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Motivated by corresponding definitions of the various generalized open
sets in topological spaces, we introduce and study ten kinds of generalized
topologically open sets in relator spaces.

Moreover, having in mind the various connectedness properties con-
sidered in topological spaces we introduce and study seventeen reasonable
connectedness properties of relator spaces.

The results contained in the dissertation have been presented in two
papers [35, 38] and one chapter [36].

In this thesis we summarize the main results that are touched by the
three chapters of the dissertation.

Introduction

The dissertation consists of an introduction and three chapters. The
Introduction contains several historical facts on the investigations of these
two enormous topics. Moreover, it indicates that by using relators (families
of relations) instead of topologies we can get some substantial generaliza-
tions.

Actually, by the results of Pervin [34] and Száz [47] , each minimal
structure and generalized topology can be easily derived from families of
preorder relations. Thus, in contrast to a common belief, they should not
also be studied separately.

Chapter 1 is devoted to collect some relevant facts on relators and their
induced basic tools, such as proximal and topological interiors, open and fat
sets, for instance. Moreover, here some primary classifications of relators are
also included.

In Chapter 2, ten types of generalized open sets are introduced and
investigated. For instance, a subset A of a relator space X (R) is called
semi-open if A ⊆ clR( intR(A)), and quasi-open if V ⊆ A ⊆ clR(V ) for
some open subset V of X (R) .

Thus, for instance, it is shown that if in particular the relator R is
topological, then A is a semi-open (quasi-open) subset of X (R) if and only
if there exist an open subset V of X (R) and a subset B of resR(A) =

clR(A) ∖A such that A = V ∪ B .
While, in Chapter 3, a relator R on X is, for instance, called quasi-

proximally minimal if τR ⊆ {∅, X}, and quasi-topologically connected if
TR∩FR ⊆ {∅, X}, where τR and TR denote the families of all proximally
and topologically open subsets of X (R) , respectively.
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There, for instance, it is shown that R is quasi-topologically connected
if the relator R∧ ∨R∧−1 = {R ∪ S−1 ∶ R, S ∈ R∧} , where R∧ = {S ⊆

X 2 ∶ ∀ x ∈X ∶ x ∈ intR(S (x))} , is quasi-proximally minimal.
The latter statement shows that the properties of quasi-topologically

connected relators can, in principle, be immediately derived from those of
the quasi-proximally minimal ones. Hence, it can be seen that connected-
ness is a particular case of well-chainedness.

At the end of the dissertation, several possibilities for some further,
more general investigations are suggested.

A family R of relations on one set X to another Y is called a relator
on X to Y , and the ordered pair (X, Y )(R) = ((X, Y ), R) is called a
relator space. For the origins of this notion see [41, 46] and the references
in [41] .

If in particular R is a relator on X to itself, then R is simply called
a relator on X . Thus, by identifying singletons with their elements, we
may naturally write X (R) instead of (X, X )(R) . Namely, (X, X ) =

{{X}, {X, X}} = {{X}} .
Relator spaces of this simpler homogeneous type are already substan-

tial generalizations of the various ordered sets [5] and uniform spaces [10] .
However, they are insufficient for some important purposes. ( See, for
instance, [13] and [45] .)

A relator R on X to Y , or the relator space (X, Y )(R) , is called
simple if R = {R} for some relation R on X to Y . Simple relator spaces
(X, Y )(R) and X (R) were called formal contexts and gosets (general-
ized ordered sets) in [13] and [49] , respectively.

In the dissertation, we shall mainly be considering relators on X . A
relator R on X , or the relator space X(R) , will, for instance, be called
reflexive if each member of R is reflexive on X . Thus, we may also natu-
rally speak of preorder, tolerance, and equivalence relators.

For instance, for a family A of subsets of X , the family RA = {RA ∶

A ∈ A} , where RA = A2 ∪ (Ac×X), is an important preorder relator on
X . Such relators were first used by Pervin [34] , and later also by Levine
[28] and Száz [47] .

While, for a family D ∈ X2 of pseudo-metrics on X , the family
RD = {Bd

r ∶ r > 0, d ∈ D } , where Bd
r = {(x, y) ∶ d(x, y) < r} , is

an important tolerance relator on X . Such relators were first considered by
Weil [53] .
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Moreover, if S is a family of covers (partitions) of X , then the family
RS = {SA ∶ A ∈ S} , where SA = ⋃A∈A A2 , is a tolerance (equiva-
lence) relator on X . Equivalence relators were first investigated by Levine
[27] .

Relator Spaces

In this chapter, we present some necessary prerequisites on relators.

NOTATION. Throughout the sequel, for the readers convenience and the
requirements of most of the forthcoming sections, we shall assume that R
is a relator on X , not a relator on X to Y .

DEFINITION. For any A,B ⊆X and x, y ∈X , we define
(1) A ∈ IntR(B) if R [A ] ⊆ B for some R ∈R ;
(2) A ∈ ClR(B) if R [A ] ∩ B ≠ ∅ for all R ∈R ;
(3) x ∈ intR(B) if {x} ∈ IntR(B) ;
(4) x ∈ clR(B) if {x} ∈ ClR(B) ;
(5) A ∈ τR if A ∈ IntR(A) ; (6) A ∈ τ-R if Ac ∉ ClR(A) ;
(7) A ∈ TR if A ⊆ intR(A) ; (8) A ∈ FR if clR(A) ⊆ A ;
(9) A ∈ ER if intR(A) ≠ ∅ ; (10) A ∈ DR if clR(A) =X ;

(11) A ∈ NR if clR(A) ∉ ER ; (12) A ∈MR if intR ∈ DR .
The relations IntR and intR are called the proximal and topological

interiors generated by R , respectively. While, the members of the families
τR , TR and ER are called the proximally open, topologically open and fat
subsets of the relator space X (R) , respectively.

DEFINITION. The relators
R∗ = {S ⊆X2 ∶ ∃ R ∈R ∶ R ⊆ S } ;

R# = {S ⊆X2 ∶ ∀ A ⊆X ∶ ∃ R ∈R ∶ R [A ] ⊆ S [A ] } ;

R∧ = {S ⊆X2 ∶ ∀ x ∈X ∶ ∃ R ∈R ∶ R (x) ⊆ S (x)} ;

R△ = {S ⊆X2 ∶ ∀ x ∈X ∶ ∃ u ∈X ∶ ∃R ∈R ∶ R (u) ⊆ S (x)},

are called the uniform, proximal, topological and paratopological closures
(or refinements) of the relator R , respectively.

Thus, R#, R∧ and R△ are the largest relators on X such that IntR =

IntR# , intR = intR∧ and ER = ER△ . However, in general there is no
largest relator S on X such that TR = TS . This is a serious disadvantage
of the topologically open sets compared to the fat and proximally open ones.
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DEFINITION. A relator R on X , or the relator space X(R) , will be called
reflexive if each member of R is reflexive on X .

The importance of reflexive relators is apparent from the following.

THEOREM. The following assertions are equivalent :
(1) R is reflexive ;
(2) A ⊆ clR(A) for all A ⊆ X ; (3) intR(A) ⊆ A for all A ⊆X .

THEOREM. The following assertions are equivalent :
(1) R is reflexive ;
(2) A ∈ IntR(B) implies A ⊆ B for all A, B ⊆X ;
(3) A ∩B ≠ ∅ implies A ∈ ClR(B) for all A, B ⊆X .

Also, we may also naturally have the following

DEFINITION. The relator R is called non-partial if each member R of R
is a non-partial relation on X .

The importance of non-partial relators is apparent from the following

THEOREM. The following assertions are equivalent :
(1) R is non-partial ;
(2) ∅ ∉ ER ; (3) DR ≠ ∅ ; (4) X ∈ DR ; (5) ER ≠ P (X) .

DEFINITION. The relator R is called locally non-partial if for each x ∈X
there exists R ∈R such that for any y ∈ R (x) and S ∈Rwe have S (y) ≠ ∅.

Moreover, by using the corresponding definitions, we state

THEOREM. The following assertions are equivalent :

(1) R is locally non-partial ; (2) X = intR( clR(X)) .

It is also worth introducing the following

DEFINITION. The relator R is called non-degerated if X ≠ ∅ and R ≠ ∅ .

Thus, we can also easily establish the following

THEOREM. The following assertions are equivalent :
(1) R is non-degenerated ;
(2) ∅ ∉ DR ; (3) ER ≠ ∅ ; (4) X ∈ ER ; (5) DR ≠ P (X) .

The following improvement of [42, Definition 2.1] was first considered
in [43] .
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DEFINITION. The relator R is called :

(1) quasi-topological if x ∈ intR ( intR(R (x))) for all x ∈X and R ∈R;

(2) topological if for any x ∈ X and R ∈ R there exists V ∈ TR,
such that x ∈ V ⊆ R (x).

The appropriateness of these definitions is already quite obvious from
the following theorems.

THEOREM. The following assertions are equivalent :
(1) R is quasi-topological ;
(2) intR(R (x)) ∈ TR for all x ∈X and R ∈R ;

(3) clR(A ) ∈ FR ( intR(A ) ∈ TR) for all A ⊆X .

THEOREM. The following assertions are equivalent :
(1) R is topological ; (2) R is reflexive and quasi-topological .

DEFINITION. The relator R is called

(1) properly filtered if for any R, S ∈R we have R ∩ S ∈R ;
(2) uniformly filtered if for any R, S ∈ R there exists T ∈ R such

that T ⊆ R ∩ S ;
(3) proximally filtered if for any A ⊆ X and R, S ∈ R there exists

T ∈R such that T [A ] ⊆ R [A ] ∩ S [A ] ;
(4) topologically filtered if for any x ∈ X and R, S ∈ R there exists

T ∈R such that T (x) ⊆ R (x) ∩ S (x) .

We can easily prove the following theorem which shows the appropri-
ateness of the above proximal filteredness property.

THEOREM. The following assertions are equivalent :
(1) R is proximally filtered ;
(2) ClR(A ∪B) = ClR(A) ∪ ClR(B) for all A, B ⊆X;
(3) IntR(A ∩B) = IntR(A) ∩ IntR(B) for all A, B ⊆X .

COROLLARY. If R is proximally filtered, then the families τ-R and τR
are closed under binary unions and intersections, respectively.

From the above theorem, we can also easily derive the following

THEOREM. The following assertions are equivalent :
(1) R is topologically filtered ;
(2) clR(A ∪B) = clR(A) ∪ clR(B) for all A, B ⊆X;
(3) intR(A ∩B) = intR(A) ∩ intR(B) for all A, B ⊆X .
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COROLLARY. If R is topologically filtered, then the families FR and TR
are closed under binary unions and intersections, respectively.

THEOREM. If R is topologically filtered , then for any A, B ⊆X we have
clR(A) ∖ clR(B) = clR(A ∖B) ∖ clR(B) .

COROLLARY. If R is topologically filtered, then for any A, B ⊆ X we
have clR(A) ∖ clR(B) ⊆ clR(A ∖B) .

The importance of topologically filtered relators is apparent from

THEOREM. If R is topologically filtered, then for any A, B ⊆X we have
(1) clR(A) ∩ intR(B) ⊆ clR(A ∩B) ;
(2) intR(A ∪B) ⊆ intR(A) ∪ clR(B) .

COROLLARY. If R is topologically filtered, then
(1) clR(A) ∩ B ⊆ clR(A ∩B) for all A ⊆X and B ∈ TR ;
(2) intR(A ∪B) ⊆ intR(A) ∪ B for all A ⊆X and B ∈ FR .

Now, as some improvements of the above theorem and its corollary, we
can also prove the following theorem and its corollary.

THEOREM. If R is topologically filtered, then for any A, B ⊆X we have
(1) clR(A) ∩ intR(B) = clR(A ∩B) ∩ intR(B) ;
(2) intR(A ∪B) ∪ clR(B) = intR(A) ∪ clR(B) .

COROLLARY. If R is topologically filtered, then
(1) clR(A) ∩ B = clR(A ∩B) ∩ B for all A ⊆X and B ∈ TR ;
(2) intR(A ∪B) ∪B = intR(A) ∪ B for all A ⊆X and B ∈ FR .

Also, we state some more particular theorems on topologically filtered
relators

THEOREM. IfR is quasi-topological and topologically filtered, then for any
A, B ∈ NR we have A ∪B ∈ NR .

COROLLARY. If R is nonvoid, non-partial, quasi-topological and topolog-
ically filtered, then NR is an ideal on X .

THEOREM. If R is topological and topologically filtered, then for any
A ∈ TR we have resR(A) ∈ FR ∖ ER .

COROLLARY. If R is topological and topologically filtered, then resR(A) ∈

NR for all A ∈ TR .

DEFINITION. The relator R is called properly simple if it is a singleton
relator. That is, there exists a relation R on X such that R = {R} .
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Now, we can also easily prove the following

THEOREM. Under the notation R = ⋂ R, the following assertions are
equivalent :
(1) R is topologically simple ; (2) R ∈R∧ ; (3) R∧ = {R }∧ .

THEOREM. If R is nonvoid, then under the notation R = ⋂ R , we have
R∨∧ = {R−1}

∧
.

In contrast to the reflexivity property of the relator R, we may
naturally introduce a great abundance of important symmetry and transitivity
properties of R [43, 44] .

DEFINITION. The relator R is called topologically symmetric if for each
x ∈X and R ∈R there exists S ∈R such that S (x) ⊆ R−1(x).

We can state the following two theorems.

THEOREM. The following assertions are equivalent :
(1) R is topologically symmetric ;
(2) clR ⊆ clR−1 ; (3) intR−1 ⊆ intR .

THEOREM. If R is nonvoid, then the following assertions are equivalent :
(1) R is quasi-topologically symmetric ;
(2) TR−1 ⊆ TR ; (3) FR−1 ⊆ FR .

DEFINITION. For a relator S on X the relator
R ∨ S = {R ∪ S ∶ R ∈R , S ∈ S }

is called the elementwise union of the relators R and S .

If somewhat more generally R = (Ri)i∈I and S = (Si)i∈I , where
Ri and Si are relations on X , then we may also naturally define
R▽ S = (Ri ∪ Si)i∈I .
Thus, in particular for any relator R, we may also naturally write

R ▽ R−1 = {R ∪ R−1 ∶ R ∈R}

and
R ∨R−1 = {R ∪ S−1 ∶ R, S ∈R}.

The importance of R ∨ S is apparent from the following

THEOREM. We have
(1) IntR∨S = IntR ∩ IntS ; (2) ClR∨S = ClR ∪ClS .

COROLLARY. We have
(1) τR∨S = τR ∩ τS ; (2) τ-R∨S = τ-R ∩ τ-S .
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We also immediately derive

THEOREM. We have
(1) intR∨S = intR ∩ intS ; (2) clR∨S = clR ∪ clS .

COROLLARY. We have
(1) TR∨S = TR ∩ TS ; (2) FR∨S = FR ∩ FS ;
(3) ER∨S ⊆ ER ∩ ES ; (4) DR ∪ DS ⊆ DR∨S .

We may also naturally consider the elementwise intersection
R ∧ S = {R ∩ S ∶ R ∈R, S ∈ S }.

Now, by using the above definition, we also prove the following

THEOREM. If R is uniformly filtered, then for any ◻ ∈ {∗ ,# , ∧ , △} ,
we have (R ▽ R−1)

◻
= (R ∨R−1)

◻
.

Concerning the relator R ∨ S , we also state the following

THEOREM. If ◻ ∈ {∗ , # , ∧} , then (R ∨ S)
◻
= R◻ ∩ S ◻ .

COROLLARY. If ◻ ∈ {∗ , # , ∧} , then

(1) (R ∨ S )
◻
= (R◻ ∨ S ◻)

◻
; (2) R◻ ∩ S ◻ = (R◻ ∩ S ◻)

◻
.

We also state the following

THEOREM. If ◻ ∈ {∗ , # , ∧} , then the following assertions are equiva-
lent :
(1) R ∨ S ⊆ (R ∩ S )

◻
; (2) (R ∨ S)

◻
⊆ (R ∩ S)

◻
;

(3) (R ∨ S )
◻
= (R ∩ S )

◻
; (4) R◻ ∩ S ◻ ⊆ (R ∩ S )

◻
;

(5) R◻ ∩ S ◻ = (R ∩ S )
◻

.

Generalized Topologically Open Sets in Relator Spaces

Parts (2) and (3) of the following definition have been suggested by [24,
Theorem 1 and Definition 1] of Levine.

For the motivations of parts (1) and (4), see Mashhour et al. [30, p. 47]
and Jun et al. [17, Lemma 4.21] .

DEFINITION. A subset A of the relator space X (R) will be called
topologically
(1) preopen if A ⊆ intR( clR(A)) ;
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(2) semi-open if A ⊆ clR( intR(A)) ;
(3) quasi-open if there exists V ∈ TR such that V ⊆ A ⊆ clR(V ) ;
(4) pseudo-open if there exists V ∈ TR such that A ⊆ V ⊆ clR(A) .

And, the families of all such subsets A of X (R) will be denoted by T κR
with κ = p , s , q and ps , respectively.

We can prove the following

THEOREM. If R is topological, then
(1) T qR = T sR ; (2) T psR = T

p
R .

By using our former results on topological relators, we can also prove

THEOREM. If R is topological, then for any A ⊆ X , the following asser-
tions are equivalent
(1) A ∈ T sR ; (2) clR(A) = clR( intR(A)) ;
(3) clR(A) = clR(V ) for some V ∈ TR ∩P (A) .

Now, as an immediate consequence of this theorem, we also state

COROLLARY. If R is topological, then for any A ⊆ X , the following
assertions are equivalent :
(1) A ∈ FR ∩ T sR ; (2) A = clR( intR(A)) ;
(3) A = clR(V ) for some V ∈ TR ∩P (A) .

We also state the following two generalizations of [24, Theorem 3 ] of
Levine.

THEOREM. If R is quasi-topological, A ∈ T sR and A ⊆ B ⊆ clR(A) , then
B ∈ T sR also holds.

THEOREM. If R is quasi-topological, A ∈ T
q
R and A ⊆ B ⊆ clR(A) , then

B ∈ T
q
R also holds.

Now, as an immediate consequence of the above theorem, we can state

THEOREM. If R is topological, then for every A ∈ T sR we have
clR(A) ∈ T sR .

Now, we state the following generalization of [24, Theorem 5] of Levine.

THEOREM. If R is topological, then A = T sR is the smallest family of
subsets of X such that
(1) TR ⊆ A ; (2) A ∈ A and A ⊆ B ⊆ clR(A) imply B ∈ A .
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We also state the following generalization of [24, Lemma 2 ] of Levine.

THEOREM. If R is topological, then TR = { intR(A) ∶ A ∈ T sR } .

Moreover, we also prove the following two theorems.

THEOREM. If R is quasi-topological, A ∈ T
p
R and B ⊆ A ⊆ clR(B) ,

then B ∈ T
p
R also holds.

THEOREM. IfR is quasi-topological, A ∈ T
ps
R and B ⊆ A ⊆ clR(B), then

B ∈ T
ps
R also holds.

THEOREM. If R is nonvoid, then DR ⊆ T
p
R .

THEOREM. If R is topologically filtered and A = V ∩B for some V ∈ TR
and B ∈ DR , then A ∈ T

ps
R .

Now, we also prove the following two theorems.

THEOREM. If R is topological, then A = T
p
R is the smallest family of

subsets of X such that
(1) TR ⊆ A ; (2) A ∈ A and A ⊆ B ⊆ clR(A) imply B ∈ A .

THEOREM. If R is topological, then TR = { intR(A) ∶ A ∈ T
p
R } .

To introduce the corresponding generalized topologically closed sets,
we shall use the following plausible notation.

DEFINITION. For any κ = s, p, q and ps, we define
F κR = {A ⊆X ∶ Ac ∈ T κR } .

We can prove the following theorems

THEOREM. For any A ⊆X the following assertions are equivalent :
(1) A ∈ F

q
R ; (2) there exists W ∈ FR such that intR(W ) ⊆ A ⊆ W .

THEOREM. For any A ⊆X the following assertions are equivalent :
(1) A ∈ F

ps
R ; (2) there exists W ∈ FR such that intR(A) ⊆ W ⊆ A .

THEOREM. For any A ⊆X , the following assertions are equivalent :
(1) A ∈ FsR ; (2) intR(clR(A)) ⊆ A .

THEOREM. For any A ⊆X , the following assertions are equivalent :
(1) A ∈ F

p
R ; (2) clR(intR(A)) ⊆ A .

Regular open sets were first introduced by Kuratowski [19] with
reference to a paper of Henri Lebesgue. However, their importance became
completely clear only after the considerations of Stone [40] .

Following Kuratowski’s definition, we have also introduced
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DEFINITION. A subset A of the relator space X (R) will be called
topologically regular open if

A = intR( clR(A)) .

Also, the family of all such subsets of X (R) will be denoted by T rR .

Thus, in contrast to the topological case, T rR need not be a subfamily
of TR . To show this, we can use the following

EXAMPLE. If X = {1, 2} and R is a relation on X such that R (1) = {2}
and R (2) = {1} , then R = {R} is a symmetric relator on X such that
TR = {∅, X} and T rR = P (X) .

We also can prove the following generalization of Kuratowski [19] .

THEOREM. If R is topological, then for any A ∈ T sR we have
clR(A)c ∈ T rR .

From this theorem, by using that TR ⊆ T sR whenever R is reflexive,
we can easily derive the following

COROLLARY. If R is topological and A = TR or T sR , then
T rR = { clR(A)c ∶ A ∈ A} .

Now, we can also easily establish the following

THEOREM. If R is topological, then for any A ⊆X we have
intR( clR(A)) ∈ T rR .

COROLLARY. If R is topological, then
T rR = { intR(A) ∶ A ∈ FR} = { intR( clR(A)) ∶ A ⊆X } .

Hence, it is clear that Stone’s definition [40, p. 376] of a regular open
set coincides with that of Kuratowski [19, p. 9] .

We can also prove the following

THEOREM. For any A ⊆X , the following assertions are equivalent :
(1) A ∈ F rR ; (2) A = clR(intR(A)) .

Now, as a generalization of [8, Lemma 1 ] of Duszyński and Noiri, we
state the following characterized theorems of semi-open and quasi-open sets

THEOREM. If R is reflexive, then for A ⊆ X the following assertions are
equivalent :
(1) A ∈ T sR ;
(2) there exists B ⊆X such that A = intR(A) ∪ B and

B ⊆ resR(intR(A)) .
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Now, by using our former results, we also state the following genera-
lization of an observation of Dlaska, Ergun and Ganster [6] .

THEOREM. If R is topological, then for A ⊆ X the following assertions
are equivalent :
(1) A ∈ T sR ;
(2) there exist V ∈ TR and B ⊆X such that A = V ∪ B and

B ⊆ resR(V ) .

Moreover, as analogously to [24, Theorem 7 ] of Levine, we can also
state the following stability type theorem.

THEOREM. If R is topologically filtered, topological and A ∈ T sR , then
there exist V ∈ TR and B ∈ NR such that A = V ∪B and V ∩B = ∅ .

The following obvious reformulation of [24, Example 2 ] of Levine
shows that the converse of this theorem is false.

Define X = R and Rn = {(x, y) ∈ X 2 ∶ d (x, y) < n−1 } for all
n ∈ N . Then, R = {Rn ∶ n ∈ N} is a properly filtered, strongly topological
relator on X such that, under the notations V = ]0, 1 [ and B = {2} , we
have V ∈ TR and B ∈ NR such that A = V ∪B ∉ T sR .

As a conterpart of [11, Proposition 2.1] of Ganster, we can also prove
the following characterized theorems of preopen and pseudo-open sets

THEOREM. If R is topologically filtered and topological, then for any
A ⊆X the following assertions are equivalent :

(1) A ∈ T
p
R ;

(2) there exist V ∈ TR and B ∈ DR such that A = V ∩B .

In addition to the above theorem, we also prove the following

THEOREM. If R is topologically filtered and topological, then for any
A ⊆X the following assertions are equivalent :
(1) A ∈ T

p
R ;

(2) there exists V ∈ TR such that A ⊆ V and clR(A) = clR(V ) .

Note that, in the above two theorems we may again write T psR in place
of T pR .

Moreover, we state an important property of topologically semi-open
and preopen sets. we prove the following improvement of [32, Lemma 2.5]
of Noiri.
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THEOREM. If R is topologically filtered and quasi-topological, and
A ∈ T sR , B ∈ T

p
R , intR(A) ⊆ C ⊆ clR(A) , B ⊆D ⊆X,

then clR(A) ∩ B = clR(C ∩D) ∩B .

COROLLARY. If R is topologically filtered and quasi-topological , and
A ∈ T sR and B ∈ T

p
R , then

clR(A) ∩ B = clR ( clR( intR(A)) ∩ intR( clR(B))) ∩ B .

Now, we define some further generalized topologically open sets. Parts
(1) and (2) of the following definition have been suggested by Njåstad [31]
and Abd El-Monsef et al. [1] .

While, for some motivations of parts (3) and (4), see [2, Definition 2.1]
of Andrijević.

DEFINITION. A subset A of the relator space X (R) will be called topo-
logically
(1) α–open if A ⊆ intR ( clR( intR(A))) ;

(2) β–open if A ⊆ clR ( intR( clR(A))) ;
(3) γ–open if there exists V ∈ T sR such that A ⊆ V ⊆ clR(A) ;
(4) δ–open if there exists V ∈ T

p
R such that V ⊆ A ⊆ clR(V ) .

And, the family of all such subsets of X (R) will be denoted by T κR with
κ = α, β , γ and δ , respectively.

Note that if R is not topological, then by using the families T qR and
T
ps
R instead of T sR and T pR , respectively, we can get some stronger forms

of generalized topologically open sets.
Moreover, we can also prove the following characterized theorems of

topologically α–open and β–open Sets
As an improvement of [31, Proposition 4] of Njåstad, we prove

THEOREM. If R is topologically filtered and topological, then for any
A ⊆X the following assertions are equivalent :
(1) A ∈ T αR ;
(2) there exist V ∈ TR and B ∈ NR such that A = V ∖B .

Now, by using the above theorem, we also prove the following improve-
ment of [31, Corollary] of Njåstad.

COROLLARY. If R is nonvoid, topologically filtered and topological, then
the following assertions are equivalent :
(1) T αR ⊆ TR ; (2) T αR = TR ;
(3) NR ⊆ FR ; (4) NR = FR ∖ ER .
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Now, by using the plausible notation F rR = {Ac ∶ A ∈ T rR} , as a
partial counterpart of [9, Theorem 26] of Ekici and [16, Theorem 3.7] of
Jamunarani et al., we can also prove the following

THEOREM. If R is topological, then for any A ⊆ X the following asser-
tions are equivalent :
(1) A ∈ T

β
R ; (2) clR(A) ∈ T sR ;

(3) clR(A) ∈ T
q
R ; (4) clR(A) ∈ F rR .

Also, we can immediately derive the following

THEOREM. If R is topological, then for any A ⊆ X the following asser-
tions are equivalent :
(1) A ∈ T

β
R ;

(2) there exist V ∈ TR and B ⊆X such that clR(A) = V ∪B and
B ⊆ resR(V ) .

Hence, we easily derive the following counterpart of [9, Theorem 27]
of Ekici and [16, Theorem 3.8] of Jamunarani et al.

COROLLARY. If R is topological, A ∈ T
β
R and A ⊆ B ⊆ clR(A) , then

B ∈ T
β
R also holds.

Moreover, we also easily derive

THEOREM. If R is topologically filtered, topological and A ∈ T
β
R , then

there exist V ∈ TR and B ∈ NR such that clR(A) = V ∪B and V ∩B = ∅ .

Now, analogously to [9, Theorem 23] of Ekici and [16, Theorem 3.5]
of Jamunarani et al., we can also prove the following

THEOREM. If R is topological and A ∈ T
β
R , then there exist V ∈ T sR and

B ∈ DR such that A = V ∩B .

Moreover, we can also easily prove the following counterpart of
[9, Theorem 7] of Ekici and [16, Theorem 2.1] of Jamunarani et al.

THEOREM. If R is topological, then T rR = T αR ∩F
β
R .

Now, we can also easily prove the following two counterparts of
[2, Theorem 2.4] of Andrijević.

THEOREM. If R is topological, then T γ
R = T

β
R .

THEOREM. If R is topologically filtered and topological, then T δR = T
β
R .
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In topological spaces, β–open sets were actually called semi-preopen
by Andrijević [2] . Later, this terminology was used by Ganster and Andri-
jević [12] and Dontchev [7] .

In a subsequent paper [3] , Andrijević also introduced the notion of a
b–open subset of a topological space. Motivated by his definition, we may
also naturally introduce the following

DEFINITION. A subset A of a relator space X (R) will be called
topologically
(1) a–open if A ⊆ clR( intR(A)) ∩ intR( clR(A)) ;

(2) b–open if A ⊆ clR( intR(A)) ∪ intR( clR(A)) .

And, the family of all such subsets of X (R) will be denoted by T κR with
κ = a and b , respectively.

Now, in accordance with [3, Remark 1] of Adrijević , we state

THEOREM. If R is topologically filtered and topological, then for any
A ⊆X the following assertions are equivalent :
(1) A ∈ T bR ;
(2) there exist B ∈ T sR and C ∈ T

p
R such that A = B ∪C .

We also introduce some further corresponding generalized topologi-
cally closed sets, we also use the following plausible notation.

DEFINITION. For any κ = α, β, γ, δ, a and b, we define
F κR = {A ⊆X ∶ Ac ∈ T κR } .

Analogously to our former results, we also prove the following two
theorems.

THEOREM. For any A ⊆X the following assertions are equivalent :
(1) A ∈ F

γ
R ;

(2) there exists W ∈ F sR such that intR(A) ⊆ W ⊆ A .

THEOREM. For any A ⊆X the following assertions are equivalent :
(1) A ∈ F δR ;
(2) there exists W ∈ F

p
R such that intR(W ) ⊆ A ⊆ W .

Moreover, analogously to our former results, we also prove the follow-
ing two theorems.

THEOREM. For any A ⊆X , the following assertions are equivalent :
(1) A ∈ F αR ; (2) clR ( intR(clR(A))) ⊆ A .
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THEOREM. For any A ⊆X the following assertions are equivalent :
(1) A ∈ F

β
R ; (2) intR ( clR(intR(A))) ⊆ A .

Now, by using our former results, we also prove the following

THEOREM. We have F aR = FsR ∩ F
p
R .

COROLLARY. For any A ⊆X , the following assertions are equivalent :
(1) A ∈ F aR ; (2) intR(clR(A)) ∪ clR(intR(A)) ⊆ A .

The latter statement can also be easily proved directly, by using only the
corresponding definitions.

Moreover, by using a direct argument, we can also easily prove the
following counterpart of this corollary.

THEOREM. For any A ⊆X , the following assertions are equivalent :
(1) A ∈ F bR ; (2) intR(clR(A)) ∩ clR(intR(A)) ⊆ A .

DIAGRAM. For a reflexive relatorR, the following implications hold :

A ∈ T βR

A ∈ T bR

A ∈ T rRA ∈ T sR A ∈ T pR

A ∈ T δR A ∈ T γR

A ∈ T aR

A ∈ T αR
A ∈ T qR A ∈ T psR

A ∈ TR
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The following simple example will show only that eight implications in the
above diagram are not reversible.

EXAMPLE. If X = {1, 2, 3} and R is a relation on X such that

R (1) = {1, 2} and R (2) = R (3) =X ,

then R = {R} is a reflexive relator on X such that :
(1) TR = T rR = T

q
R = {∅, X} ;

(2) T sR = T aR = T αR = {∅, {1, 2} , X} ;

(3) T psR = T
p
R = T bR = T

β
R = T

γ
R = T δR = P (X) ∖ {{3}} .

The following, more difficult example will already show that sixteen
implications in the above diagram are not reversible.

EXAMPLE. If X = {1, 2, 3, 4} andR1 and R2 are relations onX such that

R1 (1) = R1 (2) = {1, 2, 3} , R1 (3) = R1 (4) = {1, 3, 4} ;

R2 (1) = {1, 2, 3} , R2 (2) = {1, 2} , R2 (3) = R2 (4) = {3, 4} ;

then R = {R1 , R2} is a reflexive relator on X such that :

(1) TR = T αR = {∅, {3, 4}, X} ; (2) T rR = TR ∪ {{2}} ;
(3) T qR = T aR = TR ∪ {{1, 3, 4}} ; (4) T sR = T

q
R ∪ {{1, 2}} ;

(5) T pR = P (X) ∖ {{1}, {1, 2}}; (6) T psR = T
p
R ∖ {{2}} ;

(7) T bR = T δR = P (X) ∖ {{1}}; (8) T βR = T
γ
R = P (X) .

Note that, the two above examples, together, already show that seven-
teen implications in the above diagram are not reversible.

However, unfortunately, they cannot be used to show that the remaining
implication A ∈ T

γ
R Ô⇒ A ∈ T

β
R is also not reversible.

Minimality and Connectedness Properties in Relator Spaces

Analogously to the definition of a minimal topology, we may naturally
introduce

DEFINITION. The relator R will be called
(1) quasi-proximally minimal if τR ⊆ {∅, X} ;
(2) quasi-topologically minimal if TR ⊆ {∅, X}.

Moreover, by the above definition, we also prove the following
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THEOREM. The following assertions are equivalent :
(1) R is quasi-topologically minimal;
(2) R∧ is quasi-proximally minimal .

As an immediate consequence of the above theorem, we prove

COROLLARY. If R is topologically fine, then R is quasi-proximally mini-
mal if and only if R is quasi-topologically minimal.

In addition to this corollary, it is also worth proving the following

THEOREM. If R is proximally simple, then R is quasi-proximally minimal
if and only if R is quasi-topologically minimal.

Concerning quasi-minimal relators, we prove the following theorems.

THEOREM. The relator R is quasi-proximally minimal if and only if any
one of the relators R∞ , R∗ , R# and R−1 is quasi-proximally minimal.

THEOREM. The relator R is quasi-topologically minimal if and only if any
one of the relators R∗ , R# , R∧ and R∧∞ is quasi-topologically minimal.

Note that R∞ ⊆ R∧ , and thus TR∞ ⊆ TR . Therefore, if R is quasi-
topologically minimal, then R∞ is also quasi-topologically minimal.

Now, we can see that the properties of the quasi-topologically mini-
mal relators, in priciple, is immediately derived from those of the quasi-
proximally minimal ones.

Therefore, it is of importance to prove the following basic characteriza-
tion theorem of quasi-proximally minimal relators.

THEOREM. The following assertions are equivalent :
(1) R is quasi-proximally minimal ;
(2) R ⊆ {X2}∂ ; (3) R∞ ⊆ {X 2};
(4) R# ⊆ {X 2}∂ ; (5) R#∞ ⊆ {X 2}.

Detailed reformulations of assertion (3) of the above theorem give the
following

COROLLARY. The following assertions are equivalent :
(1) R is quasi-proximally minimal ;
(2) for each R ∈R we have R∞ =X 2 ;
(3) for each R ∈R and a, b ∈X ∃n ∈ {0} ∪N and a family (xi)

n
i=0

in X such that x0 = a , xn = b and (xi−1 , xi) ∈ R for all
i = 1, 2, . . . , n .
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From the equivalence of assertions (1) and (3) in this corollary, we see
that, for Euclidean and metric spaces, our quasi-proximal minimalness coin-
cides with the well-chainedness (chain-connectedness) studied by G. Cantor
in 1883. ( See Thron [52, p. 29] , and also Wilder [54] .)

While, from the equivalence of assertions (1) and (3) in the above the-
orem, we can see that, for uniformities and nonvoid relators, our quasi-
proximal minimalness coincides with the well-chainedness and proper well-
chainedness studied mainly by Levine [29] and Kurdics, Pataki and Száz
[20, 21, 22, 33] .

Now, as an immediate consequence of above results, we also state

THEOREM. The following assertions are equivalent :
(1) R is quasi-topologically minimal ;
(2) R∧ ⊆ {X 2}∂ ; (3) R∧∞ ⊆ {X 2} .

By the two above theorems, the relator R may be naturally called
◻–minimal, for some unary operation ◻ for relators, if R◻ ⊆ {X 2} .

Moreover, in particular the relator R may be naturally called quasi–
◻–minimal, for some unary operation ◻ for relators on X , if it is
◻∞–minimal. That is, R◻∞ ⊆ {X 2} .

A simple reformulation of the above definition gives the following

THEOREM. The following assertions hold :
(1) R is quasi-proximally minimal if and only if τ-R ⊆ {∅, X} ;
(2) R is quasi-topologically minimal if and only if FR ⊆ {∅, X} .

Concerning quasi-proximally minimal relators, we also prove

THEOREM. If ∅ ∉R , then the following assertions are equivalent :
(1) R is quasi-proximally minimal ;
(2) X = A ∪B implies A ∈ ClR(B) for all A, B ⊆ X with

A, B ≠ ∅ ;
(3) A ∈ IntR(B) implies B /⊆ A for all A, B ⊆ X with A ≠ ∅

and B ≠X .

THEOREM. If card (X) > 1 , then the following assertions are equivalent :
(1) R is quasi-topologically minimal ;
(2) X = A ∪B implies A ∩ clR(B) ≠ ∅ for all A, B ⊆ X with

A, B ≠ ∅ ;
(3) A ⊆ intR(B) implies B /⊆ A for all A, B ⊆ X with A ≠ ∅

and B ≠X .



20

Note that in this theorem, instead of card(X) > 1 we may assume
that ∅ ∉ R∧. That is, there exists x ∈ X such that for any R ∈ R we have
R (x) /⊆ ∅, and thus R (x) ≠ ∅.

Analogously to the definition of a minimal topology, a stack (ascend-
ing family) A of subsets of a set X may be naturally called minimal if
A ⊆ {X} .

Therefore, having in mind the family ER of all fat sets generated by a
relator R , we may also naturally introduce the following

DEFINITION. The relator R will be called paratopologically minimal if
ER ⊆ {X} .

THEOREM. If R is non-partial, then the following assertions are equivalent :
(1) R is paratopologically minimal ;
(2) R△ ⊆ {X 2}∂ ; (3) R△∞ ⊆ {X 2} .

By using the above definition, we also prove the following

THEOREM. The following assertions are equivalent :
(1) R is paratopologically minimal ; (2) R ⊆ {X 2} .

Now, we can also easily prove

THEOREM. The relator R is paratopologically minimal if and only if any of
the relators R∗ , R# , R∧ , R△ and R−1 is paratopologically minimal.

Moreover, as some useful reformulation of definition of paratopologi-
cally minimal, we also prove the following two theorems.

THEOREM. The following assertions are equivalent :
(1) R is paratopologically minimal ; (2) P(X) ∖ {∅} ⊆ DR .

THEOREM. The following assertions are equivalent :
(1) R is paratopologically minimal ;
(2) IntR(B) ⊆ {∅} for all B ⊆X with B ≠X;
(3) P (X) ∖ {∅} ⊆ ClR(B) for all B ⊆X with B ≠ ∅ .

Now, as an immediate consequence of this theorem, we state

THEOREM. The following assertions are equivalent :
(1) R is paratopologically minimal ;
(2) intR(B) = ∅ for all B ⊆X with B ≠X;
(3) X = clR(B) for all B ⊆X with B ≠ ∅ .
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Analogously to the definition of a connected topology, we naturally
introduce the following

DEFINITION. The relator R will be called
(1) quasi-proximally connected if τR ∩ τ-R ⊆ {∅, X} ;
(2) quasi-topologically connected if TR ∩ FR ⊆ {∅, X} .

If in particular R ≠ ∅ , then by using our former results we have
{∅, X} ⊆ τR ∩ τ-R ⊆ TR ∩ FR . Therefore, in this case, we may write

equalities instead of inclusions in the above definition.

THEOREM. The following assertions are equivalent :
(1) R is quasi-topologically connected ;
(2) R∧ is quasi-proximally connected .

COROLLARY. If R is topologically fine, then R is quasi-proximally con-
nected if and only if R is quasi-topologically connected.

THEOREM. If R is proximally simple, then R is quasi-proximally con-
nected if and only if R is quasi-topologically connected.

THEOREM. The relator R is quasi-proximally connected if and only if any
one of the relators R∞ , R∗ , R# and R−1 is quasi-proximally connected.

From this theorem, for instance, we can see that R is quasi-proximally
connected if and only if any one of the relators R#∞ and R∞# is quasi-
proximally connected.

THEOREM. The relator R is quasi-topologically connected if and only if
any one of the relators R∗ , R# and R∧ is quasi-topologically connected.

We already know that TR∞ ⊆ TR . Hence, it follows that FR∞ ⊆ FR ,
and thus also TR∞∩FR∞ ⊆ TR∩FR . Therefore, if R is quasi-topologically
connected, then R∞ is also quasi-topologically connected.

From the above, we can see that the properties of quasi-topologically
connected relators can, in principle, be immediately derived from those of
the quasi-proximally connected ones.
Therefore, it is of major importance to note that, by using the relator

R ∨R−1 = {R ∪ S−1 ∶ R , S ∈R} ,
we can also prove the following

THEOREM. The following assertions are equivalent :
(1) R is quasi-proximally connected ;
(2) R ∨ R−1 is quasi-proximally minimal .
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As an immediate consequence of the above theorems, we state

THEOREM. The following assertions are equivalent :
(1) R is quasi-topologically connected ;
(2) R∧ ∨ R∨ is quasi-proximally minimal.

The latter two theorems show that the properties of the quasi-proximally
and quasi-topologically connected relators can, in principle, be also immedi-
ately derived from those of the quasi-proximally minimal ones.

The fact that minimalness is a more important notion than connec-
tedness was first established by Kurdics, Pataki and Száz [20, 22, 33] by
using well-chainedness instead of minimalness and the relator R ▽ R−1

instead of R ∨R−1 .
In addition to the above theorems, we prove the following

THEOREM. If ∅ ∉R, then the following assertions are equivalent:
(1) R is quasi-proximally connected ;
(2) A ∈ IntR(B) and Bc ∈ IntR(Ac) imply B /⊆ A for all

A, B ⊆X with A ≠ ∅ and B ≠X;
(3) X = A ∪B implies that either A ∈ ClR(B) or

B ∈ ClR(A) for all A, B ⊆X with A, B ≠ ∅ .

Moreover, we can also prove the following

THEOREM. If card(X ) > 1 , then the following assertions are equivalent :
(1) R is quasi-topologically connected ;
(2) A ⊆ intR(B) and Bc ⊆ intR(Ac) imply B /⊆ A for all

A, B ⊆X with A ≠ ∅ and B ≠X;
(3) X = A ∪B implies that either A ∩ clR(B) ≠ ∅ or

clR(A) ∩ B ≠ ∅ for all A, B ⊆X with A, B ≠ ∅ .

The following theorem shows that the relationships between quasi-connectedness
and mild continuity.

THEOREM. The following assertions are equivalent :
(1) R is quasi-proximally connected ;
(2) f −1○ f ∉ R# for any function f of X onto {0, 1} ;
(3) f −1○ f ∉ R#∞ for any function f of X onto {0, 1} .

From this theorem, we can immediately derive

THEOREM. The following assertions are equivalent :
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(1) R is quasi-topologically connected ;
(2) f −1○ f ∉ R∧ for any function f of X onto {0, 1} ;
(3) f −1○ f ∉ R∧∞ for any function f of X onto {0, 1} .

Because of last two theorems, the relator R may be naturally called
◻–connected, for some unary operation ◻ for relators on X , if f −1○f ∉ R◻

for any function f of X onto {0, 1} . Moreover, in particular the relator R
may be naturally called quasi–◻–connected if it is ◻∞–connected.
Hence, by noticing that f −1○f = f −1○∆{0,1}○f , we can see that the relator
R is ◻–connected ( quasi–◻–connected ) if and only if the constant func-
tions of X to {0, 1} can be mildly ◻–continuous ( quasi– ◻–continuous)
with respect to the relators R and {∆{0,1}} . ( Concerning continuity prop-
erties, see [50] .)

Analogously to the definition of a hyperconnected topology, we may
also naturally introduce the following

DEFINITION. The relator R will be called
(1) quasi-proximally hyperconnected if A ∩B ≠ ∅ for all

A, B ∈ τR ∖ {∅} ;
(2) quasi-topologically hyperconnected if A ∩B ≠ ∅ for all

A, B ∈ TR ∖ {∅}.

REMARK. Thus, R is quasi-proximally (quasi-topologically) hyperconnected
if and only if the family τR ∖ {∅} (TR ∖ {∅}) has a certain pairwise inter-
section property.

THEOREM. The following assertions are equivalent :
(1) R is quasi-topologically hyperconnected ;
(2) R∧ is quasi-proximally hyperconnected .

Moreover, we can also prove the following two theorems.

THEOREM. The relator R is quasi-proximally hyperconnected if and only
if any one of the relators R∞ , R∗ and R# is quasi-proximally hypercon-
nected.

From this theorem, for instance, we can see that R is quasi-proximally
hyperconnected if and only if any one of the relators R#∞ and R∞# is
quasi-proximally hyperconnected.

THEOREM. The relator R is quasi-topologically hyerconnected if and only
if any one of the relators R∗ , R# , R∧ and R∧∞ is quasi-topologically
hyperconnected.
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From our former results, we already know that TR∞ ⊆ TR , and thus
TR∞ ∖ {∅} ⊆ TR ∖ {∅} . Therefore, if R is quasi-topologically hypercon-
nected, then R∞ is also quasi-topologically hyperconnected.

From the above definition, we can derive the following two theorems.

THEOREM. The following assertions are equivalent :
(1) R is quasi-proximally hyperconnected ;
(2) A ∪B ≠X for all A, B ∈ τ-R ∖ {X} ;
(3) A ∖B ≠ ∅ for all A ∈ τR ∖ {∅} and B ∈ τ-R ∖ {X} .

THEOREM. The following assertions are equivalent :
(1) R is quasi-topologically hyperconnected ;
(2) A ∪B ≠X for all A, B ∈ FR ∖ {X} ;
(3) A ∖B ≠ ∅ for all A ∈ TR ∖ {∅} and B ∈ FR ∖ {X} .

Analogously to the definition of an ultraconnected topology, we may
also naturally introduce the following

DEFINITION. The relator R will be called
(1) quasi-proximally ultraconnected if A ∩B ≠ ∅ for all

A, B ∈ τ-R ∖ {∅} ;
(2) quasi-topologically ultraconnected if A ∩B ≠ ∅ for all

A, B ∈ FR ∖ {∅}.

REMARK. Thus,R is quasi-proximally (quasi-topologically) hyperconnected
if and only if the family τ-R ∖ {∅} (FR ∖ {∅} ) has a certain pairwise in-
tersection property.

Now, analogously to our former statements, we can also easily prove
the following assertions.

THEOREM. The following assertions are equivalent :
(1) R is quasi-topologically ultraconnected ;
(2) R∧ is quasi-proximally ultraconnected .

THEOREM. The relator R is quasi-proximally ultraconnected if and only
if any one of the relators R∞ , R∗ and R# is quasi-proximally ultracon-
nected.

From this theorem, we can see that R is quasi-proximally connected
if, for instance, any one of the relators and R#∞ and R∞# is quasi-
proximally ultraconnected.
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THEOREM. The relator R is quasi-topologically ultraconnected if and only
if any one of the relators R∗ , R# , R∧ and R∧∞ is quasi-topologically
ultraconnected.

From our former results, we already know that TR∞ ⊆ TR . Hence, we
can infer that FR∞ ⊆ FR , and thus FR∞ ∖ {∅} ⊆ FR ∖ {∅} . There-
fore, if R is quasi-topologically ultraconnected, then R∞ is also quasi-
topologically ultraconnected.

THEOREM. The following assertions are equivalent :
(1) R is quasi-proximally ultraconnected ;
(2) A ∪B ≠X for all A, B ∈ τR ∖ {X} ;
(3) A ∖B ≠ ∅ for all A ∈ τ-R ∖ {∅} and B ∈ τR ∖ {X} .

THEOREM. The following assertions are equivalent :
(1) R is quasi-topologically ultraconnected ;
(2) A ∪B ≠X for all A, B ∈ TR ∖ {X} ;
(3) A ∖B ≠ ∅ for all A ∈ FR ∖ {∅} and B ∈ TR ∖ {X} .

This theorem shows that our quasi-topologically ultraconnectedness also
extends the strong connectedness of Levine [25] studied also by Leuschen
and Sims [23] .

Namely, it can be easily seen that assertion (2) of the last theorem can
be reformulated in the form that X = A ∪ B , together with A, B ∈ TR ,
implies that either A =X or B =X .

Now, in addition to the above theorems, we can also easily prove the
following

THEOREM. The following assertions are equivalent :
(1) R is quasi-proximally ultraconnected ;
(2) R−1 is quasi-proximally hyperconnected .

This theorem shows that, in contrast to the independence of quasi-
topological ulraconnectedness and quasi-topological hyperconnedtedness
[39, p. 29] , the quasi-proximal ultraconnectedness is not completely
independent of the quasi-proximal hyperconnectedness.

Furthermore, because of a reformulation of the definition of a hypercon-
nected topology mentioned earlier in the introduction, we may also naturally
introduce the following

DEFINITION. The relator R will be called hyperconnected if
ER ⊆ DR .
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REMARK. This property can be expressed in a more instructive form that
the identity function ∆X of X is fatness reversing.
Therefore, some of the forthcoming results can be greatly generalized
according to the ideas of a former paper [51] of Száz.

Note that if in particular R is a relator to ∅ , then because of
R ⊆ P (X 2) = P (∅) = {∅} we have either R = ∅ or R = {∅} .

Hence, by using our former results, we can see that either ER = ∅ and
DR = {∅}, or ER = {∅} and DR = ∅ . Therefore, in the latter case R is
not hyperconnected despite that in both cases it is paratopologically minimal.

By using the corresponding definitions, we can prove the following

THEOREM. The following assertions are equivalent :
(1) R is hyperconnected ;
(2) R (x) ∈ DR for all x ∈X and R ∈R ;
(3) R (x) ∩ S (y) ≠ ∅ for all x, y ∈X and R, S ∈R .

According to [43] , the relator R may be called semi-directed if (3) holds.
Thus, a relator is hyperconnected if and only if it is semi-directed.

Moreover, the relator Rmay be called quasi-directed if R (x)∩S (y) ∈
ER holds for all x, y ∈ X and R, S ∈ R . Thus, a non-partial, quasi-
directed relator is semi-directed.

From the above theorem, we can immediately derive

COROLLARY. If R is hyperconnected, then R is non-partial.

Moreover, for instance if we have R = {(x, y) ∈ R2 ∶ x ≤ y } and
S = {(x, y) ∈ R2 ∶ ∣x − y ∣ < r } for some r > 0 , then by using Theorem
we can also at once see that R = {R} is hyperconnected, but S = {S} is
not hyperconnected.

However, it is now more important to note that, by using Theorem and
the plausible notation R−1○R = {S−1○R ∶ R , S ∈R} , we can also easily
prove some more instructive characterizations of hyperconnected relators.

THEOREM. The following assertions are equivalent :
(1) R is hyperconnected ; (2) X 2 = S−1 ○ R for all R, S ∈R ;
(3) R−1 ○ R ⊆ {X 2} ; (4) X 2 = ⋂ R

−1 ○ R .

By using the equality ρR = ⋂ R
−1, assertion (4) can be written in the

shorter form that X 2 = ρ
R
−1
○R

.
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Moreover, by using the cross product of relations [48] , assertion (4)
can also reformulated in the shorter form that ∆X ∈ ER⊠R .

Now, analogously to our former we can also easily prove

THEOREM. The relator R is hyperconnected if and only if any one of the
relators R∗ , R# , R∧ and R△ is hyperconnected.

However, it is now more important to note that by using our former
results, we can also prove the following

THEOREM. If R is non-partial, then the following assertions are equivalent :
(1) R is hyperconnected ;
(2) R△ is quasi-proximally connected ;
(3) R△ is quasi-topologically connected .

This theorem shows that the properties of non-partial hyperconnected
relators can, in principle, be immediately derived from those of the quasi-
proximally connected ones.

For instance, from our former results, we can derive the following

THEOREM. IfR is non-partial, then the following assertions are equivalent:
(1) R is hyperconnected ; (2) R△∨R▽ is quasi-proximally minimal ;
(3) R△ ∨ R▽ ⊆ {X 2}∂ ; (4) (R△ ∨ R▽)

∞
⊆ {X 2} .

By using some basic properties of the families ER and DR , we can also
easily prove the following two theorems.

THEOREM. The following assertions are equivalent :
(1) R is hyperconnected ;
(2) Ac ∉ ER for all A ∈ ER ; (3) A ∩B ≠ ∅ for all A, B ∈ ER .

THEOREM. The following assertions are equivalent :
(1) R is hyperconnected ;
(2) A ∈ DR or Ac ∈ DR for all A ⊆X;
(3) A ∈ DR or B ∈ DR whenever X = A ∪B .

In addition to our former results, we proves some particular theorems
on minimal and connected relators

THEOREM. If R is weakly proximal, then the following assertions are
equivalent :
(1) R is paratopologically minimal;
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(2) R is quasi-proximally minimal;
(3) R is quasi-topologically minimal.

Quite similarly, we can also prove the following theorem which will
now be rather proved as a consequence of the above theorem.

THEOREM. IfR is topological, then the following assertions are equivalent:
(1) R is paratopologically minimal;
(2) R is quasi-topologically minimal.

However, it is now more important to note that, in addition, to the above
theorem, we can also prove the following

THEOREM. IfR is topological, then the following assertions are equivalent:
(1) TR ∖ {∅} ⊆ DR ;
(2) R is hyperconnected; (3) R is quasi-topologically hyperconnected .

The following two theorems show that quasi-ultraconnected relators are
less important than the quasi-hyperconnected ones.

THEOREM. If R is T1–separating and card (X) > 1 , then R is not quasi-
topologically ultraconnected.

THEOREM. If R is weakly topological, then the following assertions are
equivalent:
(1) R is quasi-topologically ultraconnected;
(2) clR(x) ∩ clR(y) ≠ ∅ for all x, y ∈X ;
(3) clR(A) ∩ clR(B) ≠ ∅ for all ∅ ≠ A, B ⊆X .

Analogously to the definition of a door topology by Kelley [18], we
may naturally introduce the following

DEFINITION. The relator R will be called
(1) a quasi-proximally door relator if P (X) = τR ∪ τ-R ;
(2) a quasi-topologically door relator if P (X) = TR ∪ FR .

Now, we establish the following two theorems.

THEOREM. The following assertions are equivalent :
(1) R is a quasi-proximally door ;
(2) P (X) ∖ τR ⊆ τ-R ; (3) P (X) ∖ τ-R ⊆ τR .

THEOREM. The following assertions are equivalent :
(1) R is a quasi-topologically door ;
(2) P (X) ∖ TR ⊆ FR ; (3) P (X) ∖ FR ⊆ TR .
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Now, we also easily see that R is quasi-topologically door if and only
if, for any A ⊆X , we have either A ∈ TR or Ac ∈ TR .

Because of a reformulation of the definition of a superset topology by
Levine [26], we may also naturally introduce the following

DEFINITION. The relator R will be called
(1) quasi-proximally superset relator if ER ⊆ τR ;
(2) quasi-topologically superset relator if ER ⊆ TR .

We state the following two theorems.

THEOREM. The following assertions are equivalent :
(1) R is quasi-proximally superset ;
(2) ER ∖ τR = ∅ ; (3) P (X) = τ-R ∪ DR ;
(4) P (X) ∖ τ-R ⊆ DR ; (5) P (X) ∖ DR ⊆ τ-R .

THEOREM. The following assertions are equivalent :
(1) R is quasi-topologically superset ;
(2) ER ∖ TR = ∅ ; (3) P (X) = FR ∪ DR ;
(4) P (X) ∖ FR ⊆ DR ; (5) P (X) ∖ DR ⊆ FR .

Concerning superset relators, we also prove the following

THEOREM. If R is non-partial, then the following assertions hold :
(1) R is quasi-proximally superset if and only if ER = τR ∖ {∅} ;
(2) R is quasi-topologically superset if and only if ER = TR ∖ {∅} .

Analogously to the definition of a submaximal topology by Bourbaki
[4], we may also naturally introduce the following

DEFINITION. The relator R will be called
(1) quasi-proximally submaximal if DR ⊆ τR ;
(2) quasi-topologically submaximal if DR ⊆ TR .

Thus, we can also easily prove the following two theorems.

THEOREM. The following assertions are equivalent :
(1) R is quasi-proximally submaximal ;
(2) DR ∖ τR = ∅ ; (3) P (X) = τ-R ∪ ER ;
(4) P (X) ∖ τ-R ⊆ ER ; (5) P (X) ∖ ER ⊆ τ-R .

THEOREM. The following assertions are equivalent :
(1) R is quasi-topologically submaximal ;
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(2) DR ∖ TR = ∅ ; (3) P (X) = FR ∪ ER ;
(4) P (X) ∖ FR ⊆ ER ; (5) P (X) ∖ ER ⊆ FR .

Because of a reformulation of the definition of a resolvable topology by
Hewitt [15], we may also naturally introduce the following

DEFINITION. The relator R will be called resolvable if DR /⊆ ER.

The above definition is reformulated in the following

THEOREM. The following assertions are equivalent :
(1) R is resolvable ; (2) DR ∖ ER ≠ ∅ ;
(3) there exists A ∈ DR such that Ac ∈ DR .

Now, by calling the relator R to be irresolvable if it is not resolvable,
we also easily establish the following

THEOREM. The following assertions are equivalent :
(1) R is irresolvable; (2) DR ⊆ ER ; (3) DR ∖ ER = ∅.

COROLLARY. The following assertions are equivalent :
(1) DR = ER ; (2) R is irresolvable and hyperconnected .

Now, by using the above definition, we also prove the following theorem

THEOREM. The following assertions are equivalent :
(1) R is irresolvable ;
(2) Ac ∉ DR for all A ∈ DR ; (3) A ∩B ≠ ∅ for all A, B ∈ DR.

Moreover, we also prove the following two theorems.

THEOREM. The following assertions are equivalent :
(1) R is irresolvable ;
(2) A ∈ ER or Ac ∈ ER for all A ⊆ Y ;
(3) A ∈ ER or B ∈ ER whenever Y = A ∪B .

THEOREM. The relator R is resolvable (irresolvable) if and only if any one
of the relators R∗ , R# , R∧ and R△ is resolvable (irresolvable).
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DIAGRAM. For a nonvoid relator R on a nonvoid set X , the following
implications are true:
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[8] Z. Duszyński, T. Noiri, Semi-open, semi-closed sets and semi-continuity of functions, Math.

Pannon., 23 (2012), 195–200.
[9] E. Ekici, On weak structures due to Császár, Acta Math. Hungar., 134 (2012), 565–570.
[10] P. Fletcher and W. F. Lindgren, Quasi-Uniform Spaces, Marcel Dekker, New York, 1982.
[11] M. Ganster, I. L. Reilly and M. K. Vamanamurthy, Dense sets and irresolvable spaces,

Ricerche Mat., 36 (1987), 163–170.
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[49] Á. Száz, Basic Tools, Increasing Functions, and Closure Operations in Generalized
Ordered Sets, In: P. M. Pardalos and Th. M. Rassias (Eds.), Contributions in Math-

ematics and Engineering: In Honor of Constantion Caratheodory, Springer, 2016, 551–616.
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