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Abstract. A nilpotent Lie algebra n equipped with an Euclidean inner
product is called nilpotent metric Lie algebra. In this paper we describe
the sets of the geodesic vectors and the flat totally geodesic subalgebras
of the six-dimensional filiform metric Lie algebras. In this class with the
exception of the metric Lie algebras corresponding to the standard fili-
form Lie algebra the flat totally geodesic subalgebras of every metric Lie
algebra have dimension at most two.
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1. Introduction

Let n be a real nilpotent Lie algebra and N be the connected and simply
connected Lie group having Lie algebra n. We call (n, (.,.))a metric nilpotent
Lie algebra if it is given an Euclidean inner product (.,.)on n. An inner product
(.,.) on n determines a left-invariant metric (.,.)y on N and conversely. The
corresponding nilpotent Lie group N endowed with the left-invariant metric
(.,.)n arising from (.,.) is a Riemannian nilmanifold.

Riemannian nilmanifolds have been studied extensively in the last decades.
The first general studies for 2-step nilmanifolds were done by P. Eberlein (see
[3,4]).

We call a subalgebra h of a metric Lie algebra (n, (., .)) flat, respectively totally
geodesic if its exponential image H in the Lie group N with the left invariant
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Riemann metric (.,.)y is flat, respectively totally geodesic submanifold. A
subalgebra b of a metric Lie algebra (n, (.,.)) is totally geodesic if and only if
it satisfies

([X,Y),Z2)+ (X, Z],Y) =0, (1.1)

for all Y, Z € h and X in the orthogonal complement h* of b (cf. Lemma 1.2
in [1]). Moreover, a non-zero vector Y € (n, {.,.)) is geodesic precisely if for all
X € (n,{(.,.)) one has

([X,Y],Y) = 0. (1.2)

Cairns, Hini¢ Gali¢ and Nikolayevsky presented a comprehensive study of to-
tally geodesic subgroups of Riemannian nilmanifolds and the corresponding
subalgebras of nilpotent metric Lie algebras. In particular the authors gave
several results on the possible dimensions of totally geodesic subalgebras. They
also found examples, where the obtained bounds on the dimensions of totally
geodesic subalgebras are attained. Furthermore they gave an example of a
6-dimensional filiform nilpotent Lie algebra that has no totally geodesic sub-
algebra of dimension > 2, for any choice of inner product (see [1,2]).

Nagy and Homolya in [8] studied geodesic vectors and flat totally geodesic sub-
algebras in 2-step nilpotent metric Lie algebras and proved that for isomorphic
Lie algebras n and n* there exists a bijective linear map n — n* preserving
the geodesic, respectively flat totally geodesic property of vectors, respectively
subalgebras. Moreover they determined the sets of the geodesic vectors and the
flat totally geodesic subalgebras in the 2-step nilpotent metric Lie algebras of
dimension < 6.

In [5] Figula and Nagy classified the isometry equivalence classes and deter-
mined the isometry groups of connected and simply connected Riemannian nil-
manifolds on filiform Lie groups of arbitrary dimension and on five dimensional
nilpotent Lie groups of nilpotency class > 2. Applying their approach Abbas
and Figula proved that up to isometric isomorphism any six-dimensional fili-
form metric Lie algebra is of the form n6714(ai, ﬁj), n6,15(ai, ﬁj), n6,16(04i’ Bj),
ng17(, 8;) and ngas(a;, 5;). These metric Lie algebras are defined by the
following non-vanishing commutators (see [6]):

(1) ne,14(cvi, 55)
[Er, Es] = B3 + 51 Ey + B2Es + B3 Eg,

+
[E1, B3] = an By — %maizlaﬁffs + B4Es,
aja
(B, Ba] = = = Es + Bs s, By, B3] = asBs + s B, (1)
[E2, E4) = B7Fs, [E2, E5] = auFg,
[E4, B3] = as Eg,

such that o; > 0,5 =1,...,5, ; € R,j =1,...,7, and if the set J =
{7 €{1,4,7} : B # 0} # 0, then 3;, > 0 for the minimal element j, € J,
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(2) ne,15(cxi, B5)

[Er, Es] = a1 B3 + B1Ey + BoBs + B3Fs,  [E1, B3] = agBy + BuEs + 35 Es,
[Eh, By] = azEs + BsEs, s, Bs) = 225 By + B, (1.4)
[Er, E5] = ayE, (B, Ey] = 045E67

such that o; > 0, =1,...,5, 8; € R,j = 1,...,7, and if the set J =
{7 € {1,3,4,6,7} : B; # 0} # 0, then (3, 0 for the minimal element
Jo € J,

(3) ne,16(, B5)

[E1, Es] = aq Es + 31 Ey + B2 Es + B3 Eg,

(6% (6%
[E1, B3] = ooy — ( 361 + 268) Es + B4Es,

(651 (7]
[E1, B4 = asE5 + (5 Eg, [E1, Es] = BsFs, (1.5)
[Eo, B3] = 37 Fg, [Eo, E4] = BsEg,
aso
[Ea, Es] = oy Eg, (B4, B3] = = 4E6»

such that o; > 0,4 = 1,...,4, 8; € R,j = 1,...,8, and one of the
following cases is satisfied:
(a) B1=03=04=05=0s=ps =0,
(b) B3 >0o0r 5 >0, 81 =ps=0Fs=0Fs=0,
(c) Bs>0o0r By >0,8=P3=05=0=0,
(d) Br>00r g >0, B3 =4 = s = s =0,
(e) at least two elements of the set {1, 03, 04, 35, 06, O3} are positive
with the exceptions (8; > 0, 85 > 0), (83 > 0,05 > 0), (84 > 0,86 >
0),
(4) ng17(0y, B;)

(B, Bs) = oy Es + 1By + BoEos + B3Bs,  [E1, B3] = asEy + B4Es + B5Eg,
[E1, Es] = asEs + BsEs, [E1, E5] = auFEs, (1.6)
[Es, B3] = a5 Eg,

such that a; > 0,4 =1,...,5, 8; € R,j7 = 1,...,6 and if the set J =
{7 € {1,3,4,6} : B; # 0} # 0, then B;, > 0 for the minimal element
Jjo € J. Moreover, the Lie algebra ng1s(c, 3;) is defined by the same
commutators with as = 0.

Our aim in this work is to determine the sets of the geodesic vectors and the
flat totally geodesic subalgebras in the class C of the six-dimensional filiform
metric Lie algebras. Our investigation shows that in C only metric Lie algebras
corresponding to the standard filiform Lie algebra allow a flat totally geodesic
subalgebra of dimension > 2 (cf. Theorems 3.2, 3.4, 3.8, 4.2, 4.3).
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2. Preliminaries

For any Lie algebra n, the lower central series of n is defined by n(9) :=n,n() =
[n,n] and nC+D) = [n,n®], i > 1. If n*) is trivial for some integer k, then the
Lie algebra n is called nilpotent. Let k be the smallest integer so that n(®) is
trivial, then n is said to be k-step nilpotent. An n-dimensional nilpotent Lie
algebra is called filiform if it is n — 1-step nilpotent. We say an n-dimensional
nilpotent Lie algebra n is N-graded filiform, if it can be decomposed in a direct
sum of one-dimensional subspaces n = &7, V; with [V4,V;] = V44 for alli > 1
and [V;,V;] C Viq; for all 4,j € N, where for convenience we set V; = 0 for
1> n.

Let E® be a 6-dimensional Euclidean vector space with a distinguished or-
thonormal basis {E1, Fa, E5, Ey4, E5, Eg}. Let (n,(.,.)) be a filiform metric Lie
algebra of dimension 6 defined on E°® by the commutators and relations de-
scribed in cases (1.3), (1.4), (1.5), (1.6). The lower central series of the 6-
dimensional filiform Lie algebra n is given by n(!) = span(FEs, Ey, E5, Fg),
n® = span(Ey, Fs, Eg), n®) = span(Es, Eg), n® = span(FEg) which is the
center ¢ of n, and n®® = {0}. Denote by a; the orthogonal complement of
n® in n0=Y 4§ = 1,2, 3 4. Hence we have a; = span(FE, E), ay = span(F3),
a3 = span(FEy), a4 = span(Es), and n = ®1_,a; ® .

According to [8, Lemmas 1, 2], we have the following:

Lemma 2.1. A subalgebra by in a nilpotent metric Lie algebra (n,(.,.)) is flat
if and only if it is abelian. A subalgebra by in (n,(.,.)) is flat totally geodesic
precisely if each non-zero element of b is geodesic.

Lemma 2.2. Let (n,{.,.)) be a 6-dimensional filiform metric Lie algebra. Fach
non-zero vector in U?_,a;UC is geodesic. Any subalgebra contained in U?_ a; U
1s flat totally geodesic.

Proof. f Y € (, then for every X € n we have [X,Y] = 0 and hence
((X,Y],Y) = 0. Let Y € a;, i = 1,2,3,4. Since [X,Y] lies in n(® for any
X € n we obtain ([X,Y],Y) = 0 which proves the first assertion. According
to Lemma 2.1 the second claim follows from the first assertion. O

We often use the following Proposition (see [1, Proposition 1.13, Theorems
1.17, 1.18 )):

Proposition 2.3. (a) Filiform nilpotent metric Lie algebras do not possess any
totally geodesic subalgebra of codimension one.

(b) A filiform nilpotent metric Lie algebra (n,{.,.)) possesses a totally geodesic
subalgebra of codimension two if and only if n is isomorphic to the standard
filiform Lie algebra of dimension n > 3.
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3. Geodesic vectors and flat totally geodesic subalgebras of
metric Lie algebras ng 14(c, 3;), we,15(i, 3;) and
ne,16(i, G5)

In this section, we consider the metric Lie algebras (ng14(cv, ;). (.,.)),

(n6,15(s, 55), (., -)), and (ng,16(s, 55), (., .)). Our goal is to describe the sets of
geodesic vectors and to compute the flat totally geodesic subalgebras.

Let us start with the metric Lie algebra (ng 14(cs, 55), (., .))-

Theorem 3.1. Let (ng 14(cv;, 85), (-, .)) be the metric Lie algebra defined on E°
by mnon-vanishing commutators given by (1.3). The geodesic wvectors of
(ng,14(s, B5), (., .)) not belonging to a1 UasUazUa,UC are the non-zero elements
of the set C1UCoUCY in the case as31 + asf3r = 0 = By, for asf+ a7 #0
these are the mon-zero elements of the set C1 U C3 U Cy, where

Cy :={bEy+ cE5 + dE, : b(aic+ p1d) + casd = 0},
at least two of the numbers b, c,d are non-zero with exception
of the cases:
1.6=0,
2.d=0,
3. ¢=0 with f; #0,

a
Cy :={a(F) — a—2E6) +cEs+dEys+ebs:a#0, asf + azfr =0 = [y,
5

e=(fsa— QSC)%, a(oyc+ Brd+ Pae+ f3f) — c(ase + Bs f)

1G5
- f(ﬂ7d + 0446) = 0},
— _ Bs 14 B Qa0 By
C3:={a (E1 B B a2ﬁ7)E5)

+dEy:a #0,
a(arc+ Brd + Pae + B3 f) — c(ase + Bof) — f(Brd + ase) = 0},
Cy:={aBi + By +dEy + By + fEg - a £ 0, f # —a=>, f 0,
5

e = (cas — aﬁ5)a£?;57
= o i g 04551;;042573 —Baf), a(aic+ fid+ Bee+ Baf)

—c(aze+ Bsf) — f(Brd + ase) = 0}.

Proof. According to (1.2) a non-zero vector Y = aFy + bFs + cE3 + dEy +
eEs + fEs € ng14(a;, 35) is geodesic if and only if one has ([X,Y],Y) = 0 for
all X = E?:l x;E; € ng14(0y, B;) or equivalently if and only if the system of
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equations
bOé4f =0,
a(*t%e+ G5 f) —casf =0,
a(aad — Wﬁ%ﬁf?&e+ﬁ4f)+bage+da5f =0, (3.1)

a(arc+ frd+ Bae + B3 f) — c(aze+ fo f) — f(Brd + ase) = 0,
b(arc+ Brd + Bae) + clagd — 220E02bre 4 g, f) 4 d(4%e 4 35 f) = 0

is satisfied. Taking into account that «; # 0,4 = {1,...,5} and assume that
f =0 the system of equations (3.1) reduces to

ae =0,

acad + bage = 0,

alare+ prd) — caze = 0,

b(arc+ B1d + Poe) + c¢(aad — 0‘551020‘257 e)+ daé‘i‘s e=0.

If @ = 0, then from (3.2) we obtain

be =0 = ce,
b(aic+ fid) + casd + d4%5e = 0.

oy

(3.2)

In the case e = 0 = a = f the geodesic vectors of (ng14(cv, 3), (.,.)) are the
non-zero elements of the set Cy := {bFy + cE3 + dE4 : b(ajc+ f1d) + casd = 0}.
For b = 0 the element Y = c¢E3 + dE4 € C1, ¢,d € R, satisfies the condition
ased = 0. Since ap # 0 we obtain that either ¢ = 0 and the element Y = dFEy
is in a3, or d = 0 and the element Y = cFEj3 is in a5. If d = 0, then for the
element Y = bEy + cE3 € C1, b, ¢ € R, the condition a;be = 0 holds. Since
a1 # 0 we receive that either ¢ = 0 and the element Y = bFs is in a1, or b =0
and the element Y = cEj3 is in ag. If ¢ = 0 and By # 0, then for the element
Y = bEy + dE4 € C1, b,d € R the condition bd = 0 is satisfied. Hence we
get either b = 0 and the element Y = dF, is in a3, or d = 0 and the element
Y = bEj is in a;. Therefore the conditions for the set C; are proved.

In the case b = ¢ = 0 = a = f the vector Y = dE4 + eFE5 is geodesic if and
only if either d = 0 or e = 0, and hence it lies either in a4 or in as.

If e = 0, then from (3.2) we get

ad =0 = ac,
b(arc+ f1d) + casd = 0.

The case a = 0 = e = f is discussed above. In the case d =c=0=¢e = f we
receive that any non-zero vector Y = aFq 4+ bEs is geodesic since it lies in the
set d7.

Now, we suppose that b = 0. In this case the system of equations (3.1) reduces
to the following

a®l%e = f(cas — afs),
dos [ = —a(azd — 0‘5’%&;4“2&6 + Baf),
a(oyc+ Brd+ Poe+ f3f) — c(ase + Bof) — f(Brd + eay) = 0,

c(and — 3810281 4 3, f) 4 d(24%5e + B5 f) = 0.

(3.3)
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Assume that @ = 0. The first and second equations of (3.3) give ¢f = 0 = df.
In the case f = 0 = a we obtain from the third equation of (3.3) that ce = 0.
For ¢ =0 = f = a = b the vector Y = dFE, + eFEj5 is geodesic if and only if it
lies in a4 or in a3. For e = 0 = f = a the vector Y = cE3 + dFE, is geodesic if
and only if it is either in a3 or in as.

In the case ¢ = d = 0 = a the third equation of (3.3) gives fe = 0. In this case
the geodesic vector Y has either the form eEs € a4 or the form fFEg € (.

If @ # 0, then the system of equations (3.3) is equivalent to the following
system:

a9 = L (cas —afs),

d(asf + aza) = a(20t02bre g, f), (3.4)
alarc+ frd + Pae+ B f) — c(aze + Bo f) — f(Brd + eaq) = 0.
Let f = —ag—i. Putting this expression into the first and second equations of

(3.4) we receive
20y

= (afPs — cas) 24 3.5
€ ((155 Ca5)a1ag7 ( )
asbitasfy L az g0 (3.6)
Qg (671
The substitution of (3.5) into (3.6) yields that
a
clasf + azfr) = o ((04551 + a2 f37) s + CY104554)- (3.7)

If asf1 + asfz = 0, then the equation (4.23) gives G4 = 0. In this case the
geodesic vectors are the non-zero elements of the set Cs.

If asfB1 + aef7 # 0, then from equation (4.23) we obtain:
Bs a1y )
c=al—+ ———). 3.8
(a5 asf + agfr (38)
Putting (3.8) into (3.5) we receive
__ omaufs
as(asfr + azfr)

Hence the vector Y = aFy +cE3+dE,+eEs5+ fEg is a geodesic vector if and
only if it lies in the set Cs.

e =

If f # —az—i, then from the first and second equations of (3.4) we have

e:(ca5—aﬁ5> fou Cd= a (asﬁl +a2ﬁ7e—ﬁ4f).
aa o asf + asa oy

In this case the geodesic vectors of (ng 14(cv, 55), (., .)) are the non-zero vectors
of the set Cy. For f = 0 the elements in Cy have the shape Y = aFE; + cEj3,
a # 0, and they satisfy the condition ajac = 0. Therefore we have ¢ = 0 and
hence the element Y = aF lies in a;. The intersection C; N Cy N Cy is empty
because for the elements of C; one has a = 0 but for the elements in Cy UC, we
have a # 0. Moreover, for the elements in C5 one gets f = —ag—z, in contrast
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to this for the elements in Cy we have f # —at2?. Hence the sets Cy and Cy
are disjoint. Similarly we can see that the sets Cl, C3 and Cj are disjoint. This
completes the proof. O

Now we determine the flat totally geodesic subalgebras of dimension > 1 in
the metric Lie algebra (ng 14(cv, 8;), (., .)).

Theorem 3.2. Let (ng 14(cv;, 85), (-, .)) be the metric Lie algebra defined on E°
by non-vanishing commutators given by (1.3). The flat totally geodesic subal-
gebras of dimension > 1 in the metric Lie algebra (ng14(c;, 55),(.,.)) are the
2-dimensional subalgebras:

(1) 2 = SPCLTL(El,Eﬁ) in the case B3 = B4 = 5 = 0,
(2) b3 = span(Bs, Ey) in the case fi = B7 = 0.

Proof. In view of Proposition 2.3 any flat totally geodesic subalgebra of
(ng,14(s, B5), (., .)) has dimension at most 3. Hence firstly we compute the
2- and 3-dimensional abelian subalgebras in the Lie algebra ng 14(ay, 5;).

The 2- and 3- dimensional abelian subalgebras of the Lie algebra ng 14(cv, 8;)
are:

by =span (Ey + koFs + ksEy + kaEg, Es+ 11 Fs),
ho =span (Ey + k1 Esy + ko Es + ksEy + k4 Es,  Eg),
b3 =span (Ea + k1 E3 + ko Es + ksEs, Es+ 11 E5 + 12Es)
with 87 + liay — k1as =0,
b4 =span (Es + k1 Es + ko By + ksE5, Eg),
b5 = span (Es + k1 Ey + koEg, FEs+11Fs),
he = span (B3 + k1 Ey + k2 Es,  Eg),
b7y =span (Ey + k1Es, FEs+11Fg),
hs =span (Ey+ 1 E5, Eg),
ho =span (E5, Eg),
bio = span (Ey + ko B3 + ksEy, FEs, Eg),
h11 =span (Es + k1 Ey, FEs, Eg),
12 = span (Ey, FEs, FEg),
h13 =span (B2 + k1 Es + koEs, E4+ 11 E5, FEg)
with 87 + liay — k1as =0,
where ki, ko, k3, kq,11,12 € R.

The subalgebras hg, b9, h11, and h12 are not flat totally geodesic because for
the vector E5+ Eg the fourth equation of (3.1) gives the contradiction ay = 0.
Hence the vector Es + Eg € hg N h1g N h11 N hio is not geodesic. Therefore
the subalgebras hg, h19, h11, h12 are excluded. The subalgebras hg and b3
are not flat totally geodesic since for the vector FEy + 1 E5 + Eg € hg N b3
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the third equation of the system (3.1) yields a; = 0 which is a contradiction.
Therefore the vector E4 + [1 E5 4+ Eg is not geodesic and hence by Lemma 2.1
the subalgebras bg, h13 are excluded, too. The vector Es+ki E3+ko Ey+ksEs+
Es € by is geodesic if and only if fora =0,b=f =1, c=ky, d = ko, e = k3
the system (3.1) of equations holds. From the first equation of (3.1) we get the
contradiction ay = 0. Hence the vector Fo + k1 Fs + koFy + ksEs + Eg € by
is not geodesic. Thus the subalgebra b, is not flat totally geodesic. Therefore
the case by is excluded. The element F5 + k1 E4 + ko E5 + Eg € bg is geodesic
if and only if for a = b= 0,c = f =1, d = k1, e = kg, the system (3.1) of
equations is satisfied. The second equation of (3.1) yields the contradiction
a5 = 0. Therefore the subalgebra hg is not flat totally geodesic and hence it is
excluded.

The non-zer vector E5 + [1Fg € b1 N bhs N h7 is geodesic if and only if for
a=b=c=d=0,e =1, f =1, the system (3.1) of equations holds. The
fourth equation of (3.1) gives auly = 0. As ay # 0 we receive that [; = 0.

We treat the subalgebra h;. The vector Fy + koFEs + ksEy + ksEg € by is
geodesic if and only if for b =e = 0,a = 1,¢ = ko,d = k3, f = k4 the system
(3.1) of equations holds. From the second equation of (3.1) we receive

ki(Bs — asks) = 0. (3.9)
Furthermore, the element Fy + ko Fs + k3FEy + kyFg + E5 € by is geodesic if
and only if for b = 0,a = e = 1,¢ = ko,d = k3, f = k4 the system (3.1) of
equations is satisfied. The second equation of (3.1) gives

[650%:
Y5 1 ka(Bs — asks) = 0. (3.10)

Taking into account (3.9), equation (3.10) yields the contradiction #1%* = 0.
Hence the subalgebra b is not flat totally geodesic and therefore it is excluded.

Next we consider the subalgebra hs. The vector Fs5 + k1 Ey + koEg € b5 is
geodesic if and only if fora =b=e=0,c=1,d = k1, f = ko, the system (3.1)
of equations holds. From the second equation of (3.1) one obtains asks = 0.
As a5 # 0 we have ko = f = 0. Using this the fifth equation of gives ask; = 0.
Since as # 0 we receive k1 = 0. But the vector E3 + E5 € b5 is not geodesic
because the fourth equation of the system (3.1) gives the contradiction az = 0.
Therefore the subalgebra b5 is excluded, too.

Here we deal with subalgebra 7. The element F,+k1Eg € b7 is geodesic if and
only if fora =b=c=e=0,d =1, f = kq, the system (3.1) of equations is
satisfied. From the third equation of (3.1) one obtains ask; = 0. Since a5 # 0
we get ky = 0. But the vector E4 + E5 € b7 is not geodesic because from the
fifth equation of the system (3.1) we receive the contradiction %> = 0. Hence
the subalgebra b7 is excluded.

Now we treat the subalgebra . The vector Fy+ki Es+koFs+ksEs+kyEs € by
is geodesic if and only if for f = 0,a = 1,b = ki,¢c = ko,d = ks, e = ky
the system (3.1) of equations is satisfied. The second equation of (3.1) gives
ajasky = 0. As ajas # 0 we get ky = e = 0. Using this from the third
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equation of (3.1) we receive agks = 0. Since ag # 0 we have k3 = d = 0.
Applying this the fourth equation of (3.1) yields a1ks = 0. As a3 # 0 we
receive ko = ¢ = 0. The element Fy + k1 Es + Eg € ho is geodesic if and only if
fore=c=d=0,a= f=1,b=k; the system (3.1) of equations holds. From
the first equation of (3.1) one has ask; = 0. The condition a4 # 0 implies
that k1 = 0. Additionally, the vector E1 + Eg € b2 is geodesic if and only if for
b=c=d=e=0,a=f =1 the system (3.1) of equations is satisfied. From
the second, third, and fourth equations we get 85 = 0, 84 = 0, and g3 = 0.
Hence the assertion (1) follows.

Finally we consider the subalgebra hs. The vector Fo+ki Es+koFs+ksFEg € b3
is geodesic if and only if for a = d = 0,b = 1,¢ = ki,e = ko, f = k3 the
system (3.1) of equations holds. The first equation of (3.1) gives ayks = 0.
As a4 # 0 one has ks = f = 0. Using this from the third equation of (3.1)
we obtain agks = 0. Since ag # 0 we receive ky = e¢ = 0. Applying this
from the fifth equation of (3.1) one gets ayk; = 0. Since a; # 0 yields that
k1 = ¢ = 0. The element E4 + 1 E5 + [oFg € b3 is geodesic if and only if
fora = b =c¢=0,d =1,e = l;,f = Iy the system (3.1) of equations is
satisfied. From the third equation of (3.1) we obtain asly = 0 which implies
that lo = f = 0. Using this the fifth equation of (3.1) gives ajasl; = 0. This
yields I; = 0. In addition, the vector Es + E4 € b3 is geodesic if and only if
fora=e=c¢c=f =0,b=d=1 the system (3.1) of equations holds. The
fifth equation of (3.1) gives 81 = 0. Taking into account the abelian condition
when I3 = k1 = 0 we receive that 8; = 0. Therefore the case (2) is proved.
This proves Theorem 3.2. 0

Next we deal with the N-graded filiform metric Lie algebra (ng,15(c, 55), (., .))
defined by non-vanishing commutators given by (1.4). Firstly we give the set
of its geodesic vectors.

Theorem 3.3. Let (ng 15(c, 85), (-, .)) be the metric Lie algebra defined on E°
by non-vanishing commutators given by (1.4). The geodesic vectors of
(n6,15(, B5), (., .)) not belonging to a1 UasUagUa,UC are the non-zero elements
of the set C1 U Cy, where

Cl IZ{CE3+dE4+6E5+fE6 : f%oa C#Ov d= ;C<a2a56+ﬁ7f)7
asf\ oy
ﬁ (aif% + 2 f ) (age + G f + caz) + clfre + Baf) + earf = 0},

Cy :={bE3 + cE3 + dE4 : b(ajc + p1d) + casd = 0}
at least two of the numbers b,c,d are non-zero with exception
of the cases:
1.6=0,
2.d=0,
3. forfB1 #0, c=0.



On six-dimensional filiform nilmanifolds Page 11 of 39 5

Proof. Applying the commutators (1.4) and (1.2) we obtain that the non-
zero element Y = aly + bEs + cE3 + dEs + eEs + fEs € ng15(0, 35) is
geodesic if and only if for the real numbers a, b, ¢, d, e, f with respect to a basis
{E\1, B2, Es, Ey, E5, Eg} the system of equations

af =0,
aasze + basf =0,
a(azd + Bae) + b(“2%e + frf) = 0, (3.11)

alaic+ Bid + Bae) — c(ag—j%e + B7f) —dasf =0,
blaic+ fid+ B2e + B3 f) + clasd + Bae + Bsf) + d(ase + Bsf) + eaaf =0

is satisfied. If @ = 0, then the second and the third equations of (3.11) gives
bf =0 = be. In the case b = 0 = a the system (3.11) reduces to

{ (2225 ¢ 4 37 f) + das f = 0,

caad + fie + B f) + d(ase + fof) + easf = 0. (3.12)

Suppose that f = 0. From the first equation of (3.12) we receive either ¢ =
0 or e = 0. In the case ¢ = 0 the vector Y = dE4 + eFs is geodesic of
(n6,15(0, 55), (., .)) if and only if it lies either in a4 or in a3, whereas if e = 0
the vector Y = cE3 + dE}, is geodesic of (ng 15(cv, 8;), (.,.)) precisely if it lies
either in a5 or in as.

Assume that f # 0. From the first equation of (3.12) we obtain

d

—C (0&2045
asf\ ag

Substituting (3.13) into the second equation of (3.12) we recieve that

e+ 67f)- (3.13)

—C (OZQO[E)
asf\ oy

In this case the vector Y = cFE5 + dE4 + eFEs + fFEs, f # 0 is geodesic of
(n6,15(, B5), (., .)) if and only if it lies in the set

e+ 0rf ) (can +ase + Bof) + clBre + B f) + easf = 0.

O i={cBy+ By +cBs + fEq: f #0,d = — (2% + gy ),
asf\ ay
% (O‘ZZ% s f) (aze + Bof + caz) + c(Bae + Bsf) + easf = 0}.

If ¢ = 0, then any vector Y = eE5 + fEg € C} lies either in a4 or in ¢. Hence
we get the set C7 in the assertion.

In the case f = e = 0 = a, the vector Y = bFEs + cFE5 + dFE, is geodesic of
(n6,15(v, B5), (., .)) if and only if it lies in the set Cy. The set Cy coincides with
the set C in the filiform metric Lie algebra (ng,14(c, 55), (., .)). Therefore the
validity of the condition for the numbers b, ¢, d in the case of the set C5 in the
assertion can be proved in the same manner as in the proof of Theorem 3.1 in
the case (.
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Now, if f = 0, the system (3.11) of equations reduces to
ae =0,
ad + g—ibe =0,
a(arc+ fid) — 92%ce = 0,
blaic+ Bid + Bae) + c(asd + Bae) + dase = 0.

(3.14)

We discussed the case a = 0 above. In the case e = 0, from the second and
the third equations of (3.14) one has ad = 0 = ac. The case f =e=a =0
is discussed above. In the case d = ¢ = 0 = e any vector Y = aF; + bF> is
geodesic because it lies in a;. The intersection C7 N Csy is empty since for the
elements of Cy one has f = 0 but for the elements in C; we have f # 0. This
proves Theorem 3.3. 0

According to [2, Theorem 5.17], the metric Lie algebra (ng,15(c, 55), (.,.)) is
isomorphic to the N-graded filiform Lie algebra (m2(6), (., .)).

Theorem 3.4. Let (ng15(;, 35),(.,.)) be the metric Lie algebra defined on ES
by non-vanishing commutators given by (1.4). Then the unique flat totally ge-
odesic subalgebra of dimension > 1 in (ng15(c, 55), (.,.)) is bg = span(Es, Eg)
in the case B = B7 = 0.

Proof. In view of Proposition 2.3 and [2, Theorem 4.2], the dimension of flat
totally geodesic subalgebras of (ng 15(c, 55), (.,.)) is at most 3. Hence firstly
we determine the 2- and 3-dimensional abelian subalgebras in the Lie algebra
ng 15 (i, B5)-
The 3- and 2-dimensional abelian subalgebras of ng 15(cv, 3;) are:

by =span (Es + k1 Es + ko Ey, FEs, Eg),

ho =span (E3 + k1 Ey, FEs, Eg),

hs =span(Ey, Es5, FEs),

hs =span (Es + k1 Eg, Ejs+12Es, Es+ s1Eg),

hs =span (B3 + k1Es, Es+ 1L Es, FEg),

he = span (E3 + k1 Eq + koFs, FEg),

b7 = span (Ey + k1 FEs + ko Es + ksEy + k4 Es, Eg),

hs = span (Es + k1 E3 + koEy + ksEg, FEs+ s1Fs),

by =span (B + k1 Es + ko Ea + ksEs,  Eg),

bio = span (E3 + k1 Es + ko B,  Ey+ 11 Es + 12Eg)

11 =span (E3 + k1 By + koEs, FEs + s18s) ,

b12 = span (Ey + [2Es, Es+ s1Eg),

b1 = span (Ey + 1 B5, Eg),

h14 = span (E5, Es) ,
where kq, ko, k3, kq,1l1,12,51 € R.



On six-dimensional filiform nilmanifolds Page 13 of 39 5

The subalgebras b1, ha, b3, and hy4 are not flat totally geodesic because for the
vector E5+ Eg the fifth equation of (3.11) gives the contradiction ay = 0. Hence
the vector E5+ Eg € h1NhaNhsNh14 is not geodesic. Therefore the subalgebras
b1, ba, b3, b1a are excluded. By the system (3.11) of equations the vector
Es+12E6 € ha N b2, respectively E5 +s1FE6 € haNhs Nh11 N hia, respectively
E,+ 11 E5 € h5 N b3 is totally geodesic precisely if one has asly = 0 = Ggla,
respectively ays7 = 0, respectively agl; = 0. Since asaqas # 0 we receive
that I = 13 = s; = 0. Using this for the vector E4 + E5 € hy N h1o the fifth
equation of (3.11) leads to the contradiction az = 0, whereas for the vector
E, + Eg € b5 N b3 the fourth equation (3.11) gives the contradiction a5 = 0.
Therefore the vectors Fy + E5 € h4Nh12, B4+ Eg € hs Nh13 are not geodesic.
Hence the subalgebras b4, b5, bh12, h13 are excluded, too.

The vector Ey + k1 Eo + ko Es + ksEy + kg Es + Eg € h7 is not geodesic because
the first equation of (3.11) leads to the contradiction 1 = 0. Therefore the
subalgebra b7 is not flat totally geodesic and hence it is excluded.

The element Fy + k1 F3 + ko By + ks Eg + Es5 € bg is geodesic if and only if for
a=0b=e=1,c¢c=ky,d=ky, f= ks the system (3.11) of equations is
satisfied. From the second equation of (3.11) we get asks = 0. As a5 # 0 we
have k3 = f = 0. Using this the third equation of (3.11) gives the contradiction
“20‘5 = 0. Hence the vector Fo+ ki FE3+koEs+k3Eg+ E5 € bg is not geodesic.
Therefore the subalgebra hg is excluded.

The vector Es + k1FE3 + ko By + ksEs + Eg € hg is geodesic if and only if for
a=0,b=f=1,c=ky, d=koe, e =ks the system (3.11) of equations holds.
From the second equation of (3.11) we get the contradiction a5 = 0. Hence the
vector Fy + k1 E3 + ko Ey + ks Es + Eg € hg is not geodesic. So the subalgebra
ho is excluded.

The element E3+k1 Eq4+koFEg € b7 is geodesic if and only if fora = b =e = 0,
c=1,d = ki, f = ko the system (3.11) of equations is satisfied. The fourth
equation gives

57]62 + Oé5k1]€2 =0. (315)

In addition the vector E3 + k1 E4 + ko Fg + E5 € by1 is geodesic if and only if
fora=b=0,c=e=1,d=ky, f= ks the system (3.11) of equations holds.
The fourth equation of (3.11) yields

9295 4 Brks + askiks = 0. (3.16)

Comparing (3.15) with (3.16) we obtain the contradiction “2%* = 0. Hence
the vector E3 + k1 Fy + koFEg + E5 € h11 is not geodesic and the subalgebra
h11 is excluded.

The vector E4 + l1E5 + loEg € by is geodesic if fora =b=c¢ =0, d = 1,
e = l1, f = ls the system (3.11) of equations holds. The fourth and the fifth
equations of (3.11) yield asly = 0, asly + Bela + aulile = 0. As asaz # 0 we
obtain that Iy = I = 0. The element E3 + k1 FE5 4+ ko Eg € hig is geodesic if
fora=b=d=0,c=1, e =k, f= ko the system (3.11) of equations is
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satisfied. From the fourth and fifth equations of (3.11) we get
4205 ot frie =0, Bkt ks + askiky = 0. (3.17)

The element E3 + E4s + k1Es + koFg € by is geodesic if for a = b =
c=d=1,e=ky,f = ko the system (3.11) of equations is valid. From the
fourth equation of (3.11) one has

@205 kl + Brko + agks = 0. (318)

Comparing it with the ﬁrst equation of (3.17) we obtain azke = 0. Since
as # 0 one gets ko = 0. Using this from (3.18) we receive that also k1 = 0.
But the vector E3 + E4 € by is not geodesic since for a = b =¢e = f = 0,
¢ = d =1 the fifth equation of (3.11) gives the contradiction ay = 0. Therefore
the subalgebra hig is excluded.

Finally we treat the subalgebra hg. The element E3 + k1 Ey + koFs € bg is
geodesic if and only if the system (3.11) of equations are satisfied for a =
b=f=0,¢c=1,d = ki, e = ky. From the fourth and fifth equations of
(3.11) we obtain o‘;—‘f’kg =0, agky + Bsks + k1asks = 0. As asay # 0 we get
ko = k1 = 0. Using this the vector E3 + FEjg lies in hg, which is geodesic if for
a=b=d=e¢=0,c=f =1 the system (3.11) is valid. From the fourth
and fifth equations of (3.11) we receive 7 = 5 = 0. Therefore the subalgebra
he = span(FEs, Fg) is flat totally geodesic in the case 85 = (7 = 0. Hence
Theorem 3.4 is proved. g

Now we treat the filiform Lie algebra /g 16 defined by the non-vanishing Lie
brackets

[leGQ] = G37 [leGd] = G47 [G17G4] = G57 [G27G5] = G67 [G47Gd] = GG'

The following theorem describes the isometric isomorphism classes of the met-
ric Lie algebras ({6 16, (.,.)) and the group of orthogonal automorphisms of

(ne,16(ci, B), (-5 -))-

Theorem 3.5. Let (.,.) be an inner product on the 6-dimensional filiform Lie
algebra lg 16.

(1) There is a unique metric Lie algebra (ng 16(c, B5), (., .)) which is isomet-
rically isomorphic to the metric Lie algebra ({s 16, (.,.)) with a; > 0,1 =
1,....4 and one of the following cases is satisfied:

1) = B4 = Ps = Ps = Os,

(i) 3>0 07’ﬁ5>0 B1=084= 06 =08 =0,

(iii) B >0 or 4 >0, B1 = 3 = 5 = Bs = 0,

(iv) B1 >0 o0r s >0, 3 =4 =05 = s = 0,

(v) at least two of the elements of the set {1, B3, B4, B5, Bs, Bs} are pos-

itive with the exception of the cases (81 > 0,0s > 0), (83 > 0,35 >
0), (64> 0,86 >0).

(2) The group OA (ng16(cv,B;)) of orthogonal automorphisms of the metric

Lie algebra (ng 16(cv, B;), (.,.)) is the following group:
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(a) in case (i) one has OA (ng16(v, 85)) = {TE; =e1E;,i =1,6,TE; =
EgEi,i = 2,4,TE¢ = 5152Ei,7; = 3,5, £1,€2 = il} >~ Zg X Zg,
(b) in case (ii) one has OA (ng 16(v, ;) = {TE2 = Ey,TE, = E4,TE,; =
{:‘Ei,?; = 1,3,5,67 g = :l:l} ~ ZQ,
(c) in case (iii) one has OA (ng 16(, B5)) = {TEs = E3,TE; = E5,TE; =
eF;i=1,2,4,6, e = £1} ~ Zs,
(d) in case (iv) one has OA (ng 16(i, ;) = {TE, = B\, TEs = Es,TE; =
eF;i=2,3,4,5, ¢ = £1} ~ Zo,
(e) in case (v) the group OA (ng16(ay, B;)) is trivial.
Remark 8.6. The proof of Theorem 3.5 can be found in [6, Theorem 3.8, p. 8.]
with the exception of the case (ii) and its group of orthogonal automorphism
given by (b) which are missing from there.

Firstly we determine the geodesic vectors of the filiform metric Lie algebra

(ne,16(ci, B), (-5 -))-

Theorem 3.7. Let (ng16(vi, 35),(.,.)) be the metric Lie algebra defined on ES
by non-vanishing commutators given by (1.5). The geodesic vectors of (ng 16(vi,
B), (., .)) not belonging to a1 Uay Uaz Uas U ( are the non-zero elements of the
set Cy U Cy, where

Cl = {bE2 + CE3 + dE4 + 6E5 : b(Ole + ﬂld + 526)

+ C(Oégd — (ajfl + a;fs)e) + dase = 0},

at least two of the numbers b, c,d, e are non-zero with exception

of the cases:

1.b=c=0,
2.b=e=0,
3.d=e=0,

4. b=d =0 with agasf1 + arazfs # 0,
5.c=d=0with(Bs # 0,
6. c=e =0 with 51 # 0,

Oy i={a(Er - %EQ) t By + dEs + eFs + fEq s af #0,

ae = i(%—l—c%—a&),

as Qg aq
ae= L(C& +dfs + eas) — = (Brd + Pae+ B5f)

(5] oy

@ (s, a2l f (aBeBr azay
ad = 072(( e e~ Baf) + 072<T4 7d71),
d(age + aze) = ag—i (arc+ Bid + Bae + Bsf) + ce(ajfl " oz;fs)

— f(cBa+dfBs + €ef6) }
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Proof. According to (1.2) the vector Y = aFE1+bEs+cEs+dE,+eE5+ fEg is
geodesic of (ng 16, 55), (., .)) if and only if the following system of equations

(aﬁﬁ + bOé4) =0,
a(aze+ Bsf) + f(bﬁs — %) =,
a(a - 0‘351 + 0‘2768)6 + Baf ) + f(b57 +da37?4) =0,
a(arc+ ﬁld + Bae + B3f) — f(cBr + dBs + eayq) = 0,
blare+ Bid+ fe + B f) + c(azd — (%224 4 228)e 4 3, )
+d(asze + B5f) +efef =0
is satisfied for a,b,c,d, e, f € R.

v\_/

(3.19)

Firstly, we suppose that f = 0. Take into account that a; > 0,7 = 1,...,4,
the system (3.19) of equations gives ae = 0 = ad = ac.

For a = 0 = f the vector Y = bFEs; + cFE3 + dE4 + eE5 is geodesic of
(ng16(cvi, 35), (., .)) if and only if it lies in set C; = {bEs + cE3 + dE4 + eEj5 :
b(aic + fid + Pae) + c(aod — (“;—?1 + a;—fs)e) + dage = 0}. If b = ¢ = 0,
then for the element Y = dE, 4+ eE5 € C1, d,e € R one has dage = 0. As
as # 0 we obtain that Y lies either in a4 or in as. If b = e¢ = 0, then for
the element Y = cEs + dE, € C1, ¢,d € R we have casd = 0. As ap # 0
we obtain that Y lies either in a3 or in a5. In the case d = e¢ = 0 for the
element Y = bEy 4+ cE3 € C1, b,c € R one gets bayc = 0. Since oy # 0
we receive that Y lies either in a; or in a5. In the case b = d = 0 for the
element Y = cE3 + eE5 € C1, ¢,e € R one obtains ce(“i—?l + O‘;—fs) =0.If
azayf + apasfs # 0, then we have ce = 0, or equivalently the element Y is
either in a4 or in a». In the case ¢ = d = 0 for the element Y = bEy +eEs5 € Cf,
b,e € R we receive bfse = 0. If B3 # 0, then the element Y lies either in a4 or
in a1. In the case ¢ = e = 0 for the element Y = bEs + dE4 € C1, b,d € R we
receive bB1d = 0. If 5, # 0, then the element Y lies either in a3 or in 4. This
proves the conditions for the set Cf.

Fore=d =c¢=0= fany vector Y = aE1+bEj is geodesic of (ng 16(cv, 3;), -(., -
because it lies in a;.

Secondly, assume that a8 + bay = 0. Hence we receive b = —% Putting this
expression into (3.19) one obtains that
ae = c{;; (a%’fs + 922 —af),
a asf o ﬁ aBefB azo
od = g5 (32 S)e ] + (4 — )
ac= L - (cBr + dfs + eas) — 5= (Bid + Pae + B3 f) (3.20)

66 (alc+ Bid + Bae + Bsf) _|_ ce(asﬁl + azﬁg)
_f(cﬁ4 + d/BS + 6/6’6) = d(OZQC + Olde)

Suppose that a = 0. Hence one has b = 0. From system (3.20) of equations
we receive fc =0 = fd = fe. The case f = 0 = a = b is discussed above. If
c=d=e=0=a=>, then any vector Y = fFgs, f € R is geodesic since it
lies in (.
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In the case a # 0 the geodesic vectors of (ng 16(, 35), (.,.)) are in the set

@ :{G(E1 — %EQ) +cE3 +dEy + els + fE6 ra 7é 0,
4

ae = S (aﬂﬁﬁg peB aﬁs)y
Qa3 Qg (&3]
ac = £ (cB7 + dfs + eay) — =2 (Brd 4+ Bae + Bsf)
P 3 3 " f aBsp (321
a az Qo 08 apePr Q304
ad:@(( (5] + (6%} )e_ﬁ4f)+a2( (6%} —d o )7
d(asc + age) = a@ (a1c+ Brd + Bae+ Bsf) + ce(agﬂ1 + a2ﬂ8)
oy g Oy

— f (cBy+ dBs + eBs) }.

If f =0, then from (3.21) it follows that e = d = ¢ = 0. Hence any element
Y = a(Ey — %Eg) lies in a;. Therefore we may assume that f # 0. The
intersection C7 N Cy is empty since for the elements of C7 one has a = 0
and f = 0 but for the elements in Cs we have af # 0. This completes the

proof. O

Theorem 3.8. Let (ng16(cvi, 35), (.,.)) be a metric Lie algebra defined on ES by
non-vanishing commautators given by (1.5). The flat totally geodesic subalgebras
of dimension > 1 in (ng16(cv, B5), (.,.)) are the 2-dimensional subalgebras:

(1) b1o = span(Es, E5) in the case azagf + asarfs =0,

(2) b7 = span(Ey — 22 By, Eg) in the case B3 =0, [y = %01, g5 — Bols

(3) bs = span(Ey + k1Ey + koEs, Es + LWEy + 1oFE5) if and only if the
equations

30y

Br + 11 8s + laoy + ky o
B1k1 + Boka + kiasky =0,

asfr n a8

:O’

(3.22)

asly — ( Jlo +liagly =0,

Qg

a1 + ,6111 + ﬂglg + Olzkl — )kz + Ol3(/€112 + llkz) =0

(04351 n azfs

a1 (a7}
are satisfied,

(4) bo = span(By + 2222 By — L(By + 292y B Ey) if and only if for

a3z Q30

o, B5,1=1,2,3,4, j =1,2,8 the equation
2
(a1)*fs n ( 58011062)(_ B2 n Pson  asfy Oé2ﬁ8)) _ 0

30y

gy + 2% +

Q30yg Qs (043)2064 aq Qy

holds.

Proof. According to Proposition 2.3 any totally geodesic subalgebra b of (ng 16 (e,
B), (-, .)) has dimension less or equal to 3. Firstly we determine the 2- and the
3-dimensional abelian subalgebras of the Lie algebra ng 16(c, 5;).
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The 3- and the 2-dimensional abelian subalgebras of (ng 16(cv, 5;), (.,.)) are:
by =span (Ey + k1 Ey + ko B3 + ksEy, Es, FEg) with g+ kiay =0,

bo = span (E3 + ki Ey, Es, Eg),

b3 =span (Ey, FEs, Eg),

by =span (Eo + k1 Ey + koEs, Es+11Es+1:E5, Eg)
Q3004

with 87 + 1188 + lacg + k1 =0,

aq
hs =span (Ey + k1 Es + koEs, E4+ 11 Es, Eg)

with Bs + [jay — ky 224

=0,
&51

he = span (Ey + k1 FEy + koFEs + ksEy + k4 Fs, Es+ s1Eg) with k; = —@,

ay
h7 = span (Ey + k1 Ey + ko Es + ksEs + kaE5, Eg),

hs = span (Ea + k1 Ey + ko Es + ksEg, FEs+ 11 Eqs+ 15Es + [3Es)

asa
with B7 + 1185 + lacs + k1 Z 1 =0,
1
ho = span (Ea + k1 E3 + ko Es 4+ ksEs, FEj+ 11 E5+ [5Fs)
with Bs + L — by ot =,

aq
hio = span (Es + k1Ey + koEs, Es+ s1Es),

b11 = span (Ey + k1 E3 + ko By + k3Es,  Eg),
b2 = span (E3 + 1 By + b E5,  Eg),

13 = span (Ey + [2Es, Es+ s1Eg),

14 = span (Eq + 11 E5,  Eg),

b5 = span (E5, Fg),

where ki, ky, ks, a1y, Io, I, 51 € R

The vector E5 + Eg € h; Nbha N hs N hi5 is not geodesic, because putting

=b=c=d=0,e = f =1 into the fourth equation of the system
(3.19) we obtain the contradiction ay = 0. Therefore the subalgebras by, ba,
hs and hi5 are not flat totally geodesic. Hence they are excluded. The vector
Es+ 1By + 1:E5 + Eg € hy N b1o is not geodesic, since putting a = b = 0,
c=f=1,d =1, e =l into the second equation of the system (3.19) we
get the contradlctlon 0‘30‘4 = 0. Hence the subalgebras b, and b2 are not flat
totally geodesic. The vector E,+ 11 Es+ Eg € hs5 N b4 is not geodesic, because
substituting a = b =¢c=0,d =1 = f, e = [; into the third equation of the
system (3.19) we receive the contradiction @424 = 0. Hence the subalgebras
b5 and hq4 are not flat totally geodesic. The Vector Es+s1Fs € hgNhigNhis
is geodesic if and only if fora =b=c=d =0, e =1, f = s; the system
(3.19) of equations holds. From the fourth and fifth equations of (3.19) we have
agsy = 0, Bgs1 = 0. Since ay # 0 we get s; = 0. The vector Ey + I3 Eg € b3
is geodesic precisely if for a = b =c=e =0, d = 1, f = Iy the system
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(3.19) of equations is satisfied. From the third, fourth and fifth equations of
(3.19) we have O‘;‘f“ lo =0, Bla = 0, Bsla = 0. Since ag—‘f“ # 0 one has
lo = 0. But the vector F4 + E5 € h13 is not geodesic because the substitution
a=b=c=f=0,d=e=1 into the fifth equation of the system (3.19) leads
to the contradiction as = 0. Therefore the subalgebra hi3 is not flat totally
geodesic. The vector Ey + k1 Es+ ko Ey+ ks Es+ Eg € b1 is not geodesic, since
putting a =0,b=f =1, c = k1, d = ko, e = k3 into the first equation of the
system (3.19) we obtain the contradiction cy = 0. Hence the subalgebra 17 is
not flat totally geodesic. The vector E3 + k1 E4 + ko Eg € h1g is geodesic if and
onlyif fora=b=e=0,c=1,d=ky, f = ko the system (3.19) of equations
holds. The second, fourth and fifth equations yield

Q304
ko

o =0, kg(ﬁ7 + klﬁg) =0, gk + Baks + k105ke = 0. (3.23)
As @324 2£ (0, a0 # 0 we receive that ko = ki = 0. The vector E3 + E5 € big
is geodesic precisely if for a = b = d = f = 0, ¢ = e = 1, the system
(3.19) of equations is satisfied. The fifth equation gives agﬁl + O‘ZBS = 0.
Hence the subalgebra 19 = span(FEs3, E5) is flat totally geodesic if and only if
azayf1 + agaq fs = 0. This proves the case (1).

The vector Fy + k1FEs + koEs + ksFEy + k4 Eg € hg is geodesic if and only if
fora=1e=0,b=k = —B— ,¢ = ko,d = ks, f = ky the system (3.19) of
equations holds. The second equatlon of (3.19) gives

k4(Bs + Bsk1 —

Q304

k) = (3.24)

Furthermore, the element Fy+ E5+kq E2—|—/<;2E3—|—k3E4+k‘4E6 € hg is geodesic
if and only if for a = 1,e =1,b=ky = =22, ¢ = ky,d = ks, f = ky the system
(3.19) of equations is valid. From the second equation of (3.19) one has

30y

a3 + k4(ﬁ5 + Bgk1 — k‘g) (3.25)
Comparing (3.25) with (3.24) we obtain the contradiction a3 = 0, which ex-
cludes the subalgebra bg.

The vector Ey + k1 FEs + ko E3 + ksEy 4+ k4 Es € by is geodesic precisely if for
a=1,f=0,b=ki,c =ko,d= ks,e = ks the system (3.19) of equations
holds. From the second equation of (3.19) we get aszky = 0. As ag # 0 we
have e = k4 = 0. Using this from the third equation of (3.19) we obtain
asks = 0. Since oy # 0 we receive that d = k3 = 0. Taking into account that
e = d = 0 from the fourth equations of (3.19) we have ajko = 0. As a3 # 0
we obtain ko = 0. Using this the vector Fi + ki1 Ey + Eg € b7 is geodesic if
fora =10 =ki,c=d=e=0,f =1 the system (3.19) is valid. From the

first equation of (3.19) we receive that k; = —g—i. Using this it follows from

the second equation of (3.19) that 85 = ﬁg—fs, whereas from the third equation

of (3.19) that 8, = ﬁ;—? From the fourth equation of (3.19) we obtain that
(B3 = 0. This proves case (2) of the Theorem.
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Now, we consider the subalgebra hg. The element Fo+ ki Ey+koEs+ksFEg € bg
is geodesic if and only if fora =¢c=0,b=1,d = k1,e = ko, f = k3 the system
(3.19) of equations holds. The first equation of (3.19) yields ayks = 0. As
ay # 0 one gets f = k3 = 0. Applying this the fifth equation of (3.19) gives

Bik1 + B2ka + ki1asks = 0. (3.26)

The vector E3+11 Ey+ 12 F5+13Eg € by is geodesic if and only if for a = b = 0,
c=1,d=11,e =1y, f = l3 the system (3.19) of equations is satisfied. It follows
from the second equation of (3.19) that “g—‘:“lg = 0. Since “3‘:4 = 0 we receive
f =13 = 0. Using this the fifth equation of (3.19) gives

sl — (01351 L an38

aq Oy

Let us consider the vector Eo+ Es+ (k1 +11)Es+ (k2 +12) E5 € bs. It is geodesic

if and only if and only if fora = f =0,b=c=1,d =k +11,e = ko + I3 the
system (3.19) of equations is valid. From the fifth equation of (3.19) one has

)lg + liasly = 0. (327)

ay + Bk + 1) + Ba(ke +12) + az(ky + 1)

_<a3ﬁ1 n a2/68)(k2 1)+ (ky +1)asg(ks +12) = 0. (3.28)
o (&%}

Taking into account (3.26) and (3.27) equation (3.28) reduces to

asf n a8

(€3] Oy

aq + Bily + Bolo + asky — ( )kz + Oég(k‘llg + llk'g) =0.

(3.29)

Therefore the subalgebra hg is flat totally geodesic if and only if it satisfies the
conditions of the case (3.22) in the Theorem.

Finally we treat the subalgebra hg. The vector E4 + [1F5 4+ loFEg € by is
geodesic precisely if for a = b =¢=0,d =1, e = l;, f = [y the system
(3.19) of equations is satisfied. From the third equation we obtain O‘gff“ lo =0.
As @321 2£ 0 we have f = Iy = 0. Using this the fifth equation of (3.19)
gives agl; = 0. Since ag # 0 one gets [; = 0. Using this from the condition
Os + lioy — kla;—?“ = 0 to be abelian the subalgebra hg we receive that k; =

%. The element Ey + k1 E3 + ko Es + k3 Eg € hg is geodesic if and only if for
a=d=0,b=1,c=ky, e =ks, f=ks the system (3.19) of equations holds.
From the first equation of (3.19) we have ksay = 0. As ay # 0 it follows that

f = ks = 0. Using this the fifth equation of (3.19) yields

o
arky + Boky — klkz(;i?l +

38
Oy

) = 0. (3.30)

The element Fs + k1 E3 + ko Es + E4 € by is geodesic precisely if for a = f = 0,
b=d =1, c=ky, e =k the system (3.19) of equations is valid. From the
fifth equation of (3.19) we obtain

azf n Yo

851 Oy

Otlkl + 61 + ﬂgkg + kl (O[Q — ( )kg) =+ 043]'(12 = 0 (331)
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Taking into account equation (3.30) equation (3.31) reduces to
B1 + kias + agks = 0. (3.32)

Putting the expression for k; into (3.32) we obtain that ko = —a%(ﬁl +
Bsaiaz
Q304
rameters o, B, i = 1,2,3,4, j = 1,2,8 of the filiform metric Lie algebra
(ng,16(4, B5), (., .)) we obtain equation (3.31). This proves case (4) of the The-
orem. Thus Theorem 3.8 is shown. U

). Substituting the expressions of k; and ko into (3.30) for the pa-

4. Geodesic vectors and flat totally geodesic subalgebras of Lie
algebras ng 17 (0, 3;) and ng 15(0y, 3;)

In this section we deal with the metric Lie algebras (ng17(cu,5;), (.,.)) and
(ng,18(s, 55), (-, -))- The next result describes the sets of geodesic vectors of
the metric Lie algebras (ng (o, 55), (., .)),7 € {17,18}.

Theorem 4.1. Let (ng17(c, 35),(.,.)) be the metric Lie algebra defined on ES
by non-vanishing commutators given by (1.6). The geodesic vectors of (ng 17(v,
Bj)s (., .)) not belonging to a; Uay Uaz Uas U are the non-zero elements of the
set Cy U Cy, where
Cy :={dE, + eE5 + fEs : d(aze + G f) + eayf = 0}
such that at least two of thenumbers d, e, fare non-zero with exception
of the cases:
1. f=0,
2.d=0,
3. e =0 with Bg # 0,
Cy :={bEs + cE3 + dE4s + eEj5 : b(ajc + f1d + (ae) + c(aad + fye) + daze = 0}

such that at least two of the numbers b, c,d, e are non-zero with exception

of the cases:

1.b=c=0,
2.b=e=0,
3.d=e=0,

Ab=d=0 with B4 #0,
5. c=d =0 with B # 0,
6. c=e=0 with 5, # 0.
Let (ng15(c, 35), (-,.)) be the metric Lie algebra defined on ES by the non-

vanishing commutators given by (1.6) with as = 0. The geodesic vectors of
(ng,18(, B5), (., .)) not belonging to a1 UasUazUa,UC are the non-zero elements
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of the set

C3 :={bEy + cE3 + dEy + eEs + fEs : b(arc+ fid + Pae + B3 f)
+ C(agd + 546 + /BSf) + d(ade + ﬂﬁf) + €Oé4f = 07 b7 C, d7 €, f € R}v
such that at least two of the numbers b, c,d, e, f

are non-zero with exception of the cases:

l.b=c=d=0,
2.b=c=f=0,
3.d=e=f=0,

4. b=c=e=0 with B # 0,
5.c=d= f =0 with B3 # 0,
6. c=d=e=0 with B3 # 0.

Proof. Using the commutators (1.6) and the claim (1.2) we obtain that the
non-zero element Y = aFy + bEs + cEs + dEy + eEs + fEs € ng17(v, 55) is
geodesic if and only if for the real numbers a, b, ¢, d, e, f with respect to a dis-
tinguished orthonormal basis {E1, s, E3, E4, E5, Eg} the system of equations

af =0, ae =0,

aczd + basf =0,

a(arc+ prd) —casf =0,

blarc+ frd + fae+ B3f) + c(aad + Bae + B f) + d(aze+ Be f) + eaaf =0

(4.1)

is satisfied. If @ = 0, then the third and the fourth equations of (4.1) give
bf =0 = cf. In the case b = ¢ = 0 = a, the vector Y = dF, + eF5 + fEjs
is geodesic of (ng 17(c, B85), (., .)) if and only if it lies in the set C; := {dE4 +
eEs + fEs : dlase + B6f) + easf = 0}, dye, f € R. For f = 0 the element
Y = dE, + eEs € C1, d, e € R, satisfies the condition azde = 0. Since az # 0
we obtain that either d = 0 and the element Y = eFj is in a4, or e = 0 and the
element Y = dFE, is in a3. If d = 0, then for the element Y = eFs + fEg € C1,
e, f € R, the condition asef = 0 holds. Since ay # 0 we receive that either
e = 0 and the element Y = fFEg isin ¢, or f = 0 and the element Y = eFEj is
inay. If e = 0 and B # 0, then for the element Y = dE, + fEg € C1, d, f € R,
the condition df = 0 is satisfied. Hence we get either d = 0 and the element
Y = fEg isin (, or f = 0 and the element Y = dFy is in ag. Therefore the
conditions for the set C; in the theorem are proved.

In the case f = 0 = a the non-zero vector Y = bEs + cE3 + dE4 + eFs is
geodesic of (ng17(cv, 35), (.,.)) if and only if it lies in the set Cy := {bEs +
cEs+dEy+eEs : b(ajc+ B1d+ fae) + c(asd + Bse) + daze = 0},b,¢,d, e € R.
If b = ¢ = 0, then the element Y = dE; + eEs € Co, d,e € R, satisfies the
condition asgde = 0. Since ag # 0 we obtain that either d = 0 and the element
Y = eFs5 is in a4, or ¢ = 0 and the element Y = dFE4 is in a3. If b = e = 0,
then for the element Y = ¢E5 4+ dE4 € Cs, ¢,d € R, the condition ascd = 0
holds. Since as # 0 we receive that either ¢ = 0 and the element Y = dFE, is
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in a3, or d = 0 and the element Y = cF3 is in a5. If d = e = 0, then for the
element Y = bEy + cE3 € Cs, b, ¢ € R, the condition a1be = 0 is satisfied. As
a1 # 0 we get either b = 0 and the element Y = ¢Fs3 is in a5, or ¢ = 0 and
the element Y = bEy isin a3. If b = d = 0 and (4 # 0, then for the element
Y = cE3 + eE5 € Cy the condition ce = 0 holds. Hence we have either ¢ = 0
and the element Y = eFj is in.a4, or e = 0 and the element Y = cF3 is in ao. If
c=d=0and fy # 0, then for the element Y = bEy + eE5 € C5, b,e € R the
condition be = 0 holds. Therefore we get either b = 0 and the element Y = eFEj5
is in a4, or e = 0 and the element Y = bFE5 is in a;. Finally, if c = e = 0 and
B1 # 0, then for the element Y = bEs + dE; € Co, b,d € R the condition
bd = 0 holds. It follows that either b = 0 and the element Y = dF}, is in a3, or
d = 0 and the element Y = bFE> is in a;. This proves the conditions for the set
(5 in the theorem.

If f = e =0, then from the third and fourth equations of (4.1) we obtain
that ad = 0 = ac. The case a = 0 = f = e is discussed above. In the case
d=c=0= f=eany vector Y = aF; + bF>, a,b € R is geodesic because it
lies in a1. The intersection C7; NC5 is empty, because for any element of C; one
has b = ¢ = 0 and any element of C5 one gets f = 0. Hence the claim above
the set of the geodesic vectors of (ng 17(a4,55), (., .)) is shown.

In the case of the metric Lie algebra (ng1s(a;,3;),(.,.)) the system (4.1) of
equations is satisfied with a5 = 0. Therefore we obtain that af = 0 = ae =
ad = ac. The case f = e =d = ¢ =0 is discussed above. In the case a = 0 the
vector Y = bEy + cE3 + dEy + eEs + fEg is geodesic of (ng1s(ay, 55), (., .))
precisely if it lies in the set C3 := {bEy+cE3+dEy+eEs+ fEg : b(ajc+ Brd+
Bae + B3f) + clagd + Bse + Bs f) + d(aze + o f) + easf = 0,b,¢,d, e, f € R}.
Ifb=c=d=0, then the element Y = eF5 + fEs € C3, e, f € R, satisfies the
condition agef = 0. Since a4 # 0 we obtain that either e = 0 and the element
Y = fEgisin (, or f =0 and the element Y = eFE5 isinas. fb=c= f =0,
then for the element Y = dE, + eE5 € C3, d,e € R, the condition azde = 0
holds. Since ag # 0 we receive that either d = 0 and the element Y = eFy is
in a4, or e = 0 and the element Y = dFE, is in a3. If d = e = f = 0, then for
the element Y = bF5 + cE5 € Cs, b, ¢ € R, the condition aqbe = 0 is satisfied.
As a1 # 0 we get either b = 0 and the element Y = ¢Fj3 is in ag, or ¢ = 0
and the element Y = bFE5 is in a;. In the case b = ¢ = e = 0 and f[g # 0,
then for the element Y = dE, + fEs € Cs, d, f € R, the condition df = 0
holds. Hence we have either d = 0 and the element Y = fFg isin , or f =0
and the element Y = dF, isinag. f c=d = f = 0 and (2 # 0, then for the
element Y = bEy + eE5 € O3, b,e € R, the condition be = 0 holds. Therefore
we get either b = 0 and the element Y = eFj is in a4, or e = 0 and the element
Y = bFs is in a;. Finally, if c = d = e = 0 and (3 # 0, then for the element
Y = bEy+ fEg € Cs, b, f € R the condition bf = 0 holds. It follows that either
b =0 and the element Y = fFg is in (, or f = 0 and the element Y = bFs is
in a;. This shows the conditions for the set C3 in the theorem. Hence Theorem
4.1 is proved. U
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The flat totally geodesic subalgebras of (ng17(a;,3;),(.,.)) are given in the
following theorem.

Theorem 4.2. Let (ng 17(c, 85), (-, .)) be the metric Lie algebra defined on E°
by non-vanishing commutators given by (1.6). The flat totally geodesic subal-
gebras of dimension > 1 in the metric Lie algebra (ng17(a, 55),(.,.)) are the
2-dimensional subalgebras:

(1) by = span(E4 — g—iEG, Es) in the case B =0,
(2) by = span(Ey + k1 E5 — ﬁ"’t{i’i‘lhﬂl, Es), where k1 is a solution of the
equation
2 Bak? + (B1Ba + s — aras)ki + 182 =0, (4.2)
(3) by = span(Es, E5) in the case S4 = 0,
(4) b1 = span(Ey — 51';7‘23]“233 + koE5, Ej), where ko is a solution of the
equation
asfiks + (onos + 1By — azfa)ks + a1 By =0, (4.3)
(5) b3 = span(E3 — %Eg, Ey) in the case B4 =0,
(6) s = span(Ey, Eg) in the case B = 0.

Proof. As pointed out in [1, Theorem 1.19], the metric Lie algebra (ng 17(c,
Bi), (.,.)) does not have a totally geodesic subalgebra greater than 2. Hence
we compute only the 2-dimensional abelian subalgebras in the Lie algebra
ng,17(, B;). These subalgebras are the following:

b1 = span (Ea + k1 E3 + ko Es + k3B, Eys+11E5 +12Es),
ho = span (Es + k1 Es + ko Ey + ksEg, Es+ 11 Eg),

hs =span (Es + k1 Es + koEg, FE4+ 1 Es5 + 12Eg),

by =span (E3 + k1 Ey + koFs, FEs+11Fs),

E,+ ki E5, Eg),
Ey+ kiEs+ koFEs + ksEy + kyE5,  Eg),
b7 = span (Eo + k1 B3 + ko Ey + k3Es,  Eg),
b = span (B3 + k1 Ey + k2 Es,  Es) ,
ho =span (Ey + k1 Egs, Es+11Fg),
h1o = span (E5, F) ,
where ki, ko, k3, 11,12 € R.

hs = span

he = span

~ o~ o~ o~ o~ o~ o~ o~

The subalgebra ¢ is not flat totally geodesic because for the vector Fs + Ejg
the fifth equation of (4.1) gives the contradiction cy = 0. Hence the subalgebra
h1o is excluded. Since for the vector Y = Ey + k1 Fo + ko Es + k3sEy + k4 Es +
Eg € hg the first equation of the system (4.1) yields the contradiction 1 = 0
the subalgebra b is not flat totally geodesic (see Lemma 2.1). Therefore the
subalgebra hg is excluded. The vector Es 4+ k1 E3 + ko Ey + k3Es + Eg € b7 is
not geodesic since the third equation of (4.1) gives the contradiction as = 0.
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Therefore the subalgebra h7 is not flat totally geodesic. The vector Y = F5 +
k1E4 + koEs + Eg € bg is not geodesic because the fourth equation of (4.1)
leads to the contradiction a5 = 0. Hence the subalgebra bhg is not flat totally
geodesic.

The vector E5 + 11 Eg € ho N hs N by is geodesic if and only if for a =b=c =
d=0,e=1,f =1 the system (4.1) of equations is satisfied. From the fifth
equation of (4.1) one has ayly = 0. As ay # 0 we get I3 = 0.

Now, we consider the subalgebra hg. The non-zero vector Ey + k1 Eg € by is
geodesic precisely if for a =b=c=e=0,d =1, f = k; the system (4.1) of
equations holds. From the fifth equation we obtain

Bek1 = 0. (4.4)
Furthermore, the element F, + k1 Eg+ E5 € hg is geodesic if for a = b= c =0,

d=e¢=1,[f =k the system (4.1) of equations is valid. It follows from the
fifth equation of (4.1) that

as + Bgk1 + ask = 0. (4.5)

Taking into account (4.4) equation (4.5) reduces to
a3 + ask; = 0. (4.6)
The equation (4.6) gives k1 = —23. Putting this expression into (4.4) on has

B = 0. Therefore the case (1) is p4r0ved.

Next we deal with the subalgebra ho. The element Fo+ki Es+koEs+ksEg € ho
is geodesic precisely if fora =e=0,b=1,¢c = ky,d = ko, f = k3 the system
(4.1) of equations holds. From the third equation of (4.1) we obtain asks = 0.
Since a5 # 0 we receive k3 = 0 = f. Using this the fifth equation of (4.1)
gives

arky + Bika + krasks = 0. (4.7)

Moreover, the element Eo + k1 E3 + ko Ey + E5 € bs is geodesic if and only if
fora=f=0,b=e=1,¢c=k1,d = ky the system (4.1) of equations is valid.
From the fifth equation of (4.1) we receive

ar1ky + Birks + Bo + krasks + k184 + koag = 0. (4.8)

Taking into account (4.7) equation (4.8) reduces to
P2 + Paky + agky = 0. (4.9)
From (4.9) one has kg = 752';7[;24’“. Putting this expression into (4.7) we receive

the second order equation (4.2). Therefore the case (2) is proved.

Now we treat the subalgebra hy. The element E3 + k1 E4 + koEg € by is
geodesic if and only if fora =b=e=0,c=1,d = ky, f = ko the system (4.1)
of equation is satisfied. From the fourth equation of (4.1) we receive asks = 0.
As a5 # 0 we get ko = f = 0. Using this the fifth equation of (4.1) gives
asky = 0. Since as # 0 we obtain k1 = 0. The vector E3 + E5 € b, is geodesic
precisely if for a = b=d = f =0, ¢c = e = 1, the system (4.1) of equation
holds. From the fifth equation of (4.1) we get 84 = 0. This gives the case (3).
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The vector E4 + I1E5 + [oEg € b1 N b3 is geodesic precisely if for a = b =
¢c=0,d=1,e =1, f = Iy the system (4.1) of equation is satisfied. The fifth
equation of (4.1) yields

asly + Bglo + liayls = 0. (410)

Let us consider the subalgebra h;. The element Fy + ki F3 + ko Es + ks Eg € by
is geodesic if and only if fora =d = 0,0 = 1,¢c = k1, e = ko, f = k3 the system
(4.1) of equation is valid. From the third equation of (4.1) one has asks = 0.
As a5 # 0 we receive k3 = f = 0. Using this the fifth equation of (4.1) gives

orky + Boko + k1Bake = 0. (4.11)

Additionally, the vector Es + Ey + k1 Es + (ko + 11)E5 + l2Eg € b1 is geodesic
if and only if for a = 0,b=d =1,¢ = k1,e = ko + 11, f = l5 the system (4.1)
of equation is valid. The third equation of (4.1) gives asla = 0. Since a5 # 0
we get lo = f = 0. Using this from the equation (4.10) we get agly = 0. As
ag # 0 we obtain [; = e = 0, and from the fifth equation of (4.1) we obtain

arky + P14 Poka + k1as + k1 Bsks + agke = 0. (4.12)
Applying (4.11) equation (4.12) reduces to

51 + k1 + asks = 0.

The above equation gives k1 = —ﬁlzi?k? Putting this expression into (4.11)

we receive the second order equation (4.2). Hence the case (4) is proved.

Next we deal with the subalgebra hs. The vector E3 + k1 E5 + koEg € b3 is
geodesicif fora =b=d =0,c=1,e = k1, f = ko the system (4.1) of equation
is satisfied. From the fourth equation of (4.1) one obtains aske = 0. As a5 # 0
we get ko = f = 0. Using this the fifth equation of (4.1) gives

Bak1 = 0. (4.13)

In addition, the element E3 + E4 + (k1 + 11)E5 + o Eg € b3 is geodesic if and
only if fora =b=0,c=d=1,e = k1 +11, f = I3 the system (4.1) of equation
is valid. The fourth equation of (4.1) gives asls = 0. Since as # 0 one has
lo = f = 0. Using this from the equation (4.10) we get agl; = 0. As a3 # 0 we
receive [ = 0, and from the fifth equation of (4.1) we obtain

o + Baki + ask; = 0. (4.14)
Applying (4.13) equation (4.14) reduces to
as + agk; = 0.
From the above equation we obtain k; = —3—2. Putting this expression into

(4.13) we receive B4, = 0. This proves the case (5).

Finally we treat the subalgebra hs. The vector Fy + k1 E5 € b5 is geodesic
if and only if for a = b =¢c = f =0,d = 1, e = k; the system (4.1) of
equations is valid. It follows from the fifth equation of (4.1) that ask; = 0. As
a3 # 0 we gets ky = 0. The vector Ey + Eg € b5 is geodesic if and only if for
a=b=c=e=0,d= f =1 the system (4.1) of equations is valid. The fifth
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equation gives 3 = 0. Therefore the case (6) is proved. This proves Theorem
4.2. O

Now we determine the flat totally geodesic subalgebras of dimension > 1 in
the standard filiform metric Lie algebra (ng 1s(a, 55), (., .)).

Theorem 4.3. Let (ng 15(c;, 85), (-, .)) be the metric Lie algebra defined on E°
by non-vanishing commutators given by (1.6) with as = 0. The flat totally geo-
desic subalgebras of dimension > 1 in the metric Lie algebra (ng 13(cv, 3), (., )
are:

(1) The 4-dimensional subalgebras are the following:
(a) b1 = span(Eq — %Eg, E;, Ei— g—iEG, Es) in the case 1 =
Ps=P1=P0 =0, s = 2224, fp = 7%,
(b) ba = span(Es, Eg—z—iEg,, Ey, Eg) inthe case f1 = fP3 = [y =
Po =0, B5 = 9224, By = 105,
(2) the 3-dimensional subalgebras are the following:
(a) be = span(Ey+kiEs+koEs, Fs+11Es+12Fs, Ey+s1Es+55Fs)
if and only if the following equations

Bk + B3ko + krauks = 0,

Bal1 + Bsla + liagla = 0,

a3s1 + fes2 + s1a482 =0,

a1 + Baly + B3la + Bak1 + Bska + kilaay + l1kacy = 0,

b1+ B2s1 + 382 + azky + Beka + ki1saay + s1haay = 0,

ag + Bas1 + PBss2 + asly + Bela + l1saa + s1laay = 0,
Bk + B3ka + Bali + Bsla + azs1 + Besa + k152

+k1kocy + l1loay + S15204 =0

are satisfied,
(b) b7 = span(E 4+ k1Ey + koEg, Es+ 11 Ey +12Es, Es) if and only
if P2 = 0 the following equations

Bik1 + Bzka + k18ek2 = 0,

azly + Bslz + 11 8sl2 = 0,

a1 + fily + Bsla + aoky + Bska + kilafe + L1k B6 = 0,
B2 + asky + asks =0,

Ba+agly +oula =0

are satisfied,
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(c) bs = span(FEs + k1Ey + koFEs, Es+ 1 Eys+1:FE5, Eg) if and only
if the following equations
Brk1 + Ba2ka + k1agks =0,
azgly + Balz + lilzas = 0,
ai + Bl + Bola + asky + Baka + kilaaz + l1kaas = 0,
B3 + Bek1 + asks = 0,
Bs + 1186 + l2ag =0

hold,
d) by = span | Es + k1 E3 — ME@ E,— 2FEs, FEs) such that
Qg Qg

k1 is a solution of the equation

BaBski + k1(B2Bs + B3Bs — aras) + 283 = 0, (4.15)
and ﬂl = %263; ﬁ5 = aéj47
(©) b0 = span (B + G2t s, — eleseca bt lBshien)

E, — %ZE(;, E5) such that Bs # "2—2‘4 and the equation

(azay — azfs)[(ros — B3fs — B235)(Bzaz — Bray)
—BafBs(asay — asfs) — BafBs(Bsas — fraa)? =0 (4.16)
holds,
(f) bio = span (Ez + ki Es — &%]?&’E& Ey, E6) such that kq is a
solution of the equation (4.15) and (1 = g—iﬁg, B = 229

043’

(g) bhio = span ( Es + as3fB3—asfh Es — B3 (azas—azfBs5)+8s5(Bzaz—P1aa) FE,

azag—a3fs ag(aas—asfs)

Ey, Es) such that 85 # 24 and the equation (4.16) holds.
(h) b1z = span (Eg, By — 22 Eg, E5) in the case By = Bg =0, fB5 =

[eS e
ag 7

(i) b5 = span (Bs — 2 Es, B, Eg) in the case §1 = B = 0, 5 =

Q20vg

294,
(3) the Q—di;nensional subalgebras are the following:
(a) b2a = span(Ey — 2 Fs, Es) in the case s = 0,
(b) bas = span (Ey4, Es) in the case s =0,
(C) blS = span (E2 + k1E3 + ko E5 + ]413E6, Es+ L1 Es + l2E6) Zf and
only if the following equations
azly + Belz + liasly = 0,
arky + Boka + Bakz + ki Bake + k1Bsks + kaasks = 0,
b1+ Bali + Bsla + azky + k1 Bali+
+k1B5la + azka + Beks + askaly + auliks =0

hold,
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(d) bo1 = span(Es+ki1Es+koEg, FEs+11F5+12Fs) if and only if the
following equations
Baki + Bska + kiogks = 0,
asly + Bela + lioyly =0,
ag + Baly + Bsla + azky + Beka + kiloay + liksay =0
are satisfied,
(e) b19 = span(Eo+ki1Es+koEy— %WE& Es) such that the
equation
(aska + B2 + Bak1) (k185 + k26 + B3)
—042044]{11k2 — 061044I€1 — 61044]{12 =0 (417)
is satisfied,

(f) baz = span(Es+ k1 Ey— ﬂ‘*t‘iﬁfklEg, Es), where ky is a solution of
the equation

3Bk + k1(asBs + Bafe — aaay) + BufBs = 0, (4.18)

(g) bag = span(Es + k1 FEq — ’3527626]“1&5, Eg), where ky is a solution of
the equation (4.18),
(h) bhoo = span(Es+ k1 E3+koEy — %WE& Eg) such that the
equation (4.17) holds,
(1) [j17 = span(Eg + k1E4 + k2E5 + ]ngﬁ, E3 + l1E4 + 12E5 + Z3E6) Zf
and only if the following equations
Bik1 + Baks + B3ks + kiosks + k1 Beks + kaaaks = 0,
azgly + Bala + Bsls + liasly + 11 Bsls + laaulz = 0,
ay + Bily + Bala + B3l3 + anky + Baks + Bsks + kilaag + l1kaaz+
k1l3B6 + l1k3B6 + kalzay + lalzay = 0

(4.19)

are satisfied.

Proof. According to Proposition 2.3 b) the dimension of the flat totally ge-
odesic subalgebras of the metric Lie algebra (ngis(as,05;),(.,.)) is at most
4. Firstly we list the 4-dimensional, the 3-dimensional and the 2-dimensional
abelian subalgebras of the Lie algebra ng1s(c, ;) defined by the commuta-
tors (1.6) such that as = 0. The 4-dimensional subalgebras have one of the
following forms:

b1 =span (B + ki1 Es, FEz+kolls, Es+ks3Es, FEs+kiEs),

ho =span (Es + k1 Es, FEs+kyEs, Es+ksEs, FEg),

b3 =span (Ea + ki1 By, Ez+koEy, Es, FEg),

h4 = Span(EQ; E47 E57 E6)7

bs = span(E3, Ey, E5, Eg),

where ky, ko, k3, ky € R.
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The 3-dimensional abelian subalgebras of the Lie algebra ng 15(c;, ﬁj) are:

he = span (Ey + k1Es + koEg, Es+ U1 E5+12Es, Ej+ s1E5+ s2Es),
b7 = span (B + k1 By + koEg, FEs+ UL Ey+12Es, FEs+ ky4Eg),
hs =span (Es + k1 Eq + koFs, FEsz+ 11 Eys+13FE5, FEg),

ho = span (Es + k1 Es + kaoFg, FE4+ ksEg, FEs+ k4Eg),

hio = span (Ey + k1 Es + ko Es, Es+ k3Es, Eg),

i1 =span (Ey + k1 E3 + ko By, Es, Eg),

hi2 = span (E3 + koEg, E4+ k3B, Es+ kyFg),

b13 = span (E3 + koEs, B4+ k3Es, FEg),

14 = span (E3 + koEy, Es, FEs),

b15 = span (Ey, Es, Es) ,

where klv k27 k37 k47 lla l27 S1, SQR-

The 2-dimensional abelian subalgebras of the Lie algebra ng 1s(c, B;) have
one of the following forms:

16 = span (E1 + ko Ey + ksEs + ky By + ks Es,  Eg),

bi7 = span (Ey + k1 Ey + koEs + k3sEs, E3 + 11 Ey + 125 + [3Eg) ,
his = span (Ey + k1 B3 + ko Bs + k3FEg, Ey+ UL Es +12Fs),
h19 = span (Eo + k1 Fs + ko Ey + ksEg, Es + 11 Eg),

oo = span (Ey + k1 E3 + ko Ey + k3Es,  Eg),

o1 = span (E3 + k1 Es + koEs,  Ey+ 11 E5 + 2 ),

ho2 = span (E3 + k1 By + koFs, Es + 11 Eg),

hos = span (E3 + k1 By + ko E5,  Eg),

oy = span (Ey + k1B, FEs + 11 Eg),

hos = span (B4 + k1 E5,  Eg),

hae = span (E5, F) ,

where k}l, k‘g, k‘3, k4, k‘5, ll, l2, ZgR.

The vector Fy + koFEo 4+ ksE3 + k4 E4 + ks Es + Eg € by is not geodesic since
fora=f=1,b=ky, c=ks, d= kg, e = ks, the first equation of (4.1) gives
the contradiction 1 = 0. Hence the subalgebra hq¢ is not flat totally geodesic.
For all elements of the remaining subalgebras we have a = 0. Since a5 = 0

for the metric Lie algebra (ng1s(cv, 3;),(.,.)) the system (4.1) of equations
reduces to the equation

blarc+ prd+ Bae + B f) + c(oad + Bae + B5f) + d(aze + B f) + easf = 0.
(4.20)
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The vector F5+ Eg € hsNhsNhsNhi1 Nh1aNhi5 N hog is not geodesic because
for b =c=d=20,e = f =1 the equation (4.20) gives the contradiction
a4 = 0. Hence the subalgebras hs, ha, b5, b1, h14, 15, hog are not flat totally
geodesic.

The subalgebra b is totally geodesic precisely if for all Y, Z € h; and X €
hi = span(Fy, EG_Z§:1 k;E; 1) equation (1.1) is satisfied. The subalgebra b
is totally geodesic if and only if for all Y, Z € by and X € b3 = span(E;, E5 —
Zle k;E;11) equation (1.1) is satisfied. Since the commutation relations of the
element (Eg — 2?21 kiF;+1) and the elements of h; as well as of the element

(E5 — Z?:l k:l-EH_l) and the elements of hy are zero, we may assume that

X = Ej. The element X = F lies in the orthogonal complement b3 for all
1 =3,---,15, too. Using the equation (1.1) we receive the following;:

(1) For Y = Z = E5 + k4 Eg € b1 Nhy Nhg Nhy1o we have 2a4ky = 0 and hence
ks = 0.

(2) Taking the elements Y = E4 + ksFg, Z = E5 in b1 N ho N hi1o we get
as + agks = 0 and hence k3 = —g—i < 0.

(3) For Y = Z = E;y + k3Eg € b1 N hg N b1 one has 20sk; = 0 and hence
Bg = 0.

(4) The elements Y = E3 + koEg, Z = E4 + ksEg in b1 N b2 yield that
a2 + PBsks + ke = ap — f552 = 0 and hence 35 = 23+ > 0.

(5) ForY = E3 + kQEG, Z = E5 in [’)1 n [’)12 we obtain 64 +Oé4k2 = 0 and hence
ky = _Ba

oy’

(6) For Y = Z = E5 + koFEg € 1 N bh1a, one has 205ke = 0 and hence ko = 0
and B4 = 0.

(7) For the elements Y = Es + k1 Eg, Z = E5 in b1 we get By + agk; = 0 and

therefore k1 = —%.

(8) For the elements Y = Es + k1Eg, Z = E3 in h; we receive ag + G5k =

ay — —52 = 0 and hence [y = O‘é‘;‘” > 0, moreover ky = —% < 0.

(9) Taking the elements Y = Z = Es + k1 Eg € by one has 203k; = 0 and
hence B3 = 0.

(10) For Y = Es + k1Eg, Z = E4 + k3Eg of by we obtain 81 + O3ks + Bgk1 =
B =0.

Taking into account (1)—(10) the subalgebra b; is flat totally geodesic if and
only if f1 = f3 = s = fs =0, 5 = 222, B = 122 Hence the case (a) is
proved.

(11) For Y = Z = E4 + k3E5 € ha N h1p N h13 we obtain agks = 0 and hence
ks = 0.

(12) For the elements Y = Ey, Z = Fg of ha N h19 N h13 we receive Fg = 0.
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(13) Taking the elements Y = F3 + koFEs5, Z = E4 in ha N h13 one gets ay +
a3k = 0 which implies that ko = —gf < 0.

(14) For Y = Z = E3 + ko E5 € hy N 13 we have G1ke = 0 and hence 84 = 0.

(15) For the elements Y = E3 + ko Es, Z = Eg of ha N b1z one obtains 5 +
ayko = 0 which yields 85 = 2222,

as
(16) ForY = EQ +k1E5, Z = E3 +k2E5 in hg we receive [e5] +/32k2 +ﬂ4k1 =0
and hence (B = 0‘&—2‘3 > 0.

(17) For Y = Z = E5 + k1 E5 € by one has k182 = 0 and hence k; = 0.
(18) Taking the elements Y = Fy, Z = F4 of hy we get 51 = 0.

(19) For the elements Y = Es, Z = Eg in ha we receive B3 = 0. According to
(11)—(19) the subalgebra b is flat totally geodesic precisely if 81 = 83 = 4 =

Be =0, fs = 2224, [, = 1% Hence the assertion (b) follows.

Taking into account (1)—(12) it follows from equation (4.20) that the sub-
algebra hio in (h) as well as the subalgebra b3 in (i) with the conditions
Bys=P08s=0, 05 = aé—‘;“‘ are flat totally geodesic.

Now we consider the subalgebra hg. Taking into account (1)—(3) we have ky =
B =0, ks = —2—2. The element Fs + ki F3 + ko Eg € hg is geodesic if and only
if for b =1, ¢ = k1, f = ko, d = e = 0 the equation (4.20) is satisfied. This
gives the equation

k1 + fBsky + k1 fske = 0. (4.21)

The element Es+ ki Es+koEg+ E5 € by is geodesic if and only if for b =e =1,
¢ = k1, [ = ko, d =0 the equation (4.20) is valid. Using equations (4.21) and
(4.20) we obtain the equation

P2 + k1fs + asks = 0. (4.22)

Since ay # 0 from equation (4.22) we receive

_ Pat ki
(7] ’

ky = (4.23)

The element Fy + Ey + k1 E3 + (ko — 23)Eg € hg is geodesic precisely if for

Qg

b=d=1,¢c=ky, f =ks— 2 e =0 the equation (4.20) holds. Taking into

oy’

account (4.21) from equation (4.20) we get
Qs Q-
B — =P+ k1o — B5—). (4.24)
Qg Qy

If 85 = @224, then from (4.24) we obtain §; = 5203 and from (4.21) we get
the second order equation (4.15). This proves case (d).

If B5 # 2294 then from (4.24) we have ky = 2:22=5184 "pPytting this into (4.23)

as T azas—azfs

_ B2(azas—asfs)+Ba(Bsaz—PLioa
ay(azas—asfs)

k1 and ko into (4.21) we receive equation (4.16). Hence case (e) is shown.

we obtain ko = ) | Substituting the expression of
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Now we treat the subalgebra h1g. According to (11)—(12) one has k3 = g = 0.
The element Fy+ k1 FE3+ ko Es € b is geodesic if and only if for b = 1, ¢ = kq,
e = ko, d = f = 0 the equation (4.20) is satisfied. This gives the equation

orky + B3ka + k1Bake = 0. (4.25)

The element Eo+ky Es+ksEs+E4 € by is geodesic if and only if for b = d = 1,
¢ = ki1, e = ko, f = 0 the equation (4.20) is valid. Using equations (4.20) and
(4.25) we obtain the equation

51 + k1a2 + 043]{72 =0. (426)

The element Fy+ k1 E3+ ko Es+ Fg € b is geodesic precisely if for b = f =1,
¢ = ki, e = ko, d = 0 the equation (4.20) holds. Taking into account (4.25)
from equation (4.20) we get

B3 + k135 + k2aq = 0. (4.27)

Hence we obtain ky = —%2711155. Putting this expression of ks into (4.26) we
receive

ki(azas — azfs) = asfls — aufhi. (4.28)

If B5 = @224, then from (4.28) we obtain f; = 523 and from (4.25) we get
the second order equation (4.15). This proves case (f).

If 35 # 9294 then from (4.28) we have ky = 2:22=519% pytting this into (4.27)

as azag—aszfs

we obtain ko = —2 3(“2%;?(35;;*‘? 32%33_5 194) - Qubstituting the expression of

k1 and ko into (4.25) we receive equation (4.16). Hence case (g) is proved.

Here we deal with subalgebra hg. The element Eos + k1 E5 + koFEg € bg is
geodesic if and only if for b =1, e = k1, f = ko, ¢ = d = 0 the equation (4.20)
holds. From this we obtain

Bak1 + Bska + kiagks = 0. (4.29)

The vector E3 + 1 E5 + s Eg € bg is geodesic if and only if for ¢ =1, e = Iy,
f =12, b=d = 0 the equation (4.20) is satisfied. This gives

Bali + Bslz + liaaly = 0. (4.30)

The element E; + s1F5 + saEg € hg is geodesic if and only if for d = 1, e = s,
f = s2, b=c =0 the equation (4.20) holds. This gives

ass1 + BgS2 + s1a482 = 0. (431)
The element Fy + E3 + (k1 + 11)Es + (ko + l2)Eg € bg is geodesic if and only
ifforb=c=1,e=k +1l1, f = ka+1l2, d=0 the equation (4.20) is satisfied.
Using (4.29), (4.30) we receive
a1 + Boly + Bslo + Baky + Bska + kiloay + l1koay = 0. (4.32)
The element Ey + Ey4+ (k1 + 1) Fs5 + (ko + s2) FEg € hg is geodesic if and only
ifford=b=1,e =k +s1, f = ka+ 52, c =0 the equation (4.20) is satisfied.
Using (4.29), (4.31) we get

B1 + Bas1 + P3se + asky + Beka + k1saay + s1kaay = 0. (4.33)
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The element E3 + FEq+ (I3 + $1)E5 + (I2 + s2)Eg € hg is geodesic if and only
ifford=c=1,e=11+s1, f =12+ s2, b =0 the equation (4.20) is satisfied.
Using (4.30), (4.31) we obtain

g + 0481 + PB582 + asly + Bsla + l152a4 + s1l2a4 = 0. (4.34)

The element Es+ E3+ Ey+ (k1 +11 + 81)Es + (ka2 + 12+ s2) Eg € b is geodesic
ifand only if forb=d=c=1,e=ki + 11 + 51, f = ka+ 1o+ s2, b =0 the
equation (4.20) is satisfied. Using (4.32), (4.33), and (4.34) we receive
Bk + B3k + Bal1 + Bsla + azs1 + Bes2
+k1so + ki1kooy + l1looy + s18204 = 0. (435)
This gives the case (a).

Nw we deal with the subalgebra h;. Taking into account (1) we get ky = 0.
The element Fs + k1 Ey + ko Fg € h7 is geodesic if and only if for b =1, d = kq,
f = ko, ¢ = e =0 the equation (4.20) holds. This gives the equation

Bik1 + Baka + k1Bsks = 0. (4.36)

The element F3 + [1 E4 + o Eg € b7 is geodesic precisely if for ¢ = 1, d = Iy,
f =12, b=e =0 the equation (4.20) holds. Hence we obtain the equation

aoly + Bslz + 11 B6l2 = 0. (4.37)

The element Fs + E3 + (k1 + 1) Ey + (k2 + l2) Eg € b7 is geodesic if and only
ifforb=c=1,d=Fk +11, f = ka + 2, e = 0 the equation (4.20) is valid.
Using (4.36) and (4.37) we receive the equation

ay + il + B3la + agky + Bska + k1lafe + l1k286 = 0. (4.38)

The element Es + k1 Ey + ko Eg + Es € b7 is geodesic precisely if for b=e =1,
d = k1, f = k2, ¢ = 0 the equation (4.20) holds. Using (4.36) one gets the
equation

B2 + aski + agks = 0. (439)

The element F3 + 11 By + loEg + E5 € by is geodesic precisely if for c = e =1,
d =1y, f = la, b = 0 the equation (4.20) is satisfied. Applying (4.37) one
obtains the equation

B4 + agly + ayls = 0. (440)
Hence, the equations (4.36), (4.37), (4.38), (4.39), (4.40) yield the case (b).

Now we consider the subalgebra hg. The vector Ey + k1 E4 + koFs € bg is
geodesic if and only if for b =1, d = k1, e = ky, ¢ = f = 0 the equation (4.20)
is satisfied. This gives the equation

Pik1 + Poks + krosks = 0. (4.41)
The element F5 + 1 Ey + loE5 € by is geodesic if and only if for c =1, d = [,
e =l, b= f = 0 the equation (4.20) holds. Hence we receive

aoly 4 Pala + lilzaz = 0. (4.42)
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The vector Eo + E5 + (k1 +11)Ey + (ko + 12) E5 € bg is geodesic if and only if
forb=c=1,d=Fk +11, e =ko+ 12, f =0 the equation (4.20) is satisfied.
Using (4.41), (4.42) one has the following equation
a1+ Bili + Bolo + asky + Baka + kiloas + likaas = 0. (4.43)
The element Es+ FEg+k1 Eq+koEs € by is geodesic if and only if for b = f =1,
d = k1, e = ky, ¢ = 0 the equation (4.20) is satisfied. Applying (4.41) one gets
B3 + Bek1 + auks = 0. (4.44)
The element F3+11 E4+1sE5+ Eg € bg is geodesic if and only if for c = f =1,
d =1y, e =l2, b= 0 the equation (4.20) holds. Using (4.42) we receive
Bs + 106 + l2ag = 0. (4.45)
The vector Ea+ E3+ (k1 +11)Ey+ (k2 +12) Es + Eg € bg is geodesic if and only
ifforc=b=f=1,d=k +1i, e = ks + s the equation (4.20) is satisfied.
This gives
ay + Biky + Bily + PBoka + Bala + B3 + ok + aoly + Baka + Bala + B
+kikaas + kiloaz + l1koas + lilaas + ki B + 11 86 + kaay + ooy = 0.
(4.46)

Using the equations (4.41), (4.42), (4.43), (4.44), and (4.45), the equation
(4.46) holds. Therefore the subalgebra bg is proved. This gives the case (c)

The subalgebra hos coincides with the subalgebra by in (ng17(cv, 8;), (-, .)).
Hence the case (a) is valid. Furthermore, the subalgebra b5 coincides with the
subalgebra b5 in (ng17(cv, 85), (.,.)). Therefore the case (b) is shown.

The vector B4+ 11 F5+1sEg € h1gMNboy coincides with the element Fy+1; E5 +
loEg € by in the filiform metric Lie algebra (ng17(, 55), (., ). It is geodesic
if and only if the equation
asly + Bglo + liayls = 0. (447)
holds. Now we treat the subalgebra hyg. The element Eo+k E3+koEs+ksFEg €
h1s is geodesic precisely if for d = 0,b = 1,¢c = ky,e = ko, f = k3 the equation
(4.20) is valid. Hence we get
arky + Baka + Bsks + k1Baka + k1Bsks + kaauks = 0. (4.48)
In addition, the vector Fy + F4 + k1 Fs + (k‘Q + ll)E5 + (k3 + l2)E6 € bhig is
geodesic if for b=d = 1,¢ = k1,e = ky + 11, f = k3 + I the system (4.20) is
satisfied. Therefore we obtain
atky + B1 + Baka + Boli + Bsks + B3la + kiae + k1 Bake + k1Bals
+ k1Bsks + k13512 + asks + asly + Beks + Bela + kaksou (4.49)
+ kaloay + l1kzay + l1l2aq = 0.
Due to the equations (4.47) and (4.48), equation (4.49) becomes
B1 + Baly + B3l + okt + k1 Baly
+ k1Bsl2 + azks + Beks + askals + auliks = 0.

This proves case (c).
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Here we consider the case ho1. The element Es+ ki E5+ ko FEg € ho1 is geodesic
precisely if for b=d = 0,c = 1,e = kq, f = ko the equation (4.20) is satisfied.
From this we obtain

Bak1 + Bska + krouks = 0. (4.50)

Moreover, the vector E5 + Ey + (k1 + 11)Es 4+ (ko + I2)Eg € haop is geodesic

precisely if for b=0,c=1,d = 1,e = k1 + 11, f = k2 + I the equation (4.20)
is valid. This gives

az + Bak1 + Baly + Bska + Bsla + aski + azly + Beka + Bela+

kikooy + k1loay + likoay + l1loay = 0.

(4.51)

Exploiting equations (4.47) and (4.50), equation (4.51) reduces to

g + Baly + PBsla + asky + Beka + kiloas + l1koay = 0.
This proves the case (d).
The vector Es + 11 Fg € h19 N hos coincides with the element E5 + 1 Eg € ho in
the filiform metric Lie algebra (ng17(c, 55), (., .)). It is geodesic if and only if
one has [; = 0. Now we deal with the subalgebra h19. The element E5+ k1 E3+
koFE4s+ksEg € b9 is geodesic precisely if fore = 0,0 =1,c = ky,d = ko, f = k3
the equation (4.20) is satisfied. This yields

arky + Brka + Bzks + kraoks + k18sks + ka2Beks = 0. (4.52)
Furthermore, the vector Es + k1 E3 + ko Ey+ ks Eg + E5 € hig is geodesic if and
only if for b = e = 1,¢ = k1,d = ko, f = ks the equation (4.20) holds. This
gives

arky + Brke + B2 + Bakz + kiaoks + k154
+k1,65k3 + ]i?2013 + kzﬂgkg + OZ4/€3 =0. (453)

Taking into account (4.52), equation (4.53) can be written as follows

Bo + k104 + koag + agks = 0. (4.54)

_ BatkiBatkoas
(o2}
pression into equation (4.52) we receive equation (4.17). This proves the case

().

Next we consider the subalgebra hos. The vector Fs + k1 E4 + koFEg € hao is
geodesic precisely if for b = e = 0,¢ = 1,d = k1, f = ko the equation (4.20)
holds. This gives

From equation (4.54) we obtain that ks = . Putting this ex-

agkl + 55]@ + klﬁ(;kg =0. (455)

Additionally, the element F3 + k1 E4 + koEg + E5 € hag is geodesic if and only
ifforb=0,c=e=1,d =k, f = ko the equation 4.20 is satisfied. From this
it follows that

agky + Ba + Bska + kias + k1Bka + auks = 0. (4.56)
Comparing with equation (4.55), equation (4.56) reduces to
Ba + agkr + sk = 0. (4.57)
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From (4.57) one has ky = M Substituting this expression into (4.55)
we have the second order equatlon (4.18) for ky. This gives the case (f).

Now we consider the subalgebra ha3. The element Fs + k1 E4 + ko Es € hog is
geodesic precisely if for b = f = 0,¢ = 1,d = ky,e = ko the system (4.1) of
equation is satisfied. Hence we receive

asky + Bako + kiagks = 0. (458)

Moreover, the vector E3 + k1 Ey + ko Es + Eg € b7 is geodesic if and only if for
b=0,c=f=1,d= ki, e = ky the equation (4.20) holds. This gives

ook + Baka + B5 + kiasks + k1 + ks = 0. (4.59)
Using equation (4.58) equation (4.59) reduces to
55 + ﬁ(jkl + OZ4I€2 =0. (460)

From (4.60) we obtain ko = —ﬁ’”;i{ifkl. Putting this expression into (4.58) we
have the second order equation (4.18) for k;. Thus, the case (g) is proved.

Now we deal with the subalgebra hog. The element Eo+ k1 E3+koEy+ k3 Es €
hoo is geodesic precisely if for f = 0,b = 1,¢ = ky,d = ko, e = ks the equation
(4.20) is satisfied. From this we get

ok + Bika + Boks + kiogky + k1 B4ks + koagks = 0. (4.61)

Additionally, the vector Es + k1 E3 + ko Fy + k3 Es + Eg € by is geodesic if and
only if for b= f =1, ¢ = ky1,d = ko, e = k3, the equation (4.20) holds. Hence
one obtains

arky + Brka + Boks + B3 + kraoky + ki B4k
+k105 + koasks + k2 8s + ksaq = 0. (462)
Applying (4.61) equation (4.62) reduces to
Bs + k185 + kofSs + agks = 0. (4.63)

From (4.63) we obtain k3 = M . Putting this expression into (4.61)
we obtain equation (4.19). Hence the case (h) is shown.

Finally, we consider the subalgebra 7. The vector Eo+ k1 Ey+ ko E5s+ksEg €
h17 is geodesic precisely if for ¢ = 0,0 = 1,d = k1, e = ko, f = ks the equation
(4.20) is valid. Hence we get

Bik1 + Baks 4 B3ks + kiagks + k1 Beks + kaasks = 0. (4.64)

The element E3 + 1 Fy + s E5 + I3Eg € hy7 is geodesic if and only if for b = 0,
c=1,d=11,e =3, f =l the equation (4.20) holds. From this we receive

aoly + Bala + Bsls + Liasly + 11 Bels + lacsls = 0, (4.65)

Furthermore, the vector Fy + E3+ (k‘l + ll)E4 + (kg + lg)E5 + (k‘g + l3)E6 € b7
is geodesic precisely if for b=c=1,d=ky +11,e = ko + lo, f = k3 + I3 the
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equation (4.20) is satisfied. Therefore one obtains
ay + Biky + Bily + Poka + Bala + Baks + B3ls + agky + agly + Baks + Palo
+ Bsks + Bslz + kikoas + kiloas + likeas + Liloas + k1k3Bs + k11356
+ l1k30s + 111306 + koksay + kolgay + lokzay + lolzas = 0.

(4.66)
Taking into account (4.64) and (4.65), equation (4.66) reduces to
o + Bils + Pala + Bsls + aoky + Baka + Bsks + kilaas + Likaas (4.67)
+ kil306 + l1ksB6 + kalsas + lalsaq = 0.
This gives (i). Hence Theorem 4.3 is proved. O
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