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CrossMark
Abstract
Approximated functional renormalization group (FRG) equations lead to reg-
ulator-dependent (-functions, in analogy to the scheme-dependence of the per-
turbative renormalization group (pRG) approach. A scheme transformation
redefines the couplings to relate the (-functions of the FRG method with an
arbitrary regulator function to the pRG ones obtained in a given scheme. Here, we
consider a periodic sine-Gordon scalar field theory in d =2 dimensions and show
that the relation of the FRG and pRG approaches is intricate. Although both the
FRG and the pRG methods are known to be sufficient to obtain the critical
frequency 3 = 87 of the model independently of the choice of the regulator and
the renormalization scheme, we show that one has to go beyond the standard pRG
method (e.g. using an auxiliary mass term) or the Coulomb-gas representation in
order to obtain the J-function of the wave function renormalization. This aspect
makes the scheme transformation non-trivial. Comparing flow equations of the
two-dimensional sine-Gordon theory without any scheme-transformation, i.e.
redefinition of couplings, we find that the auxiliary mass pRG [-functions of the
minimal subtraction scheme can be recovered within the FRG approach with the
choice of the power-law regulator with b =2, which therefore constitutes a
preferred choice for the comparison of FRG and pRG flows.
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1. Introduction

The renormalization group (RG) concept has its roots in theoretical physics, and it plays a
pivotal role in understanding the behavior of physical systems across different scales. The
idea of scale transformations and scale invariance has been present in physics for decades.
The exact, functional renormalization group (FRG) method has been constructed to perform
renormalization non-perturbatively [1-6]. The FRG is an implementation of the RG concept,
particularly useful when dealing with strongly interacting systems in quantum and statistical
field theory. It bridges the gap between the known microscopic laws (describing fundamental
particles and interactions) and the complex macroscopic phenomena (such as phase transi-
tions and collective behavior) in physical systems. The FRG combines functional methods
from quantum field theory with the intuitive RG idea proposed by Wilson [1, 2]. Wilson
envisioned a way to interpolate smoothly between the microscopic and macroscopic
descriptions of physical systems. Figuratively, the FRG acts as a microscope with adjustable
resolution. Unlike perturbative methods that rely on small coupling constants, the FRG is
non-perturbative. It doesn’t require an expansion in a small parameter. Instead, it directly
explores the system’s behavior across scales [7—12].

The history of the FRG approach runs back over decades starting from the Wegner—
Houghton RG equation [3] which is based on the Wilson—Kadanoff blocking [1, 2], through
the Polchinski RG equation [4] to the modern form of FRG [5, 6]. The central object in FRG
is the scale-dependent effective action (also called average action or flowing action). It
depends on a sliding scale (the RG scale) that continuously decreases as we move from
microscopic to macroscopic scales. The FRG is based on an exact functional flow equation
derived by Wetterich and Morris in 1993 which describes the dependence of the effective
action on the RG scale and reads as [5, 6]

ey
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where [}[¢] = f d?x L[] is the effective action depending on the running scale k, F;{z)[go]
denotes its second functional derivative and the trace Tr stands for an integration over all the
degrees of freedom of the scalar field . A regulator (infrared cutoff) R, the choice of which
is arbitrary within certain limits (see equations (13)—(15) of [12]), is introduced to decouple
slow modes with low momenta while leaving high momentum modes unaffected. The
regulator ensures that the effective action captures all relevant fluctuations. Although the
explicit form of the R, regulator function is not fixed, the solution of the exact FRG
equation (1) is independent of the particular choice of R, in the low-energy limit kK — 0 [13].
However, once approximations have been used, the solution does depend on the regulator
function (in the IR limit, too) which weakens the predictive power of the method. Because the
FRG equation cannot be solved without approximations, the regulator-dependence is a
serious drawback of the method which requires special attention and the search for
optimization methods is still an active research field, see e.g. [14].

One could argue that the standard perturbative renormalization group (pRG) procedure is
completely free of any problem similar to the regulator-dependence of the non-perturbative
approach. However, this is not true, since perturbative RG equations are derived with a
particular choice of the renormalization scheme, and thus, S-functions (at least higher-loop
coefficients) are scheme-dependent. As an example, for the § function of quantum electro-
dynamics, only the first two leading coefficients (one-loop and two-loop) are scheme-inde-
pendent. An explicit derivation of this fact is given around equation (19.92) in Chap. 19 of
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[15]. It is a natural expectation that the scheme-dependence of pRG is connected with the
regulator-dependence of FRG method [16—18]. Indeed, the universality of the FRG method
was discussed in [17]. It was proven in [18] that the FRG flow equation admits a perturbative
solution; a scheme transformation was given which was used to obtain the 3 function of the
FRG method with a special choice of the regulator function from the perturbative § function
obtained in the modified minimal subtraction (MS) scheme. The (3 functions of the FRG
approach are not universal because the FRG method leads to a mass-dependent scheme which
manifests itself through the nontrivial coupling of mass. In other words, the explicit mass
makes the relation between the FRG and pRG [ functions nontrivial. If the quantum field
theory has no explicit mass, this scheme transformation is usually but always simple. For a
single real scalar field it is proven to have a trivial form, however, it is not necessary the case
for multi-component fields such as the sigma model which is the continuum limit of the
n-vector model which consists of N real scalar fields coupled by a ¢* interaction that is
symmetric under rotations of the N fields. The sigma model has important physical realisa-
tions and it has been investigated by the FRG method, too, as a recent example see e.g. [19]
where the linear sigma model is coupled to quarks. The connection between the FRG method
and the perturbative RG with MS scheme has also been studied in [20] where a regulator
function is proposed which reproduces the results of dimensional regularization at one and
two loops. Thus, the resulting flow equations can be seen as non-perturbative extensions of
the MS scheme. In addition, the connection between dimensional regularization and Wilso-
nian RG in regard of the Naturalness /Hierarchy problem is investigated in [21, 22].

Let us demonstrate the nontrivial mass dependence of the FRG method for a four-
dimensional ¢ scalar field theory; for this simple choice, we have the Euclidean action

1 1 1
_ o ) 4
Sfdx[z(aﬂgoaﬂcp)Jr 2m<p + 4!g4<p ] 2)

(The FEinstein summation convention is used.) First, we consider its perturbative
renormalization around the Gaussian fixed point (m* = g4 = 0) where the pRG flow equation
for the quartic coupling in the minimal subtraction (MS) scheme, at 1-loop order has been
givne in equation (10.52) of [23] or equation (45) of [24] for e =0) with k= p. Its reads as
follows

(1—loop, MS—scheme:) koig, , = 1637842,k + O(g,f),

3ea . (K)\) !
g = g4’A(1 - By (X)) . 3)

Its solution signals the appearance of the Landau pole at very high energies while in the low
energy (k— 0) limit the quartic coupling tends to zero.

The pRG equation (3) can be compared to its non-perturbative counterpart obtained from
equation (1). To determine this, the first step is to use the derivative expansion of the effective
action at the lowest order which is the local potential approximation (LPA)

] 2
Llel = [ ddx[vk(so) + 5@@) ] o

where the Wetterich equation (1) reduces to a differential equation for the scale dependent
potential V()
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The momentum integral in the RG equation (5) can be performed analytically with the Litim
[25] and with the sharp-cutoff [3] regulators which results in the following forms in d =4
dimensions

k2 P’
(Litim cutoff:) Ry(p) :pz(? - 1)6( - ﬁ) ©
s kOVi(p) = ——k* K ™)

Ay
1

Sh toff:) R =pP—mF 1 8
(Sharp cutoff:) Ri(p) =p 02 /K — 1) ®)

1 k2 + 92Vi()
N kaka(SO) — _ 1671—2 k4 In lkij . (9)

As a next step, by substituting the potential V; (¢) = lmkz 02 + %g‘k ¢, one can derive flow

equations for the couplings mg and g using the Taylor expansion of both sides of the above
RG equations. Thus, the non-perturbative flow equations for the quartic coupling with the
Litim and the sharp-cutoff regulators read as [6/32 =3/16]

2
.. 3 g4k 3 2
Litim cutoff:) k0, = > ~ , 10
( ) KOk = T T mz iy Tem? Sk {10
3 8 3
Sharp cutoff:) kd.g,, = hk ~ 2 11
(Sharp cwtoll) KOtar = [0 T m2 ey~ Tom? Sik (n

The difference is in the power of the expression in the denominator. Let us eliminate the
nontrivial mass-dependence of (10) and (11) by expanding them around the Gaussian fixed
point (m? = g, = 0). In the leading order, both the Litim and the sharp cutoff regulator can
reproduce the perturbative flow equation (3). In addition, it is also evident that the leading-
order term of the S-function is found to be identical for both the Litim and the sharp-cutoff
regulators. One can show that this holds for any choice of the regulator function. Thus, the
leading-order term is regulator-independent. In general, the massless FRG flow equation for
the (dimensionful) coupling g,, of the self-iteraction ¢”” is regulator-independent in d = 2n
dimensions. In this case, there is no need for any scheme transformations because the [
functions of the FRG and pRG methods are identical [18].

If one considers the ¢* theory for d < 4 dimensions, the prefactor of the g42 . term in the RG
equations for the dimensionful § functions becomes regulator-dependent in the FRG. How-
ever, the coupling g4, of ©* carries a dimension for d < 4 but the RG flow equation should
stand for dimensionless couplings, so a trivial tree-level term appears in the flow equation
when one switches from the dimensionful g4 to the dimensionless g, , coupling. This trivial
term becomes the leading-order term in the pRG flow equation, and it is naturally regulator-
independent and is responsible for the critical behaviour around the Gaussian fixed point. An
alternative choice is to consider the ¢° self-interaction in d =3 where the coupling g¢ is
dimensionless and the RG evolution is regulator-dependent, but still the scheme

4



J. Phys. G: Nucl. Part. Phys. 51 (2024) 085005 S Hariharakrishnan et al

transformation is expected to be simple if there is no explicit mass in the model. A very
suitable choice for the study of the scheme-dependence would be a theory where the coef-
ficients of the [ function are regulator-dependent for a dimensionless coupling with no
explicit mass. Here, we suggest the periodic scalar theory (i.e. the sine-Gordon model) which
fulfils these requirements, thus, it seems to be a good test model for scheme-dependence.

So, let us try to modify the scalar model in d =2 dimensions by extending its essential
symmetry to a periodic self-interaction. Indeed, replacing the mass term and the quartic
interactions by a cosine of the field variable one arrives at the two-dimensional sine-Gordon
(SG) scalar model defined by the Euclidean action [26]

1
Szfdzx[g(@,,so ) — MCOS(W)]. (12)

In addition to the reflection (Z,) symmetry, the action of the SG model given in equation (12)
remains unchanged under the transformation

() = o) + 2, (13)
5

and thus, it has another discrete symmetry; namely, it is periodic in the field variable. Due to
this additional symmetry, one expects changes in the phase structure compared to the ¢*
model. Indeed, the SG model has two phases in d =2 dimensions; it is known to undergo an
infinity-order (topological) Kosterlitz—Thouless—Berezinski (KTB) [27, 28] type phase
transition which is controlled by the critical value of the frequency 32 = 8, which separates
the two phases. Let us note that both the periodicity and the reflection symmetry have been
broken spontaneously in the broken phase of the model. The frequency 3* can be seen as the
inverse of the wave function renormalization which is obtained by the rescaling of the field
o — Bp. Thus, one can derive flow equations for the Fourier amplitude and the wave function
renormalization (z=1/ (). The Fourier amplitude is dimensionful but the wave function
renormalization is dimensionless and its flow equation is regulator-dependent. This makes the
SG model suitable for a detailed study of the regulator-dependence.

The non-perturbative RG generates higher harmonics cos(n3¢) like the ¢*" terms gen-
erated in case of the ¢* theory. However, it is known that higher harmonics play no role in the
phase structure of the SG model because the SG model can be mapped onto a two-dimen-
sional Coulomb or vortex-gas, and there, the vortices (charges) with higher vorticity (multiple
charges) are found to be irrelevant, just like the higher harmonics in the SG theory. In
addition, the perturbative RG treatment is possible for the SG model, but not in a traditional
way, when the potential is expanded in Taylor series and only a finite number of terms are
kept. In the case of the SG model, either one follows the scenario of [26, 29] with all terms of
the Taylor expansion summed up, or one uses the idea of an auxiliary mass term presented in
[23, 30, 31]. The two-dimensional SG model is suitable for a detailed study and comparison
of the scheme- and regulator-dependence.

2. Massless ¢* and ©°® models in 2 < d< 4

2.1. Orientation

Before the discussion of the periodic sine-Gordon model, let us compare the perturbative and
non-perturbative RG study of the * and ¢° polynomial theories in 2 < d < 4. In [18], an
explicit scheme transformation (see equation (17) of [18]) is given which relates the ¢*
couplings obtained by the FRG method (Litim regulator) and the pRG method (MS scheme)

5
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in d =4 dimensions
8rrGg = 8Ms T 7:8% + O(g%), (14)

where F is a function of the explicit mass and, again, the k = 1 identification is made. This is
a perturbative relation obtained by solving the Wetterich equation (1) using the loop
expansion. Differentiating with respect to k and neglecting higher-order terms, one obtains in
d =4 dimensions

2 3 2 ko
e AR o 2 _ 8FRG 3
Brrc = Bas — ZﬁﬁgM_s + 2F gy Oms = Ton2(k2 + m2)y + Oy
m—-0 3 2 3
= Toq2 Srre + Ogi)» (15)

where the 3 function for the Litim regulator in the FRG approach (10) is indeed recovered
from the perturbative MS scheme. Thus, one expects identical results for the pRG and FRG 3
functions in d =4 dimensions for vanishing mass. In [18], it is argued that a similar relation
exists for all regulator types. Let us discuss the case of d <4 dimensions.

2.2. Massless <.p4 model in 2< d< 4 dimensions

It is illustrative to compare the perturbative and non-perturbative RG studies of the ¢* model
in 2 < d < 4 dimensions. Here we focus on the flow equation for the quartic coupling g which
is dimensionless in d = 4 dimensions but carries a dimension if d < 4. The (3 function, i.e. the
pRG flow equation at 1-loop order in the MS scheme in d =4 — e dimensions is well known
(see, e.g. equation (10.52) of [24] or equation (45) of [23]) and reads as,

~ - 3 -
(1—loop, MS—scheme:) kOig,, = —€8,, + ngk + O(gik). (16)

For the details of the e-expansion we refer to [32] and [33]. The important difference between
equation (16) and equation (3) is the linear term —eg,. The quartic coupling g4, is
dimensionful in d < 4 but the flow equation must be given for dimensionless couplings, so, a
trivial tree-level term (d — 4) g, , appears in the pRG equation when one switches from the
dimensionful g4 to the dimensionless Sar One notes that a priori, equation (16) valid in the
limit of vanishing e. However, one can use it to extrapolate to the cases e =1 and € =2. At
least, the tree-level term (d — 4)g,  is correct in any dimension. The prefactor of gi  may
depend on the dimension which is not taken into account in equation (16) but as we argued
the prefactor of the leading-order, linear term is correct which means that equation (16)
correctly reproduces the critical behaviour around the Gaussian fixed point but non-linear
terms become important near the Wilson—Fisher fixed point.

Let us now consider the FRG flow equation for Zix in 2 < d < 4 dimensions with various
choices for the regulator function. We use the sharp cutoff which gives results equivalent to
the Wegner—Houghton FRG equation, the Litim regulator where the obtained flow equation is
related to the Polchinski FRG equation via a Legendre transformation, and the power-law
regulator function which could be referred to as the Morris-type regulator [6]. The FRG flow
equations read as

(Sharp cutoff:)

- ~ 3274 .9 d=4 3 o
kakg4,k =(d - 4)84,1( + mg4,k = Ten28ak (17)
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(Litim cutoff:)

. ~ 302-d 5 d=4 3 _o
kowg,, = (d — D@, + m&,k = o280 (18)
(Power—law (withb = 2):)

~ ~ 32494 d—4 .o
kogyy=Wd—=N8y — w7
4.k 4.k 16 Tr%"l—‘(%) sin (Zd) 4.k
d=4 3 _p
= Ter2 84k

19)

Here, Ry (p) = p*(k*/p?)" is the power-law regulator.

All of the above equations give the same result for d =4 in both orders of g, ;, and they
also agree with equation (16). Furthermore, the linear term is the same across all equations for
arbitrary d, which was expected, since it comes from its dimensions. The lack of d
dependence in the second order term of the perturbative solution equation (16) prevents it to
be extended and compared to the corresponding term of the FRG results in other dimensions
in any meaningful way. This is, of course, an expected outcome, since the perturbative
expression was derived around d =4 in the first place. Note that in equation (19) the factor
(d — 4)/sin(7w d/4) has to taken in the appropriate limit for d — 4.

2.3. Massless <p6 model in 2< d < 4 dimensions

For the ¢° model, the coupling g¢ is dimensionless in d = 3 dimensions and the leading order
term of its S-function is expected to be regulator-dependent. Thus, we extended our potential
as Vi () = %gzh P+ ég&k@@ The flow equations for g, , are the same as in the previous
section (of course, the g¢ coupling appears in these flow equations but not at the leading
order). So, the focus is on the (-functions of the gg coupling. We use the same regulator
functions as for the ¢* model. The result for the sharp cutoff is

(Sharp cutoft:)
3 ) —dp—d/2 =
kakgﬁyk =2 — 3)86)1( + 151_1—484,1((45’6,1( - 2g4,k)
2
15 _ . 15
584186k — 5 38:,d=3)
_J4rm 2w (20)
25 15 _ . 15 4 d—4.
8ok T W&,kg@,k - @g«k( =4
The result for the Litim cutoff is
(Limit cutoff:)
_ . 2-dp=d/24 ~
kakgﬁ,k = 2(d — 3)86,/( + ls—d—g4,k(86,k - 3g42,k)
rd) d
5 . 15 _
584186,k — _2gjk d=3)
T T
= 20

5 15 _ _ 45 4 )
28 + Ten284k8ok ~ Jo 284k d=4
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For the power-law cutoff, one obtains

(Power—law cutoff:)

- - z—zl —d?2 g T
kOiGes = 2d — 3o, + 1577 5
2

w5 4d-—dd _ ;2 @=6@ -4
6.k sin(%d) 4.k cos(_’/lid)

45 . 25 3 _
_ ) 2 arbakSek T g bun =3 22)
N 15 o o
281 T 16284486k — 128784;< d=4

We evaluate the special forms of the general expression for d = 3 and d = 4 for convenience.
One can imediately see, that unlike the <p4 case, we do not have a regulator independence in
either dimension. However, if we assume that the two couplings are equally small then we
can say that the g , term is the leading, the g, ;& , term is subleading and the g4 . term is even
smaller (sub-subleading). For d =4, we find regulator independence for the first two orders.
For d = 3, there is no such general behavior, and one can look for scheme-transformations
which relate the FRG S-functions (with various choices for the regulator) to the pRG flow
equations with various schemes. However, the mass term is absent, and it was shown in [18]
that the scheme-transformation is trivial for vanishing mass in d =4 dimensions, thus one
expects trivial scheme transformations in d = 3 dimensions, too. In addition, the polynomial
model without the explicit mass has no direct physical realization. So, let us look for a model
where one finds no explicit mass but important physical applications, and consider whether
the scheme transformation between the FRG and pRG schemes are trivial or not. An ideal
choice is the SG scalar model in d =2 dimensions, where one of its coupling (the frequency
which is related to the inverse of the wave function renormalization) is dimensionless and its
0 function is regulator dependent [34].

3. Perturbative and non-perturbative RG study of O(N) models in 2 < d< 4

3.1. Orientation

Before we go into the details of the renormalization of the (periodic) SG scalar theory it is
illustrative to compare the perturbative and non-perturbative RG study of (polynomial) O(N)
models in 2 < d <4 dimensions. Polynomial and periodic models belong to different uni-
versality classes and their phase transitions are different, too. Let us study the critical behavior
around the Wilson—Fisher fixed point of O(N) models in the framework of the perturbative
and non-perturbative RG approaches. Before doing this, we would like to draw the attention
of the reader to a special case where one considers O(N) scalar field theories with non-
polynomial potentials. For example, it was pointed out in [35] and [36] that the linearized RG
equations of Wegner and Houghton [3] supported nonpolynomial normal modes of the
perturbative RG flow in dimensions d > 2. The resulting theories reduce to the sine-Gordon
theory at the d =2 boundary. This was further connected to the exact RG methodology in
[37]. However, the full picture of why these modes do not lead to new universality classes for
physical RG behavior was not laid out for quite some time, until [38], and the explanation is
closely tied to the nontrivial connection between the perturbative and non-perturbative theory
regimes.
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3.2. Perturbative RG approach for O(N) models
The O(N), i.e. the N-vector model [33] is given by the action

5= [as] 3@02 - v | vior = Joer + a0t 3)

where ¢ =(¢1, @2, ..., pn) is an O(N) multiplet. The perturbative (G function (for
dimensionless couplings) is well-known, see e.g. [33, 39] where higher-loop corrections were
taken into account. We give the first two orders

1
B@) =@ —d)g + NT”@gz b (24)

which was shown in a general overview [23] where g is the dimensionless quartic coupling.
For d < 4 there is a non-trivial fixed point, i.e. the Wilson—Fisher fixed point given by

4872
g =4 —-d . 25
8. = ( )N—|—8 (25)

Let us note that a more accurate value for this fixed point is known in the literature where
higher-loop corrections were taken into account, see e.g. [33, 39]. For d = 4 one finds a trivial
fixed point § = 0 only. In general, the n-th order term in 3(g) is given by n!g”, for example
N+8_, ON+ 42
6 ° " 36
where the factor 1/(87%) is included in g. The critical exponents around the Wilson—Fisher
fixed point can be calculated based on the 3 function: 7 is given by e.g. Equation (70) of [23]

N+ 2

B =—-@—-dg+ P+ .. (26)

=————(@4—-d?+ .. 27
1= s e 9 @7
and v is given by e.g. Equation (92) of [23]
1 N+2
= TS gy 28)
2 4N+ 38)

In the mean-field approximation one finds v =1/2. It is interesting to note that, in d =2
dimensions, the perturbative RG approach does not exclude the existence of a nontrivial zero
of the § function close to, but not equal to, zero coupling. This zero would otherwise
correspond to the Wilson—Fisher fixed point in d =2 dimension (see, e.g. [39]). While the
Mermin—Wagner theorem excludes long-range order, in the sense of a long-range alignment
of spins in the O(N) model, the existence of other type of long-range ordering could be
possible due to hidden order parameters [40]. For example in 2d melting, the translational
order parameter vanishes at all non-zero temperatures, however, the system sustains long-
range orientational order at finite temperatures, thus, the order parameter associated to
orientational order is not vanishing [40].

3.3. Non-perturbative RG approach for O(N) models

The Wetterich FRG equation provides us the possibility to perform the renormalization non-
perturbatively, although approximations are required to obtain its solution. For example, one
can use the gradient expansion (4) where the lowest order is the LPA. The Wetterich FRG
equation (1) at LPA reduces to (5) which is a partial differential equation for the potential
function and its great advantage is that various functional form of the potential can be easily
investigated. For example, it is possible to consider a Taylor expansion of the effective

9
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potential around its minimum. Keeping only the quadratic and quartic terms one finds the
following dimensionless potential (with dimensionless couplings and dimensionless field
variable)

Vo) = 20— pu (29)

where p = ¢*/2. It is possible to relate the values of the couplings m” and g with the values of
the coupling A and the running minimum p,. These relations give the correct result for the
Wilson—Fisher fixed point, but they are not working for the Gaussian fixed point, which is
m* = g = 0 because no solution of the fixed point equations for p, and X has a vanishing po.
By inserting (29) into the RG equation (5) one can obtain flow equations for the couplings for
general d and N, see e.g. [41-43]

X —(d — )5 N 3
k@kpo’k = Z)po,k + Ad(l N a +2p0<k:\k)2), 30)
- - ~ 9
k@k)\k = /\k 4 —d+ 2Ad>\k N—-—1+ iz v a3l) (31)
1+ ZpO,k/\k)‘

where we used dimensionless quantities (M and Pox) and A, is a constant which depends on
the dimension. From these RG flow equations the Wilson—Fisher fixed point can be
determined. It was shown in [44] that the value of the minimum p, is well defined (positive)
for every value of d as long as d > 2 for every N. For d > 4 the solution for ) is negative, and,
again, this is true for every N. Figure 6 of [44] shows that the minimum value p, diverges for
d =72 for every N. The Mermin—Wagner—Coleman theorem [45—-47] states that a continuous,
i.e. the O(N) symmetry for N > 2 cannot be broken spontaneously in two dimensions. Of
course, the N =1 case is different because there the symmetry is discrete. Thus, the use of the
FRG equation with the functional form (29) is suitable to produce us results in agreement with
the Mermin—Wagner—Coleman theorem for N >2, i.e. no spurious Wilson—Fisher fixed
points appear in d = 2 but fails for the case N =1 since it is well-known that the Ising model
has two phases in d = 2 dimensions, so one must find spontaneous symmetry breaking (SSB)
for the case N = 1, but the FRG method with the functional form (29) signals the absence of
SSB also for N=1 which is not correct [44].

As a summary, one can conclude that scalar models with O(N) symmetry do not serve as
an ideal choice to compare perturbative and non-perturbative renormalization: (i) the scheme
transformation between [-functions is non-trivial due to the presence of the mass term, (ii) the
functional forms of the potential used in the perturbative (expansion around the Gaussian
fixed point) and the non-perturbative (expansion around the running minimum) approaches
are different.

4. Perturbative and non-perturbative RG of the SG and CG models

4.1. Perturbative RG study of the SG model without auxiliary mass terms

Let us first present an overview of the standard perturbative study of the SG model by using
various regularization methods [48] without the inclusion of any auxiliary mass terms Let us
note that the perturbative renormalization of the SG model usually be done in the massive
case and then one has to consider the massless limit to obtain RG flow equations. We refer to
this procedure as ‘renormalisation with an auxiliary mass term’. In this subsection, we

10
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overview perturbative results where findings were given without the use of an auxiliary mass
term. The perturbative RG treatment is based on the Taylor expansion of the interaction
potential which generates the vertices of the theory. In the framework of the conventional
perturbation theory, when all interaction vertices of the Taylor expansion are treated indi-
vidually, one must truncate the expansion and keep only a finite number of terms but then
periodicity is violated which is the essential symmetry of the SG model. If the interaction
vertices of the Taylor expansion are not treated individually, and one can relate them to each
other and be able to sum up all terms to get back the cosine function, periodicity is restored.
This procedure can be done if the renormalisation results in an overall multiplicative factor of
the couplings of each vertices which is the case in d = 2 dimensions when normal-ordering is
sufficient to remove UV divergences [24, 26, 29]. This leads to the determination of critical
frequency which separates the phases of the model. (A different strategy is when one uses an
auxiliary mass term [23, 30, 31] where RG flow equations can be derived for the wave
function renormalization but this is not discussed in this section.)

The most important conclusion is that one can obtain the critical frequency /6’3 = 8 of the
SG model in the framework of the standard perturbative approach at one-loop order. This
result is independent of the choice of the renormalization scheme. Similarly, one finds no
regulator-dependence in the determination of the critical frequency in the framework of the
non-perturbative FRG approach [34]. It is also important to note that no RG flow equation is
derived for the frequency, i.e. the wave function renormalization. One could assume that this
can be done at higher loop order. However, it can be shown that it is not possible in the
standard perturbative approach [49]. In order to be able to derive RG flow equation for the
frequency, one has to go beyond the standard perturbative treatment. One possible way is to
consider the so-called Coulomb gas representation of the SG model. The other scenario is to
extend the original SG model on the basis of an auxiliary mass term, perform its perturbative
RG study and then take the massless limit of the derived RG flow equation for the frequency.
Before we present an overview of these non-standard perturbative results, let us discuss the
non-perturbative RG study of the SG model.

4.2. Non-perturbative RG flow equations of the SG model taken at leading order

Let us discuss the non-perturbative RG study of the two-dimensional SG model where the
exact RG flow equations are expanded in terms of the Fourier amplitude and only the leading
order (LO) terms are kept. In order to look for the solution of the FRG equation (1) beyond
LPA, we consider the following ansatz for the SG model

Lilel = f dzx[%zk(@m)z + Vk(w)], Vi (@) = i cos(By), (32)

where the local potential contains a single Fourier mode and the wave function
renormalization z; is assumed to be field-independent. This approximation is denoted by
LPA’ (watch the prime!). On the one hand the FRG method retains the symmetries of the
model, so the length of period and the frequency remains unchanged over the RG flow. On
the other hand, the field can be rescaled as § = By and the inverse of the squared frequency
appears in front of the kinetic term. So, it can be seen as an RG scale-dependent wave
function renormalization. The conclusion is that either one considers the Fourier amplitude
and the wave function renormalization (i, z;) or the Fourier amplitude and the frequency
(ug, 6%) as RG scale-dependent parameters. Thus, the critical frequency (. and the critical
value for the wave function renormalization z. are related to each other inver-

sely, z. = 1/32 = 1/(8n).
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The FRG study of the SG model beyond LPA has been discussed in [34, 50, 51]. In [50]
the wave function renormalization has both field-dependent and independent parts but the
field-dependent part plays no important role in the phase structure (similarly to the higher
harmonics of the potential), so, here we focus on the field-independent wave function
renormalization. So let us summarize briefly the main results of [51] since our new results
presented in the next section are based on that work. FRG flow equations for the Fourier
amplitude and wave function renormalization are derived at LPA’ level in [51] and read as
follows

kOu —fdppkaklék ﬁ—\lﬁz—“kz
U =

) (33)
2T uy p_ u,f
p | —ulP@ P+ p?0%P)  u2p2(8 2PYAP + 1}
w0y = [BLEOR) S p O TN e

2r 2 [P* — w21 2P — w27

where P = z;p” 4 Ry. Since the dimensionful frequency is scale-independent, it is convenient
to merge it with the scale-dependent wave function renormalization z;, so, we introduced
rescaled quantities 2, = z/02, Ry = Ri/S% and P = P/3% = £,p* + R;.

A very general regulator function is the so called compactly supported smooth (CSS) one
[52] which is defined as

Ri(p) = p*r(y), y = p*/k?,

= RO Lo — = Z—1ea-mh 6
exp[ lfhyb] -1 20-myt — |

Its advantage is to reproduce all major types of regulators in various limits of its parameters,

(Optimised Litim—type:)
Hm  ry, = (yl—b _ 1)@(1 — ), (36a)

c—0,h—1

(Power—law Morris—type:)
lim  r =, (36b)

c—0,h—0 y

(Exponential Wetterich—type :)

. 1
lim 7

c—1,h—0 - W (366')

Here, b is a free parameter. The sharp cutoff-regulator can also be reached by the CSS (e.g.
if one takes the limit b — oo for the power-law case) but this type of regulator cannot be
applied beyond LPA because it requires derivatives of the regulator which is problematic for
the sharp cutoff since it is non-differentiable and not continuous. The Litim-type regulator has
similar problem, although it can be applied at LPA’ but not beyond that. The exponential and
the power-law regulators have no such problems, they can be applied at any order of the
gradient expansion.

Momentum integrals of the FRG equation have to be performed numerically, except the
expanded form of equations (33), (34) around the Gaussian fixed point where analytical
results available. This requires a special choice for the regulator function R; such as the
power-law [6] regulator, so, in this work we perform calculations by this type of regulator. In

12
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general, the regulator function beyond LPA should be given by the inclusion (multiplicative
approach) or the exclusion (additive approach) of the field independent wavefunction
renormalization z;

(multiplicative:) Ry(p) = zx p? r(p*/k?), 37

(additive:) Ri(p) = p® r(p® /k?). (38)

In the multiplicative approach, the rescaled regulator Ry contains the rescaled wavefunc-
tion renormalization Z. In the additive approach, the frequency can be absorbed by the
overall multiplicative constant of the rescaled regulator or can be chosen arbitrarily since it is
a scale-independent free parameter of the model. It is important to note, that the additive
approach requires the use of the power-law regulator function. The phase structure should be
independent whether we use the multiplicative or additive approaches and of its parameters
such as b.

By using the mass cutoff in the additive approach, i.e. power-law type regulator with
b =1, the momentum integrals of (33) and (34) can be performed and the RG equations reads

as [34]
1
Q + kO, = ———I[1 — /1 — @], (39)
27rzkuk
1 il

KOG = ———

—k 40
241 [1 — a2 40

with the dimensionless coupling i = k2u.

Analytic solutions are always available for the power-law type regulator if one considers
the approximated flow equation where the exact RG equations (33) and (34) are expanded in
Taylor series with respect to u; around zero. In the additive approach, the leading order flow
equations have the following forms

(additive, power—law, arbitrary b:)

@ + kO = i + OGE) “n
kD2 = —628—@25‘2@ + O®E), (42)
™

with ¢, (b) = %m where c,(b) > 0 for b > 1. These flow equations result in a KTB
type (i.e. infinite order) phase transition with Z, = 1/(87). In the multiplicative approach one

finds very similar leading order RG flow equations,

(multiplicative, power—law, arbitrary b:)

@+ kO = it + O@)), 43)
ko, = — 628“’) 22+ Oa). (44)
™

It is important to note that the leading-order flow equation for the Fourier amplitude i are the
same in the multiplicative and additive approaches, which is responsible for the determination
of the critical value 1/, = 87 which separates the phases of the model. This is true for any
choices of the regulator function, so the critical value z. is found to be scheme-independent.
Thus, the scaling of dimensionless Fourier amplitude i; has been determined by trivial tree-
level (~k2) and the non-trivial (~k!/©#m) scalings in the above two schemes, which result in

13
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a regulator-independent expression, iy ~ k~2+1/4m)_from which one can read off the critical
value 1/Z, = 8n. Similarly, prefactors of the leading order flow equations obtained for the
wave function renormalization are the same in the multiplicative and additive approaches.
The difference is due to the power of the wave function renormalization thus it is regulator-
dependent.

A similar approach has been done in [53] where the RG flow equations above (45) of [53]
were obtained by using the Wilson—Kadanoff blocking relation up to leading order terms and
reads as

2

_ Bi ~ 2 300
ko i, = | =% — 2 i, kO , 45
el ( ym k> kOB = Y (45)
where the identifications ¢ = ii and 0, = —k0; are used. In order to compare them to the

leading order RG equations (41), (42) and (43), (44) of the SG model one has to use the
following identification 3> = 1/Z, where the additive case reads as

(additive, power—law, arbitrary b:)

e = | 2 - 2| (46)

kOBt = 5k[C(b) i

G ] (47)
and for the multiplicative case one finds

(multiplicative, power—law, arbitrary b:)

22
o = [ % - 2]a (48)

kO3 = B [ <®) 4 m] (49)

For b =2, one finds agreement between the additive power-law flow equations equations (46)
and (47) and equation (45). However, in [53] the same non-perturbative (Wilson—Kadanoff)
RG method was used, so, all what one can conclude is that a preferred choice for the regulator
functions has been identified. Thus, in the next section let us discuss the Coulomb gas
representation of the SG model and its perturbative RG study.

4.3. Perturbative RG study of the CG model in the dilute gas representation

The mapping between the CG and SG models holds in arbitrary dimension [54] (and it is
exact in case of point-like charges). Thus, the RG study of the SG model can be directly used
to map out the phase structure of the CG model and vice versa. In the framework of the real
(or coordinate) space RG approach one can use the dilute gas approximation for the CG
model which is equivalent to the low fugacity, i.e. small Fourier amplitude limit of the SG
model. In this RG approach the charges (vortices) are considered as rigid discs with finite
diameter, so, this can be seen as sharp cutoff version performed in the coordinate space which
corresponds to a smooth cutoff version in the momentum space. The real space RG equations
of the CG model in arbitrary dimension is given in [55] which have the following form in
d =2 dimensions
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dy
— = —x%y?2 = = —y(x — 2). 50
m Y 3 ¥( ) (50)
By using the following identifications, 0, = —k0y, y ~ iy and x ~ 1/T ~ 1/, where T is
the temperature and y is the fugacity, equation (50) can be rewritten as

kakfk == —CZIZ]?, (2 —+ kak)ﬁk = CuAlle, (51)
2k
where c,, c, are constants that depend on the actual choice for the exact relation between the
parameters of the CG and SG models. It is clear that the SG flow equations of the additive
case (41) and (42) in the limit b — 1 have identical functional form to (51). Since the critical
value 1/Z, = 87 is independent of the actual choice of the regulator, one has to define
¢, = 1/(47). By the rescaling of the Fourier amplitude, the value of the other constant ¢, can
be chosen to be identical to c¢(b = 1)/(87) = 1/(247) which results in exactly identical flow
equations to the additive power-law case with b= 1. Thus, it suggests the choice b =1.
Indeed, the power-law regulator is a smooth cutoff in the momentum-space RG and this is
found to be identical to the sharp-cutoff of the real space RG approach as expected.
Another real space RG study of the CG model can be found in [56] using again the dilute-
gas approximation. The RG equations (3.2.8) and (3.2.9) of [56] can be rewritten in d =2
dimensions

KOy = [% 8 - 2]ﬁk, (52)
2
k0,5 = ﬂ%[(% + B) %"ﬁﬁ], (53)

where we introduced the following identifications 2z = ii, o« = § and 0; = —k0; where K, I,
and B are constants.

Once the RG flow equations of the multiplicative case are rewritten by using 87 = 1/%,
see equations (48) and (49), one finds flow equations identical to (52) if either the coefficient ¢
(b) and/or the rescaling of & are chosen properly. The additive case, see equations (46) and
(47) gives identical functional form only in the so called sharp cutoff limit, i.e. b — oo but
then the coefficient c(b = 0o ) cannot be defined unambigously, since the sharp cutoff con-
fronts to the derivative expansion (it is problematic beyond LPA). So, the multiplicative
power-law gives better result then the additive one and again one can conclude that the sharp-
cutoff real space RG corresponds to a smooth cutoff regulator of the momentum RG.

However, the perturbative RG study of the equivalent CG representation of the SG model
is not the ideal choice to find connections between renormalization schemes and regulators
because one compares different models. A better choice is the direct RG study of the SG
model. Thus, let us discuss in the next section the perturbative RG approach for the SG model
by using an auxiliary mass term.

5. Perturbative RG study of the SG model with an auxiliary mass term

5.1. Orientation

The perturbative renormalization of the SG model has been investigated by using the
inclusion of an auxiliary mass term, see e.g. [23, 30, 31, 57]. Thus, the perturbative renor-
malization of the SG model is done in the massive case when one adds an exilic mass term i
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to the original periodic SG theory and RG flow equations of the massless SG model are given
by considering the limit my — 0.

The basic idea is to extend the original periodic SG model by an explicit mass term.
Following [30] one can consider the Euclidean Lagrangian

1 1 o
E:;@W+5mw+aﬁn—mwm» (54)

where my is an explicit mass serves as an IR regulator and a is the UV cutoff (of dimension
length) and this is related to the momentum RG scale a ~ 1/k. One can choose two different
strategies. In the first case the correlation functions can be calculated by using an UV
regularised form

%wzfmmwﬂ+ﬂx (55)
T

where K, is the modified Bessel function. In the second case, one can consider the
renormalization of the massive SG model and treat mg as an IR regulator take the limit
mg — 0 at the UV regularized level before UV renormalization, see e.g. [31]. In any case, (-
functions of the original SG model is given in the massless limit, i.e. the renormalisation is
performed with an auxiliary mass term and in this section we briefly review these results.

5.2. Leading order perturbative results

In [23] one finds a standard pRG approach for the SG model but using the method of an
auxiliary mass term. The original SG model (without the auxiliary mass) has the following
parametrisation in [23],

M@aﬁﬂ%@W—%wmﬂ (56)

with the following pRG flow equations, see equations (159) and (160) in [23] where
& = i f and i = (3

kﬂ - @k(L _ 2)’ k% = @](ZL = (57)
dk 327

6
:ﬁz ﬁk

- 2 4 2
¢S _ [P o) _gp B Wi _ g B (58)
327 dk 327

dk 4

which are identical (keeping only the leading order terms) to the additive power-law flow
equations equations (46), (47) with b=2. Of course, one can use again a scheme
transformation to relate the FRG flow equations with arbitrary choice of the regulator to the
pRG flow equations. However, in this case the transformation is not trivial since one has to
rescale the Fourier amplitude by the frequency, so, practically one should consider different
models to be able to relate the FRG and pRG [ functions.

Here, we rather propose to fix the model and look for a particular choice of the regulator by
which the FRG flow equations reproduce the functional form of the pRG [ functions. Based
on this logic, we have found the additive power-law flow equations equations (46) and (47)
with b =2 a suitable choice. In the next subsection, we discuss results at next-to-leading
order.
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5.3. Next-to-leading order perturbative results

Let us consider the renormalization of the SG model at next-to-leading order [30, 31] where
the method of the auxiliary mass term has been used, so, this is again not the standard
perturbative approach. The action used for this pRG calculation (without the auxiliary mass)
reads as

!
232
where a is a length scale introduced solely to make o dimensionless. Since a is in coordinate

space, it is related to momentum as a ~ 1/k. By using the following parametrizations, the
perturbative RG flow equations of [30, 31] reads as

S[¢] = f dzx[%(am)z - COS(B¢)] (59)

32 @
x=2l— -1}, y== = 60
(sw y=7 (60)
dy dx
k—= = xy + Ay, k— = y? + Byy?x, 61
w Y 15k =Y 1y°x (61)

where A; =5/4 and B; = —1 and it was argued that B; + 2A; = 3/2 is a universal number.
The above flow equations which are at next-to-leading order can be rewritten as

2
pdoe _ (Bi o), 4 S (62a)
dk 4T 64
432 2
kﬂ = za% — Zag B _ (62b)
dk 4 4 4
and by using the identification oy, = 7 37 the pRG flow equations are the followings
digy 5 35 o367
k— = | — — 2| + — — -1}, 63
dk (47r S = (©30
sz T -2 54 Bi
k— = — - — 63b
& = g 47 (©30)

It is evident that the leading-order FRG flow equations, (46), (47) and (48), (49) are not
suitable to reproduce the next-to-leading term propotional to L?,f in (63). Thus, one has to go
beyond the leading-order RG flow equations obtained by the FRG approach in order to
compare them to (63) which is one of our goals in this work. At this point it is important to
clarify our motivation for the study and comparison of higher order terms of the RG flow
equations. One can argue that these terms have no importance since they do not influence the
critical scaling behaviour around the Coleman fixed point i, = 0 and 32 = 8x2. However, in
[31] it has been shown that one can construct a quantity from certain combination of the
coefficients of these terms of the RG flow which could be universal. Thus, it is relevant to
study the flow equations with NLO (next to leading order) terms which is the goal of the next
section.

The main result of this section is that one can use the RG study of the SG model to
compare regulator (i.e. scheme) dependence of non-perturbative and perturbative approaches
and our conclusion is that the power-law type regulator (with b = 2) of the FRG method gives
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identical functional form to the perturbative RG flow equations obtained by the application of
the minimal subtraction scheme.

6. Non-perturbative RG flow equations of the SG model taken at next-to-leading
order

Let us now calculate next-to-leading order terms for the flow equations (41), (42) and (43),
(44). To do this one has to expand equations (33), (34) around the Gaussian fixed point taking
into account higher order terms in ;. Then momentum integrals can be performed analyti-
cally by the use of the power-law regulator [6] similarly to the leading-order case. As we have
already discussed, the regulator function beyond LPA can be given by the inclusion (mul-
tiplicative approach) or the exclusion (additive approach) of the field independent wave-
function renormalization z;.

In the additive approach, the next to leading order (NLO) FRG flow equations have the
following forms

(additive, power—law, arbitrary b:)

2+ kO = i+ aB)E S + O (64)
kO3, = _028_@)2572%{2 — c3(b) gt + O®@)). (65)
s

b-2)b-1) Cz(b) _ 2m (b —2)(b— 1)

The coefficients are as follows, c¢(b) = and

8b3sin[27 / b]’ 3b%sin[27 / b]
-2 - Db -HBb—4) P ]
c3(b) = 125 sinln ) b] . It is important to note that ci{b) >0 for b>1. In the

multiplicative approach one finds very similar NLO RG flow equations

(multiplicative, power—law, arbitrary b:)

@ + ki = i + a®)(1 - G )and + 0@ (66)
ko2 = 7628—(2’)2,(*2&,3 - C3(b)(1 - Q‘A—(b))fk‘*ﬁk“ + O®@p), (67)
m <k

. _ (b—2)(b— cot[27 / b]
with ¢4 (b) = T CT—n

. . . . ~2 o ..
It is useful to rewrite these equations in terms of the frequency 5, = 1/Z. In the additive
case one finds

(additive, power—law, arbitrary b:)

k@kﬂk = (Zi_ — 2)12]( + Cl(b),gkéiéﬁkS + O(ﬁks) (68)
N D) ~g8—4 A 17_8
kOB = Czi)ﬁ,f b2 e®B e+ 0@, (69)

while in the multiplicative case

(multiplicative, power—law, arbitrary b:)

A2

ki, = (% - Z)ﬁk + cl(b)(l - %)Bkﬁﬁk + 0@, (70)
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Figure 1. RG flow diagram of the SG model indicates the fixed point 3> = 8. Black
lines are trajectories given by the numerical solution of the pRG equation (57). Colored
lines are trajectories given by the numerical solution of the FRG equations (68) and
(69) derived by the (additive) power-law regulator with various values for the
parameter b.
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The most important observation is that ﬁ,? and ﬁ,f terms are generated by the FRG approach at
NLO but these terms do not violate the KTB type (i.e. infinite order) phase transition at
2. = 1/(8x). The llk3 terms of (68) and (70) comes with certain power of [3% which differs
from (63). However, the additive case (68) with b = 2 gives identical functional form for the
flow equation of the Fourier amplitude found in (57). To demonstrate this, on figure 1 we
compare the flow diagram based on the pRG equation (57) to that of obtained by the FRG
equations (68) and (69) derived by the (additive) power-law regulator with various values for
the parameter b. It is clear from figure 1 that RG trajectories of the case b = 2 are the closest to
the black lines which are the pRG trajectories.

There are ﬂ,f terms in (69) and (71) which are absent in (63). Thus, one can conclude that
the FRG flow equations at NLO cannot reproduce the functional form of the perturbative RG
flow equations of (63) obtained at NLO but one finds agreement with (57) where a ﬁ,? term is
present in the flow equation of the Fourier amplitude (although (57) is considered as a leading
order result).

7. Summary

In this article, we have attempted to find connections between perturbative and non-pertur-
bative renormalization group equations, with a particular emphasis on the sine-Gordon model
in 2 dimensions. In [18] it was shown that one can always find a suitable scheme transfor-
mation that maps an FRG (-function (using a given regulator) to a perturbative result
obtained in a given scheme and vice-versa. It was argued in [18] that this transformation is
simplified if there is no explicit mass term in the model (at least for a single field). It was
claimed that this is due to the fact that the FRG handles the mass in a non-conventional way,
i.e. the FRG method leads to a mass-dependent scheme which manifests itself through the
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nontrivial coupling of mass.[18]. Based on these facts, one could argue that the massless ¢*"
model is not a suitable test model for the comparison of perturbative and non-perturbative
renormalization because, of the absence of the expilict mass [18].

An interesting question is whether one finds this ‘trivial’ scheme transformation for all
massless models. With reference to this, here we proposed to investigate the sine-Gordon
scalar model where there is no explicit mass term, it is a physically relevant model, and it is
known that the (-function obtained for the frequency (the inverse of the wave function
renormalization) is regulator and scheme-dependent. For the sine-Gordon model, con-
centrating on the running of the coupling parameter u alone, we showed that in the framework
of the standard perturbative approach, by using dimensional regularization, one can already
obtain the exact value ,6’3 = 8 for the critical frequency which separates the phases of the SG
model in d =2 dimensions. Furthermore, this result was found to be independent of the
renormalization scheme. This is in perfect agreement with results of the non-perturbative
analysis. However, we also argued that it is not possible to derive RG flow equation for the
wave function renormalization by the standard perturbative renormalization. Thus, in order to
consider the connection between renormalization schemes and FRG regulators one has to go
beyond the usual, standard perturbative treatment by for example introducing an auxiliary
mass term to the original SG model. In this way, one can derive RG flow equations for the
wave function renormalization, i.e. for the frequency. For the latter, the 3 function turns out to
be scheme dependent compare for example equations (57) and (63).

We have found that if one relates the FRG and the auxiliary mass term pRG (-functions of
the SG model, one obtains a non-trivial scheme transformation which requires the rescaling
the Fourier amplitude by the frequency. Although, it seems to be in contradiction to the
general picture based on the results of [18] where any massless model is assumed to require a
‘trivial’ scheme transformation it is actually a consequence of the fact that both the FRG and
the auxiliary mass term pRG approaches are mass-dependent schemes which manifests
through the nontrivial coupling of mass. Thus, even if the scheme transformation turns out to
be somewhat less ‘trivial’ than initially assumed, strictly speaking, the conclusions of [18] are
not violated.

However, if one goes a bit further and compares flow equations obtained by the FRG and
by the auxiliary mass term pRG approaches for the same SG theory, we showed that one can
choose a particular regulator (power-law with parameter b = 2) which gives identical results.
In this context, the power-law (Morris) regulator with b = 2 turned out to be a choice which
leads to the highest degree of agreement between perturbative and nonperturbative RG flows.
In other words, the power-law regulator with b =2 constituted a preferred choice for the
comparison of FRG and pRG flows, as one compares, e.g. equations (57) and (68). It is
important to note, that the choice for the regulator suggested by our analysis in this work is
not a result of an optimisation procedure. However, it is known (see e.g. [58]) that the optimal
choice for the parameter b of the power-law regulator is b = 2. Indeed, in [58] the principle of
minimal sensitivity was used for the optimization of the CSS regulator and confirms that the
functional form of a regulator first proposed by Litim is optimal within the LPA. It was
known that the Litim regulator provides us critical exponents (for the polynomial scalar field
theory) identical to that of obtained by Polchinski’s RG method at LPA. It was also known,
however, that the Polchinski RG equation has drawbacks in case of the sine-Gordon [59] and
the multi-layer sine-Gordon models [60] at LPA’. In addition, Litim’s exact form leads to a
kink in the regulator function, so it confronts with higher order terms of the gradient
expansion. Thus, the choice of the regulator function is an open question beyond LPA while
the results of this work support the use of the power-law regulator with b =2 at LPA’.
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