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1. Introduction

Due to its great importance and its wide applications in various
applied sciences, fractional calculus is one of the most important new
branches in mathematics, where fractional calculus is the extension and
generalized case of ordinary calculus in the case of non-integer order.

In mathematics, we call an order relationship which is less than or
equal, or less than, and greater than or equal, or greater than, between
two quantities or two numbers an inequality. In real life, we note that
inequalities are a generalized form of equalities or in other words, we
can say that inequalities are including equalities. In almost all fields
of mathematics, mathematical inequalities play a vital role as well as
other branches of science like physics, economics, statistics, finance,
etc.

Historically, the first systemic discipline of the inequalities topic
as a book was written by Hardy, Littlewood, and Polya in (1934).
After this date, about 27 years later, specifically in 1961, Bechanbach
and Bellman issued the second book on this subject. Then, in 1971,
Mitrinovic did another systematic work on inequalities. These works
contributed to the transfer of mathematical inequalities to the area of
systematic fields and became applicable in many fields.

Calculus has gone through many stages during its development,
and because of the difficulty of dealing with it in some cases, the

* Corresponding author.

authors and writers resorted to the use of mathematical inequalities
for the purpose of approximating solutions to differential and integral
equations by finding upper limits for some quantities. This point led to
the emergence of the concept of differential and integral inequality.
One of the most important integration inequalities is the inequality
proposed and proved by G. Griiss' (see also Ref. 2) in (1935) as follows:

Theorem 1.1. Let g, h be two integrable functions on [a, b), satisfying the
condition

p<gz)<P,q<h(z)<0,p,P,q,0€R,z>0. (1.1)

Then, the following inequality holds

1 b 1 b b
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This inequality has achieved great importance due to its appli-
cations in mathematical fields such as difference equations, integral
arithmetic mean, and h-integral arithmetic mean which is association
with many modern and applied sciences (see Refs. 3, 4).
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Like other branches of mathematics, integral and differential in-
equalities had their share of enrichment with fractional calculus. In-
deed, for the differential and fractional inequalities to become more
effective and used, it was necessary to generalize them to the fractional
orders. This prompted mathematicians to work on integral and differ-
ential inequalities within the framework of fractional calculus. Among
these works, Dahmani® in (2010), presented the fractional version
of inequality (1.2) by using Riemann-Liouville fractional integral as
follows:

Theorem 1.2. Let g,h : [0,00) — R be an integrable functions on
[0, o) satisfying the condition (1.1). Then, for all « > 0,y > 0, the following
inequality is holds

o 2
Y « N .
‘F(a+ 1)‘]0+ {gh}(y)_j(ﬁh(y)f(ﬁg(y)
2
1 »
SZ<—F((1+1)> ©@-9P-p). (1.3)

Same author in same work, gave the following inequality.

Theorem 1.3. Let g, h : [0, 00) —> R be an integrable functions on [0, )
satisfying the condition (1.1). Then, for all a,6 > 0,y > 0, the following
inequality is holds

{gh} () = I8 M T5h ()

oy
TE+D Jo+

ﬁ o 18R} () = 7, h(y)J’O‘ig(y)>2
< <% —J(f+g(y)> <J0‘1g(y) r( — 1)>
<% —J(;ig(y)) <f(;ig<y> o 1))
8 <ng+ D) 05*“”) (‘](’a*h(y) r(a+1>>
+ (% —J(;ih(y)) (Joih(y) %) : (1.4)

Tariboon et al.,° in (2014), introduced a new fractional integral
version of inequality (1.2) by replacing the constants p, P, ¢, Q with four
positive integrable functions as follows:

Theorem 1.4. Letg,h
satisfying the condition

: [0, 00) — R be an integrable functions on [0, o)

u;(z2) <g(z) Suy(2),01(2) < h(z) <0,(2),z>0 (1.5)

for the integrable functions u,,u,,v,,v, on [0, o). Then, for all « > 0 the
following inequality is holds

@ 2
y « . .
TarD Jor el = (F5h() The))
ST(h"‘l’uz)T(g,UpUz), (1.6)

where T (¢, ¢, ) is defined by

T, ¢ o)
= (Fgho) = IHEWm) (T - The )
» 7@ «
+m I 186t ) = FEL WM Ic )
» g ”
+m o (o} () = ILL) I o)
y(l

m%’i {so} ) + 4,

Inequality (1.2) also have a fractional integral version for func-
tional bounds had provided by Aljaaidi and Pachpatte’ (2020) by
employing Katugampola fractional integral, same authors at the same
year, provided same fractional integral inequality for functional bounds

+§ ) I o ).
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by employing w-Riemann-Liouville fractional integral (see Ref. 8).
Dragomir® (2012), gave some new Griiss’ type inequalities for bounded
variation functions and some applications in Hilbert spaces for self-
adjoint operators. Alomari'® (2014), presented some new Griiss type
inequalities containing double integral and some sharp bounds as well.
In same year, Chinchane and Pachpatte,'! presented some new Griiss-
type inequality via Hadamard fractional integral operator. Liu and
Tuna'? (2015), obtained some weighted Griiss type and Ostrowski
type inequalities on the frame of time scales by employing the theory
of combined dynamic derivatives on the frame of time scales. Sousa
et al.!3 (2019), used a Katugampola fractional integral to give new
generalized Griiss type inequality. Rashid et al.'# (2020), established
some Griiss-type inequalities by employing generalized proportional
fractional integral. Zhou et al.'® (2020), described the Griiss inequal-
ity and they provided some related inequalities employing general-
ized proportional Hadamard fractional integral. Recently, Naz et al.'®
(2021), proved several Griiss type inequalities via generalized Hilfer—
Katugampola k-fractional derivative. Also, Al Qurashi et al.!” (2021),
obtained some discrete dynamical Griiss type inequalities involving h-
discrete Atangana-Baleanu fractional operator. For some interesting
studies of Griiss inequality, see Refs. 18, 19.

The great importance and the huge number of previous studies on
this inequality prompted the researchers in the current manuscript to
present a new generalization for Griiss inequality. We develop and
present Grii ss inequality in a more general way so that mathematicians
can use it better and more effectively. In order to do that, we use
the recently generalized proportional fractional integral operator for
any function with respect to another continuous and strictly increasing
function. Furthermore, we prove some new related inequalities using
the current fractional integral operator. Some special cases of the
presented results will be discussed.

This paper is organized as follows: The Section 2 is containing
some definitions, properties, and facts of the used fractional integral
operators. Throughout the Section 3, we present our major results of
Griiss inequalities. Other related fractional integral inequalities of the
Griiss type are included in the last section.

2. Essential preliminaries

This section is concerned with providing some requisite definitions
and some properties of some prime fractional operators, including the
current fractional integral operators we applied to present and discuss
the new required results.

Definition 2.1 (Ref. 20). Assume that the function g is integrable on
[a, b] and a > 0. The notations JLEeW) and .7, g (y) are called the left
and right-sided Riemann-Liouville fractional 1ntegrals and defined for
all a > 0, respectively, as

y
Thg(y) = ﬁ / v-2""g()dz,z>a 2.1)
and

b
Trgy) = ﬁ /y (z—-»""g(2)dzy<b. (2.2)

Definition 2.2 (Refs. 20, 21). Assume that the function g is integrable
on the interval A and the function ¢ be an increasing function on A,
where ¢ (y) € C'(A,R) such that ¢’ (y) # 0, y € A. The notations
?7%8() and *75g(y) are called the left and right-sided Riemann-
Liouville fractional integrals with respect to the function ¢ and defined
for all a > 0, respectively, as

y
°5%g(y) = ﬁ / ¢ De» -0 @I g(2)dz @.3)

and

1
T (a)

b
*Irg ()= / P @De@ - g(2)dz. 2.9
y
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Definition 2.3 (Ref. 22). Assume that the function g is integrable on
the interval A. Let w > 0, the notations (DZf’g) (» and (D;"g) (v
are called the left and right-sided proportional fractional derivatives
and defined for all « € C, Re («) > 0, respectively, as

(Da,‘w ) (y) = D™@ Jm—a,w () 2.5)

= _ — _ ym—a—1

- o= n(['(m —a) / (y Z)] (y—2) g(2)dz

and

( a,w ) (y) — Dm,m jmfa,m g (y) (26)
Dm - m—a—1

_wm n(['(m_a)/ (Z_y)](z_ ) g(z)dz,

where

D"™® = D”D”..D”,m=[Re(a)] + 1
m—times

and

(,07g) W= ~-w)g»~wsg ¥, D7 =,D7D"...,D".

—— ——

m—times

Definition 2.4 (Ref. 22). Assume that the function g is integrable on
the interval A. Let w > 0, the notations (Ja”ﬂ;w g) () and (527 g) ()
are called the left and right-sided proportional fractional integrals and
defined for all « € C, Re (a) > 0, respectively, as

(757 g) =

and
e 1 b
(5 g)()’)=m/y exp[

Definition 2.5 (Ref. 23). Assume that the function g is integrable on
the interval A and the function ¢ be a strictly increasing continuous on
[a,b]. Let w € (0, 1], the notations (‘PDZ;’”g> (y) and ("DZ;mg) (y) are
called the left and right-sided proportional fractional derivatives and
defined for all « € C, Re(a) > 0, respectively, as

) o e [T - 2] - 2 g (2)dz 27)

L -] - s @dz 28)

(°D27g) ) = PDmT 0TI g () 2.9)
["D
= m/ exp —(<P(Y)—<P(Z))]

X (@ - ¢ (2)g()dz

and
(PDy7g) (y) = ¥D™T LT g (y) (2.10)
(ﬂDm,TH b
_ y Py w—1 _
= T oD /y e [T (0 () - 0 )
X (@@ -oM" ¢ (2)g(2)dz,

where

?pmT = PDTPDT _?D” m = [Ra(a)] + 1
N———

m—times
and
P D@ g’(y) m, w w w
(sp7g) =1 -mgm) - epne = epm 2p7 . op7.
o' (y)
m—times

Definition 2.6 (Ref. 23). Assume that the function g is integrable on
the interval A and the function ¢ be a strictly increasing continuous
on [a,b]. Let w € (0,1], the notations (‘/’Ja"iwg) (» and (*.7,-7g) ()
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are called respectively the left and right-sided proportional fractional
integrals and defined for all « € C, Re(a) > 0, respectively, as

<¢ a‘iwg)(y) “;(a) /ayeXp[w_

Lo -9 ()]

X @0 - 0@ ¢ (@ g(2)dz @11)
and
1 b [w-1
(7578 0 = s /y o | T== (0 () -0 )]
X (@@= 00)" ¢ (2)g()dz. 212)

Along this work, we use the following identity as in Ref. 24.

Let w € (0,1], « € C, Re(a) > 0 and ¢ be a strictly increasing
continuous function. Then, for any constant A, we have

— a

<¢J?WA) ) = (@) — ()

¢ @l (a+1)

In order, to facilitate the display of our new results, we define the
functions Y07 (a, y), £ (a, z) as follows:

Let ¢ : A — [0,00) C R, be a continuous strictly increasing
function. Then, for « > 0, z > 0 w € (0, 1], we have

(@(») — @ ()"

(2.13)

P —

0% (a,c) = S (2.14)
and

PET (q,2) = T O] (e ). (@15)

ar @°

3. @-proportional fractional integral Griiss inequalities

This section is concerned with giving our new generalization of
Griiss inequality for the recent operator the proportional fractional
integral with respect to another strictly increasing and continuous
function. This work included in this part is motivated by the work
presented by Dahmani et al.®

The following lemma is required to prove the next result.

Lemma 3.1. Let ¢ : A —> [0, ) C R be a continuous strictly increasing
function and n : [0,00) — R be an integrable function on [0, ). If the
function 7 satisfying the condition p < n(z) < P, where pand P € R, z > 0.
Then, for all a > 0, the following identity is holds

a,@ 2 a, @ 2
O (@,0) *I5 T () =2 (P TETn () )
= ("7 =0 *0” @0) ) (P 207 @.0) - *TE"n () )
= 07 (0,0) *IL7 (P—n()) (1 (») = p). (3.1

Proof. For any z,, z, € [0, ), we have
(P=n(z) (n(z1) =p)) + (P =n(z1)) (n(z2) - p)
= (P=n(z1)) (n(z1) =p) = (P=n(22)) (n(22) = p)
=y (21)+'12 (zz)—Zn (21)’1(Zz)~ (3.2)

Taking product on both sides of (3.2) by the function *=7 (a,z,) and
integrating the estimating identity with respect to z, over (0, y), we get

(P=n(z)) (q’foﬂmn ») -0 (a, 0))
+ (P‘P@m (@,0)=*75:7n (y)) (n(z2) = p)
=PI P =0 () 1) = p) = P07 (@,0) (P -1 (2)) (1(z) - p)
=I5 () + 207 (@01 (22) = 20 (22) PTG () (3.3)

Now, taking product on both sides of (3.3) by the function ?Z% (a, z,)
and integrating the estimating identity with respect to z, over (0, y), we
get

y
(7757 - p 07 @0)) /0 P57 (0.25) (P=n(2))dz
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¥y
+(Pro@o - rzm) [ 027 (02) (1(22) =)z
y
O/ {(P—n(y))(n(y)—p)}/o P27 (a,2,) dz,
y
- r0 @0 [ 027 (wm) (P=n(z2)) (1(22) - p) 2,
y
= ‘/’Jooﬂr’wnz (y)/0 P27 (a,2,) dz,
+ 207 (,0) /y P27 (a.2,) 0 (2,) dz
0

y
—2%75" n(y)/ PE7 (a,25) 11 (2,) dz, (3.4)
0
which gives
("7 @) =207 @0 p) (PPO” (@,0) = .70 ()
+ (PPO7 @0 = 27571 () (P T 0 (0) ~ 1707 (@,0))
%07 (0,00 °I57 (P =n () (01 (») — )}
=207 (,0)*F5:7 (P =n () (1 () = p))
=907 (@,0)°I5.7n* () + 207 (a,0)*.7.7"n* (y)
2

2275 m) 3.5
and clearly, identity (3.5) is leading to the desired identity (3.1), which
completes the proof. []

Theorem 3.1. Let ¢ : A — [0,00) C R be a continuous strictly
increasing function and g,h : [0,00) — R be an integrable functions on
[0, o0). Suppose that the functions g, h satisfying the condition

p<g(@)<P,qg<h(z)<Q,p,P.q,0 €R, z>0.
Then, for all « > 0 the following inequality is holds

2
207 (a,0) *IN7 {gh} () = P I Th () P58 ()

+

< = (207 (@,0)* (Q — ) (P - p). (3.6)

I

Proof. Define the function H (z,,z,) as follows

H (zl,zz) = (g (zl) -g (zz)) (h (zl) —-h (zz)) ,zy and z, € (0,y),y > 0.
3.7)

So, we have

H(z1,2;) =g (21) h(21) =2 (21) h(22) =g (22) h (21) + & (22) A (22) .-
3.8)

Taking product on both sides of (3.8) by the function * =7 (a,z,), then
integrate the estimating identity with respect to z; over (0, y), we get

¥y
/0 P (a,z,) H (21,25) dzy = OT57 (gh) 0) = h (23) 2T%7 g (3)

~8(2) ?I"h(») + 907 (a,0) g () h (22) - (3.9)

Taking product on both sides of (3.9) by the function =7 («, z,), then
integrate the estimating identity with respect to z, over (0, y), we get

y y
/ / PE7 (a,z)) YE7 (a,zy) H (21,2y) dz;dz,
0 0
=2(707 (@.0) *T57 (gh) () = *TETh () PIET8 () ). (310)

Applying the Cauchy-Schwarz inequality®® to the Right-hand-side of
(3.10), we can certain

2
(07 @0 T (gh) (1) - *T5"h () *T5 T )

a, @ 2 @ 2
< (“’@’” (,0) * 778" (y) — (“’fO; g(y)) )
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2
x ((P@“’ (@.0) 25T () — (wfo”;wh(y)) > . (311
Since (P —g(2))(g(2) —p) 2 0 and (Q — h(2)) (h(z) — q) > 0, we have
207 (a,0) * I 7 (P—g(M(EW-p 20
and

207 (2,0) *I 57 (Q = h(M (h () - @) 2 0.

Therefore, using Lemma 3.1, we have

2
07 (@055 g 1) - (T "s ) (3.12)
< (Pro” @0 =775 e ) (T2 1) - pP0” (@.0)
and

2
2O (2,0)*IET 2 (y) - (‘ﬂjo’i’wh(y)) (3.13)
< (0767 @.0) = 775" h ) ("I () - 4707 @,0)).
By comparing the inequalities (3.11)—(3.13), we obtain

2

(67 @.0) 7757 (gh) (1) = *TETh () T8 () ) 3.14)

<(P?07 @0) - 27575 ) ) ("T5"e 1)~ p 707 @ 0))
x (0707 @0 = *T5"h ) ) ("5 h () =4 207 @,0) ).
Now, Applying the inequality 4cd < (c + d)?, ¢.d € R, we can certain

4(P 07 @0) - *T5"g ) ) ("I () - p P07 (@.0) )

< (P07 (a,0) (P - p))’ (3.15)
and

4(0 %07 @.0) - *7E"h0) ) (“T"h () -4 907 @.0) )

< (P07 (a,0) (Q - ). (3.16)

Using the inequalities (3.14)-(3.16), we immediately get the desired
inequality (3.6). The proof is thus completed. []

The next corollary is a generalized version of Theorem 3.1 for
functional bounds.

Corollary 3.1. Let ¢ : A — [0,00) C R be a continuous strictly
increasing function and g,h : [0,00) — R be an integrable functions on
[0, 00). Suppose that the functions g, h satisfying the condition (1.5) for the
integrable functions u,,u,, v, v, on [0, ). Then, for all > 0 the following
inequality is holds

[*67 @.0%.557 the) ) - (75 h 2757 )|

ST(h,ul,uz)T(g,vl,vz), (3.17)

where T ({, ¢, w) is defined by

TEeo) = (2770w =757 m) (P77 0 - 2757 )
+907 (@,0)?.7E7 (L) (1) — P IETE (1) P IETC ()
+907 (2,007 T57 (L0} ()~ P IETE (1) P T (3)
—P07 (@.0)7T57 [cw) () + P IETC (1) P IET w0 ().

Remark 3.1.

(i) Putting ¢ (y) = yand w = 1, in Theorem 3.1, we get its Riemann—
Liouville fractional integral version obtained by Dahmani et al.®
(ii) Putting ¢(y) = y and w = 1, in Corollary 3.1, we get its
Riemann-Liouville fractional integral version obtained by Tari-
boon et al.®
(iii) Applying Theorem 3.1 for ¢ (y) = y, w = 1 and a = 1, we get the
classical Griiss inequality (1.2).
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Now, we give the following lemma which is required to prove the
next result.

Lemma 3.2. Let ¢ : A — [0,0) C R be a continuous strictly increasing
function and g,h : [0,c0) — R be an integrable functions on [0, o).
Suppose that the functions g, h satisfying the condition (1.1). Then, for all
a > 0,6 >0, we have

(07 (6.0) 2757 {gh} () = T8 (W) CIETR ()

2
+ 207 (@.0) PILT (gh} ) = PIETRG) P T ) ) (3.18)

< (707 (6.0 275" (1) + P07 (@.0) I3 ()
- 299578 () "’J(;’;wg(y))

X (‘ﬂ@f’ (6,0) *.757 2 (3) + 2O (@,0) ©.I57 h (3)
= 29557 h() P TETRG) ).

Proof. Taking product on both sides of (3.9) by the function ? =7 (3, z,),
then integrate the estimating identity with respect to z, over (0, y), we

get

¥y y
/0 /0 E7 (a,z)) PE7 (6,2,) H (z1,2,) dz;dz,
=907 (5,0) *I\7 {gh} (») + P07 («,0) ‘”J(f;w {gh} (»)
- 0T (3) PILTR() = CISTh() PIET () - (3.19)
Applying the Cauchy-Schwarz inequality®® to the Right-hand-side of
(3.10), we get the desired inequality (3.18). [

Lemma 3.3. Let ¢ : A —> [0,00) C R be a continuous strictly increasing
function and n : [0, 0) — R be an integrable functions on [0, co). Suppose
that the functions n satisfying the condition (1.1). Then, for all a > 0,6 > 0,
we have

CIETH () P07 (3,0) + P07 (@,0) .57 (v)

“20557n ) *T57n )

= (P07 6.0) = 27271 ) (77570 0) = p 67 @,0) )
+(P 07 @0) - 275" ) (7750w —p 007 (5.0))
= %07 (5,0) *I57 ((P=n()) (1 (») - p)}

=207 (a,0) *IL7 {(P =1 () (1 () - )} -

(3.20)

Proof. In view of Lemma 3.1, taking product on both sides of (3.3) by
the function ?=@ (8,z,) and integrating the estimating identity with
respect to z, over (0, y), we get

("5 =p 207 @.0)) /Oy P27 (8.22) (P=n(z2)) dz
+(Pror @0 - “’fo”;mn(y))/oy P27 (8,22) (n(22) —p)dz
- 0" {(P—n(y))(n(y)—p)}/oy PE7(6.2,) dzy

- 0" @0) [ 027 (0.52) (P=n(22)) (n(z2) - p) dz
=257y (y)/oy P27 (8,2,) dz,

+ %07 (a,0) /Oy CE27(8,25) 1 (2,) dzy

y
-2 ‘”JOO:'U’ r](y)/0 ?E7 (8,2)) n(zy) dzy, (3.21)

which leads to the required identity (3.20). []

Theorem 3.2. Let ¢ : A — [0,00) C R be a continuous strictly
increasing function and g,h : [0,00) — R be an integrable functions on
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[0, 00). Suppose that the functions g, h satisfying the condition (1.1). Then,
for all « > 0,5 > 0, we have

(676,00 2757 (gh) () = T3 g () I h(v)
+907 (a,0) *I27 (gh} (3) = CILTh () PIET () ) 2
< (P07 (.00 - 77 ) (77578 0) = p 07 @.0) )

) (3.22)
+ (P 207 (,0) — ‘”Jofi'”g(”)

)

)

(275700 ~p?07 6.0))
(“7mn0) —q 907 @0))
(

+(0 07 @0) - *75"h() ) (PTETh () -4 907 (6.0 ).

x (0907 (5.0) = 277" h ()

Proof. Since (P—g(») (g —-p) = 0and (Q-h(y)(h(y)—¢q) = 0.
Therefore,

= %07 (5,0) *ILT AP g (- D)

- 07 (a,0) *I%7 (P -2 (1)) (€ () - p))

<0 (3.23)
and

= %07 (5,0) *IL7 {(Q-h()) (h(Y) - 9)}

- 07 (a,0) ‘pf(f;w {(Q@-h() Y -}

<0. (3.24)
Applying Lemma 3.3 and using (3.23) and (3.24), we can write

207 (6,0) I7 8 (1) + Y07 (a,0) *.55.7 g% ()

—205578 () *T57g () (3.25)
<(Pro” 6.0 -7 ) (“I"8 ) ~p °67 @)

+(P o7 @0 - *.757e ) ) (75" e )~ p ¥07 (5.0) )

and

207 (5,0) *ITh () + *O7 (a,0) “’J(ff’hz )

—22957h () * Iy h () (3.26)

<(0?07@.0) - 7 "h» ) (TR () -4 707 @.0))
+(0 %07 @0) = *75"h W) ) (TR W) -4 207 (5.0) ).

Applying Lemma 3.2 and employing the inequalities (3.25) and (3.26),
we obtain

(707 (6.0) 2757 (gh} ) = T8 W) CIETh ()

+707 (@,0) *I5T (gh) 0) = PIRTh() CT5 e ) )?

<(Pe” (.00 - 7)) ("I e - p 767 @.0))

+(P 07 @0 - *.T57e ) ) (27578 (1) - p 67 (5,0) )

x (0707 3,0 - *.727h0) ) ("I h (1) - 4 767 @.0) )

+(0 07 @0 - *75"h () ) (“TETh (1)~ 4 907 6.0 ).

which is the required inequality (3.22). The proof is thus completed. []
The next corollary is a generalized version of Theorem 3.2 for

functional bounds.

Corollary 3.2. Let ¢ : A — [0,00) C R be a continuous strictly
increasing function and g,h : [0,00) —> R be an integrable functions on
[0, 00). Suppose that the functions g, h satisfying the condition (1.5), for the
integrable functions u,,u,,v,,v, on [0, ). Then, for all « > 0 and 6 > 0,
the following inequality is holds

707 (5,0) 7557 {gh} () + P07 (,0) "’J’Oa;w {gh} ()
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— 0I5 () PILThG) = P IGTh () PILT 2 (3)

< \/K (Byuy,uy) K (g,01,05),

where K (¢, ¢, ) is defined by

K¢ o)
= (“Frem)= 277w ) (VT - 27T W)
+H(OTETEW) = PTETC W) ) (PTET00) = PIETEW) )
— IS0 () CILTEW) = CISTE W) CIET 0 )
= OIS CIETE ) = PILTS () PILTE W)
+0I57 () CIRTC ) + P ILTC () P I o ()
907 (3,0) [T 1) 00+ T (@) ) = 2T (co) )]

907 @0) [*T5E7 (1 () + 2T (@C} ) = 257 (s} ()]

Remark 3.2.

(i) Putting ¢ (y) = yand w = 1, in Theorem 3.2, we get its Riemann—
Liouville fractional integral version obtained by Dahmani et al.®
(ii) Putting ¢(y) = y and w = 1, in Corollary 3.2, we get its
Riemann-Liouville fractional integral version.
(iii) Applying Theorem 3.2 for ¢ () =y, w =1 and a = 1, § = l,we
get the classical Griiss inequality (1.2).

4. Other related fractional integral inequalities

Throughout this section, we present a novel generalization of some
related inequalities of the Griiss type, we use for this generalization
the generalized proportional fractional integral operator concerning
the certain function. It should be noted that to present our result
here, we use only the left-sided proportional fractional operator, and
the corresponding results concerned with the right-sided proportional
fractional integral can be also obtained by the same arguments.

We start with the following result.

Theorem 4.1. Let ¢ : A — [0,00) C R be a continuous strictly
increasing function and g,h : [0,00) — R be a non-negative integrable
functions on [0, o) and P,Q > 1 satisfying % + é = 1. Then, for all « > 0
the following inequalities holds

* I "e" () TR () 1

=%+t 6 %@ {wjoﬁwg(w wjoaiwh(y)}'
4.1)
0INTg (1) PILTRE () 0T T82 (1) 0T T hO (y)
Q. - 5 (4.2)
2
> (757 gy )
eI ) PINThe (v 0TSl (0) YIS hE ()
. P * 0
> 257 {gh" '} () 257 {gh®T () (4.3)

@. 2I57g" (3) CTLThC (1) 2 0I5 {ght () © T {7 hOT ().

+

(4.9)

Proof. Employing Young’s inequality?°

P po
cp<S + 22 vepso, (4.5)
P o
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we can write
g7 (z1) + h@ (z,)
P 0

Taking product on both sides of (4.6) by the function *57 («,z,) and
integrating the estimating inequality with respect to z, over (0, y), we

>g(z)h(22).21,2, €(0,). (4.6)

get

L7 yzw (z) 17y o

;/0 027 (a.2,) g” (21) dz + é”/o 057 (a,2,) dz,
y

> h (22)/0 07 (a.2)) g (21) dz.

So, we have
77 eP (y)  h(z
O*P é 2) P07 (a.0) 2 h(z,) *IE"8 () . 4.7

Now, taking product on both sides of (4.7) by the function ?Z (a, z,)
and integrating the estimating inequality with respect to z, over (0, y),
we get
* 755" 8" ) N ¢T3 hC () . 1

P 0 = %07 (a,0)
which is the first inequality (4.1). To prove the second inequality (4.2),
by using the Young’s inequality and taking C = g (z;) & (z,) and D =
g (2z2) h(z1), 21,25 €(0,y), we can write

g" (1) h” (z2) | 89 (22) h (z1)
P o
Easily, by following the same arguments as in the proof of item (1),
we can obtain the inequality (4.2). Now, to prove item (3), by taking
C = % and D = 52, 2,5, € (0. in Young's inequalty (4.5,

21 22

where h (z,) and £ (z;) # 0, we can write

") h2 (=) &%(=22) " (21)
4 - " g 5

CITh () * I ),

Zg(zl)h(zz)g(zz)h(zl). (4.8)

> g (21) W7 (21) 8 (22) W97 (23).
(4.9)

Clearly, by following the same arguments as in the proof of item (1), we

can obtain the inequality (4.3). Finally, to prove item (4), by putting
_ 8(z) _ h(z) . "o .

C = )’ and D = ()’ 21,2, € (0,) in Young’s inequality (4.5),

where g (z,) and & (z,) # 0, we can write

" (21) 12 (z0) " () 1° (z1)
P o

>g (zl) h (zl) gP_1 (zz) he-! (22) .

(4.10)

Taking product on both sides of (4.10) by both functions ¢Z% (a,z,),
?Z7 (a,z,) and double integrating the estimating inequality with
respect to z; and z, over (0, y), we get

y ng z1)hQ (z
/0 /() w P57 (a,2)) YE7 (a,2y) dzdz,

y ry P he
+/ / g (22) (Zl) o gw ((X,Zl) oz (a’zz) dzle2
0o Jo )

z /oy/oyg (21) B (21) 877" (22) B9 (2,)

x P57 (a,2) 57 (a,2,) dzydzy,

(4.11)

which is leads to the required inequality (4.4). The proof is thus
completed. []

The next result is as follow

Theorem 4.2. Let ¢ : A — [0,00) C R be a continuous strictly
increasing function and g,h : [0,00) — R be a non-negative integrable



S.S. Redhwan et al.

functions on [0, ) and P,0 > 1 sansjfymg +t5= = 1. Then, for all a >0
the following inequalities holds

0I5 ) P IR () I8 (1) YT he ()

@) 7 + 0

2
> YT (gh) () PILT {h% nee (y)} : (4.12)
0ILTE ) CILTHE (n)  CIRTR (3) 2T "8 (v)
@. . + 5
2
> <‘ﬂj00:fﬂ {g% ) he (y)}> (‘ﬂ](;::m {gp—1 () h@! (y)}>_ (4.13)

Proof. Putting C = g (z,) h% (z,) and D = gé (z2) h(z1), 21,20 €0, )
in inequality (4.5), we can write
P 2 2 o
g' (zy)h* (z g°(zy) h¥ (z 2 2
( I)P ( 2)+ ( Z)Q ( 1) Zg(zl)h(zl)hf’ (zz)gQ (Z2)~

(4.14)

Taking product on both sides of (4.14) by the functions *£7 (a,z,),
?Z7 (a,z,) and double integrating the estimating inequality with
respect to z, and z, over (0, y), we obtain

//yww—w ) *57 as) da,

O e oy ¢
[ g<z1>h<z1>h% ()87 ()

So, we have
0 I57 8" (1) P I hE () . 2578 (1) 2 ISR ()
P o
2 2
2 CI57 (ghY () P I5" {h? (ngo (y)}

E7 (a,2y) dzdz, (4.15)

PE7 (a,2)) P27 (a,2y) dz,dz,.

which is the required inequality (4. 12) Now, we give the proof of item
gP (21) and D = 12D

(2). By using the substitution C = e ") 21,25 € (0, ),
where g (z,) and h(z,) # 0 in 1nequa11ty (4.5), we can write
2 2
F(z) | P(z) _g? (z1)h ()
PgP(z) QK0 (z) ~ g(z) h(z)’

which can be rewritten as
g (21)n% () K (z)8" ()
P Q
2 2
> <gF (z;) ho (z1)> (&P (z) B9 (25)) . (4.16)
Taking product on both sides of (4.16) by the functions *=7 (a,z,),

?Z7 (a,z,) and double integrating the estimating inequality with
respect to z; and z, over (0, y), we obtain

y [y g2 he —w
/ / M [k (a,zl) ¢5 (06,22) dzydz)
y h2 P - —w
/ / Zl ZZ) o= (a,z1) = (a,m) dzydz,

/ / <g” (z1) é(»’ﬂ))(gp_l (25) 971 ()

X PZ7 (a,z)) PE7 (a,2,) dz;dz,.

(4.17)

Clearly, the inequality (4.17) leads to the desired inequality (4.13). This
completes the proof. []

Theorem 4.3. Let ¢ :
increasing function and g, h

A — [0,00) C R be a continuous strictly
: [0,00) — R be a non-negative integrable
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functions on [0, c0). Assume that

g(z1)

. 4 (Zl)
= min
0<212y h (z;)

B e (419

0:=

Then, for all a > 0 the following inequalities holds

A, o, P 2 a,w 2
M0 < (27278 W) (27w ) < L (0727 amy )
(4.19)
@ 0< \/ (75782 W) (27712 ) = 2757 1gh) )
<\/_ \/_> <¢Jn,m{ R} ( )> (4.20)
< 2\/_ o 18R (). .
2
30 < ("7 ) (57 R o)) = (P77 1eh) )
(Q - P)2 T 2
<o (P sn ) 4.21)
Proof. Using the assumption (4.18), we can write
g (1) g(2) .
—_— - h >0,0<z <
<h(zl) ><Q h(zl) (Zl) = Z] y
which is equivalent to
(8 (21) = Ph(z))) (Qh(z1) —&(21)) 2 0.
so, we have
(Q+P)g(z)h(z) 28 (z)) + POR* (7)) . (4.22)

Taking product on both sides of (4.22) by the functions ?Z7 (a, z;)
and integrating the estimating inequality with respect to z, over (0, y),
we obtain

Q@+ P)*T57 (gh) () 2 *T57 82 () + PO (2T ).

2
Since PQ > 0, therefore (,/ 0I5 "8 () — ( ?I" h? (y))) >

0. It follows that

07578 PO (VTR (1) 220/ 0757 2 [ PO (2572 ().

(4.24)

(4.23)

Using the inequalities (4.23) and (4.24), we have

(“Tgm e ) (P ») < % (v7em emw) . @25

which is the required inequality (4.19). To prove item (2), and in view
of inequality (4.24), we have
O+ P

V(o) (meo) < T2

Adding (— ?757 {gh} (y)) to both sides of inequality (4.26), we get

("7 en ). 4.26)

\/(f/’fo"i’”gz (y)) ("’Jooiwhz (y)> - P57 (gh} ()
L O+P
<2770

which gives

(7757 (ah) ) = 2757 (gh) )

\/ (o757 ) (25712 ) = ©.T57 (g} )

_(vo-vFy
<

(“T7 e ).
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Finally, for the proof of item (3), we take the square of both sides of the

2
inequality (4.26) and then, subtract (“’Ja’iw {gh} (»)) from both sides
of estimating inequality, we obtain the required inequality (4.21). The
proof is thus completed. []

Conclusion 4.4. The fractional calculus has been the focus of several
authors in recent years. During introducing the current manuscript,
we rediscovered and presented Griiss inequality in a new framework.
We employed the recently generalized proportional fractional inte-
gral operator for certain function with respect to another continuous
and strictly increasing function to achieve our goals. Furthermore,
we proved some new related inequalities using the current fractional
integral operator. Some special cases of the presented results were
discussed.
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