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1. ND- of Cartan connection

1.1. Definition. Let R be the h-curvature tensor of Cartan
connection. The nullity space of R at a point z ∈ TM is the
subspace of Hz(TM) defined by

NR(z) := {v ∈ Hz(TM)|Rz(v, w) = 0, for all w ∈ Hz(TM)}.

The dimension of NR(z), denoted by µR(z), is the index of nul-
lity of R at z.

If the index of nullity is constant, then the map NR : z 7→
NR(z) defines a distribution NR of dimension µR called nullity
distribution of R.

Any smooth section in the nullity distribution NR is called
a nullity vector field.

1.2. Theorem. Let µR be constant on an open subset U of
TM . Then, the nullity distribution z 7→ NR(z) is completely
integrable on U .

1.3. Definition. [1, 55] A Finsler space (M,E), where dimM ≥
3, is said to be h-isotropic if there exists a scalar function ko such
that the h-curvature tensor R of Cartan connection has the form

R(X,Y )Z = ko{g(X,Z)Y − g(Y,Z)X}, ∀X,Y, Z ∈ X(TM).

1.4. Theorem. For an h-isotropic Finsler space, the index of
nullity µR is either 0 or n.

1.5. Definition. [47, 55] A Finsler space (M,E), is said to be

Berwald space if the hv-curvature tensor
◦

P of Berwald connec-
tion vanishes or, equivalently, DhXC = 0 for all X ∈ X(TM).
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1.6. Theorem. For a Berwald space, the index of nullity µR

of NR takes its maximal value if and only if the index of nullity
µR of NR takes its maximal value.

1.7. Theorem. For a Landsberg space, the nullity distributions
NR coincides with the nullity distribution NR◦ of the h-curvature
◦

R of Berwald connection.

The nullity distribution NP is not completely integrable in
general as shown by the following example.

1.8. Example. Let M = {(x1, x2, x3) ∈ R3 : x2 6= 0},
U = {(x, y) ∈ R3 × R3 : x2 6= 0; y1, y2 6= 0} ⊂ TM . Let L be
defined on U by:

L(x, y) =
√
e−x1(e−x1x3(y1)2y3 + x2(y2)3)2/3.

Nevertheless, we have

1.9. Theorem. Let µP be constant on an open subset U of
TM . The nullity distribution NP is completely integrable on U
if and only if R(X,Y ) = 0 and (DJZR)(X,Y ) = R(Y, FC(X,Z))−
R(X,FC(Y,Z)), ∀X,Y ∈ Sec(NP ).

The nullity distribution NQ is not completely integrable in ge-
neral as shown by the following example.

1.10. Example. M = {(x1, x2, x3, x4) ∈ R4 : x2 6= 0},
U = {(x, y) ∈ R4 ×R4 : x2 6= 0; y1, y3, y4 6= 0} ⊂ TM . Let L be
defined on U by

L(x, y) =
√
x2(y1)2e−y3/y4 + (y2)2.
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Nevertheless, we have

1.11. Theorem. Let µQ be constant on an open subset U of
TM . The nullity distribution NQ is completely integrable on U
if and only if for all X,Y ∈ Sec(NQ), R(X,Y ) = 0 and the
tensor

A(X,Y, Z) := P (FC(Z,X), Y )−(DJXP )(Y,Z)−(DJZP )(X,Y ),

is symmetric in X and Y , ∀Z ∈ X(TM).

1.12. Definition. Let (M,L) be a Finsler manifold. The an-
gular metric ~ on TM is defined by

~(X,Y ) = g(X,Y )− `(X)`(Y ),

where g is the metric tensor on TM and `(X) := 1
Lg(X,C).

1.13. Definition. A Finsler space (M,L), with dimM ≥ 4, is
said to be S3-like if

Q(X,Y, Z,W ) = r{~(JX, JZ)~(JY, JW )−~(JX, JW )~(JY, JZ)},

where Q(X,Y, Z,W ) = g(Q(X,Y )Z, JW ) and r is a scalar
function.

1.14. Theorem. Let (M,L) be an S3-like space. Then, the
index of nullity µQ takes its maximal value.
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2. ND- of Chern connection

2.1. Theorem. For a Finsler manifold (M,L) there exists a

unique normal lift
∗
D of Barthel connection Γ = [J, S] such

that:

(a)
∗
D is horizontally metric:

∗
DhXg = 0, ∀X ∈ X(TM).

(b) The classical torsion
∗
T has the property that: J

∗
T (hX, hY ) =

0, ∀X,Y ∈ X(TM).

This connection is called Chern connection.

2.2. Corollary. The Chern connection
∗
D is completely deter-

mined by:

(a)
∗
DJXJY = J [JX, Y ] =

◦

DJXJY.

(b)
∗
DhXJY = v[hX, JY ] + C′(X,Y ) = DhXJY.

(c)
∗
DF = 0.

2.3. Proposition. The h-curvature
∗
R, hv-curvature

∗
P and

v-curvature
∗
Q of the Chern connection are given by:

(a)
∗
R(X,Y )Z = R(X,Y )Z − C(FR(X,Y ), Z).

(b)
∗
P (X,Y )Z =

◦

P (X,Y )Z − (
∗
DJY C′)(X,Z).



5

(c)
∗
Q(X,Y )Z = 0.

2.4. Proposition. The h-curvature
∗
R and hv-curvature

∗
P of

Chern connection have the following properties:

(a)
∗
R(X,Y )S = R(X,Y ).

(b)
∗
P (X,Y )S =

∗
P (S, Y )X = C′(X,Y ).

(c)
∗
P (X,S)Z = 0.

2.5. Theorem. The nullity distribution NR∗ of the Chern h-
curvature and the nullity distribution NR of the Cartan h-curvature
coincide.

2.6. Definition. The conullity space of the h-curvature tensor
at z, denoted by NR∗⊥(z), is the orthogonal complement of NR∗
in Hz(TM), where the orthogonality is taken with respect to the
metric g defined on TM .

2.7. Proposition. For each point z ∈ TM , either µR∗(z) = n
or µR∗(z) ≤ n− 2. Consequently, dim kerR∗ > n− 2.

2.8. Proposition. If R = 0, then Im(
∗
R) = (JNR∗)⊥. Conse-

quently, rank (
∗
R) = n− µR∗ .

2.9. Corollary. Let µR∗ be constant on an open subset U of
TM . The nullity distribution z 7→ NR∗(z) is completely integ-
rable on U .
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2.10. Theorem. If R = 0, then the two distributions NR∗ and
kerR∗ coincide.

We have seen that if the index of nullity µR∗ is constant, then
the nullity distribution NR∗ is completely integrable. According
to the Frobenius theorem, there exists a foliation of M by µR∗ -
dimensional maximal connected submanifolds as leaves, such
that the nullity space at a point x ∈ M is the tangent space
to the leaf at x. We call the foliation induced by the nullity
distribution NR∗ the nullity foliation and denote it again by
NR∗ .

2.11. Theorem. Let (M,L) be a complete Finsler manifold
and U the open subset of M on which µR∗ takes its minimum.
If R vanishes, then every totally geodesic integral manifold of
the nullity foliation NR∗ in U is complete.

2.12. Theorem. A Finsler manifold (M,L) is Landsbergian if
and only if the canonical spray S is a nullity vector field for the
the distribution NP∗ .

The nullity distribution NP∗ is not completely integrable in ge-
neral, as is illustrated by the following example.

2.13. Example. Let U = {(x, y) ∈ R3 × R3 : y1, y2, y3 6=
0, y3 6= 4y2} ⊂ TM , where M := R3. Define L on U by

L(x, y) :=
4

√
e−x1x2(y1)

2
(y3)

2
e
− y3

y2 .
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2.14. Theorem. Let µP∗ be constant on an open subset U of
TM . The nullity distribution NP∗ is completely integrable on

U if and only if R(X,Y ) = 0 and (
∗
DJZ

∗
R)(X,Y ) = 0, for all

X,Y ∈ Sec(NP∗).

2.15. Theorem. The nullity distribution NP∗ and the kernel
distribution kerP∗ coincide.

A Finsler manifold in which the Chern hv-curvature tensor∗
P vanishes is called a Berwald space [47]. It is well known that
every Berwald space is a Landsberg space, but it is not known
whether the converse is true. In [42], Shen introduced a class
of non-regular Finsler metrics which is Landsbergian and not
Berwaldian. The calculations are not easy, especially, if one
wants to study some concrete examples. Here, by using Maple
program together with the results of [42] and [60], we give a
simple class of proper non-regular non Berwaldian Landsbergian
spaces.

2.16. Example. Let M = R3, U = {(x, y) ∈ R3 × R3 : y2 >
0, y3 > 0} ⊂ TM . Define L on U by

L(x, y) := f(x1)

√
(y1)

2
+ y2y3 + y1

√
y2y3 e

1√
3
arctan

(
2y1√
3y2y3

+ 1√
3

)
.

3. ND- in the pull-back approach

Akbar-Zadeh has obtained the following results.
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3.1. Theorem. The nullity spaces NK(x) and the kernel space
kerK(x) coincide.

We show by a counterexample that the above mentioned spaces
do not coincide.

3.2. Theorem. The nullity space NR(x) and the kernel space
kerR(x) do not coincide.

The proof can be obtained by the following counter example.

3.3. Example. Let M = R3 and U = {(x, y) ∈ R3×R3 : yi 6=
0; i = 1, 2, 3} ⊂ TM .
Let L be defined on U by:

L(x, y) = e−x
1x2

(y1y2y3)1/3.

3.4. Theorem. Let (M,L) be a Finsler manifold and R the
h-curvature of Cartan connection. If

SX,Y ,ZR(X,Y )Z = 0, (1)

then the two distributions NR and kerR coincide.

The following corollary shows that there are nontrivial cases
in which (1) is verified and consequently the two distributions
coincide.

3.5. Corollary. Let (M,L) be a Finsler manifold and g the
associated Finsler metric. If one of the following conditions
holds:
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(a) R̂ = 0 (the integrability condition for the horizontal dist-
ribution),

(b) R̂(X,Y ) = λL(`(X)Y − `(Y )X), where λ(x, y) is a homo-
genous function of degree 0 in y and `(X) := L−1g(X, η)
(the isotropy condition),

then the two distributions NR and kerR coincide.

4. Metric freedom of a spray

In this chapter, the question of how many essentially diffe-
rent metrics metricize a spray is discussed. The notion of metric
freedom of a spray is introduced and investigated. We show that
in the regular case the holonomy distribution can be used to cal-
culate the metric freedom of a spray. The metric freedom of the
isotropic spray is characterized. Different examples are given.

4.1. Definition. A spray S on a manifold M is called Fins-
ler metrizable if there exists a Finsler function L such that the
geodesic spray of the Finsler manifold (M,L) is S.

The set of 2-homogeneous Euler-Lagrange functions is deno-
ted by

ES,2 = {E ∈ C∞(TM) | ωE = 0, LCE = 2E } . (2)

4.2. Property. A spray S is metrizable if and only if there
exists a 2-homogeneous Euler-Lagrange function E ∈ ES,2 such

that the matrix field gij = ∂2E
∂yi∂yj is positive definite at any point

of TM .
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4.3. Definition. We say that the metric freedom of a metri-
zable spray S is mS ∈ N if ES,2 can be locally generated by its
mS functionally independent elements. If the spray S is non-
metrizable, then we set mS = 0.

In other words, if the metric freedom of a spray S is mS > 1, then
for every E ∈ ES,2 and v0 ∈ TM there exists a neighbourhood
U ⊂ TM of v0, a function ϕ : RmS → R and E1, ..., EmS

∈ ES,2
functionally independent on U such that

E(v) = ϕ
(
E1(v), . . . , EmS

(v)
)
, ∀ v ∈ U.

4.4. Theorem. Let S be a metrizable spray on a manifold M .
If its parallel translation is regular, then the metric freedom of
S is

mS = codimDH.

4.5. Proposition. Let S be an isotropic spray on the n-dimens-
ional manifold M with regular parallel translation. Then we
have mS ∈ {0, 1, n}. More precisely we have the following pos-
sibilities:

(a) mS = 0 if and only if S is not metrizable; (in this case
R 6= 0)

(b) mS = 1 if and only if R 6= 0 and S is metrizable;

(c) mS = n, that is maximal, if and only if R = 0.
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4.6. Example (mS = 0, codimDH = 0).
Let M = {(x1, x2) ∈ R2 : x2 > 0} and S is given by the coeffi-
cients

G1 := y1
√
x2(y1)

2
+ (y2)2 +

y1y2

2x2
,

G2 := y2
√
x2(y1)

2
+ (y2)2 − (y1)2

4
.

4.7. Example (mS = 0, codimDH > 0).
Let M = {(x1, x2) ∈ R2 : x2 > 0} and S is given by the coeffi-

cients G1 = (y1)2

2x2 , G
2 = 0.

4.8. Example (mS = 1).
Let us consider on the unite disk D ⊂ Rn and the spray is given

by Gi = − µ〈x, y〉
1 + µ|x|2

yi with µ ∈ R \ {0}.

4.9. Example (mS is maximal).
One can consider the trivial example where M = Rn and Gi = 0.
In this case the parallel translation is regular and the holonomy
group is trivial. Hence we have mS = n.
We prefer to give also another, not so obvious example: Let
Bn ⊂ Rn be the standard unit ball and S the spray with

Gi = − 〈a, y〉
1 + 〈a, x〉

yi, (3)



12 5. NEW FINSLER PACKAGE

where a ∈ Rn is a constant vector with |a| < 1. Since R =
0, then DH = HTM , the horizontal distribution. Hence, by
Theorem 4.4, the metric freedom is maximal.

We remark, that S.S. Chern and Z. Shen investigated in [18]
the family of Riemannian metrics associated with the norms

La =

√
1− |a|2

(1 + 〈a, x〉)2

√
|y|2 − 2〈a, y〉〈x, y〉

1 + 〈a, x〉
− (1− |x|2)〈a, y〉2

1 + 〈a, x〉
.

(4)
The geodesic equation of (4) is (3), but one can find other gene-
rating Finsler metrics too. Indeed, putting zi = ((1+ 〈a, x〉)yi−
〈a, y〉xi)/(1+〈a, x〉)2 and considering a 1-homogeneous function
φ : Rn → R, we get

Lφ(x, y) = φ
(
z1(x, y), . . . , zn(x, y)

)
(5)

such that Eφ = 1
2L

2
φ is a (not necessarily regular) element of

ES,2. Therefore, if Lφ satisfies the regularity condition, then it
is a projectively flat Finsler metric of zero flag curvature with
geodesic spray given by (3). The family (4) can be considered

as a special case of (5) by choosing φ(z) =
(
〈z, z〉 − 〈a, z〉2

)1/2
.

5. New Finsler Package

In [39], Rutz and Portugal discussed and applied the FINS-
LER package they introduced in [38]. This package is an exten-
sion of the RIEMANN package [37]. The FINSLER package is
included in a CD with the book [7].
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When performing some applications using the FINSLER pac-
kage, we have encountered some problems. To show one of these
problems, let us consider the following example. Let M = R4,

U = {(x, y) ∈ R4 × R4 : x1 6= 0}. Let L be defined on U by:

L(x, y) =

√
x1y4

√
(y1)2 + (y2)2 + (y3)2.

Based on this package, the non-vanishing coefficients of Berwald
connection are as follows:

G1
11 = G2

12 = G3
13 =

1

x1
, G1

22 = G1
33 = − 1

x1
.

This shows that the coefficients of Berwald connection are func-
tions of the positional argument xi only. Hence, the space under
consideration is Berwaldian and is thus Landsbergian. Con-
sequently, the hv-curvature Phijk of Cartan connection should
vanish identically. However, the FINSLER package calculated
non-vanishing components of Phijk.

After a deep study of the source code (Finsler.mpl), we have
discovered some wrong indices in the definition of Phijk. (Similar
error is found in [7], page 1154). Another problem with this
package is the problem of dimension. If one considers a three
dimensional Finsler space, the package can not compute the
components of the hh-curvature Rhijk and hv-curvature Phijk of
Cartan connection. The package response is that these objects
are outside dimension.

Summing up, we have two problems with the Rutz and Por-
tugal’s package. The first is the wrong calculations of the cur-
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vature Phijk. The second is the disability of computing Rhijk and

Phijk in dimensions different from 4.
We solve the two above mentioned problems. Moreover, we

extend the package in order to compute various geometric ob-
jects associated not only with Cartan connection but also with
the other fundamental connections in Finsler geometry. And
this is for any dimension. Other geometric objects can be simil-
arly added to the package.

6. Explicit examples

Based on the new Finsler package, we introduce a computa-
tional technique to calculate the nullity and kernel vectors. We
give some counter examples.

The nullity distributions associated with Cartan connection
are studied in Chapter 2. The following example shows that the
nullity space NR of the h-curvature R of Cartan connection and
the kernel KerR do not coincide.

6.1. Example. Let U = {(x1, ..., x4; y1, ..., y4) ∈ R4 × R4 :
y2 6= 0 , y4 6= 0} ⊂ TM , M = {(x1, ..., x4) ∈ R4|x2 > 0}.
Let L be defined on U by

L(x, y) := 4
√

(x2)2(y1)4 + (y2)4 + (y3)4 + (y4)4.

In [53] Youssef proved that the nullity distribution NR◦ asso-

ciated with the h-curvature
◦

R of Berwald connection is complet-
ely integrable. He conjectured that the nullity distribution NP◦
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of the hv-curvature
◦

P of Berwald connection is not completely
integrable. In the next example, we show that his conjecture is
true.

6.2. Example. Let U = {(x1, x2, x3; y1, y2, y3) ∈ R3 × R3 :
y1 6= 0} ⊂ TM and M = R3. Let L be defined on U by

L := e−x
1
(

y2 3
+ e−x

1 x3

y3 y1 2
)1/3

.

Let NR◦ and NR be the nullity distributions associated with

the h-curvature
◦

R of Berwald connection and the curvature R of
the Barthel connection respectively. In [51], Youssef proved that
NR◦ ⊆ NR. The following example shows that the converse is
not true: that is NR◦ is a proper sub-distribution of NR.

6.3. Example. Let U = {(x1, · · · , x4; y1, · · · , y4) ∈ R4 × R4 :
y2 6= 0, y4 6= 0} ⊂ TM and M = R4. Let L be defined on U by

L :=

√
e−x2 y1 3

√
y2 3 + y3 3 + y4 3.

7. English summary

Chern and Kuiper [17] in 1952 defined a distribution on a
Riemannian manifold M which assigns to each point x ∈M the
subspace

NR(x) = {X ∈ TxM : R(X,Y ) = 0, ∀Y ∈ TxM},
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where R is the curvature of the Riemannian connection on M .
It is called the nullity space at x. The distribution defined by
the subspace NR(x) at each point x of M is called the nullity
distribution NR of the Riemannian manifold M . The dimension
µR(x) of NR(x) is called the index of nullity at x. Chern and
Kuiper showed that, if µR(x) is constant in a neighborhood,
then NR constitutes a completely integrable distribution there,
and that the leaves of the resulting foliation are flat. Later,
Maltz and others developed this point in different papers, for
example, [19, 21, 23, 32, 33, 41, 49, 50].

In 1972, Akbar Zadeh [3, 4] extended this work to Fins-
ler geometry adopting the pullback approach (PB-) approach
to Finsler geometry. He studied the nullity distribution of the
(classical) curvature of Cartan connection. Recently, Bidabad
and Refie-Rad [11] studied a more general case called k-nullity
distribution in Finsler geometry.

On the other hand, in 1982, Youssef [51, 53] studied the
nullity distributions of the curvature tensors of Barthel connec-
tion and Berwald connection, adopting the Klein-Grifone app-
roach(KG-) approach to Finsler geometry.

In the PB-approach, the existence and uniqueness theorems
for the four fundamental linear connections (Berwald, Cartan,
Chern and Hashiguchi connections) on a Finsler manifold have
been satisfactorily established [56, 57]. In the KG-approach,
Grifone [25] has investigated Cartan and Berwald connections.
Szilasi and Vincze [47] have studied Chern and Hasiguchi con-
nections using the technique of lifting vector fields to the tangent
bundle.

Adopting the Klein-Grifone formalism of Finsler geometry,
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we investigated the nullity distributions of the h-curvature R,
hv-curvature P and v-curvature Q tensors of Cartan connec-
tion. We showed that the nullity distribution NR is included in
NR of the curvature of Barthel connection and we showed, by
an example, that this inclusion is proper. We proved that NR
is completely integrable. Through examples, we show that the
distributions NP and NQ are not completely integrable. Nevert-
heless, we investigated the necessary and sufficient conditions for
these distributions to be completely integrable. A coordinate-
free existence and uniqueness theorem for Chern connection is
formulated and proved. The torsion and curvature tensors of
Chern connection are derived. Some properties and the Bianchi
identities for this connection are derived. The nullity distribu-

tions of the two curvature tensors
∗
R and

∗
P of Chern connection

are investigated. The completely integrable property ofNR∗ and
the completeness of the nullity foliation associated with NR∗ are
proved. Two counterexamples are given. The first shows that

NR∗ does not coincide with the kernel distribution of
∗
R. The se-

cond shows that NP∗ is not completely integrable. An example
of non regular Landesbergian non Berwaldian metric is given.

Adopting the pullback formalism of Finsler geometry, we
show by a counterexample that the kernel distribution kerR of
the h-curvature R of Cartan connection and the associated nul-
lity distribution NR do not coincide, contrary to Akbar-Zadeh’s
result [2]. We give sufficient conditions for kerR and NR to
coincide.

The question of how many essentially different metrics met-
ricize a spray is discussed. The notion of metric freedom of a
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spray is introduced and investigated. We show that in the re-
gular case, the holonomy distribution can be used to calculate
the metric freedom of a spray. The metric freedom of isotropic
sprays is characterized. Different examples are given.

Some modifications of the Maple package, FINSLER, (for
calculations in Finsler geometry) included in the book “Hand-
book of Finsler geometry [7]” are performed. A technique for
simplifying tensor expressions is proposed. A computational
technique for calculating nullity vectors and kernel vectors, us-
ing the new Finsler package, is introduced. Three interesting
examples are given.

8. Hungarian summary

Chern és Kuiper [17] 1952-ben definiálta egy M Riemann-
sokaság nullitás-disztribúcióját az alábbi módon. Jelölje minden
x ∈M esetén

NR(x) = {X ∈ TxM : R(X,Y ) = 0, ∀Y ∈ TxM}

az x-beli nullitás teret, ahol R a Riemann-konnexió görbületi
tenzora. Ezen alterek összességét h́ıvjuk nullitás-disztribúciónak.
Az NR(x) dimenzióját az x-beli nullitás indexnek nevezzük, és
µR(x)-szel jelöljük. Chern és Kuiper megmutatta, hogy ha
µR(x) konstans egy x0 pont egy környezetén, akkor NR in-
tegrálható disztribúció ezen a környezeten, és az integrálsoka-
ságai laposak. Később Maltz és mások további vizsgálatokat
végeztek a témakörben [19, 21, 23, 32, 33, 41, 49, 50].
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1972-ben Akbar-Zadeh [3, 4] kiterjesztette ezeket a vizsgá-
latokat a Finsler-geometriára, a pull-back megközeĺıtést alkal-
mazva. A Cartan-konnexió (klasszikus) görbületének nullitás-
disztribúcióját vizsgálta. A közelmúltban Bidabad és Refie-Rad
[11] vizsgálta az általánosabb k-nullitás-disztribúciót a Finsler
esetben.

Ezek mellett 1982-ben, Youssef [51, 53] tanulmányozta a
Barthel- és Berwald-konnexiók görbületi tenzorainak nullitás-
disztribúcióját, a Klein–Grifone megközeĺıtést alkalmazva.

A PB-megközeĺıtésben Finsler-sokaságok négy alapvető kon-
nexiójának (Berwald-, Cartan-, Chern- és Hashiguchi-konnexiók)
létezése és egyértelműsége már ki van dolgozva [56, 57]. A KG-
megközeĺıtésben Grifone [25] vizsgálta a Cartan- és Berwald-
konnexiókat. Szilasi és Vincze [47] tanulmányozta a Chern-
és Hasiguchi-konnexiókat a vektormezők érintősokaságra való
liftelésének technikájával.

A disszertáció 2. fejezetében Klein–Grifone formalizmust al-
kalmazva vizsgáltuk a Cartan-konnexió h-görbületének, hv-gör-
bületének és v-görbületének (jelölésük rendre R, P és Q) nul-
litás-disztribúcióját. Megmutattuk, hogy az NR nullitás-disztri-
búcióját tartalmazza a Barthel-konnexió NR nullitás-disztribú-
ciója, és egy példával megmutattuk, hogy a tartalmazás valódi.
Megmutattuk, hogy NR integrálható. Példákkal demonstráltuk,
hogy az NP és NQ disztribúciók nem integrálhatók. Mind-
azonáltal vizsgáltuk ezen disztribúciók integrálhatóságának
szükséges és elégséges feltételeit.

A 3. fejezetben koordinátamentes bizonýıtást adtunk a
Chern-konnexió létezésére és egyértelműségére, és levezettük a
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torzió és görbületi tenzorait, a konnexió további tulajdonságait

és Bianchi-azonosságokat. Vizsgáltuk a Chern-konnexió
∗
R és

∗
P

görbületi tenzorainak a nullitás-disztribúcióit. Megmutattuk,
hogy NR∗ integrálható. Két ellenpéldával rámutattunk, hogy

NR∗ nem esik egybe az
∗
R kernel-disztribúciójával, és hogy NP∗

nem integrálható. Példát adtunk olyan nem reguláris Landsberg-
sokaságra, ami nem Berwald-sokaság.

A 4. fejezetben a pull-back formalizmusban ellenpéldával
megmutattuk, hogy a Chern-konnexió R h-görbületének
kerR magja és a hozzá tartozó NR nullitás-disztribúció nem es-
nek egybe, cáfolva ezzel Akbar-Zadeh eredményét [2]. Elégséges
feltételt adtunk kerR és NR egybeesésére.

Az 5. fejezetben azt vizsgáltuk, hogy hány különböző met-
rikából származhat egy adott spray. Bevezettük és vizsgáltuk
egy spray metrikus szabadságának fogalmát. Megmutattuk,
hogy a reguláris esetben a holonómia disztribúció seǵıtségével
meghatározható a spray metrikus szabadsága. Megadtuk az
izotropikus sprayk lehetséges metrikus szabadságait. Több konk-
rét példával is szolgáltunk.

Az appendixben továbbfejlesztettük a “Handbook of Finsler
geometry” [7] ćımű könyvben található, FINSLER nevű Maple
csomagot, többek közt egy tenzor-kifejezések egyszerűśıtésére
szolgáló technikával Az új csomagot NFP-nek (new Finsler pac-
kage) neveztük el.

Az NFP csomagban módszert adtunk a nullitás és kernel vek-
torok kiszámı́tására. Végül példákon át megmutattuk a követ-
kezőket: a KerR és NR disztribúciók nem egyenlőek, a NP◦
disztribúció nem integrálható, és a NR disztribúciót nem tar-
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talmazza NR◦ .
Megjegyezzük, hogy a disszertációban található eredmények

többsége publikálásra vagy benyújtásra került ([35, 59, 60, 61,
63, 62, 64]).
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[8] P. L. Antonelli, I. Bucataru and S. F. Rutz, Computer al-
gebra and two and three dimensional Finsler geometry, Publ.
Math. Debrecen, 62 (2003), 289–313.

[9] P. L. Antonelli, S. F. Rutz and K. T. Fonseca, The mathema-
tical theory of endosymbiosis, II: Models of the fungal fusion
hypothesis, Nonlinear Anal., Real World Appl., 13 (2012),
2096–2103.

[10] D. Bao, S. S. Chern and Z. Shen, An introduction to
Riemann-Finsler geometry, Springer-Verlag, Berlin, 2000.

[11] B. Bidabad and M. Refie-Rad, On the k-nullity foliations
in Finsler geometry and completeness, Bull. Iranian Math.
Soc., 37, 4 (2011), 1-18.

[12] I. Bucataru and R. Miron, Finsler-Lagrange geometry.
Applications to dynamical systems, Editura Acad. Române,
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[29] O. Krupková, Variational metric structures
Publ. Math. Debrecen 62 (2003), 461–495.

[30] J. Klein and A. Voutier, Formes extérieures génératrices de
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S., 36 (1982), 275–280.



HIVATKOZÁSOK 27
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