
Partial Differential Equations in Applied Mathematics 11 (2024) 100836

A
2
n

Contents lists available at ScienceDirect

Partial Differential Equations in Applied Mathematics

journal homepage: www.elsevier.com/locate/padiff

New Grüss’s inequalities estimates considering the𝜑-fractional integrals
Saleh S. Redhwan a, Tariq A. Aljaaidi b, Ali Hasan Ali c,d,e,f,∗, Maryam Ahmed Alyami g,
Mona Alsulami g, Najla Alghamdi g

a Department of Mathematics, Al-Mahweet University, Al-Mahweet, Yemen
b Hajjah University, Hajjah City, Yemen
c Department of Mathematics, College of Education for Pure Sciences, University of Basrah, 61001 Basrah, Iraq
d Institute of Mathematics, University of Debrecen, Pf. 400, H-4002 Debrecen, Hungary
e College of Engineering Technology, National University of Science and Technology, 64001 Dhi Qar, Iraq
f Department of Business Management, Al-imam University College, 34011 Balad, Iraq
g Department of Mathematics and Statistics, College of Science, University of Jeddah, Jeddah 23218, Saudi Arabia

A R T I C L E I N F O

MSC:
26D10
26A33

Keywords:
Grüss inequalities
Fractional inequalities
𝜑-proportional fractional operators

A B S T R A C T

Careful study of applied sciences and their development requires us to expand the scope of analytical studies.
We aim during introducing the current manuscript to rediscover and present Grüss inequality in a new
framework. In order to do that, we use the recently generalized proportional fractional integral operator for
a certain function with respect to another continuous and strictly increasing function. Furthermore, we prove
some new related inequalities using the current fractional integral operator. Some special cases of the presented
results will be discussed.
1. Introduction

Due to its great importance and its wide applications in various
applied sciences, fractional calculus is one of the most important new
branches in mathematics, where fractional calculus is the extension and
generalized case of ordinary calculus in the case of non-integer order.

In mathematics, we call an order relationship which is less than or
equal, or less than, and greater than or equal, or greater than, between
two quantities or two numbers an inequality. In real life, we note that
inequalities are a generalized form of equalities or in other words, we
can say that inequalities are including equalities. In almost all fields
of mathematics, mathematical inequalities play a vital role as well as
other branches of science like physics, economics, statistics, finance,
etc.

Historically, the first systemic discipline of the inequalities topic
as a book was written by Hardy, Littlewood, and Polya in (1934).
After this date, about 27 years later, specifically in 1961, Bechanbach
and Bellman issued the second book on this subject. Then, in 1971,
Mitrinovic did another systematic work on inequalities. These works
contributed to the transfer of mathematical inequalities to the area of
systematic fields and became applicable in many fields.

Calculus has gone through many stages during its development,
and because of the difficulty of dealing with it in some cases, the
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authors and writers resorted to the use of mathematical inequalities
for the purpose of approximating solutions to differential and integral
equations by finding upper limits for some quantities. This point led to
the emergence of the concept of differential and integral inequality.
One of the most important integration inequalities is the inequality
proposed and proved by G. Grüss1 (see also Ref. 2) in (1935) as follows:

Theorem 1.1. Let 𝑔, ℎ be two integrable functions on [𝑎, 𝑏], satisfying the
condition

𝑝 ≤ 𝑔 (𝑧) ≤ 𝑃 , 𝑞 ≤ ℎ(𝑧) ≤ 𝑄, 𝑝, 𝑃 , 𝑞, 𝑄 ∈ R, 𝑧 > 0. (1.1)

Then, the following inequality holds
|

|

|

|

|

1
𝑏 − 𝑎 ∫

𝑏

𝑎
𝑔 (𝑧)ℎ (𝑧) 𝑑𝑧 − 1

(𝑏 − 𝑎)2 ∫

𝑏

𝑎
𝑔 (𝑧) 𝑑𝑧∫

𝑏

𝑎
ℎ (𝑧) 𝑑𝑧

|

|

|

|

|

≤ 1
4
(𝑃 − 𝑝) (𝑄 − 𝑞) . (1.2)

This inequality has achieved great importance due to its appli-
cations in mathematical fields such as difference equations, integral
arithmetic mean, and h-integral arithmetic mean which is association
with many modern and applied sciences (see Refs. 3, 4).
vailable online 24 July 2024
666-8181/© 2024 The Author(s). Published by Elsevier B.V. This is an open access ar
c-nd/4.0/).

https://doi.org/10.1016/j.padiff.2024.100836
Received 28 April 2024; Received in revised form 10 July 2024; Accepted 22 July
ticle under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-

2024

https://www.elsevier.com/locate/padiff
https://www.elsevier.com/locate/padiff
mailto:salehredhwan@zjnu.edu.cn
mailto:tariq10011@gmail.com
mailto:ali.hasan@science.unideb.hu
mailto:maalyami8@uj.edu.sa
mailto:mralsolami@uj.edu.sa
mailto:nmalghamdi1@uj.edu.sa
https://doi.org/10.1016/j.padiff.2024.100836
https://doi.org/10.1016/j.padiff.2024.100836
http://crossmark.crossref.org/dialog/?doi=10.1016/j.padiff.2024.100836&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/


Partial Differential Equations in Applied Mathematics 11 (2024) 100836S.S. Redhwan et al.

T
s
i
(

v
p

T

D
v
a

a

ℐ

D

𝜑

a

𝜑

Like other branches of mathematics, integral and differential in-
equalities had their share of enrichment with fractional calculus. In-
deed, for the differential and fractional inequalities to become more
effective and used, it was necessary to generalize them to the fractional
orders. This prompted mathematicians to work on integral and differ-
ential inequalities within the framework of fractional calculus. Among
these works, Dahmani5 in (2010), presented the fractional version
of inequality (1.2) by using Riemann–Liouville fractional integral as
follows:

Theorem 1.2. Let 𝑔, ℎ ∶ [0,∞) ⟶ R be an integrable functions on
[0,∞) satisfying the condition (1.1). Then, for all 𝛼 > 0, 𝑦 > 0, the following
inequality is holds
|

|

|

|

𝑦𝛼

𝛤 (𝛼 + 1)
ℐ 𝛼
0+ {𝑔ℎ} (𝑦) −ℐ 𝛼

0+ℎ (𝑦)ℐ
𝛼
0+𝑔 (𝑦)

|

|

|

|

2

≤ 1
4

(

𝑦𝛼

𝛤 (𝛼 + 1)

)2
(𝑄 − 𝑞) (𝑃 − 𝑝) . (1.3)

Same author in same work, gave the following inequality.

heorem 1.3. Let 𝑔, ℎ ∶ [0,∞) ⟶ R be an integrable functions on [0,∞)
atisfying the condition (1.1). Then, for all 𝛼, 𝛿 > 0, 𝑦 > 0, the following
nequality is holds

𝑦𝛿

𝛤 (𝛿 + 1)
ℐ 𝛼
0+ {𝑔ℎ} (𝑦) −ℐ 𝛿

0+𝑔 (𝑦)ℐ
𝛼
0+ℎ (𝑦)

+
𝑦𝛼

𝛤 (𝛼 + 1)
ℐ 𝛿
0+ {𝑔ℎ} (𝑦) −ℐ 𝛿

0+ℎ (𝑦)ℐ
𝛼
0+𝑔 (𝑦)

)2

≤
(

𝑃𝑦𝛿

𝛤 (𝛿 + 1)
−ℐ 𝛿

0+𝑔 (𝑦)
)(

ℐ 𝛼
0+𝑔 (𝑦) −

𝑝𝑦𝛼

𝛤 (𝛼 + 1)

)

+
(

𝑃𝑦𝛼

𝛤 (𝛼 + 1)
−ℐ 𝛼

0+𝑔 (𝑦)
)(

ℐ 𝛿
0+𝑔 (𝑦) −

𝑝𝑦𝛿

𝛤 (𝛿 + 1)

)

×
(

𝑄𝑦𝛿

𝛤 (𝛿 + 1)
−ℐ 𝛿

0+ℎ (𝑦)
)(

ℐ 𝛼
0+ℎ (𝑦) −

𝑞𝑦𝛼

𝛤 (𝛼 + 1)

)

+
(

𝑄𝑦𝛼

𝛤 (𝛼 + 1)
−ℐ 𝛼

0+ℎ (𝑦)
)(

ℐ 𝛿
0+ℎ (𝑦) −

𝑞𝑦𝛿

𝛤 (𝛿 + 1)

)

. (1.4)

Tariboon et al.,6 in (2014), introduced a new fractional integral
ersion of inequality (1.2) by replacing the constants 𝑝, 𝑃 , 𝑞, 𝑄 with four
ositive integrable functions as follows:

heorem 1.4. Let 𝑔, ℎ ∶ [0,∞) ⟶ R be an integrable functions on [0,∞)
satisfying the condition

𝑢1 (𝑧) ≤ 𝑔 (𝑧) ≤ 𝑢2 (𝑧) , 𝑣1 (𝑧) ≤ ℎ(𝑧) ≤ 𝑣2 (𝑧) , 𝑧 > 0 (1.5)

for the integrable functions 𝑢1, 𝑢2, 𝑣1, 𝑣2 on [0,∞). Then, for all 𝛼 > 0 the
following inequality is holds
[

𝑦𝛼

𝛤 (𝛼 + 1)
ℐ 𝛼
0+ {ℎ𝑔} (𝑦) −

(

ℐ 𝛼
0+ℎ (𝑦) ℐ

𝛼
0+𝑔 (𝑦)

)

]2

≤ 𝑇
(

ℎ, 𝑢1, 𝑢2
)

𝑇
(

𝑔, 𝑣1, 𝑣2
)

, (1.6)

where 𝑇 (𝜁, 𝜍, 𝜔) is defined by

𝑇 (𝜁, 𝜍, 𝜔)

=
(

ℐ 𝛼
0+𝜔 (𝑦) −ℐ 𝛼

0+𝜁 (𝑦)
) (

ℐ 𝛼
0+𝜁 (𝑦) −ℐ 𝛼

0+𝜍 (𝑦)
)

+
𝑦𝛼

𝛤 (𝛼 + 1)
ℐ 𝛼
0+ {𝜁𝜍} (𝑦) −ℐ 𝛼

0+𝜁 (𝑦)ℐ
𝛼
0+𝜍 (𝑦)

+
𝑦𝛼

𝛤 (𝛼 + 1)
ℐ 𝛼
0+ {𝜁𝜔} (𝑦) −ℐ 𝛼

0+𝜁 (𝑦)ℐ
𝛼
0+𝜔 (𝑦)

−
𝑦𝛼

𝛤 (𝛼 + 1)
ℐ 𝛼
0+ {𝜍𝜔} (𝑦) +ℐ 𝛼

0+𝜍 (𝑦)ℐ
𝛼
0+𝜔 (𝑦) .

Inequality (1.2) also have a fractional integral version for func-
tional bounds had provided by Aljaaidi and Pachpatte7 (2020) by
employing Katugampola fractional integral, same authors at the same
year, provided same fractional integral inequality for functional bounds
2

by employing 𝜓-Riemann–Liouville fractional integral (see Ref. 8).
ragomir9 (2012), gave some new Grüss’ type inequalities for bounded
ariation functions and some applications in Hilbert spaces for self-
djoint operators. Alomari10 (2014), presented some new Grüss type

inequalities containing double integral and some sharp bounds as well.
In same year, Chinchane and Pachpatte,11 presented some new Grüss-
type inequality via Hadamard fractional integral operator. Liu and
Tuna12 (2015), obtained some weighted Grüss type and Ostrowski
type inequalities on the frame of time scales by employing the theory
of combined dynamic derivatives on the frame of time scales. Sousa
et al.13 (2019), used a Katugampola fractional integral to give new
generalized Grüss type inequality. Rashid et al.14 (2020), established
some Grüss-type inequalities by employing generalized proportional
fractional integral. Zhou et al.15 (2020), described the Grüss inequal-
ity and they provided some related inequalities employing general-
ized proportional Hadamard fractional integral. Recently, Naz et al.16

(2021), proved several Grüss type inequalities via generalized Hilfer–
Katugampola k-fractional derivative. Also, Al Qurashi et al.17 (2021),
obtained some discrete dynamical Grüss type inequalities involving h-
discrete Atangana–Baleanu fractional operator. For some interesting
studies of Grüss inequality, see Refs. 18, 19.

The great importance and the huge number of previous studies on
this inequality prompted the researchers in the current manuscript to
present a new generalization for Grüss inequality. We develop and
present Grü ss inequality in a more general way so that mathematicians
can use it better and more effectively. In order to do that, we use
the recently generalized proportional fractional integral operator for
any function with respect to another continuous and strictly increasing
function. Furthermore, we prove some new related inequalities using
the current fractional integral operator. Some special cases of the
presented results will be discussed.

This paper is organized as follows: The Section 2 is containing
some definitions, properties, and facts of the used fractional integral
operators. Throughout the Section 3, we present our major results of
Grüss inequalities. Other related fractional integral inequalities of the
Grüss type are included in the last section.

2. Essential preliminaries

This section is concerned with providing some requisite definitions
and some properties of some prime fractional operators, including the
current fractional integral operators we applied to present and discuss
the new required results.

Definition 2.1 (Ref. 20). Assume that the function 𝑔 is integrable on
[𝑎, 𝑏] and 𝑎 ≥ 0. The notations ℐ 𝛼

𝑎+𝑔 (𝑦) and ℐ 𝛼
𝑏−𝑔 (𝑦) are called the left

and right-sided Riemann–Liouville fractional integrals and defined for
all 𝛼 > 0, respectively, as

ℐ 𝛼
𝑎+𝑔 (𝑦) =

1
𝛤 (𝛼) ∫

𝑦

𝑎
(𝑦 − 𝑧)𝛼−1 𝑔 (𝑧) 𝑑𝑧, 𝑧 > 𝑎 (2.1)

nd

𝛼
𝑏−𝑔 (𝑦) =

1
𝛤 (𝛼) ∫

𝑏

𝑦
(𝑧 − 𝑦)𝛼−1 𝑔 (𝑧) 𝑑𝑧, 𝑦 < 𝑏. (2.2)

efinition 2.2 (Refs. 20, 21). Assume that the function 𝑔 is integrable
on the interval 𝛬 and the function 𝜑 be an increasing function on 𝛬,
where 𝜑 (𝑦) ∈ 𝐶1 (𝛬,R) such that 𝜑′ (𝑦) ≠ 0, 𝑦 ∈ 𝛬. The notations
ℐ 𝛼
𝑎+𝑔 (𝑦) and 𝜑ℐ 𝛼

𝑏−𝑔 (𝑦) are called the left and right-sided Riemann–
Liouville fractional integrals with respect to the function 𝜑 and defined
for all 𝛼 > 0, respectively, as

𝜑ℐ 𝛼
𝑎+𝑔 (𝑦) =

1
𝛤 (𝛼) ∫

𝑦

𝑎
𝜑′ (𝑧) [𝜑 (𝑦) − 𝜑 (𝑧)]𝛼−1 𝑔 (𝑧) 𝑑𝑧 (2.3)

nd

ℐ 𝛼
𝑏−𝑔 (𝑦) =

1 𝑏
𝜑′ (𝑧) [𝜑 (𝑧) − 𝜑 (𝑦)]𝛼−1 𝑔 (𝑧) 𝑑𝑧. (2.4)
𝛤 (𝛼) ∫𝑦
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Definition 2.3 (Ref. 22). Assume that the function 𝑔 is integrable on
the interval 𝛬. Let 𝜛 > 0, the notations

(

𝐷𝛼,𝜛
𝑎+ 𝑔

)

(𝑦) and
(

𝐷𝛼,𝜛
𝑏− 𝑔

)

(𝑦)
are called the left and right-sided proportional fractional derivatives
and defined for all 𝛼 ∈ C, 𝑅𝑒 (𝛼) ≥ 0, respectively, as

𝐷𝛼,𝜛
𝑎+ 𝑔

)

(𝑦) = 𝐷𝑚,𝜛 ℐ 𝑚−𝛼,𝜛
𝑎+ 𝑔 (𝑦) (2.5)

=
𝐷𝑚,𝜛
𝑦

𝜛𝑚−𝛼𝛤 (𝑚 − 𝛼) ∫

𝑦

𝑎
exp

[𝜛 − 1
𝜛

(𝑦 − 𝑧)
]

(𝑦 − 𝑧)𝑚−𝛼−1 𝑔 (𝑧) 𝑑𝑧

and
(

𝐷𝛼,𝜛
𝑏− 𝑔

)

(𝑦) = 𝛾𝐷
𝑚,𝜛 ℐ 𝑚−𝛼,𝜛

𝑏− 𝑔 (𝑦) (2.6)

= 𝛾𝐷
𝑚,𝜛
𝑦

𝜛𝑚−𝛼𝛤 (𝑚 − 𝛼) ∫

𝑏

𝑦
exp

[𝜛 − 1
𝜛

(𝑧 − 𝑦)
]

(𝑧 − 𝑦)𝑚−𝛼−1 𝑔 (𝑧) 𝑑𝑧,

where

𝐷𝑚,𝜛 = 𝐷𝜛𝐷𝜛 ...𝐷𝜛
⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟

𝑚−𝑡𝑖𝑚𝑒𝑠

, 𝑚 = [𝑅𝑒 (𝛼)] + 1

and
(

𝛾𝐷
𝜛𝑔

)

(𝑦) = (1 −𝜛) 𝑔 (𝑦) −𝜛𝑔′ (𝑦) ,𝛾 𝐷𝑚,𝜛 = 𝛾𝐷
𝜛
𝛾 𝐷

𝜛 ...𝛾𝐷
𝜛

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
𝑚−𝑡𝑖𝑚𝑒𝑠

.

Definition 2.4 (Ref. 22). Assume that the function 𝑔 is integrable on
the interval 𝛬. Let 𝜛 > 0, the notations

(

ℐ 𝛼,𝜛
𝑎+ 𝑔

)

(𝑦) and
(

ℐ 𝛼,𝜛
𝑏− 𝑔

)

(𝑦)
are called the left and right-sided proportional fractional integrals and
defined for all 𝛼 ∈ C, 𝑅𝑒 (𝛼) ≥ 0, respectively, as
(

ℐ 𝛼,𝜛
𝑎+ 𝑔

)

(𝑦) = 1
𝜛𝛼𝛤 (𝛼) ∫

𝑦

𝑎
exp

[𝜛 − 1
𝜛

(𝑦 − 𝑧)
]

(𝑦 − 𝑧)𝛼−1 𝑔 (𝑧) 𝑑𝑧 (2.7)

and
(

ℐ 𝛼,𝜛
𝑏− 𝑔

)

(𝑦) = 1
𝜛𝛼𝛤 (𝛼) ∫

𝑏

𝑦
exp

[𝜛 − 1
𝜛

(𝑧 − 𝑦)
]

(𝑧 − 𝑦)𝛼−1 𝑔 (𝑧) 𝑑𝑧. (2.8)

Definition 2.5 (Ref. 23). Assume that the function 𝑔 is integrable on
the interval 𝛬 and the function 𝜑 be a strictly increasing continuous on
[𝑎, 𝑏]. Let 𝜛 ∈ (0, 1], the notations

(

𝜑𝐷𝛼,𝜛
𝑎+ 𝑔

)

(𝑦) and
(𝜑𝐷𝛼,𝜛

𝑏− 𝑔
)

(𝑦) are
called the left and right-sided proportional fractional derivatives and
defined for all 𝛼 ∈ C, 𝑅𝑒 (𝛼) ≥ 0, respectively, as
(

𝜑𝐷𝛼,𝜛
𝑎+ 𝑔

)

(𝑦) = 𝜑𝐷𝑚,𝜛 𝜑ℐ 𝑚−𝛼,𝜛
𝑎+ 𝑔 (𝑦) (2.9)

=
𝜑𝐷𝑚,𝜛

𝑦

𝜛𝑚−𝛼𝛤 (𝑚 − 𝛼) ∫

𝑦

𝑎
exp

[𝜛 − 1
𝜛

(𝜑 (𝑦) − 𝜑 (𝑧))
]

× (𝜑 (𝑦) − 𝜑 (𝑧))𝑚−𝛼−1 𝜑′ (𝑧) 𝑔 (𝑧) 𝑑𝑧

and
(𝜑𝐷𝛼,𝜛

𝑏− 𝑔
)

(𝑦) = 𝜑
𝛾 𝐷

𝑚,𝜛 𝜑ℐ 𝑚−𝛼,𝜛
𝑏− 𝑔 (𝑦) (2.10)

=
𝜑
𝛾 𝐷

𝑚,𝜛
𝑦

𝜛𝑚−𝛼𝛤 (𝑚 − 𝛼) ∫

𝑏

𝑦
exp

[𝜛 − 1
𝜛

(𝜑 (𝑧) − 𝜑 (𝑦))
]

× (𝜑 (𝑧) − 𝜑 (𝑦))𝑚−𝛼−1 𝜑′ (𝑧) 𝑔 (𝑧) 𝑑𝑧,

where
𝜑𝐷𝑚,𝜛 = 𝜑𝐷𝜛𝜑𝐷𝜛 ...𝜑𝐷𝜛

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑚−𝑡𝑖𝑚𝑒𝑠

, 𝑚 = [𝑅𝑎 (𝛼)] + 1

and
(

𝜑
𝛾 𝐷

𝜛𝑔
)

(𝑦) = (1 −𝜛) 𝑔 (𝑦) −𝜛
𝑔′ (𝑦)
𝜑′ (𝑦)

, 𝜑𝛾 𝐷
𝑚,𝜛 = 𝜑

𝛾 𝐷
𝜛 𝜑

𝛾 𝐷
𝜛 ... 𝜑𝛾 𝐷

𝜛

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑚−𝑡𝑖𝑚𝑒𝑠

.

efinition 2.6 (Ref. 23). Assume that the function 𝑔 is integrable on
the interval 𝛬 and the function 𝜑 be a strictly increasing continuous
on [𝑎, 𝑏]. Let 𝜛 ∈ (0, 1], the notations

(

𝜑ℐ 𝛼,𝜛𝑔
)

(𝑦) and
(𝜑ℐ 𝛼,𝜛𝑔

)

(𝑦)
3

𝑎+ 𝑏−
are called respectively the left and right-sided proportional fractional
integrals and defined for all 𝛼 ∈ C, 𝑅𝑒 (𝛼) ≥ 0, respectively, as
(

𝜑ℐ 𝛼,𝜛
𝑎+ 𝑔

)

(𝑦) = 1
𝜛𝛼𝛤 (𝛼) ∫

𝑦

𝑎
exp

[𝜛 − 1
𝜛

(𝜑 (𝑦) − 𝜑 (𝑧))
]

× (𝜑 (𝑦) − 𝜑 (𝑧))𝛼−1 𝜑′ (𝑧) 𝑔 (𝑧) 𝑑𝑧 (2.11)

nd

𝜑ℐ 𝛼,𝜛
𝑏− 𝑔

)

(𝑦) = 1
𝜛𝛼𝛤 (𝛼) ∫

𝑏

𝑦
exp

[𝜛 − 1
𝜛

(𝜑 (𝑧) − 𝜑 (𝑦))
]

× (𝜑 (𝑧) − 𝜑 (𝑦))𝛼−1 𝜑′ (𝑧) 𝑔 (𝑧) 𝑑𝑧. (2.12)

Along this work, we use the following identity as in Ref. 24.
Let 𝜛 ∈ (0, 1], 𝛼 ∈ C, 𝑅𝑒 (𝛼) ≥ 0 and 𝜑 be a strictly increasing

ontinuous function. Then, for any constant 𝐴, we have

𝜑ℐ 𝛼,𝜛
𝑐+ 𝐴

)

(𝑦) =
(𝜑 (𝑦) − 𝜑 (𝑐))𝛼

𝜛𝛼𝛤 (𝛼 + 1)
𝐴. (2.13)

In order, to facilitate the display of our new results, we define the
unctions 𝜑𝛩𝜛 (𝛼, 𝑦), 𝜑𝛯𝜛 (𝛼, 𝑧) as follows:

Let 𝜑 ∶ 𝛬 ⟶ [0,∞) ⊆ R, be a continuous strictly increasing
unction. Then, for 𝛼 > 0, 𝑧 > 0 𝜛 ∈ (0, 1], we have

𝛩𝜛 (𝛼, 𝑐) =
(𝜑 (𝑦) − 𝜑 (𝑐))𝛼

𝜛𝛼𝛤 (𝛼 + 1)
(2.14)

nd

𝛯𝜛 (𝛼, 𝑧) = 1
𝜛𝛼𝛤 (𝛼)

𝑒
[

𝜛−1
𝜛 (𝜑(𝑦)−𝜑(𝑧))

]

(𝜑 (𝑦) − 𝜑 (𝑧))𝛼−1 𝜑′ (𝑧) . (2.15)

. 𝝋-proportional fractional integral Grüss inequalities

This section is concerned with giving our new generalization of
rüss inequality for the recent operator the proportional fractional

ntegral with respect to another strictly increasing and continuous
unction. This work included in this part is motivated by the work
resented by Dahmani et al.5

The following lemma is required to prove the next result.

emma 3.1. Let 𝜑 ∶ 𝛬⟶ [0,∞) ⊆ R be a continuous strictly increasing
unction and 𝜂 ∶ [0,∞) ⟶ R be an integrable function on [0,∞). If the
unction 𝜂 satisfying the condition 𝑝 ≤ 𝜂 (𝑧) ≤ 𝑃 , where 𝑝 and 𝑃 ∈ R, 𝑧 > 0.
hen, for all 𝛼 > 0, the following identity is holds

𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛼,𝜛
0+ 𝜂2 (𝑦) − 2

(

𝜑ℐ 𝛼,𝜛
0+ 𝜂 (𝑦)

)2

=
(

𝜑ℐ 𝛼,𝜛
0+ 𝜂 (𝑦) − 𝑝 𝜑𝛩𝜛 (𝛼, 0)

)(

𝑃 𝜑𝛩𝜛 (𝛼, 0) − 𝜑ℐ 𝛼,𝜛
0+ 𝜂 (𝑦)

)

− 𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛼,𝜛
0+ (𝑃 − 𝜂 (𝑦)) (𝜂 (𝑦) − 𝑝) . (3.1)

roof. For any 𝑧1, 𝑧2 ∈ [0,∞), we have

𝑃 − 𝜂
(

𝑧2
) (

𝜂
(

𝑧1
)

− 𝑝
))

+
(

𝑃 − 𝜂
(

𝑧1
)) (

𝜂
(

𝑧2
)

− 𝑝
)

−
(

𝑃 − 𝜂
(

𝑧1
)) (

𝜂
(

𝑧1
)

− 𝑝
)

−
(

𝑃 − 𝜂
(

𝑧2
)) (

𝜂
(

𝑧2
)

− 𝑝
)

= 𝜂2
(

𝑧1
)

+ 𝜂2
(

𝑧2
)

− 2𝜂
(

𝑧1
)

𝜂
(

𝑧2
)

. (3.2)

aking product on both sides of (3.2) by the function 𝜑𝛯𝜛
(

𝛼, 𝑧1
)

and
ntegrating the estimating identity with respect to 𝑧1 over (0, 𝑦), we get

𝑃 − 𝜂
(

𝑧2
))

(

𝜑ℐ 𝛼,𝜛
0+ 𝜂 (𝑦) − 𝑝𝜑𝛩𝜛 (𝛼, 0)

)

+
(

𝑃 𝜑𝛩𝜛 (𝛼, 0) − 𝜑ℐ 𝛼,𝜛
0+ 𝜂 (𝑦)

)

(

𝜂
(

𝑧2
)

− 𝑝
)

−𝜑ℐ 𝛼,𝜛
0+ (𝑃 − 𝜂 (𝑦)) (𝜂 (𝑦) − 𝑝) − 𝜑𝛩𝜛 (𝛼, 0)

(

𝑃 − 𝜂
(

𝑧2
)) (

𝜂
(

𝑧2
)

− 𝑝
)

= 𝜑ℐ 𝛼,𝜛
0+ 𝜂2 (𝑦) + 𝜑𝛩𝜛 (𝛼, 0) 𝜂2

(

𝑧2
)

− 2𝜂
(

𝑧2
) 𝜑ℐ 𝛼,𝜛

0+ 𝜂 (𝑦) . (3.3)

ow, taking product on both sides of (3.3) by the function 𝜑𝛯𝜛
(

𝛼, 𝑧2
)

nd integrating the estimating identity with respect to 𝑧2 over (0, 𝑦), we
et

𝜑ℐ 𝛼,𝜛
+ 𝜂 (𝑦) − 𝑝 𝜑𝛩𝜛 (𝛼, 0)

) 𝑦
𝜑𝛯𝜛

(

𝛼, 𝑧2
) (

𝑃 − 𝜂
(

𝑧2
))

𝑑𝑧2
0 ∫0
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+
(

𝑃 𝜑𝛩𝜛 (𝛼, 0) − 𝜑ℐ 𝛼,𝜛
0+ 𝜂 (𝑦)

)

∫

𝑦

0

𝜑𝛯𝜛
(

𝛼, 𝑧2
) (

𝜂
(

𝑧2
)

− 𝑝
)

𝑑𝑧2

− 𝜑ℐ 𝛼,𝜛
0+ {(𝑃 − 𝜂 (𝑦)) (𝜂 (𝑦) − 𝑝)}∫

𝑦

0

𝜑𝛯𝜛
(

𝛼, 𝑧2
)

𝑑𝑧2

− 𝜑𝛩𝜛 (𝛼, 0) ∫

𝑦

0

𝜑𝛯𝜛
(

𝛼, 𝑧2
) (

𝑃 − 𝜂
(

𝑧2
)) (

𝜂
(

𝑧2
)

− 𝑝
)

𝑑𝑧2

= 𝜑ℐ 𝛼,𝜛
0+ 𝜂2 (𝑦)∫

𝑦

0

𝜑𝛯𝜛
(

𝛼, 𝑧2
)

𝑑𝑧2

+ 𝜑𝛩𝜛 (𝛼, 0) ∫

𝑦

0

𝜑𝛯𝜛
(

𝛼, 𝑧2
)

𝜂2
(

𝑧2
)

𝑑𝑧2

−2 𝜑ℐ 𝛼,𝜛
0+ 𝜂 (𝑦)∫

𝑦

0

𝜑𝛯𝜛
(

𝛼, 𝑧2
)

𝜂
(

𝑧2
)

𝑑𝑧2, (3.4)

which gives
(

𝜑ℐ 𝛼,𝜛
0+ 𝜂 (𝑦) − 𝜑𝛩𝜛 (𝛼, 0) 𝑝

)(

𝑃 𝜑𝛩𝜛 (𝛼, 0) − 𝜑ℐ 𝛼,𝜛
0+ 𝜂 (𝑦)

)

+
(

𝑃 𝜑𝛩𝜛 (𝛼, 0) − 𝜑ℐ 𝛼,𝜛
0+ 𝜂 (𝑦)

)(

𝜑ℐ 𝛼,𝜛
0+ 𝜂 (𝑦) − 𝑝𝜑𝛩𝜛 (𝛼, 0)

)

− 𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛼,𝜛
0+ {(𝑃 − 𝜂 (𝑦)) (𝜂 (𝑦) − 𝑝)}

− 𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛼,𝜛
0+ {(𝑃 − 𝜂 (𝑦)) (𝜂 (𝑦) − 𝑝)}

= 𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛼,𝜛
0+ 𝜂2 (𝑦) + 𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛼,𝜛

0+ 𝜂2 (𝑦)

− 2
(

𝜑ℐ 𝛼,𝜛
0+ 𝜂 (𝑦)

)2
, (3.5)

and clearly, identity (3.5) is leading to the desired identity (3.1), which
completes the proof. □

Theorem 3.1. Let 𝜑 ∶ 𝛬 ⟶ [0,∞) ⊆ R be a continuous strictly
increasing function and 𝑔, ℎ ∶ [0,∞) ⟶ R be an integrable functions on
[0,∞). Suppose that the functions 𝑔, ℎ satisfying the condition

𝑝 ≤ 𝑔 (𝑧) ≤ 𝑃 , 𝑞 ≤ ℎ(𝑧) ≤ 𝑄, 𝑝, 𝑃 , 𝑞, 𝑄 ∈ R, 𝑧 > 0.

Then, for all 𝛼 > 0 the following inequality is holds

|

|

|

𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦) − 𝜑ℐ 𝛼,𝜛

0+ ℎ (𝑦) 𝜑ℐ 𝛼,𝜛
0+ 𝑔 (𝑦) ||

|

2

≤ 1
4
( 𝜑𝛩𝜛 (𝛼, 0) )2 (𝑄 − 𝑞) (𝑃 − 𝑝) . (3.6)

Proof. Define the function 𝐻
(

𝑧1, 𝑧2
)

as follows

𝐻
(

𝑧1, 𝑧2
)

=
(

𝑔
(

𝑧1
)

− 𝑔
(

𝑧2
)) (

ℎ
(

𝑧1
)

− ℎ
(

𝑧2
))

, 𝑧1 𝑎𝑛𝑑 𝑧2 ∈ (0, 𝑦) , 𝑦 > 0.

(3.7)

So, we have

𝐻
(

𝑧1, 𝑧2
)

= 𝑔
(

𝑧1
)

ℎ
(

𝑧1
)

− 𝑔
(

𝑧1
)

ℎ
(

𝑧2
)

− 𝑔
(

𝑧2
)

ℎ
(

𝑧1
)

+ 𝑔
(

𝑧2
)

ℎ
(

𝑧2
)

.

(3.8)

Taking product on both sides of (3.8) by the function 𝜑𝛯𝜛
(

𝛼, 𝑧1
)

, then
integrate the estimating identity with respect to 𝑧1 over (0, 𝑦), we get

∫

𝑦

0

𝜑𝛯𝜛
(

𝛼, 𝑧1
)

𝐻
(

𝑧1, 𝑧2
)

𝑑𝑧1 = 𝜑ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦) − ℎ

(

𝑧2
) 𝜑ℐ 𝛼,𝜛

0+ 𝑔 (𝑦)

− 𝑔
(

𝑧2
) 𝜑ℐ 𝛼,𝜛

0+ ℎ (𝑦) + 𝜑𝛩𝜛 (𝛼, 0) 𝑔
(

𝑧2
)

ℎ
(

𝑧2
)

. (3.9)

Taking product on both sides of (3.9) by the function 𝜑𝛯𝜛
(

𝛼, 𝑧2
)

, then
integrate the estimating identity with respect to 𝑧2 over (0, 𝑦), we get

∫

𝑦

0 ∫

𝑦

0

𝜑𝛯𝜛
(

𝛼, 𝑧1
) 𝜑𝛯𝜛

(

𝛼, 𝑧2
)

𝐻
(

𝑧1, 𝑧2
)

𝑑𝑧1𝑑𝑧2

= 2
(

𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦) − 𝜑ℐ 𝛼,𝜛

0+ ℎ (𝑦) 𝜑ℐ 𝛼,𝜛
0+ 𝑔 (𝑦)

)

. (3.10)

Applying the Cauchy–Schwarz inequality25 to the Right-hand-side of
(3.10), we can certain
(

𝜑𝛩𝜛 (𝛼, 0)𝜑 ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦) − 𝜑ℐ 𝛼,𝜛

0+ ℎ (𝑦) 𝜑ℐ 𝛼,𝜛
0+ 𝑔 (𝑦)

)2

≤
(

𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛼,𝜛
+ 𝑔2 (𝑦) −

(

𝜑ℐ 𝛼,𝜛
+ 𝑔 (𝑦)

)2
)

4

0 0
×
(

𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛼,𝜛
0+ ℎ2 (𝑦) −

(

𝜑ℐ 𝛼,𝜛
0+ ℎ (𝑦)

)2
)

. (3.11)

Since (𝑃 − 𝑔 (𝑧)) (𝑔 (𝑧) − 𝑝) ≥ 0 and (𝑄 − ℎ (𝑧)) (ℎ (𝑧) − 𝑞) ≥ 0, we have
𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛼,𝜛

0+ (𝑃 − 𝑔 (𝑦)) (𝑔 (𝑦) − 𝑝) ≥ 0

and
𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛼,𝜛

0+ (𝑄 − ℎ (𝑦)) (ℎ (𝑦) − 𝑞) ≥ 0.

Therefore, using Lemma 3.1, we have

𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛼,𝜛
0+ 𝑔2 (𝑦) −

(

𝜑ℐ 𝛼,𝜛
0+ 𝑔 (𝑦)

)2
(3.12)

≤
(

𝑃 𝜑𝛩𝜛 (𝛼, 0) − 𝜑ℐ 𝛼,𝜛
0+ 𝑔 (𝑦)

)(

𝜑ℐ 𝛼,𝜛
0+ 𝑔 (𝑦) − 𝑝𝜑𝛩𝜛 (𝛼, 0)

)

and

𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛼,𝜛
0+ ℎ2 (𝑦) −

(

𝜑ℐ 𝛼,𝜛
0+ ℎ (𝑦)

)2
(3.13)

≤
(

𝑄𝜑𝛩𝜛 (𝛼, 0) − 𝜑ℐ 𝛼,𝜛
0+ ℎ (𝑦)

)(

𝜑ℐ 𝛼,𝜛
0+ ℎ (𝑦) − 𝑞𝜑𝛩𝜛 (𝛼, 0)

)

.

By comparing the inequalities (3.11)–(3.13), we obtain
(

𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦) − 𝜑ℐ 𝛼,𝜛

0+ ℎ (𝑦) 𝜑ℐ 𝛼,𝜛
0+ 𝑔 (𝑦)

)2
(3.14)

≤
(

𝑃 𝜑𝛩𝜛 (𝛼, 0) − 𝜑ℐ 𝛼,𝜛
0+ 𝑔 (𝑦)

)(

𝜑ℐ 𝛼,𝜛
0+ 𝑔 (𝑦) − 𝑝 𝜑𝛩𝜛 (𝛼, 0)

)

×
(

𝑄 𝜑𝛩𝜛 (𝛼, 0) − 𝜑ℐ 𝛼,𝜛
0+ ℎ (𝑦)

)(

𝜑ℐ 𝛼,𝜛
0+ ℎ (𝑦) − 𝑞 𝜑𝛩𝜛 (𝛼, 0)

)

.

Now, Applying the inequality 4𝑐𝑑 ≤ (𝑐 + 𝑑)2, 𝑐, 𝑑 ∈ R, we can certain

4
(

𝑃 𝜑𝛩𝜛 (𝛼, 0) − 𝜑ℐ 𝛼,𝜛
0+ 𝑔 (𝑦)

)(

𝜑ℐ 𝛼,𝜛
0+ 𝑔 (𝑦) − 𝑝 𝜑𝛩𝜛 (𝛼, 0)

)

≤ ( 𝜑𝛩𝜛 (𝛼, 0) (𝑃 − 𝑝))2 (3.15)

and

4
(

𝑄 𝜑𝛩𝜛 (𝛼, 0) − 𝜑ℐ 𝛼,𝜛
0+ ℎ (𝑦)

)(

𝜑ℐ 𝛼,𝜛
0+ ℎ (𝑦) − 𝑞 𝜑𝛩𝜛 (𝛼, 0)

)

≤ ( 𝜑𝛩𝜛 (𝛼, 0) (𝑄 − 𝑞))2 . (3.16)

Using the inequalities (3.14)–(3.16), we immediately get the desired
inequality (3.6). The proof is thus completed. □

The next corollary is a generalized version of Theorem 3.1 for
functional bounds.

Corollary 3.1. Let 𝜑 ∶ 𝛬 ⟶ [0,∞) ⊆ R be a continuous strictly
increasing function and 𝑔, ℎ ∶ [0,∞) ⟶ R be an integrable functions on
[0,∞). Suppose that the functions 𝑔, ℎ satisfying the condition (1.5) for the
integrable functions 𝑢1, 𝑢2, 𝑣1, 𝑣2 on [0,∞). Then, for all 𝛼 > 0 the following
inequality is holds
[

𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛼,𝜛
0+ {ℎ𝑔} (𝑦) −

(

𝜑ℐ 𝛼,𝜛
0+ ℎ (𝑦) 𝜑ℐ 𝛼,𝜛

0+ 𝑔 (𝑦)
)]2

≤ 𝑇
(

ℎ, 𝑢1, 𝑢2
)

𝑇
(

𝑔, 𝑣1, 𝑣2
)

, (3.17)

where 𝑇 (𝜁, 𝜍, 𝜔) is defined by

𝑇 (𝜁, 𝜍, 𝜔) =
(

𝜑ℐ 𝛼,𝜛
0+ 𝜔 (𝑦) − 𝜑ℐ 𝛼,𝜛

0+ 𝜁 (𝑦)
)(

𝜑ℐ 𝛼,𝜛
0+ 𝜁 (𝑦) − 𝜑ℐ 𝛼,𝜛

0+ 𝜍 (𝑦)
)

+ 𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛼,𝜛
0+ {𝜁𝜍} (𝑦) − 𝜑ℐ 𝛼,𝜛

0+ 𝜁 (𝑦) 𝜑ℐ 𝛼,𝜛
0+ 𝜍 (𝑦)

+ 𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛼,𝜛
0+ {𝜁𝜔} (𝑦) − 𝜑ℐ 𝛼,𝜛

0+ 𝜁 (𝑦) 𝜑ℐ 𝛼,𝜛
0+ 𝜔 (𝑦)

− 𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛼,𝜛
0+ {𝜍𝜔} (𝑦) + 𝜑ℐ 𝛼,𝜛

0+ 𝜍 (𝑦) 𝜑ℐ 𝛼,𝜛
0+ 𝜔 (𝑦) .

Remark 3.1.

(i) Putting 𝜑 (𝑦) = 𝑦 and𝜛 = 1, in Theorem 3.1, we get its Riemann–
Liouville fractional integral version obtained by Dahmani et al.5

(ii) Putting 𝜑 (𝑦) = 𝑦 and 𝜛 = 1, in Corollary 3.1, we get its
Riemann–Liouville fractional integral version obtained by Tari-
boon et al.6

(iii) Applying Theorem 3.1 for 𝜑 (𝑦) = 𝑦, 𝜛 = 1 and 𝛼 = 1, we get the

classical Grüss inequality (1.2).
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,

Now, we give the following lemma which is required to prove the
next result.

Lemma 3.2. Let 𝜑 ∶ 𝛬⟶ [0,∞) ⊆ R be a continuous strictly increasing
function and 𝑔, ℎ ∶ [0,∞) ⟶ R be an integrable functions on [0,∞).
Suppose that the functions 𝑔, ℎ satisfying the condition (1.1). Then, for all
𝛼 > 0, 𝛿 > 0, we have
(

𝜑𝛩𝜛 (𝛿, 0) 𝜑ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦) − 𝜑ℐ 𝛿,𝜛

0+ 𝑔 (𝑦) 𝜑ℐ 𝛼,𝜛
0+ ℎ (𝑦)

+ 𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛿,𝜛
0+ {𝑔ℎ} (𝑦) − 𝜑ℐ 𝛿,𝜛

0+ ℎ (𝑦) 𝜑ℐ 𝛼,𝜛
0+ 𝑔 (𝑦)

)2
(3.18)

≤
(

𝜑𝛩𝜛 (𝛿, 0) 𝜑ℐ 𝛼,𝜛
0+ 𝑔2 (𝑦) + 𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛿,𝜛

0+ 𝑔2 (𝑦)

− 2 𝜑ℐ 𝛿,𝜛
0+ 𝑔 (𝑦) 𝜑ℐ 𝛼,𝜛

0+ 𝑔 (𝑦)
)

×
(

𝜑𝛩𝜛 (𝛿, 0) 𝜑ℐ 𝛼,𝜛
0+ ℎ2 (𝑦) + 𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛿,𝜛

0+ ℎ2 (𝑦)

− 2 𝜑ℐ 𝛿,𝜛
0+ ℎ (𝑦) 𝜑ℐ 𝛼,𝜛

0+ ℎ (𝑦)
)

.

Proof. Taking product on both sides of (3.9) by the function 𝜑𝛯𝜛
(

𝛿, 𝑧2
)

then integrate the estimating identity with respect to 𝑧2 over (0, 𝑦), we
get

∫

𝑦

0 ∫

𝑦

0
𝛯𝜛

(

𝛼, 𝑧1
) 𝜑𝛯𝜛

(

𝛿, 𝑧2
)

𝐻
(

𝑧1, 𝑧2
)

𝑑𝑧1𝑑𝑧2

= 𝜑𝛩𝜛 (𝛿, 0) 𝜑ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦) + 𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛿,𝜛

0+ {𝑔ℎ} (𝑦)

− 𝜑ℐ 𝛿,𝜛
0+ 𝑔 (𝑦) 𝜑ℐ 𝛼,𝜛

0+ ℎ (𝑦) − 𝜑ℐ 𝛿,𝜛
0+ ℎ (𝑦) 𝜑ℐ 𝛼,𝜛

0+ 𝑔 (𝑦) . (3.19)

Applying the Cauchy–Schwarz inequality25 to the Right-hand-side of
(3.10), we get the desired inequality (3.18). □

Lemma 3.3. Let 𝜑 ∶ 𝛬⟶ [0,∞) ⊆ R be a continuous strictly increasing
function and 𝜂 ∶ [0,∞) ⟶ R be an integrable functions on [0,∞). Suppose
that the functions 𝜂 satisfying the condition (1.1). Then, for all 𝛼 > 0, 𝛿 > 0,
we have
𝜑ℐ 𝛼,𝜛

0+ 𝜂2 (𝑦) 𝜑𝛩𝜛 (𝛿, 0) + 𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛿,𝜛
0+ 𝜂2 (𝑦)

−2 𝜑ℐ 𝛼,𝜛
0+ 𝜂 (𝑦) 𝜑ℐ 𝛿,𝜛

0+ 𝜂 (𝑦)

=
(

𝑃 𝜑𝛩𝜛 (𝛿, 0) − 𝜑ℐ 𝛿,𝜛
0+ 𝜂 (𝑦)

)(

𝜑ℐ 𝛼,𝜛
0+ 𝜂 (𝑦) − 𝑝 𝜑𝛩𝜛 (𝛼, 0)

)

+
(

𝑃 𝜑𝛩𝜛 (𝛼, 0) − 𝜑ℐ 𝛼,𝜛
0+ 𝜂 (𝑦)

)(

𝜑ℐ 𝛿,𝜛
0+ 𝜂 (𝑦) − 𝑝 𝜑𝛩𝜛 (𝛿, 0)

)

− 𝜑𝛩𝜛 (𝛿, 0) 𝜑ℐ 𝛼,𝜛
0+ {(𝑃 − 𝜂 (𝑦)) (𝜂 (𝑦) − 𝑝)} (3.20)

− 𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛿,𝜛
0+ {(𝑃 − 𝜂 (𝑦)) (𝜂 (𝑦) − 𝑝)} .

Proof. In view of Lemma 3.1, taking product on both sides of (3.3) by
the function 𝜑𝛯𝜛

(

𝛿, 𝑧2
)

and integrating the estimating identity with
respect to 𝑧2 over (0, 𝑦), we get
(

𝜑ℐ 𝛼,𝜛
0+ 𝜂 (𝑦) − 𝑝 𝜑𝛩𝜛 (𝛼, 0)

)

∫

𝑦

0

𝜑𝛯𝜛
(

𝛿, 𝑧2
) (

𝑃 − 𝜂
(

𝑧2
))

𝑑𝑧2

+
(

𝑃 𝜑𝛩𝜛 (𝛼, 0) − 𝜑ℐ 𝛼,𝜛
0+ 𝜂 (𝑦)

)

∫

𝑦

0

𝜑𝛯𝜛
(

𝛿, 𝑧2
) (

𝜂
(

𝑧2
)

− 𝑝
)

𝑑𝑧2

− 𝜑ℐ 𝛼,𝜛
0+ {(𝑃 − 𝜂 (𝑦)) (𝜂 (𝑦) − 𝑝)}∫

𝑦

0

𝜑𝛯𝜛
(

𝛿, 𝑧2
)

𝑑𝑧2

− 𝜑𝛩𝜛 (𝛼, 0) ∫

𝑦

0

𝜑𝛯𝜛
(

𝛿, 𝑧2
) (

𝑃 − 𝜂
(

𝑧2
)) (

𝜂
(

𝑧2
)

− 𝑝
)

𝑑𝑧2

= 𝜑ℐ 𝛼,𝜛
0+ 𝜂2 (𝑦)∫

𝑦

0

𝜑𝛯𝜛
(

𝛿, 𝑧2
)

𝑑𝑧2

+ 𝜑𝛩𝜛 (𝛼, 0) ∫

𝑦

0

𝜑𝛯𝜛
(

𝛿, 𝑧2
)

𝜂2
(

𝑧2
)

𝑑𝑧2

−2 𝜑ℐ 𝛼,𝜛
0+ 𝜂 (𝑦)∫

𝑦

0

𝜑𝛯𝜛
(

𝛿, 𝑧2
)

𝜂
(

𝑧2
)

𝑑𝑧2, (3.21)

which leads to the required identity (3.20). □

Theorem 3.2. Let 𝜑 ∶ 𝛬 ⟶ [0,∞) ⊆ R be a continuous strictly
5

increasing function and 𝑔, ℎ ∶ [0,∞) ⟶ R be an integrable functions on
[0,∞). Suppose that the functions 𝑔, ℎ satisfying the condition (1.1). Then,
for all 𝛼 > 0, 𝛿 > 0, we have
(

𝜑𝛩𝜛 (𝛿, 0) 𝜑ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦) − 𝜑ℐ 𝛿,𝜛

0+ 𝑔 (𝑦) 𝜑ℐ 𝛼,𝜛
0+ ℎ (𝑦)

+ 𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛿,𝜛
0+ {𝑔ℎ} (𝑦) − 𝜑ℐ 𝛿,𝜛

0+ ℎ (𝑦) 𝜑ℐ 𝛼,𝜛
0+ 𝑔 (𝑦)

)

2

≤
(

𝑃 𝜑𝛩𝜛 (𝛿, 0) − 𝜑ℐ 𝛿,𝜛
0+ 𝑔 (𝑦)

)(

𝜑ℐ 𝛼,𝜛
0+ 𝑔 (𝑦) − 𝑝 𝜑𝛩𝜛 (𝛼, 0)

)

(3.22)

+
(

𝑃 𝜑𝛩𝜛 (𝛼, 0) − 𝜑ℐ 𝛼,𝜛
0+ 𝑔 (𝑦)

)(

𝜑ℐ 𝛿,𝜛
0+ 𝑔 (𝑦) − 𝑝 𝜑𝛩𝜛 (𝛿, 0)

)

×
(

𝑄 𝜑𝛩𝜛 (𝛿, 0) − 𝜑ℐ 𝛿,𝜛
0+ ℎ (𝑦)

)(

𝜑ℐ 𝛼,𝜛
0+ ℎ (𝑦) − 𝑞 𝜑𝛩𝜛 (𝛼, 0)

)

+
(

𝑄 𝜑𝛩𝜛 (𝛼, 0) − 𝜑ℐ 𝛼,𝜛
0+ ℎ (𝑦)

)(

𝜑ℐ 𝛿,𝜛
0+ ℎ (𝑦) − 𝑞 𝜑𝛩𝜛 (𝛿, 0)

)

.

Proof. Since (𝑃 − 𝑔 (𝑦)) (𝑔 (𝑦) − 𝑝) ≥ 0 and (𝑄 − ℎ (𝑦)) (ℎ (𝑦) − 𝑞) ≥ 0.
Therefore,

− 𝜑𝛩𝜛 (𝛿, 0) 𝜑ℐ 𝛼,𝜛
0+ {(𝑃 − 𝑔 (𝑦)) (𝑔 (𝑦) − 𝑝)}

− 𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛿,𝜛
0+ {(𝑃 − 𝑔 (𝑦)) (𝑔 (𝑦) − 𝑝)}

≤ 0 (3.23)

and

− 𝜑𝛩𝜛 (𝛿, 0) 𝜑ℐ 𝛼,𝜛
0+ {(𝑄 − ℎ (𝑦)) (ℎ (𝑦) − 𝑞)}

− 𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛿,𝜛
0+ {(𝑄 − ℎ (𝑦)) (ℎ (𝑦) − 𝑞)}

≤ 0. (3.24)

Applying Lemma 3.3 and using (3.23) and (3.24), we can write
𝜑𝛩𝜛 (𝛿, 0) 𝜑ℐ 𝛼,𝜛

0+ 𝑔2 (𝑦) + 𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛿,𝜛
0+ 𝑔2 (𝑦)

−2 𝜑ℐ 𝛼,𝜛
0+ 𝑔 (𝑦) 𝜑ℐ 𝛿,𝜛

0+ 𝑔 (𝑦) (3.25)

≤
(

𝑃 𝜑𝛩𝜛 (𝛿, 0) − 𝜑ℐ 𝛿,𝜛
0+ 𝑔 (𝑦)

)(

𝜑ℐ 𝛼,𝜛
0+ 𝑔 (𝑦) − 𝑝 𝜑𝛩𝜛 (𝛼, 0)

)

+
(

𝑃 𝜑𝛩𝜛 (𝛼, 0) − 𝜑ℐ 𝛼,𝜛
0+ 𝑔 (𝑦)

)(

𝜑ℐ 𝛿,𝜛
0+ 𝑔 (𝑦) − 𝑝 𝜑𝛩𝜛 (𝛿, 0)

)

and
𝜑𝛩𝜛 (𝛿, 0) 𝜑ℐ 𝛼,𝜛

0+ ℎ2 (𝑦) + 𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛿,𝜛
0+ ℎ2 (𝑦)

−2 𝜑ℐ 𝛼,𝜛
0+ ℎ (𝑦) 𝜑ℐ 𝛿,𝜛

0+ ℎ (𝑦) (3.26)

≤
(

𝑄 𝜑𝛩𝜛 (𝛿, 0) − 𝜑ℐ 𝛿,𝜛
0+ ℎ (𝑦)

)(

𝜑ℐ 𝛼,𝜛
0+ ℎ (𝑦) − 𝑞 𝜑𝛩𝜛 (𝛼, 0)

)

+
(

𝑄 𝜑𝛩𝜛 (𝛼, 0) − 𝜑ℐ 𝛼,𝜛
0+ ℎ (𝑦)

)(

𝜑ℐ 𝛿,𝜛
0+ ℎ (𝑦) − 𝑞 𝜑𝛩𝜛 (𝛿, 0)

)

.

Applying Lemma 3.2 and employing the inequalities (3.25) and (3.26),
we obtain
(

𝜑𝛩𝜛 (𝛿, 0) 𝜑ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦) − 𝜑ℐ 𝛿,𝜛

0+ 𝑔 (𝑦) 𝜑ℐ 𝛼,𝜛
0+ ℎ (𝑦)

+𝜑𝛩𝜛 (𝛼, 0) 𝜑ℐ 𝛿,𝜛
0+ {𝑔ℎ} (𝑦) − 𝜑ℐ 𝛿,𝜛

0+ ℎ (𝑦) 𝜑ℐ 𝛼,𝜛
0+ 𝑔 (𝑦)

)

2

≤
(

𝑃 𝜑𝛩𝜛 (𝛿, 0) − 𝜑ℐ 𝛿,𝜛
0+ 𝑔 (𝑦)

)(

𝜑ℐ 𝛼,𝜛
0+ 𝑔 (𝑦) − 𝑝 𝜑𝛩𝜛 (𝛼, 0)

)

+
(

𝑃 𝜑𝛩𝜛 (𝛼, 0) − 𝜑ℐ 𝛼,𝜛
0+ 𝑔 (𝑦)

)(

𝜑ℐ 𝛿,𝜛
0+ 𝑔 (𝑦) − 𝑝 𝜑𝛩𝜛 (𝛿, 0)

)

×
(

𝑄 𝜑𝛩𝜛 (𝛿, 0) − 𝜑ℐ 𝛿,𝜛
0+ ℎ (𝑦)

)(

𝜑ℐ 𝛼,𝜛
0+ ℎ (𝑦) − 𝑞 𝜑𝛩𝜛 (𝛼, 0)

)

+
(

𝑄 𝜑𝛩𝜛 (𝛼, 0) − 𝜑ℐ 𝛼,𝜛
0+ ℎ (𝑦)

)(

𝜑ℐ 𝛿,𝜛
0+ ℎ (𝑦) − 𝑞 𝜑𝛩𝜛 (𝛿, 0)

)

,

which is the required inequality (3.22). The proof is thus completed. □

The next corollary is a generalized version of Theorem 3.2 for
functional bounds.

Corollary 3.2. Let 𝜑 ∶ 𝛬 ⟶ [0,∞) ⊆ R be a continuous strictly
increasing function and 𝑔, ℎ ∶ [0,∞) ⟶ R be an integrable functions on
[0,∞). Suppose that the functions 𝑔, ℎ satisfying the condition (1.5), for the
integrable functions 𝑢1, 𝑢2, 𝑣1, 𝑣2 on [0,∞). Then, for all 𝛼 > 0 𝑎𝑛𝑑 𝛿 > 0,
the following inequality is holds
|𝜑 𝜛 𝜑 𝛼,𝜛 𝜑 𝜛 𝜑 𝛿,𝜛

|

|

𝛩 (𝛿, 0) ℐ0+ {𝑔ℎ} (𝑦) + 𝛩 (𝛼, 0) ℐ0+ {𝑔ℎ} (𝑦)
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( .

T

g

E
w
𝐶
w

∫

− 𝜑ℐ 𝛿,𝜛
0+ 𝑔 (𝑦) 𝜑ℐ 𝛼,𝜛

0+ ℎ (𝑦) − 𝜑ℐ 𝛿,𝜛
0+ ℎ (𝑦) 𝜑ℐ 𝛼,𝜛

0+ 𝑔 (𝑦) ||
|

≤
√

𝐾
(

ℎ, 𝑢1, 𝑢2
)

𝐾
(

𝑔, 𝑣1, 𝑣2
)

,

where 𝐾 (𝜁, 𝜍, 𝜔) is defined by

𝐾 (𝜁, 𝜍, 𝜔)

=
(

𝜑ℐ 𝛿,𝜛
0+ 𝜔 (𝑦) − 𝜑ℐ 𝛿,𝜛

0+ 𝜁 (𝑦)
)(

𝜑ℐ 𝛼,𝜛
0+ 𝜁 (𝑦) − 𝜑ℐ 𝛼,𝜛

0+ 𝜍 (𝑦)
)

+
(

𝜑ℐ 𝛿,𝜛
0+ 𝜁 (𝑦) − 𝜑ℐ 𝛿,𝜛

0+ 𝜍 (𝑦)
)(

𝜑ℐ 𝛼,𝜛
0+ 𝜔 (𝑦) − 𝜑ℐ 𝛼,𝜛

0+ 𝜁 (𝑦)
)

− 𝜑ℐ 𝛿,𝜛
0+ 𝜔 (𝑦) 𝜑ℐ 𝛼,𝜛

0+ 𝜁 (𝑦) − 𝜑ℐ 𝛿,𝜛
0+ 𝜁 (𝑦) 𝜑ℐ 𝛼,𝜛

0+ 𝜔 (𝑦)

− 𝜑ℐ 𝛿,𝜛
0+ 𝜁 (𝑦) 𝜑ℐ 𝛼,𝜛

0+ 𝜍 (𝑦) − 𝜑ℐ 𝛿,𝜛
0+ 𝜍 (𝑦) 𝜑ℐ 𝛼,𝜛

0+ 𝜁 (𝑦)

+ 𝜑ℐ 𝛿,𝜛
0+ 𝜔 (𝑦) 𝜑ℐ 𝛼,𝜛

0+ 𝜍 (𝑦) + 𝜑ℐ 𝛿,𝜛
0+ 𝜍 (𝑦) 𝜑ℐ 𝛼,𝜛

0+ 𝜔 (𝑦)

+ 𝜑𝛩𝜛 (𝛿, 0)
[

𝜑ℐ 𝛼,𝜛
0+ {𝜍𝜁} (𝑦) + 𝜑ℐ 𝛼,𝜛

0+ {𝜔𝜁} (𝑦) − 𝜑ℐ 𝛼,𝜛
0+ {𝜍𝜔} (𝑦)

]

+ 𝜑𝛩𝜛 (𝛼, 0)
[

𝜑ℐ 𝛿,𝜛
0+ {𝜍𝜁} (𝑦) + 𝜑ℐ 𝛿,𝜛

0+ {𝜔𝜁} (𝑦) − 𝜑ℐ 𝛿,𝜛
0+ {𝜍𝜔} (𝑦)

]

.

Remark 3.2.

(i) Putting 𝜑 (𝑦) = 𝑦 and𝜛 = 1, in Theorem 3.2, we get its Riemann–
Liouville fractional integral version obtained by Dahmani et al.5

(ii) Putting 𝜑 (𝑦) = 𝑦 and 𝜛 = 1, in Corollary 3.2, we get its
Riemann–Liouville fractional integral version.

(iii) Applying Theorem 3.2 for 𝜑 (𝑦) = 𝑦, 𝜛 = 1 and 𝛼 = 1, 𝛿 = 1,we
get the classical Grüss inequality (1.2).

4. Other related fractional integral inequalities

Throughout this section, we present a novel generalization of some
related inequalities of the Grüss type, we use for this generalization
the generalized proportional fractional integral operator concerning
the certain function. It should be noted that to present our result
here, we use only the left-sided proportional fractional operator, and
the corresponding results concerned with the right-sided proportional
fractional integral can be also obtained by the same arguments.

We start with the following result.

Theorem 4.1. Let 𝜑 ∶ 𝛬 ⟶ [0,∞) ⊆ R be a continuous strictly
increasing function and 𝑔, ℎ ∶ [0,∞) ⟶ R be a non-negative integrable
functions on [0,∞) and 𝑃 ,𝑄 > 1 satisfying 1

𝑃 + 1
𝑄 = 1. Then, for all 𝛼 > 0

he following inequalities holds

1).
𝜑ℐ 𝛼,𝜛

0+ 𝑔𝑃 (𝑦)
𝑃

+
𝜑ℐ 𝛼,𝜛

0+ ℎ𝑄 (𝑦)
𝑄

≥ 1
𝜑𝛩𝜛 (𝛼, 0)

{

𝜑ℐ 𝛼,𝜛
0+ 𝑔 (𝑦) 𝜑ℐ 𝛼,𝜛

0+ ℎ (𝑦)
}

(4.1)

(2).
𝜑ℐ 𝛼,𝜛

0+ 𝑔𝑃 (𝑦) 𝜑ℐ 𝛼,𝜛
0+ ℎ𝑃 (𝑦)

𝑃
+

𝜑ℐ 𝛼,𝜛
0+ 𝑔𝑄 (𝑦) 𝜑ℐ 𝛼,𝜛

0+ ℎ𝑄 (𝑦)
𝑄

(4.2)

≥
(

𝜑ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦)

)2
.

(3).
𝜑ℐ 𝛼,𝜛

0+ 𝑔𝑃 (𝑦) 𝜑ℐ 𝛼,𝜛
0+ ℎ𝑄 (𝑦)

𝑃
+

𝜑ℐ 𝛼,𝜛
0+ 𝑔𝑄 (𝑦) 𝜑ℐ 𝛼,𝜛

0+ ℎ𝑃 (𝑦)
𝑄

≥ 𝜑ℐ 𝛼,𝜛
0+

{

𝑔ℎ𝑃−1
}

(𝑦) 𝜑ℐ 𝛼,𝜛
0+

{

𝑔ℎ𝑄−1
}

(𝑦) . (4.3)

(4). 𝜑ℐ 𝛼,𝜛
0+ 𝑔𝑃 (𝑦) 𝜑ℐ 𝛼,𝜛

0+ ℎ𝑄 (𝑦) ≥ 𝜑ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦) 𝜑ℐ 𝛼,𝜛

0+
{

𝑔𝑃−1ℎ𝑄−1
}

(𝑦) .

(4.4)

Proof. Employing Young’s inequality26

𝐶𝐷 ≤ 𝐶𝑃 + 𝐷𝑄
,∀𝐶,𝐷 ≥ 0, (4.5)
6

𝑃 𝑄
we can write
𝑔𝑃

(

𝑧1
)

𝑃
+
ℎ𝑄

(

𝑧2
)

𝑄
≥ 𝑔

(

𝑧1
)

ℎ
(

𝑧2
)

, 𝑧1, 𝑧2 ∈ (0, 𝑦) . (4.6)

aking product on both sides of (4.6) by the function 𝜑𝛯𝜛
(

𝛼, 𝑧1
)

and
integrating the estimating inequality with respect to 𝑧1 over (0, 𝑦), we
et

1
𝑃 ∫

𝑦

0

𝜑𝛯𝜛
(

𝛼, 𝑧1
)

𝑔𝑃
(

𝑧1
)

𝑑𝑧1 +
ℎ𝑄

(

𝑧2
)

𝑄 ∫

𝑦

0

𝜑𝛯𝜛
(

𝛼, 𝑧1
)

𝑑𝑧1

≥ ℎ
(

𝑧2
)

∫

𝑦

0

𝜑𝛯𝜛
(

𝛼, 𝑧1
)

𝑔
(

𝑧1
)

𝑑𝑧1.

So, we have
𝜑ℐ 𝛼,𝜛

0+ 𝑔𝑃 (𝑦)
𝑃

+
ℎ𝑄

(

𝑧2
)

𝑄
𝜑𝛩𝜛 (𝛼, 0) ≥ ℎ

(

𝑧2
) 𝜑ℐ 𝛼,𝜛

0+ 𝑔 (𝑦) . (4.7)

Now, taking product on both sides of (4.7) by the function 𝜑𝛯𝜛
(

𝛼, 𝑧2
)

and integrating the estimating inequality with respect to 𝑧2 over (0, 𝑦),
we get
𝜑ℐ 𝛼,𝜛

0+ 𝑔𝑃 (𝑦)
𝑃

+
𝜑ℐ 𝛼,𝜛

0+ ℎ𝑄 (𝑦)
𝑄

≥ 1
𝜑𝛩𝜛 (𝛼, 0)

𝜑ℐ 𝛼,𝜛
0+ ℎ (𝑦) 𝜑ℐ 𝛼,𝜛

0+ 𝑔 (𝑦) ,

which is the first inequality (4.1). To prove the second inequality (4.2),
by using the Young’s inequality and taking 𝐶 = 𝑔

(

𝑧1
)

ℎ
(

𝑧2
)

and 𝐷 =
𝑔
(

𝑧2
)

ℎ
(

𝑧1
)

, 𝑧1, 𝑧2 ∈ (0, 𝑦), we can write

𝑔𝑃
(

𝑧1
)

ℎ𝑃
(

𝑧2
)

𝑃
+
𝑔𝑄

(

𝑧2
)

ℎ𝑄
(

𝑧1
)

𝑄
≥ 𝑔

(

𝑧1
)

ℎ
(

𝑧2
)

𝑔
(

𝑧2
)

ℎ
(

𝑧1
)

. (4.8)

asily, by following the same arguments as in the proof of item (1),
e can obtain the inequality (4.2). Now, to prove item (3), by taking
= 𝑔(𝑧1)

ℎ(𝑧1)
, and 𝐷 = 𝑔(𝑧2)

ℎ(𝑧2)
, 𝑧1, 𝑧2 ∈ (0, 𝑦) in Young’s inequality (4.5),

here ℎ
(

𝑧1
)

and ℎ
(

𝑧2
)

≠ 0, we can write

𝑔𝑃
(

𝑧1
)

ℎ𝑄
(

𝑧2
)

𝑃
+
𝑔𝑄

(

𝑧2
)

ℎ𝑃
(

𝑧1
)

𝑄
≥ 𝑔

(

𝑧1
)

ℎ𝑃−1
(

𝑧1
)

𝑔
(

𝑧2
)

ℎ𝑄−1
(

𝑧2
)

.

(4.9)

Clearly, by following the same arguments as in the proof of item (1), we
can obtain the inequality (4.3). Finally, to prove item (4), by putting
𝐶 = 𝑔(𝑧1)

𝑔(𝑧2)
, and 𝐷 = ℎ(𝑧1)

ℎ(𝑧2)
, 𝑧1, 𝑧2 ∈ (0, 𝑦) in Young’s inequality (4.5),

where 𝑔
(

𝑧2
)

and ℎ
(

𝑧2
)

≠ 0, we can write

𝑔𝑃
(

𝑧1
)

ℎ𝑄
(

𝑧2
)

𝑃
+
𝑔𝑃

(

𝑧2
)

ℎ𝑄
(

𝑧1
)

𝑄
≥ 𝑔

(

𝑧1
)

ℎ
(

𝑧1
)

𝑔𝑃−1
(

𝑧2
)

ℎ𝑄−1
(

𝑧2
)

.

(4.10)

Taking product on both sides of (4.10) by both functions 𝜑𝛯𝜛
(

𝛼, 𝑧1
)

,
𝜑𝛯𝜛

(

𝛼, 𝑧2
)

and double integrating the estimating inequality with
respect to 𝑧1 𝑎𝑛𝑑 𝑧2 over (0, 𝑦), we get

𝑦

0 ∫

𝑦

0

𝑔𝑃
(

𝑧1
)

ℎ𝑄
(

𝑧2
)

𝑃
𝜑𝛯𝜛

(

𝛼, 𝑧1
) 𝜑𝛯𝜛

(

𝛼, 𝑧2
)

𝑑𝑧1𝑑𝑧2

+∫

𝑦

0 ∫

𝑦

0

𝑔𝑃
(

𝑧2
)

ℎ𝑄
(

𝑧1
)

𝑄
𝜑𝛯𝜛

(

𝛼, 𝑧1
) 𝜑𝛯𝜛

(

𝛼, 𝑧2
)

𝑑𝑧1𝑑𝑧2 (4.11)

≥ ∫

𝑦

0 ∫

𝑦

0
𝑔
(

𝑧1
)

ℎ
(

𝑧1
)

𝑔𝑃−1
(

𝑧2
)

ℎ𝑄−1
(

𝑧2
)

× 𝜑𝛯𝜛
(

𝛼, 𝑧1
) 𝜑𝛯𝜛

(

𝛼, 𝑧2
)

𝑑𝑧1𝑑𝑧2,

which is leads to the required inequality (4.4). The proof is thus
completed. □

The next result is as follow

Theorem 4.2. Let 𝜑 ∶ 𝛬 ⟶ [0,∞) ⊆ R be a continuous strictly
increasing function and 𝑔, ℎ ∶ 0,∞ ⟶ R be a non-negative integrable
[ )
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t

(

≥

i

+

.

w

+

C
c

T
i

𝑃

T

(

functions on [0,∞) and 𝑃 ,𝑄 > 1 satisfying 1
𝑃 + 1

𝑄 = 1. Then, for all 𝛼 > 0
he following inequalities holds

1).
𝜑ℐ 𝛼,𝜛

0+ 𝑔𝑃 (𝑦) 𝜑ℐ 𝛼,𝜛
0+ ℎ2 (𝑦)

𝑃
+

𝜑ℐ 𝛼,𝜛
0+ 𝑔2 (𝑦) 𝜑ℐ 𝛼,𝜛

0+ ℎ𝑄 (𝑦)
𝑄

≥ 𝜑ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦) 𝜑ℐ 𝛼,𝜛

0+

{

ℎ
2
𝑃 (𝑦) 𝑔

2
𝑄 (𝑦)

}

. (4.12)

(2).
𝜑ℐ 𝛼,𝜛

0+ 𝑔2 (𝑦) 𝜑ℐ 𝛼,𝜛
0+ ℎ𝑄 (𝑦)

𝑃
+

𝜑ℐ 𝛼,𝜛
0+ ℎ2 (𝑦) 𝜑ℐ 𝛼,𝜛

0+ 𝑔𝑃 (𝑦)
𝑄

(

𝜑ℐ 𝛼,𝜛
0+

{

𝑔
2
𝑃 (𝑦)ℎ

2
𝑄 (𝑦)

})

(

𝜑ℐ 𝛼,𝜛
0+

{

𝑔𝑃−1 (𝑦)ℎ𝑄−1 (𝑦)
}

)

. (4.13)

Proof. Putting 𝐶 = 𝑔
(

𝑧1
)

ℎ
2
𝑃
(

𝑧2
)

and 𝐷 = 𝑔
2
𝑄
(

𝑧2
)

ℎ
(

𝑧1
)

, 𝑧1, 𝑧2 ∈ (0, 𝑦)
n inequality (4.5), we can write

𝑔𝑃
(

𝑧1
)

ℎ2
(

𝑧2
)

𝑃
+
𝑔2

(

𝑧2
)

ℎ𝑄
(

𝑧1
)

𝑄
≥ 𝑔

(

𝑧1
)

ℎ
(

𝑧1
)

ℎ
2
𝑃
(

𝑧2
)

𝑔
2
𝑄
(

𝑧2
)

.

(4.14)

Taking product on both sides of (4.14) by the functions 𝜑𝛯𝜛
(

𝛼, 𝑧1
)

,
𝜑𝛯𝜛

(

𝛼, 𝑧2
)

and double integrating the estimating inequality with
respect to 𝑧1 𝑎𝑛𝑑 𝑧2 over (0, 𝑦), we obtain

∫

𝑦

0 ∫

𝑦

0

𝑔𝑃
(

𝑧1
)

ℎ2
(

𝑧2
)

𝑃
𝜑𝛯𝜛

(

𝛼, 𝑧1
) 𝜑𝛯𝜛

(

𝛼, 𝑧2
)

𝑑𝑧1𝑑𝑧2

∫

𝑦

0 ∫

𝑦

0

𝑔2
(

𝑧2
)

ℎ𝑄
(

𝑧1
)

𝑄
𝜑𝛯𝜛

(

𝛼, 𝑧1
) 𝜑𝛯𝜛

(

𝛼, 𝑧2
)

𝑑𝑧1𝑑𝑧2 (4.15)

≥ ∫

𝑦

0 ∫

𝑦

0
𝑔
(

𝑧1
)

ℎ
(

𝑧1
)

ℎ
2
𝑃
(

𝑧2
)

𝑔
2
𝑄
(

𝑧2
) 𝜑𝛯𝜛

(

𝛼, 𝑧1
) 𝜑𝛯𝜛

(

𝛼, 𝑧2
)

𝑑𝑧1𝑑𝑧2

So, we have
𝜑ℐ 𝛼,𝜛

0+ 𝑔𝑃 (𝑦) 𝜑ℐ 𝛼,𝜛
0+ ℎ2 (𝑦)

𝑃
+

𝜑ℐ 𝛼,𝜛
0+ 𝑔2 (𝑦) 𝜑ℐ 𝛼,𝜛

0+ ℎ𝑄 (𝑦)
𝑄

≥ 𝜑ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦) 𝜑ℐ 𝛼,𝜛

0+

{

ℎ
2
𝑃 (𝑦) 𝑔

2
𝑄 (𝑦)

}

which is the required inequality (4.12). Now, we give the proof of item

(2). By using the substitution 𝐶 = 𝑔
2
𝑃 (𝑧1)
𝑔(𝑧2)

and 𝐷 = ℎ
2
𝑄 (𝑧1)
ℎ(𝑧2)

, 𝑧1, 𝑧2 ∈ (0, 𝑦),
here 𝑔

(

𝑧2
)

𝑎𝑛𝑑 ℎ
(

𝑧2
)

≠ 0 in inequality (4.5), we can write

𝑔2
(

𝑧1
)

𝑃𝑔𝑃
(

𝑧2
) +

ℎ2
(

𝑧1
)

𝑄ℎ𝑄
(

𝑧2
) ≥

𝑔
2
𝑃
(

𝑧1
)

𝑔
(

𝑧2
)

ℎ
2
𝑄
(

𝑧1
)

ℎ
(

𝑧2
) ,

which can be rewritten as
𝑔2

(

𝑧1
)

ℎ𝑄
(

𝑧2
)

𝑃
+
ℎ2

(

𝑧1
)

𝑔𝑃
(

𝑧2
)

𝑄

≥
(

𝑔
2
𝑃
(

𝑧1
)

ℎ
2
𝑄
(

𝑧1
)

)

(

𝑔𝑃−1
(

𝑧2
)

ℎ𝑄−1
(

𝑧2
))

. (4.16)

Taking product on both sides of (4.16) by the functions 𝜑𝛯𝜛
(

𝛼, 𝑧1
)

,
𝜑𝛯𝜛

(

𝛼, 𝑧2
)

and double integrating the estimating inequality with
respect to 𝑧1 𝑎𝑛𝑑 𝑧2 over (0, 𝑦), we obtain

∫

𝑦

0 ∫

𝑦

0

𝑔2
(

𝑧1
)

ℎ𝑄
(

𝑧2
)

𝑃
𝜑𝛯𝜛

(

𝛼, 𝑧1
) 𝜑𝛯𝜛

(

𝛼, 𝑧2
)

𝑑𝑧1𝑑𝑧2

∫

𝑦

0 ∫

𝑦

0

ℎ2
(

𝑧1
)

𝑔𝑃
(

𝑧2
)

𝑄
𝜑𝛯𝜛

(

𝛼, 𝑧1
) 𝜑𝛯𝜛

(

𝛼, 𝑧2
)

𝑑𝑧1𝑑𝑧2 (4.17)

≥ ∫

𝑦

0 ∫

𝑦

0

(

𝑔
2
𝑃
(

𝑧1
)

ℎ
2
𝑄
(

𝑧1
)

)

(

𝑔𝑃−1
(

𝑧2
)

ℎ𝑄−1
(

𝑧2
))

× 𝜑𝛯𝜛
(

𝛼, 𝑧1
) 𝜑𝛯𝜛

(

𝛼, 𝑧2
)

𝑑𝑧1𝑑𝑧2.

learly, the inequality (4.17) leads to the desired inequality (4.13). This
ompletes the proof. □

heorem 4.3. Let 𝜑 ∶ 𝛬 ⟶ [0,∞) ⊆ R be a continuous strictly
ncreasing function and 𝑔, ℎ ∶ 0,∞ ⟶ R be a non-negative integrable
7

[ )
functions on [0,∞). Assume that

∶= min
0≤𝑧1≤𝑦

𝑔
(

𝑧1
)

ℎ
(

𝑧1
) 𝑎𝑛𝑑 𝑄 ∶= max

0≤𝑧1≤𝑦

𝑔
(

𝑧1
)

ℎ
(

𝑧1
) . (4.18)

hen, for all 𝛼 > 0 the following inequalities holds

1)0 ≤
(

𝜑ℐ 𝛼,𝜛
0+ 𝑔2 (𝑦)

)(

𝜑ℐ 𝛼,𝜛
0+ ℎ2 (𝑦)

)

≤ (𝑄 + 𝑃 )2

4

(

𝜑ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦)

)2
.

(4.19)

(2) 0 ≤
√

(

𝜑ℐ 𝛼,𝜛
0+ 𝑔2 (𝑦)

)(

𝜑ℐ 𝛼,𝜛
0+ ℎ2 (𝑦)

)

− 𝜑ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦)

≤

(

√

𝑄 −
√

𝑃
)2

2
√

𝑃𝑄

(

𝜑ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦)

)

. (4.20)

(3)0 ≤
(

𝜑ℐ 𝛼,𝜛
0+ 𝑔2 (𝑦)

)(

𝜑ℐ 𝛼,𝜛
0+ ℎ2 (𝑦)

)

−
(

𝜑ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦)

)2

≤ (𝑄 − 𝑃 )2

4𝑃𝑄

(

𝜑ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦)

)2
. (4.21)

Proof. Using the assumption (4.18), we can write
(

𝑔
(

𝑧1
)

ℎ
(

𝑧1
) − 𝑃

)(

𝑄 −
𝑔
(

𝑧1
)

ℎ
(

𝑧1
)

)

ℎ2
(

𝑧1
)

≥ 0, 0 ≤ 𝑧1 ≤ 𝑦

which is equivalent to
(

𝑔
(

𝑧1
)

− 𝑃ℎ
(

𝑧1
)) (

𝑄ℎ
(

𝑧1
)

− 𝑔
(

𝑧1
))

≥ 0,

so, we have

(𝑄 + 𝑃 ) 𝑔
(

𝑧1
)

ℎ
(

𝑧1
)

≥ 𝑔2
(

𝑧1
)

+ 𝑃𝑄ℎ2
(

𝑧1
)

. (4.22)

Taking product on both sides of (4.22) by the functions 𝜑𝛯𝜛
(

𝛼, 𝑧1
)

and integrating the estimating inequality with respect to 𝑧1 over (0, 𝑦),
we obtain

(𝑄 + 𝑃 ) 𝜑ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦) ≥ 𝜑ℐ 𝛼,𝜛

0+ 𝑔2 (𝑦) + 𝑃𝑄
(

𝜑ℐ 𝛼,𝜛
0+ ℎ2 (𝑦)

)

. (4.23)

Since 𝑃𝑄 > 0, therefore
(

√

𝜑ℐ 𝛼,𝜛
0+ 𝑔2 (𝑦) −

√

𝑃𝑄
(

𝜑ℐ 𝛼,𝜛
0+ ℎ2 (𝑦)

)

)2

≥

0. It follows that

𝜑ℐ 𝛼,𝜛
0+ 𝑔2 (𝑦)+𝑃𝑄

(

𝜑ℐ 𝛼,𝜛
0+ ℎ2 (𝑦)

)

≥ 2
√

𝜑ℐ 𝛼,𝜛
0+ 𝑔2 (𝑦)

√

𝑃𝑄
(

𝜑ℐ 𝛼,𝜛
0+ ℎ2 (𝑦)

)

.

(4.24)

Using the inequalities (4.23) and (4.24), we have
(

𝜑ℐ 𝛼,𝜛
0+ 𝑔2 (𝑦)

)(

𝜑ℐ 𝛼,𝜛
0+ ℎ2 (𝑦)

)

≤ (𝑄 + 𝑃 )2

4

(

𝜑ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦)

)2
, (4.25)

which is the required inequality (4.19). To prove item (2), and in view
of inequality (4.24), we have
√

(

𝜑ℐ 𝛼,𝜛
0+ 𝑔2 (𝑦)

)(

𝜑ℐ 𝛼,𝜛
0+ ℎ2 (𝑦)

)

≤ 𝑄 + 𝑃
2
√

𝑃𝑄

(

𝜑ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦)

)

. (4.26)

Adding
(

− 𝜑ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦)

)

to both sides of inequality (4.26), we get
√

(

𝜑ℐ 𝛼,𝜛
0+ 𝑔2 (𝑦)

)(

𝜑ℐ 𝛼,𝜛
0+ ℎ2 (𝑦)

)

− 𝜑ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦)

≤ 𝑄 + 𝑃
2
√

𝑃𝑄

(

𝜑ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦)

)

− 𝜑ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦) ,

which gives
√

(

𝜑ℐ 𝛼,𝜛
0+ 𝑔2 (𝑦)

)(

𝜑ℐ 𝛼,𝜛
0+ ℎ2 (𝑦)

)

− 𝜑ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦)

≤

(

√

𝑄 −
√

𝑃
)2

√

(

𝜑ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦)

)

.

2 𝑃𝑄
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Finally, for the proof of item (3), we take the square of both sides of the
inequality (4.26) and then, subtract

(

𝜑ℐ 𝛼,𝜛
0+ {𝑔ℎ} (𝑦)

)2
from both sides

of estimating inequality, we obtain the required inequality (4.21). The
proof is thus completed. □

Conclusion 4.4. The fractional calculus has been the focus of several
authors in recent years. During introducing the current manuscript,
we rediscovered and presented Grüss inequality in a new framework.
We employed the recently generalized proportional fractional inte-
gral operator for certain function with respect to another continuous
and strictly increasing function to achieve our goals. Furthermore,
we proved some new related inequalities using the current fractional
integral operator. Some special cases of the presented results were
discussed.
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