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1. Introduction

Throughout this paper R and R will denote the sets real and positive real numbers, respectively. The
simplex of strictly ordered n-tuples of a set H C R, denoted by o,,(H), is defined by

on(H) :={(z1,...,2n) €EH | 1< <xn}.

Obviously, the o,(H) is a nonempty set if and only if the cardinality |H| of H is bigger than or equal to
n. We adopt that |H| > n. Let w = (w1,...,w,) : H = R™ be a vector-valued function, and define the
functional operator @, := ®(,, . w,.) : 0n(H) = R by

wi(zy)...w1(zn)
D, (21, .., 2n) = ((z1,...,2p) € op(H)).
wr(x1) . wp(2n)
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A continuous function w is said to be an n-dimensional positive (respectively negative) Chebyshev system
over H if ®,, is strictly positive (respectively, strictly negative) over o, (H). The system w is called an
n-dimensional Chebyshev system over H if it is either a positive or a negative Chebyshev system over H.
If w: R — R™ equals the n-dimensional standard or polynomial system 7, : I — R™ which is defined by

Tn(t) = (1,8, .., 4" h) (t € R),

then, by computing Vandermonde determinants, one can easily show that it is a positive Chebyshev system.
More generally, if p; < --+ < p,, are given exponents, then one can show that the system given by

Ry >t (71, tP)

is also a positive Chebyshev system on R, . Important Chebyshev systems arise also related to hyperbolic
and trigonometric functions. For instance, for all n € N, the systems given by

I >t (cos(t),sin(t),...,cos(nt),sin(nt)),
I>t~ (1,cos(t),sin(t),...,cos(nt)),sin(nt)

are positive 2n- and (2n+1)-dimensional Chebyshev systems over any nonempty open interval I with length
less than or equal to 7 and 2, respectively. (For the proof of these statements, see the introduction of the
paper [14].) There are analogous Chebyshev systems in terms of hyperbolic functions as well. For further
standard applications of Chebyshev systems, we refer to the monographs [4] and [5].

In what follows, we recall some definitions from the paper [14] (see also the paper [2] for these definitions
in the polynomial setting). Let I C R be a nonvoid interval, n € N and let w = (w1,...,wy,) : I = R"
be an n-dimensional positive Chebyshev system over I. For a function f : I — R, the functional operator
@, f) : Ony1(I) = R is defined by @, ¢y 1= P, .00 f)-

For a given vector t = (t1,...,t,) € R}, a function f : I — R is said to be (t,w)-convez if

(I)(w7f)(x,1'+t1h,,l'+(t1++tn)h)20 (1)

holds for all h > 0, z € I with z + (¢ +--- +t,)h € [. U T C Ry and f is (¢,w)-convex for every t € T",
then f is called (T, w)-convex.

If t = (t1,...,tn) € R} and (1) is satisfied with equality, then f is called a (t,w)-affine function. If
T CR; and f is (t,w)-affine for every t € T™, then f is called (T, w)-affine. In particular, we say that f is
w-Jensen convex if it is ({1}, w)-convex, i.e., if

Q. p(z,x+h,...,x+nh) >0 @)

holds for all h > 0, x € I with = +nh € I. If (2) is valid with equality instead of inequality, then f is said
to be w-Jensen affine.

A function f is termed w-convez if it is (R,w)-convex. It is easy to see that f is w-convex on [ if and
only if

Q) (o, 1, .., 20) >0 ((xoyx1, ..., 2n) € onp1(1)). (3)

A function f is called w-affine if (3) is satisfied with equality.

We have to mention that in the case when w = m,, then the concepts of w-convexity and w-Jensen
convexity, was introduced by Hopf [3] and Popoviciu [11] (see also the book [6] by Kuczma) and these
properties were called convexity and Jensen convexity of order (n — 1), respectively. If a function f: I — R
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is n times differentiable, then it is convex of order (n—1), i.e., convex with respect to the polynomial system
7y, if and only if the nth derivative of f is nonnegative over I. In the particular case when n = 2, this is the
standard characterization of convexity of twice differentiable functions.

It is a nontrivial statement whether or not w-convex functions form a proper subclass of w-Jensen convex
functions. Depending on the Chebyshev system, the answer could be positive and negative as well. On the
other hand, it is well-known that, for all n > 2, m,-convex functions form a proper subset of m,-Jensen
convex functions. By [12, Theorem 2], it follows that, for any additive function A : R — R and n € N, the
function f := A"~ ! is Jensen affine (and hence it is Jensen convex) of order n — 1. On the other hand, f
is convex of order n — 1 if and only if A is continuous. Therefore, if A is discontinuous, then f cannot be
convex of order n — 1. For a construction of a Jensen convex function of order n — 1 which is not Wright
convex of order n — 1, we refer to the paper [9].

The following result shows that, for any nonempty set T' C R4, (T, w)-convexity implies w-Jensen con-
vexity.

Theorem 1.1. Let T C Ry be a nonempty set. If a function f: 1 — R is (T,w)-convez (resp. (T,w)-affine),
then it is (Q4,w)-convez (resp. (Q4,w)-affine), in particular, it is w-Jensen convez (resp. w-Jensen affine).

Proof. The result immediately follows from [14, Theorem 5]. O

In section 2 we show that to any w-Jensen convex (resp. w-Jensen affine) function there exists a continuous
w-convex (resp. w-affine) function so that these two functions coincide on dense subset of their domains.
As a corollary, we obtain that w-convex functions are automatically continuous. The Bernstein-Doetsch
theorem is generalized to the setting of w-convexity with respect to a positive Chebyshev system, that is,
we show that an w-Jensen convex function which is bounded over some nonempty open subinterval, is also
w-convex. We also establish characterizations of w-Jensen affine functions in several settings. A sufficient
condition on w that ensures the existence of discontinuous w-Jensen affine (resp. w-Jensen convex) function
is given as well. Some of the results of this section extend that of the paper [8] by Matkowski.

In Section 3, we generalize the concept of Wright convexity to w-Wright convexity with respect to a
positive Chebyshev system, and establish its relationship with w-convexity and w-Jensen convexity by
showing that w-Wright convexity is an intermediate property. The question whether the inclusions are proper
or not remains open for the general setting. We also extend Ng’s decomposition theorem to the setting of
w-Wright convexity with respect certain positive Chebyshev systems. Finally, in the two dimensional case,
we show that w-Wright convexity could be equivalent to Wright convexity for certain positive Chebyshev
systems.

2. Results on w-Jensen functions

In what follows, if D is a subset of I and f : D — R, then f is said to be locally uniformly continuous if,
for all compact subintervals [a, b] of I and for all € > 0, there exists ¢ > 0 such that, for all z,y € [a,b] N D
with |z — y| < 8, we have that |f(z) — f(y)] < e.

Lemma 2.1. Let D be a subset of I and let f : D — R be a locally uniformly continuous function. Then f
admits a continuous extension to I. Provided that D is dense, the extension is unique.

The verification of this lemma is standard and straightforward, therefore, we can omit it.

Theorem 2.2. Let n > 2 and let w = (wy,...,wy) : I = R™ be an n-dimensional positive Chebyshev system
and let K be a subfield of R. If a function f : I — R is (Ki,w)-convex (resp. (Ki,w)-affine), then there
exists a continuous w-convex (resp. w-affine) function g : I — R such that g|irk = flink-
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(Here, and in the sequel, K denotes the intersection K NR..)

Proof. If f is (K, w)-convex, then by definition we have the inequality

q)(wﬁf)(xo,xl,...,a:n) >0 ((.’L’o,...,.’[)n) GO'nJrl(]ﬂK)). (4)

Indeed, apply the inequality (1) with z := xg, h := 1, and ¢; := 2; — 2,1 € K;. If f is assumed to be
(K4, w)-affine, then (4) is satisfied with equality.

Using the continuity of the function w, we are going to show that the restricted function f|;~k is locally
uniformly continuous. To prove this let [a,b] C I be arbitrary. Without loss of generality, we can assume
that a,b € K. (In fact, if one of @ or b is not in K, then, using the density of K, we can find o’/,b' e KN T
such that ¢’ < a and b < b’ and then we can work on the closed interval [a’,V’].) We fix some elements
ug < up < -+ < Up—2 < a and b < v of the set I NK. Then, for z,y € [a,b] NK with < y, we have that
(ug, -y Un—2,2,Y), (Ugy -+ s Un—3,2,Y,v) € opt1(I NK), therefore (4) implies

@, ) (o, - o Up_2,2,) >0 and P, ) (o, - oy Up—3, 2, 9,v) > 0. (5)

The first of these inequalities implies that

wi(ug) .. wi(un—2) wi(z) wi(y)

: : : L[>
wn(ug) oo wnp(tn—2) wp(z) wi(y)
fluo) oo flun—)  f(2)  f(y)

Developing this determinant by the last row, this inequality is equivalent to

fy)P(x) — f(x)P(y) > R(z,y)  ((z,y) € o2(I NK)), (6)

where P : [a,b] — R and R : [a,b]?> — R are defined by
P(z) = ®,(ug, - Un—2,2)

and

n—2

R(z,y) := Z(—l)"‘l_if(ui)@w(uo, ey U1y Wiy e e ey U2, T, Y)
i=0

For z € [a,b], we have that (ug,...,un—2,2) € 0,(I). Therefore, by the positivity and continuity of the
Chebyshev system, it follows that P is positive and continuous over [a,b]. We can also see that R is
continuous on [a,b]? and R(z, z) = 0 for all z € [a,b]. Substituting = a into (6), we get that

R(a,y) + f(a)P(y)
P(a)

fly) > (y € [a,b] NK).

The right hand side of this inequality is a continuous function of y over the compact interval [a, b], therefore
it is bounded from below. Hence f|(4 5~k is also bounded from below. Putting y = b into (6), it follows that

f(0)P(x) — R(z,b)
P(b)

> f(x) (z € [a,b] NK).
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Arguing similarly as above, this inequality yields that f| sk is bounded from above hence there exists a
positive number K such that, for = € [a,b] N K, we have |f(z)| < K.
Now we consider the second inequality in (5). It can be rewritten as

wi(uo) .. wi(up-3) wi(z) wiy) wi(v)
: : : : : C | >o.
wn(ug) oo wp(tn—sz) wp(®) we(y) wp(v)
fluo) oo flun—s) flx) fly) flv)
Developing this determinant by its last row, this inequality is equivalent to
f@)Qy) — f(y)Q(x) = S(z,y)  ((x,y) € 02(I NK)), (7)
where Q : [a,b] — R and S : [a,b]> — R are defined by
Q(z) := @, (ug,- -, Un_3,2,0)
and
n—3 .
S(z,y) := Z(fl)”_l_zf(ui)q)w(uo, e Wi Ty Uiy e ey Up—3, T, Y, V) — [(0) Dy (ug, - ..y Un—3, T, Y).
i=0

The inclusion (ug, ..., uy—3,2,v) € o, (I NK), the positivity and continuity of the Chebyshev system yield
that @ is a positive and continuous function over [a, b]. We also have that S is continuous over [a,b]? and
S(z,2z) =0 for all z € [a,b].

For z,y € [a,b] N K the inequalities (6) and (7) imply that

s PO -P@ o Ry PG~ P@)| | Raw)
F0) ~ f(0) = =T ) + g > K PGy = Aw) .
QW) — Q) , Sy _ QW - QW) Sy _ .
1) = (o) < SIS (@) + S < U SR 4 S = B,y

The functions A and B defined on the right hand side of these inequalities are continuous over [a,b]? and
hence they are uniformly continuous over [a,b]?. Therefore, for all € > 0, there exists § > 0 such that, for
all (z,y), (u,v) € [a, b2 with [|(z,) — (u, v)]| < 3, we have

max(|A(z,y) — A(u,v), [B(z,y) - B(u,v)]) < e.

In particular, if | — y| < d, then substituting (u,v) = (z,z) and using that A and B vanish at diagonal
points of the square [a, b]?, the above inequality implies that

max(|A(z,y)],[B(z,y)|) <e.
Therefore, in view of the inequalities in (8), z,y € [a,b] NK with |z — y| < d, we obtain that

1f(y) = f@)] <e.

This proves that f|,~k is uniformly continuous and hence f|;nk is locally uniformly continuous. If f is
(K4, w)-affine, then it is also (K4, w)-convex, therefore we have the same conclusion.
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In view of Lemma 2.1 with the dense set D = I N K, there exists a continuous function g : I — R such
that g(z)[7rx = f(2)|rrk-

Finally, we show that g is w-convex (resp. w-affine). Let (yo,...,y,) be an arbitrary element of o,,11(I).
Then, by the density of K in I, for each j € {0,...,n}, there exists a sequence (zx ;)keN i 0p41 (L NK)
converging to y; as k — co. Then, applying the (K, w)-convexity (resp. the (K, w)-affinity) of f, we have
that (4) is valid, we obtain

D (,0) (Th,0, Thy1s s Thon) = Lo, ) (Th,05 Thy1s - -y Thn) >0

(resp. @, g)(Th,05 Th,15 -+ 5 Thyn) = P, ) (Th,0, Thy1y - -+ 5 Thin) = 0).

By the continuity of g, the function @, 4) is continuous. Upon taking the limit k¥ — oo, the above inequality
(resp. equality) implies that

D ,0) (Y053 Yn) >0 (resp. D(u,q) (Yo, - -, yn) = 0).
Therefore, g is w-convex (resp. w-affine). O

Corollary 2.3. Let n > 2 and w = (w1,...,wy) : I = R™ be an n-dimensional positive Chebyshev system. If
f: I — R is w-convex (resp. w-affine), then it is continuous on I.

Proof. The corollary follows by applying Theorem 2.2 with K :=R. O

Corollary 2.4. Let n > 2 and w = (w1, ...,wy) : I = R™ be an n-dimensional positive Chebyshev system.
If f : T = R is w-Jensen convex (resp. w-Jensen affine), then there exists a continuous w-convex (resp.
w-affine) function g : I — R such that g|1no = flino-

Proof. In view of Theorem 1.1, the w-Jensen convexity (resp. w-Jensen affinity) of f implies that it is
(Q4,w)-convex (resp. (Q4,w)-affine). Now the statement of the corollary follows by applying Theorem 2.2
with K:=Q. 0O

The following statement is the extension of the celebrated Bernstein-Doetsch theorem [1] to the setting
of w-Jensen convexity.

Theorem 2.5. If f : I — R is w-Jensen conver and bounded on a nonempty open subset of I, then it is
continuous on I.

Proof. Let U be a nonvoid open subinterval of I such that f is bounded on U by K > 0. In the first part
of the proof, we are going to show that f is locally bounded on I, i.e., for every v € I, there is an open set
V' C I containing v such that f is bounded on V.

Let v € I be arbitrary. If v € U, then the statement holds with V' = U. Therefore, we may assume that
v ¢ U. Choose a closed interval [a,b] C U. Then either v < a or b < v. We consider now the case when
v <a.

We choose some rational numbers a —v < r; < --- <7, < b—wv. Then we have that v < a < v+ 1r; <
.-~ < w47, <b. One can construct a bounded neighborhood W of v such that W C I and, for all 2 € W,
we have r <a<z+r1; <--- <x+71r, <b Now the w-Jensen convexity of f and Theorem 1.1 yield that f
is (Q4,w)-convex, hence we can get that

O, f(z,x4+711,...,+1y) >0
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for all x € W. This inequality implies that

wi(z) wile+r) ... wilz+r,)

: : g >0
wn(x) wplx+r) oo walz+ry)
fl@)  flatr) .. fl@trm)

Developing the determinant by last row, we obtain

(=) f(2)Pu(x+7r1,...;c+Tp)

n+7 (9)
+Z fla+r)®,(x,c4+ri,...; e+ 11,2 +7i41,..., 2 +1,) > 0.

By the boundedness of f on U, the inclusion x + r; € [a,b] C U we obtain that (—1)"**f(z +r;) < K. The
continuity of w and positivity of Chebyshev system yield that the function

$’—>Z w@,z+ry,. T, g1, T Ty)
Sy(x+r,...,x+1y)

is bounded from above by a positive number L over the compact set . Therefore, the inequality (9) implies
that, for all x € W,

Su(z, 471, T, T Tig1, e, T Ty)
S, (x+r1,...,c+1)

(=1)" ' f(x) Z D)™ f (@ + 74)

< KL,

which implies that (—1)"~!f is bounded from above over W.
To prove that (—1)"~1f is bounded from below over a neighborhood V' C W of v, we additionally fix
vo € I such that vy < v. Now choose rational numbers
a — vy b— o

Lrg < rg<---<r, < .
U — Vo UV — Yo

1<
Then we have
a<wvg+re(v—1v9) <wvg+r3(v—1w9) < <vg+rn(v—1y) <b.
Now one can construct a neighborhood V of v such that V' C W and, for all z € V| we have
vo +ro(x —vg) <vo+ri(r—v) <a<wvg+rar—uvy) < <wvg+rp(r—1vy) <b,
where rg = 0 and r; = 1. Again applying Theorem 1.1, we conclude that
@, 5y (vo +ro(z —v0),v0 +71(T —v0),v0 + T2(T — v0),...,v0 + rn(z —v0)) >0,
that is,
(. f)(vo, 2,00 4+ T2(T — v0), . .., V0 + Tp(x — vg)) >0,

for all x € V. This inequality, for x € V, is equivalent to
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wi(vg) wi(z) wi(vo+ra(xr—wv)) ... wi(vg+rp(z—1vp))
: ; : : : > 0.
wn(ve) wn(®) wn(veo+re(x —wo)) ... wn(vo+ re(x —v))
flwo)  flx)  floo+ra(z—wo)) ... [flvo+ra(z—wo))
For brevity, we write s;(z) := vo + 7i(z — vo), @ € {2,...,n}. Developing the determinant by its last row,

we obtain

(=1)" f(00) @ (2, 52(2), - .- $u(2)) + (=1)" 7" f(2) (w0, 52(), - ., 80 (@)

n

+ Z(—l)"_if(si)lbw(vo,x, so(z) ...y 8i—1(x), ..y si41(T), ..y sn(T)) 20,

i=2
which yields
D, (z, 82(x), ..., 8n(x))
Dy, (vo, s2(2), - .+, Sn(T))

+Z(_l)n7i71f(si) w(vo, T, SQ(x;)w(vof;;(()) .;;i,;&l)()z),...,sn(a:)).

(=D)" 7 f(@) = (=1)" " f(vo)

=2

By the boundedness of f on U and the inclusion s;(z) € [a,b] C U, we get (—1)""""1f(s;(z)) > —K. The
continuity and the positivity of Chebyshev system w yield that the functions

D, (x, s2(x),. .., sn(x)) and ml—>z w(Vo, x, S2(x) .., si—1(x), ..., Siv1(x), ..., sp(x))

T B (w0, 52(@), s ()) By (00, 53(2), -, 5u())

are bounded from above by positive numbers M and N, respectively, over the compact set V' C W. Therefore,
the inequality (10) implies, for all x € V, that

(=1)"'f(x) = ~|f(vo)|M — KN,

which proves that (—1)"~1f is bounded from below over V. From the two-sided boundedness, it follows
that (—1)"~!f is bounded over V, consequently, f is also bounded over V.

To complete the proof of the theorem, we have to verify the continuity of f at any point of I. Let v € T
be arbitrary. Then, according to what we have proved in the first part, there exists a neighborhood V C I
of v such that f is bounded on V by K. We are going to show that f is uniformly continuous on every
compact subinterval [a, b] of V. This, in particular, implies the continuity of f at v.

Let [a,b] C V. We fix additional elements a1 < by < -+ < ap_1 < bp_1 < a <b < ap < b, in V. Then
define the function Wy : [ay,b1] X «+ X [ap_1,bn_1] X [a,0]*> — R and Wy : [a1,b1] X -+ X [an_2,bn_2] X
[a,b)? x [an,b,] — R by

n—1
o — |y Dy (v, V01, Y) Z U17-- Vi1, Vig1 -+ Vp—1,,Y)
1(’U17---avn—1a'ray) = - o )
w(vla"'avn—la 1 (vla"'avn—lam)
and
U —|1 = (I)w(vlw- , Un—2,7, Un) (I)w(vly--wvn—%xvy)
2(U17~-~7Un—27337%vn) T (I) q)
W(U17~' y Un— 273/’%) w(v17"'7vn—27yavn)
n—2
’Ul,.. s Vi—15Vi41 - ’Unf%-T?ya’Un)

2™

(Ula e >vn727yavn)
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Then the functions ¥; and W, are continuous over a compact rectangle, therefore, they are uniformly

continuous. On the other hand, ¥y (vy,...,vp—1,2,2) = Us(vy,...,0n_2,2,2,v,) = 0 for all x € [a,b] and
(Uh v 7’Unfla'Un) S [alvbl] X X [anfhbnfl} X [anvbn]~
Thus, for every € > 0, there exists § > 0 such that, for all x,y € [a,b] with |x — y| < § and for all
(Ula s avn—lavn) S [alabl] X X [an—labn—l} X [anabn}v
\Ill(Ul, . ,Un_l,,I,y) = \111(1]17 . ,’Un_l,LE,y) — \1/1(1}1, . ,’Un_l,'I,l') < g,
€
Uo(v1,.ney Un—2, &, Y, V) = Vo (1, ..., Une2, 2,9, Vn) — Uo(v1,...,0n_2,2,x,0,) < 7a
Now choose z,y € [a,b] with 2 < y < x 4+ 4. Then choose the rational numbers Ay, ..., A\, such that
a; — T b —x .
<A\ < , ie{l,...,n}.
y—x y—x

Then, with the notation v; := (1 — \;)x + \;y, we have that

a; <wv; <b;, 1€{l,...,n}
First define
v; — U1 . T — U y—un1
rii= ie{l,...,n—1}), Ty = , r = .
7 y— 01 ( { }) n y— n+1 y— v

Clearly, due to the chain of inequalities v1 < wvg - <wv,_1 < <y, we havethat 11 =0<ry < -+ - <7y, <
Tn+1 = 1. On the other hand, for i € {1,...,n — 1},

vimor (= dje+dy—(A-M)z+My) M)y —2) Ai-M\
y— v y— (1= A)z+ M\y)) I=M)y—=z) 1=X)

Ty =

€Q,

and

z—v _z—(I-M)z+hy) M-y -\
y—v y—((I=A)z+iy) (A-M)y—=z) 1-N\

Ty =
Using Theorem 1.1, the w-Jensen convexity of f implies that
Qo py(v1 +7r1(y —v1),. .01 F a1 (y —v1), 01 F (Y — v1),v1 + Taga(y —v1)) >0,
which, according to the definition of the numbers 71,79, ..., 7y, 41, yields that
Q.5 (V1. U1, 2, y) > 0.

Now from the above inequality, we get

wi(vy)) .. wi(vp-1) wi(z) wi(y)

: . : : >0
wr(v1) oo wp(vn—1) we(z) wa(y)
flor) o flon1)  flx) fy)

Developing this determinant by the last row, we obtain
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FW)Py(vr,...yon—1,2) — f(2)P,(v1, .., Un-1,Y)

—I—Z n i 1f 1}1) (vl,...,vi_l,vi+1...,vn_1,x,y) > 0.

By the positivity of Chebyshev system and the boundedness of f over V', the above inequality yields

¢W(U17"'avn—17y)>
x) — < f(x)l1-
@) = 1) < flo) (1 - gt
Dy (V1o oy Vim1, Vig1 « ey U1, X, Y)
4 n i— lf
E (v:) D, (V1. ..y Up1,)
SK\III(Ulv"'7Un—17x7y)<E
Secondly define
Uy — U1 . / ! " Yy— U1
RS e{l,....n—-2}U , = — = .
sim P e (L= U, s e, s
<Upo < <y<v,, we have that s1 =0 < s9 < -+- < s

Due to the chain inequalities v1 < vy - - -

sr_, < sp = 1. On the other hand, for i € {1,...,

n—2}U{n},

A=Az +Ady— (A -M)z+My)  QAi-M)y—z) Ai-M\ cQ,

- v; — U1 _
T — v (LAt My — (L)t My On— AW —2) A — N
s _ xr — U _ — ((17>\1):r+>\1y) _ /\1(y ) _ —A1 cQ
L = =Mz Ay — (L =A)z+ A y) O —M)y—x) A=\
and
g Ymu y — (L= A)z + My) _ U= M—w) 1Mo
T = =Mz + My — (L =A)z+ y) Q= M)y —2) A -\

Now using Theorem 1.1, the w-Jensen convexity of f implies that

Do, p)(v1 + s1(vn —v1),. .. 01 4 85,1 (Un —v1),01 + 81 (U — V1), 01 + Sp(vy — v1)) >0,
VS 1,501, Sn, yields that

which, according to the definition of the numbers s1, so, .. .

(I)(fo)(vl’ ey Un—2, T, Y, U,) > 0.

This inequality can be written as

wi(v1) ... wi(vn—2) wi(z) wi(y) wi(vs)
: : : : : : > 0.
wr(v1) oo wWn(vp—2) wn(x) wr(y) wn(v,)
fvr) flon2)  flx)  fly)  flon)
Developing this determinant by the last row, we obtain
f(vn)q)w(vlv v ,’Un_g,.r,y) - f(y)q)w(luh .. ,Un_g,x,'Un) + f(x)q)w(vh sy Un—2,Y, Un)

n—2
Un—-2,2,Y, Un) Z 07

+ Z(*l)niiilf(’l)i)q)w(vl, ey U315 U541 -+ -y

=1
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by the positivity of Chebyshev system, the above inequality is equivalent to

f(y)*f(l') Sf(y)(l (I)w(’Uly.../Un%l',’Un)) +f(’l)n) @w(vl,..,,vn72’x7y)

(I)w(vla"'7vnf27y7vn> q)w(U17...7’l)n,2,y,Un>
n—2
i d (’Ul ey Vi1, 054100y Un—2,2,Y Un) (12)
+ -1 n—i—1 Vs w 9 ) 5 5 , L, Y,
;( ) F(vs) Dy (v1,. e, Un—2,Y, V)

S K\IJZ(Ula sy Un—2, mayavn) <e
Hence the inequalities (11) and (12) imply that, for all z,y € [a,b] with |z — y| < 4,
[f(x) = fly)l <e

holds. This proves that f is uniformly continuous on [a,b]. The closed interval [a,b] C V was arbitrary,
therefore f is continuous on V. 0O

Theorem 2.6. Let f : I — R be a function which is bounded on a monempty open subset of I. Then it is
w-Jensen affine if and only if f = w1 + - -+ + apw, for some ay, ..., a, € R.

Proof. Assume first that f is an w-Jensen affine function. Then, it is w-Jensen convex, and using Theo-
rem 2.5, it follows that f is continuous on I. We show first that, for all zg,z1,..., 2, € I,

O, f(xo,21,...,20) =0. (13)
Indeed, if two of points xg,x1, ..., 2, coincide, then this equality is obvious. We may assume that these
points are pairwise distinct moreover that o < 1 < -+ < . Let 0 < r1 < --- < 1, be rational

sequences converging to 0 < z1 — zg < --- < x, — g, respectively. Then, according to Theorem 1.1, the
w-Jensen affinity of f, for all k£ € N, yields that

(I)w’f(l‘o,l‘o + 71k 5 20 +Tn,k) =0.

Using the continuity of f and taking the limit k¥ — oo, it follows that (13) holds.
Let us fix 1 < -+ < x,, in [ arbitrarily. Then,

O, f(x,21,...,2,) =0

holds for all x € I, i.e.,

wl(ac) wl(:rl) e wl(mn)

: : . : =0.
wn(x) wn(z1) ... wplzy)
fl@)  flz) oo flza)

Developing this determinant by the first column, we obtain

n

Z(—l)iflwi(x)(bwl7.”7%_1vwi_*_l"”)wmf(xh s 7xn) + (—1)"f(x)(1)w(x1, cee ’$n) =0.

=1

Therefore,
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= '(pw Wi 1 ,Wi W (371 :L’n)
— _1 n—1 1oy Wi—1,Wi41,y..05 nvf ) ) . ]
/(@) Z( ) D, (z1,...,2n) wi(z)

Now, with an obvious choice of a,...,a, € R, we can see that f = ajwi + -+ + a,w, holds.

The reversed statement is obvious, if f is a linear combination of the coordinate functions of w, then
@, s is identically zero by standard properties of determinants. O

The following question seems to be important: What is a necessary and sufficient condition on w that
ensures the existence of discontinuous w-Jensen affine or discontinuous w-Jensen convex functions? The
following result provides a sufficient condition. To formulate and prove this condition, we need the following

lemma.

Lemma 2.7. Let w : I — R™ be a positive Chebyshev system. Assume that there exist a positive continuous
function wo : I — Ry and a matric M = (a; j)1<i<n,0<j<n—1 € R"*"™ such that

wi(r) = (ajp 2™ P+ aiir +aig) - wo() (zxel,ie{l,...,n}). (14)
Then det(M) > 0 and, for all (x1,...,2,) € on(I),
D, (z1,. .., xn) =wo(x1) - wo(zy) -det(M) - O (21,...,20). (15)
Additionally, let f: I — R. Then, for all (zo,...,2,) € oni1(I),

Oy (0, .., xn) = wolo) - wolxn) - det (M) - Dr ¢/ (To,s - oo Tn)- (16)

Proof. The equality in (14) and the product rule for determinants imply, for all (z1,...,2,) € o,(I), that

Dy (x1,. .0, xn)
(al,n_1$?_1 + -t aix + a170)wO(£E1) - (a17n_1$271 + - ta1xy + alvo)wo(l’n)
(@np—127 "+ a1z + ano)wo(z1) oo (@npo1 27T A 1T + ano)wo(Th)
a1,n—1$?_1 +---ta1x1+a1o - a1,n—1$271 +--ta1Tn taip
= wo(r1) - wo(zn) : .
A1) QAT F Ano e Q1T A+ 1T+ Gnp
aio .- a1,n—1 l‘(l) NN 1‘2
= wo(x1) - wo(zy) : : :
ano oo OGppet| 2?70 zn?

=wo(x1) - wo(zy)det(M) - D (21,...,2y),

which proves (15).

The value of the determinant @, (z1,...,7,) equals [[,o; ;<,(x; — 2;) > 0 (because it is of
Vandermonde-type). Therefore, the positivity of the Chebyshev system w, the positivity of the function
wo and the equality (15) yield that det(M) > 0.

The equalities in (14) and the product rule for determinants again imply, for all (zo,...,z,) € ony1(d),
that
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@wyf(xo, .. .,mn)

(al,n—lfg_l + -4 a0 + a10)wo(zo) ... (Gl,n—ﬁﬁfl + -t a1,12, + a1,0)wo(zn)
(an 12§ "+ 4 anoz1 + ano)wo(zo) oo (@np127 T o F an 1T + ano)wo(T0)
f(xo) f(zn)
al,nflx(r)hl +---+ai1xot+ao .. al,n71x271 +--+a1T, +aip
:wo(xo)..-wo(xn) n—1 : n—1 '
Qp.n—-1T( +f e+ Gn, 170 + apo --- Ap.n—1Ty, +f e+ an,lxn + Gn,0
g a;,
al,O e al,n,l 0
= wo(xo) - - wo(xpn) - :
" Gn,0 Gn,n—1 0 Lo ! 33271
0 0 1
L (o) L (zn)

= wo(wg) - wo(zn) - det(M) - ®r r /o (Tos ..., Tn),

which shows the validity of (16). O

Theorem 2.8. Assume that there exist a positive continuous function wg : I — Ry and a matric M =
(@i j)1<i<n,0<j<n—1 € R™™"™ such that (14) holds. Then f : I — R is an w-Jensen convex (resp. w-Jensen
affine) function if and only if wio is a m,-Jensen convex (resp. m,-Jensen affine) function.

Proof. According to formula (16) of Lemma 2.7, for all h > 0 and = € I N (I — nh), we have that

O, f(x,x+h,...,x+nh) = Hwo(x+ih) ~det(M) - @ frwo (@, + hy oo x4 nh).
i=0

Due to the positivity of det(M) and the positivity of the function wy, it follows that the inequality @, ¢(z, z+
h,...,x 4+ nh) > 0 holds if and only if ®. ¢/ (2, 2 + h,...,x +nh) > 0 is valid. This shows that f is
w-Jensen convex if and only if wio is m,-Jensen convex.

Similarly, ®., ¢(x,z + h,...,2 +nh) = 0 if and only if ®, ¢/, (x,2+ h,...,z +nh) = 0, which proves
that f is w-Jensen affine if and only if wio is m,-Jensen affine. O

We need to recall the following characterization of m,-Jensen affine functions.
Theorem 2.9. A function f : I — R is w,-Jensen affine if and only if there exist a constant Ag € R,
an additive function A, : R — R, a symmetric biadditive function Ay : R2 — R, ..., and a symmetric

(n — 1)-additive function A,_1: R"* — R such that

fl@)=A1(z,...,2)+ -+ As(z,z) + A1 (x) + Ag (x el). (17)

Corollary 2.10. Assume that there exist a positive continuous function wg : I — Ry and a matriz
(@i j)i<i<n,0<j<n—1 € R™ ™ such that (14) holds. Then f : I — R is an w-Jensen affine function if
and only if there exist a constant Ag € R, an additive function A; : R — R, a symmetric biadditive function
Ay :R?2 = R, ..., and a symmetric (n — 1)-additive function A, 1 : R"™1 — R such that

flx) = (An_l(oz,...,:z:)+~-~+A2(x,m)+A1(:E)+A0)w0(x) (zel). (18)
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Proof. Assume first that f is w-Jensen affine. Then, by Theorem 2.8, wio is m,-Jensen affine. Hence, according
to Theorem 2.9, there exist a constant Ay € R, and additive function A; : R — R, a symmetric biadditive
function Ay : R? — R, ..., a symmetric (n — 1)-additive function 4,1 : R"~! — R such that

wi(x) =Ap_1(x,...,x)+ -+ Ag(x,2) + Ar(z) + Ao (x eI).
0
This proves that f is of the form (18).
To prove the reversed implication, assume that there exist a constant Ay € R, and additive function

A; : R — R, a symmetric biadditive function A, : R? — R, ..., a symmetric (n — 1)-additive function
A,_1:R™" ! — R such that (18) holds. Then, according to Theorem 2.9, wio is a m,-Jensen affine function.

In view of Theorem 2.8, this implies that f is w-Jensen affine. O
3. Wright convexity with respect to extended Chebyshev systems

In 1954, Wright [17] introduced a concept of convexity which is stronger than Jensen convexity and
weaker than convexity. A function f: I — R is called Wright convez if

fz+ A=ty + (A -tz +ty) < fz) + fly)  (z,yel te01])

One can easily see that convexity implies Wright convexity, and, by putting ¢t = % into the above inequality,
we can see that Jensen convexity is a consequence of Wright convexity.

A characterization and the ultimate understanding of Wright convexity was established by Ng [10], who
proved that f : I — R is Wright convex if and only if it is of the form f = g 4+ A|;, where g : I — R is
convex and A : R — R is additive. If A is discontinuous, then f will be discontinuous and hence cannot
be convex. On the other hand, if A is a discontinuous additive function, then |A| is Jensen convex but not
Wright convex.

The concept of Wrigh convexity is closely related to Schur convexity, sometimes it is termed ultramodu-
larity and has applications, for instance, in the theory of copulas and ¢t-norms (see [16] and the references
there in).

A higher-order generalization of Wright convexity was introduced by Gilanyi and Péles [2] as follows. In
this paper, a function f : I — R was called Wright convex of order (n — 1), if

Apy - Ap, f(x) >0

holds for all hy,...,hy, >0and z € IN(I — (hy + -+ hy)). One can easily see that Wright convexity of
order 1 is equivalent to Wright convexity in the standard sense.

In what follows, we extend the notion of higher-order Wright convexity to the setting of positive Cheby-
shev systems. Let w = (wy,...,w,) : I — R™ be a positive n-dimensional Chebyshev system. We say
that w : I — R™! 4s an extension of w if there exists a continuous function wnp+1 : I — R such that
w:= (w1,...,Wn,wn+1) and w is a positive (n + 1)-dimensional Chebyshev system.

Let w be a positive n-dimensional Chebyshev system and @ be an arbitrarily fixed extension of w. We
say that a function f : I — R is W- Wright convez if, for all hq,... h, >0and z € IN(I — (h1 + -+ hy)),
the inequality

Qo (@, +hiy, ... o+ hiy +- 4 hy,)
Z (7f) 41 .1 4 -0 o
s, x4+ hiy,...,o+hy +-+h)

(i17"-7i7l)

holds, where the summation is taken over all permutation (i1, ...,4,) of the elements {1,...,n}.
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Our first result establishes the connections between w-convexity, w-Wright convexity and w-Jensen con-
vexity.

Theorem 3.1. Let w be a positive n-dimensional Chebyshev system and @ be an extension of w. Then every
w-convex function is W-Wright convex and every w-Wright convex function is w-Jensen conver.

Proof. Assume first that f : I — R is w-convex. Then, for all hy,...,h, >0and x € IN(I—(h1+---+hy))
all permutation (i1,...,%,) of the elements {1,...,n}, we have that

<I>(w7f)(x,:v+hi17...7x+hi1 +"'+hin) > 0.

On the other hand, by the positivity of the Chebyshev system @, we also have that
(I)U($7.%‘+hil,...,$+hil +"'+hin) > 0.

These inequalities yield that (19) is valid on the domain indicated and hence f is w-Wright convex.
To verify the second assertion, assume that f : I — R is w-Wright convex. Taking hy :=--- =h,, :=h >0
in inequality (19), for all A > 0 and x € I N (I — nh), we obtain that

Q. py(@, 24 h, ...,z +nh) S
S5(z,x+ h,...,x+nh) —

(20)

Due to the positivity of the Chebyshev system @, it follows that ®(x, z+h, ..., x+nh) is positive, therefore,
we can conclude that @, ¢ (z, 2+ h, ...,z +nh) > 0, which shows that f is w-Jensen convex. O

The next theorem describes the connection between w-Wright convexity and Wright convexity of order
(n —1). In what follows, the symbol [zg, 21, ..., Ty, g] denotes the standard nth-order divided difference of
a function g : I — R at the pairwise distinct nodes x1,x1,...,2, € I.

Theorem 3.2. Assume that there exist a positive continuous function wy : I — Ry and a matric M =

(@i j)1<i<n,0<j<n—1 € R™ ™ such that (14) holds. Define wpt1 : I — R by wpi1(t) = t"wo(t). Then
W = (w,wn+1) is an extension of the Chebyshev system w. In addition, we have the following assertions:

(i) For all (xg,x1,...,2n) € ont1(I), the equality

q)(w,f) (xO,:Ela e 7xn)
O5(x0, X1,y Tp)

= [zo,21,...,2p; f/wo] (21)

holds. Furthermore, a function f : I — R is w-convez if and only if f/wo is convex of order (n —1).
(ii) For all hy,...,hp, >0 andxz € IN(I — (h1 + -+ hy)), the equality

Z Q@@+ hiyy @A hig A i) Apy A, (f /wo) (2)

O (2,2 + ooy @+ Py bt i) Ry (22)

(31,-+058n)

holds. Furthermore, a function f : I — R is w-Wright convez if and only if f/wo is Wright convex of
order (n — 1).

Proof. We first verify that @ = (w,wy+1) is a positive Chebyshev system. Let (zg,z1,...,2,) € opnt1(I).
Then, applying the equality (16) of Lemma 2.7 with f := w,11, we get
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(20,21, ., Tn) = wo (o) wo(Tn) - det (M) - Br w1 jwo) (X0, T1, - - -, ) (23)
= wo(z0) -~ wo(y) - det(M) - ©r, (w0, 71,...,2,) > 0.
The last inequality is due to the fact that ®, . (zo,21,...,2y) is a Vandermonde determinant and zp <

21 < -+ < x,. This proves that @ is a positive Chebyshev system, indeed.

In the rest of the proof denote g := f/wg. To show that assertion (i) holds, let (g, x1,...,2n) € ont1 (1)
be fixed. In view of the Lemma 2.7, we have the equality (16). Combining this equality with (23), we can
obtain

@, 1) (T0, 215, Tn) B P r.0) (T0, T1, - Tp)

D (0, T1, .-, Tn) Pr oy (To, 21,00 2)

From the theory of divided differences, we have the identity

D o) (X0, 1, )
(I)Trn+1 (1'071'17 - 7;5'”)

= [$07$17---7$n§g]a

which, together with the previous equality shows that (21) holds.

The function f is w-convex if and only if, for all (zg,21,...,2,) € ont1(I), the left hand side of (21) is
nonnegative. According to this equality, this happens if and only if the right hand side is nonnegative, i.e.,
if f/wp is convex of order (n — 1).

To show assertion (ii), let hy,...,h, >0and . € IN(I — (hy + -+ + hy)) be fixed. Therefore, with the
substitutions x; := « + hy + - -- + hj, (where j € {0,...,n}), (21) implies that

Q. py(@, x4 Ry, x+hy o+ hy)
O (x,x+hy,...,x+h1+-+hy)

:[‘T’m—’—hl’"'ﬂm"’hl+"'+hn;g},

Applying this equality for (h;,,...,h;, ) (instead of (hq,...,hy,)), where (i1,...,4,) is an arbitrary permu-
tation of (1,...,n), we can see that

Z (b(w’f)(x7x+hi1""’m+hi1+"'+hin)

= h,’,..., hil h7, .
¢w(-’1/‘7$+hi1,n-,x+hil+"'+hin) Z [$7I+ 11 $+ + + ng]

(i1,0-50n) (1,0050n)

On the other hand, from the paper [2], we have that

Apy A, g(@)

Z [x,2 4+ hiyyeo s+ hy + -4 h 9] = o h

(ilvﬂwin)

holds, which, together with the previous equality implies (22).

The function f is w-Wright convex if and only if, for all hy,...,h, >0and z € IN(I — (b1 +---+ hy)),
the left hand side of (22) is nonnegative. According to this equality this happens to be valid if and only if
the right hand side is nonnegative, i.e., if f/wg is Wright convex of order (n — 1). O

In the following result, we establish a characterization theorem for w-Wright convexity provided that
the underlying Chebyshev system is strongly related to the polynomial one. This result generalizes the
decomposition theorem of Maksa and Péles [7] which is related to the polynomial system. An alternative
and more elementary proof of that theorem has been recently given by the authors in [13].

Theorem 3.3. Assume that there erist a positive continuous function wg : I — R4 and a matriv M =
(@i j)1<i<n,0<j<n—1 € R™ "™ such that (14) holds. Define wpt1 : I — R by wy11(t) = t"wo(t) and set



Z. Pdles, M.K. Shihab / J. Math. Anal. Appl. 530 (2024) 127728 17

w = (w,wnt1). Then a function f : I — R is w-Wright convex if and only if there exist an w-convex
function F : T — R and, for each k € {1,...,n — 1}, a symmetric k-additive mapping Ay, : R¥ — R and a
real constant Ay such that, for all x € I,

fl@)=F(x)+ (Ao + A1(x) + -+ Ap_1(z, ..., 2))wo(x). (24)

Proof. To prove the necessity, assume that the function f is w-Wright convex. Then the assertion (ii) of
Theorem 3.2 implies that f/wg is Wright convex of order (n — 1). The decomposition theorem of higher
order Wright convex functions [7] implies that there exist a function G : I — R which is convex of order
(n — 1), a real constant A and, for each k € {1,...,n — 1}, a symmetric k-additive mapping Ay : R¥ — R
such that, for all x € I,

L@y = 6() + Ao+ Aa@) 4o+ Aua(a, ), (25)
0
This implies that (24) holds with F' := Gwy and F/wg is convex of order (n — 1). By assertion (i) of
Theorem 3.2, it follows that the function F' is w-convex.
To prove the sufficiency, assume that (24) holds, multiplying (24) by 1/wg(z) implies that

f F

—(z)=—(@)+ Ao+ A1(z)+ -+ Ap_1(z, ..., 2)).

wWo wo
Since the function F' is w-convex, therefore the assertion (i) of Theorem 3.2 implies that F'/wg is convex
of order (n — 1). Again, by the decomposition theorem of higher order Wright convex functions [7], we can
conclude that f/wg is Wright convex of order (n — 1). Thus, the assertion (ii) of Theorem 3.2 yields that
the function f is w-Wright convex. 0O

In our subsequent result we will prove that if the extension of the two dimensional polynomial system is not
a polynomial of at most second degree, then the convexity with respect to the two dimensional polynomial
system (i.e., standard convexity) is equivalent to Wright convexity with respect to this extension. For the
proof of this result, we will need the following characterization of a polynomial of at most second degree.

Lemma 3.4. Let p: I — R be a continuous function which satisfies the functional equation

p(z) —ply) _ plz+u) —ply —u) " ; u W) 24w
e o (T >0,y,zeT+u)nI —u), z4+u>y. (26)

Then p is a polynomial of at most second degree over I.

Proof. If u > 0 and y € (I +u) N (I — u), then the limit of the right hand side exists as z — y by the
continuity of p, which shows that p is differentiable at y and we get

Py +u) —ply —u)
2u ’

py) = u>0,y€(l+u)nNI—u). (27)
Since u > 0 was arbitrary, it follows that p is differentiable everywhere on I. Now the right hand side of the
above equality is differentiable with respect to ¥, which implies that p is twice differentiable. Repeating this
argument, it follows that p is three times differentiable on I. We are going to show that p’”’ is identically
zero on [.

Let y € I be fixed arbitrarily. Rearranging the equation (27), we can obtain that

2’ (y) = ply +u) —ply —u), uwely—I)N(I—y).
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Differentiating this equality three times with respect to u, we get that
0=p"(y+u)+p"(y—u), u>0,ye+u)n(—u).

With the substitution v = 0, we conclude that p"’(y) = 0. Therefore, p’”’ is identically zero on I. This yields
that p has to be a polynomial of at most second degree. O

Theorem 3.5. Assume that there exist a positive continuous function wg : I — R+ and a matm’x M

such t?z(;t w7:7 (w1, w2, w3) is an extension of w = (wl,wg) and wg/wo is mot a polynomial of at most
second degree. Then every w-Wright convex function is w-convex, i.e., w- Wright convexity is equivalent to
w-converity.

Proof. Under the conditions of the theorem, assume that f : I — R is an w-Wright convex function. That
is, the inequality

Q. (@, x+hi,x+hi+hy) P p(@,2+ho,x+ hy + Do)
O (z,x + h1, 2+ hy + ha) S5 (z,x + ho,x + hy + ha)

holds for all hy,he > 0 and x € I N (I — (hy + ha)). Using Lemma 2.7, we can see that this inequality is
equivalent to

OJO(LL')OJ()(LL' + hl)wo(:v + h1 + hg) . det(M) . (I),Tz f/wo (.T x4+ hi,z+ h1 + hg)

wo(z)wo(x + h1)wo(x 4 hy + ha) - det(M) - @, oo juo (T, 2 + h1, x4+ hy + ho)
wo(a:)wo(x =+ hQ)Wo(x +hi + ]’Lg) t(M) " P, f/wo ($,JJ + hQ,Jf +hy + h2)
wo(z)wo(z + ho)wo(z + hy + ho) - det(M) - @, oo juo (T, 2 + ho, x4 hy + ha) —

which simplifies to

(I)Tr27f/w(](ﬂf, T+ hl, T+ hl + hg) (I)Tr27f/w(]($, T+ hQ,.’E + hl + hg)
¢)7I'2,UJ3/(4)0 (.%‘,SC + h17x + hl + h2) q)wz,wg/wo <x7 x+ h27x + hl + h2> B

(28)

This means that g := f/wg is Ta-Wright convex, where 72(t) := (1,t, p(t)) and p := w3 /wy. Observe that,
for ¢ € {g,p} and i € {1,2}, we have

1 1 1
<I>(,T27Lp)($(:,$+hi,l‘+h1+h2)= x x+ h; T+ hy 4+ ho
() e(@+hi) @(x+h+h)

= ha—ip(x) — (h1 + h2)e(x + hi) + hip(x + h1 + hy).
Using this formula, the inequality (28) now states that

hag(x) — (hy + ha)g(x + h1) + hig(x + hy + ha)

hop(x) — (h1 4+ h2)p(x + h1) + hip(x + hy + ha)
hig(w) — (h1 + ha)g(z + h2) + hag(x + hy + ha)
hip(x) = (h1 + ha)p( )

holds for all hy,hy > 0 and x € IN(I — (h1 + h2)).
By our assumptions, (72, p) is an extension of o and p is not a polynomial of at most second degree.

(29)

>0
x4+ ho) + hop(x + h1 + he) —

Using Lemma 3.4, it follows that p cannot satisfy the functional equation (26), which means that there exist
u>0,y,2€ (I +u)N(I—wu) with 2+ u >y such that
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p(z) — p(y) 4 p(z+u) — ply —u)
z—y (z4u)—(y—u)

Letzx:=y—u,h:=2—y+2u,t:=2—y+u. Then z=z+t,y=x+h —t and z + u = = + h, therefore
the above relations state that

hp(z +t) — p(z +h = 1)) + (h = 2t)(p(z + h) — p(x)) # 0 (30)

for some h >0, x € IN(I —h) and t € (0, h).

Let h > 0 and x € I N (I — h) be fixed such that, for some ¢ € (0, h), (30) holds. Define T' C (0, h) to be
the set of those values t for which (30) is valid. Then the set T' is nonempty and, by the continuity of p, it
is also open. Let T and T_ denote the (disjoint) subsets of those elements ¢t € T, for which the left hand
side of (30) is positive and negative, respectively. Then at least one of these subsets is nonempty (and also
open).

Since g is To-Wright convex, hence Theorem 3.1 implies that g is mo-Jensen convex, i.e., it is Jensen
convex in the standard sense. According to Rodé’s Theorem [15], ¢ is the pointwise maximum of Jensen
affine functions, i.e., for all p € I, there exists an additive function A, : R — R such that

9W) = Aply—p)+9p)  (pyel). (31)
Substituting y ==z +tand y:=x+h —t,fort € T and p € I, we get
gl@+t) > Ap(x+t—p)+g(p), gla+h—t)=A(x+h—t—p)+g(p).

Therefore, with hy :=t and hy := h — ¢, the inequality (29) yields that

(h— — h(Ap(z+t—p)+g(p)) +tg(z +h)
( )p(fv) hp(z +t) +tp(z + h)
—h(Ay(z+h—t—p )+g(p))+(h—t)g(:c+h)>o
( .

+ tp(xz) —hp(x +h—t)+ (h—1t)p(z+ h) -

Using the additivity of A, and moving the terms containing A,(¢) to the right hand side, this inequality is
equivalent to

(h =t)g(x) = h(Ap(x —p) + g(p)) + tg(z + h)
( )p(w‘) h (x+t)+tp(w+h)
—h(Ap(z+h—p)+9p)) + (h—t)g(z + h)
tp(m) hp(x +h —t)+ (h—t)p(z+ h)
hip(x +t) —plx+h —t) + (h —2t)(p(z + h) — p(z))
((h=t)p(x) — hp(z + 1) + tp(z + h))(tp(z) — hp(z + h —t) + (b — t)p(x + h))

+

2 hA,(t).

This inequality shows that A, is bounded from above on 7y and is bounded from below on T_. Therefore,
A, is bounded from above or from below on a nonempty open subset of T'. In view well-known properties
of additive functions, this implies that A, is continuous, i.e., there exists a real constant a, such that
Ap(z) = apx holds for all x € R. Thus, by (31), we can see that g is the pointwise maximum of continuous
affine functions. Therefore, g must be a convex function (in the standard sense). From this it follows that
f = gwo is w-convex. 0O

It seems to be an open problem whether an analogue of the previous theorem is valid for the 3- or
higher-dimensional setting.



20 Z. Pdles, M.K. Shihab / J. Math. Anal. Appl. 530 (2024) 127728

Acknowledgment

The authors wish to thank the anonymous referee for his/her useful observations and comments that

helped us to prepare the final version of the paper.

References

[1] F. Bernstein, G. Doetsch, Zur Theorie der konvexen Funktionen, Math. Ann. 76 (4) (1915) 514-526.

[2] A. Gilanyi, Zs. Péles, On convex functions of higher order, Math. Inequal. Appl. 11 (2) (2008) 271-282.

[3] E. Hopf, Uber die Zusammenhiinge zwischen gewissen héheren Differenzenquotienten reeller Funktionen einer reellen
Variablen und deren Differenzierbarkeitseigenschaften, Ph.D. thesis, Friedrich—-Wilhelms—Universitat Berlin, 1926.

[4] S. Karlin, Total Positivity, vol. I, Stanford University Press, Stanford, California, 1968.

[5] S. Karlin, W.J. Studden, Tchebycheff Systems: With Applications in Analysis and Statistics, Pure and Applied Mathe-
matics, vol. XV, Interscience Publishers John Wiley & Sons, New York, London, Sydney, 1966.

[6] M. Kuczma, An introduction to the theory of functional equations and inequalities, in: Prace Naukowe Uniwersytetu
Slaskiego w Katowicach, vol. 489, Panstwowe Wydawnictwo Naukowe — Uniwersytet Slaski, Warszawa, Krakéw, Katowice,
1985; 2nd edn., A. Gildnyi (Ed.), Birkhduser, Basel, 2009.

[7] Gy. Maksa, Zs. Péles, Decomposition of higher-order Wright-convex functions, J. Math. Anal. Appl. 359 (2009) 439-443.

[8] J. Matkowski, Generalized convex functions and a solution of a problem of Zs. Péles, Publ. Math. (Debr.) 73 (3—4) (2008)
421-460.

[9] J. Mrowiec, T. Rajba, Sz. Wasowicz, On the classes of higher-order Jensen-convex functions and Wright-convex functions,
II, J. Math. Anal. Appl. 450 (2) (2017) 1144-1147.

[10] C.T. Ng, in: W. Walter (Ed.), Functions Generating Schur-Convex Sums, General Inequalities, 5, Oberwolfach, 1986, in:
International Series of Numerical Mathematics, vol. 80, Birkhduser, Basel, Boston, 1987, pp. 433-438.

[11] T. Popoviciu, Les Fonctions Convexes, Actualités Scientifiques et Industrielles, vol. 992, Hermann et Cie, Paris, 1944.

[12] Zs. Pales, On Wright- but not Jensen-convex functions of higher order, Ann. Univ. Sci. Bp., Sect. Comput. 41 (2013)
227-234.

[13] Zs. Péles, M.K. Shihab, Decomposition of higher-order Wright convex functions revisited, Results Math. 77 (2) (2022) 73.

[14] Zs. Pales, E. Székelyné Radécsi, Characterizations of higher-order convexity properties with respect to Chebyshev systems,
Aequ. Math. 90 (1) (2016) 193-210.

[15] G. Rodé, Eine abstrakte Version des Satzes von Hahn-Banach, Arch. Math. (Basel) 31 (1978) 474-481.

[16] S. Saminger-Platz, A. Kolesdrovéd, R. Mesiar, E.P. Klement, The key role of convexity in some copula constructions, Eur.
J. Math. 6 (2) (2020) 533-560.

[17] E.M. Wright, An inequality for convex functions, Am. Math. Mon. 61 (1954) 620-622.


http://refhub.elsevier.com/S0022-247X(23)00731-X/bib2D32E1ABB968EC7AAD0235F2C3846017s1
http://refhub.elsevier.com/S0022-247X(23)00731-X/bib7659344C89606DD62E333C3E2C289090s1
http://refhub.elsevier.com/S0022-247X(23)00731-X/bib09F2CA35D12717AF1D759C7230AB56B9s1
http://refhub.elsevier.com/S0022-247X(23)00731-X/bib09F2CA35D12717AF1D759C7230AB56B9s1
http://refhub.elsevier.com/S0022-247X(23)00731-X/bib7A37B21232DAF7641677D7E07F1E7A4Fs1
http://refhub.elsevier.com/S0022-247X(23)00731-X/bibF1888BFCFAF004923867F591A1269307s1
http://refhub.elsevier.com/S0022-247X(23)00731-X/bibF1888BFCFAF004923867F591A1269307s1
http://refhub.elsevier.com/S0022-247X(23)00731-X/bib1B1347BFF89D15F6304ACF99DDB080E5s1
http://refhub.elsevier.com/S0022-247X(23)00731-X/bib1B1347BFF89D15F6304ACF99DDB080E5s1
http://refhub.elsevier.com/S0022-247X(23)00731-X/bib1B1347BFF89D15F6304ACF99DDB080E5s1
http://refhub.elsevier.com/S0022-247X(23)00731-X/bibFEDD04E1EA9DC7135914B5850CA2E9AFs1
http://refhub.elsevier.com/S0022-247X(23)00731-X/bib9122AB304910BE24435B44B674C416E5s1
http://refhub.elsevier.com/S0022-247X(23)00731-X/bib9122AB304910BE24435B44B674C416E5s1
http://refhub.elsevier.com/S0022-247X(23)00731-X/bibD3CF5B917B1B7162D2FEEF4E45E8E893s1
http://refhub.elsevier.com/S0022-247X(23)00731-X/bibD3CF5B917B1B7162D2FEEF4E45E8E893s1
http://refhub.elsevier.com/S0022-247X(23)00731-X/bib23B4CC082ADAC67FE04E5C9C3666B870s1
http://refhub.elsevier.com/S0022-247X(23)00731-X/bib23B4CC082ADAC67FE04E5C9C3666B870s1
http://refhub.elsevier.com/S0022-247X(23)00731-X/bib0C6949D90F6B02E8A682796C8C73E13Ds1
http://refhub.elsevier.com/S0022-247X(23)00731-X/bib079AC5C167D4E1F099EED415903E421Es1
http://refhub.elsevier.com/S0022-247X(23)00731-X/bib079AC5C167D4E1F099EED415903E421Es1
http://refhub.elsevier.com/S0022-247X(23)00731-X/bib338D8F918A0FDB867D1B8E90BFBB0829s1
http://refhub.elsevier.com/S0022-247X(23)00731-X/bibC4A2D42419259DBAE29E0DE01602385Bs1
http://refhub.elsevier.com/S0022-247X(23)00731-X/bibC4A2D42419259DBAE29E0DE01602385Bs1
http://refhub.elsevier.com/S0022-247X(23)00731-X/bib06F645D9AFD453E016098CA71FB2360As1
http://refhub.elsevier.com/S0022-247X(23)00731-X/bib53EB5491D897F8B5E62929DA9235D2D4s1
http://refhub.elsevier.com/S0022-247X(23)00731-X/bib53EB5491D897F8B5E62929DA9235D2D4s1
http://refhub.elsevier.com/S0022-247X(23)00731-X/bib812AAD1D647912E39CB5CDC87CF40960s1

	On convexity properties with respect to a Chebyshev system
	1 Introduction
	2 Results on ω-Jensen functions
	3 Wright convexity with respect to extended Chebyshev systems
	Acknowledgment
	References


