Egyetemi doktori (PhD) értekezés tézisei

Nullity distribution in Finsler geometry

Salah Gomaa Ahmed Ali

Témavezeté: Dr. Zoltan Muzsnay, Dr. Nabil L. Youssef

Debreceni Egyetem
Matematika- és Szamitastudoményok Doktori Iskola
Debrecen, 2016.






1. ND- of Cartan connection

1.1. Definition. Let R be the h-curvature tensor of Cartan
connection. The nullity space of R at a point z € TM is the
subspace of H,(TM) defined by

Ng(2) :={ve H,(TM)|R.(v,w) =0, for allw e H,(TM)}.

The dimension of Nr(z), denoted by pgr(2), is the indez of nul-
lity of R at z.

If the index of nullity is constant, then the map Nr : z —
Ng(z) defines a distribution Nr of dimension ug called nullity
distribution of R.

Any smooth section in the nullity distribution Ng is called
a nullity vector field.

1.2. Theorem. Let pur be constant on an open subset U of
TM. Then, the nullity distribution z — Ng(z) is completely
integrable on U.

1.3. Definition. [1, 55] A Finsler space (M, E), where dim M >
3, is said to be h-isotropic if there exists a scalar function k, such
that the h-curvature tensor R of Cartan connection has the form

R(X,Y)Z = ko{g(X, 2)Y — g(Y, Z)X}, VX,Y,Z € X(TM).

1.4. Theorem. For an h-isotropic Finsler space, the index of
nullity ugr s either 0 or n.

1.5. Definition. [47, 55] A Finsler space (M, E), is said to be

Berwald space if the hv-curvature tensor P of Berwald connec-
tion vanishes or, equivalently, DyxC =0 for all X € X(TM).
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1.6. Theorem. For a Berwald space, the index of nullity s
of Nz takes its maximal value if and only if the index of nullity
ur of Ng takes its mazimal value.

1.7. Theorem. For a Landsberg space, the nullity distributions
Nr coincides with the nullity distribution Nge of the h-curvature
R of Berwald connection.

The nullity distribution Np is not completely integrable in
general as shown by the following example.

1.8. Example. Let M = {(z!,2% 2%) € R3 : 22 # 0},
U= {(z,y) e R3 xR3: 2% £ 0; y',y> # 0} C TM. Let L be
defined on U by:

L(w,y) = \/e"'”l (7% (y)2y® + 22 (y2)?)?/3.

Nevertheless, we have

1.9. Theorem. Let pup be constant on an open subset U of
TM. The nullity distribution Np is completely integrable on U
if and only if R(X,Y) =0and (DjzR)(X,Y)=R(Y,FC(X,Z))—
R(X,FC(Y,Z)),VX,Y € Sec(Np).

The nullity distribution N is not completely integrable in ge-
neral as shown by the following example.

1.10. Example. M = {(z!, 2% 23,2%) € R* : 2% £ 0},
U={(r,y) e R*xR*: 22 # 0; y*,y3,y* # 0} C TM. Let L be
defined on U by

Lia,y) = \Ja2(y")2ev*Iv' + (52)2.




Nevertheless, we have

1.11. Theorem. Let jig be constant on an open subset U of
TM. The nullity distribution N is completely integrable on U
if and only if for all X,Y € Sec(Ng), R(X,Y) = 0 and the
tensor
AX,Y,Z):=P(FC(Z,X),Y)-(D;xP)(Y,Z)—(D;zP)(X,Y),
is symmetric in X and Y, VZ € X(TM).

1.12. Definition. Let (M, L) be a Finsler manifold. The an-
gular metric h on T M is defined by

where g is the metric tensor on TM and ¢(X) := 1g(X,C).

1.13. Definition. A Finsler space (M, L), with dim M > 4, is
said to be Ss-like if

QX,Y, Z,W) = r{h(JX, JZ)W(JY, W) =h(JX, JW)R(JY, JZ)},

where Q(X,Y,Z, W) = g(Q(X,Y)Z,JW) and r is a scalar
function.

1.14. Theorem. Let (M,L) be an Ss-like space. Then, the
index of nullity pg takes its maximal value.
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2. ND- of Chern connection

2.1. Theorem. For a Finsler manifold (M, L) there exists a
*

unique normal lift D of Barthel connection T' = [J,S] such
that:

* *
(a) D is horizontally metric: Dpxg =0, VX € X(T'M).

* *
(b) The classical torsion T has the property that: JT(hX,hY) =
0,VX,Y € X(TM).

This connection is called Chern connection.

*
2.2. Corollary. The Chern connection D is completely deter-
mined by:

* o
(a) DyxJY = J[JX,Y] =D xJY.

*
(b) DpxJY = v[hX,JY]+C(X,Y) = DypxJY.
(¢) DF =0.

* *
2.3. Proposition. The h-curvature R, hv-curvature P and
*

v-curvature @ of the Chern connection are given by:
*
(a) R(X,Y)Z = R(X,Y)Z — C(FR(X,Y), Z).

(b) P(X,Y)Z =P(X,Y)Z — (DyyC')(X, Z).



*
(0)Q(X,Y)Z =0.
* *
2.4. Proposition. The h-curvature R and hv-curvature P of
Chern connection have the following properties:
*

(a) R(X,Y)S = R(X,Y).

*

(b) P(X,Y)S :;(S, V)X =C/(X,Y).

(¢) P(X,$)Z = 0.

2.5. Theorem. The nullity distribution Ngp« of the Chern h-
curvature and the nullity distribution Ng of the Cartan h-curvature
coincide.

2.6. Definition. The conullity space of the h-curvature tensor
at z, denoted by NR*L(Z), is the orthogonal complement of Ng+
in H,(TM), where the orthogonality is taken with respect to the
metric g defined on T M.

2.7. Proposition. For each point z € TM, either up-(z) =n
or up-(z) < n —2. Consequently, dimkerg- > n — 2.
*
2.8. Proposition. If R = 0, then Im(R) = (JNg-)1. Conse-
*
quently, rank (R) =n — pp-«.
2.9. Corollary. Let pug« be constant on an open subset U of

TM. The nullity distribution z — Ng«(2) is completely integ-
rable on U.
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2.10. Theorem. If R =0, then the two distributions Np« and
kerg+ coincide.

We have seen that if the index of nullity pg~ is constant, then
the nullity distribution N+ is completely integrable. According
to the Frobenius theorem, there exists a foliation of M by pg«-
dimensional maximal connected submanifolds as leaves, such
that the nullity space at a point x € M is the tangent space
to the leaf at x. We call the foliation induced by the nullity
distribution Mg+ the nullity foliation and denote it again by
Np-.

2.11. Theorem. Let (M,L) be a complete Finsler manifold
and U the open subset of M on which pug+ takes its minimum.
If R wanishes, then every totally geodesic integral manifold of
the nullity foliation Ngr- in U is complete.

2.12. Theorem. A Finsler manifold (M, L) is Landsbergian if
and only if the canonical spray S is a nullity vector field for the
the distribution Np«.

The nullity distribution Np« is not completely integrable in ge-
neral, as is illustrated by the following example.

2.13. Example. Let U = {(z,y) € R® x R3 : y' 2 4> #
0,9% # 4y*} C TM, where M :=R3. Define L on U by

y3

L(z,y) == </6*””1””2 (y1)*(y3) e 7.



2.14. Theorem. Let up+ be constant on an open subset U of
TM. The nullity distribution Np= is completely integrable on
* *

U if and only if R(X,Y) =0 and (D;jzR)(X,Y) = 0, for all
X,Y € Sec(Np-+).

2.15. Theorem. The nullity distribution Np~ and the kernel
distribution ker p~ coincide.

A Finsler manifold in which the Chern hv-curvature tensor

P vanishes is called a Berwald space [47]. Tt is well known that
every Berwald space is a Landsberg space, but it is not known
whether the converse is true. In [42], Shen introduced a class
of non-regular Finsler metrics which is Landsbergian and not
Berwaldian. The calculations are not easy, especially, if one
wants to study some concrete examples. Here, by using Maple
program together with the results of [42] and [60], we give a
simple class of proper non-regular non Berwaldian Landsbergian
spaces.

2.16. Example. Let M = R3, U = {(z,y) € R3 x R3 : y? >
0,y° >0} C TM. Define L on U by

1 2y! 1
2 farctan( — +i)
L(z,y) := f(xl)\/(yl) + 428 +y VR e Jomm v i)

3. ND- in the pull-back approach

Akbar-Zadeh has obtained the following results.
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3.1. Theorem. The nullity spaces Nk (z) and the kernel space
kerk (z) coincide.

We show by a counterexample that the above mentioned spaces
do not coincide.

3.2. Theorem. The nullity space Ng(x) and the kernel space
kerg (z) do not coincide.

The proof can be obtained by the following counter example.

3.3. Example. Let M =R3 and U = {(z,y) e R3xR3: y* #
0;i=1,2,3} C TM.
Let L be defined on U by:

Lz,y) = e (yly?y®) /3.

3.4. Theorem. Let (M,L) be a Finsler manifold and R the
h-curvature of Cartan connection. If

SxyzR(X,Y)Z =0, (1)
then the two distributions Nz and kerg coincide.

The following corollary shows that there are nontrivial cases
in which (1) is verified and consequently the two distributions
coincide.

3.5. Corollary. Let (M,L) be a Finsler manifold and g the
associated Finsler metric. If one of the following conditions

holds:



~

(a) R =0 (the integrability condition for the horizontal dist-
ribution),

(b) R(X,Y) = AL(U(X)Y —¢(Y)X), where A(x,y) is a homo-
genous function of degree 0 in y and £(X) := L~1g(X,n)
(the isotropy condition),

then the two distributions Nr and kerg coincide.

4. Metric freedom of a spray

In this chapter, the question of how many essentially diffe-
rent metrics metricize a spray is discussed. The notion of metric
freedom of a spray is introduced and investigated. We show that
in the regular case the holonomy distribution can be used to cal-
culate the metric freedom of a spray. The metric freedom of the
isotropic spray is characterized. Different examples are given.

4.1. Definition. A spray S on a manifold M is called Fins-
ler metrizable if there exists a Finsler function L such that the
geodesic spray of the Finsler manifold (M, L) is S.

The set of 2-homogeneous Euler-Lagrange functions is deno-
ted by

Es2={E€C®(TM)|wp=0, LcE=2E}. (2

4.2. Property. A spray S is metrizable if and only if there
exists a 2-homogeneous Euler-Lagrange function E € g2 such
that the matriz field g;; = % is positive definite at any point
of TM.
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4.3. Definition. We say that the metric freedom of a metri-
zable spray S is ms € N if Eg2 can be locally generated by its
mg functionally independent elements. If the spray S is non-
metrizable, then we set mg = 0.

In other words, if the metric freedom of a spray S is my > 1, then
for every £ € £g2 and vg € TM there exists a neighbourhood
U C TM of vy, a function ¢: R™ — R and Ey,..., By, € Es2
functionally independent on U such that

E(w) = ¢(E1(v),..., Eng(v)), Vovel.

4.4. Theorem. Let S be a metrizable spray on a manifold M.
If its parallel translation is regular, then the metric freedom of
S is

mg = codim Dy.

4.5. Proposition. Let S be an isotropic spray on the n-dimens-
tonal manifold M with reqular parallel translation. Then we
have mg € {0,1,n}. More precisely we have the following pos-
sibilities:

(a) ms = 0 if and only if S is not metrizable; (in this case

N£0)
(b) ms =1 if and only if R # 0 and S is metrizable;

(¢) mg = n, that is mazimal, if and only if | = 0.



11

4.6. Example (mg = 0, codim Dy = 0).
Let M = {(z*,2%) € R? : 22 > 0} and S is given by the coeffi-
cients

Gl _ .1 2(,.1\2 2\2 y1y2
=y Vet y) + )+ S

1\2
GZ :y2 .132(2./1)2—|—( 2)2 (y4)

4.7. Example (mg = 0, codim Dy > 0).

Let M = {(z*,2%) € R? : 22 > 0} and S is given by the coeffi-
1y2

cients G = W) G2 = 0.

212 )

4.8. Example (mg = 1).
Let us constder on the unite disk D C R™ and the spray is given

by GF = — Ty with e R\ {0},
Y Tt eg? v p € R\ {0}

4.9. Example (mg is maximal).

One can consider the trivial ezample where M = R™ and G* = 0.
In this case the parallel translation is reqular and the holonomy
group s trivial. Hence we have mg = n.

We prefer to give also another, not so obvious example: Let
B™ C R™ be the standard unit ball and S the spray with

i (a,y)
i Py e 3)
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where a € R™ is a constant vector with |a|] < 1. Since R =
0, then Dy = HTM, the horizontal distribution. Hence, by
Theorem 4.4, the metric freedom is mazimal.

We remark, that S.S. Chern and Z. Shen investigated in [18]
the family of Riemannian metrics associated with the norms

L VIR \/ - 2o z,y>_<1—|z|2><a,y>2
a > .

(1+ (a,z) 1+ {(a,x)
(4)

The geodesic equation of (4) is (3), but one can find other gene-
rating Finsler metrics too. Indeed, putting z* = ((1+ (a, z))y" —
(a,9)x") /(14 {a, x))?* and considering a 1-homogeneous function
¢: R" = R, we get

L¢(‘T7y) :¢(zl(x7y)7"'7zn($7y)) (5)

such that By = %Li is a (not necessarily regular) element of
Es.2. Therefore, if Ly satisfies the regularity condition, then it
18 a projectively flat Finsler metric of zero flag curvature with
geodesic spray given by (3). The family (4) can be considered

as a special case of (5) by choosing ¢(z) =((z, z) — <a,z>2)1/2.

5. New Finsler Package

In [39], Rutz and Portugal discussed and applied the FINS-
LER package they introduced in [38]. This package is an exten-
sion of the RIEMANN package [37]. The FINSLER package is
included in a CD with the book [7].
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When performing some applications using the FINSLER pac-
kage, we have encountered some problems. To show one of these
problems, let us consider the following example. Let M = R*,

U={(z,y) € R* x R*: ! #£0}. Let L be defined on U by:

L(z,y) = \/ﬂcly“\/(yl)2 +(2)2 + (v°)2

Based on this package, the non-vanishing coefficients of Berwald
connection are as follows:
1 2 3 1 1 1 1
G =Gl =Gy = 1 G22:G33:——1.
x x
This shows that the coefficients of Berwald connection are func-
tions of the positional argument z* only. Hence, the space under
consideration is Berwaldian and is thus Landsbergian. Con-
sequently, the hv-curvature PZJL , of Cartan connection should
vanish identically. However, the FINSLER, package calculated
non-vanishing components of Pi}j‘. k-

After a deep study of the source code (Finsler.mpl), we have
discovered some wrong indices in the definition of Pi’} k- (Similar
error is found in [7], page 1154). Another problem with this
package is the problem of dimension. If one considers a three
dimensional Finsler space, the package can not compute the
components of the hh-curvature R?j  and hv-curvature Pj]‘ i of
Cartan connection. The package response is that these objects
are outside dimension.

Summing up, we have two problems with the Rutz and Por-
tugal’s package. The first is the wrong calculations of the cur-
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vature Pi}j‘- x- The second is the disability of computing Rfj . and
Pf; « in dimensions different from 4.

We solve the two above mentioned problems. Moreover, we
extend the package in order to compute various geometric ob-
jects associated not only with Cartan connection but also with
the other fundamental connections in Finsler geometry. And
this is for any dimension. Other geometric objects can be simil-
arly added to the package.

6. Explicit examples

Based on the new Finsler package, we introduce a computa-
tional technique to calculate the nullity and kernel vectors. We
give some counter examples.

The nullity distributions associated with Cartan connection
are studied in Chapter 2. The following example shows that the
nullity space N of the h-curvature R of Cartan connection and
the kernel Kerg do not coincide.

6.1. Example. Let U = {(z',....2%y',...,9*) € R* x R* :
y? # 0 ,y* #0} ¢ TM, M = {(z,..,2%) € RYz? > 0}.
Let L be defined on U by

L(z,y) == v/ (@)2(y)* + 2)* + )" + ()™

In [53] Youssef proved that the nullity distribution Ago asso-

ciated with the h-curvature R of Berwald connection is complet-
ely integrable. He conjectured that the nullity distribution Npo
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of the hv-curvature P of Berwald connection is not completely
integrable. In the next example, we show that his conjecture is
true.

6.2. Example. Let U = {(z%, 2%, 2%y, 9%,y%) € R3 x R? :
y! #0} CTM and M =R3. Let L be defined on U by

Li=c" <y23 temTeyd y12)1/3

Let Nro and Ny be the nullity distributions associated with

the h-curvature R of Berwald connection and the curvature R of
the Barthel connection respectively. In [51], Youssef proved that
Nge C Nx. The following example shows that the converse is
not true: that is Ngo is a proper sub-distribution of Ne.

6.3. Example. Let U = {(z!, - ,z%y', -+ jy?) € R* x R* :
y? #0,y* #0} CTM and M =R*. Let L be defined on U by

L= \/c—m2y1 f/yg?’ + 3% 4 g4

7. English summary

Chern and Kuiper [17] in 1952 defined a distribution on a
Riemannian manifold M which assigns to each point x € M the
subspace

Nr(z)={X € T,M : R(X,Y)=0,VY € T, M},
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where R is the curvature of the Riemannian connection on M.
It is called the nullity space at x. The distribution defined by
the subspace Ng(x) at each point x of M is called the nullity
distribution Ny of the Riemannian manifold M. The dimension
pr(z) of Nr(z) is called the index of nullity at x. Chern and
Kuiper showed that, if pug(x) is constant in a neighborhood,
then Mg constitutes a completely integrable distribution there,
and that the leaves of the resulting foliation are flat. Later,
Maltz and others developed this point in different papers, for
example, [19, 21, 23, 32, 33, 41, 49, 50].

In 1972, Akbar Zadeh [3, 4] extended this work to Fins-
ler geometry adopting the pullback approach (PB-) approach
to Finsler geometry. He studied the nullity distribution of the
(classical) curvature of Cartan connection. Recently, Bidabad
and Refie-Rad [11] studied a more general case called k-nullity
distribution in Finsler geometry.

On the other hand, in 1982, Youssef [51, 53] studied the
nullity distributions of the curvature tensors of Barthel connec-
tion and Berwald connection, adopting the Klein-Grifone app-
roach(KG-) approach to Finsler geometry.

In the PB-approach, the existence and uniqueness theorems
for the four fundamental linear connections (Berwald, Cartan,
Chern and Hashiguchi connections) on a Finsler manifold have
been satisfactorily established [56, 57]. In the KG-approach,
Grifone [25] has investigated Cartan and Berwald connections.
Szilasi and Vincze [47] have studied Chern and Hasiguchi con-
nections using the technique of lifting vector fields to the tangent
bundle.

Adopting the Klein-Grifone formalism of Finsler geometry,
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we investigated the nullity distributions of the h-curvature R,
hv-curvature P and v-curvature @ tensors of Cartan connec-
tion. We showed that the nullity distribution N is included in
N of the curvature of Barthel connection and we showed, by
an example, that this inclusion is proper. We proved that Ng
is completely integrable. Through examples, we show that the
distributions N'p and N are not completely integrable. Nevert-
heless, we investigated the necessary and sufficient conditions for
these distributions to be completely integrable. A coordinate-
free existence and uniqueness theorem for Chern connection is
formulated and proved. The torsion and curvature tensors of
Chern connection are derived. Some properties and the Bianchi

identities for this connection are derived. The nullity distribu-
* %

tions of the two curvature tensors R andP of Chern connection
are investigated. The completely integrable property of Nz« and
the completeness of the nullity foliation associated with Nz~ are
proved. Two counterexamples are given. The first SEOWS that

Nrg-~ does not coincide with the kernel distribution of R. The se-
cond shows that Np« is not completely integrable. An example
of non regular Landesbergian non Berwaldian metric is given.

Adopting the pullback formalism of Finsler geometry, we
show by a counterexample that the kernel distribution kerz of
the h-curvature R of Cartan connection and the associated nul-
lity distribution Nz do not coincide, contrary to Akbar-Zadeh’s
result [2]. We give sufficient conditions for kerg and Ng to
coincide.

The question of how many essentially different metrics met-
ricize a spray is discussed. The notion of metric freedom of a



18 8. HUNGARIAN SUMMARY

spray is introduced and investigated. We show that in the re-
gular case, the holonomy distribution can be used to calculate
the metric freedom of a spray. The metric freedom of isotropic
sprays is characterized. Different examples are given.

Some modifications of the Maple package, FINSLER, (for
calculations in Finsler geometry) included in the book “Hand-
book of Finsler geometry [7]” are performed. A technique for
simplifying tensor expressions is proposed. A computational
technique for calculating nullity vectors and kernel vectors, us-
ing the new Finsler package, is introduced. Three interesting
examples are given.

8. Hungarian summary

Chern és Kuiper [17] 1952-ben definidlta egy M Riemann-
sokasag nullitas-disztribicidjat az alabbi médon. Jel6lje minden
x € M esetén

Ng(z)={X € T,M : R(X,Y)=0,VY € T,M}

az x-beli nullitds teret, ahol R a Riemann-konnexié gorbiileti
tenzora. Ezen alterek osszességét hivjuk nullitas-disztribiciénak.
Az Ng(z) dimenzidjét az a-beli nullitds indexnek nevezziik, és
ur(xz)-szel jeloljik. Chern és Kuiper megmutatta, hogy ha
pr(z) konstans egy xo pont egy kornyezetén, akkor Ng in-
tegralhat6 disztribucid ezen a kornyezeten, és az integralsoka-
sagai laposak. Késébb Maltz és masok tovabbi vizsgalatokat
végeztek a témakorben [19, 21, 23, 32, 33, 41, 49, 50].
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1972-ben Akbar-Zadeh [3, 4] kiterjesztette ezeket a vizsgd-
latokat a Finsler-geometriara, a pull-back megkozelitést alkal-
mazva. A Cartan-konnexié (klasszikus) gorbiiletének nullitds-
disztribucidjat vizsgdlta. A kozelmultban Bidabad és Refie-Rad
[11] vizsgélta az altaldnosabb k-nullitds-disztribiciét a Finsler
esetben.

Ezek mellett 1982-ben, Youssef [51, 53] tanulmédnyozta a
Barthel- és Berwald-konnexiok gorbiileti tenzorainak nullités-
disztribucidjat, a Klein—Grifone megkozelitést alkalmazva.

A PB-megkdzelitésben Finsler-sokasdgok négy alapveté kon-
nexidjanak (Berwald-, Cartan-, Chern- és Hashiguchi-konnexidk)
létezése és egyértelmiisége mér ki van dolgozva [56, 57]. A KG-
megkozelitésben Grifone [25] vizsgdlta a Cartan- és Berwald-
konnexidkat. Szilasi és Vincze [47] tanulményozta a Chern-
és Hasiguchi-konnexidkat a vektormezdk érintésokasagra vald
liftelésének technikajaval.

A disszertacié 2. fejezetében Klein—Grifone formalizmust al-
kalmazva vizsgaltuk a Cartan-konnexi6 h-gorbiiletének, hv-gor-
biiletének és v-gorbiiletének (jelolésiik rendre R, P és @) nul-
litds-disztribiiciéjat. Megmutattuk, hogy az Mg nullitds-disztri-
biiciéjét tartalmazza a Barthel-konnexié N nullitds-disztribi-
cidja, és egy példaval megmutattuk, hogy a tartalmazas valédi.
Megmutattuk, hogy Mg integralhaté. Példédkkal demonstraltuk,
hogy az Np és Ng disztribticiék nem integralhaték. Mind-
azonaltal vizsgaltuk ezen disztribuiciok integralhatésdganak
sziikséges és elégséges feltételeit.

A 3. fejezetben koordindtamentes bizonyitast adtunk a
Chern-konnexié 1étezésére és egyértelmiiségére, és levezettiik a
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torzié és gorbiileti tenzorait, a konnexié tovabbi tulajdonsagait
* *

és Bianchi-azonossagokat. Vizsgaltuk a Chern-konnexié R és P

gorbiileti tenzorainak a nullitds-disztribaciéit. Megmutattuk,

hogy Ng- integrdlhaté. Két ellenpélddval ramutattunk, hogy
*

Ng+ nem esik egybe az R kernel-disztribicidjaval, és hogy Np«
nem integralhaté. Példat adtunk olyan nem regularis Landsberg-
sokasagra, ami nem Berwald-sokasdg.

A 4. fejezetben a pull-back formalizmusban ellenpéldaval
megmutattuk, hogy a Chern-konnexié R h-gorbiiletének
kerr magja és a hozza tartozé Nz nullitds-disztribicié nem es-
nek egybe, cifolva ezzel Akbar-Zadeh eredményét [2]. Elégséges
feltételt adtunk kerr és N egybeesésére.

Az 5. fejezetben azt vizsgaltuk, hogy héany kiilonb6zd met-
rikabdl szarmazhat egy adott spray. Bevezettiik és vizsgaltuk
egy spray metrikus szabadsiganak fogalmat. Megmutattuk,
hogy a regularis esetben a holonémia disztribicié segitségével
meghatarozhaté a spray metrikus szabadsdga. Megadtuk az
izotropikus sprayk lehetséges metrikus szabadsdgait. Tobb konk-
rét példaval is szolgaltunk.

Az appendixben tovabbfejlesztettiik a “Handbook of Finsler
geometry” [7] cimil konyvben taldlhaté, FINSLER nevii Maple
csomagot, tobbek kozt egy tenzor-kifejezések egyszeriisitésére
szolgdld technikdval Az j csomagot NFP-nek (new Finsler pac-
kage) neveztiik el.

Az NFP csomagban mddszert adtunk a nullitas és kernel vek-
torok kiszamitasara. Végil példdkon at megmutattuk a koévet-
kezOket: a Kerp és Ny disztribticidk nem egyenldek, a Npo
disztribicié nem integralhatd, és a Ny disztribiciét nem tar-
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talmazza Ngo.

Megjegyezziik, hogy a disszertdciéban talalhaté eredmények

tobbsége publikdldsra vagy benyujtdsra keriilt ([35, 59, 60, 61,

63,

62, 64]).
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