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Abstract

We solve completely Thue equations in function fields over arbitrary finite fields. In the fun
field case such equations were formerly only solved over algebraically closed fields (of cha
istic zero and positive characteristic). Our method can be applied to similar types of Dioph
equations, as well.
 2005 Published by Elsevier Inc.
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1. Introduction

Classical Diophantine equations like Thue equation (cf. Thue [10]) are traditio
solved over the rings of rational integers or over the ring of integers of a number
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(cf. Baker [1]). Several authors considered the analogous problem over function
more exactly over the ring of integers of a function field over analgebraically closed field,
see, e.g., [6,8], both in case the ground field is of zero or positive characteristic.
results have also common generalizations (cf. Győry [5]).

Our purpose is now to investigate this problem in function fields over arbitraryfinite
fields. It is well known that Diophantine equations over finite fields play an important
in cryptography, cf. Niederreiter and Xing [7].

Also, from a practical point of view this case is much more straightforward than
case of algebraically closed ground fields (which mostly occur in theory only).

As it will turn out, also in this case the unit equation plays a crucial role and th
lutions can be computed easily. However, for constructing the appropriate function
performing calculations in them, determining heights, etc. we intensively use the com
algebra package KASH [2].

2. Global function fields

In the following we shall strongly rely on the argument used by Mason [6] for func
fields over algebraically closed fields. We show how his ideas can be transferred
situation. A general description of properties of function fields (also over finite fields
be found in the book of Stichtenoth [9].

We introduce some notations.k = Fq denotes a finite field withq = pd elements. The
rational function field ofk is k(t) as usual, andK is a finite extension ofk(t) of degreen0

and genusg0. The integral closure ofk[t] in K is denoted byoK . We assume thatK
is separably generated overk(t) by an elementy belonging tooK and thatk is the full
constant field ofK . Any elementf ∈ K has a unique presentation

f =
n0∑
i=1

hiy
i−1, hi ∈ k(t).

Conjugates of elements (fields) are denoted by upper case indices. LetA :=
((y(j))i−1)1�i,j�n ∈ Kn×n have determinantD. We note thatD is the discriminant ofy.
It is nonzero sinceK is separably generated. We obtain the system of linear equation

(
f (1), . . . , f (n)

) = (h1, . . . , hn)A.

Hence, thehi are rational functions in thef (j), (y(j))i−1.
The set of all (exponential)valuationsof K is denoted byV , the subset of infinite val

uations byV∞. By abuse of notation we do not distinguish between places and valua
For example, we write degv for the degree of the divisor belonging to the valuationv ∈ V .
For a nonzero elementf ∈ K we denote byv(f ) the value off atv. For integral element
this is the highest power of the divisor belonging tov that divides the divisor(f ), and this
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concept is extended to rational elements in the usual way. For the normalized valu
vN(f ) = v(f ) · degv theproduct formulaholds:

∑
v∈V

vN(f ) = 0 ∀f ∈ K \ {0}.

Theheightof a nonzero elementf of K is defined to be

H(f ) :=
∑
v∈V

max
{
0, vN(f )

}
.

Because of the product formula this is tantamount to

H(f ) = −
∑
v∈V

min
{
0, vN(f )

}

which then holds for all elements ofK including 0.

3. Unit equations

Let V0 be a finite subset ofV . Then the nonzero elementsγ ∈ K satisfyingv(γ ) = 0
for all v /∈ V0 form a multiplicative group inK . These elements are calledV0-units. For
V0 = V∞ theV0-units are just the units of the ringoK .

The resolution of Thue equations (as well as several other types of classical Dioph
equations) is usually reduced to equations of the form

γ1 + γ2 + γ3 = 0 (1)

where theγi areV0-units for a suitable setV0.
The crucial inequality of Mason on the above equation becomes in our case:

Lemma 3.1. LetV0 be a finite subset ofV and letγi (1 � i � 3) beV0-units satisfying(1).
Then eitherγ1

γ3
is in Kp or its height is bounded:

H

(
γ1

γ3

)
� 2g − 2+

∑
v∈V0

degv. (2)

Proof. The proof is along the lines of the proof of Lemma 2 in [6] (see [6, p. 14]). Sinc
our case the field of constantsk is not algebraically closed we encounter a few additio
difficulties which we will point out in what follows.
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We may assume thatf := γ1/γ3 and thereforeγ2/γ3 = −f − 1 do not belong tok. Let

V1 := {
v ∈ V : v(f ) < 0

}
, V2 := {

v ∈ V : v(f ) > 0
}
,

V3 := {
v ∈ V : v(f ) = 0∧ v(f + 1) > 0

}
.

These are disjoint subsets of the setV0. Then we have

H(f ) =
∑
v∈V1

(−v(f )
)
degv =

∑
v∈V2

v(f )degv =
∑
v∈V3

v(f + 1)degv.

This is true because of 1= (1+f )+(−f ), the product formula, and the propertyv(f ) < 0
⇔ v(1+ f ) < 0. If z denotes a prime element for the valuationv ∈ V then the differentia
1df satisfiesv(1df ) = v(df/dz) (see [9, Chapter IV]). Iff is not apth power then the
divisor 1df is canonical, i.e., deg(1df ) = 2g−2, since the fieldk of constants is complet
(see [9, Chapter I.5]). This yields

2g − 2=
∑
v∈V

v(df )degv =
∑
v∈V0

v(df )degv =
∑

v∈V1∪V2∪V3

v(df )degv

�
∑

v∈V1∪V2

(
v(f ) − 1

)
degv +

∑
v∈V3

(
v(1+ f ) − 1

)
degv

= −H(f ) + H(f ) −
∑

v∈V1∪V2

degv + H(f ) −
∑
v∈V3

degv

� H(f ) −
∑

v∈V1∪V2∪V3

degv � H(f ) −
∑
v∈V0

degv

whence the assertion follows.�
TakingΦ = −γ1/γ3, Ψ = −γ2/γ3 Eq. (1) gives theunit equation in two variables

Φ + Ψ = 1 (3)

whereΦ,Ψ areV0-units. Because of characteristicp the number of solutions of such
unit equation can be infinite.

For example, ifV0 is just the set of infinite valuations andη,1− η are both units ofoK

then alsoηκ , (1 − η)κ is a solution of (3) for every exponentκ = p�. Hence, there exis
solutions of arbitrary large heights in this situation.

The subsequent lemma shows that for any finite subsetV0 of V , the group ofV0-units
of K contains only a finite number, says, of V0-unitsη which are notp�th powers and for
which also 1− η is aV0-unit. We denote the set of these units by{η1, . . . , ηs}.

Lemma 3.2. Let V0 be a finite subset ofV . Assume that aV0-unit Φ in K is a solution
of (3). If Φ is not ap�th power ofηi (1� i � s, � ∈ Z

�0) thenΦ belongs to a finite subse
of K which can be calculated.
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For the proof we refer to [6, Lemma 11, p. 98]. The proof starts by assuming thaΦ is
not apth power inK and therefore also provides the means to calculate theηi .

4. Application to Thue equations

4.1. Preliminaries

We want to apply these results to (relative) Thue equations overK . Let

F(X,Y ) :=
n∑

i=0

AiX
n−iY i ∈ oK [X,Y ]

be a binary homogeneous form of degree at least 3. Without loss of generality (
p. 20]) we can assume thatF is monic inX, i.e.,A0 = 1. The polynomialF(X,1) ∈ oK [X]
is required to be separable and irreducible. Then for arbitrarym ∈ oK the equation

F(x, y) = m in x, y ∈ oK

is called aThue equation(overK). Denote byα a zero ofF(x,1) in K , let L = K(α) and
oL the integral closure ofk[t] in L. Assume thatk is the full constant field ofL, too. If
x, y ∈ oK is a solution of the Thue equation then

F(x, y) = NL/K(x − αy) = m. (4)

Denote byγ (j) (j = 1, . . . , n) the conjugates of anyγ ∈ L over K . Assume tha
(x, y) ∈ o2

K is a solution of (4). Thenβ = x − αy is of normm, that isβ can be repre
sented in the form

β = x − αy = µ · η (5)

whereη is a unit inL andµ is an element of a finite setS of non-associated elements ofL

of normm overK . For the solution of the corresponding norm equation we use the
methods from algebraic number theory, i.e., calculate suitableS-units [3]. Those, togethe
with Dirichlet’s unit theorem (cf., e.g., [11]), can be easily transfered to the function
case, too.

Denote byη1, . . . , ηr a set of fundamental units inL (that can be calculated by th
computer algebra system KASH [2]). Settingk∗ = 〈η0〉, there are integer exponen
a0, a1, . . . , ar such that

β = x − αy = µ · ηa0 · ηa1 · · ·ηar
r . (6)
0 1
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For fixed distincti, j, k (with 1� i, j, k � n) setLijk = L(α(i), α(j), α(k)) with genusg.
Denote byV0 a finite set of valuations ofLijk containing the infinite valuations and su
that

v
(
α(i) − α(j)

) = 0, v
(
α(j) − α(k)

) = 0, v
(
α(k) − α(i)

) = 0 if v /∈ V0

and

v
(
µ(i)

) = 0, v
(
µ(j)

) = 0, v
(
µ(k)

) = 0 if v /∈ V0.

Siegel’s identity (holding trivially for any solution, see [4, Chapter 3]) gives

(
α(i) − α(j)

)
β(k) + (

α(j) − α(k)
)
β(i) + (

α(k) − α(i)
)
β(j) = 0. (7)

By the fundamental Lemma 3.1

τijk = (α(j) − α(k))β(i)

(α(i) − α(j))β(k)

is either of bounded height or is contained inL
p
ijk . In the following the height function i

applied always inLijk .

4.2. Effective upper bounds for the solutions of Thue equations

In case Eq. (4) has only finitely many solutions we derive an upper bound fo
heights of the solutions. If the equation has only finitely many solutions, then there
be i, j, k such thatτijk is not apth power inLijk . We keep the above notation and
A = max(H(α(i),H(α(j)),H(α(k))).

Theorem 4.1. If τijk is not apth power, then Eq.(4) has only finitely many solutions an
for all solutions(x, y) we have

max
(
H(x),H(y)

)
� 11A + 1

n
H(µ) + 4g − 4+ 2

∑
v∈V0

degv.

Proof. Applying Lemma 3.1 we get

H(τijk) � 2g − 2+
∑
v∈V0

degv = c1.

This implies

H

(
β(i)

(k)

)
= H

(
x − α(i)y

(k)

)
� H(τijk) + H

(
α(i) − α(j)

(j) (k)

)
� c1 + 4A = c2.
β x − α y α − α
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Using an argument of Mason [6, Chapter II.1] fory 
= 0 we have

x

y
= α(k)β(i)/β(k) − α(i)

β(i)/β(k) − 1

whence

H

(
x

y

)
� 2A + 2c2.

By

yn = µ∏n
h=1

(
x
y

− α(h)
)

we derive

nH(y) � H(µ) + n

(
H

(
x

y

)
+ A

)

whence the assertion follows fory. The bound forx can be obtained similarly.�
4.3. An algorithm for calculating the solutions of Thue equations

We now turn to finding the solutions of Eq. (4).

Case I. Consider first the case whenτijk is of bounded height. Similarly as in the proof
Theorem 4.1 we obtain

H

(
x − α(i)y

x − α(k)y

)
� H(τijk) + H

(
α(i) − α(j)

α(j) − α(k)

)
� c1 + H

(
α(i) − α(j)

α(j) − α(k)

)
= c′

2. (8)

By (6) we have

x − α(i)y

x − α(k)y
= µ(i)

µ(k)

(
η

(i)
1

η
(k)
1

)a1

· · ·
(

η
(i)
r

η
(k)
r

)ar

whence using (8) we obtain

H

((
η

(i)
1

η
(k)
1

)a1

· · ·
(

η
(i)
r

η
(k)
r

)ar
)

� c′
2 + H

(
µ(k)

µ(i)

)
= c3.

This means for any infinite valuationv of Lijk we have

a1 · v
(

η
(i)
1

η
(k)

)
+ · · · + ar · v

(
η

(i)
r

η
(k)

)
� c3.
1 r
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Note that by interchangingi andk we get the same expression on the left-hand side
opposite sign: for this reason the inequalities are also valid with absolute values:

∣∣∣∣∣a1 · v
(

η
(i)
1

η
(k)
1

)
+ · · · + ar · v

(
η

(i)
r

η
(k)
r

)∣∣∣∣∣ � c3. (9)

Note that the units in the above formula have zero values at finite valuations. T
equalities of type (9) (obtained for different choices ofi, k) can be used to determine a
possible values of the exponentsa1, . . . , ar .

For any possible exponent vectora1, . . . , ar we can determineη = η
a1
1 · · ·ηar

r in (5).
Then the system of equations

x − α(1)y = µ(1) · η(1), x − α(2)y = µ(2) · η(2)

can be used to determine the correspondingx, y.

Case II. If in (7) we have

τijk = (α(j) − α(k))β(i)

(α(i) − α(j))β(k)
∈ L

p
ijk,

then using (5) we obtain

(α(j) − α(k))µ(i)

(α(i) − α(j))µ(k)
· η(i)

η(k)
∈ L

p
ijk.

Here the last term is a unit inLijk hence for any finite valuationv of Lijk

v

(
(α(j) − α(k))µ(i)

(α(i) − α(j))µ(k)

)

must be divisible byp. This usually does not hold and there is no Case II solution. O
wise,τijk is apth power, sayτijk = ψ

p
ijk , we replaceτijk by ψ

p
ijk and repeat the argumen

Remark. In the above calculations several elements (e.g.,α(i) − α(j)) are contained in
subfields of typeLij = K(α(i), α(j)) of Lijk . Since for elements inLij the values at any
valuation ofLijk can be easily calculated from the values of the corresponding valua
of Lij , hence in fact almost all calculations can be performed in the subfieldsLij which
are much easier to deal with, especially for large degreesn.

5. Examples

Example 1. In the first example we do not need to apply the fundamental lemma.
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Let k = F5, let K = k(t), let α be a root of

y3 + t7 + t = 0

and letL = K(α). Consider the Thue equation

NL/k(t)(x − αy) = 1 in x, y ∈ k[t]. (10)

Denote byα(1), α(2), α(3) the conjugates ofα. Using symmetric polynomials we have

α(3) = −α(1) − α(2)

and substituting it intoα(1)α(3) + α(2)α(3) + α(1)α(2) = 0 we obtain

(
α(2)

)2 + α(1)α(2) + (
α(1)

)2 = 0

whence

α(2) = 4α(1) ± α(1)
√−3

2
= 3

(
4α(1) ± α(1)

√
2
)
. (11)

Observe that
√

2 is contained inF25, a quadratic extension ofK , hence in this case

M = L
(
α(1), α(2), α(3)

) = F25(t)(α).

Denote byw a generating element of the multiplicative groupF
∗
25 of F25 with

2= w6, 3= w18, 4= w12.

By (11) we have

α(2) = w16α(1), α(3) = w8α(1).

Siegel’s identity gets the form

w8(x − α(1)y
) + (

x − α(2)y
) + w16(x − α(3)y

) = 0. (12)

In our caseM has one infinite valuation. In the above equation all terms are units
ing zero values at all finite valuations. By the product formula their value at the in
valuation is also 0, hence they are contained in the constant fieldF25.

Equation (12) leads to the unit equation

w4x − α(1)y

(3)
+ w20x − α(2)y

(3)
= 1
x − α y x − α y
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which can be written in the form

ε1 + ε2 = 1 in ε1, ε2 ∈ F
∗
25. (13)

If ε1, ε2 are solutions of this equation, then

x − α(1)y = ε1w
4(x − α(3)y

)
, x − α(2)y = ε2w

20(x − α(3)y
)
, (14)

hence (10) gets the form

ε1ε2
(
x − α(3)y

)3 = 1 (15)

whence for the solutionsε1, ε2 of (13) the 1/(ε1ε2) must be a cube inF∗
25.

We determined all such solutionsε1, ε2 of (13), calculated the correspondingx − α(3)y

from (15) and determinedx, y from the system of linear equations (14). We found, that
only integer solution isx = 1, y = 0.

Example 2. Let k = F11,K = k(t), let α be a root of

y3 − ty + t3 = 0

and letL = K(α). Consider the Thue equation

NL/k(t)(x − αy) = 1 in x, y ∈ k[t]. (16)

Denote byα(1), α(2), α(3) the conjugates ofα. Using symmetric polynomials we have

α(3) = −α(1) − α(2)

and substituting it intoα(1)α(3) + α(2)α(3) + α(1)α(2) = −t we obtain

(
α(2)

)2 + α(1)α(2) + (
α(1)

)2 − t = 0

whence

α(2) = −α(1) ± √−3(α(1))2 + 4t

2
. (17)

The minimal polynomial of the square root is

z6 + 5tz4 + 9t2z2 + 5t6 + 7t3.

The function fieldM = F11(t)(z) containsα(1), α(2), α(3). By

z2 = −3
(
α(1)

)2 + 4t
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we have

(
α(1)

)2 = −z2 + 4t

3

whence

α(1) = 6

t4

(
4t3 + 6t2z2 + tz4).

Further we obtain

α(2) = −α(1) + z

2
, α(3) = −α(1) − z

2
.

For any 1� i � 3 letj = i +1 (mod 3), k = i +2 (mod 3) (taking 3 in case of 0 remainde
and let

γi = (
α(j) − α(k)

)(
x − α(i)y

)
.

Then Siegel’s identity gets the form

γ1 + γ2 + γ3 = 0. (18)

The fieldM has genus 1. It has three infinite valuations, all of degree 2. Thex − α(i)y are
units, having nonzero values only at the infinite valuations. The(α(i) − α(j))/(α(i) − α(j))

have nonzero values all together for 6 finite valuations, all having degrees 1 or 2, the
the degrees is 9. Denote byV0 the set of these 6 finite and the three infinite valuations oM .
Then by the fundamental Lemma 3.1γi/γj is either of bounded height, or is contain
in M11.

Case I. Assume

H

(
γ1

γ3

)
� 2 · 1− 2+ 15= 15.

This implies

H

(
x − α(1)y

x − α(3)y

)
� 15+ H

(
α(1) − α(2)

α(2) − α(3)

)
= 17. (19)

In our caseK has unit rank 1. The fundamental unit is

ε = 3t + 1+ 3α.

The values

v

(
ε(i)

(k)

)

ε
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(at infinite valuations) are±3. Hence by (19) and (9) we have

x − αy = µ · εa

with a root of unityµ in k, where

3 · |a| � 17

hence

|a| � 5.

The possible values ofa were tested and we found only the solutionx = 1,y = 0 for a = 0
andx = 3t + 1, y = 8 for a = 1.

Case II. To excludeγ1
γ3

∈ M11 we consider

γ1

γ3
= α(2) − α(3)

α(1) − α(2)
· x − α(1)y

x − α(3)y
.

The second term on the right-hand side is a unit, hence

v

(
α(2) − α(3)

α(1) − α(2)

)

should be divisible by 11 at all finite valuationsv. This is not satisfied, however. (Similar
for γ1/γ2 andγ2/γ3.)

Example 3. Let k = F3, K = k(t), let α be a root of

y3 + (
t2 + 2

)
y2 + (

2t2 + 2
)
y + 2= 0

and letL = K(α). Consider the Thue equation

NL/k(t)(x − αy) = 1 in x, y ∈ k[t]. (20)

Denote byα(1), α(2), α(3) the conjugates ofα. Using symmetric polynomials we have

α(3) = −t2 − 2− α(1) − α(2)

and substituting it intoα(1)α(3) + α(2)α(3) + α(1)α(2) = 2t2 + 2 we obtain

(
α(2)

)2 + α(2)
(
α(1) + t2 + 2

) + (
α(1)

)2 + α(1)
(
t2 + 2

) + 2t2 + 2= 0
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whence

α(2) = −(α(1) + t2 + 2) ± √
α(1)(t2 + 2) + t4 + 2t2 + 2

2
. (21)

The minimal polynomial of the square root is

z6 + z4(t4 + t2 + 1
) + z2(t8 + 2t6 + 2t2 + 1

) + 2t8 + 2t4 + t6 + 2.

The function fieldM = F3(t)(z) containsα(1), α(2), α(3). By

z2 = α(1)
(
t2 + 2

) + t4 + 2t2 + 2

we have

α(1) = z2 − t4 − 2t2 − 2

t2 + 2
.

Further we obtain

α(2) = −α(1) − t2 − 2+ z

2
, α(3) = −α(1) − t2 − 2− z

2
.

For any 1� i � 3 letj = i +1 (mod 3), k = i +2 (mod 3) (taking 3 in case of 0 remainde
and let

γi = (
α(j) − α(k)

)(
x − α(i)y

)
.

Then Siegel’s identity gets the form

γ1 + γ2 + γ3 = 0. (22)

The fieldM has genus 7. It has six infinite valuations, all of degree 1. Thex − α(i)y are
units, having nonzero values only at the infinite valuations. The(α(i) − α(j))/(α(i) − α(j))

have nonzero values all together for six finite valuations, all having degrees 4. DenoteV0
the set of these six finite and the six infinite valuations ofM . Then by the fundamenta
Lemma 3.1γi/γj is either of bounded height, or is contained inM3.

Case I. Assume

H

(
γ1

γ3

)
� 2 · 7− 2+ 24= 42.

This implies

H

(
x − α(1)y

(3)

)
� 42+ H

(
α(1) − α(2)

(2) (3)

)
= 48. (23)
x − α y α − α
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In this caseK has unit rank 2. The fundamental units are

ε1 = 1+ 2t2α + 2α2, ε2 = t2 + 1+ (
2t2 + 1

)
α + 2α2.

Considering the values of

v

(
ε(i)

ε(k)

)

(at infinite valuations) by (23) and (9) become

x − αy = µ · εa1
1 · εa2

2

with a root of unityµ in k, where

|a1 + 2a2| � 24, |a1 − a2| � 24,

whence

|3a1| � |a1 + 2a2| + |a1 − a2| � 48,

that is|a1| � 16. Searching over the set

−16� a1 � 16, a1 − 24� a2 � a1 + 24

we found the following solutions

(x, y) = (
1,2t2 + 1

)
, (0,2), (1,1), (1,0),

(
2t2 + 2,2t2 + 1

)
,

(
t4 + 2t2 + 1,2t2 + 1

)
.

Case II. To excludeγ1
γ3

∈ M3 we consider

γ1

γ3
= α(2) − α(3)

α(1) − α(2)
· x − α(1)y

x − α(3)y
.

The second term on the right-hand side is a unit, hence

v

(
α(2) − α(3)

α(1) − α(2)

)

should be divisible by 3 at all finite valuationsv. This is not satisfied, however. (Similar
for γ1/γ2 andγ2/γ3.)

Example 4. Let k = F5,K = k(t). For simplicity takeA = t2 + t + 1; B = t4 − 1. Letα
be a root of

y4 − 2B2y2 + A + B2 = 0,
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that is α =
√

B + √−A, and letL = K(α). This function fieldL obviously hasN =
K(

√−A) as a subfield. Consider the Thue equation

NL/k(t)(x − αy) = 1 in x, y ∈ k[t]. (24)

Denote byα(i) the conjugates ofα (i = 1, . . . ,4).
If we let

α(1) =
√

B + √−A, α(2) = −
√

B + √−A

then byα(1)α(2) = √
A + B2. The elementβ = α(1) + α(1)α(2) generates a function fiel

M of degree 8 overK containing all conjugates ofα. The elementβ is defined by the
polynomial

z8 + (−4B − 4A − 4B2)z6 + (
4BA + 4B3 + 6B2 + 2A + 6A2 + 6B4 + 12AB2)z4

+ (−4BA + 12A2 − 12B4A + 16AB2 + 4BA2 + 4B5 + 4B4 − 12A2B2 − 4A3

− 4B3 + 8B3A − 4B6)z2

+ (
6B4A2 + B4 − 4B5 + 6B6 + 2A3 + A2 + 2AB2 + 4B6A − 4B7 − 8B3A

+ 14B4A + A4 + 4A3B2 + 10A2B2 − 4BA2 − 12B5A − 4BA3 − 12A2B3 + B8)
= z8 + (

t8 + 4t4 + t2 + t + 1
)
z6 + (

t16 + 2t10 + 2t9 + 2t8 + 2t4 + 2t3 + 3t2

+ 2t + 4
)
z4 + (

t24 + 3t20 + 3t18 + 3t17 + 2t16 + t14 + t13 + 4t12 + t11 + 4t10

+ t9 + 2t8 + t7 + t6 + 2t4 + 4t3 + 4t2 + 2
)
z2

+ (
t32 + 3t28 + 4t26 + 4t25 + t24 + 4t22 + 4t21 + 2t19 + 2t18 + t17 + 3t15

+ 2t14 + t13 + t12 + 2t11 + 3t10 + 4t8 + 2t7 + 3t6 + 4t5 + 2t4 + 2t3 + 4t2).
By

β − α =
√

A + B2 (25)

we get

β2 − 2βα + α2 − A − B2.

One of the roots of this equation satisfies the quartic defining polynomial ofα, giving
the embedding ofα(1) into M . The other conjugate can be obtained by (25), the last
conjugates are the negatives of these ones.

The fieldK has unit rank 3, we embed all conjugates of the fundamental units intM .
(These units are far too complicated to include explicitly here.) Let
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γ1 = (
α(2) − α(3)

)(
x − α(1)y

)
,

γ2 = (
α(3) − α(1)

)(
x − α(2)y

)
,

γ3 = (
α(1) − α(2)

)(
x − α(3)y

)
,

then we have

γ1 + γ2 + γ3 = 0. (26)

The fieldM has genus 13. It has eight infinite valuations, all of degrees 1. Thex − α(i)y

are units, having nonzero values only at the infinite valuations. The quotients

α(1) − α(2)

α(1) − α(3)
,

α(2) − α(3)

α(2) − α(1)
,

α(3) − α(1)

α(3) − α(2)

have nonzero values all together at four finite valuations, two of them being of deg
the other two of degree 6. Denote byV0 the set of the eight infinite and these four fin
valuations. Then by the fundamental Lemma 3.1γi/γj is either of bounded height, or
contained inM5.

Case I. Assume

H

(
γ1

γ3

)
� 2 · 13− 2+ (8+ 12+ 8) = 52.

This implies

H

(
x − α(1)y

x − α(3)y

)
� 52+ H

(
α(1) − α(2)

α(2) − α(3)

)
= 65. (27)

As we mentioned above,K has unit rank 3. We denote byε1, ε2, ε3 the fundamental units
Considering the values of

v

(
ε
(i)
h

ε
(k)
h

)

(at infinite valuations) forh = 1,2,3, by (27) and (9) we become

x − αy = µ · εa1
1 · εa2

2 · εa3
3

with a root of unityµ in k where among others the exponents satisfy

|50a1 + 6a2 + 54a3| � 65,

|51a1 + 5a2 + 54a3| � 65,

|49a1 + 3a2 + 54a3| � 65.
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There are about 8000 solutions(a1, a2, a3) of the above system of linear inequalitie
Testing all possible exponent vectors we found that Eq. (24) has only the trivial
tions (x, y) = (1,0), (2,0), (3,0), (4,0) (these yield in fact the multiplies ofx − αy for
x = 1, y = 0 with roots of unity ink).

Case II. To excludeγ1
γ3

∈ M5 we consider

γ1

γ3
= α(2) − α(3)

α(1) − α(2)
· x − α(1)y

x − α(3)y
.

The second term on the right-hand side is a unit, hence

v

(
α(2) − α(3)

α(1) − α(2)

)

should be divisible by 5 at all finite valuationsv. This is not satisfied, however. (Similar
for γ1/γ2 andγ2/γ3.)

Computational experiences. All computations used in the examples were performed
using the computer algebra system KASH [2], running on 1 GHz PC-s. The calcul
took just some seconds with the exception of the test of about 8000 possible ex
vectors in Example 4 which took about 90 minutes.
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