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Abstract: The fusion process considers the boundary between correct and conflict records. It has been
a fundamental component in ensuring the accuracy of many mathematical algorithms that utilize
multiple input sources. Fusion techniques give priority and high weight to reliable and qualified
sources since their information is most likely to be trustworthy. This study stochastically investigates
the three most common fusion techniques: Kalman filtering, particle filtering and Bayesian probability
(which is the basis of other techniques). The paper focuses on using fusion techniques in the context
of state estimation for dynamic systems to improve reliability and accuracy. The fusion methods
are investigated using different types of datasets to find out their performance and accuracy in
state estimation.

Keywords: data fusion; sensor fusion; Kalman filtering; Particle filtering; Bayesian probability;
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1. Introduction

Obtaining knowledge from a single source may or may not be precise depending on
the quality of the source. Therefore, gathering information from different sources is more
beneficial to find the accurate result, and this process is called data fusion. Data fusion is
a specific type of data integration that merges various sources to obtain a comprehensive
and trustworthy result [1,2]. It is more specific than data integration in that it does not just
bring all the information together; instead, it enhances and obtains a clear conception of
the required data. There are many types of fusion, such as data fusion, which is defined
by Dong et al. (2014) as gathering information from different websites, posts, blogs, or
databases to obtain a highly reliable outcome [3]. On the other hand, sensor fusion, as
discovered by Hall and Llinas in 1997, involves the integration of data from multiple
sensors, such as cameras, radar, or LIDAR, which typically exhibit significant conflicts
and high levels of noise [4]. Thus, sensor fusion aims to enhance the quality of data
by filtering out noise and errors [5]. The goal of both types is to produce complete and
error-free recorders, which cannot be achieved by using only a single source or sensor.
Sensor and data fusion have been applied intensively in recent years. Many fields, such
as education, military, medicine, and even emergency cases, rely on fusion techniques
to make the final decision. For instance, to save people’s lives in emergencies, such as
earthquakes or floods, real-time image fusion considers the best way to rescue people
as fast as possible. Also, in medical cases using multisensors along with image fusion
brings a great benefit in retrieving information autonomously, especially the data that is
difficult to be seen by humans [6]. Currently, even robot state estimation relies completely
on fusion techniques to derive the accurate estimation of variables [7]. These dynamic
robots need fusion techniques to move smoothly, avoiding all the obstacles that are in their
path. Therefore, intensive research has been performed in recent years to find the best
fusion algorithm for state estimation.
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In this work, we have focused on using fusion techniques to estimate the state of a
dynamic system using different types of experiments. In Section 2, we studied fusion algo-
rithms stochastically and compared their accuracy, consistency, robustness, and scalability.
Section 3 contains information about the datasets that we used. In Section 4, we showed
the results of the fusion after applying the algorithms using different datasets. Section 5
shows the evaluation of the used algorithms using MAE and RMSE metrics. Finally, the
last section contains the conclusion and future work.

2. Fusion Algorithms

There are different types of data fusion algorithms and their popularity changes
depending on the problem domain and requirements. However, some of the algorithms
are widely known and can be used in many fields, as described below.

2.1. Particle Filtering

Particle filtering (PF), which is also known as the sequential Monte Carlo algorithm,
is used to solve complex nonlinear filtering problems [8–10]. It is considered to be the
alternative to extended Kalman filtering and the unscented Kalman filter. It was first
developed by Genshiro Kitagawa in 1993 to fuse dynamic system data [11]. It is called
particle filtering since it uses particles or samples for estimation processes, based on a series
of observations. The work of PF can be summarized as a method to estimate the system’s
state over time. If we assign the variable k to the time step, then, for the estimated state, we
assign Xk at k time step. Thus, the change in the state estimation in each time step can be
represented by using the following probability equation:

Xk ∼ P(Xk|Xk−1) (1)

Each time the calculation of the measurements takes place, it is denoted as Zk. So, to
model these measurements, the probability distribution can be represented by

Zk ∼ P(Zk|Xk) (2)

where P(Zk|Xk) means the likelihood or probability density of observing Zk, given Xk.
After that, we generate n particles Xk

(i) at each time step k, by sampling from prior state
distribution P(Xk|Xk−1). For each particle, we calculate the weight W(i)

k by the likelihood
of the observed data. So, a particle’s weight can be computed by

Wk
(i) = P

(
Zk

∣∣∣Xk
(i)
)

(3)

That means the particles obtains higher weights if they are more consistent with the
observed measurement Zk. The particle that gains a high weight is usually transferred to
the next time step, and this step is called the resampling step. This aids in focusing on the
high weight particles representing the state of the system. Finally, the final state estimation
is performed by using the following model in time step k:

Xk = ∑n
i=1 W(i)

k ·X(i)
k (4)

The continuous iteration process, using particle filtering, updates particles in each
time step k, which shows the estimated state for the dynamic system. This is what makes
particle filtering effective in dealing with complex nonlinear systems.

2.2. Kalman Filtering

Kalman filtering (KF) is one of the best fusion techniques nowadays, especially for fus-
ing noisy sensors. KF was defined in 1960 by the Hungarian scientist Rudolf E. Kalman [12].
In simple terms, KF uses a noisy and inconsistent input and produces a clear and consistent
output. The fusion process starts by defining a mathematical model that describes how the
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system evolves over time. Then, the filtering process takes place depending on the initial
state and some measurements. Those measurements are provided by different sensors to
describe the relationship between them and the state of the system, which is predominantly
noisy and conflicting. Afterwards, the prediction for the new state estimation and evolution
over time is established using the system model and the estimated state. It also involves
updating the covariance matrix of the associated states. The final step includes updating the
state estimation by combining the sensor measurement and the predicted state estimation
and updating the state covariance matrix as well. During the update process, Kalman
filtering assigns weights to each sensor measurement depending on its reliability and
certainty. Thus, the best sensor obtains the highest weight, and the worst sensor obtains
the lowest weight. To decompose KF into its component stochastically, we then describe
the state as the probabilistic variable X. Thus, at time step k it is represented as Xk. The
mean is represented as X(k|k) and the covariance is represented as P(k|k) to represent the
probability distribution. Thus, the state transition can be written as

X(k + 1|k) = A·X(k|k) + B·U(k) + W(k) (5)

where A and B are used to represent the system dynamics, U(k) represents the control input,
and W(k) represents the noise.

Now, we come to the representation of the measurement stochastically at time step
k as Z(k). In this case, the mean can be symbolized as Z(k|k) and the covariance matrix
of the measurement noise as R(k) to show the uncertainty in the measurement. Thus, the
measurement model can be written as

Z(k) = H·X(k|k) + V(k) (6)

where H is the measurement matrix, while V(k) is the noise. In the prediction step, the state
estimation is stochastically represented as X(k + 1|k) and the covariance is represented
as P(k + 1|k). In the update step, as mentioned above, the predicted state estimation
is combined with the actual measurement. So, the representation of the updated state
estimation is described as X(k + 1|k + 1) and the covariance is described as P(k + 1|k + 1)
which can be calculated as follows:

X(k + 1|k + 1) = X(k + 1|k) + K(k + 1)·[Z(k)–H·X(k + 1|k)] (7)

P(k + 1|k + 1) = (I − K(k + 1)·H)·P(k + 1|k) (8)

where I is the identical matrix and K(k + 1) is the Kalman gain, which can be calculated as
follows:

K(k + 1) = P(k + 1|k)·HT ·
[

H·P(k + 1|k)·HT + R(k)
]−1

(9)

At each time step, this model helps in providing probabilistic estimation to get rid of
the noise and uncertainty problems. The main objective of Kalman filtering is to minimize
the MSE between the true state and the estimated one. However, it has one drawback of
working only with a linear system and Gaussian noise. Therefore, other types of Kalman
filtering, such as extended Kalman filtering (EKF) and unscented Kalman filtering (UKF)
were developed to deal with non-linear systems [13].

2.2.1. Extended Kalman Filtering

Extended Kalman filtering is a subset of Kalman filtering but works mostly with
non-linear systems [14–17]. It works perfectly for fusion sensors, providing highly reliable
records. The EKF procedure consists of similar stages as KF. In the beginning, the state
X and its covariance P are supposed to be determined. After that, the algorithm defines
the process model with the noise P and the measurement matrix of noise with R. The
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prediction of each event state Xk, using the process model and random noise W(k), can be
calculated by

X(k + 1|k) = f (A, X(k|k), B, U(k)·W(k)) (10)

where f represents the nonlinear state transition, and A and B represents the system
dynamics. Now, to represent the measurement at time step k as Z(k), then

Z(k) = h(H, X(k + 1|k), V(k)) (11)

where h represents nonlinear measurement model, H represents measurement matrix, and
V(k) represents the measurement noise. Note that EKF uses Jacobian matrices to linearize f
and h.

In the update step as it mentioned above, the predicted state estimation combines
with the actual measurement. So, the representation of the updated state estimation
X(k + 1|k + 1) can be calculated as

X(k + 1|k + 1) = X(k + 1|k) + K(k + 1)·[Z(k)–h(H, X(k + 1|k), 0] (12)

where K is the Kalman gain that can be obtained from Equation (9), while the covariance
P(k + 1|k + 1) can be calculated using Equation (8).

Lastly, the algorithm repeatedly predicts and updates the state estimation for each
time step. The outcome from the iteration process considers the best state estimation of the
required event.

2.2.2. Unscented Kalman Filtering

UKF is also a subset of KF, used as a standard technique for estimating states in non-
linear cases. It was defined for the first time by the robotics research group Simon J. Julior
and Jeffery K. Uhlmann in 1997 [18]. This algorithm has many advantages compared to the
standard KF and EKF in performing high accurate outcomes and reducing computational
complexity. In the stochastic sensor and data fusion context, the steps using UKF start by
initializing the state vector X and the covariance matrix P. After that, the algorithm defines
the process model with the noise Q and the measurements with the noise R. To capture the
nonlinearity, UKF uses a set of sigma points [19,20]. Those points are selected depending on
the mean of X and the covariance of P. To begin with the prediction process, the algorithm
calculates the prediction of the state sigma point in the advance suing process model F,
with the control input U, and the process noise W:

X(k + 1|k) = f (A, X(k|k), B, U(k)·W(k)) (13)

while, to represent the measurement at time step k as Z(k), then

Z(k) = h(H, X(k + 1|k), V(k)) (14)

In the update step as mentioned above, the predicted state estimation combines with
the actual measurement. So, the representation of the updated state estimation described
as X(k + 1|k + 1) can be calculated using Equation (12), and covariance P(k + 1|k + 1) can
be calculated by Equation (8).

The algorithm repeatedly predicts and updates the state estimation for each time
step. The final decided state estimation considers the best prediction of the required event.
To get rid of the explicit linearization, UKF uses sigma points to obtain the state and
measurement distributions.

The main difference between KF, EKF, and UKF, is that each one of them addresses
the limitation of the previous version. For more details, KF is an optimal algorithm to
estimate the state only when the system is linear, and the noise is Gaussian. However, the
EKF deals with non-linear systems by linearizing them around the current state using the
Jacobian matrix. This is why EKF is more effective than KF. But it still has some limitations,
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especially that the linearization process introduces errors and using the Jacobian matrix
increases the computational complexity. These limitations can be addressed using UKF,
which deals with non-linear systems without linearizing them; instead, it uses sigma points.
Also, it reduces computational complexity by using sigma points rather than the Jacobian
matrix in estimating the state.

2.3. Bayesian Probability

Bayesian probability is based on Bayes’s theorem. It explains the relationship between
the prior probability distribution and the posterior probability distribution of an event or
belief using evidence [21]. BP has been used widely in data and sensor fusion to obtain
more robust and accurate decisions. Since each source provides data with a potential noise,
BP helps in getting rid of uncertainty by fusing those sources. The steps of fusion using
BP start by defining the system model at a given time k which is denoted as X(k). If the
state of the object changes by time, then it can be described by a probability distribution as
P(X(k)|X(k − 1)). Each of these sources provide measurements with inherent noise. The
relationship between those measurements Z(k) and the real state of the object described as
P(Z(k)|X(k)). The two essential steps in BP are predict and update processes. In predict
process, the state at time k can be predict by:

P(X(k)|Z(1 : k − 1)) =
∫

P(X(k)|X(k − 1))·P(X(k − 1)|Z(1 : k − 1))dX(k − 1) (15)

The update step involves a state estimation update using the recent measurements:

P(X(k) | Z(1 : k)) ∝ P(Z(k) | X(k))· P(X(k) | Z(1 : k − 1)) (16)

The steps for predicting and updating are iterated in each time step, and the state
estimation updates whenever new measurements show during the iteration. The final
process is to estimate the next state using either Kalman filtering for linear systems or
particle filtering for nonlinear and non-Gaussian systems. To rephrase, we could use BP
alone, but combining it with KF or PF can bring many advantages. Using BP alone poses
challenges when the system is complexly dynamic and when the noise is non-Gaussian.
So, we use KF to handle non-Gaussian noise and PF when the system is non-linear. This
combination leads to more accurate state estimation.

In short, Bayesian filtering is a probabilistic approach that is used often nowadays for
object tracking and computer vision cases in stochastic environments. It has a great ability
to deal with noises and treat them, while combining data from different sources. Bayesian
probability usually works to predict and update individual probabilities. However, there is
an extended version of this theory that deals with more complex dependencies between
the variables called the Bayesian network.

Bayesian Network

The Bayesian network, also called the probabilistic graphical model, is defined by
Judea Pearl (1988) as showing the relationship between a set of variables using directed
acyclic graphs [22]. It constitutes a subset of Bayesian probability. It has been used widely
in the last few years to solve uncertainty problems in many fields, like artificial intelligence
and data fusion [23]. It has a great ability for fusing information coming from different
sources to distinguish between correct and incorrect data. A BN consists of nodes and
edges. Nodes are the inserted variables that can be discrete or continuous, while the edges
are the probabilistic relationships between those variables [24]. After defining the variables,
conditional distribution is specified for each node. Since the source has various degrees
of accuracy, then each source must have a different conditional probabilistic table (CPT).
In a BN, each node X has specific CPT given by its parent Y1, Y2, . . . , Yn. The CPT can be
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described as P(X|Y1, Y2, . . . , Yn). On the other hand, the joint probability distribution for
all the nodes can be described as

P(X1, X2, . . . , Xn) = P(X1)·P (X2 | X1)·P (X3 | X1, X2) · . . . · P (Xn | X1, . . . , Xn−1) (17)

After constructing the BN, Bayesian inference is performed to calculate the posterior
probability of each variable. Given the evidence from the source, the calculation of posterior
probability performed by Bayesian theorem is as follows:

P(X | E) = (P(E | X)·P(X))/P(E) (18)

where P(X | E) is the posterior probability of X given E (evidence) and P(X) is the prior
probability of X, while P(E) is the marginal probability of all evidence.

After these steps, updating the probability distribution for each variable should be
carried out. This helps in building models to fuse data from uncertainty and ambiguity.

3. Datasets

In our experiments, we used two types of datasets to simulate the position of a dynamic
object, such as a robot. Initially, we utilized a toy dataset, which took the positions [2.0, 3.0,
4.0, 5.0, 6.0, 7.0, 8.0], consecutively. Then, we used a synthetic dataset of 1000 positions. The
reason for using a synthetic dataset was to figure out the performance of the estimation
algorithms that we used. We applied a sequence of values starting at 0 and ending at 20,
with 1000 positions between them, as shown in the following one-dimensional array:

True position: [0, 0.02002002, 0.04004004, 0.06006006, 0.08008008, 0.1001001, . . .. . .,
19.93993994, 19.95995996, 19.97997998, 20].

This considers the ground truth of dynamic objects from 0 to 20 having 1000 time steps.

4. State Estimation

In this paper, we applied the algorithms PF, KF, EKF, UKF, and BP, which are mentioned
above, to estimate the state of a dynamic object. Firstly, we used a toy dataset of a moving
object like a robot, then we used a synthetic dataset. Secondly, we applied fusion algorithms
to estimate those positions correctly without having conflicts. We applied a particle filtering
algorithm by using 100 particles. We added 0.5 noise to the measurements of the true
position, and we used a constant velocity model to see the particles evolve over time.
Accordingly, the calculation of the particle’s weight depending on the estimation of its
measurements, as mentioned in Section 2.3, took place. At the end, we resampled to retain
only the best particles, which helped in obtaining the final estimated state values, as shown
in Figure 1, where the blue line represents the true position, and the orange one represents
the estimated positions.
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Secondly, we applied the Kalman filtering algorithm using the same datasets. We
added 0.5 noise to the measurement of the true positions. Then, we configured Kalman
filtering, with its parameters and conditions. Performing a KF iteration with each mea-
surement is necessary to obtain good state estimation. The performance of KF is shown in
Figure 2. Additionally, we applied EKF and UKF using the same datasets to estimate the
state of the dynamic system, as shown in Figures 3 and 4. Figure 5 illustrates the estimation
using BP, with the same datasets
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large dataset.

5. Experiments and Evaluation

To validate the models, we used the mean absolute error (MAE), which is the absolute
value of the difference between the true position of the object and the estimated one [25],
and the root mean square error (RMSE), which is the average measurement of the square
differences between the true position of the object and the estimated state. Table 1 shows
the result of the RMSE and MAE of PF, KF, EKF, UKF, and BP using a toy dataset and a
synthetic dataset.

Table 1. The result of MAE and RMSE using fusion algorithms.

Algorithm
Toy Dataset with Seven Positions Dataset with 1000 Positions

MAE RMSE MAE RMSE

PF 0.138224009 0.174072531 1.011800165 1.011808264
KF 2.354036380 2.883750821 6.437892525 7.8795381774

EKF 0.504055178 0.546664779 0.582870877 0.726412512
UKF 0.3654765721 0.414921186 0.2751082709 0.3431953125
BP 0.381908303 0.438160207 0.396795988 0.4981912005

In the case of the toy dataset, PF showed the best result in contrast to other algorithms
as shown in Table 2. But, while using a large dataset, the UKF performed significantly better.
Using a large dataset showed a higher accuracy for all the algorithms. However, UKF
showed superior results compared to other algorithms, even while using higher noise rates.

Table 2. Estimated states for toy dataset using fusion algorithms.

Algorithm Estimated States Using Toy Dataset [2.0, 3.0, 4.0, 5.0, 6.0, 7.0, 8.0]

PF [2.023, 3.023, 4.2201, 5.328, 6.186, 7.114, 8.064]
KF [1.496, 3.098, 3.058, 3.428, 5.806, 6.023,7.273]

EKF [1.463, 3.366, 4.168, 5.330, 6.588, 7.729, 8.808]
UKF [2.014, 3.075, 4.164, 5.586, 6.399, 7.214, 8.344]
BP [2.611, 3.406, 4.001, 5.168, 6.751, 6.016, 7.462]

6. Conclusions

Autonomous state estimation has become a center of attention for many scientists
since it is essential in many robust cases. Fusion algorithms have the efficient ability to
estimate the state of dynamic systems. In this paper, we evaluated the performance of
fusion algorithms, such as Kalman filtering, which works with mostly linear systems.
Also, we used extended Kalman filtering and unscented Kalman filtering to deal with
non-linear systems and address the limitations of KF. Moreover, we used particle filters,
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which showed superior results when working with toy datasets. Lastly, we used Bayesian
probability which is the basis of fusion algorithms. Then, we presented the outcomes using
two experiments: the first one used a toy dataset and the second one used a synthetic
dataset. For the evaluation, we used MAE and RMSE to see the difference between the true
position and the estimated one. The evaluation of the algorithms showed a high accuracy
with lowest error rate, especially while using a large dataset. The UKF outperformed all
the other algorithms, particularly when applied to a large dataset. It obtained the lowest
MAE of 0.2751082709 and an RMSE of 0.3431953125. This study represents the initial phase
of our research. We intend to extend this research, using these algorithms to track drones
in real-world experiments.
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Nomenclature

Symbols Description
PF Particle filtering
K Time step
Xk Estimated state at k time step
Zk Measurements at k time step

W(i)
K Particle’s weight at k time step

KF, EKF, UKF Kalman filtering, extended Kalman filtering, unscented Kalman filtering
A, B Representors of system dynamic
U(K) The control input
W(K), V(K) Random noise
H, I Measurement matrix, identical matrix
f Nonlinear state transition
h Nonlinear measurement model
K Kalman gain
P Covariance matrix
BP, BN Bayesian probability, Bayesian network
CPT Conditional probabilistic table
P(X | E) Posterior probability of X given E
P(x) Prior probability of X
P(E) Marginal probability of all evidence
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