈ N, k ≥ 2 and P ∈ Q[x] be a
(classical) polynomial of degree k. Suppose further that the additive
function a : F → C fulfills

a(P (x)) = P (a(x)) (x ∈ F) .

In other words, we have

a

(
k∑

i=0

αix
i

)
=

k∑
i=0

αia(x)
i

for all x ∈ F with some rational numbers αk, . . . , α0. Observe that
this especially yields that the mapping

F ∋ x 7−→ a

(
k∑

i=0

αix
i

)
is a normal polynomial. Due to Lemma 4 we infer that then the
mapping

F ∋ x 7−→ a(xk)

is also a normal polynomial, where the Q-homogeneity of a was used,
too. However, then necessarily

a(xk) = a(x)k (x ∈ F)

holds. From this, we deduce (e.g. using the results of [23]) that
there exists a homomorphism φ : F → C such that a(x) = a(1)φ(x)
for all x ∈ F. Substituting this back to our equation, we finally get
that the only possibility is that a(1) ∈ {0, 1}.

(ii) Using a similar reasoning that we did in case (i), here we deduce
that the assumptions imply that necessarily

a(xk) = kxk−1a(x) (x ∈ F)
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holds for the additive function a : F → C. Using some classical char-
acterization theorems concerning derivations (for instance the results
of [27, Chapter 14]), we finally get that a is indeed a derivation.

□

Remark 11. We emphasize that the results of the previous statement
are classical ones. Nevertheless, we would like to indicate that from one
hand the problem we would like to consider in this paper has some prior
results both in algebra and the theory of functional equations. Further,
with the help of the statements presented here, the proofs can be signifi-
cantly simplified (at least for mappings a : F → C).

In the papers [10, 11, 13, 20, 21] further results can be found con-
cerning additive functions that also fulfill certain polynomial equations.

Remark 12. We also note that related problems have already been
considered by Z. Boros and E. Garda–Mátyás in [7, 5] by Z. Boros and
R. Menzer in [8] and also by M. Amou in [3]. In these papers the au-
thors consider real monomial functions, which satisfy certain conditional
equations on a specified planar curve. In [16], the polynomial equation
f(P (x)) = Q(f(x)) for the monomial function f : F → C was considered.

The simplest special case of the problem we are interested in is when
the generalized monomial f : F → C is of degree 1, i.e., when f is an
additive function. In this regard, we have the following statement.

Theorem 8. Let k be a positive integer, F ⊂ C be a field and a : F →
C be an additive function. If the mapping

F ∋ x 7−→ a(xk)

is a (normal) polynomial, then a is a generalized higher order derivation.

Proof. Let k be a positive integer, F ⊂ C be a field and a : F → C
be an additive function. Suppose further that the mapping

F ∋ x 7−→ a(xk)

is a (normal) polynomial. Due to Lemma 5, we can assume that this
mapping is a homogeneous (normal) polynomial, that is, we have

a(xk) =
∑

α1,...,αm≥0
α1+···+αm=k

λα1,...,αma
α1
1 (x) · · · aαm

m (x)

for all x ∈ F. Observe that both sides of this identity is the trace of a
symmetric and k-additive mapping. Indeed, the left hand side is the trace
of the symmetric k-additive function

A(x1, . . . , xk) = a(x1 · · · xk) (x1, . . . , xk ∈ F)
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while the right hand side is the trace of the symmetric k-additive mapping

Ã(x1, . . . , xk)

=
1

k!

∑
σ∈Sk

∑
α1,...,αm≥0

α1+···+αm=k

λα1,...,αma1(xσ(1)) · · · a1(xσ(α1)) · · · ×

× · · · am(xσ(k−αm+1)) · · · am(xσ(k))

(x1, . . . , xk ∈ F) .
Therefore we have

a(x1 · · ·xk) =
1

k!

∑
σ∈Sk

∑
α1,...,αm≥0

α1+···+αm=k

λα1,...,αma1(xσ(1)) · · · a1(xσ(α1))×

× am(xσ(k−αm+1)) · · · am(xσ(k))

for all x1, . . . , xk ∈ F.
In other words, the mapping

F×k ∋ (x1, . . . , xk) 7−→ a(x1 · · ·xk)

is decomposable. Thus from Theorem 4 we deduce that a : F× → C
is a generalized exponential polynomial on the multiplicative group F×

corresponding to the identity function, as exponential. Using Theorem 5,
we finally obtain that a is a generalized higher order derivation. □

Now we turn to quadratic functions. During the proof of Theorem 9
we will use [21, Theorem 4.5] in a rather special case that is the following
lemma.

Lemma 6. Let n ∈ N and F be a field and α1, α2, α3 ∈ C. If the
additive function f : F → C satisfies

α1f(x
2n) + α2f(x

n)2 + α3f(x)
2n = 0

for all x ∈ F. Then there exist a complex constant α and a homomorphism
φ : F → C such that

f(x) = αφ(x) (x ∈ F) .

Theorem 9. Let n ∈ N, n ≥ 2 and F ⊂ C be a field. Assume that
f : F → C is a quadratic function, while a : F → C is additive and we
have

(2) f(xn) = a(x)2n (x ∈ F) .
Then there exists a complex constant α ∈ C and a homomorphism φ : F →
C such that

a(x) = αφ(x) and f(x) = α2nφ(x)2 (x ∈ F) .
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And also conversely, if we define the functions a and f through the above
formula then they satisfy equation (15) for all x ∈ F.

Proof. Since f is quadratic, there exists a uniquely determined sym-
metric and bi-additive mapping F : F2 → C such that

F (x, x) = f(x) (x ∈ F) .
Define the mapping E : F2n → C by

E(x1, . . . , x2n)

=
1

(2n)!

∑
σ∈S2n

F (xσ(1) · · ·xσ(n), xσ(n+1) · · ·xσ(2n))− a(x1) · · · a(x2n)

(x1, . . . , x2n ∈ F) ,
where S2n denotes the symmetric group of order 2n. Since F is bi-
additive and a is additive, the mapping E is a symmetric and 2n-additive
mapping. Further its trace is

E(x, . . . , x) = F (xn, xn)− a(x)2n = f(xn)− a(x)2n = 0 (x ∈ F) ,
due to the above equation. At the same time, its trace uniquely deter-
mines E. Thus the function E vanishes identically, that is,

(3)
1

(2n)!

∑
σ∈S2n

F (xσ(1) · · ·xσ(n), xσ(n+1) · · ·xσ(2n))− a(x1) · · · a(x2n) = 0

holds for all x1, . . . , x2n ∈ F. With the substitution xi = 1 for i =
1, . . . , 2n we get that

F (1, 1)− a(1)2n = f(1)− a(1)2n = 0.

Let now x ∈ F be arbitrary and let

x1 = x and xi = 1 for i = 2, . . . , 2n

to deduce that

µ1F (x, 1)− µ2a(x) = 0 (x ∈ F)
holds with some nonzero complex numbers µ1, µ2. Thus we have

(4) F (x, 1) = λa(x) (x ∈ F)
with an appropriate complex constant λ.

Let again x ∈ F be arbitrary and let now

x1 = x, x2 = x and xi = 0 for i = 3, . . . , 2n

in (3) to obtain that

ν1F (x, x) + ν2F (x2, 1) + ν3a(x)
2 = 0
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holds for all x ∈ F with certain complex constants ν1, ν2 and ν3. The latter
identity together with (4) yields that there exists complex constants α1, α2

such that
F (x, x) = α1a(x

2) + α2a(x)
2 (x ∈ F) ,

in other words, we have

f(x) = α1a(x
2) + α2a(x)

2 (x ∈ F) .
If we substitute this representation back to (15), we obtain that

α1a(x
2n) + α2a(x

n)2 = a(x)2n

for all x ∈ F. According to Lemma 6, there exists a complex constant α
and a homomorphism φ : F → C such that

a(x) = α · φ(x) (x ∈ F) ,
and hence

f(x) = α2nφ(x)2

is fulfilled for all x ∈ F.
The converse is an easy computation. □

Theorem 10. Let F ⊂ C be a field, f : F → C be a quadratic function,
while a1, a2 : F → C be additive functions. Then equation

f(x2) = a1(x)
2a2(x)

2

holds for all x ∈ F if and only if there exist homomorphisms φ1, φ2 : F →
C such that

f(x) = f(1) · φ1(x)φ2(x) and ai(x) = ai(1)φi(x) (x ∈ F, i = 1, 2) .

Proof. Let F ⊂ C be a field, f : F → C be a quadratic function,
while a1, a2 : F → C be additive function. Suppose further that for all
x ∈ F, equation

f(x2) = a1(x)
2a2(x)

2

is fulfilled. Since f is quadratic, there exists a uniquely determined sym-
metric and bi-additive mapping F such that

F (x, x) = f(x) (x ∈ F) .
Define the mapping Φ on F4 by

Φ(x1, x2, x3, x4) =
F (x1 x4, x2 x3) + F (x1 x3, x2 x4) + F (x1 x2, x3 x4)

3

−1

6
[a1(x1) a1(x2) a2(x3) a2(x4) + a1(x1) a2(x2) a1(x3) a2(x4)

+ a2(x1) a1(x2) a1(x3) a2(x4) + a1(x1) a2(x2) a2(x3) a1(x4)

+a2(x1) a1(x2) a2(x3) a1(x4) + a2(x1) a2(x2) a1(x3) a1(x4)]
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whenever x1, x2, x3, x4 ∈ F. Since F is symmetric and bi-additive and a1
and a2 are additive, the function Φ is a symmetric 4-additive mapping.
Moreover its trace is

F
(
x2, x2

)
− a1(x)

2 a2(x)
2 = 0 (x ∈ F) .

Thus Φ is identically zero on F4. From this we especially get that

2F
(
x2, 1

)
− a1(1)

2 a2(1) a2(x
2)− a1(1) a2(1)

2 a1(x
2) = 0 (x ∈ F)

and also

2F
(
x2, 1

)
+ 4F (x, x)− a1(1)

2 a2(x)
2

− 4 a1(1) a2(1) a1(x) a2(x)− a2(1)
2 a1(x)

2 = 0 (x ∈ F) .

These identities together imply that

4F (x, x) + a1(1)
2 a2(1) a2(x

2) + a1(1) a2(1)
2 a1(x

2)− a1(1)
2 a2(x)

2

− 4 a1(1) a2(1) a1(x) a2(x)− a2(1)
2 a1(x)

2 = 0

(x ∈ F) .

In other words, we have

4F (x, x) = −a1(1)
2 a2(1) a2(x

2)− a1(1) a2(1)
2 a1(x

2) + a1(1)
2 a2(x)

2

+ 4 a1(1) a2(1) a1(x) a2(x) + a2(1)
2 a1(x)

2

for all x ∈ F. Since F is a symmetric and bi-additive mapping, we have

4F (x, y) = −a1(1)
2 a2(1) a2(x y)− a1(1) a2(1)

2 a1(x y)

+ 2 (a1(1) a2(1) a1(x) a2(y) + a1(1) a2(1) a2(x) a1(y))

+ a1(1)
2 a2(x) a2(y) + a2(1)

2 a1(x) a1(y)

for all x, y ∈ F. Combining this with our functional equation, we deduce

− a1(1)
2 a2(1) a2(x

4)− a1(1) a2(1)
2 a1(x

4) + a1(1)
2 a2(x

2)2

+ 4 a1(1) a2(1) a1(x
2) a2(x

2) + a2(1)
2 a1(x

2)2 − 4 a1(x)
2 a2(x)

2 = 0

(x ∈ F).

Observe that if a1(1) ·a2(1) = 0, then F and thus f is identically zero. So
we may assume a1(1) · a2(1) ̸= 0. Without the loss of generality we can
then suppose that a1(1) = a1(1) = 1, otherwise we consider the mappings

f̃(x) =
f(x)

a1(1) · a2(1)
and ãi(x) =

ai(x)

ai(1)
(x ∈ F, i = 1, 2) .
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Then this equation reduces to

a2(x
4) + a1(x

4)

= a2(x
2)2 + a1(x

2)2 + 4 a1(x
2) a2(x

2)− 4 a1(x)
2 a2(x)

2 (x ∈ F) .

After symmetrization, we get that this is equivalent to

− a2(x1 x2 x3 x4)− a1(x1 x2 x3 x4)

+
1

3
[a2(x1 x2) a2(x3 x4) + a2(x1 x3) a2(x2 x4) + a2(x2 x3) a2(x1 x4)]

+
2

3
[a1(x1 x2) a2(x3 x4) + a2(x1 x2) a1(x3 x4) + a1(x1 x3) a2(x2 x4)

+a2(x1 x3) a1(x2 x4) + a1(x2 x3) a2(x1 x4) + a2(x2 x3) a1(x1 x4)]

+
1

3
[a1(x1 x2) a1(x3 x4) + a1(x1 x3) a1(x2 x4) + a1(x2 x3) a1(x1 x4)]

− 2

3
[a1(x1) a1(x2) a2(x3) a2(x4) + a1(x1) a2(x2) a1(x3) a2(x4)

+a2(x1) a1(x2) a1(x3) a2(x4) + a1(x1) a2(x2) a2(x3) a1(x4)

+a2(x1) a1(x2) a2(x3) a1(x4) + a2(x1) a2(x2) a1(x3) a1(x4)] = 0

(x1, x2, x3, x4 ∈ F) .

From this we deduce that for all x, y, z ∈ F we have

3 a2(x y z) + 3 a1(x y z)

= a2(x) a2(y z) + 2 a1(x) a2(y z) + 2 a2(x) a1(y z)

+ a1(x) a1(y z) + a2(y) a2(x z) + 2 a1(y) a2(x z)

+ 2 a2(y) a1(x z) + a1(y) a1(x z) + a2(x y) a2(z)

+ 2 a1(x y) a2(z)− 2 a1(x) a2(y) a2(z)− 2 a2(x) a1(y) a2(z)

− 2 a1(x) a1(y) a2(z) + 2 a2(x y) a1(z) + a1(x y) a1(z)

− 2 a2(x) a2(y) a1(z)− 2 a1(x) a2(y) a1(z)− 2 a2(x) a1(y) a1(z).

For all z ∈ F, define the additive function by

Az(x) = 3a1(xz)− a1(x) [a1(z) + 2a2(x)]

+ 3a2(xz)− a2(x) [a2(z) + 2a1(x)] (x ∈ F) .

With this notation the above identity turns to

Az(xy) = a1(x)gz(y) + a2(x)hz(y)

+ kz(x)a1(y) + lz(x)a2(y) (x, y, z ∈ F) ,
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with appropriately defined functions gz, hz, kz, lz, yielding that the map-
ping Az is a (normal) exponential polynomial of degree at most 4 on the
multiplicative group F×. Further,

(A) either the system a1, a2, kz, lz is linearly dependent
(B) or the system a1, a2, kz, lz is linearly independent.

Alternative (A) holds only if the functions a1 and a2 are the same (note
that we assumed that a1(1) = a2(1) = 1), but then Theorem 9 applies
and we deduce that there exists a homomorphism φ : F → C such that

f(x) = f(1)φ(x)2 ai(x) = ai(1)φ(x) (x ∈ F) .
If alternative (B) holds, then we get that not only the mapping Az, but
also the functions a1, a2, kz, lz are (normal) exponential polynomials on
the multiplicative group F× of degree at most four. Especially, a1 and
a2 are linearly independent (normal) exponential polynomials of degree
at most four. Checking all the possibilities, we finally get that this can
happen only if a1 and a2 are exponentials on the multiplicative group F×.
Since these functions were assumed also to be additive on F, we get that
they are homomorphisms on F.

Suming up, there exists homomorphisms φ1, φ2 : F → C such that

f(x) = f(1)φ1(x)φ2(x) ai(x) = ai(1)φi(x) (x ∈ F) ,
where the above constants f(1), a1(1) and a2(1) also fulfill

f(1) = a1(1)a2(1).

□

The roots of this topic can be found in the papers [16] and [17]. The
results presented there in connection with this problem can be considered
as initial steps. Thus we close this chapter with several open questions
and we would like to give some perspectives, too.

In the special cases we considered the above general problem, it turned
out that the solutions of the functional equations are always (normal)
monomials. Additionally, we also showed that the proof is much easier
if we know this, see [16, Proposition 2]. We conjecture that this is true
in general, too. Thus, prove or disprove that if the generalized monomial
f : F → K solves equation

f(P (x)) = Q(f(x)) (x ∈ F) ,
then f is a normal monomial, i.e., a (classical) polynomial of additive
functions.

Remark 13. The above problem is clearly meaningful for polynomials
P and Q with degree one. At the same time, in this case we cannot expect
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representations similar to that ones that appeared in the statements proved
in this chapter. As an example, here we consider only the case quadratic
functions. Accordingly, assume that for the quadratic function f : F → C
equation

f(ax+ b) = Af(x) +B (x ∈ F) ,
with some a, b ∈ F and A,B ∈ K. Let us denote F : F2 → K the uniquely
determined symmetric, bi-additive function whose trace is f . With x = 0
we immediately get that f(b) = F (b, b) = B. Furthermore,

F (ax+ b, ax+ b) = AF (x, x) + F (b, b) (x ∈ F) ,
that is,

F (ax, ax) + 2F (ax, b) + F (b, b) = AF (x, x) + F (b, b) (x ∈ F) ,
or after some simplification

(F (ax, ax)− AF (x, x)) + 2F (ax, b) = 0

for all x ∈ F. Since the left hand side of this equation is a generalized
polynomial of degree two which has to be identically zero, all of its mono-
mial terms should vanish. This means from one hand that

F (ax, b) = 0 (x ∈ F) ,
especially, f(b, b) = B = 0. On the other hand, we also have

F (ax, ax) = AF (x, x) (x ∈ F) ,
from this however

F (ax, ay) = AF (x, y) (x, y ∈ F) ,
follows, that is, the symmetric, bi-additive function is semi-homogeneous.
From [22, Theorem 3] it is known that a non-identically zero, symmetric
and bi-additive function F fulfilling the above semi-homogeneity exists if
and only if there are injective homomorphisms δ1, δ2 : F → K such that

δ1(a)δ2(a) = A.

Summing up, if f : F → K is a non-identically zero quadratic function
such that

f(ax+ b) = Af(x) +B (x ∈ F) ,
with some a, b ∈ F and A,B ∈ K, then

(i) B = 0.
(ii) for the uniquely determined symmetric and bi-additive function

F : F2 → K, identity

F (ax, b) = 0

is satisfied for all x ∈ F.
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(iii) there are injective homomorphisms δ1, δ2 : F → K such that

δ1(a)δ2(a) = A.

Observe that for instance with b = 0, with arbitrary fixed a ∈ Q
and with A = a2 the above identity is fulfilled by any quadratic func-
tion f : F → K (this is obviously consistent with the fact that quadratic
functions are Q-homogeneous of degree two). This shows that in this case
we do not get in general any information for the form of the involved
quadratic function f . With an analogous method, we obtain the same for
higher-order generalized monomials.

In this chapter only equations with one unknown function were consid-
ered. At the same time, the investigated problem can clearly be extended:
let P ∈ F[x] and Q ∈ K[x] be polynomials, f, g : F → K be general-
ized polynomials (of possibly different order) such that deg(f) deg(P ) =
deg(g) deg(Q). Prove or disprove that if

f(P (x)) = Q(g(x))

holds for all x ∈ F, then f and g can be represented as products of
homomorphisms.

A particularly interesting and presumably the simplest case of the
following problem is when deg(g) = 1, i.e., when g : F → C is an additive
function.

In connection to this problem we recall that above we contributed
(among others) to the special case

deg(f) = 2 P (x) = xn and Q(x) = x2n.

The assumption that the field K (and thus the field F) has to have
zero characteristic is caused by the limitations of the Polarization formula,
since n-additive functions are uniquely determined by their diagonaliza-
tions only if the characteristic of the domain is large enough or zero.
Therefore, we formulate the following open problem.

Let F and K be fields, n be a positive integer, P ∈ F[x] and Q ∈ K[x]
be polynomials. Determine those generalized monomials f, g : F → K of
degree at most n that also fulfill equation

f(P (x)) = Q(f(x))

for each x ∈ F.
A particularly interesting case of this problem is when at least one of

the fields F and K has finite characteristic.





CHAPTER 3

Quadratic functions as solutions of polynomial
equations

Polynomial equations are crucial in both algebra and the theory of
functional equations. When the unknown functions in these equations
are additive, there are already many known results. Still, there remain
numerous open questions. In certain cases, classical results suggest that
the unknown additive functions are either homomorphisms, derivations,
or linear combinations of these. This raises the question of whether the
solutions can be characterized when the unknown functions are not addi-
tive but instead generalized monomials. This chapter begins by focusing
on quadratic functions, aiming to demonstrate that quadratic functions
solving specific polynomial equations must take on a ”special” form. We
will also introduce a method for identifying these special forms. In partic-
ular, the primary goal of Chapter 3 is to identify all quadratic functions
q that satisfy the Levi-Civita equation on the multiplicative structure,
meaning those that can be expressed as

q(xy) =
k∑

i=1

gi(x)hi(y)

with some positive integer k and with some appropriate functions gi, hi,
i = 1, . . . , k. For this, those quadratic functions q that satisfy the equa-
tions

q(xy) = q(x)q(y)
(
x, y ∈ F×)

and

q(xy) = x2q(y) + q(x)y2
(
x, y ∈ F×) ,

respectively, must be determined first.

1. Preliminary results

In this section let F and K be fields with zero characteristic such that
F ⊂ K. The following lemma is immediate.

33
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Lemma 7. Let us endow F× and also K with the discrete topology and
let C (F×,K) denote the linear space of all those functions f : F× → K
that are continuous. Then the set

V = {f |F× | f : F → K is quadratic}

is a closed, translation-invariant linear subspace of C (F×,K). So V ⊂
C (F×,K) is a variety. Note that the translate of a function f ∈ C (F×,K)
by an element y ∈ F× is defined as

(τyf) = f(x · y)
(
x ∈ F×) .

2. IIlustrative examples

Example 4. Let φ1, φ2 : F → K be homomorphisms and let us con-
sider the function q : F → K defined by

q(x) = φ1(x)φ2(x) (x ∈ F) .

Then q is the trace of the symmetric and bi-additive mapping

B(x, y) =
1

2
[φ1(x)φ2(y) + φ1(y)φ2(x)] (x, y ∈ F) .

So q is a quadratic function. Further, we have

q(xy) = φ1(xy)φ2(xy) = (φ1(x)φ1(y)) · (φ2(x)φ2(y))

= (φ1(x)φ2(x)) · (φ1(y)φ2(y)) = q(x) · q(y) (x, y ∈ F) .

Example 5. Let d : F → K be a derivation and define the quadratic
mapping q : F → K by

q(x) = d(x2) (x ∈ F) .

An easy computation shows that in this case, q determines uniquely a
symmetric and bi-additive mapping, namely

B(x, y) = d(xy) (x, y ∈ F) .

Moreover, we have

q(xy)

x2y2
=

1

x2y2
d((xy)2) =

1

x2y2
· 2xyd(xy) = 2

xy
[xd(y) + d(x)y]

= 2
d(x)

x
+ 2

d(y)

y
=

d(x2)

x2
+

d(y2)

y2

=
q(x)

x2
+

q(y)

y2

for all x, y ∈ F×.
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Example 6. Analogously, if n ≥ 2 is a positive integer then the map-
ping f : F → K defined by

f(x) = d(xn) (x ∈ F)
is a (generalized) monomial of degree n. The symmetric, n-additive map-
ping Bn : Fn → K determined by f is

Bn(x1, . . . , xn) = d(x1 · · ·xn) (x1, . . . , xn ∈ F) .
Further

f(xy)

(xy)n
=

1

(xy)n
d((xy)n) =

1

(xy)n
· n(xy)n−1d(xy)

=
n

xy
[d(x)y + xd(y)] = n

d(x)

x
+ n

d(y)

y
=

d(xn)

xn
+

d(yn)

yn

=
f(x)

xn
+

f(y)

yn

for all x, y ∈ F×.

For any positive integer n ≥ 2, define the mapping πn : F → K by

πn(x) = xn (x ∈ F) .
Observe that in this case, the above examples show that if we consider
the (generalized) monomial of degree n

f(x) = d(xn) (x ∈ F) ,

then the mapping
f

πn

: F× → K will be additive on the Abelian group

(F×, ·), that is, we have

f

πn

(xy) =
f

πn

(x) +
f

πn

(y)

for all x, y ∈ F×.
With the notations and assumptions of Lemma 7, Example 1 shows

that the mapping q defined with the aid of the homomorphisms φ1 and
φ2 by the formula

q(x) = φ1(x)φ2(x) (x ∈ F) ,
is an exponential in the variety V .

Similarly, Example 2 shows that the mapping q defined with the help
of the derivation d : F → K by

q(x) = d(x2) (x ∈ F)
is a moment function of degree 1 corresponding to the exponential q0(x) =
x2 (x ∈ F).
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In what follows, we study the converse direction.

3. Main results

Quadratic functions that are multiplicative on the multiplica-
tive group F×.

Theorem 11. Let K be a field of characteristic zero and F ⊂ K be a
subfield. Let further q : F → K be a quadratic function. If the mapping q
is multiplicative on F×, that is,

q(xy) = q(x)q(y)

holds for all x, y ∈ F×, then there exist homomorphisms φ1, φ2 : F → K
such that

q(x) = c · φ1(x)φ2(x) (x ∈ F) ,
where c ∈ {0, 1}.

Proof. LetK be a field of characteristic zero and F ⊂ K be a subfield.
Suppose further that the quadratic mapping q : F → K is multiplicative
on F×, that is, we have

q(xy) = q(x)q(y)

holds for all x, y ∈ F×. Let B : F × F → C be the uniquely determined
symmetric bi-additive mapping for which we have

B(x, x) = q(x) (x ∈ F) .
The assumption that the quadratic mapping q is multiplicative on F×

yields for the mapping B that

B(xy, xy) = B(x, x)B(y, y)
(
x, y ∈ F×) ,

especially, we have

B(x2, x2) = B(x, x)2
(
x ∈ F×) .

Define the mapping B4 on F4 by

B4(x1, x2, x3, x4) = B (x1 x4, x2 x3) +B (x1 x3, x2 x4) +B (x1 x2, x3 x4)

−B (x1, x2) B (x3, x4)−B (x1, x3) B (x2, x4)−B (x1, x4) B (x2, x3)

(x1, x2, x3, x4 ∈ F) .
Since B is a symmetric and bi-additive mapping, B4 is a symmetric and
4-additive mapping. Further the trace of B4 is

B4(x, x, x, x) = 3
(
B(x2, x2)−B(x, x)2

)
= 0

for all x ∈ F×. Thus B4 vanishes identically on F4. Especially,

0 = B4(1, 1, 1, 1) = −3 (B (1, 1)− 1) B (1, 1) .
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Thus q(1) = B(1, 1) ∈ {0, 1}. Further, for all x ∈ F× we have

0 = B4(x, 1, 1, 1) = −3 (B (1, 1)− 1) B (x, 1) .

Finally,

0 = B4(x, x, 1, 1) = B
(
x2, 1

)
+ (2−B (1, 1))B (x, x)− 2B (x, 1)2

for all x ∈ F×. Firstly assume that q(1) = B(1, 1) = 0. Then

B(x, 1) = 0 (x ∈ F) .

Therefore

2B(x, x) = 2B(x, 1)2 −B(x2, 1) = 0

for all x ∈ F×. This means that q is identically zero.
Assume now that q(1) = B(1, 1) = 1. Consider the additive function

a : F → K defined by

a(x) = B(x, 1) (x ∈ F) .

Then identity B4(x, x, 1, 1) = 0 can be re-formulated as

B(x, x) = 2a(x)2 − a(x2)
(
x ∈ F×) ,

from which

B(x, y) = 2a(x)a(y)− a(xy) (x, y ∈ F)

and

q(x) = 2a(x)2 − a(x2) (x ∈ F)

follow. Observe that by the definition of the function a,

a(x) = B(x, 1) = 2a(x)a(1)− a(x) = (2a(1)− 1)a(x) (x ∈ F) .

Thus a(1) = 1, otherwise the function a and thus the q function are
identically zero. Since we have

B(x2, x2) = B(x, x)2,

the additive function a has to fulfill

−a
(
x4
)
+ a

(
x2
)2

+ 4 a (x)2 a
(
x2
)
− 4 a (x)4 = 0
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for all x ∈ F. Again, the left-hand side of this equation is the trace of the
symmetric and 4-additive mapping A4 defined on F4 by

A4(x1, x2, x3, x4) = −a (x1 x2 x3 x4)

+
1

3
[a (x1 x2) a (x3 x4) + a (x1 x3) a (x2 x4) + a (x2 x3) a (x1 x4)]

+
2

3
[a (x1) a (x2) a (x3 x4) + a (x1) a (x3) a (x2 x4)

+a (x2) a (x3) a (x1 x4) + a (x1) a (x2 x3) a (x4) + a (x2) a (x1 x3) a (x4)]

+ a (x1 x2) a (x3) a (x4)− 4 a (x1) a (x2) a (x3) a (x4) .

Therefore we have

− a (x y z)+ a (x) a (y z)+ a (y) a (x z)+( a (x y)− 2 a (x) a (y)) a (z) = 0

for all x, y, z ∈ F. For any fixed z ∈ F consider the additive function
Az : F → K defined by

Az(x) = a(xz)− a(x)a(z) (x ∈ F) .

The above equation, in terms of this function Az is

Az(xy) = a(x)Az(y) + Az(x)a(y) (x, y ∈ F) .

Thus Az is a normal exponential polynomial of degree at most two on the
multiplicative group F×. Further,

(i) either for all z ∈ F the system {a,Az} is linearly dependent
(ii) or there exists an element z ∈ F such that the system {a,Az} is

linearly independent.

If we have (i), then

Az(x) = c(z)a(x)

holds for all x, z ∈ F×. Due to the definition of the function Az this means
however that

A(xz) = (c(z) + a(z))a(x) (x, z ∈ F) .

Thus a is a constant multiple of an exponential of the Abelian group F×.
Thus because of the additivity of a, yields that a is a constant multiple
of a homomorphism φ : F → K. However, a(1) = 1, therefore a = φ.

If we have (ii), then exists an element z ∈ F such that the system
{a,Az} is linearly independent. In this case, however, not only Az, but
also a is a normal exponential polynomial of degree at most two on the
multiplicative group F×. Thus

(a) either

a(x) = (α1l(x) + α2)m(x) (x ∈ F)
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(b) or
a(x) = α1m1(x) + α2m2(x) (x ∈ F)

with some constants α1, α2 ∈ K and with an additive function l : F× → K
and exponentials m,m1,m2 : F× → K. We emphasize that now we work
on the multiplicative group F×. Therefore, e.g. the fact that l is an
additive function means that

l(xy) = l(x) + l(y)
(
x, y ∈ F×)

and similarly, the fact that m is exponential means that

m(xy) = m(x)m(y)
(
x, y ∈ F×) .

Using these representations in the equation for the function q, it turns
out that in case (a) the function l is identically zero, and α2 = 1, in case
(b) α1, α2 = 1

2
and m1,m2 are homomorphisms, due to the additivity of

a. Thus there exist homomorphisms φ1, φ2 : F → K such that

a(x) =
φ1(x) + φ2(x)

2
(x ∈ F) .

Note, however, that in this case we have

q(x) = 2a(x)2 − a(x2) = 2

(
φ1(x) + φ2(x)

2

)2

− φ1(x
2) + φ2(x

2)

2

=
φ1(x)

2 + 2φ1(x)φ2(x) + φ2(x)
2

2

− φ1(x)
2 + φ2(x)

2

2
= φ1(x)φ2(x)

for all x ∈ F. □

Remark 14. One of the reviewers of this PhD dissertation, Profes-
sor W lodzimierz Fechner, drew our attention to the fact that Theorem 11
aligns closely with the main result presented in [15]. Although our proof
employs a different and more elementary argument, the essential conclu-
sion is the same. We were unaware of this prior work at the time of
submission and wish to acknowledge the author’s earlier contribution.

Quadratic functions that are additive on the multiplicative
group F×.

Theorem 12. Let K be a field of characteristic zero and F ⊂ K be a
subfield. Let further q : F → K be a quadratic function. If the mapping
q

π2

is additive on F×, that is,

q(xy) = q(x)y2 + x2q(y)
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holds for all x, y ∈ F×, then there exists a second order derivation d : F →
K such that

q(x) = 4xd(x)− d(x2) (x ∈ F) .

Proof. Let F ⊂ K be fields with characteristic zero and assume that
q : F → K is a quadratic mapping which is additive on F×. In other words,
suppose that the quadratic mapping q also fulfills

q(xy) = q(x)y2 + x2q(y)

for all x, y ∈ F×.
Since the mapping q is quadratic, there exists a uniquely determined

symmetric and bi-additive mapping B : F× F → K such that

B(x, x) = q(x) (x ∈ F) .
Then for this symmetric and bi-additive mapping B, we have

B(xy, xy) = y2B(x, x) + x2B(y, y) (x, y ∈ F) .
Let us consider the mapping B4 : F4 → K defined by

B4(x1, x2, x3, x4)

=
1

3
{B (x1 x4, x2 x3) +B (x1 x3, x2 x4) +B (x1 x2, x3 x4)}

− 1

3
{x1B (x3, x2) x4 + x2B (x3, x1) x4 +B (x1, x2) x3 x4

+x1 x2B (x3, x4) + x1B (x2, x4) x3 +B (x1, x4) x2 x3}
(x1, x2, x3, x4 ∈ F) .

Since B is symmetric and bi-additive, B4 is symmetric and 4-additive.
Further, its trace is

B4(x, x, x, x) = B
(
x2, x2

)
− 2x2B (x, x) = 0

for all x ∈ F. Thus B4 is identically zero on F4. Especially, we have

B4(1, 1, 1, 1) = −B(1, 1) = 0,

so B(1, 1) = q(1) = 0. Further, we have for all x, y ∈ F that

0 = B4(x, y, 1, 1) =

= B (x y, 1)− xB (y, 1)−B (x, 1) y

−B (1, 1) x y −B (1, x) y +B (x, y)−B (1, y) x

= B(xy, 1)− 2xB(y, 1)− 2yB(x, 1) +B(x, y).

Define the additive mapping a : F → K by

a(x) = B(x, 1) (x ∈ F)
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to deduce that the latter identity is

B(x, y) = 2xa(y) + 2ya(y)− a(xy) (x, y ∈ F) .

Observe that this already shows that

q(x) = B(x, x) = 4xa(x)− a(x2) (x ∈ F) .

Now we show that a is a second-order derivation. Since the quadratic
function q fulfills

q(x2) = 2x2q(x) (x ∈ F) ,
for the additive function a we have

a
(
x4
)
− 6x2 a

(
x2
)
+ 8x3 a (x) = 0

for all x ∈ F. Using [20, Corollary 4], the additive function a has to be a
derivation of order two. Therefore, there exists a mapping d ∈ D2(F,K)
such that

q(x) = B(x, x) = 4xd(x)− d(x2)

holds for all x ∈ F. □

Remark 15. Note that the quadratic mapping that appears in Example
2 is covered in Theorem 12. Indeed, if d : F → K is a derivation, then
d ∈ D1(F,K) ⊂ D2(F,K). So d is a derivation of order two, too. Thus

q(x) = 4xd(x)− d(x2) = 2d(x2)− d(x2) = d(x2) (x ∈ F) ,

showing that mappings appearing in Example 2 can indeed be written as
mappings appearing in Theorem 12.

However, Theorem 12 shows that the equation

q(xy) = x2q(y) + y2q(x) = 0 (x, y ∈ F)

has other quadratic solutions than those found in Example 2. Indeed,
if d1, d2 : F → K are non-identically zero derivations, then d1 ◦ d2 ∈
D2(F,K) \ D1(F,K). Then the mapping q : F → K defined by

q(x) = 4xd1 ◦ d2(x)− d1 ◦ d2(x2) (x ∈ F)

is quadratic. Further, we have

q(x2) = 4x2d1 ◦ d2(x2)− d1 ◦ d2(x4)

= 4x2 (2xd1 ◦ d2(x) + 2d1(x)d2(x))

−
(
4x3d1 ◦ d2(x) + 12x2d1(x)d2(x)

)
= 4x3d1 ◦ d2(x)− 4x2d1(x)d2(x)
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and

2x2q(x) = 2x2
(
4xd1 ◦ d2(x)− d1 ◦ d2(x2)

)
= 8x3d1 ◦ d2(x)− 2x2 (2xd1 ◦ d2(x) + 2d1(x)d2(x))

= 4x3d1 ◦ d2(x)− 4x2d1(x)d2(x)

for all x ∈ F. Thus

q(x2) = 2x2q(x) (x ∈ F) .

Note, however, that due to the methods described in the proof of Theorem
12, this equation is equivalent to

q(xy) = x2q(y) + y2q(x) (x, y ∈ F) .

In view of Theorem 11, if φ : F → K is a homomorphism then the
mapping q defined on F by

q(x) = φ(x)2 (x ∈ F)

is quadratic and is also an exponential on the multiplicative group F×

Thus, using the previous theorem, we obtain the following statement.

Corollary 2. Let K be a field of characteristic zero and F ⊂ K be a
subfield. Let further q : F → K be a quadratic function, while φ : F → K
be a homomorphism such that

q(xy) = φ(x)2q(y) + q(x)φ(y)2 (x, y ∈ F) .

Then there exists a second-order derivation d ∈ D2(F,K) such that

q(x) = φ
(
4xd(x)− d(x2)

)
(x ∈ F) .

And vice versa, that is, if d is a second-order derivation and φ is a homo-
morphism, then the function q given by the above formula is a quadratic
function that also satisfies the above equation.

Proof. In addition to the conditions of the statement, let us first
consider the case when φ is identically zero. In this case, the above
equation reduces to the identity

q(xy) = 0 (x, y ∈ F) .

Therefore, q is identically zero, from which it immediately follows that it
has the desired representation.

Assume now that φ is not the identically zero homomorphism. Then
φ is one-to-one and φ−1 is also a homomorphism. Define the mapping q̃
by

q̃(x) = φ−1(q(x)) (x ∈ F) .



3. MAIN RESULTS 43

Then q̃ will be a quadratic mapping for which we have

q̃(xy) = x2q(y) + y2q(x) (x, y ∈ F) .

Theorem 12 yields that there exists a second-order derivation
d ∈ D2(F,K) such that

q̃(x) = 4xd(x)− d(x2) (x ∈ F) ,

from which the statement of this corollary already follows. □

Finally, we note that the method described in the proof of Theorem
12 is also suitable for determining the solutions to the equation

q(xy) = φ1(x)φ2(x)q(y) + φ1(y)φ2(y)q(x) (x, y ∈ F)

for the unknown quadratic function q : F → K, where φ1, φ2 : F → K are
(non-identically zero) homomorphisms. In contrast to the previous two
statements, however, in this case, the description is unfortunately not
complete.

Notice that the above equation says that the quadratic function q is a
moment function of degree 1 corresponding to the exponential q0 = φ1·φ2.

Proposition 2. Let K be a field of characteristic zero and F ⊂ K be a
subfield. Let further q : F → K be a quadratic function, while φ1, φ2 : F →
K be homomorphisms such that

q(xy) = φ1(x)φ2(x)q(y) + φ1(y)φ2(y)q(x) (x, y ∈ F) .

Then there exists an additive function a : F → K such that

q(x) = 2(φ1(x) + φ2(x))a(x)− a(x2) (x ∈ F) ,

where the additive function also fulfills

2 a (x y z)− (φ1(x) + φ2(x)) a (y z)− (φ1(y) + φ2(y)) a (x z)(♠)

− (φ1(z) + φ2(z)) a (x y) + (φ1(x)φ2(y) + φ2(x)φ1(y)) a (z)

+ (φ1(x)φ2(z) + φ2(x)φ1(z)) a (y)

+ (φ1(y)φ2(z) + φ2(y)φ1(z)) a (x) = 0

for all x, y, z ∈ F. And also conversely, if a is an additive function
fulfilling (♠) with the homomorphisms φ1, φ2, then the function q given
by the above formula is a quadratic function that also satisfies the above
equation.

Proof. Let us assume that the quadratic function q : F → K and the
homomorphisms φ1, φ2 : F → K satisfy

q(xy) = φ1(x)φ2(x)q(y) + φ1(y)φ2(y)q(x) (x, y ∈ F) .
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If any of φ1 and φ2 were the identically zero homomorphisms, it would
immediately follow that q is identically zero. Thus, without loss of gen-
erality, we can assume that neither φ1 nor φ2 is the identically zero ho-
momorphism. And then φ1(1) = φ2(1) = 1.

With y = x, we immediately obtain

q(x2) = 2φ1(x)φ2(x)q(x) (x ∈ F) .
Observe that the mapping

F ∋ x 7−→ q(x2)− 2φ1(x)φ2(x)q(x)

is a generalized monomial of degree 4. Thus there exists a symmetric and
4-additive mapping B4 : F4 → K such that

B4(x, x, x, x) = q(x2)− 2φ1(x)φ2(x)q(x) (x ∈ F) .
Indeed, this mapping is given by

B4(x1, x2, x3, x4)

=
1

4!

∑
σ∈S4

[
B(xσ(1)xσ(2), xσ(3)xσ(1))− 2φ1(xσ(1))φ2(xσ(2))B(xσ(3), xσ(4))

]
(x1, x2, x3, x4 ∈ F) .

Here B : F2 → K is the uniquely determined symmetric and bi-additive
mapping for which we have B(x, x) = q(x) for all x ∈ F.

With these notations, the equation in our statement means just that

B4(x, x, x, x) = 0 (x ∈ F) .
Thus B4 is identically zero on F4. Especially,

0 = B4(1, 1, 1, 1) = (2φ1(1)φ2(1)− 1) B (1, 1) .

So B(1, 1) = q(1) = 0.
Identity

B4(x, 1, 1, 1) = 0 (x ∈ F) ,
i.e.,

(φ1(1)φ2(1)− 1) B (x, 1) + φ1(1)B (1, 1) φ2(x)

+ φ2(1)B (1, 1) φ1(x) + (φ1(1)φ2(1)− 1) B (1, x) = 0 (x ∈ F)

contains no information, since φ1(1) = φ2(1) = 1 and B(1, 1) = 0. Define
the additive function a : F → K by

a(x) = B(x, 1) (x ∈ F)
to deduce that the equation

B4(x, x, 1, 1) = 0 (x ∈ F)
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takes the form

q(x) = B(x, x) = 2(φ1(x) + φ2(x))a(x)− a(x2) (x ∈ F) .

Therefore

q(x2) =2(φ1(x
2) + φ2(x

2))a(x2)− a(x4)

= 2(φ1(x)
2 + φ2(x)

2)a(x2)− a(x4)

and also

2φ1(x)φ2(x)q(x) = 2φ1(x)φ2(x)
(
2(φ1(x) + φ2(x))a(x)− a(x2)

)
holds for all x ∈ F. This means that the additive function a has to fulfill

2(φ1(x)
2 + φ2(x)

2)a(x2)− a(x4)

= 2φ1(x)φ2(x)
(
2(φ1(x) + φ2(x))a(x)− a(x2)

)
(x ∈ F) .

In other words, we have

a
(
x4
)
+
(
−2φ2(x)

2 − 2φ1(x)φ2(x)− 2φ1(x)
2
)
a
(
x2
)

+
(
4φ1(x)φ2(x)

2 + 4φ1(x)
2 φ2(x)

)
a (x) = 0 (x ∈ F) .

Again, the left-hand side of this equation, as a function of the variable
x is a generalized monomial of degree 4. With the application of the
symmetrization method, we obtain that a(1) = 0, and the above equation
is equivalent to

2 a (x y z)− (φ1(x) + φ2(x)) a (y z)− (φ1(y) + φ2(y)) a (x z)

− (φ1(z) + φ2(z)) a (x y) + (φ1(x)φ2(y) + φ2(x)φ1(y)) a (z)

+ (φ1(x)φ2(z) + φ2(x)φ1(z)) a (y)

+ (φ1(y)φ2(z) + φ2(y)φ1(z)) a (x) = 0

for all x, y, z ∈ F which proves the statement. □

Remark 16. If φ1 = φ2 = id in equation (♠), then we have

a(x3)− 6xa(x2) + 3x2a(x) = 0 (x ∈ F)

and a(1) = 0 for the additive function a : F → K. In view of [20, Corollary
2] we deduce that a ∈ D2(F,K).

Similarly, if φ : F → K is a non-identically zero homomorphism and
we take φ1 = φ2 = φ, then equation (♠) reduces to

a(x3)− 6φ(x)a(x2) + 3φ(x)2a(x) = 0 (x ∈ F) .

This means that the mapping d : F → K defined by

d(x) = φ−1(a(x)) (x ∈ F)
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satisfies
d(x3)− 6xd(x2) + 3x2d(x) = 0 (x ∈ F) .

So a = φ ◦ d with an appropriate d ∈ D2(F,K).
These two special cases allow us to conclude that in the general case

(see identity (♠)), the function a can be represented with the help of a
second-order derivation and homomorphisms. Therefore, we formulate
the following open problem. After answering this question, Proposition 2
will take on a more compact form.

Open problem 1. Let K be a field of characteristic zero, F ⊂ K be
a subfield and φ1, φ2 : F → K be non-identically zero homomorphisms.
Determine all those additive functions a : F → K such that a(1) = 0 and

2 a (x y z)− (φ1(x) + φ2(x)) a (y z)− (φ1(y) + φ2(y)) a (x z)

− (φ1(z) + φ2(z)) a (x y) + (φ1(x)φ2(y) + φ2(x)φ1(y)) a (z)

+ (φ1(x)φ2(z) + φ2(x)φ1(z)) a (y)

+ (φ1(y)φ2(z) + (φ2(y)φ1(z)) a (x) = 0

for all x, y, z ∈ F.

Quadratic functions as solutions of polynomial equations.

Theorem 13. Let K be a field of characteristic zero and F ⊂ K be a
subfield. Let r be a positive integer and suppose that for all multi-index
α ∈ Nr the mapping qα : F → K is quadratic such that

q0(x) = x2 (x ∈ F) .
Assume further that we have

qα(xy) =
∑
β≤α

(
α

β

)
qβ(x)qα−β(y)

(
x, y ∈ F×)

for all multi-index α ∈ Nr. Then there exists a sequence of K-valued
‘additive functions’ a = (aα)α∈Nr on F× such that

qα(x) = Bα(a(x))x
2

holds for all x ∈ F and for each multi-index α ∈ Nr. Here the fact that
aα : F → K is an ‘additive function’ means that there exists dα ∈ D2(F,K)
such that

aα(x) = 4
dα(x)

x
− dα(x

2)

x2

(
x ∈ F×) .

Proof. Let r be a positive integer and suppose that for all multi-
index α ∈ Nr the mapping qα : F → K is quadratic such that

q0(x) = x2 (x ∈ F)
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and we have also

qα(xy) =
∑
β≤α

(
α

β

)
qβ(x)qα−β(y)

(
x, y ∈ F×)

for all multi-index α ∈ Nr.
In view of Definition 10, this means that the sequence of functions

(qα)α∈Nr forms a generalized moment sequence of rank r on the group
F×, corresponding to the ‘exponential’ q0 = x2 (x ∈ F). Equivalently,
this means that the sequence of functions (qα/q0)α∈Nr forms a moment
sequence of rank r. Thus, we obtain from Theorem 7, that there exists a
sequence of K-valued additive functions a = (aα)α∈Nr such that for every
multi-index α in Nr and x in F× we have

qα(x)

q0(x)
= Bα(a(x)).

Note that for all multi-index α ∈ Nr ‘additivity’ on the group F× means
that we have

aα(xy) = aα(x) + aα(y)
(
x ∈ F×) .

Thus, by Theorem 12 we have

aα(x) = 4
dα(x)

x
− dα(x

2)

x2

(
x ∈ F×)

with an appropriate dα ∈ D2(F,K). □





CHAPTER 4

A functional equation for monomial functions

In this chapter, we aim to determine those monomials f : F → K of
degree n for which

f(x2) = κ · xnf(x)

holds for all x ∈ F. We show that similar to the classical results, where
additive functions were considered, the monomial functions in the equa-
tion can be represented with the aid of homomorphisms and higher-order
derivations.

Let n be a positive integer. Define

Mn(F,K) = {f : F → K | f is a monomial of degree n} .

1. Preliminary results

At first glance, the above problem may seem quite specific, and nat-
urally the question arises whether we should consider the more general
equation

f(x2) = κ · xlf(x) (x ∈ F)
with a fixed positive integer l. However, as we will see, this equation can
have a non-identically zero solutions in only the case when n = l.

Lemma 8. Let n, l be positive integers, κ be a nonzero element of the
field K and f ∈ Mn(F,K) such that

f(x2) = κ · xlf(x) (x ∈ F)
holds. If n ̸= l, then the function f is identically zero.

Proof. Let n, l be positive integers, 0 ̸= κ ∈ K and f : F → K.
Assume that f is not identically zero. Then by Lemma 2 the mapping

F ∋ x 7−→ f(x2)

is a generalized polynomial of degree 2n. Similarly, the mapping

F ∋ x 7−→ κ · xlf(x)

is a generalized polynomial of degree n + l. Due to the above equation,
these generalized polynomials are identically equal on F. However, this is
possible only if their degree is the same. So 2n = n+l, that is n = l. From
this we obtain that if n ̸= l, then necessarily f is identically zero. □

49
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In the case of additive functions, the proof is a simple calculation.
For the sake of completeness, we will present this case along with the
proof. Additionally, one of our goals with this is to show that this line of
reasoning cannot be easily generalized to higher-degree monomial func-
tions. Therefore, in the general case, it was necessary to develop another
method.

Proposition 3. Let f ∈ M1(F,K), i.e. assume f to be an additive
function and let κ ∈ K. Suppose that

(5) f(x2) = κ · xf(x)

holds for all x ∈ F. Then the following cases are possible

(i) κ = 1, and we have

f(x) = f(1) · x (x ∈ F) ,

(ii) κ = 2, and f is a derivation,
(iii) κ /∈ {1, 2} and f is identically zero.

Proof. Let κ ∈ K and suppose that the additive function f : F → K
fulfills (5) for all x ∈ F. Let x, y ∈ F be arbitrary and substitute x+ y in
place of x in equation (5) to deduce that

f((x+ y)2) = κ · (x+ y)f(x+ y)

for all x, y ∈ F. As the function f is additive,

f((x+ y)2) = f(x2 + 2xy + y2) = f(x2) + 2f(xy) + f(y2)

and

κ(x+ y) · (f(x) + f(y)) = κxf(x) + κyf(y) + κ(xf(y) + yf(x))

for all x, y ∈ F. Therefore

f(xy) =
κ

2
(xf(y) + yf(x)) (x, y ∈ F) .

From this, with x = y = 1, we get that κ = 1 or f(1) = 0. Further, the
above identity with y = 1 leads to(

1− κ

2

)
f(x) =

κ

2
f(1) · x (x ∈ F) .

If κ = 1, then this means that

f(x) = f(1) · x (x ∈ F) .

Further, if κ /∈ {1, 2}, then we have

f(x) =
κ

2− κ
f(1) · x = 0 (x ∈ F) ,
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as f(1) = 0 in this case. Finally, if κ = 2, then the above identity is

f(xy) = xf(y) + yf(x) (x, y ∈ F) .

Due to our assumptions, f is an additive function, so this identity pre-
cisely states that f is a derivation. □

In [7, Proposition 1 and Theorem 3] the authors focused on real ad-
ditive and quadratic functions satisfying (5) and (6), respectively. They
proved the following results.

Proposition 4. Let f ∈ M2(F,K), i.e. assume f to be a quadratic
function and let κ ∈ K. Suppose that

(6) f(x2) = κ · x2f(x)

for all x ∈ F. Then the following cases are possible

(i) κ = 1, and then

f(x) = f(1) · x2 (x ∈ F) .

(ii) κ = 2, and then there exists a φ ∈ D2(F,K) such that

f(x) = 4xφ(x)− φ(x2) (x ∈ F) .

(iii) if f is the trace of a symmetric bi-derivation, then f solves (6) with
κ = 4.

(iv) κ /∈ {1, 2, 4} and f is identically zero.

Our results extend these findings. On one hand, instead of the field of
the real numbers, the domain and the range of the involved functions can
also be more general. On the other hand, this problem can be posed not
only for first- and second-degree, but for arbitrary monomial functions as
well. Additionally, as we will see below, the statement found in (iii) of
Proposition 4 can be strengthened.

2. Main results

Theorem 14. Let n be a given positive integer, κ ∈ K and f ∈
Mn(F,K) such that

(7) f(x2) = κ · xnf(x)

holds for all x ∈ F. Then

(i) if κ /∈
{
2k | k = 0, 1, . . . , n

}
, then f is identically zero,

(ii) if κ = 1, then

f(x) = f(1) · xn (x ∈ F) ,
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(iii) if κ = 2, then there exists an a ∈ D2n−1(F,K) such that

f(x) =
n∑

j=1

λn,jx
n−ja(xj) (x ∈ F)

holds with appropriate constants λ1, . . . , λn ∈ K,
(iv) if κ = 2n, then there exists a symmetric and n-additive mapping

An : Fn → K such that∑
σ∈Sn+1

{
An(xσ(1) · xσ(2), xσ(3), ..., xσ(n+1))

−xσ(1) · An(xσ(2), . . . , xσ(n+1))− xσ(2) · An(xσ(1), . . . , xσ(n+1))
}
= 0

(x1, . . . , xn+1 ∈ F)

and

f(x) = An(x, . . . , x) (x ∈ F)
holds.

Proof. Since f ∈ Mn(F,K), there exists a uniquely determined sym-
metric n-additive function An : Fn → K such that

f(x) = An(x, . . . , x) = An([x]n) (x ∈ F) .

In terms of the mapping An, equation (16) reads as

An(x
2, . . . , x2)− κxnAn(x, . . . , x) = 0 (x ∈ F) .

If we write x+1 in place of x in the above identity and expand the terms,

(8)
∑

α1+α2+α3=n
α1,α2,α3≥0

(
n

α1, α2, α3

)
An

(
[x2]α1 , [2x]α2 , [1]α3

)

− κ

 ∑
β1+β2=n
β1,β2≥0

(
n

β1, β2

)
xβ1

 ·

 ∑
γ1+γ2=n
γ1,γ2≥0

(
n

γ1, γ2

)
An([x]γ1 , [1]γ2)

 = 0

follows for all x ∈ F. Observe that the left-hand side of this equation is
a generalized polynomial of degree 2n, which is identically zero. Thus all
of its monomial terms should vanish. If α1, α2, α3 are nonnegative and
α1 + α2 + α3 = n, then the degree of the mapping

x 7−→
(

n

α1, α2, α3

)
An

(
[x2]α1 , [2x]α2 , [1]α3

)



2. MAIN RESULTS 53

is 2α1 + α2. Similarly, if β1, β2, γ1, γ2 are nonnegative integers with β1 +
β2 = n and γ1 + γ2 = n, then the degree of the generalized monomial

x 7−→ κ

(
n

β1, β2

)
xβ1 ·

(
n

γ1, γ2

)
An([x]γ1 , [1]γ2)

is β1 + γ1.
Computing the zero-degree terms in (8),

(1− κ)An([1]n) = 0

follows. So κ = 1 or An([1]n) = f(1) = 0. The first-degree terms of the
generalized polynomial in equation (8) must vanish, thus we have(

n

0, 1, n− 1

)
An([2x1], [1]n−1)

− κ

{(
n

0, n

)(
n

1, n− 1

)
An([x]1, [1]n−1)

+

(
n

1, n− 1

)(
n

0, n

)
xAn([1]n)

}
= 0

that is,

(2− κ)An([x]1, [1]n−1)− κxAn([1]n) = 0

for all x ∈ F. If κ = 1, then this leads to

An([x]1, [1]n−1) = An([1]n) · x (x ∈ F) .

If κ ̸= 1, then due to the previous step An([1]n) = 0, the above identity
reduces to

(2− κ)An([x]1, [1]n−1) = 0 (x ∈ F) .

So κ = 2 (and in this case, we do not have any information for the values
An([x]1, [1]n−1)), or κ ̸= 1, 2 and then An([x]1, [1]n−1) = 0 for all x ∈ F. In
general, if k = 0, 1, . . . , 2n, we have to distinguish two cases, depending
on whether k is even or odd.

If k is even, then the kth-degree term in (8) is

k
2∑

l=0

(
n

l, k − 2l, n− k

)
An

(
[x2]l, [2x]k−2l, [1]n−k

)
− κ

k∑
m=0

(
n

m, n−m

)(
n

k −m,n− k +m

)
xmAn([x]k−m, [1]n−k−m).
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If k is odd, then the only difference is that in the first expression, we must
not sum up to k

2
, but to k−1

2
, i.e.,

k−1
2∑

l=0

(
n

l, k − 2l, n− k

)
An

(
[x2]l, [2x]k−2l, [1]n−k

)
− κ

k∑
m=0

(
n

m, n−m

)(
n

k −m,n− k +m

)
xmAn([x]k−m, [1]n−k−m).

This means that for all k = 0, 1, . . . , 2n, we have

⌊ k
2
⌋∑

l=0

(
n

l, k − 2l, n− k

)
An

(
[x2]l, [2x]k−2l, [1]n−k

)
− κ

k∑
m=0

(
n

m, n−m

)(
n

k −m,n− k +m

)
xmAn([x]k−m, [1]n−k−m).

By selecting the members with indices l = 0 and m = 0 from the
sums, we get that

(9)

(
n

k, n− k

)
(2k − κ)An([x]k, [1]n−k)

= −
⌊ k
2
⌋∑

l=1

(
n

l, k − 2l, n− k + l

)
An

(
[x2]l, [2x]k−2l, [1]n−k+l

)
+ κ

k∑
m=1

(
n

m, n−m

)(
n

k −m,n− k +m

)
xmAn([x]k−m, [1]n−k−m)

for all x ∈ F. This identity indicates that the values of the left-hand
k-variable function are determined by the right-hand side, with the aid
of the at most (k − 1)-variable functions, for all k = 0, 1, . . . , n.

First assume that for all k = 0, 1, . . . , n, we have κ ̸= 2k. Then for all
k = 0, 1, . . . , n,

An([x]k, [1]n−k) = 0 (x ∈ F) ,
thus especially,

f(x) = An([x]n) = 0 (x ∈ F) .

We will show this by induction on k. Above, in the comparison of zero-
degree terms, we have already seen that

(1− κ)An([1]n) = 0.
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Since κ ̸= 1 in this case, An([1]n) = 0. Therefore the statement holds for
k = 0. Assume now that there exists a positive integer, such that the
statement holds for all indices less than k. In other words, suppose that
for all l = 0, 1, . . . , k − 1

An([x]l, [1]n−l) = 0 (x ∈ F) .
Since the left-hand side is a generalized monomial of degree l, which is
identically zero, the symmetric, l-additive mapping, defined uniquely by
it, must also be identically zero. This means however that

An(x1, . . . , xl, [1]n−l) = 0

holds for all x1, . . . , xl ∈ F. This means that the right-hand side of equa-
tion (9) is identically zero, from which(

n

k, n− k

)
(2k − κ)An([x]k, [1]n−k) = 0 (x ∈ F)

can be deduced. So the statement holds also for k. Summing up, if for
all k = 0, 1, . . . , n, we have κ ̸= 2k, then

An([x]k, [1]n−k) = 0 (x ∈ F) ,
thus especially,

f(x) = An([x]n) = 0 (x ∈ F) .
We now turn to discussing the case κ = 1. In this case, we will also
use equation (9) by choosing different indices k. We show that for all
k = 0, 1, . . . , n, we have

An([x]k, [1]n−k) = f(1) · xk (x ∈ F) .
For k = 0, this holds true trivially since An([1]n) = f(1). Assume now
that there exists a positive k less or equal to n such that the statement
holds for l = 0, . . . , k − 1, i.e.,

An([x]l, [1]n−l) = f(1) · xl (x ∈ F) .
Since An is a symmetric and n-additive mapping, for all l = 0, . . . , n, the
mappings

Fl ∋ (x1, . . . , xl) 7−→ An(x1, . . . , xl, [1]n−l)

are symmetric and l-additive. Due to the induction hypothesis, for all
fixed l = 0, . . . , k − 1, the mapping

F ∋ x 7−→ An([x]l, [1]n−l)− f(1) · xl

is identically zero. At the same time, for all fixed l = 0, . . . , k − 1, this
mapping is the trace of the symmetric and l-additive mapping

Fl ∋ (x1, . . . , xl) 7−→ An(x1, . . . , xl, [1]n−l) = f(1) · x1 · · ·xl.
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As the trace is identically zero, this mapping should be identically zero,
too. Therefore,

An(x1, . . . , xl, [1]n−l) = f(1) · x1 · · ·xl (x1, . . . , xl ∈ F) .
holds for all l = 0, . . . , k−1. In this case, however, equation (9) takes the
form(

n

k, n− k

)
(2k − 1)An([x]k, [1]n−k)

= −
⌊ k
2
⌋∑

l=1

(
n

l, k − 2l, n− k + l

)
An

(
[x2]l, [2x]k−2l, [1]n−k

)
+

k∑
m=1

(
n

m, n−m

)(
n

k −m,n− k +m

)
xmAn([x]k−m, [1]n−k−m)

= −
⌊ k
2
⌋∑

l=1

(
n

l, k − 2l, n− k + l

)
f(1) · xk

+
k∑

m=1

(
n

m, n−m

)(
n

k −m,n− k +m

)
xm · f(1) · xk−m

=

(
n

k, n− k

)
(2k − 1) · f(1)xk (x ∈ F) ,

showing that the statement also holds for k. Note, however, that this
means (with k = n) that

An([x]n) = f(1) · xn (x ∈ F) ,
that is,

f(x) = f(1) · xn (x ∈ F) .
We continue with the case κ = 2. Recall that in this case, we have already
seen that An([1]n) = 0 and equation (9) for k = 1 does not contain any
information for the values of the mapping x 7−→ An([x]1, [1]n−1). Consider
the additive function a defined on F by

a(x) = An([x]1, [1]n−1) (x ∈ F) .
We show that for all k = 1, . . . , n,

An([x]k, [1]n−k) =
k∑

l=1

λk,lx
k−la(xl)

holds with some appropriate constants λk,1, . . . , λk,l ∈ K. Due to the
definition of the function a, this statement is true for k = 1. Assume an
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index k ≥ 2 exists now, such that the above statement holds for all index
l = 1, . . . , k − 1. Note from the induction hypothesis it follows that we
have

An(x1, . . . , xl, [1]n−l) =
1

l!

∑
σ∈S l

l∑
m=1

λl,mxσ(m+1) · · ·xσ(l) · a(xσ(1) · · ·xσ(m))

=
1

l!

l∑
m=1

∆x1,...,xl
xl−ma(xm)

for all x1, . . . , xl and for all l = 1, . . . , k − 1. Therefore, we have

An

(
[x2]l, [2x]k−2l, [1]n−k+l

)
=

1

(k − l)!

l∑
m=1

∆[x2]l,[2x]k−2l
yl−ma(ym)

=
k∑

j=1

λ̃k,jx
k−ja(xj)

for all x1, . . . , xl and for all l = 1, . . . , k − 1. Due to identity (9) and the
induction hypothesis, we have

(
n

k, n− k

)
(2k − κ)An([x]k, [1]n−k)
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= −
⌊ k
2
⌋∑

l=1

(
n

l, k − 2l, n− k + l

)
An

(
[x2]l, [2x]k−2l, [1]n−k+l

)
+ κ

k∑
m=1

(
n

m, n−m

)(
n

k −m,n− k +m

)
xmAn([x]k−m, [1]n−k−m)

=
k∑

j=1

λ̃k,jx
k−ja(xj)

+ κ

k∑
m=1

(
n

m, n−m

)(
n

k −m,n− k +m

)
xm

k−m∑
j=1

λk−m,jx
k−m−ja(xj)

=
k∑

j=1

λ̃k,jx
k−ja(xj)

+ κ
k∑

m=1

k−m∑
j=1

(
n

m, n−m

)(
n

k −m,n− k +m

)
λk−m,jx

k−ja(xj)

=
k∑

j=1

λ∗
k,jx

k−ja(xj)

for all x ∈ F. From this, we obtain that the statement also holds for
k. Observe that this means that

f(x) = An([xn]) =
n∑

j=1

λn,jx
n−ja(xj) (x ∈ F)

holds with appropriate constants λ1, . . . , λn. Using this representation
and equation (16), identity

n∑
j=1

λn,jx
2n−2ja(x2j)−

n∑
j=1

2λn,jx
2n−ja(xj) = 0 (x ∈ F)

follows for the additive function a. In view of Corollary 4 of [20], this
means that a ∈ D2n−1(F,K).

Let us consider the case κ = 2n. We show that in this case

An([x]k, [1]n−k) = 0 (x ∈ F)
holds for all k = 0, . . . , n− 1. Since in case κ = 2n, we have An([1]n) = 0,
the statement holds for k = 0. Assume now that there exists a k ∈
{1, . . . , n} such that the statement holds for all l = 0, . . . , k − 1, that is,
we have

An([x]l, [1]n−l) = 0 (x ∈ F)
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for all l = 0, . . . , k − 1. Since the left-hand side of this equation is the
trace of a symmetric and l-additive function, we have

An (x1, . . . , xl, [1]n−l) = 0 (x1, . . . , xl ∈ F)

for all l = 0, . . . , k − 1. Using this, and equation (9), we obtain that(
n

k, n− k

)
(2k − κ)An([x]k, [1]n−k)

= −
⌊ k
2
⌋∑

l=1

(
n

l, k − 2l, n− k + l

)
An

(
[x2]l, [2x]k−2l, [1]n−k+l

)
+ κ

k∑
m=1

(
n

m, n−m

)(
n

k −m,n− k +m

)
xmAn([x]k−m, [1]n−k−m) = 0

for all x ∈ F. Indeed, since l + (k − 2l) ≤ k − 1 and k −m ≤ k − 1 holds
for all l = 1, . . . , ⌊k

2
⌋ and for all m = 1, . . . , k, the mappings

F ∋ x 7−→ An

(
[x2]l, [2x]k−2l, [1]n−k+l

)
and

F ∋ x 7−→ An([x]k−m, [1]n−k−m)

are identically zero.
Since the left-hand side of equation (9) vanishes for κ = 2n, we have

no information for the mapping x 7−→ An([x]n).
Using this, and computing the (n+1)st-degree terms in (8), we deduce

that

n · An(x
2, [2x]n−1)− n · x · 2n · An([x]n) = 0 (x ∈ F) ,

that is,

An([x
2]1, [x]n−1)− 2x · An([x]n) = 0 (x ∈ F) .

The left-hand side of this equation (as a mapping of the variable x) is the
trace of a symmetric and (n+1)-additive function. However, the (n+1)-
additive mapping is necessarily identically zero if the trace vanishes. Thus
we have ∑

σ∈Sn+1

{ An(xσ(1) · xσ(2),xσ(3), . . . , xσ(n+1))

− xσ(1)An(xσ(2), . . . , xσ(n+1))

−xσ(2)An(xσ(1), . . . , xσ(n+1))
}
= 0

for all x1, . . . , xn+1 ∈ F. □
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Remark 17. Notice that the above theorem does not state anything
about the cases when κ ∈

{
2k | k = 2, 3, 4, . . . , n− 1}. In addition, we

make a new conjecture that in the case of k = 2, the order of the higher-
order derivative included in the representation of the function f can be
reduced. This conjecture is supported by our results for the case n = 3,
which can be found in the next section.

Results on the special case n = 3. As a supplement to the result
in the previous section, we will deal with the special case n = 3 below.
Compared to Theorem 14, we can prove two more things. On one hand,
we show that in the case κ = 2, the order of the higher-order derivation
appearing in the representation of the function f is at most 3, not at most
5. On the other hand, we show that in the case κ = 4 the function f is
identically zero.

First, we prove the following lemma, which will help in part (ii) of
Theorem 15.

Lemma 9. Let a : F → K be an additive mapping such that

2 a
(
x6
)
− 9x2 a

(
x4
)
− 4x3 a

(
x3
)

+ 36x4 a
(
x2
)
− 36x5 a (x) = 0 (x ∈ F) .

Then a ∈ D3(F,K).

Proof. Let a : F → K be an additive function such that

2 a
(
x6
)
− 9x2 a

(
x4
)
− 4x3 a

(
x3
)

+ 36x4 a
(
x2
)
− 36x5 a (x) = 0 (x ∈ F) .

Applying the operator ∆1 to both sides of this equation, we get that

4 a
(
x5
)
− 6x a

(
x4
)
+ 7 a

(
x4
)
− 16x2 a

(
x3
)
− 28x a

(
x3
)

+ 44x3 a
(
x2
)
+ 42x2 a

(
x2
)
− 36x4 a (x)− 28x3 a (x) = 0

for all x ∈ F. Observe that the left-hand side of this equation is a gener-
alized polynomial of degree 5, that has fifth-degree and also fourth-degree
monomial terms that should vanish simultaneously. Thus collecting the
fourth-degree terms, we arrive to

7 a
(
x4
)
− 28x a

(
x3
)
+ 42x2 a

(
x2
)
− 28x3 a (x) = 0 (x ∈ F)

that is to

a
(
x4
)
− 4x a

(
x3
)
+ 6x2 a

(
x2
)
− 4x3 a (x) = 0 (x ∈ F) .

In view of [20, Corollary 2] this means that a ∈ D3(F,K). □
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Theorem 15. Let κ ∈ K be arbitrarily fixed and f ∈ M3(F,K) be a
monomial for which

(10) f(x2) = κ · x3f(x)

holds for all x ∈ F. Then the following cases are possible

(i) κ = 1 and then

f(x) = f(1) · x3 (x ∈ F) .

(ii) κ = 2 and then there exists a d ∈ D3(F,K) such that

f(x) = d
(
x3
)
− 9x d (x2)

2
+ 9x2 d (x) (x ∈ F) .

(iii) κ = 8 and then there exists a symmetric and 3-additive mapping D3

for which ∑
σ∈S4

{D3 (xσ(1)xσ(2), xσ(3), xσ(4))

− xσ(1)D3(xσ(2), xσ(3), xσ(4))

− xσ(2)D3(xσ(1), xσ(3), xσ(4)) } = 0

holds for all x1, x2, x3, x4 ∈ F such that

f(x) = D3(x, x, x) (x ∈ F) .

(iv) κ ∈ K \ {1, 2, 8} and f is identically zero.

Proof. The cases κ ∈ K \ {2, 4} immediately follow from Theorem
15. Therefore, it is sufficient to deal only with the cases κ ∈ {2, 4}. In
case n = 3 equation (8) reads as

(11)
∑

α1+α2+α3=3

(
3

α1, α3, α3

)
A3([x

2]α1 , [2x]α2 , [1]α3)

− κ(x3 + 3x2 + 3x+ 1)
∑

α1+α2=3

(
3

α1, α2

)
A3([x]α1 , [1]α2) = 0 (x ∈ F) .

At first, we consider the case κ = 2. Collecting the constant terms we get
that f(1) = A3(1, 1, 1) = 0. Further, computing the first-degree mono-
mial terms, we do not get any information for the values of A3(x, 1, 1).
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The second-degree monomial terms must also vanish, thus(
3

1, 0, 2

)
A3([x

2]1, [1]2)

+

(
3

0, 2, 1

)
A3([2x]2, [1]1)− 3κx2

(
3

0, 3

)
A3([1]3)

− 3κx

(
3

1, 2

)
A3([x]1, [1]2)− κ

(
3

2, 1

)
A3([x]2, [1]1) = 0,

or after some rearrangement

(4− κ)A3(x, x, 1) + A3(x
2, 1, 1)− κx2A3(1, 1, 1)− 3κxA3(x, 1, 1) = 0

for all x ∈ F. If κ = 2, then we have

2A3(x, x, 1) + A3(x
2, 1, 1)− 6xA3(x, 1, 1) = 0 (x ∈ F) ,

where the identity A3(1, 1, 1) = 0 was also used. Thus,

2A3(x, x, 1) + a(x2)− 6xa(x) = 0

holds with the additive function a : F → K, where

a(x) = A3(x, 1, 1) (x ∈ F) .

Finally, the fact that the third-degree terms should vanish, yields

12A3(x
2, x, 1) + 8A3(x, x, x)

− κx3A3(1, 1, 1)− 9κx2A3(x, 1, 1)

− 9κxA3(x, x, 1)− κA3(x, x, x) = 0 (x ∈ F) ,

that is,

(12) (8− κ)A3(x, x, x)

+ 12A3(x
2, x, 1)− 9κxA3(x, x, 1)

− 9κx2A3(x, 1, 1)− κx3A3(1, 1, 1) = 0 (x ∈ F) .

If κ = 2, then equation (12) furnishes

A3(x, x, x) = a
(
x3
)
− 9x a (x2)

2
+ 9x2 a (x)

for all x ∈ F. This means that the function f can be represented as

f(x) = a
(
x3
)
− 9x a (x2)

2
+ 9x2 a (x)
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for all x ∈ F. Since f satisfies equation (17), the additive function a
necessarily fulfills

2 a
(
x6
)
− 9x2 a

(
x4
)
− 4x3 a

(
x3
)

+ 36x4 a
(
x2
)
− 36x5 a (x) = 0 (x ∈ F) .

This however, in view of Lemma 9 implies that a ∈ D3(F).
Finally, in case κ = 4, we show that f is identically zero. Similarly, as

in case κ = 2, we determine the first, second, and third-degree terms in
(11). Computing the first-degree terms,

A3(x, 1, 1) = 0 (x ∈ F)
follows. The second-degree terms should also vanish. Thus we have

(4− κ)A3(x, x, 1) + A3(x
2, 1, 1)− κx2A3(1, 1, 1)− 3κxA3(x, 1, 1) = 0

for all x ∈ F, yielding no information for the values A3(x, x, 1) in the case
κ = 4. Further, if we compute the third-degree terms, we obtain that

A3(x, x, x) =9xA3(x, x, 1)− 3A3(x
2, x, 1)

=9xB(x, x)− 3B(x2, x) (x ∈ F) ,

where the symmetric and bi-additive function B : F2 → K is defined
through

B(x, y) = A3(x, y, 1) (x, y ∈ F) .
This means that the values of function B completely determine function
A3. Indeed, we have

A3(x, y, z) = 3 [xB(y, z) + yB(x, z) + zB(x, y)]

− [B(xy, z) +B(xz, y) +B(yz, x)] (x, y, z ∈ F) .

Reformulating equation (17) with the aid of the mapping B,

0 = f(x2)− 4x3f(x)

= −3B(x4, x2) + 9x2B(x2, x2) + 12x3B(x2, x)− 36x4B(x, x),

that is,

B(x4, x2)− 3x2B(x2, x2)− 4x3B(x2, x) + 12x4B(x, x) = 0

follows for all x ∈ F. The left side, as a function of the variable x, i.e.,

g(x) = B(x4, x2)− 3x2B(x2, x2)− 4x3B(x2, x) + 12x4B(x, x)

is a monomial of degree 6, which is identically zero. Thus τ1g is a gen-
eralized polynomial of degree at most 6. Computing the fourth degree
monomial terms of τ1g, we get that

(13) 3B(x2, x2)−36xB(x2, x)+8B(x3, x)+36x2B(x, x) = 0 (x ∈ F) .
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On the other hand, if we collect the fourth-degree terms in (11),

A3(x
2, x, x)− 3x2A3(x, x, 1) + xA3(x, x, x) = 0,

expressing this, with the aid of the function B,

(14) −2B(x3, x)−B(x2, x2) + 9xB(x2, x)− 9x2B(x, x) = 0

follows for all x ∈ F. Combining equations (13) and (14),

B(x2, x2) = 0

can be concluded for all x ∈ F. Since the left-hand side of this identity is
the trace of the symmetric and 4-additive mapping

B4(x1, x2, x3, x4)

=
1

3
[B(x1x2, x3x4) +B(x1x3, x2x4) +B(x1x4, x2x3)]

(x1, x2, x3, x4 ∈ F) ,
we have

0 = B4(x, y, 1, 1) =
B(xy, 1)

3
+

2B(x, y)

3
=

2

3
B(x, y)

for all x, y ∈ F. So B is identically zero. Therefore

f(x) = A3(x, x, x) = 9xB(x, x)− 3B(x2, x) = 0 (x ∈ F) ,
as stated. □



Summary

The following section provides a summary of the key accomplishments
achieved in this dissertation. Our research has resulted in several lemmas,
propositions, theorems, examples and corollaries which are derived from
the papers Gselmann–Iqbal [17, 18, 19].

Additive functions are significant in the field of functional equations
and commutative algebra. It is an important and challenging question
how special morphisms can be characterized among additive mappings
in general. The investigation of additive mappings that satisfy a poly-
nomial equation from one ring to another was started by G. Ancochea
in [4], who specifically studied additive functions that preserve squares.
Subsequently, these findings were further developed among others by Ka-
plansky [25] and Jacobson-Rickart [24]. The results of [4] were gener-
alized and extended in several ways, see for instance [24], [25], [36]. In
[23] I.N. Herstein showed that if φ is a Jordan homomorphism of a ring R
onto a prime ring R′ of characteristic different from 2 and 3, then either
φ is a homomorphism or an anti-homomorphism.

Besides homomorphisms, derivations also play a key role in the theory
of rings and fields. Concerning this notion, we will follow [27, Chapter
14]. Hamel basis play a very crucial role in case of additive functions.
As [27, Theorem 14.2.1] shows in case of derivations, algebraic bases are
fundamental. Similar to homomorphisms, characterization theorems re-
lated to derivations also have extensive literature, see e.g. the monographs
[27, 35].

According to a classical result in connection to derivations, if F is a
subfield of the field K with characteristic zero, P ∈ F[x] is a polynomial
and the additive function a : F → K fulfills

a(P (x)) = P ′(x) · a(x) (x ∈ F) ,

then a is a derivation.
Note that this problem can be viewed as a special case of a more

general problem. Indeed, let K be a field of characteristic zero and F ⊂ K
be a subfield, let further P ∈ F[x] and Q ∈ K[x1, x2] be given polynomials
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and a : F → K be an additive function such that

a(P (x)) = Q(x, a(x)) (x ∈ F) .

The question arises: Does the above identity imply that this additive
function a has some ‘special form’? For certain polynomials P and Q,
in the case of classical results, the unknown additive function a is a ho-
momorphism, a derivation, or a linear combination of these. Naturally,
the question arises as to whether this is the case for all polynomials P
and Q. Similar questions can be raised about generalized monomial func-
tions instead of additive functions: assume that n and k are positive
integers, Pi,j ∈ F[x] and P ∈ K[z, x1,1, . . . , xn,k] are given polynomials for
i = 1, . . . , n; j = 1, . . . , k. Suppose further that f1, . . . , fn : F → K are
generalized monomials (of possibly different degree) such that
(•)
P (x, f1(P1,1(x)), . . . , f1(P1,k(x)), . . . , fn(Pn,1(x)), . . . , fn(Pn,k(x))) = 0

holds for all x ∈ F? Is it true that the monomial functions here necessarily
have a ‘special’ form? If so, is there a method to determine these special
forms?

In the case where the unknown generalized monomial functions are
additive, some results can be found e.g. in [10, 11, 12, 13, 20, 21]. The
papers [16, 17] contain related results, but there the unknown functions
were assumed to be quadratic. Our papers [17] and [18] are continuations
of these.

Monomial functions, normal polynomials and polynomial
equations. Let F ⊂ C be a field, n be a positive integer and P ∈ F[x]
be a polynomial. In Chapter 2, firstly we study generalized monomials
f : F → C of degree n under the condition that the mapping

F ∋ x 7−→ f(P (x))

is a (normal) polynomial.
This problem is not an end in itself. We undertake this investigation

because it allows the original problem to be reduced, in many cases, to a
much simpler one.

Accordingly, at first we show that instead of polynomials P in the
original problem, we always may restrict ourselves to (classical) mono-
mials. In fact, we can always restrict ourselves to homogeneous normal
polynomials. More precisely, to carry out the aforementioned reduction,
we prove the following two things.

Let k, n ∈ N, k ≥ 2, F ⊂ C be a field, P ∈ F[x] be a (classical)
polynomial of degree k with leading coefficient 1 and f : F → C be a



generalized monomial of degree n. If the mapping

F ∋ x 7−→ f(P (x))

is a normal polynomial, then the mapping

F ∋ x 7−→ f(xk)

is a normal polynomial as well.
Secondly we show that if the mapping

F ∋ x 7−→ f(xk)

is a normal polynomial, then there exists a homogeneous complex poly-
nomial P̃ and there are linearly independent, complex valued additive
functions a1, . . . , am on F such that

f(xk) = P̃ (a1(x), . . . , am(x)) (x ∈ F) ,

in other words, we have

f(xk) =
∑
α∈Nm

|α|=kn

λαa
α(x) =

∑
α1,...,αm≥0

α1+···+αm=kn

λα1,...,αma
α1
1 (x) · · · aαm

m (x)

for each x ∈ F.
At first glance, the assumption that the mapping

F ∋ x 7−→ f(xk)

is a normal polyomial, seems a bit artificial. Nevertheless, the following
examples show that this is indeed the case in connection to characteriza-
tion theorems of homomorphisms and derivations.

(1) Let k be a positive integer, φ1, . . . , φk : F → C be linearly in-
dependent homomorphisms and λi,j ∈ C for all i, j = 1, . . . , k.
Then the mapping f : F → C defined by

f(x) =
k∑

i,j=1

λi,jφi(x)φj(x) (x ∈ F)

is a quadratic function. Further if n ∈ N, then we also have

f(xn) =
k∑

i,j=1

λi,jφi(x)
nφj(x)

n (x ∈ F) .

In other words, we have

f(xn) = P (φ1(x), . . . , φk(x)) (x ∈ F) ,



where the k-variable complex, homogeneous polynomial P is de-
fined by

P (x1, . . . , xk) =
k∑

i,j=1

λi,jx
n
i x

n
j (x1, . . . , xk ∈ C) .

(2) Suppose now that F is a subfield of C. Let k be a positive
integer, d1, . . . , dk : F → C be linearly independent derivations
and λi,j ∈ C for all i, j = 1, . . . , k. Then the mapping f : F → C
defined by

f(x) =
k∑

i,j=1

λi,jdi(x)dj(x) (x ∈ F)

is a quadratic function. Further if n ∈ N, then we also have

f(xn) =
k∑

i,j=1

λi,jn
2x2n−2di(x)dj(x) (x ∈ F) .

In other words,

f(xn) = P (x, d1(x), . . . , dk(x)) (x ∈ F) ,

where the (k + 1)-variable complex polynomial P is defined by

P (x1, . . . , xk, z) =
n∑

i,j=1

λi,jn
2z2n−2xixj (x1, . . . , xk, z ∈ C) .

Regarding ‘polynomial equations’ for generalized monomials, we note
that in the literature, there are several results for additive functions
a : F → C that also satisfy a polynomial equation. Based on the results
presented above, the following statement can be deduced.

Let F ⊂ C be a field, k ∈ N, k ≥ 2 and P ∈ Q[x] be a (classical)
polynomial of degree k.

(1) If the additive function a : F → C fulfills

a(P (x)) = P (a(x)) (x ∈ F) ,

then there exists a homomorphism φ : F → C such that a(x) =
a(1)φ(x) for all x ∈ F. Further, we also have a(1) ∈ {0, 1}.

(2) If the additive function a : F → C fulfills

a(P (x)) = P ′(x)a(x) (x ∈ F) ,

then a is a derivation.



We emphasize that the results of the previous statement are classical
ones. Nevertheless, we would like to indicate that from one hand the
problem we consider in this dissertation has some prior results both in
algebra and the theory of functional equations. Further, with the help of
the statements presented here, the proofs can be significantly simplified
(at least for mappings a : F → C).

In the papers [10, 11, 13, 20, 21] further results can be found con-
cerning additive functions that also fulfill certain polynomial equations.

We also note that related problems have already been considered by
Z. Boros and E. Garda–Mátyás in [7, 5] by Z. Boros and R. Menzer in
[8] and also by M. Amou in [3]. In these papers the authors consider
real monomial functions, which satisfy certain conditional equations on
a specified planar curve. In [16], the polynomial equation f(P (x)) =
Q(f(x)) for the monomial function f : F → C was considered.

A result for additive functions. The simplest special case of the prob-
lem we are interested in is when the generalized monomial f : F → C is
of degree 1, i.e., when f is an additive function. In this regard, we have
the following statement.

Let k be a positive integer, F ⊂ C be a field and a : F → C be an
additive function. If the mapping

F ∋ x 7−→ a(xk)

is a (normal) polynomial, then a is a generalized higher order derivation.
Results for quadratic functions. As a continuation, the question arises

what happens when the generalized monomial f : F → C is of degree 2,
i.e., when f is a quadratic function. In this case, we have the following
results.

Let n ∈ N, n ≥ 2 and F ⊂ C be a field. Assume that f : F → C is a
quadratic function, while a : F → C is additive and we have

(15) f(xn) = a(x)2n (x ∈ F) .

Then there exists a complex constant α ∈ C and a homomorphism φ : F →
C such that

a(x) = αφ(x) and f(x) = α2nφ(x)2 (x ∈ F) .

And also conversely, if we define the functions a and f through the above
formula then they satisfy equation (15) for all x ∈ F.

The second result states the following.
Let F ⊂ C be a field, f : F → C be a quadratic function, while

a1, a2 : F → C be additive functions. Then equation

f(x2) = a1(x)
2a2(x)

2



holds for all x ∈ F if and only if there exist homomorphisms φ1, φ2 : F → C
such that

f(x) = f(1) · φ1(x)φ2(x) and ai(x) = ai(1)φi(x) (x ∈ F, i = 1, 2) .

Qudaratic functions as the solutions of polynomial equations.
Let K be a field of characteristic zero and F ⊂ K be a subfield of K. The
main objective of Chapter 3 is to determine all those quadratic func-
tions q : F → K that satisfy a Levi-Civita equation on the multiplicative
structure, i.e., that can be written as

q(xy) =
k∑

i=1

gi(x)hi(y)
(
x, y ∈ F×)

with some positive integer k and with some appropriate functions gi, hi,
i = 1, . . . , k. For this, those quadratic functions q that satisfy the equa-
tions

q(xy) = q(x)q(y)
(
x, y ∈ F×)

and
q(xy) = x2q(y) + q(x)y2

(
x, y ∈ F×) ,

respectively, must first be determined.
Let us endow F× and also K with the discrete topology and let

C (F×,K) denote the linear space of all those functions f : F× → K that
are continuous. Then the set

V = {f |F× | f : F → K is quadratic}
is a closed, translation-invariant linear subspace of C (F×,K). So V ⊂
C (F×,K) is a variety. Note that the translate of a function f ∈ C (F×,K)
by an element y ∈ F× is defined as

(τyf) = f(x · y)
(
x ∈ F×) .

We also have some illustrative examples

(1) Let φ1, φ2 : F → K be homomorphisms and let us consider the
function q : F → K defined by

q(x) = φ1(x)φ2(x) (x ∈ F) .
Then q is the trace of the symmetric and bi-additive mapping

B(x, y) = φ1(x)φ2(y) + φ1(y)φ2(x) (x, y ∈ F) .
So q is a quadratic function. Further, we have

q(xy) = φ1(xy)φ2(xy)

= (φ1(x)φ1(y)) · (φ2(x)φ2(y))

= (φ1(x)φ2(x)) · (φ1(y)φ2(y)) = q(x) · q(y) (x, y ∈ F) .



(2) Let d : F → K be a derivation and define the quadratic mapping
q : F → K by

q(x) = d(x2) (x ∈ F) .
An easy computation shows that in this case, q determines
uniquely a symmetric and bi-additive mapping, namely

B(x, y) = d(xy) (x, y ∈ F) .
Moreover, we have

q(xy)

x2y2
=

1

x2y2
d((xy)2) =

1

x2y2
· 2xyd(xy) = 2

xy
[xd(y) + d(x)y]

= 2
d(x)

x
+ 2

d(y)

y
=

d(x2)

x2
+

d(y2)

y2

=
q(x)

x2
+

q(y)

y2

for all x, y ∈ F×.

With the above notations, the first example shows that the mapping q
defined with the aid of the homomorphisms φ1 and φ2 by the formula

q(x) = φ1(x)φ2(x) (x ∈ F) ,
is an exponential in the variety V .

Similarly, the second example shows that the mapping q defined with
the help of the derivation d : F → K by

q(x) = d(x2) (x ∈ F)
is a moment function of degree 1 corresponding to the exponential q0(x) =
x2 (x ∈ F).

In Chapter 3, we are mainly interested in converse direction.
Quadratic functions that are multiplicative and additive on the multi-

plicative group F×. First we have a result for the quadratic functions that
are multiplicative on F×. The theorem states the following.

(1) Let K be a field of characteristic zero and F ⊂ K be a subfield.
Let further q : F → K be a quadratic function. If the mapping q is
multiplicative on F×, that is,

q(xy) = q(x)q(y)

holds for all x, y ∈ F×, then there exist homomorphisms φ1, φ2 : F →
K such that

q(x) = c · φ1(x)φ2(x) (x ∈ F) ,
where c ∈ {0, 1}.



The second theorem for the quadratic functions that are additive
on F× states the following.

(2) Let K be a field of characteristic zero and F ⊂ K be a subfield. Let

further q : F → K be a quadratic function. If the mapping
q

π2

is

additive on F×, that is,

q(xy) = q(x)y2 + x2q(y)

holds for all x, y ∈ F× and π2(x) = x2 (x ∈ F), then there exists a
second order derivation d : F → K such that

q(x) = 4xd(x)− d(x2) (x ∈ F) .

Note that the quadratic mapping that appears in Example 2 is covered
in Theorem 2. Indeed, if d : F → K is a derivation, then d ∈ D1(F,K) ⊂
D2(F,K). So d is a derivation of order two, too. Thus

q(x) = 4xd(x)− d(x2) = 2d(x2)− d(x2) = d(x2) (x ∈ F) ,

showing that mappings appearing in Example 2 can indeed be written as
mappings appearing in Theorem 2.

However, Theorem 2 shows that the equation

q(xy) = x2q(y) + y2q(x) = 0 (x, y ∈ F)

has other quadratic solutions than those found in Example 2. Indeed,
if d1, d2 : F → K are non-identically zero derivations, then d1 ◦ d2 ∈
D2(F,K) \ D1(F,K). Then the mapping q : F → K defined by

q(x) = 4xd1 ◦ d2(x)− d1 ◦ d2(x2) (x ∈ F)

is quadratic. Further, we have

q(x2) = 4x2d1 ◦ d2(x2)− d1 ◦ d2(x4)

= 4x2 (2xd1 ◦ d2(x) + 2d1(x)d2(x))

−
(
4x3d1 ◦ d2(x) + 12x2d1(x)d2(x)

)
= 4x3d1 ◦ d2(x)− 4x2d1(x)d2(x)

and

2x2q(x) = 2x2
(
4xd1 ◦ d2(x)− d1 ◦ d2(x2)

)
= 8x3d1 ◦ d2(x)− 2x2 (2xd1 ◦ d2(x) + 2d1(x)d2(x))

= 4x3d1 ◦ d2(x)− 4x2d1(x)d2(x)

for all x ∈ F. Thus

q(x2) = 2x2q(x) (x ∈ F) .



Note, however, that due to the methods described in the proof of Theorem
2, this equation is equivalent to

q(xy) = x2q(y) + y2q(x) (x, y ∈ F) .

In view of Theorem 1, if φ : F → K is a homomorphism then the
mapping q defined on F by

q(x) = φ(x)2 (x ∈ F)

is quadratic and is also an exponential on the multiplicative group F×

Thus, using the previous theorem, we obtain the following statement.
Let K be a field of characteristic zero and F ⊂ K be a subfield. Let

further q : F → K be a quadratic function, while φ : F → K be a homo-
morphism such that

q(xy) = φ(x)2q(y) + q(x)φ(y)2 (x, y ∈ F) .

Then there exists a second-order derivation d ∈ D2(F,K) such that

q(x) = φ
(
4xd(x)− d(x2)

)
(x ∈ F) .

And vice versa, that is, if d is a second-order derivation and φ is a homo-
morphism, then the function q given by the above formula is a quadratic
function that also satisfies the above equation.

We also obtain some extension of these results, in which instead of the
identity mapping, homomorphisms appear.

Let K be a field of characteristic zero and F ⊂ K be a subfield. Let
further q : F → K be a quadratic function, while φ1, φ2 : F → K be ho-
momorphisms such that

q(xy) = φ1(x)φ2(x)q(y) + φ1(y)φ2(y)q(x) (x, y ∈ F) .

Then there exists an additive function a : F → K such that

q(x) = 2(φ1(x) + φ2(x))a(x)− a(x2) (x ∈ F) ,

where the additive function also fulfills

2 a (x y z)− (φ1(x) + φ2(x)) a (y z)− (φ1(y) + φ2(y)) a (x z)(♠)

− (φ1(z) + φ2(z)) a (x y) + (φ1(x)φ2(y) + φ2(x)φ1(y)) a (z)

+ (φ1(x)φ2(z) + φ2(x)φ1(z)) a (y)

+ (φ1(y)φ2(z) + φ2(y)φ1(z)) a (x) = 0

for all x, y, z ∈ F. And also conversely, if a is an additive function ful-
filling (♠) with the homomorphisms φ1, φ2, then the function q given by
the above formula is a quadratic function that also satisfies the above
equation.



If φ1 = φ2 = id in equation (♠), then we have

a(x3)− 6xa(x2) + 3x2a(x) = 0 (x ∈ F)

and a(1) = 0 for the additive function a : F → K. In view of [20, Corollary
2] we deduce that a ∈ D2(F,K).

Similarly, if φ : F → K is a non-identically zero homomorphism and
we take φ1 = φ2 = φ, then equation (♠) reduces to

a(x3)− 6φ(x)a(x2) + 3φ(x)2a(x) = 0 (x ∈ F) .

This means that the mapping d : F → K defined by

d(x) = φ−1(a(x)) (x ∈ F)

satisfies

d(x3)− 6xd(x2) + 3x2d(x) = 0 (x ∈ F) .

So a = φ ◦ d with an appropriate d ∈ D2(F,K).
These two special cases allow us to conclude that in the general case

(see identity (♠)), the function a can be represented with the help of a
second-order derivation and homomorphisms.

Quadratic functions as solutions of polynomial equations. Let K be a
field of characteristic zero and F ⊂ K be a subfield. Let r be a positive
integer and suppose that for all multi-index α ∈ Nr the mapping qα : F →
K is quadratic such that

q0(x) = x2 (x ∈ F) .

Assume further that we have

qα(xy) =
∑
β≤α

(
α

β

)
qβ(x)qα−β(y)

(
x, y ∈ F×)

for all multi-index α ∈ Nr. Then there exists a sequence of K-valued
‘additive functions’ a = (aα)α∈Nr on F× such that

qα(x) = Bα(a(x))x
2

holds for all x ∈ F and for each multi-index α ∈ Nr. Here the fact that
aα : F → K is an ‘additive function’ means that there exists dα ∈ D2(F,K)
such that

aα(x) = 4
dα(x)

x
− dα(x

2)

x2

(
x ∈ F×) .



A functional equation for monomials. In Chapter 4 our study,
inspired by [7], seeks to build upon the work of the authors who investi-
gated real quadratic functions f that satisfy the equation

f(x2) = K · x2f(x) (x ∈ R) .
Their research laid the foundation for our further exploration of func-
tional equations involving monomial functions. Assuming that the func-
tions involved are monomials, we started the systematic examination of
polynomial equation in the papers [17, 18]. Our research work delves
into a natural extension of the aforementioned equation, as we set out to
uncover the properties of monomial functions f : F → K of degree n that
satisfy the equation

f(x2) = κ · xnf(x) (x ∈ F) .
As we will see, similarly to additive and quadratic functions, monomial
functions in the equation in some cases can be represented with the aid
of homomorphisms and higher-order derivations.

Let F,K be fields with characteristic zero such that F ⊂ K, and n be
a positive integer. Define

Mn(F,K) = {f : F → K | f is a monomial of degree n} .
At first instance, the above problem may seem quite specific, and nat-
urally the question arises whether we should consider the more general
equation

f(x2) = κ · xlf(x) (x ∈ F)
with a fixed positive integer l. In this regard, we prove firstly the following
statement.

Let n, l be positive integers, κ be a nonzero element of the field K and
f ∈ Mn(F,K) such that

f(x2) = κ · xlf(x) (x ∈ F)
holds. If n ̸= l, then the function f is identically zero.

This shows that the above equation can have nonidentically zero so-
lutions only when n = l. So it is enough to restrict ourselves to the case
n = l. In this direction we have the following result.

Let n be a given positive integer, κ ∈ K and f ∈ Mn(F,K) such that

(16) f(x2) = κ · xnf(x)

holds for all x ∈ F. Then
(i) if κ /∈

{
2k | k = 0, 1, . . . , n

}
, then f is identically zero,

(ii) if κ = 1, then

f(x) = f(1) · xn (x ∈ F) ,



(iii) if κ = 2, then there exists an a ∈ D2n−1(F,K) such that

f(x) =
n∑

j=1

λn,jx
n−ja(xj) (x ∈ F)

holds with appropriate constants λ1, . . . , λn ∈ K,
(iv) if κ = 2n, then there exists a symmetric and n-additive mapping

An : Fn → K such that∑
σ∈Sn+1

{
An(xσ(1) · xσ(2), xσ(3), ..., xσ(n+1))

−xσ(1) · An(xσ(2), . . . , xσ(n+1))− xσ(2) · An(xσ(1), . . . , xσ(n+1))
}
= 0

(x1, . . . , xn+1 ∈ F)
and

f(x) = An(x, . . . , x) (x ∈ F)
holds.

We also deal with the special case n = 3 separately. Compared to the
above result, for n = 3 we can prove two more things. On the one hand,
we show that in the case κ = 2, the order of the higher-order derivation
appearing in the representation of the function f is at most 3, not at most
5. On the other hand, we show that in the case κ = 4 the function f is
identically zero. In this regard, we have the following outcome:

Let κ ∈ K be arbitrarily fixed and f ∈ M3(F,K) be a monomial for
which

(17) f(x2) = κ · x3f(x)

holds for all x ∈ F. Then the following cases are possible

(i) κ = 1 and then

f(x) = f(1) · x3 (x ∈ F) .
(ii) κ = 2 and then there exists a d ∈ D3(F,K) such that

f(x) = d
(
x3
)
− 9x d (x2)

2
+ 9x2 d (x) (x ∈ F) .

(iii) κ = 8 and then there exists a symmetric and 3-additive mapping D3

for which

∑
σ∈S4

[
D3(xσ(1)xσ(2), xσ(3), xσ(4))− xσ(1)D3(xσ(2), xσ(3), xσ(4))

−xσ(2)D3(xσ(1), xσ(3), xσ(4))
]
= 0

(x1, x2, x3, x4 ∈ F)



such that
f(x) = D3(x, x, x) (x ∈ F) .

(iv) κ ∈ K \ {1, 2, 8} and f is identically zero.
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[33] László Székelyhidi. Harmonic and spectral analysis. World Scientific Publishing
Co. Pte. Ltd., Hackensack, NJ, 2014.

[34] Josef Unger and Ludwig Reich. Derivationen höherer Ordnung als Lösungen
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